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Résumé :Dans ce rapport, on présente un modéle hyperbolique d'é&emuit multiphasique incluant la com-
paction dynamique irréversible de poudres. Ce modéle teit@pable de remplir quatre principaux objectifs.
Le premier objectif concerne le caractere irréversibleadedmpaction des poudres. Quand un lit de poudres
est soumis a un cycle de charge-décharge, le volume finalespptit que le volume initial. Afin de traiter

ce probleme d’hystérésie, on construit un modéle avecagtax Durant la phase de charge, on suppose que
I’équilibre mécanique a lieu, ce qui correspond a une réi@xanstantanée des pressions. Dans la phase de
décharge, on suppose au contraire qu’une transformati@mamigiie a lieu, conduisant & un état mécanique
hors équilibre. Par conséquent, durant chacun de ces cletegitesses du son des modeles limites sont trés
différentes. Ces différences dans les propriétes acaestigont la cause justement du caractére irréversible
du processus de compaction. Le second objectif est reli@fiets dynamiques, 1a ou la pression et les ondes
de chocs jouent un rdle important. La dynamique des ondesssgtée par I'’hyperbolicité du modele et I'on
tient compte aussi bien de la compressibilité des phasedeguénergies de configuration. Le troisieme objectif
concerne les effets multidimensionnels aux interface€rigdes. En effet, la plupart des processus de com-
paction font intervenir desurfaces libresPar conséquent, le modeéle doit étre capable de traiteratédpnes
d’interfaces entre des fluides purs et des mélanges gregmil&nfin, le quatrieme objectif concerne la perméa-
tion des gaz qui peut jouer un r6le important dans certaiaspécifiques de compaction de poudres. Se pose
alors la question délicate de description de ces vitesséiptas.

Ces quatre points sont considérés dans un modéle uniquetapp# a la classe des modéles des interfaces
diffuses. La capacité du modele a traiter ces phénoménesliste dans des situations ou chaque effet est
considéré séparément. En particulier, le caractére nsible de la compaction est considéré et validé sur plu-
sieurs exemples : expérience sur un matériel énergétioMX @tanulaire), compaction granulaire de NaCl. A
part les équations d’état des matériaux (pressions griagsiket hydrodynamigues, et les énergies associées), le
modeéle est de plus exempt de paramétre ajustable. On répeodiu les effets de perméation des gaz a l'aide
d’'un modéle de dérive des vitesses, et une analyse sur lagiioa d’entropie. Le modele résultant est validé
sur un cas test de tube a choc ou une onde de choc traversgnamlitaire de forte densité et montre un accord
parfait avec I'expérience.
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Mots-clés : Interfaces solides, compaction de poudres, écoulementpressibles multiphasiques, analyse
asymptotique, équations hyperboliques, équation d'état
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Dynamic Powder Compaction Model with Velocity Drift Effects

Abstract: A multiphase hyperbolic model for dynamic and irreversipavder compaction is built. Four
important points have to be addressed in this aim. The firstisrrelated to the irreversible character of
powder compaction. When a granular media is subjected t@dirig-unloading cycle the final volume is
lower than the initial one. To deal with this hysteresis givreanon a multiphase model with relaxation is
built. During loading, mechanical equilibrium is assumedresponding to stiff mechanical relaxation, while
during unloading non-equilibrium mechanical transforiorais assumed. Consequently, the sound speeds of
the limit models are very different during loading and unliog. These differences in acoustic properties are
responsible for irreversibility in the compaction procehe second point is related to dynamic effects where
pressure and shock waves play an important role. Wave dgsasiguaranteed by the hyperbolic character
of the equations. Phase compressibility well as configomaginergy are taken into account. The third point
is related to multidimensional situations that involve emil interfaces. Indeed, most processes with powder
compaction entaifree surfaces Consequently the model has to be able to solve interfaqesrating pure
fluids and granular mixtures. Finally, the fourth point itated to gas permeation that may play important
role in some specific powder compaction situations. Thisgdhke difficult question of multiple velocities
description. These four points are considered in a uniqudeinfiiting the frame of multiphase theory of
diffuse interfaces. The ability of the model to deal withgbevarious effects is validated on basic situations,
where each phenomenon is considered separately. Spdeiatiat is paid to the validation of the hysteresis
phenomenon that occurs during powder compaction. Basiererpnts on energetic material (granular HMX)
and granular NaCl compaction are considered and are pgriegroduced by the model. Except for the
material equations of state (hydrodynamic and granulaspres and energies) that are determined on the basis
of separate experiments found in the literature, the madede of adjustable parameter. Gas permeation effects
are then restored in the two-phase flow model on the basislo€ite drift and entropy production analysis.

It is validated against shock tube experiments involvingckhinteraction with dense granular bed, showing
excellent agreement.

