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Abstract

❲❡ ♣r❡s❡♥t ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ❢♦r s♦❧✈✐♥❣ ♣♦❧②♥♦♠✐❛❧
s②st❡♠s ♦❢ t✇♦ ❜✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ r❛t✐♦♥❛❧
❝♦❡✣❝✐❡♥ts✳ ❲❡ ✜rst ✉s❡ ●♦♥③á❧❡③✲❱❡❣❛ ❛♥❞ ◆❡❝✉❧❛
❛♣♣r♦❛❝❤ ❬✸❪ ❜❛s❡❞ ♦♥ s✉❜✲r❡s✉❧t❛♥t s❡q✉❡♥❝❡s ❢♦r ❞❡✲
❝♦♠♣♦s✐♥❣ ❛ s②st❡♠ ✐♥t♦ s✉❜s②st❡♠s ❛❝❝♦r❞✐♥❣ t♦ t❤❡
♥✉♠❜❡r ♦❢ r♦♦ts ✭❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s✮ ✐♥ ✈❡r✲
t✐❝❛❧ ❧✐♥❡s✳ ❲❡ t❤❡♥ s❤♦✇ ❤♦✇ t❤❡ r❡s✉❧t✐♥❣ tr✐❛♥❣✉✲
❧❛r s✉❜s②st❡♠s ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② s♦❧✈❡❞ ❜② ❝♦♠♣✉t✐♥❣
❧❡①✐❝♦❣r❛♣❤✐❝ ●rö❜♥❡r ❜❛s✐s ❛♥❞ ❘❛t✐♦♥❛❧ ❯♥✐✈❛r✐❛t❡
❘❡♣r❡s❡♥t❛t✐♦♥s ✭❘❯❘s✮ ♦❢ t❤❡s❡ s②st❡♠s✳ ❲❡ ❛❧s♦
s❤♦✇ ❤♦✇ t❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ♠♦❞✲
✉❧❛r ❛r✐t❤♠❡t✐❝✱ ✇❤✐❧❡ r❡♠❛✐♥✐♥❣ ❞❡t❡r♠✐♥✐st✐❝✳

❋✐♥❛❧❧② ✇❡ ❛♣♣❧② ♦✉r s♦❧✈❡r t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠✲
♣✉t✐♥❣ t❤❡ t♦♣♦❧♦❣② ♦❢ ❛❧❣❡❜r❛✐❝ ❝✉r✈❡s ✉s✐♥❣ t❤❡ ❛❧❣♦✲
r✐t❤♠ ■s♦t♦♣ ❬✷❪✳ ❲❡ s❤♦✇ t❤❛t ♦✉r ❛♣♣r♦❛❝❤ ②✐❡❧❞s ❛
s✉❜st❛♥t✐❛❧ ❣❛✐♥ ♦❢ ❛ ❢❛❝t♦r ❜❡t✇❡❡♥ ✶ t♦ ✶✵ ♦♥ ❝✉r✈❡s
♦❢ ❞❡❣r❡❡ ✉♣ t♦ ✷✽ ❝♦♠♣❛r❡❞ t♦ ❞✐r❡❝t❧② ❝♦♠♣✉t✐♥❣ ❛
●rö❜♥❡r ❜❛s✐s ❛♥❞ ❘❯❘ ♦❢ t❤❡ ✐♥♣✉t s②st❡♠✱ ❛♥❞ ❤♦✇
✐t ❧❡❛❞s t♦ ❛ ✈❡r② ❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠ ❝♦♠♣❛r❡❞ t♦
t❤❡ ♦t❤❡r st❛t❡✲♦❢✲t❤❡✲❛rt ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳

1 Bivariate system solving algorithm

❲❡ ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥ ♦✉r ♥❡✇ ❜✐✈❛r✐❛t❡ s♦❧✈❡r ❛♥❞
❞✐s❝✉ss ✐♥ ❙❡❝t✐♦♥ ✷ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ t♦♣♦❧♦❣② ♦❢ ♣❧❛♥❡ ❛❧❣❡❜r❛✐❝ ❝✉r✈❡s✳

❚❤❡ ✐♥♣✉t ✐s ❛ s②st❡♠ S = {P,Q} ✇❤❡r❡ P ❛♥❞ Q
❛r❡ t✇♦ ❜✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ Q[x, y]✳ ❲❡ s♦❧✈❡ t❤❡
s②st❡♠✱ t❤❛t ✐s t❤❡ ♦✉t♣✉t ✐s ❛ s❡t ♦❢ ❜♦①❡s ✐s♦❧❛t✐♥❣
t❤❡ s♦❧✉t✐♦♥s ♦❢ S✱ ✐✳❡✳✱ ♣❛✐r✇✐s❡✲❞✐s❥♦✐♥t ❛①✐s✲♣❛r❛❧❧❡❧
❜♦①❡s ✐♥ t❤❡ xy✲♣❧❛♥❡✱ ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣ ❡①❛❝t❧② ♦♥❡
r♦♦t✳

❖✉r ❛❧❣♦r✐t❤♠ ♣r♦❝❡❡❞s ✐♥ t✇♦ st❡♣s✳ ❋✐rst ✇❡ ❞❡✲
❝♦♠♣♦s❡ t❤❡ s②st❡♠ S ✐♥t♦ ❛ s❡t ♦❢ tr✐❛♥❣✉❧❛r s②s✲
t❡♠s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✉❜✲r❡s✉❧t❛♥t s❡q✉❡♥❝❡ ♦❢ P
❛♥❞ Q ✭❙❡❝t✐♦♥ ✶✳✶✮✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❡ss❡♥t✐❛❧❧②
✐❞❡♥t✐❝❛❧ t♦ t❤❛t ♦❢ ●♦♥③á❧❡③✲❱❡❣❛ ❛♥❞ ◆❡❝✉❧❛ ❬✸❪❀ ❢♦r
❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❞❡s❝r✐❜❡ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❙❡❝✲
t✐♦♥ ✶✳✷ t♦❣❡t❤❡r ✇✐t❤ ♦✉r ❡①t❡♥s✐♦♥ ❢♦r t❤❡ tr❡❛t♠❡♥t
♦❢ s♦❧✉t✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ♦❢ P ♦r
Q ✭s❡❡♥ ❛s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ y✮ ✈❛♥✐s❤❡s✳ ■♥ t❤❡ s❡❝✲
♦♥❞ st❡♣✱ ✇❡ ❝♦♠♣✉t❡ ❛ ●rö❜♥❡r ❜❛s✐s ❛♥❞ ❛ ❘❛t✐♦♥❛❧
❯♥✐✈❛r✐❛t❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ✭❘❯❘✮ ❬✹❪ ♦❢ ❡✈❡r② s②st❡♠

