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TIGHT WAVELET FRAMES IN LEBESGUE AND SOBOLEYV SPACES

L.BORUP, R. GRIBONVAL, AND M. NIELSEN

ABSTRACT. We study tight wavelet frame systems in LP(Rd ), and prove that
such systems (under mild hypotheses) give atomic decompositions of L p(Rd )
for 1 < p < . We also characterize L,(RY) and Sobolev space norms by the
analysis coefficients for the frame. We consider Jackson inequalities for best m-
term approximation with the systems in L p(Rd ) and prove that such inequalities
exist. Moreover, it is proved that the approximation rate given by the Jackson in-
equality can be realized by thresholding the frame coefficients. Finally, we show
that in certain restricted cases, the approximation spaces, for best m-term ap-
proximation, associated with tight wavelet frames can be characterized in terms
of (essentially) Besov spaces.

1. INTRODUCTION

A tight wavelet frame (TWF) for L,(R?) is a finite collection of functions ¥ =
{W'}ep in Ly(RY),E = {1,2,...,L}, for which the system X (W) := {2/4/2p¢ (27 .
—k)|j € Z,k € Z¢,¢ € E} is a tight frame for L,(R?), i.e., there exists a constant
A > 0 such that ¥ ,cx () |(f,8)]> = A||f||%2 for any f € Ly(R?). The functions ¥
are called the generators of the TWF. The construction and properties of TWFs
in L,(R?) have been studied extensively by many authors (see e.g. [16, 17]). The
purpose of this paper is to study such frames in spaces different from L, (R?).

In particular, we will study TWFs in LP(Rd) and L,-based Sobolev spaces. We
prove that most reasonable TWFs give atomic decompositions of L p(Rd), I<p<
o, and it is proved that we can characterize the L,,(Rd) and Sobolev norm by the
analysis coefficients associated with the frame. An important consequence of the
characterization is that there is a Jackson inequality for nonlinear approximation
with TWFs, and moreover we will show that the rate of convergence given by the
Jackson inequality can be reached simply by thresholding the analysis coefficients.

The structure of the paper is as follows. In Section 2 we review the most common
method to construct TWFs, the so-called extension principles of Ron and Shen.
The TWFs generated through an extension principle are based on a multiresolution
analysis, and the generators are often called framelets. They have been studied ex-
tensively,see e.g.[2,4,15, 16, 17]. Section 3 contains the analysis of the properties
of TWF expansions in LP(Rd ) and L,-based Sobolev spaces. We give a complete
characterization of the L,-norm, 1 < p < o, in terms of analysis coefficients as-
sociated with the frame, and prove that a TWF gives an atomic decomposition for
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2 L.BORUP,R. GRIBONVAL, AND M. NIELSEN

L,(R%). The characterization has the same form as the classical characterization
of the L,-norm by wavelet coefficients, see e.g. [13]. In Section 3.3 the analysis is
extended to L,-based Sobolev spaces. In Section 4, we consider Jackson inequal-
ities for best m-term approximation with TWFs in L, (R9), and we discuss some
cases where a complete characterization of the approximation spaces — associated
with best m-term approximation in L, (R4) with TWFs — in terms of (essentially)
Besov spaces is possible. Two of the present authors have studied approximation
with spline based framelets, defined on R, in [11].

2. TIGHT WAVELET FRAMES

The most common methods to construct TWFs are the extension principles of Ron
and Shen. Tight wavelet frames build through the extension principle are based on
a multiresolution analysis and we will briefly touch upon some of the main ideas
in the construction, see [4, 17, 16]. There is also the (significant) advantage with
the MRA based constructions that there are fast associated algorithms.

For historical notes on this construction, we refer the reader to [4]. MRA based
TWFs are called framelets. We begin by introducing some basic notation and
general assumptions.

Lett= (‘co,rl, e ,rL) be a vector of 2nZ¢ -periodic measurable functions with ™
the mask of a refinable scaling function ¢ of a MRA {V,} jcz. We assume that ¢
satisfies limg ®(E) = 1 and there exist 0 < ¢ < C < o such that ¢ < S;cza |$(- —
2mk)|> < C.ie., ¢ generates a Riesz basis of the scahng space Vy of the MRA. We
associate the “wavelets” W = {y‘},cr to T by letting lpg(ZE) —/(E)9(8).

