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Identification simultanée d’un obstacle et de sa condition
d’impédance généralisée.

Résumé : Nous nous penchons sur le probleme inverse de diffraction qui consiste & reconstruire un
obstacle et deux coefficients non—constants d’une condition d’impédance généralisée sur la frontiere
de celui—ci partir de la mesure du champ diffracté engendré par plusieurs ondes incidentes planes.
Nous montrons dans un premier temps un résultat d’unicité pour ce probleme inverse puis nous
calculons la dérivée partielle du champ lointain par raport a un obstacle pour des coefficients
d’impédance non—constants. Pour finir nous appliquons une méthode de descente de gradient
pour retrouver I’objet et les impédances a partir des champs lointains mesurés et nous illustrons
la faisabilité de notre approche a l'aide de divers exemples en dimension 2.

Mots-clés : Diffraction inverse, Equation de Helmholtz, Condition d’impédance généralisée,
Différentielle de Fréchet, Méthode de gradient



On simultaneous identification of a scatterer and its GIBC 3

1 Introduction

The identification of complex obstacles from far—field acoustic measurements has considerable
interest in many applications, for example Radar applications. In this paper, the obstacle D
of interest is characterized by a so-called Generalized Impedance Boundary Condition (GIBC),
namely

ou

v
where p and A are complex valued functions, divy and Vp are respectively the surface divergence
and the surface gradient on 0D and v denotes the outward unit normal on dD. The particular
case 4 = 0 is the well known impedance boundary condition and is used for instance to model
imperfectly conducting obstacles. The cases 1 # 0 correspond to more accurate models for imper-
fectly conducting obstacles, or models for thin coatings or gratings (see [3, 9, 10, 11]).
The inverse problem we consider here is the identification of both the obstacle D and the impedances
A and p from the far—fields generated by several plane waves with different directions, in the
harmonic regime at a fixed frequency. Such problem in the case ; = 0 has been addressed in
[21, 18, 13], and in [20, 2, 22, 7] if we consider the equivalent problem for the Laplace equation
in a bounded domain. For the case u # 0, previous studies [5, 4] are focussed on the problem of
finding the impedances A and pu for given obstacle. More precisely, in [5] some uniqueness and
stability results in the case of a single incident plane wave are presented, while some numerical
experiments are conducted in [4], in particular for an imperfectly known obstacle.
It seems to the authors that the present paper is a first attempt to identify both the obstacle D
and the impedances A and p from the data. We first prove uniqueness of both D and (\,u) when
one uses plane waves with all possible directions. We secondly compute the partial derivatives
of the far—field with respect to the domain D and the impedances (), u) respectively, in order
to use an optimization method. The latter partial derivative was already characterized in [4]
with the help of an adjoint state, the first one is the main subject of the present paper. At first
glance, computing the partial derivative with respect to D is a simple generalization to the case
of GIBC’s of a classical shape derivative computation in the sense of Murat-Simon, as described
for example in the monographs [1, 14, 23]. More precisely, our paper can be viewed as a con-
tinuation of [17] for the Neumann boundary condition and of [12] for the impedance boundary
condition with constant A, in the sense our paper is based on some integral representation of the
scattered fields. However, considering some functional impedances A and p introduces some novel
issues. In fact, since the unknown functions A and p are supported by the unknown boundary
0D, the notion of partial derivative with respect to D has to be clarified. Here we adapt the usual
definition of partial derivative with respect to D by extending the surface functions A and u to
the boundary 0D, = 0D + £(0D), where ¢ is a perturbation of D (see definition 4.1 hereafter).
Moreover, contrary to the standard case, that A and p be functions implies the shape derivative
depends not only on the normal part of the perturbation € but also on the tangential part (see
theorem 4.8 hereafter). It should also be noted that contrary to most contributions, we do not
assume that the obstacle is star-like, which would enable us to parametrize both the obstacle and
the impedances by polar angle 6. We expect that the computation of the partial derivative with
respect to D could probably also be obtained by differentiating the variational formulation of the
forward problem following [14], instead of using integral equations as in [17, 12] and in the present
paper. Concerning the numerical reconstruction itself, and in contrast to [21, 13] for the simpler
case = 0, the forward problem is solved by using a variational formulation of the problem with
the help of a finite element method and the obstacle D is updated by using a boundary variation
technique (requiring a remesh of the computational domain at each step).
The outline of the paper is as follows. We describe the inverse problem in section 2. In section
3 we prove our uniqueness result, while section 4 is dedicated to the computation of the partial
derivative of the far—field with respect to the obstacle, a technical lemma being postponed in an
appendix. In section 5 we describe the optimization technique we use to solve the inverse problem
and which is based on the partial derivative derived in the previous section. Lastly some numerical
tests in 2D show the efficiency of our steepest descent method in section 6.

+ divp(upVru) + Adu =0 on 0D

RR n°® 7645



4 L. Bourgeois, N.Chaulet € H. Haddar

2 The statement of the inverse problem

Let D be an open bounded domain of R, with d = 2 or 3, the boundary 0D of which is Lipschitz
continuous, such that @ = R?\ D is connected and let (\, ) € (L>(9D))? be some impedance
coefficients. The scattering problem with generalized impedance boundary conditions (GIBC)
consists in finding u = u® + u® such that

Au+Kku=0 inQ

Ou

+ divp(uVru) + Au =0 on 0D

ov (1)
s 2

lim / Ou —tku®| ds=0.

R—o0 |z|=R or

Here k is the wave number, u’ = e**%® is an incident plane wave where d belongs to the unit
sphere of R? denoted S%~!, and u® € V() := {v € D'(Q),pv € H(Q)Vp € D(RY) and vgp €
HY(OD)} is the scattered field.

The surface operators divy and Vr are precisely defined in Chapter 5 of [14]. For v € H'(9D) the
surface gradient Vo lies in L(0D) := {V € L?*(9D,R%), V -v = 0} while divp(uVru) is defined
in H=1(0D) for p € L>=(0D) by

(divr(uVru), v) g-1(apy, 11 (9D) = —/

uVru-Vrvds Yo e HY(OD).
oD

The last equation in (1) is the classical Sommerfeld radiation condition. The proof for well-
posedness of problem (1) and the numerical computation of its solution can be done using the
so—called Dirichlet-to-Neumann map so that we can give an equivalent formulation of (1) in a
bounded domain Qr = Q N Br where Bg is the ball of radius R such that D C Bgr. The
Dirichlet-to-Neumann map, Sg : H'/2(0Bg) — H~'/%(0Bg) is defined for g € H'?(0Bgr) by
Srg := 0u®/Or|sp, where u® € V(R?\ Bg) is the radiating solution of the Helmholtz equation
outside Br and u® = g on 0Bg.