∗■◆❘■❆ ◆❛♥❝② ●r❛♥❞ ❊st✱ ▲❖❘■❆ ❧❛❜♦r❛t♦r②✱ ◆❛♥❝②✱
❋r❛♥❝❡✳ ❋✐rst♥❛♠❡✳◆❛♠❡❅❧♦r✐❛✳❢r

†■◆❘■❆ P❛r✐s✲❘♦❝q✉❡♥❝♦✉rt ❛♥❞ ▲■P✻ ✭❯♥✐✈❡rs✐té P❛r✐s ✻✱
❈◆❘❙✮✱ P❛r✐s✱ ❋r❛♥❝❡✳ ❋✐rst♥❛♠❡✳◆❛♠❡❅❧✐♣✻✳❢r

♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭❙❡❝t✐♦♥s ✶✳✸✮✳ ❲❡ s❤♦✇ ❤♦✇
t❤❡ s♣❡❝✐✜❝ ❢♦r♠ ♦❢ t❤❡ ✐♥♣✉t tr✐❛♥❣✉❧❛r s②st❡♠s ♣❡r✲
♠✐ts t♦ tr✐✈✐❛❧❧② ❝♦♠♣✉t❡ ❛ ●rö❜♥❡r ❜❛s✐s✱ ❛♥❞ ②✐❡❧❞s
✐♠♣r♦✈❡♠❡♥ts t♦ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬✹❪ ❢♦r ❝♦♠♣✉t✐♥❣
❛ ❘❯❘✳ ❚❤❡ ❘❯❘ ✐s t❤❡♥ ✉s❡❞ ✐♥ ❛ st❛♥❞❛r❞ ✇❛② t♦
s♦❧✈❡ t❤❡s❡ s②st❡♠s✳
❲❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✶✳✹ ❤♦✇ t❤❡s❡ t✇♦ st❡♣s ❝❛♥ ❜❡

♣❡r❢♦r♠❡❞ ✇✐t❤ ♠♦❞✉❧❛r ❛r✐t❤♠❡t✐❝ ✐♥ ❛ ❞❡t❡r♠✐♥✐st✐❝
✇❛②✱ ②✐❡❧❞✐♥❣ ❛ ✈❡r② ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠✳
■t s❤♦✉❧❞ ❜❡ str❡ss❡❞ t❤❛t ✇❡ ❞♦ ♥♦t ❝♦♠♣✉t❡ t❤❡

♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ r♦♦ts ✐♥ t❤❡ ✐♥♣✉t s②st❡♠✳ ❍♦✇❡✈❡r✱
❢♦r ❡✈❡r② r♦♦t (α, β) ♦❢ ❛ s②st❡♠ {F, ∂F

∂y
}✱ ✇❡ ♦❜t❛✐♥

t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ β ❛s ❛ r♦♦t ♦❢ F (α, y) ✭❙❡❝t✐♦♥ ✷✮✳
❚❤❡s❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ❛r❡ ♥❡❡❞❡❞ ✐♥ ♦✉r ❛❧❣♦r✐t❤♠ ❢♦r
❝♦♠♣✉t✐♥❣ t❤❡ t♦♣♦❧♦❣② ♦❢ ♣❧❛♥❡ ❝✉r✈❡s✱ ❛♥❞ t❤✐s ✐s ❛
❦❡② ❢❡❛t✉r❡ ♦❢ ♦✉r s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠✳

1.1 Preliminaries : sub-resultant sequences

❘❡❝❛❧❧ t❤❛t P ❛♥❞ Q ❛r❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s ✐♥ Q[x, y]✳
❈♦♥s✐❞❡r✐♥❣ P ❛♥❞ Q ❛s ♣♦❧②♥♦♠✐❛❧s ✐♥ y✱ ❧❡t P =
∑p

i=0 aiy
i✱ ❛♥❞ Q =

∑q
i=0 biy

i ✇✐t❤ ai✱ bi ✐♥ Q[x].
❆ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t p 6 q✳
❚❤❡ ❙②❧✈❡st❡r ♠❛tr✐① ♦❢ P ❛♥❞ Q ✐s t❤❡ (p + q) ×

(p + q) ♠❛tr✐① ✇❤❡r❡ t❤❡ k✲t❤ r♦✇ ❝♦♥s✐sts✱ ❢♦r 1 6

k 6 q✱ ♦❢ k − 1 ③❡r♦s✱ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ❝♦❡✣❝✐❡♥ts
♦❢ P ✱ ap, . . . , a0✱ ❛♥❞ ❝♦♠♣❧❡t❡❞ ❜② q − k ③❡r♦s✱ ❛♥❞✱
❢♦r q + 1 6 k 6 p + q✱ ♦❢ k − q − 1 ③❡r♦s✱ ❢♦❧❧♦✇❡❞
❜② t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ Q✱ bq, . . . , b0✱ ❛♥❞ ❝♦♠♣❧❡t❡❞ ❜②
p + q − k ③❡r♦s✳ ❖♥❡ ❞❡♥♦t❡s ❜② Sylvi✱ i 6 q✱ t❤❡
(p + q − 2i) × (p + q − i) ♠❛tr✐① ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
❙②❧✈❡st❡r ♠❛tr✐① ♦❢ P ❛♥❞ Q ❜② ❞❡❧❡t✐♥❣ t❤❡ i ❧❛st
r♦✇s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ P ✱ t❤❡ i ❧❛st r♦✇s ♦❢ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ Q✱ ❛♥❞ t❤❡ i ❧❛st ❝♦❧✉♠♥s✳

❉❡✜♥✐t✐♦♥ ✶ ✭❬✶❪✮ ❚❤❡ i✲t❤ ♣♦❧②♥♦♠✐❛❧ s✉❜✲
r❡s✉❧t❛♥t ♦❢ P ❛♥❞ Q✱ ❞❡♥♦t❡❞ ❜② Sresi(P,Q)✱ ✐s t❤❡
♣♦❧②♥♦♠✐❛❧

det(Mp+q−2i)y
i+det(Mp+q−2i+1)y

i−1+· · ·+det(Mp+q−i)

✇❤❡r❡ Mj ✐s t❤❡ sq✉❛r❡ s✉❜✲♠❛tr✐① ♦❢ Sylvi ♦❢ s✐③❡
p + q − 2i ❛♥❞ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ p + q − 2i − 1 ✜rst
❝♦❧✉♠♥s ❛♥❞ t❤❡ j✲t❤ ❝♦❧✉♠♥ ♦❢ Sylvi✱ j ∈ {p + q −
2i, . . . , p+q−i}. ❚❤❡ s✉❜✲r❡s✉❧t❛♥t s❡q✉❡♥❝❡ ♦❢ P ❛♥❞
Q ✐s t❤❡ s❡q✉❡♥❝❡ Sresi(P,Q) ❢♦r i ❢r♦♠ 0 t♦ q✳