The following is the fundamental tool to construct framelets:

Theorem 2.1 (The Oblique Extension Principle (OEP) [4]). Suppose there exists
a 2n7%-periodic function © that is non-negative, essentially bounded, continuous
at the origin with ©(0) = 1. If for every & € [—m,m|? and v € {0,7}<,

0(), v=0,

0, otherwise,

2.1) 0(28&)° rOE—I—v—i—; ERl(E+v) = {

then the wavelet system {274/2p!(2) . —k)|j € Z,k € Z ¢ € E}, defined by T is a
tight wavelet frame.

The system X (W) is usually called the framelet system generated by W.

Remark 2.2. Theorem 2.1 can be stated in slightly more generality by introducing
the notion of a spectrum for the scaling space V and dropping the requirement that
¢ generates a Riesz basis, see [4].

Remark 2.3. For ® = 1, Theorem 2.1 reduces to the Unitary Extension Principle
(UEP) of Ron and Shen [17]. The advantage of the OEP compared to the UEP is
that one can construct framelets with a high number of vanishing moments using
the OEP. This is not possible with the UEP, where at least one of the generators
has only one vanishing moment.
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3. TIGHT WAVELET FRAMES IN Lp AND SOBOLEV SPACES

In this section we study TWFs in Lp(Rd), 1 < p < o, (Section 3.1) and L,-
based Sobolev spaces (Section 3.3). In Section 3.2 we show that thresholding
the analysis coefficients associated with a TWF is a bounded operation in L, (R%),
1 < p < w. For notational convenience we let D denote the set of dyadic cubes
I1=277([0,1)4k), j € Z, k € Z%, and write Y (x) := 2/4/ %y (2/x — k).

3.1. TWFs in Ly(RY). Theorem 3.1 below will show that we can characterize
the L,-norms by the analysis coefficients associated with the TWF. Theorem 3.3
will show that there is a stable way to reconstruct L,-functions using the TWF,
and this leads to two results: TWFs form atomic decompositions of L p(]Rd) (see
Corollary 3.6), and thresholding (or shrinkage of) the frame coefficients are stable
operations in L,(RY) (see Section 3.2).

Theorem 3.1. Let {lpg} 1ck be the generators of a tight wavelet frame for Lz(Rd).
Suppose for all { € E, some p > 0 and some £ > 0, ¢’ € CB(R?),

/we(X)dx:O and \lpe(x)| SC(]—i—\x\)*d*E‘

Then

12
G =[S P

IeD,/eE

b

p

for 1 < p < %, where y; denotes the indicator function for the subset I C R¢ !

Proof. Let {y™* }Zd_] be the orthonormal Meyer wavelet(s) defined on R?. For

s=1
each ¢ € E we consider the integral kernel

Ay N
Ki(wy):= 3w (i)
S
Notice that the corresponding operator
T e [ K S 0)dy

is bounded on L, (RR) due to the fact that {%};cp is a subset of a frame. Also,
standard estimates show that (see e.g. [3])

K (x,y) < Clx—y] 77,
K (', y) =K' (x,y)] < Cla—x'[*e—y| =7,
and
K (6,y) =K' (x,y) < Cly =[x =y,
because of the smoothness and decay of ‘. Thus T* is a Calderén-Zygmund

operator and therefore bounded on Lp(Rd ), 1 < p < . However T! f has a nice

lBy F = G we mean that there exist two constants 0 < C; < (Cp < w such that C1F < G < C)F.
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expansion in the orthonormal Meyer wavelet, so using the L ,-characterization of
such expansions we get

H <,€%|<f,w§>|2|1|—1xl(x)) 12

Using this estimate for £ = 1,2,..., L, and the fact that {| — ¢, we get2

=T fll, < CIIf -
p

H( E ‘<f,1pf>\2‘1|1xl<x))l/z

IeD(€E

p

B H (%5 ({IZDKJC,M)H”1X1(x>}1/2)2)1/2

14
1/2
< ’ VA 2[*1 }
—’%{é'“”’”' )|
<L-Clfl,

Now we turn to the converse estimate. Notice that since we have a tight wavelet
frame we have the identity

(fre)=Aa > (fu(ew), f.geLla(RY),

IeD (eE

where A > 0 is a constant depending only on the frame. Write

W) = {1 2w (x) b
and notice that for f € Ly(RY) NL,(R?) and g € L,(RY) N L, (RY), with p~' +
() =1

) =] [ 000 Wt

gA] [ W)W 7))y (W), W)

S AW f(x),WF &) el pl(We(x), We(x)) s, |
S ACI(Wf(x), W f(x))exlpllgl] -

Taking the supremum of this estimate for {g € L,(RY) N L, (R?) : ||g||» < 1} we
obtain

A1y < CIW £ (), W £ (x)) e, -

This proves the result for f € Ly(RY) ﬂLp(Rd). To complete the proof we just
notice that from the first part of the proof it follows that f — (W f(x),W f(x)), is
continuous on L,(RY). O

2The notation V < W means that the two (quasi)normed spaces V and W satisfy V. C W and
there is a constant C < o such that || - [|[w < C|| - ||v.
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From Theorem 3.1 we see that the following sequence space plays an important
role.