Solving (1) is equivalent to find u in Vg := {v € H'(Qgr); vjopp € H' (D)} such that:

Au+Eu=0 inQp

ou .
s + divp(uVru) + du =0 ondD 2)
Ou o’

or SR(U) or - SR(u ) on 8BR.

We introduce the assumption

Assumption 2.1. The coefficients (A, p) € (L>(dD))? are such that

Sm(A) >0, Sm(p) <0 a.e indD

and there exists ¢ > 0 such that
Re(p) > ¢ a.e. in OD.

Well-posedness of problem (2) is established in the following theorem, the proof of which is classical
and given in [4].

Theorem 2.2. With assumption 2.1 the problem (2) has a unique solution u in Vg.

In order to define the inverse problem, we recall now the definition of the far—field associated to a
scattered field. From [8], the scattered field has the asymptotic behaviour:

eikr

W)= o (uoo(:f:) +0 <%)) r— +o0

INRIA



On simultaneous identification of a scatterer and its GIBC 5

uniformly for all the directions # = z/r € S~ with r = |z, and the far—field u> € L?(S9~1) has
the following integral representation on the boundary 9D:

oA u® 6(1)00(‘%7y) _ aus(y) (4 s % d—1
u (x)—/aD( ) 3 <,y>)d<y> Vi € 5. 3)

ov(y) v

Here ®°°(-,y) is the far—field associated with the Green function ®(-, y) of the Helmholtz equation.
The function ®(-,y) is defined in R? by ®(z,y) = (i/4)Hg (k|z — y|), where H} is the Hankel
function of the first kind and of order 0, and in R? by e?*1#=¥l/(47|2 — y|). The associated far—
fields are defined in S by (e!™/*//87k)e~"*¥'% and in S? by (1/47)e~**¥% respectively. The second
integral in (3) has to be understood as a duality pairing between H~1/2(9D) and H/?(0D). We
are now in a position to define the far—field map

T: (M\p,0D)— u™

where u™ is the far—field associated with the scattered field u® = u — u’ and u is the unique
solution of problem (1) with obstacle D and impedances (A, u) on 9D.

The general inverse problem we are interested in is the following: given several incident plane
waves of direction d € S 41 is it possible to reconstruct the obstacle D as well as the impedances
A and p defined on 9D from the corresponding far—field u® = T'(\, u, dD) 7 The first question of
interest is the identifiability of (A, i, D) from the far—field data u°°, that is uniqueness.

3 A uniqueness result

In this section, we provide a uniqueness result concerning identification of both the obstacle D
and the impedances (A, 1) from the far—fields associated to plane waves with all incident directions
d e S9! In this respect we denote by u®(z, cZ) the far—field in the & direction that is associated
to the plane wave with direction d. In the following, we introduce some regularity assumptions
for the obstacle D and the impedances A, p.

Assumption 3.1. The boundary D is C?, and the impedances satisfy X € C°(0D) and p €
Cl(oD).

The main result is the following theorem, which is a generalization of the uniqueness result for
= 0 proved in [6, theorem 4.7].

Theorem 3.2. Assume that (A1, u1,0D1) and (A2, pa, OD2) satisfy assumptions 2.1 and 3.1, and
the corresponding far—fields u3® = T(A1, p1,0D1) and us® = T(A2, pa,0D2) satisfy us®(Z,d) =
us®(2,d) for all & € S41 and d € S~. Then Dy = Dy and (A1, 1) = (A2, p12).

The proof of the above theorem is based on several results, the first one is the mixed reciprocity
lemma and does not require the regularity assumption 3.1.

Lemma 3.3. Let w®™ (-, z) be the far—field associated to the incident field ®(-, z) with z € Q, and
u®(-,2) be the scattered field associated to the plane wave of direction & € S4=1. Then

e'ﬂr/4

V8rk

Proof. For two incident fields u} and u}, the associated total fields u; and ug satisfy, by using the
boundary condition on 9D,

with ¢(2) = and ¢(3) = 4.

= / (,LLVF’UJl - Vrus— Aujus — uVrug - Veug + /\u1u2) ds = 0.
oD

RR n°® 7645



6 L. Bourgeois, N.Chaulet € H. Haddar

By using the decomposition u; = u} + uj and uy = ub + uj, that the incident fields solve the
Helmholtz equation inside D, that the scattered fields solve the Helmholtz equation outside D as
well as the radiation condition, we obtain

oul ; Ouf oul ; Ous
s gt L d = S~ —ul d . 4
/aD (ul ov 2 ov ) . /aD (u2 ov bt ov . (4)

Now we use the following integral representation on the boundary 9D for v®(-, &): for z € 2 and

&e st
T S RN 1O B TR PO
i) = [ (a2, ) as).

By applying equation (4) when u! is the plane wave of direction Z and w} is the point source
®(-, 2), it follows that

Lastly, from the integral representation (3) and the above equation we obtain

c(d)u®(z, &) = w>e (-1, 2).
O

The second lemma is a density result and does not require the regularity assumption 3.1 either.
Since it is a slightly more general version of lemma 4 in [5], the proof is omitted.

Lemma 3.4. Let u(-,d) denote the solution of (1) associated to the incident wave u'(z) = gikd.@

and assume that for some f € H=1(0D),

<u(,d), f > (op),n-1(op)="0, Vd € S,
Then f = 0.
We are now in a position to prove theorem 3.2.

Proof of theorem 3.2. The first step of the proof consists in proving that Dy = Ds, following the
method of [16, 15]. Let us denote © the unbounded connected component of R%\ Dy U Dy. From
Rellich’s lemma and unique continuation, we obtain that

ui(z,d) = u3(z,d), VzeQ,vde S (5)
Using the mixed reciprocity lemma 3.3, we obtain that
uP(—d, 2) = us®(—d,z), Vde ST VzeQ,

where u$°(-, z) and u$°(-, z) are the far-fields associated to the incident field ®(-, z) with z € €.
By using again Rellich’s lemma and unique continuation, it follows that

ui(x, z) = us(x, 2), V(x,2) € 2 x Q. (6)

Assume that Dy ¢ Ds. Since R? \ Dy is connected, there exists some non empty open set
. C (0D1 N9N) \ Dy. We now consider some point z, € I', and the sequence

vi(s)

Tp = Tx +
For sufficiently large n, z,, € Q. From (6), we hence have by denoting P1v := dv/dv+divr(u; Virv)+

)\1’0,
Pius(-,xn) = Pruf(c,z,) on Tl

INRIA



On simultaneous identification of a scatterer and its GIBC 7

Using boundary condition on 9D for uy = u§ + ®(-, z,,), this implies that
Pu(,xn) = —P1®(-,z,) on T..