Sresi(P,Q) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ❛t ♠♦st i ✐♥
y✱ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ i✱
❞❡♥♦t❡❞ ❜② sresi(P,Q)✱ ✐s ❝❛❧❧❡❞ t❤❡ i✲t❤ ♣r✐♥❝✐♣❛❧

s✉❜✲r❡s✉❧t❛♥t ❝♦❡✣❝✐❡♥t✳ ◆♦t❡ t❤❛t Sres0(P,Q) =



✷✼t❤ ❊✉r♦♣❡❛♥ ❲♦r❦s❤♦♣ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②✱ ✷✵✶✶

sres0(P,Q) ✐s t❤❡ r❡s✉❧t❛♥t ♦❢ P ❛♥❞ Q✳ ❲❡ t❤✉s
❤❛✈❡

Sresi(P,Q) = sresi(P,Q)yi +Ri(x, y) ✭✶✮

✇❤❡r❡ t❤❡ ❞❡❣r❡❡ ✐♥ y ♦❢ Ri ✐s ❛t ♠♦st i − 1✱ ❛♥❞ ✐ts
❞❡❣r❡❡ ✐♥ x ✐s ❛t ♠♦st t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t♦t❛❧ ❞❡❣r❡❡s
♦❢ P ❛♥❞ Q ✭t❤❡ ❞❡❣r❡❡ ✐♥ x ✐s ❣❡♥❡r✐❝❛❧❧② ♠❛①✐♠❛❧
❢♦r i = 0 ✇❤✐❝❤ ✐s t❤❛t ♦❢ t❤❡ r❡s✉❧t❛♥t✮✳
❚❤❡ ♣♦❧②♥♦♠✐❛❧ s✉❜✲r❡s✉❧t❛♥ts ♦❢ P ❛♥❞ Q ❛r❡ ❡q✉❛❧

t♦ ❡✐t❤❡r 0 ♦r t♦ ✭✉♣ t♦ ❛ ❝♦♥st❛♥t✮ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡
r❡♠❛✐♥❞❡r s❡q✉❡♥❝❡ ♦❢ P ❛♥❞ Q ❬✶✱ ♣✳✸✵✽❪✳ ❋♦r ❡✣✲
❝✐❡♥❝②✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ s✉❜✲r❡s✉❧t❛♥t s❡q✉❡♥❝❡s
❛r❡ ✉s✉❛❧❧② ♣❡r❢♦r♠❡❞ ❜② ❝♦♠♣✉t✐♥❣ ♣♦❧②♥♦♠✐❛❧ r❡✲
♠❛✐♥❞❡r s❡q✉❡♥❝❡s ✉s✐♥❣ s♦♠❡ ✈❛r✐❛♥ts ♦❢ ❊✉❝❧✐❞ ❛❧✲
❣♦r✐t❤♠✳

1.2 Triangular decomposition

❋✐rst✱ ✇❡ ♣r♦❥❡❝t t❤❡ s♦❧✉t✐♦♥s ♦❢ S ♦♥ t❤❡ x✲❛①✐s❀ ❛❧✲
❣❡❜r❛✐❝❛❧❧②✱ t❤✐s ❛♠♦✉♥ts t♦ ❝♦♠♣✉t✐♥❣ t❤❡ r❡s✉❧t❛♥t
♦❢ P ❛♥❞ Q ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ y✳ ❚❤❡ r♦♦ts
♦❢ t❤❛t r❡s✉❧t❛♥t✱ ❞❡♥♦t❡❞ Resy(P,Q) ∈ Q[x]✱ ❛r❡ t❤❡
x✲❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ S✱ ❛♥❞ t❤❡ ❝♦♠♠♦♥
r♦♦ts ♦❢ t❤❡✐r ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts ap ❛♥❞ bq ∈ Q[x]✳
❍❡♥❝❡✱ t❤❡ r❡s✉❧t❛♥t ♦❢ P ❛♥❞ Q ♣r♦✈✐❞❡s t❤❡ x✲
❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝✉r✈❡s ✐♥t❡rs❡❝t ♦r ❤❛✈❡ ❛ ❝♦♠♠♦♥ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡✳
❋♦r ❡❛❝❤ s✉❝❤ x✲❝♦♦r❞✐♥❛t❡✱ t❤❡ ❞✐✣❝✉❧t② ✐s t♦ ❝♦♠✲
♣✉t❡ t❤❡ y✲❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡rs❡❝✲
t✐♦♥ ♣♦✐♥ts✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ t❤❡ s✉❜✲r❡s✉❧t❛♥t
s❡q✉❡♥❝❡ ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣♦✲
s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶ ✭❬✸❪✮ ▲❡t P,Q ∈ Q[x, y] ❜❡ t✇♦
sq✉❛r❡✲❢r❡❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ❝♦♥s✐❞❡r t❤❡✐r s✉❜✲
r❡s✉❧t❛♥t s❡q✉❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ y✳ ▲❡t
α ∈ R ❜❡ ❛ r♦♦t ♦❢ Resy(P,Q) s✉❝❤ t❤❛t ap(α) 6= 0
❛♥❞ bq(α) 6= 0✳ ❚❤❡♥

{

sres0(α) = 0, · · · , sresk−1(α) = 0
sresk(α) 6= 0

⇔ Gcd(P (α, y), Q(α, y)) = Sresk(α, y).

❲❡ ❞❡❝♦♠♣♦s❡ t❤❡ ✐♥♣✉t s②st❡♠ S ✐♥t♦ ❛ s❡t ♦❢
tr✐❛♥❣✉❧❛r s②st❡♠s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡❣r❡❡ ♦❢
Gcd(P (α, y), Q(α, y)) ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣✳ ✶✳ ❚❤r♦✉❣❤✲
♦✉t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ sq✉❛r❡✲❢r❡❡
♣❛rt ♦❢ t❤❡ r❡s✉❧t❛♥t ♦❢ P ❛♥❞ Q✱ Resy(P,Q) =
Sres0(P,Q)✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② sqrfree(Sres0(x))✳
❚❛❦✐♥❣ t❤❡ sq✉❛r❡✲❢r❡❡ ♣❛rt s✐♠♣❧✐✜❡s t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥ ❜✉t ✐t ❞♦❡s ♥♦t ♣r❡s❡r✈❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡
r♦♦ts✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ❛❝t✉❛❧❧② ❝r✐t✐❝❛❧ ✐♥ ♦✉r ❛❧❣♦✲
r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ✐♥ t❤❡ ✜❜❡rs
♥❡❡❞❡❞ ❢♦r t❤❡ t♦♣♦❧♦❣② ❝♦♠♣✉t❛t✐♦♥✱ ❛s ♠❡♥t✐♦♥❡❞
❡❛r❧✐❡r ✭❙❡❝t✐♦♥ ✷✮✳
❆❝❝♦r❞✐♥❣ t♦ Pr♦♣✳ ✶✱ ✇❡ ✜rst ❝♦♥s✐❞❡r ♦♥❧② x✲