Definition 3.2. Let d, denote the sequences {Cf}lereE for which
. 1/2
el = (S P )

In fact, let us show that there is a stable reconstruction operator defined on d,.

< ©,
p

1€D, ZEE

Theorem 3.3. Let {\'}/c be the generators of a tight wavelet frame for L,(R?).
Suppose for all £ € E, some p > 0 and some € > 0, 9’ € CB(RY), [y’ (x)dx =0
and | (x)| < C(1+ |x|)~9~%. Then the map T : d, — L,(R?) defined by
T{ci}= Y i
IeD lcE

is a bounded linear map. Moreover, the sum defining T converges unconditionally.

Proof. We consider the dual (T)’of the operator T* used in Theorem 3.1, i.e., the

operator with kernel
Ri(wy):= 3 wiCou
S

By exactly the same arguments as given in the first part of the proof of Theo-
rem 3.1, it can be shown that (7)" is bounded on L, (R?). Take {c}}1ep ek € d,,

and consider 1! := Siep cftp;"’] . This is a well-defined function in Lp(Rd ) with

1/2
10, = H( |c§\2u|1xl<x>)
]GD

where we used the characterization of L (Rd ) using wavelets. Thus,

I35, il < 313, chvil, = 3, 07,

¢ 2 02 y1-1 i
SONIE N [OXERIEE)
1/2
oIS i)

IeD(€E

Y

p

p

Y

p

and it follows that T': d), — L,(R?) is bounded. Unconditionality follows easily
from the observation that none of the above estimates depend on the sign of each
cf. U
Recall the Lorentz space £, 4(A), 1 < p < 0,0 < g < o, for some countable set
A, as the set of sequences {a }men satisfying |[{am}|l¢,, < %, where

. 1/q
2y 0<q<o
Ham}le,, = <2]—0( i *21) q
sup j~ 2/ "ay;, q = oo,
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: o :
with {a}}7_, a decreasing rearrangement of {@u }men-

It is known from the orthonormal wavelet case [10, 11], that there exist constants
¢,C > 0 such that

e e, < '

1/2
(E |c1|2\1|2/PxI<x>)

IeD

< Cl{citle,,(p)
P

for any {c;} € £, 1(D). Notice that for any {ct} € £,,1(D x E),
L
{1, ef] > &} =; {12 el > e} < LISHepho)lhe ™
=1

where S({cf}1¢) = (Srepsee |ef PII>/7xs(x)'. Furthermore, since ¢1 - €5

we have
1/2
(%M 11727y >)

< C; HerHle, 0

< CLH{CI}Hé (DXE)-

Combining these two estimates, we get that there exist constants ¢,C > 0 such that

(3.2) /
1/2
( > |c§|2|1|—2/1’><1<x>)

leD(cE

for any {c{} € £, 1(D X E).

IS(erdrallp <

p

< CIHeiHle, , (px)s

V4
S e, o) < \
p

Remark 3.4. We denote by 1’p the function !} normalized in L,(RY), i.e. wa’p p =
[1|'/2=1/P||pf]| . Notice that by Theorem 3.3 and (3.2) the TWF system is £ 1-
hilbertian in L,(R%), 1 < p < o, that is to say we have

| <Coll{el} o

(. Lp
vy
IeD (eE

for any sequence {c{} € £,1(D X E).

We have in fact proved that any reasonable (in the sense of theorem 3.1) TWF
system induces an atomic decomposition of Lp(Rd ), 1 < p < . Let us recall the
definition of an atomic decomposition:

Definition 3.5. Let X be a Banach space and X; a Banach sequence space indexed
byN. Let {fi} C X, {gx} C X*. Then ({fi},{gx}) is an atomic decomposition of
X with respect to X if

o {g(f)} eXyforall feX.
e Forany f € X we have

1711x = & () Hix,-
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o [=Yr18()fi. VfeX.

From this definition we read off the following:

Corollary 3.6. Let {lpe} 1cE be the generators of a tight wavelet frame for Lz(Rd),
with frame constant A. Suppose for all { € E, some > 0 and some & > 0,
Y e CP(RY), [y (x)dx =0, and [Y'(x)| < C(1+|x|)~97¢. Then the system
(LA™ 0, {W0}10) is an atomic decomposition of L,(RY), 1 < p < oo, with re-
spect to the sequence space d.