Using assumption 3.1 and the fact that u§ is smooth in the neighborhood of I'.., we obtain
S

U
Jm Prus (-, xp) = a—j('al’*) + 1 Arus (s, ) + Veps - Veug (o 24) + Arus (-, 24)

in L?(T',). On the other hand, for 1 € T'x \ {z.}, we have pointwise convergence

. 0P
ngr}rloo Pi®(xy,2,) = 5

(21, 24) + 1 Ar® (21, 24) + Vrpg - V@ (1, 2.) + M P(21, 24 ).
We hence obtain that
0
ov
Now we consider some reals R, > r, > 0 such that 9D N B(z., R.) C T, a function ¢ €
C§°(B(x4, Ry)) with ¢ =1 on B(z, ), and w? := ¢ ®(-, 2,). The function w? satisfies

(y2) + dive (1 Ve®) (-, 2.) + M ®(-, 2,) € LA(T,). (7)

Aws + Ew® = f iny
ow?

8V* + divr(,ulewi) + /\111): =g on 0D; (8)
ows ’

lim W _ tkw;| ds =0,

R—o00 |z|=R 87”

with
f=(A¢)®(,2:) +2V¢ - VO(-, z4),

g :¢ (g—f(, ;v*) + din(Mlvl“(I))(',fL'*) + /\1@(-, x*))
+ ®(-, ) (% + Vrps - Vre + M1Ar¢) + 2 Vr® (-, z.) - Vro.

Since ¢ = 1 in the neighborhood of x, and by using (7), we have f € L?(Q;) and g € L?(0Dy).
With the help of a variational formulation for the auxiliary problem (8) as in [4], we conclude that
w! € HY(Br\ D1), hence ®(-,z.) € H*(Q1 N B(x.,7.)). Since dD is C?, we can find a finite cone
C. of apex z,, angle 0., radius 7, and axis directed by &. = v1(z.), such that C.. C Q1 NB(x, 7).
Hence ®(-,x,) € H'(C,).

In the case d = 3 (the case d = 2 is similar), we have

ik|lz—z.| 1
Vo(,1,) = —— <| |—ik> (z — ),

Arr|e — z4)? \ | — .

and by using spherical coordinates (r, 6, ) centered at z,,

O r2m 2sm9drd9d¢
fe—a.t :c|4 -
Cc= [ Ly

which contradicts the fact that ®(., x*) € Hl(C*). Then Dy C Dy. We prove the same way that
Dy C Dy, and then Dy = Dy = D.

The second step of the proof consists in proving that (A1, 1) = (A2, u2). In this view we denote
A=A — Ay and p = pg — po. From equality (5), the total fields associated with the plane waves
of direction d satisty

u(x,d) = uy(z,d) = ua(z, d) vz e R*\ D, vd € 5971,

RR n°® 7645



8 L. Bourgeois, N.Chaulet € H. Haddar

From the boundary condition on 9D for u; and us it follows that
divp(uVru(-,d)) + Mu(,d) =0  ondD,  vdesi .

For some ¢ € H'(OD), multiplying the above equation with integration by parts leads to

< u(+,d),divp(uVro) + Ao >H1(9D),H-1(8D)= 0, vd e i1,
With the help of lemma 3.4, we obtain that
dive(uVrd) +A¢ =0  ondD, V¢ e H'(dD).

Choosing ¢ = 1 in the above equation leads to A = 0. The above equation also implies that
/ p|Vrol?ds =0, Vo€ H' (OD).
oD

Assume that p(zg) # 0 for some xy € 9D, then for example Re(u)(zg) > 0 without loss of
generality. Since p is continuous there exists € > 0 such that Re(u)(x) > 0 for allz € dDNB(xo, ).
Let us choose ¢ as a smooth and compactly supported function in D N B(xg,<). We obtain that

/ Re(w)|Vrol ds = 0,
ODNB(xo,e)

and then Vp¢ = 0 on 0D, that is ¢ is a constant on 9D, which is a contradiction. We hence have
1 =0 on 0D, which completes the proof. O

As illustrated by theorem 3.2, if all plane waves are used as incident fields, then it is possible to
retrieve both the obstacle and the impedances, with reasonable assumptions on such unknowns.
In the sequel, we consider an effective method to retrieve both the obstacle and the impedances
in the case we use several plane waves. Such method will be based on a standard steepest descent
method and in this view, we need to compute the partial derivative of the far—field with respect
to the obstacle, the impedances being fixed. This is the aim of next section. The computation
of the partial derivative with respect to the impedances is already known and given in [4]. The
adopted approach is the one used in [17] for the Neumann boundary condition and in [12] for the
classical impedance boundary condition with constant A.

4 Differentiation of far—field with respect to the obstacle

Throughout this section, we assume that the boundary of the obstacle and the impedances are
smooth, typically 9D is C*, A\ € C%(dD) and p € C3(0D), which ensures that the solution to
problem (2) belongs to H*(Qg). In order to compute the partial derivative of the far—field associ-
ated to the solution of problem (1) with respect to the obstacle, we consider a perturbed obstacle
D. and some impedances (A, i) that correspond to the impedances (), 1) once transported on
the perturbed boundary 0D..

More precisely, we consider some mapping ¢ € C1°°(R? R%) with C1> := C' N W equipped
with the norm |[e[| := [[e|[w1, (ra,gay. From [14, section 5.2.2], if we assume that |[¢]| < 1, the
mapping f. := Id + ¢ is a C'-diffeomorphism of R?. The perturbed obstacle D, is defined from
D by

0D, = {z +¢(x), x € 0D},

while the transported impedances (Ac, pue) on 9D, are defined from (A, i) by
Ae=Ao fol pe=pofl. 9)

We now define the partial derivative of the far—field with respect to the obstacle.

INRIA



On simultaneous identification of a scatterer and its GIBC 9

Definition 4.1. We say that the far—field operator T : (A, pu,0D) — u® is differentiable with
respect to OD if there exists a continuous linear operator T ,(0D) : CH2 (R4, RY) — L2(591)

and a function o(||e|]) : C1*° (R4, RY) — L2(S91) such that
T(Ae, pe, OD) — T(\, 1, 0D) = Tﬁ)#(aD) e+ o(|[e]]),

where e and . are defined by (9) and lim)—o o(||€]])/|[e]| = 0 in L*(S471).

Remark 1. Note that if A and p are constants, the above definition coincides with the classical
notion of Fréchet diffentiability with respect to an obstacle.