❝♦♦r❞✐♥❛t❡s ♦♥ ✇❤✐❝❤ ap ❛♥❞ bq ❞♦ ♥♦t ✈❛♥✐s❤✳ ●❡✲
♦♠❡tr✐❝❛❧❧②✱ t❤❡ r♦♦ts ♦❢ ap ❝♦rr❡s♣♦♥❞ t♦ ✈❡rt✐❝❛❧

❛s②♠♣t♦t❡s ♦❢ t❤❡ ❝✉r✈❡ CP ❞❡✜♥❡❞ ❜② P = 0❀
s✐♠✐❧❛r❧② ❢♦r bq ❛♥❞ t❤❡ ❝✉r✈❡ CQ✳ ❲❡ ❞❡♥♦t❡ ❜②
Fres(x) t❤❡ ♣♦❧②♥♦♠✐❛❧ sqrfree(Sres0(x)) ✏✇✐t❤♦✉t
t❤❡s❡ r♦♦ts✑✿

Fres(x) =
sqrfree(Sres0(x))

Gcd(sqrfree(Sres0(x)), ap(x)bq(x))
. ✭✷✮

❙♦❧✉t✐♦♥s ♦✉ts✐❞❡ t❤❡ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡s✳ ❚❤❡
s♦❧✉t✐♦♥s ♦❢ S t❤❛t ❞♦ ♥♦t ❧✐❡ ♦♥ ❛ ✈❡rt✐❝❛❧ ❛s②♠♣✲
t♦t❡ ♦❢ CP ♦r CQ ❤❛✈❡ t❤❡✐r x✲❝♦♦r❞✐♥❛t❡s s♦❧✉t✐♦♥s ♦❢
Fres(x)✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❢❛❝t♦r✐③❡ Fres(x) ✇✐t❤ r❡✲
s♣❡❝t t♦ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ Gcd(P (α, y), Q(α, y)) ❢♦r α
r♦♦t ♦❢ Fres(x)✳
▲❡t G1(x) = Gcd(Fres(x), sres1(x))✳ ❲❡

s♣❧✐t Fres(x) ✐♥ t✇♦ ❢❛❝t♦rs G1 ❛♥❞ F1(x) =
Fres(x)
G1(x)

✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ S1 =
{

F1(x)
Sres1(x, y) = sres1(x)y +R(x)

✳ ❚❤❡ r♦♦ts ♦❢ S1

❛r❡ ❡①❛❝t❧② t❤❡ r♦♦ts (α, β) ♦❢ S s✉❝❤ t❤❛t t❤❡ ❞❡❣r❡❡
♦❢ t❤❡ Gcd(P (α, y), Q(α, y)) ✐s ✶✳ ■♥ ♦t❤❡r ✇♦r❞s✱ α ✐s
❛ r♦♦t ♦❢ Fres(x) s✉❝❤ t❤❛t S ❛❞♠✐ts ❛ ✉♥✐q✉❡ r♦♦t
(α, y) ❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t②✳
❆❝❝♦r❞✐♥❣ t♦ Pr♦♣✳ ✶✱ ✇❡ s♣❧✐t ❛❣❛✐♥ G1 ✇✐t❤ r❡✲

s♣❡❝t✱ t❤✐s t✐♠❡✱ t♦ t❤❡ ♣♦❧②♥♦♠✐❛❧ sres2(x)✳ ▲❡t
G2 = Gcd(G1, sres2)✱ F2 = G1/G2✱ t❤❡ s②st❡♠
S2 = {F2(x), Sres2(x, y)} ❡♥❝♦❞❡s t❤❡ s♦❧✉t✐♦♥s (α, β)
♦❢ S s✉❝❤ t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ Gcd(P (α, y), Q(α, y))
✐s ✷✳ ■♥ ♦t❤❡r ✇♦r❞s✱ α ✐s ❛ r♦♦t ♦❢ Fres(x) s✉❝❤ t❤❛t
S ❛❞♠✐ts t✇♦ r♦♦ts (α, y) ❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t②✳
❲❡ ❣♦ ❛❤❡❛❞ r❡❝✉rs✐✈❡❧② ✉♥t✐❧ ✇❡ ❞❡❝♦♠♣♦s❡ ❝♦♠✲

♣❧❡t❡❧② Fres(x) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣♦❧②♥♦♠✐❛❧s
sres1(x), . . . , sresq(x)✳ ❆t t❤❡ k✲t❤ st❡♣ t❤❡ r♦♦ts
♦❢ Fk(x) ❛r❡ ❡①❛❝t❧② t❤❡ r♦♦ts ♦❢ Fres(x) ✈❡r✐❢②✐♥❣
sres1(x) = 0, . . . , sresk−1(x) = 0✱ ❛♥❞ sresk(x) 6= 0✳
❚❤❡ r❡s✉❧t ✐s ❛ s❡t ♦❢ tr✐❛♥❣✉❧❛r s②s✲

t❡♠s Sk = {Fk(x), Sresk(x, y)} s✉❝❤ t❤❛t
Gcd(Fk(x), sresk(x)) = 1✳

❙♦❧✉t✐♦♥s ♦♥ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡s✳ ❲❡ ♥♦✇ ❝♦♥✲
s✐❞❡r t❤❡ s♦❧✉t✐♦♥s ♦❢ S ♦♥ ❛♥ ❛s②♠♣t♦t❡ x = α✱ ✇✐t❤
α ❛ r♦♦t ♦❢ ap ♦r bq✳ ❖✉r ❛❧❣♦r✐t❤♠ ❞✐✛❡rs ❤❡r❡ ❢r♦♠
t❤❛t ♦❢ ❬✸❪ ✐♥ ✇❤✐❝❤ t❤❡② ❞❡t❡❝t ✇❤❡♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥
♦❝❝✉rs ❛♥❞ s❤❡❛r t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❋♦r s❛❦❡ ♦❢
❜r❡✈✐t②✱ ✇❡ ♦♥❧② ❞❡t❛✐❧ t❤❡ ❝❛s❡ ♦❢ s♦❧✉t✐♦♥s ♦♥ ❛ ❝♦♠✲
♠♦♥ ❛s②♠♣t♦t❡✱ t❤❛t ✐s x = α ✇✐t❤ α ❛ r♦♦t ♦❢ D(x)
t❤❡ sq✉❛r❡✲❢r❡❡ ♣❛rt ♦❢ Gcd(ap, bq)✳ ▲❡t P1 ✱ Q1 ❜❡
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