3.2. Thresholding the TWF analysis coefficients. From a practical point of view,
it is interesting to study different types of thresholding (or shrinkage) operators for

the framelet system in L,,. Let 8: C xR +— C be a function for which there exists

a constant C such that

(3.3) lx— 8(x,\)| < Cmin(|x|,A).

We call such a function § a shrinkage rule, see e.g. [18]. The well-known notions
of hard and soft thresholding are two of the prime examples of shrinkage rules. The
expressions are given by d(x,A) =x1(|x| >A) and d(x,A) =x(1 —A/|x|)1(|]x| > 1),
respectively.

We define the associated shrinkage operator Tf as
Lf= 3 (£ M
IeD (eE

We claim that Tff — fin LP(R"), 1 < p <o, ash— 0. To see this, we use the
estimates given by Theorem 3.3,

1/2
Hf—ﬁ7m§c“( S ) -SRI )

leDlcE

p

By (3.3) and the dominated convergence theorem we see that || f — T}? fllp — 0as
A —0.

3.3. Sobolev Spaces. We now turn our attention to L,-based Sobolev spaces. For
1 < p<oandr >0 denote by W(L,(R)) the Sobolev space consisting of func-
tions f € L,(IRY) satisfying

. 2
1l ey = I =AY £ < o0,

with A the Laplace operator. We prove in this section that for TWFs with some
smoothness and vanishing moments, we can actually characterize the Sobolev
norm using the frame coefficients.
For a nonnegative integer N, we say that a function f belongs to the set S¥ (RY) if
there exist constants C,C, < o and € > 0, such that

[x*f(x)dx=0 fora € N4, |a| <N,
(3.4) IF(xX)| <C(1+|x])~4"1"N=¢ forxeRY,

10%f(x)| < Co(1+|x])74%  forx e R ae N |a| < N+1.

Here, || := 3¢_, oy.
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Remark 3.7. Given N € N, it is possible, using the oblique extension principle, to
construct a generator W of a framelet system such thatyp C S¥(R9) (see e.g. [11]).

Theorem 3.8. Given 1 < p < © and r > 0. Let {\*}cr be the generators of a
TWEF for Ly(R?) such that y* € SI"\(R?) for all ¢ € E. Then,

Y

p

1/2
G5 Il H( <f,w§>|2<1+m2r/d>u|1>u<x>)
IEDZEE

forall f € W’(Lp(Rd)), with equivalence depending only on p and r.

Proof. For notational convenience we write
oy B 1/2
W)= (S AP+ )
IeD./eE

for any f € W’ (L,(R%)). Let us first consider the case r € N. According to The-
orem 6.6.21 in [12], and the characterization of Sobolev functions using wavelet
expansions, there exist constants C and C’ depending only on r and p such that

HW’f|rp<CLH(12)|fw, L2 <>)1/2Hp

<C'LIfllwrr, ®aey;
for all f € W"(L,(IRY)). This gives us the lower bound in (3.5) for € N.

To get the upper bound we recall that || flyr (g, ey = [l fllp + I(=A)"2f||», and

since ||f], < C||WOf]|, < C'||W’f||, by Theorem 3.1, it suffices to show that
[(=A)72£||, < C||W” ]| . Fix two functions f € W' (L,(R?)) NLy(R?) and g €
Ly(RY)NW"(Ly(R?)), where 1 = 1/p+1/p'. Since {}*}sc are generators of a
TWF, we have

N
=4 3 (Fun((-a)"g.v))

IeD(eE

—A [ S D A P A I Py (1)

1eD, eeE

Thus, by the Cauchy-Schwartz inequality

(A 2F ] = 10, <—A>’/2g>r
<a [wireo( S AR )

IeDeeE
r 021711 172
—a [ wry .00 P a())
IeDeeE

where Q’ := (—A)"/?y’ and we have used that ((—A)"/2g, Y |1]"/? = (g,q}) in the
last inequality. According to [13,p. 170], (—A)"/?: 8"+ S9. Thus, Theorem 6.4.9
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in [12], and the characterization of Lebesgue functions using wavelet expansions
gives,

(APl <AlWA| (S el )

I€D, éeE

< el w1 (3 e Pl o)

<CIW fllpliglly-

p/

4

Now, taking the supremum over all g € L,y (R?) NL5 (R?) with ||g|| » < I, we obtain