In the following, we make use of the following definitions
Jo = |det(Vf.)|, JY = J|(Vf) Ty, Poi= (V)N V)T,

where det(B) stands for the determinant of matrix B, while B~7 stands for the transposition of
the inverse of invertible matrix B.

Now we denote by u. the solution of problem (1) with obstacle D. instead of obstacle D and
impedances (), jic) instead of impedances (), ). We assume in addition that D C D.. We have
the following integral representation for u — u°:

Lemma 4.2. For z € R\ D,

)~ (@) = [ L {gw (-, 2) + divr, (4eVr,w) () + A€w<-,x>} ds.,

where w(-, x) is the solution of problem (1) with incident wave P (-, x).

Proof. Let x € R%\ D.. By using the Green formula in D for plane wave u’ and point source

O(-, ), we have
;00 ou’ B
/BD <U %('J) - E‘N'#’)) ds =0,

then obtain the representation formula

u’(z) = /aD (ug—f(,x) - %@(,x)) ds. (10)

By using the boundary condition for w(-,2) and Green Formula on 0D, we obtain

By using again Green Formula outside D and the radiation condition for u® and w?®, we obtain

We now use the Green Formula in D, \ D and find

s/ o' ;0w
wiw) = [ (Gt —w G ) ) de

Using again the Green formula outside D, and the radiation condition for u? and w®, we obtain

e [ (P
u(x)—/aDE ((?sz(’x) ugays(,x))dsa.

RR n°® 7645



10 L. Bourgeois, N.Chaulet € H. Haddar

That u. satisfies the boundary condition on 9D, implies

—u®(x) Z/ e (‘;w ('vw)+dins(uaVrsws)(-,w)+Aaws<'=$)> de.
oD, Ve

Lastly, we use formula (11) for ue and D, as well as the boundary condition of u. on dD., and
obtain that for z € R?\ D,,

ww = [ (Gt + dive, (Vi D)) + 00, 2) ) .

We complete the proof by adding the two last equations, given w(-,z) = w*(-,z) + ®(-, z). O

We continue our computation by replacing u. by u in the integral representation of lemma 4.2 at
first order for |||, uniformly for  in some compact subset K C R%\ D.

Lemma 4.3. We have

) 00w = [ wd S+ dive (T ) + At s+ O

uniformly for x in some compact subset K C R4\ D.

Proof. We have

/81:)5 (ue —u) {gz (,x) + dive, (ue Ve w)(-, ) + /\sw(-,x)} ds.

0
= / (ue — u)—w ds. — / 1V, (ue —u) - Ve wdse + / Ae (e — u)w dse.
8D, v, 8D, 8D,

We consider now each term of the above sum separately. By denoting 4. = u. o f., 4. = uo f. and
we = w o fe, the change of variable z. = f.(x) in the third integral (see [14, proposition 5.4.3])
implies

/ Ae(ue —u)wdse = / Mt — e )we JY ds.
aD. oD
As a consequence,

/ Ae(ue — uw)w dse — / Mae — e )wds = / Mt — ) (WeJY — w)ds
dD. oD oD

and then

/ Ae(ue —u)wds. — / A@e — te)w ds
OD.

oD

< ||Al|z= @Dy |ltte — tec||L2(ap) Ue(z)

with
Ue(z) = [[((wo fo) JZ = w)(-,@)l|L2(oD)-

Concerning the second integral,
/ /L5Vr€(u5—u)-VpEwd85:/ (/Lof:;l)vl“s((ﬁs_ﬂs)of;;l)'vl“s(ws Ofgl)dss
aD. aD.

We may prove (see [4, proof of lemma 3.4]) that for z € H*(dD), x € 0D and z. = f.(z),
Vr. (20 f7 ) (@e) = (Vfe(2)) 7 Vi 2(2).

As a consequence
/ 1eVr, (ue —u) - Ve wdse = / uVr(te —te) - Ps - Ve JY ds,
aD. aD

INRIA



On simultaneous identification of a scatterer and its GIBC 11

and
/ weVr, (ue —u) - Ve wdse — / uVr(tie — ) - Vrwds
aD. oD
- / uVr(ie — @) - (JY P - Vrib. — Viw) ds.
oD
Then
/ 1eVr, (ue —u) - Ve wdse — / uVr(tie —a.) - Vrwds
dD. aD
< ullpeeap)llite — tel| g o) Ve ()
with

Ve(@) = [|[(JZ P - Vr(wo fo) = Vrw) (-, @)l 2 9 0)-

It remains to consider the first integral.
/ (US_U)g_wdSEZ/ ((ﬂa_aa)ofs_l)v(waofs_l)'yadsa
dD. Ve dD.
:/ ((ﬂa_aa)ofs_l)(vfa)_T'(vwa Ofs_l)'Vsdsa
oD,
. / (e — 1) Vi, - (VL) - (ve 0 £2)J7 ds.
oD
Then
ow 5 o Ow - . . 1
(ue —u)=—— dse — (Ue — i) =— ds = (e — ) (JEVWe - (Vfe) - (Veo fo) = Vw-v) ds,
dD. Ove oD ov oD

hence

< lte — tell grrzop) We(z)

ow 5 o Ow
~/6D5(ua —u)a—us ds. — /aD(u8 —ug)a ds

We(z) = |[JZV(wo fe) - (vfa)_l (Veo fo) = Vuw- V||H*1/2(8D)'
By using the fact that

with

JY(x) =1+ O(llel]),  Pe(x) = Id(1 + O(|lel])),
we conclude that
Ue(w), Ve (z), We(2) = O(|[]]),

uniformly for x in some compact subset K C R?\ D.
On the other hand,

l[tie — te||m1(ap) < l|tUe — ullmr oDy + |[te — ullgr (D)
We have
[t — ullgrop) = O(lell),  [lte = ullgrapy = O(el]).