P1 =
∑p

i=1
(aimodD(x))yi ✱ Q1 =

∑q

i=1
(bimodD(x))yi✱

✇❤❡r❡ U(x) mod D(x) ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❊✉✲
❝❧✐❞❡❛♥ ❞✐✈✐s✐♦♥ ♦❢ U(x) ❜② D(x) ✐♥ Q[x]✳ ■t ✐s ❝❧❡❛r
t❤❛t P1, Q1 ❝♦✐♥❝✐❞❡ ✇✐t❤ P ❛♥❞ Q ❛❜♦✈❡ t❤❡ r♦♦ts
♦❢ D(x)✱ ✐✳❡✳✱ ∀α ∈ R : D(α) = 0 =⇒ P1(α, y) =
P (α, y) ❛♥❞ Q1(α, y) = Q(α, y). ❲❡ ❞❡❝♦♠♣♦s❡ t❤❡
s②st❡♠ {P1, Q1} ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❜✉t ❦❡❡♣✐♥❣ ✐♥
t❤❡ r❡s✉❧t❛♥t ♦♥❧② t❤❡ r♦♦ts ♦❢ D(x)✿ Fres(x) =
sqrfree(Gcd(Sres0(P1, Q1), D(x)))✳ ❲❡ t❤✉s r❡❝♦✈❡r
✐♥ t❤❡ r❡s✉❧t✐♥❣ s②st❡♠s✱ s♦❧✉t✐♦♥s ❧♦❝❛t❡❞ ♦♥ t❤❡ ❝♦♠✲
♠♦♥ ❛s②♠♣t♦t❡s✳
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❖✉t♣✉t✳ ❚❤❡ ♦✉t♣✉t ✐s ❛ s❡t ♦❢ tr✐❛♥❣✉✲

❧❛r s②st❡♠s Sk =

{

Fk(x) = 0
Sresk(x, y) = 0

s✉❝❤ t❤❛t

Gcd(Fk(x), sresk(x)) = 1 ❛♥❞ ❛❧❧ Fk ❛r❡ sq✉❛r❡✲❢r❡❡✳
❋♦r ❡✈❡r② k t❤❡r❡ ♠✐❣❤t ❜❡ s❡✈❡r❛❧ s②st❡♠s Sk✿ ❞❡✲
♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ Sk ❧✐❡s ♦♥ ❛ ✈❡r✲
t✐❝❛❧ ❛s②♠♣t♦t❡ ♦r ♥♦t✱ Sresk ❞❡♥♦t❡s t❤❡ k✲t❤ s✉❜✲
r❡s✉❧t❛♥t ♦❢ P ❛♥❞ Q✱ ♦r ♦❢ s♦♠❡ r❡❞✉❝t✐♦♥s ♦❢ P ❛♥❞
Q ♠♦❞✉❧♦ s♦♠❡ ❢❛❝t♦rs ♦❢ t❤❡✐r ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts ap
❛♥❞ bq ✐♥ Q[x]✳

1.3 Groebner basis and RUR computation

❆ s♣❡❝✐✜❝ ♣r♦♣❡rt② ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❜t❛✐♥❡❞
❛❜♦✈❡ ✐s t❤❛t Gcd(Fk(x), sresk(x)) = 1✳ ❇② ❇é✲
③♦✉t ✐❞❡♥t✐t②✱ t❤❡r❡ ❡①✐sts U, V ∈ Q[x] s✉❝❤ t❤❛t
UFk + V sresk = 1✳ ❚❤✉s✱ s✐♥❝❡ Sresk(x, y) =
sresk(P,Q)yk + Rk(x, y) ✭❊q✳ ✭✶✮✮✱ t❤❡ s②st❡♠ Sk ✐s

❡q✉✐✈❛❧❡♥t t♦ S̃k :

{

Fk(x) = 0

yk + R̃k(x, y) = 0
✇❤❡r❡ R̃k ✐s

t❤❡ r❡❞✉❝t✐♦♥ ♦❢ V Rk ♠♦❞✉❧♦ Fk ✭t❤❛t ✐s ❡❛❝❤ ❝♦❡✣✲
❝✐❡♥t ✐s r❡❞✉❝❡❞ ♠♦❞✉❧♦ Fk(x)✮❀ ❤❡♥❝❡ R̃k ❤❛s ❞❡❣r❡❡
✐♥ y str✐❝t❧② ❧❡ss t❤❛♥ k ❛♥❞ str✐❝t❧② ❧❡ss t❤❛♥ t❤❛t
♦❢ Fk ✐♥ x✳ ❚❤❡ r❡s✉❧t✐♥❣ s②st❡♠ t❤✉s ✐s ❛ ✭r❡❞✉❝❡❞✮
❧❡①✐❝♦❣r❛♣❤✐❝ ●rö❜♥❡r ❜❛s✐s ❬✶❪✳
❆t t❤✐s st❛❣❡✱ ✇❡ ❝❛♥ ✉s❡ ❛ st❛♥❞❛r❞ ❘❯❘ ❛❧❣♦✲

r✐t❤♠ ❢♦r s♦❧✈✐♥❣ ❡❛❝❤ ♦❢ t❤❡s❡ s②st❡♠s ❬✹❪✳ ❘❡❝❛❧❧
t❤❛t ❣✐✈❡♥ ❛ ❜✐✈❛r✐❛t❡ s②st❡♠✱ ❛ ❘❯❘ ❞❡✜♥❡s ❛ ♣❛✲
r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ ✐ts s♦❧✉t✐♦♥s ✇✐t❤ ❢♦✉r ♣♦❧②♥♦♠✐❛❧s
f, gx, gy, g ∈ Q[t] s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠

❛r❡ ( gx(ti)
g(ti)

,
gy(ti)
g(ti)

) ❢♦r t❤❡ r♦♦ts ti ♦❢ f ✳ ■t s❤♦✉❧❞ ❜❡

str❡ss❡❞ t❤❛t ❛ ❘❯❘ ♣r❡s❡r✈❡s t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡
r♦♦ts ♦❢ t❤❡ s②st❡♠✱ t❤❛t ✐s✱ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❛ r♦♦t

ti ♦❢ f ✐s t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ r♦♦t ( gx(ti)
g(ti)

,
gy(ti)
g(ti)

) ✐♥

S̃k✱ ❛♥❞ t❤✉s ✐♥ Sk✳ ❚❤❡ ❢❛❝t t❤❛t Fk ✐s sq✉❛r❡✲❢r❡❡
②✐❡❧❞s ❛ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s
✐s t❤❡ s②st❡♠ Sk t❤❛t ✇✐❧❧ ❜❡ ❡①♣❧♦✐t❡❞ ✐♥ ♦✉r ❛♣♣❧✐✲
❝❛t✐♦♥ ♦♥ t❤❡ t♦♣♦❧♦❣② ♦❢ ❝✉r✈❡s✳
❚❤❡ ♣❛rt✐❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ s②st❡♠s ✇❡ ♦❜t❛✐♥