[(=8) 21l <CIW" £,
for f € W (L,(R%)) N Ly(R?) and thus for f € W(L,(RY)) since f+ W'f is
continuous from W’ (L,(R%)) to L,(R?). In order to conclude the theorem we

need to prove (3.5) for a general r > 0. Define for each I € D, / € E and x € R?
the discrete weight function w, := w,(I,£) := (14 [I|~2"/4)|I|~'%;(x). Notice that

1/p
r l p

6o Wl = ([, @) o
Define

J: WH(Ly(RD) = Ly(G2(wn)) by f = {(f 00 ep e
and define

P: Ly(t2(wn)) = WN(L(RY)) by {cfhiepece— > i

IeD (€E

Then the arguments above show that PoJ = Idyn; (ge)) for all N € No, in other
words, WV (L,(R?)) is a retract of Lp(ﬁz(wN)).

W (L, RY))

\/

fz(WN

For a givenr > 0,r ¢ N, take N € Ny such that » = (1 —0)N +0(N + 1) for some

0 € (0,1). Notice that w" =< w](\,1 7e)wf{, +1- Now, according to Theorem 5.5.3 in [1]
we have

la(wr) = (fz(WN),fz(WNH))[ep
with equivalent norms. Here, (X,Y) /] denotes complex interpolation between X
and Y > Furthermore, by Theorem 5.1.2 in [1],

(Lp(L20wn)), Lp(L2(wn-1))) g = Lp ((C2008), 2(wn1)) ) = Lp(€2(wr),

3We have adopted the notation for complex interpolation as used by Bergh and Lofstrom in [1]
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with equivalent norms. Thus, W (L,(R%)) is a retract of L, (¢2(w;)) for a general
r>0. |

Remark 3.9. The reader will notice that the spaces studied so far, L), (RY) and Ly-
based Sobolev spaces, belong to the Triebel-Lizorkin scale of function spaces. It
can be verified (at the expense of “messy” estimates) that sufficiently nice TWFs
also can be used to characterize the Triebel-Lizorkin norms. We leave the details
for the reader.

4. JACKSON INEQUALITIES FOR TIGHT WAVELET FRAMES

We will now look at some of the implications that can be derived from the various
characterizations given in the previous section. The main result will be a Jackson
inequality that will give a certain rate for m-term approximation for “nice” func-
tions. We consider two interpretations of the word “nice”. When we do not assume
any smoothness or vanishing moments for the TWF, we get the Jackson estimates
for functions in a sparsity class defined in terms of the TWEF. If we assume the
generators for the TWF has some smoothness and vanishing moments (the OEP
tells us that such nice generators do exist), then we can state the Jackson inequality
in terms of smoothness measured on the Besov scale.

First we introduce some notions that will be used later. A dictionary D = {gy }ren
in L,(R?) is a countable collection of quasi-normalized elements from L,(R%).
For D we consider the collection of all possible m-term expansions with elements
from D:

(D) i={ 3 cigi

icA

c; € C,cardA < m}

The error of the best m-term approximation to an element f € L p(Rd ) is then

on(f: D)= inf I ol ey

Definition 4.1 (Approximation spaces). The approximation space A}(L,(R¢), D)
is defined by

o0 1 1/q
._ q
4y, me).0) = (mzl (m'on(f, D)) %) =
and (quasi)normed by HfHAg(Lp(Rd)’D) =|fllp+ ‘f’AZ(Lp(]Rd),D)’fO" 0<gq,y<wm,
with the {4, norm replaced by the sup-norm when q = .

It is well known that the main tool in the characterization of AJ(L,(R?), D) comes
from the link between approximation theory and interpolation theory (see e.g. [7,
Theorem 9.1, Chapter 7]). Let Xp(]Rd ) be a Banach space with semi-(quasi)norm
| - |x, continuously embedded in L p(Rd). Given a > 0, the Jackson inequality

(4.1) Ou(f,D)p <Cm *|flx may,  VfEXp(RY),VmeN
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and the Bernstein inequality
(42) 1S]x, (ray < C'm®|S]], VS € 2,(D)

(with constants C and C’ independent of f, S and m) imply, respectively, the con-
tinuous embedding

(Lo (R, Xp(RY) < AL, (RY), D)
v/a.q
and the converse embedding

<Lp(Rd),Xp(Rd))y/aq — Al(L,(R%), D)
forall0 <y <o and g € (0,00].

We want to obtain a Jackson estimate for o,, when D is any (reasonable) TWF.
For this we need to define a class of “nice” and “smooth” functions. This will be
the following class as introduced in [8] for Hilbert spaces.