The first estimate is a consequence of theorem 3.3 in [4], that is continuity of the solution of
problem (2) with respect to the scatterer D. The second one comes from the fact that 4. = uo f.
We remark that due to boundary condition satisfied by w(-, ) on 9D, we have

0= / (U — ﬁa)a—w ds — / uVr (. —ae) - Vrwds +/ AMe — e )w ds
oD ov dD oD

ow
_ / (e — ) ds. / 1V (e — 1) - Vi, w ds. +/ (e — wywds. + O(|l2]12),
8D, Ve 8D, 6D,
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12 L. Bourgeois, N.Chaulet € H. Haddar

and conclude that

/BDE (ue — u) {g:: () + dive_ (e Ve w) (-, x) + Acw(s, ;v)} ds. = O(||¢]?),

which completes the proof in view of lemma 4.2. O

To continue the computation of the partial derivative of solution u of problem (1) with respect to
the domain D, we need to extend the definitions of some surface quantifies, essentially the outward
normal v on dD and the surface gradient V. inside the volumic domain D, \ﬁ. In this view, for
x¢ € dD, by definition of a domain of class C'' there exist a function ¢ of class C! and two open
sets U C R%~! and V C R? which are neighborhood of 0 and z¢ respectively, such that ¢(0) = x
and

aDNV ={p(&);§ €U}
Defining now for ¢ € [0, 1],
ft ::Id+t€7 (bt ::fto¢7
¢¢ is a parametrization of 9D; = (Id + t)(0D), and hence the tangential vectors of D, at
t_
xy = fi(zg) are

on 0¢ .
t _8 _ o9 _ ) _
e; = 7 (Id + tVe) 3 (Id+tVe)e;, for j=1,d—1. (11)

To such basis we associate the covariant basis (el) of 9D, at point zf (see for example [19, section
2.5]) by _ _
ej-ef =05, for i,j=1,d-1. (12)

With these definitions, the outward normal of D, at point zf is given by

el x e}
le] x e5]

while the tangential gradient of function w € H'(9D,) is given, denoting w; = w o ¢, by

(0)e;.- (13)

It is hence possible to consider in domain D, \ﬁ an extended outward normal v; and an extended
tangential gradient Vp,w by using parametrization (&;,¢) for ¢ = 1,d — 1. In the same spirit, the
impedances (A, p) are extended to (A, ), that is

No=Xo SN pe=po i

We are now in a position to transform the integral representation of u? —u*® on 9D, in lemma 4.3
into an integral representation on 0D. We have the following proposition.

Proposition 4.4. We have
ug(x) — u’(x)

= / (e-v)div( = Vr,u- Ve, w(, z)vy + uNVw(-, z) + Muw(-, 2)vt) [i=ods + (9(||a||2),
aD

uniformly for x in some compact subset K C R4\ D.
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On simultaneous identification of a scatterer and its GIBC 13

Proof. The proof relies on the Stokes formula and on a change of variable. We have by using the
extension of fields which is described above and remarking that »° = v and v' = v,

/ {ua_w _MEVFEU-VFEU}+/\8UU}} dse —/ {ua—w —/Nru-erJr/\uw} ds
8D, 8”5 oD ov

= / _div{uVw — p¢(Vr,u - Vr,w) vy + Muw v } da
DA\D

1
= / / div {uVw — p(Vr,u - Vr,w) ve + Muw vi } (¢ - v) dtds + O(|[e]]?).
oD JO

Here we have used the change of variable (xpp,t) — zop + te(zop) for xogp € ID and t € [0, 1],
the determinant of the associated Jacobian matrix at first order being

J = (e v) +tO([el),

as well as the fact that (¢ - ) > 0. Lastly, by using a first order approximation of the integrand
as in [17], we obtain

/ {ug—w _MEVFEU-VFEU}+/\8UU}} dse —/ {ug—w —/Nru-erJr/\uw} ds
D, Ve oD v

= / (e - v)div {uVw — ps(Vr,u - Vp,w) v + Muw vg} [i=ods + O(||]|?).
oD
We complete the proof by using the boundary condition satisfied by u on dD and the result of
lemma 4.3. O

The remainder of the section consists in computing the divergence term. In order to do that we
need the following technical lemma, the proof of which is postponed in an appendix.

Lemma 4.5. We have

(e-v) (VA - )]i=0 = —=(VrA-¢),

(diviy)|t=0 = divry,
and by denoting er = e — (- v)v,

(e-v)V(Vr,u-Vr,w) - vtl—o = —er - Vr(Vru - Vrw)
+Vr(er-Vru+ (Vu-v)(e-v)) - Vrw+ Vru - Ve (Vrw -er + (Vw - v)(e - v))
— Vru- (Ve + (Ve)!) - Vrw.

In order to handle reasonable expressions we split the computation of the divergence term in
proposition 4.4 in two terms that we compute separately.

Proposition 4.6. We have

(e-v)div (uVw(-, z) + Muw (-, 2)g) =0 =
(e-v) (Vru- Vrw(-, 2)+ MuuMaw(-, z) — (k* + 2> — Mdivrv)uw(-, 2)))
— (Ve -e)uw(-, x),

where we have used the short notation M- = divr(uVr-), uniformly for x in some compact subset

K Cc R\ D.
Proof. We have

div(uVw 4+ Muwry) = Vu - Vw + uAw + ww(V A - ) + MewVau - v + MuVw - v + Auw(divey).
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14 L. Bourgeois, N.Chaulet € H. Haddar

By using the equation Aw + k?w = 0 and the decomposition of gradient into its normal and
tangential parts, we obtain
div(uVw + Muwry)|—o =Vru - Vew + (Vu - v)(Vw - v) — (k% — X(divey) [i—o Juw
+ uw(VA - ) |i=0 + M(Vu - v)w + Au(Vw - v).
We can now replace Vu - v and Vw - v by (—=M,u — Au) and (—M,w — Aw) respectively, which
leads to
div(uVw + Muwry) |i—o =Vru - Vrw + Myu Mw — (% + X2 — A(divey)|s—o)uw
—+ U’lU(VAt . Vt)|t:0-

We complete the proof by using lemma 4.5. O

Proposition 4.7. We have

(e -v)div (puVr,u- Ve, w(, z)v) |1=0 =
—(Vrp-e)(Vru - Vow(-,x)) + pe - v)(Vru - Vow(-, z))(diver)
+u(e-v)Ve(Vu - v) - Vow(-,x) + (e - v)Vru - Ve(Vw - v) (-, )
+u(Vu-v)Vr(e-v) - Vow(, z) + u(Vw - v)(+,2)Vr(e - v) - Vru
—2u(e - v)(Vru- Vev - Viow(-, z)),

uniformly for x in some compact subset K C R4\ D.

Proof. We have

div (e Vr,u - Ve,w(s, o)) [i=o0
= (Vs - ve)li=0(Vru - Vrw) + u(Vru - Vrw)(divir)i=o + pV(Vr,u - Vi, w) - vili=o-

By using lemma 4.5, we obtain that

(e -v)div (pVr,u - Vp,w(s, 2)vt) [t=0 = —(Vrp - €)(Vru - Vrw)
+ p(e - v)(Vru - Vew)(divpy) — per - Ve (Veu - Viw)
+uVr(er - Vru+ (Vu-v)(e - v)) - Vrw + puVru - Ve (Vrw - ep + (Vw - v) (e - v))
— uVru - (Ve + (Ve)T) - Viw.
In the following, for a surface vector ar, we denote by Vrar the (d — 1) x (d — 1) tensor defined
by

Vpap c€y =

ESN

The third line of the equation above, using Vr(ar-br) = (Vrar)? -br +ar - Vrbr, can be expressed
as

uVr(er - Vru+(Vu - v)(e - v)) - Vrw + pVru - Ve (Vrw - er + (Vw - v)(e - v))
=per - Vr(Vru) - Vrw 4+ pVru - Vrer - Vow
+ p(e - v)Ve(Vu-v) - Vrw 4+ p(Vu - v)Vr(e - v) - Viw
+ uVru - Vi (Vrw) - er + pVru - (Vreer)? - Vew
— (e -v)Vru-Vr(Vw - v) + u(Vw - v)Vru - V(e - v).