②✐❡❧❞s ✐♠♣r♦✈❡♠❡♥ts t♦ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❘♦✉✐❧❧✐❡r ❬✹❪
❢♦r ❝♦♠♣✉t✐♥❣ ❛ ❘❯❘✳ ❚❤❡ ❝r✐t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r
✐♥♣✉t s②st❡♠s Sk ✐s t❤❛t ✭✐✮ t❤❡② ❛r❡ ●rö❜♥❡r ❜❛s✐s
❢♦r t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ♦♥❡ ♦❢
t❤❡ ♣♦❧②♥♦♠✐❛❧s ✐s ✉♥✐✈❛r✐❛t❡✱ ❛♥❞ ✭✐✐✮ t❤❡r❡ ❛r❡ ♦♥❧②
t✇♦ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ ❜❛s✐s✳ ▼♦st ♦❢ t❤❡ ❘❯❘ ❝♦♠✲
♣✉t❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❧✐♥❡❛r ❛❧❣❡❜r❛ ✐♥ t❤❡
q✉♦t✐❡♥t ❛❧❣❡❜r❛ Q[x, y]/Sk ✭✇❤❡r❡ Sk ❞❡♥♦t❡ ❤❡r❡
t❤❡ ✐❞❡❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s②st❡♠✮✳ Pr♦♣❡rt② ✭✐✐✮ ✐♠✲
♣❧✐❡s t❤❛t ❛ ❜❛s✐s ♦❢ t❤✐s ❛❧❣❡❜r❛ ✐s s✐♠♣❧② {xiyj}✱ ❢♦r
0 6 i < ❞❡❣r❡❡(Fk) ❛♥❞ 0 6 j < k✳ ❖♥❡ ✐♠♣♦rt❛♥t
st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❞✉❝t ♦❢
❛❧❧ ♣❛✐rs ♦❢ ❡❧❡♠❡♥ts ♦❢ t❤❛t ❜❛s✐s✱ r❡❞✉❝❡❞ ♠♦❞✉❧♦
t❤❡ s②st❡♠ Sk❀ t❤✐s st❡♣ ✐s s✉❜st❛♥t✐❛❧❧② s✐♠♣❧✐✜❡❞ ❜②
t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❜❛s✐s ❛♥❞ ❜② ✉s✐♥❣ Pr♦♣❡rt② ✭✐✮✳
❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s st❡♣✱ ❛♥❞ ❛❝t✉❛❧❧② ♦❢ t❤❡ ✇❤♦❧❡
❘❯❘ ❝♦♠♣✉t❛t✐♦♥✱ ✐s t❤✐s ✇❛② r❡❞✉❝❡❞ ❢r♦♠ O(D3) t♦
O(D2) ✇❤❡r❡ D ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❛❧❣❡❜r❛ ❜❛s✐s✳

1.4 Deterministic modular method

❚❤❡ ❜✐ts✐③❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❘❯❘ ✐s r❡❛s♦♥❛❜❧❡
✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡s❡ ❝♦❡✣❝✐❡♥ts ❤❛✈❡ ♠♦r❡ ♦r ❧❡ss
t❤❡ s❛♠❡ s✐③❡ ❛s t❤♦s❡ ✐♥ t❤❡ r❡s✉❧t❛♥t ❬✷✱ ➓✹✳✷❪✳ ❍♦✇✲
❡✈❡r✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝
●rö❜♥❡r ❜❛s✐s ✐♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♠♣✉t❛t✐♦♥s ♠❛②
❜❡ q✉✐t❡ ❧❛r❣❡✳ ❆ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ❢♦r ❛✈♦✐❞✐♥❣ s✉❝❤
✐♥t❡r♠❡❞✐❛t❡ ❣r♦✇t❤ ✐s t♦ ✉s❡ ♠♦❞✉❧❛r ❝♦♠♣✉t❛t✐♦♥s
❛♥❞ t❤❡ ❈❤✐♥❡s❡ ❘❡♠❛✐♥❞❡r ❚❤❡♦r❡♠ ❬✶❪✳ ❚❤❡ ❞✐❢✲
✜❝✉❧t② ❜❡✐♥❣ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛❧❣♦r✐t❤♠
✭r❛t❤❡r t❤❛♥ ❛ ▼♦♥t❡✲❈❛r❧♦ ❛❧❣♦r✐t❤♠✮✳ ❲❡ s❤♦✇ ❤♦✇
t❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❤❡r❡✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡

t✇♦ ✐♥♣✉t ♣♦❧②♥♦♠✐❛❧s P ❛♥❞ Q ❤❛✈❡ ✐♥t❡❣❡r ❝♦❡✣✲
❝✐❡♥ts ✭r❛t❤❡r t❤❛♥ r❛t✐♦♥❛❧✮✳ ❋♦r ❜r❡✈✐t②✱ ✇❡ ♦♥❧② ❞❡✲
s❝r✐❜❡ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ r♦♦ts ♦✉ts✐❞❡ t❤❡ ✈❡rt✐❝❛❧
❛s②♠♣t♦t❡s❀ t❤❡ r♦♦ts ♦♥ t❤❡ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡s ❛r❡
tr❡❛t❡❞ s✐♠✐❧❛r❧②✳ ▲❡t µ ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r ❧❛r❣❡r t❤❛♥
pq✱ Zµ = Z

µZ
✱ ❛♥❞ ❧❡t φµ ❜❡ t❤❡ ❝❛♥♦♥✐❝❛❧ s✉r❥❡❝t✐♦♥

Z[x, y] → Zµ[x, y] t❤❛t tr❛♥s❢♦r♠s t❤❡ ♣♦❧②♥♦♠✐❛❧ ❝♦✲
❡✣❝✐❡♥ts ♠♦❞✉❧♦ µ✳ ❲❡ ✜rst ❝❤❡❝❦ t❤❛t ✭✐✮ φµ(ap) 6=
0 ❛♥❞ φµ(bq) 6= 0✱ t❤❡♥ ✇❡ ❝♦♠♣✉t❡ Fres(P,Q)
❛♥❞ Fres(φµ(P ), φµ(Q)) ✭❊q✳ ✭✷✮✮ ❛♥❞ t❡st ✇❤❡t❤❡r
✭✐✐✮ φµ(Fres(P,Q)) = Fres(φµ(P ), φµ(Q)) ❛♥❞ ✭✐✐✐✮
degree(φµ(Fres(P,Q))) = degree(Fres(P,Q))✳ ❲❡
❝♦♥s✐❞❡r ♣r✐♠❡ ♥✉♠❜❡rs ✐♥ t✉r♥ ✉♥t✐❧ ❛❧❧ t❤❡s❡ ♣r♦♣✲
❡rt✐❡s ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r✐♥❣ ♣♦❧②♥♦♠✐❛❧s ✐♥
Zµ[x, y]✱ ✇❡ s♦❧✈❡ t❤❡ s②st❡♠ {φµ(P ), φµ(Q)} ❛s ❞❡✲
s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥s ✶✳✷ ❛♥❞ ✶✳✸✳