Definition 4.2 (Sparsity class). Let X (W) be a TWF. For p € (1,),t € (0,%) and
q € (0,], we let Ky 4(L,(RY),X (W), M) denote the closure (in L,(R?)) of the set

{fe Lp(]Rd) JA C NycardA < oo, f = E cfwﬁ’p, [{extle, < M}.
(10eA '
Then we define
Keg(Ly(RY),X(W)) = | Kug(Lp(RY),X (W), M),
M>0
with

Ik (1, (Re) x wy) = INE{M 2 f € Ko g (Lp(RY), X (W), M)}

Remark 4.3. Since the TWF system is /), j-hilbertian (cf. Remark 3.4), Proposi-
tion 3 in [10] gives an equivalent definition of K 4(L,(R),X (¥)) for p € (1,),
t<pandge€[l,of

Keg(Ly(RY), X (W) = {f € L,(RY) ‘ Wefhio € bog, f= cfwf’P},

IeD,/eE
and | f|, (z,(r).x(w)) equals the smallest norm 1{ci 1l tr, SUchthat f=73;, cflpf’p .
4.1. A general Jackson inequality. For the sparsity class K; ,(L,(R?),X(W))
we have the following rather general Jackson inequality.

Proposition 4.4. Let X (W) be a TWF that satisfies the hypothesis of Theorem 3.3.
Thenfor 1 < p <o, T < p,and o.= 1/t—1/p, we have the Jackson inequality

(43) Om(f,X(lp))p < Cmia|f‘Km(Lp(Rd),X(W))7 Vm € N,
forall f € Ky 1(L,(RY), X(W)).
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Proof. Given f € K¢ 1(L,(RY),X(W)), let {c{};/ € £z be a sequence satisfying

0, .
f=3recpr” and [ flg 1, ey xw) = [{enelle, - Let A C D x E be a finite
set, card A = m < oo, such that {cf}(w)e A is the m largest coefficients from the
sequence {c}};. Then,

-3 i, = 3 i,

I0)eA

[ee]

g |
<Clfe}upenlly, <€ 3 2Py,
k=log, (m)+1

where {c}}jen is a decreasing rearrangement of {cf}10. Since o= 1/t—1/p we
get

co co
j * —a i/t *
2907\l < m S 2
k=log,(m)+1 k=log,(m)+1

<m™\{eitrellee, = m | f k. (z, (re) x (w) -
U

Remark 4.5. By Proposition 4.4, Ky (L,(R?),X(¥)) — A%(L,(RY),D), o =
1/t+1/p. Itis easy to verify that (see e.g. [11])

Keg(Lp(RY), X (W) = (Kr, 1 (Lp(RY), X (W), Koyt (Lp (RY), X () g

1_ 60 ,1-8
for; =1 + o , and thus,

KT,C]<LP<Rd)7X(1P>)%Ag(LP(Rd)vD)a o= 1/1_1/p>

for a general g € [1,0].

It may not always be easy to check whether a function f € Ky 4(L,(RY),X(¥)).
Therefore, it is interesting to study the set of functions in L p(]Rd ) depending only
on the behavior of the coefficients (f, wf’pl>. For p € (1,%),t € (0,%) and g €
(0, %], we let K 4(L,(RY), X (¥)) denote the set

{fe Ly(RY) | 1£1 &,y 2, (r) x(w)) = LA W e, <o 1=1/p+ 1/19'}-

Lemma 4.6. Given p € (1,%) andt € [1,p), let N € Ny be a nonnegative integer
such that 1 —t/p < (N +1)/d. Suppose ¢* € SN (R?) for £ = 1,2,...,L. Then

Kox(Ly(RY), X (W) = Koo (L, (RY), X (W),

with equivalent norms.

Proof. By Remark 4.3 we have K ;(L,(RY), X (¥)) — K; ,(L,(R?),X (¥)). Thus,
given f € L,(R?), we only need to show that if f = chlpf’p with {cf} € £, then



TIGHT WAVELET FRAMES IN LEBESGUE AND SOBOLEV SPACES 13
0.p . ep . .
{(Fwr ")} € b with [{(f, 977 ) Hlew < Cll{c]}le,. First, notice that

Fpb?y = S (P iy,
v

Hence, it suffices to show that the double infinite matrix ((wf:’p R l>) Lroe is

bounded on /. Let us introduce the notation wﬁ.’k ;= and cﬁ.’k = ¢} for [ =

[277k,27/(k+1)], j € Z, k € Z¢. By Proposition 6.6.20 in [12] we have for j < j’
C2=i)(d/2+N+1)

(14 |k —2/=7K|)d+v’