Gathering the two above expressions and using the fact that

er - Vr(Vru-Vrw) =er - Vr(Vru) - Vrw + Vrw - Vi (Viw) - er,
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On simultaneous identification of a scatterer and its GIBC 15

we obtain that

(e -v)div (uVp,u - Vr,w(-, 2)v) li=0 = —(Vrp - €)(Vru - Vew) + pu(e - v)(Veu - Vew)(diver)
+p(e-v)Ve(Vu-v) - Veow + p(Vu - v)Vr(e - v) - Vow
+ p(e-v)Veu - Vo(Vw - v) + p(Vw - v)Vru - Vr(e - v)
— uVru - (VFE + (VFE)T) -Vrw + puVru - (VFEF + (VFEF)T) -Vrw.

Now we need to evaluate Vre — Vrer. Since e — er = (e - v)v, we have
Vre = Vrer =Vr((e-v)v) = (- v)Vrv+ v ® Vr(e - v),
where for a surface field a, we denote by v ® Vra the d x d tensor M defined by

)
M-ej:a—gu j=1,.,d—1, M-v=0.
J

This implies that
VFU . VFEF . pr — VFU . VFE . pr = —(E . I/)Vru . VFV . pr.
Since the tensor Vv is symmetric (see for example [19, theorem 2.5.18]), we also obtain
Vru . (VFEF)T . pr — VFU . (VFE)T . er = —(E . V)Vpu . VFV . VF’LU.
We finally arrive at
(E ' I/)diV (:utthu ! Vf‘t’LU(', I)Vt) |t:0
= —(Vrp-&)(Vru- Vrow) + ple - v)(Vru - Viw)(divey)
+u(e - v)Vr(Vu-v) - Vrw + u(Vu - v)Vr(e - v) - Viw
+u(e - v)Vru- Ve(Vw - v) + u(Vw - v)Vru - V(e - v) = 2u(e - v)Vru - Vev - Viw,

which completes the proof. O
Gathering propositions 4.6 and 4.7, we establish the main theorem of this section, that is

Theorem 4.8. The discrepancy between the scattered fields due to obstacle D. and the obstacle
D is
ug(z) —u(r) = — ; Beu(y)w(y, x) ds(y) + O(||e]|?),
D

uniformly for x in some compact subset K C R4\ D, where w(-,x) is the solution of problem (1)
associated with u* = ®(-,x), and the surface operator B. is defined by

Bou = (g - v)(k* = 2HN)u + divy (Id + 2u(R — H Id))(e - v)Vru) + Ly, ((€ - v) L )
+ (VrA-er)u+dive (Ve -er)Vru) ,
with 2H = divry, R := Vv and Ly, - :== divp(uVr ) + A - .
Proof. From propositions 4.6 and 4.7 it follows that
(e-v)div (—u:Vr,u - Ve, wyy + uNVw + Auwiy) =g
=(e-v)Vru-Vrw+ (¢ - v)Myu M,w — (e - v) (k2 + 22— AMdivrv)) uw
—(VrA-e)uw + (Vrp - €)Vru - Vrw — p(divey) (e - v)Vru - Viw
—p(e-v)Vp(Vu-v) - Vrw — p(e - v)Vru - Vi (Vw - v)
—u(Vu-v)Vr(e-v) - Vrw — p(Vw - v)Vr(e - v) - Vru
+2u(e - v)(Vru- Vrv - Viw).
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16 L. Bourgeois, N.Chaulet € H. Haddar

Using the boundary condition for u and w(-,z) on D, we obtain

(e -v)div (=t Vr,u - Ve, wry + uNVw + Muwiy) |i—o
= —(e-v)(k* = 2HN)uw + (¢ - v)Vru - (Id + 2u(R — H Id)) - Vrw
—(VrA-g)uw+ (Vrp - €)Vru - Vow
+ (e - v)Myu Myw — (g - v)N\2uw
+p(e - v)Ve(Myuu+ Au) - Vew + p(e - v)Vreu - Ve (Muw + Aw)
+u(Myu+ M)Vr(e - v) - Vew + p(Myuw + Aw)Vr(e - v) - Vru.

The three last lines of the above expression may be written as

(€ - v)(Lauu)(Lapw) — Ae - v)w(La uu) — Ae - v)u(Ly,,w)
+ uVr((e-v)Lyu) - Vrw + pVr((e - v) Ly yw) - Vru.

The integral over 0D of the above expression is, after integration by parts and simplification,

_/ (e - v)(Lapu)(Lx pw)ds.
oD

To complete the proof, we simply use proposition 4.4 and integration by parts. O

Corollary 4.9. We assume that 0D, \ and p are analytic, and (\, 1) satisfy assumption 2.1.
Then the far—field operator T : (A, u, 0D) — u®> is differentiable with respect to 0D according
to definition 4.1 and its Fréchet derivative is given by

T;\)H((?D) e =0,

where v2° is the far—field associated with the outgoing solution vZ of the Helmholtz equation outside
D which satisfies the GIBC' condition
S

0
311)/5 + div(pVrvl) + Al = Bau on 9D,

where Bzu is given by theorem 4.8.

Proof. Proceeding as in [12], we can drop the assumption D C D, provided we assume that 9D,
A and p be analytic. The result then follows from theorem 4.8 and an integral representation for
the scattered field v = ul — u®. O

Remark 2. With classical impedance boundary condition, that is = 0, we retrieve the result of
[12, theorem 2.5]. Let us also remark that in this case the surface operator Be in theorem 4.8 is a
second-order operator, while it becomes a fourth-order differential operator when u # 0.

Remark 3. Classically, the shape derivative only involves the normal part (¢ - v) of field € (see
for example [14, proposition 5.9.1]). In view of theorem 4.8, the expression of Be may be split in
two parts: one part involves the normal component (¢ - v), the second part involves the tangential
component er. This is due to the fact that the impedances \ and p are surface functions.