▲❡♠♠❛ ✷ ❚❤❡ s✉♠ ♦❢ t❤❡ ❞❡❣r❡❡s ♦❢ t❤❡ s②st❡♠s ✭t❤❡
❞❡❣r❡❡ ♦❢ ❛ s②st❡♠ ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐ts ❝♦♠♣❧❡①
r♦♦ts ❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t②✮ ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
❛♣♣❧✐❡❞ t♦ φµ(P ) ❛♥❞ φµ(Q) ❛♥❞ ♣❡r❢♦r♠❡❞ ✐♥ Zµ[x, y]
✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ t❤❡ ❞❡❣r❡❡s ♦❢
t❤❡ s②st❡♠s ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ P ❛♥❞ Q ♣❡r✲
❢♦r♠❡❞ ♦✈❡r t❤❡ r❛t✐♦♥❛❧s✳

❆♥ ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t s✐♥❝❡ t❤❡ ❘❯❘ ♣r❡✲
s❡r✈❡s ♠✉❧t✐♣❧✐❝✐t✐❡s✱ t❤❡ ❞❡❣r❡❡ ♦❢ ❛ s②st❡♠ ✐s t❤❡ ❞❡✲
❣r❡❡ ♦❢ t❤❡ ✜rst ♣♦❧②♥♦♠✐❛❧ ♦❢ ✐ts ❘❯❘✱ ❡✈❡♥ ✇❤❡♥
❝♦♥s✐❞❡r❡❞ ♦✈❡r Zµ[x, y]✱ ❛s s♦♦♥ ❛s µ > pq ❬✹❪✳ ■❢ t❤❡
s✉♠ ♦❢ t❤❡ ❞❡❣r❡❡s ♦❢ t❤❡ s②st❡♠s ♦❜t❛✐♥❡❞ ❜② ❛ ❝♦♠✲
♣✉t❛t✐♦♥ ♠♦❞✉❧♦ µ ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ t❤❡ s✉♠ ♦❢
t❤❡ ❞❡❣r❡❡s ♦❢ t❤❡ s②st❡♠s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥ ♦✈❡r t❤❡ r❛t✐♦♥❛❧s✱ ✇❡ s❛② t❤❛t µ ✐s ❛♥ ✉♥❧✉❝❦②

♣r✐♠❡✳ ❚❤❡ ❞✐✣❝✉❧t② ✐s ♦❢ ❝♦✉rs❡ t♦ ❞❡t❡❝t ✉♥❧✉❝❦②
♣r✐♠❡s✳
❖✉r ❛❧❣♦r✐t❤♠ s❡❧❡❝ts ❛ s❡t ♦❢ ♣r✐♠❡s µ ✭❛s ❞❡s❝r✐❜❡❞

❛❜♦✈❡✮✱ ❞❡❝♦♠♣♦s❡s t❤❡ s②st❡♠ {φµ(P ), φµ(Q)}✱ ❛♥❞
❞❡t❡r♠✐♥❡s ❛ ❘❯❘ ❢♦r ❡❛❝❤ Sk ♦✈❡r Zµ[x, y]✳ ■❢ t❤❡
s✉♠s ♦❢ t❤❡ ❞❡❣r❡❡s ♦❢ Sk ❛r❡ ♥♦t t❤❡ s❛♠❡ ❢♦r ❛❧❧
❝♦♥s✐❞❡r❡❞ ♣r✐♠❡s✱ t❤❡ ♣r✐♠❡s ❢♦r ✇❤✐❝❤ t❤✐s s✉♠ ✐s
♥♦t ♠✐♥✐♠❛❧ ❛r❡ ✉♥❧✉❝❦②✱ ❛♥❞ ✇❡ ❞✐s❝❛r❞ t❤❡s❡ ♣r✐♠❡s✳
❖t❤❡r✇✐s❡✱ ❡✐t❤❡r ❛❧❧ ♣r✐♠❡s ❛r❡ ❧✉❝❦② ♦r t❤❡② ❛r❡ ❛❧❧
✉♥❧✉❝❦②✳ ❲❡ t❤❡♥ ✉s❡ t❤❡ ❈❤✐♥❡s❡ ❘❡♠❛✐♥❞❡r ❚❤❡♦✲
r❡♠ t♦ ❧✐❢t t❤❡ ❘❯❘s ♦❢ t❤❡ s②st❡♠s Sk✳



✷✼t❤ ❊✉r♦♣❡❛♥ ❲♦r❦s❤♦♣ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②✱ ✷✵✶✶

❲❡ t❤❡♥ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ r♦♦ts ♦❢ t❤❡ s❡t ♦❢ r❡✲
s✉❧t✐♥❣ ❘❯❘s (f, gx, gy, g) ♦❢ ❡❛❝❤ Sk ❛r❡ ✐♥❞❡❡❞ r♦♦ts
♦❢ t❤❡ s②st❡♠ {P,Q} ✇✐t❤ t❤❡ ❝♦rr❡❝t ♠✉❧t✐♣❧✐❝✐t✐❡s✳
❈❤❡❝❦✐♥❣ ✇❤❡t❤❡r t❤❡ r♦♦ts ❛r❡ ❝♦rr❡❝t ✐s ❞♦♥❡ ❜②

s✉❜st✐t✉t✐♥❣ t❤❡ r❛t✐♦♥❛❧ ❝♦♦r❞✐♥❛t❡s x = gx(t)
g(t) ❛♥❞

y =
gy(t)
g(t) ✐♥ P ❛♥❞ Q ❛♥❞ ❝❤❡❝❦✐♥❣ t❤❛t f ❞✐✈✐❞❡s ✐ts

♥✉♠❡r❛t♦r✳ ❆ r♦♦t ♦❢ ♠✉❧t✐♣❧✐❝✐t② m ❝♦rr❡s♣♦♥❞✐♥❣ t♦
❛ r♦♦t t ♦❢ f ❝❛♥ ❜❡ ✈❡r✐✜❡❞ s✐♠✐❧❛r❧② ❜② s✉❜st✐t✉t✲
✐♥❣ t❤❡ ❘❯❘ ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ i✲t❤ ❞❡r✐✈❛t✐✈❡s ♦❢ P
❛♥❞ Q ✇✐t❤ r❡s♣❡❝t t♦ y ✭❢♦r i ❢r♦♠ 1 t♦ m− 1✮✱ ❛♥❞
❝❤❡❝❦✐♥❣ t❤❛t t ✐s ❛ r♦♦t ♦❢ t❤❡✐r ❣❝❞ ✇✐t❤ f ✭♠♦r❡ ♣r❡✲
❝✐s❡❧②✱ ❧❡t f = Πif

i
i ❜❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t

t♦ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡ ✜rst ♣♦❧② ♦❢ t❤❡ ❘❯❘ t❤❡♥ t
✐s ❛ r♦♦t ♦❢ fm✱ ❛♥❞ ♦♥❡ ♠✉st ❝❤❡❝❦ t❤❛t fm ❞✐✈✐❞❡s
t❤❡ ♥✉♠❡r❛t♦rs ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ P ❛♥❞ Q ❛❢t❡r
s✉❜st✐t✉t✐♦♥✮✳