4 l
(Wi s W) | <
for some y > 0. Since lpi.:‘,fl = 21"1(1/1’/’1/2)11)?,{, this gives the bound

Op Ly —|j=j
(4.4) (W ;) < C2 =g,
where
2-md[V (1 4|k —27"K' )41 form >0,
Apyle ! ~—
mikk 2mdlp (] 4 |2k — k') =4 form <0,

For notational convenience we suppress the index ¢ in the following. For fixed
j€Zandk € Z¢ we have

W< S 3 1w e wholleel

JELKeZA
Using the bound (4.4) and Holders inequality for the sum over j', with 1 = 1 /t+
1/, we get

‘<f,1pik>| SC 2 27|-] 7.].‘(N+1)< E aj’—j;k,k"cj’,k’|)

i/ Kezd
=C E 271 *j‘(N“)(l/‘“/‘)( D ajuj;k,k'|cj',k'\>
JEZL Kezd
4.5) gc( > 2"/”‘/’<N+‘>)l/r
ez
. o\ /T
(2 2*|J *J|(N+l)< 2 aj’—j;k,k’|cj',k/‘> )
jez Kezd
1
<c/<2 2*|m|(N+l)< Y mpplcms |>T> '
> myk, k' | Cm-j k! .
meZ Kezd

Lemma 8.10 in [14] implies for any {dy }p € bz, 1 <1 < o0,

T
D am;kk/\dk/\) <20 S |guff,  formeZ.
kezd “Kezd Kezd
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This estimate and (4.5) yields
/ T
E E |<faw5')7k>|T <C E 2_|m|(N+]) E E < E am;k,k’|cm+j,k’|)
meZ

JELkeZd JELKkeZA K €74
<C 27|m|(N+1)2md(1:/p71) ‘Cm—i— 'k’|r
= J,
ng ]ng’GEZd
—|m|d
<3 27"®) eI
MmeZ

where § :=N+1—d|t/p— 1| > 0. Thus, H{(f,lp§lk>}|]g < C|{cjx}le and the
lemma follows. U

We now want to use Theorem 3.3 to show that it is possible to obtain the same as-
ymptotic upper bound for o,,(f,X (%)) as in (4.3), just by including the m largest
normalized framelet coefficients in the approximation. That is to say, we can ob-
tain the approximation rate, associated with the general Jackson inequality, just by
thresholding the TWF analysis coefficients.

The basic observation we need is the following: Let 1 < p <o and A C D X E be
a finite set. Since the TWF system is /), j-hilbertian, we have

2
| 3 wr?| <Cletuenls,
(I.0eA p

log, (cardA)

(4.6) <CNHetuperle. 3 277
=0

< C"|{erbanenlle(card A)/7,
Then we have the following thresholding version of the Jackson inequality.

Proposition 4.7. Fix 1 < p < %, and s >0, and let f € L,(RY). Givenm € N, let

A C D X E be a set of indices corresponding to the m largest coefficients cf’p =

0,p' l,
L™ L =1 p+1/p I () iepillen. <M <0, 1/t =5+1/p, then,
Op L,
li- 5 dnir
(

I.0)eA

’ <CMm™?, m € N.
p

Proof. The proof is an easy extension of the proof of Theorem 7.5 in [5]. Let
Aj=1{I1:277 < |cf’p| <2-/th,
Since (cf’p )10 € L. We have that
cardA;j < M™2JT,
For k € N, define T, := EI;:_OO E(I,é)eAj cﬁ’plpf’p. Notice that 7;,, € X,,,, where

k
my, = E cardA; < CM™2K,

jzfoo
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with C depending only on t. Now, fix m € N such that my < m < my,1. Sup-
pose Tn = Y (1.0)eA cf’p wf’p is an m-term approximation consisting of the m largest
coefficients. Consider the inequality

(4.7) 1f = Tullp < I1f = T [lp + 1Ty = Tonll -
The estimates in (4.6) gives

- tp, L.
1 = T llp < E H E CIPWIPH
J=m1+1 (LE)EA; p
(4.8) <C Y 27(cardA)'?
J=my1+1
<C E M/ Poi(t/p=1)

J=mig1+1

S CM(mk+1)_s S CMm_s.