5 An optimization technique to solve the inverse problem

This section is dedicated to the effective reconstruction of both the obstacle 9D and the functional
impedances (A, ) from the observed farfields ugy, ; == Tj(Ao, po, 0Do) € L?(S971) associated

with NV given plane wave directions, where T refers to incident direction dj. We shall minimize
the cost function

N
1 0o
F()\a Hy aD) = 5 Z ||TJ()\5 Hy aD) - uobs,jH%Q(Sd*U (14)

j=1
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On simultaneous identification of a scatterer and its GIBC 17

with respect to 0D and (), 1) by using a steepest descent method.
To do so, we first compute the Fréchet derivative of T' with respect to (A, p) for fixed D. We have
the following theorem.

Theorem 5.1. We assume that D is Lipschitz continuous. Then for (A, u) € (L°°(dD))? which
satisfy assumption 2.1, the function T : (A, u, D) — u® is Fréchet differentiable with respect to
(\, p) and its Fréchet derivative is given by

Thp(A\ p) - (A1) = 0p5(2) = (p(-, &), dive (IVrw) + hw) g py roary, V2 € ST
where
e wu is the solution of the problem (1),
e p(-, ) = ®(-, %) + p*(-, %) is the solution of (1) with u® replaced by ®>(-, ).
Proof. The proof of this result can be found in [4]. O

The Fréchet derivative of T' with respect to 9D for fixed (), p) is given by theorem 4.8 and its
corollary 4.9. With the help of corollary 4.9 and theorem 5.1, and in the case 9D, A and pu are
analytic, we obtain the following expressions for the partial derivatives of the cost function F' with
respect to (A, u) and 9D respectively.

N

FéD(/\,,u) . (h, l) = Z %8 (/({;D Gj(diVF(lVFUj) + huj) dy) ) (15)
" N

F},(0D) Z%e ( G;(B uj)dy) (16)

where
e u; is the solution of the problem (1) wich is associated to plane wave direction cij,

o G; = Gj» + G7 is the solution of problem (1) with u’ replaced by

G5(y) ::/Sdfl‘l’“(yf)( (A 1, 0D) —ugy, ) di.

In the numerical part of the paper we restrict ourselves to the two dimensional setting, that is
d = 2. The minimization of the cost function F' alternatively with respect to D, A and p relies
on the directions of steepest descent given by (15) and (16). The minimization with respect to
(\, 1) is already exposed in [4], so that we only describe the minimization with respect to D. It is
essential to remark from theorem 4.8 that the partial derivative with respect to D depends only
on the values of € on 9D. With the decomposition € = ;7 + €,, where 7 is the tangential unit
vector, we formally compute (,,¢,) on 9D such that

&7 +e,v = —aF; (D),

where o > 0 is the descent coefficient. In order to decrease the oscillations of the updated
boundary, similarly to [4] we use a H'-regularization, that is we search ¢, and ¢, in H'(9D) such
that for all ¢ € H'(0D),

nf / Vre. - Vrods + / e-dds = —aF,_,(8D) - (¢7), (17)
oD oD

- / Ve, - Vrdds + / e 6ds = —aF,_,(8D) - (6v), (18)
oD oD
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18 L. Bourgeois, N.Chaulet € H. Haddar

where 7, 1, > 0 are regularization coefficients, while F} (9D)-(¢7) and F} ,(0D) - (¢v) have
from theorem 4.8 the simplified expressions

oA . Opdu; 0G;
F/\M(()D Z%e{/@D (EUJGJ 5 5 O ) (bds},

F)\,,u(aD) : ((by) =

—i&ee{/w < (k* —2H\)u;G; — (1 +2Hpu )%%ﬁﬂfzwuﬂ)(m# )>¢ds}

The updated obstacle D, is then obtained by moving the mesh points  of 9D to the points x.
defined by x. = 2 + (6,7 + &,v)(x), while the extended impedances on 9D, are defined, following
(9), by Ac(xe) = A(z) and pe(x.) = p(x). The points x. enable us to define a new domain D,, and
we have to remesh the complementary domain Q% = Br \ D. to solve the next forward problems.
The descent coefficient o and the regularization parameters 7,,1, are determined as follows: « is
increased (resp. decreased) and 7,,7, are decreased (resp. increased) as soon as the cost function
decreases (resp. increases). The algorithm stops as soon as « is too small. With the help of the
relative cost function, namely

N
1 T;(A, b, 0D) —uly,
Error i— — Z ” J( H ) b ,gHL2(Sl)

_ I , (19)
N j=1 ||u0b§)7||L2(Sl)

we are able to determine if the computed (A, i, dD) corresponds to a global or a local minimum:
in the first case Error is approximately equal to the amplitude of noise while in the second case it
is much larger.

6 Some numerical results

In order to handle dimensionless impedances, we replace A by kA and p by p/k in the boundary
condition of problem (2) without changing the notations. Problem (2) is solved by using a finite
element method based on the variational formulation associated with problem (2) and which is
introduced in [4], more precisely we have used classical Lagrange finite elements. The variational
formulations (17) (18) as well as those used to update the impedances A and p (see [4]) are solved
by using the same finite element basis. All computations were performed with the help of the
software FreeFem-++ [24]. We obtain some artificial data with forward computations for some
given data (Mg, 110, 0Dg). The resulting far—fields Ughs j» J = 1, N are then contaminated by some
Gaussian noise of various amplitude. More precisely, for each Fourier coefficient of the far—field
we compute a Gaussian noise with normal distribution. Such a perturbation is multiplied by a
constant which is calibrated in order to obtain a global relative L? error of prescribed amplitude:
1% or 5%.

6.1 Reconstruction of an obstacle with known impedances

First we try to reconstruct a L— shaped obstacle Dy with known impedances (Ao, pg). The result
is shown on figure 1 in the case of 1% noise by using only two incident waves, namely N = 2.
The results are shown on figure 2 in the case of 5% noise and N = 2, as well as 5% noise and
N = 8, respectively. This enables us to test the influence of the amplitude of noise as well as the
influence of the number of incident waves. In order to evaluate the impact of the initial guess on
the quality of the reconstruction, we consider another initial guess which is farther from the true
obstacle than the first one, in the presence of 5% noise. The result is very bad with only two
incident waves, and becomes much better with eight incident waves, as shown on figure 3. The
figure 4 illustrates our numerical approach using a finite element method in a bounded domain
and a remeshing process. In the remainder of the numerical section all reconstructions will be
based on eight incident waves.
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On simultaneous identification of a scatterer and its GIBC 19
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Figure 1: Case of known impedances and good initial guess
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Figure 2: Case of known impedances and good initial guess, influence of noise and of N

6.2 Reconstruction of the geometry and constant impedances

Secondly we assume that both the obstacle Dy and the impedances (Ao, po) = (0.54,2) are un-
known, but these impedances are constants. Starting from (¢,1.5) as initial guess for (A, i), the
retrieved impedances are (A, u) = (0.49¢,1.99) for 1% noise and (A, u) = (0.514, 1.93) for 5% noise,
while the corresponding retrieved obstacles are shown on figure 5.