❙✐♠✐❧❛r❧②✱ t❤❡ ♠✉❧t✐♣❧✐❝✐t② m ♦❢ ❛ r♦♦t (α, β) ♦❢ t❤❡
s②st❡♠ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ r♦♦t t ♦❢ f✮ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞
t♦ ❜❡ ❝♦rr❡❝t ❜② s✉❜st✐t✉t✐♥❣ t❤❡ ❘❯❘ ❝♦♦r❞✐♥❛t❡s ✐♥
t❤❡ i✲t❤ ❞❡r✐✈❛t✐✈❡s ♦❢ P ❛♥❞ Q ✇✐t❤ r❡s♣❡❝t t♦ y ✭❢♦r i
❢r♦♠ 1 t♦ m−1✮✱ ❛♥❞ ❝❤❡❝❦✐♥❣ t❤❛t t ✐s ❛ r♦♦t ♦❢ t❤❡✐r
❣❝❞ ✇✐t❤ f ✳ ❈❤❡❝❦✐♥❣ t❤❛t t ✐s ♥♦t ❛ r♦♦t ♦❢ t❤❡ m✲
t❤ ❞❡r✐✈❛t✐✈❡ ✐s ✉♥♥❡❝❡ss❛r② ❜❡❝❛✉s❡ m ✐s ♥❡❝❡ss❛r✐❧②
❧❛r❣❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡ ❝♦rr❡❝t ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡
r♦♦t ✭❜② t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✮✳

■❢✱ ❢♦r ❛❧❧ Sk✱ ❛❧❧ t❤❡ r♦♦ts ♦❢ t❤❡ ❘❯❘s ❛r❡ ✐♥❞❡❡❞
r♦♦ts ♦❢ {P,Q}✱ ❛♥❞ ✐❢ t❤❡✐r ♠✉❧t✐♣❧✐❝✐t✐❡s ❛r❡ ❝♦rr❡❝t✱
t❤❡ s❡t ♦❢ r♦♦ts ✭✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s✮ ✐s ♥❡❝❡ss❛r✐❧② ❝♦r✲
r❡❝t ❜② ▲❡♠♠❛ ✷✳ ❖t❤❡r✇✐s❡ ✇❡ ❛❞❞ s♦♠❡ ♥❡✇ ♣r✐♠❡s
❛♥❞ ❧✐❢t ❛❣❛✐♥ t❤❡ r❡s✉❧t✳ ✭❲❡ ♦♠✐t ❤❡r❡ s♦♠❡ ❞❡t❛✐❧s✱
✐♥❝❧✉❞✐♥❣ t❤❛t ❛ ♣r✐♠❡ ♠❛② ❛❧s♦ ❜❡ ✉♥❧✉❝❦② ❢♦r t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❘❯❘s✳✮

2 Application to the topology of plane curves

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ ❡✣❝✐❡♥t❧②
t❤❡ t♦♣♦❧♦❣② ♦❢ ❛ r❡❛❧ ♣❧❛♥❡ ❛❧❣❡❜r❛✐❝ ❝✉r✈❡ Cf ❞❡✲
✜♥❡❞ ❜② ❛ ❜✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧ f ✐♥ Q[x, y]✳ ■s♦t♦♣
❬✷❪ ✐s ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ✉s❡s ●rö❜♥❡r ❜❛s✐s ❛♥❞ ❘❯❘
❝♦♠♣✉t❛t✐♦♥ ❛s ❛ ❜❧❛❝❦ ❜♦① ❢♦r ✐s♦❧❛t✐♥❣ t❤❡ ❝r✐t✐❝❛❧
♣♦✐♥ts ♦❢ Cf ✱ t❤❛t ✐s t❤❡ ♣♦✐♥ts t❤❛t ❛r❡ s♦❧✉t✐♦♥s ♦❢

{f, fy} ✇✐t❤ fy = ∂f
∂y
✳ ❈♦♠♣❛r❡❞ t♦ ♦t❤❡r ❛❧❣♦r✐t❤♠s✱

■s♦t♦♣ ✐s ♣❛rt✐❝✉❧❛r❧② ❡✣❝✐❡♥t ♦♥ ♥♦♥✲❣❡♥❡r✐❝ ❝✉r✈❡s
✭✐✳❡✳✱ ❝✉r✈❡s ✇✐t❤ s❡✈❡r❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦♥ s♦♠❡ ✈❡r✲
t✐❝❛❧ ❧✐♥❡✮ ❜❡❝❛✉s❡ t❤❡② ❛r❡ tr❡❛t❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❝♦✲
♦r❞✐♥❛t❡ s②st❡♠ ✇✐t❤♦✉t s❤❡❛r✐♥❣✳ ❍♦✇❡✈❡r✱ ■s♦t♦♣
✐s ❧❡ss ❡✣❝✐❡♥t ♦♥ s♦♠❡ t②♣❡s ♦❢ ❣❡♥❡r✐❝ ❝✉r✈❡s✱ ✐♥
♣❛rt✐❝✉❧❛r ❢♦r ✭✐✮ ✏r❛♥❞♦♠✑ ❝✉r✈❡s ❢♦r ✇❤✐❝❤ t❤❡ ♠✉❧✲
t✐♣❧✐❝✐t② ♦❢ ❛❧❧ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✐♥ t❤❡✐r ✜❜❡r ✐s ✷✱ ❛♥❞ ✭✐✐✮
❣❡♥❡r✐❝ ❝✉r✈❡s s✉❝❤ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝✐t② ✭✐♥ t❤❡ ✜❜❡r✮
♦❢ s♦♠❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✐s ❤✐❣❤✳ ■♥ ❝❛s❡ ✭✐✮✱ t❤❡ ●rö❜✲
♥❡r ❜❛s✐s ❝♦♠♣✉t❛t✐♦♥ ✐s ❡①♣❡♥s✐✈❡ ❝♦♠♣❛r❡❞ t♦ t❤❡
s✉❜✲r❡s✉❧t❛♥t s❡q✉❡♥❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♣♣r♦❛❝❤ ♦❢ ❬✸❪
❜❡❝❛✉s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❧❡❛❞s t♦ ❛ ✉♥✐q✉❡ s②st❡♠
S1✳ ■♥ ❝❛s❡ ✭✐✐✮✱ t❤❡ ❘❯❘ ❝♦♠♣✉t❛t✐♦♥ ✭♣❡r❢♦r♠❡❞ ❛s
❛ ❜❧❛❝❦ ❜♦① ♦♥ ❛ ●rö❜♥❡r ❜❛s✐s ♦❢ {f, fy}✮ t✉r♥s ♦✉t

t♦ ❛❧s♦ ❜❡ ❡①♣❡♥s✐✈❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
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