Denote A := A\ UF___A ; and notice that A C Agy1. Now, according to (4.6),

j:—oo

1T, — Tl p < C27¥(card A)'/P, and thus

[Ty = Tnllp < C27k<cardAk+l)l/p
(4.9) < Mk )T/ p=1) < C"M(mysr) ™ < C"Mm™.
Finally, using (4.8), and (4.9) in (4.7) the result follows. U

4.2. Tight wavelet frames with vanishing moments. It is possible to prove that
Kz 4(L,(RY),X(W)) is a (quasi) Banach space for any system X (¥). However,
when we have a “nice” system, we can actually identify K ,(L,(R?),X (¥)) with
the space given by interpolation between Lp(Rd) and a Besov space. This will lead
to a Jackson inequality for a nice TWF, for functions that are smooth measured on
the classical Besov scale. Let us give the details.

For 1 < p <o, 1 <g<ooands > p we recall the homogeneous discrete Besov
space by, , as the space of sequences {c1}iep satisfying

ol = (01 5 ) )
; JEZ [ Shia

Let W= {y}}_, be the generators of a TWF for L (RY). For | < p <o, 1 < g <o
and s > 0 we define

L
By(Lp W) = {1 € Lp(®) < e, = 11+ % 00 iy, < =)
=1

Theorem 4.8. Given r € N, let W = {lpg}%:] be the generators of a TWF for
Ly (RY) with ¢' € §"(RY) for all ¢ = 1,2,...,L (cf. (3.4)). Then, for 1 < p < o,
1 < g < oands <r, the following identity holds, with equivalent norms,

BY(Ly(RY)) = B(L,,W).
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Proof. The embedding By (L, W) — By (L, (R9)) follows from the theory of atomic

decomposition of B;(Lp(Rd ) (see e.g. [9]). To get the other inclusion, let {1k },%i_]l

be the Meyer wavelets defined on R“. Then for any f € B (L,(R?)) we have an ex-

. d_ . ; d_
pansion f = 3;cp 2%:11 dl,klp'ln’k, with {d/}ep € b}, ,, where dj := (Eizll |d1,k|2)1/2-

Now, the framelet coefficient (f, wf) is given by
291

<f7w§> = 2 E <w?}’k7w§>dl’,k~
I'eD k=1

Since y™* are Meyer wavelets and y’ satisfies (3.4), the matrix M** having ()", ¢})

as coefficients, is a sparse matrix and thus bounded on 1'95,7 4 provided that r > s (see
e.g. [9, Lemma 3.3]). In particular, this implies that

100 iy, <Cldi sy, <CI sy,

With this characterization in hand, we read off the following result.

Corollary 4.9. Let r € N, and let ¥ = {wé}gﬁ:] be the generators of a TWF for
Ly(RY) with ¢' € §"(RY) for all ¢ = 1,2,...,L. We have, for 1 < p < », 1 < p,
ando.=1/t—1/p,

Keo(Lp(RY),X(¥)) = B (L(RY)).
Moreover, we have the Jackson inequality

O (1. X () < O gy mEN.

4.3. On complete characterizations of the approximation space. The ultimate
goal is to completely characterize the approximation space A (Lp(RY),X(¥)) in
terms of a smoothness space. The most difficult step to get such a characterization
is to derive a Bernstein inequality for the TWF. In general, this is an open (and
likely very hard) problem but we conclude this paper by mentioning one important
case where a Bernstein inequality can be proved. The proof relies heavily on the
rather deep result [6, Th. 5.6]. We have the following Proposition.

Proposition 4.10. Let ¥ = {we}%:] be the generators of a framelet system in
Ly (RY) with W' compactly supported for £ = 1,2,...,L. Suppose the associated
refinable scaling function ¢ has compact support, it has nonnegative two-scale
coefficients, and there is s > 0 such that ¢ € W (L« (R?)). Suppose, furthermore,
that §(2mj) = dj0,J€ 7% and 8V 9(2mj) =0 for j#0,v € N, |v| < 5. Then there
exists a constant C < o depending only on §, s, d, and p such that

(4.10) 8lpe) <Cm™ gl L= g+l 0<a<s,

forg € 2, (X (P)).
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Proof. The result is based on Theorem 5.6 in [6]. According to this result we
have (4.10) for any g € %,,(X(¢)), with a constant depending only on ¢ and p.
Now, since ¢ has compact support, there exists a constant K depending only on
¢ such that for £ = 1,2,...,L, ¢’ (x) = Sier, deidr(x), with card'y < K. Thus if
8 € Zyu(X(W)), then g € Zxm(X(9)). O

Finally we can combine Proposition 4.10 and Corollary 4.9 to get

Corollary 4.11. Let r € N, and let ¥ = {y* }_| be the generators of a framelet
system for Ly(RY) with ¢' € §"(RY) and ' is compactly supported, for { =
1,2,...,L. Suppose the associated scaling function ¢ satisfies the hypothesis of
Proposition 4.10. Then
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