6.3 Reconstruction of the geometry and functional impedances

In order to emphasize the role played by the tangential part of the mapping € in the optimization of
the cost function F for functional impedances (see remark 3), we first consider a very academic case.
We try to reconstruct a circle Dy of radius R = 0.3 and an impedance Ao(6) = 0.5(1+sin*(0+%)),
where 0 is the polar angle, starting from an initial circle of same center and radius 0.2 and from
the initial impedance A(6) = 0.5(1 + sin?(#)). Compared to the true obstacle, the initial guess is
hence a smaller and rotated circle. Here p = 0 for sake of simplicity. Amplitude of noise is 5%
and we use eight incident waves. As can be seen on figure 6, the obstacle Dy and the impedance
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Figure 3: Case of known impedances and bad initial guess, increasing number of incident waves
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Figure 4: Finite element method and remeshing (final reconstruction
given in figure 3)

Ao are quite well reconstructed even if we use only the gradient iterations on the geometry (we do

not use the gradient iterations on the impedance).

We complete the numerical section with a more complicated example. The aim is to retrieve
the obstacle Dy defined with polar coordinates (r,6) by r = 0.3 + 0.08 cos(30), as well as the
impedances A\g = 0.5(1 4 sin®#)i and po = 0.5(1 4 cos? ), assuming that both the real part of A
and the imaginary part of u are 0, in the presence of 5% noise with eight incident waves. Note that
in this case the obstacle is star-shaped, which is not necessary to apply our optimization process,
but it enables us to compare the retrieved and the exact impedances in a simple way. The result

are presented on figure 7 and show a good accuracy.

Appendix

We give below the proof of lemma 4.5. In order to obtain this lemma, we consider the local basis
(e},eh), j = 1,d — 1, where vectors ¢ are defined by (11), while e} = . We can hence define the
associated covariant basis (f}), i = 1,d. Note that f{ # el (i = 1,d — 1), where covariant vectors
et are defined by (12). We begin with the proof of the first part of lemma 4.5. We have, denoting

INRIA



On simultaneous identification of a scatterer and its GIBC 21

0.4 0.4
Exact geometry + Exact geometry +
Initial geometry Initial geometry  x
Reconstructed geometry—— Reconstructed geometry——
0.2 0.2
0 0
-0.2 -0.2
-0.4 -0.4
wavelength wavelength
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4
(a) 1% of noise, Final Error = 1.4% (b) 5% of noise, Final Error = 5.8%

Figure 5: Case of constant but unknown impedances
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Figure 6: On the use of the tangential component of mapping &
= A (o] ¢

6/\ ax
Z Gt

By the definition of \, we have N/t = 0. We hence have, with f7 := fi,

(V)| i=0 Z 8& (20)
It remains to compute the covariant vectors f? for i = 1,d — 1. In this view we search f' in the
form
d—1
= Z Bie® + av.
i=1

The coefficients «, 3; are uniquely defined by
fl'elzlv fl'ej:()v j:2,d—1, fl'EZO
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11 ExactA —<— 11 Exactpy —=—
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(¢) Reconstruction of D

Figure 7: Case of unknown geometry and unknown functional impedances

This implies that

bi=1, B;=0, j=2,d-1, av-e) = —et-e.

As a conclusion, we have

1
fl=et— 1/—-5(61 2

We obtain a symmetric expression for f?, i = 2,d — 1 and coming back to (20), we obtain

and lastly,

d—1 5
1, oA
(VAL 1)|t=0 = (VA |t=0 - v = —Z —(e'-¢)

YR
e o&;

(v-e)(VAs - vt)|t=0 = —=(VrA - €),

which completes the proof of the first statement of lemma 4.5.
Now let us give the proof of the second statement of lemma 4.5. In this view we also need an

INRIA



On simultaneous identification of a scatterer and its GIBC 23

expression of the covariant vector f¢. We again search f¢ in the form

d—1
= Z Bie' + av.
i=1
The coefficients «, §; are now uniquely defined by
fle=0, i=1,d—1, fie=1.

After simple calculations, we obtain

1
ri= v
v-e
We have
. al/t i d
divy, = Z 8{1 It — -
By differentiation of |1;]? = 1 with respect to & and t, we obtain
0 0
BE l=ov =0, i=1d=1, Flor=0,
hence

P _ -1 5 _ '
(Z n ff) lt=0 = Z % -e' =divr,
i=1 "

and we obtain the second thesis of lemma 4.5.
Lastly, let us give the proof of the third statement of lemma 4.5. Let us denote

G = thu : thw

and G; = G o ¢;. Given the definition of surface gradient 13, we have
B § e Fh 6Gt 0
- = o .

By using the expressions obtained above for the covariant vectors f{, i = 1,d, we obtain

d—1 ~
: oG oG
(v-e)(VG - )|t=0 = —;(61-8)8—5:“:0 tlt 05
that is B
0G,
(V E)(VG Vt)|t 0= —€r- VF(VFU VF’LU) + — 6t |t 0- (21)

We now have to compute dG,/dt at t = 0. We have

a_ét_diia Ot ¢ O 7\
o~ o \og oG
with

8 Oty o (?wt ‘ 0%ty Oy 1~ej—|—8ut 020, o j+8ut8wt 8et » ei'a_ei
9t agj T oot og; ! 0&; O€;0t “t 0&; O¢; T o )T

From differentiation with respect to t of

(Id+ t(Vs)T)ei =,
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we obtain ot
(Ve)Tel + (Id + t(Ve)T)) ;tt =0,
hence )
ey Ty—1 T i
5 = —(Id+t(Ve) )" (Ve) ey,

and in particular

Oet )
oo = —(Ve)" -
We arrive at
oG ot oW
6—tt|t:0 =Vr (8_tt|t_0) -Vrw + Vru - Vr (6—;|t_o)

— Vru-Ve-Vrw — Vru - (Ve)T - Viw.

By using

o, b,
E't:O =Vu-e, tho =Vw-e
as well as the decomposition € = er + (¢ - v)v, we obtain
0G,
o =0 = Vr(Vru-er+(Vu-v)(e-v)) - Vrw+ Vru - Ve(Vrw -er + (Vw - v)(e - v))

— Vru- (Ve + (Ve)T)) - Viw.

We complete the proof of lemma 4.5 by using equation (21).
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