Key-words: Material interfaces, powder compaction, compressibletiphdse flows, asymptotic analysis,
hyperbolic equations, equation of state
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1 Introduction

When a granular bed is subjected to mechanical loading| teefarmations occur resulting in
rearranged deformed grains that form a compact porous. Silich a process is irreversible. As a
matter of fact, if the loading stress is removed, the porolid slightly expands but never turns back
to its initial volume. The main difficulty in modelling suclffect relies on its irreversible character.
The literature on powder compaction provides at least ttyges of models:

— the first class is connected to quasi-static plasticity efiod) in solids (B, 23, 2, 20]). This
approach usually considers powder mixture compressilbilit neglects solid phase one. This
restricts these models to weak compression waves, exdustliong shocks.

— The second one considers granular media at the discretelbere a large number of particles
is simulated by considering contact forces between thef)([

— The third one deals with multiphase flow modelling of gramwhedia (B, 31, 4, 15, 5, 22)).

In the present work, irreversible compaction of powdersdidrassed in the context of multiphase
flow theory of granular materials. There are some advantaghshis approach. First, large scale
experiments and engineering applications are easier t@sslevith a continuous model of hetero-
geneous media. Second, wave dynamics is of fundamentatiamme in many applications dealing
with shocks and explosions. Some success has been reactigsl émea with Baer and Nunziato
([3]) type model, except for the two following issues::

1. First, this type of model is unable to predict compactedgey zones after loading-unloading
cycles that may occur, for example, after compression ap@resion of a given granular
sample. Progress in this direction has been done by Gorffhigr11]).

2. Second, the original formulation is unable to solve ifate® problems, or material interfaces
such as those separating a fluid and a granular mixture. Mstteosolve interface conditions
in the context of compressible fluids governed by differeptaions of state have been built
during the last two decades with the pioneer works of Kar@bd) [16], and Abgrall (1996)
[1]. Multiphase flow models have been used in this a1 [n order to solve interface condi-
tions with correct thermodynamics at interfaces, but indbatext of fluid—fluid interfaces
only.

The aim of the present work is to build a multiphase flow modié &0 deal with irreversible com-
paction and to solve interfaces separating fluids and gaamuilxtures, in the presence of pressure
waves.

To do so, we first build a mechanical equilibrium model, witirggle velocity and a single stress.
For that purpose, we assume that the energy of the systera @ith of the hydrodynamic energy
plus a configuration (or granular) energy that depends oer atfriables, such as volume fractions,
particle radius, specific volumes and entropies. The cdmafegonfiguration pressure, or granular
pressure, is introduced in particular in Passman et al.41p8Y. We then ask the flow model to
respect conservation of mass, mixture momentum, mixtueeggrand to be adiabatic. From these
constraints, the pressure definition that appears in theentrm equation is obtained, as well as
the mechanical equilibrium condition. This analysis igieafout in sectior?2. However, this mecha-
nical equilibrium model, already presented by Kapila e{2001) [L5] is reversible. It is therefore
unable to predict the hysteresis phenomenon such as caompdat order to model irreversibility

INRIA
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the following phenomenon is observed: consider a loadintpading cycle as depicted in figuiel
in the plane (stress P )—(mixture specific volumev = 1/p).

P

’

v
Vg 0

FiG. 1.1:Schematic representation of a loading—unloading cycleafppwder sample, in the plane
P-v

During the compression stage, the mixture specific volunteedeses and reaches its minimum
value for the applied stress. During unloading, the pressariation is stiff for a small specific
volume variation. It means hat the mixture sound speed

9 5 OP

¢t =—v' —|
ov |,

in the compression stage is much lower than the one involvéltki expansion stage. Based on this
observation we are going to build a non-equilibrium modat ffossesses two limit sound speeds::
— anequilibrium sound speed that will be the one of the mechanical equilibriuodel. This
sound speed will be the lowest one and will show up during threpression stage;
— afrozensound speed, larger than the preceding one that will showudpgithe expansion
stage.
The general model will be thus a non-equilibrium model wighakation. The relaxation term ex-
presses the degree of local stress disequilibrium. Whemelagation time tends to infinity, the

RR n° 7347



6 Saurel & al.

frozen sound speed is recovered and used during the expastsige, while when the relaxation
time tends to zero, the asymptotic limit of the non-equilibr model corresponds to the mecha-
nical equilibrium one. This model, with low sound speed/ w#& used during compression. Then
the non-equilibrium model couples two limit models : witlhZen sound speed on the one hand and
equilibrium sound speed on the other hand, by using a unigueulation. The switch from one
limit model to the other one is achieved by means of the rélaxgarameter. Before examining the
details of this relaxatioswitch the non-equilibrium model with relaxation is studied irctsen 3.
Thermodynamic closure of both models is addressed in seétiwhere thermodynamic equations
of state (EOS) are presented, as well as a new granular EGSIM@the flow model, a numerical
method is needed. The system consists in a non-consertgarbolic set of equations with re-
laxation. A similar system has been studied in the contefluad mixtures by Saurel et al. (2009)
[34]. Extension of this method to the granular flow model is dethin sectiorb. Validations are then
addressed in sectidh The ability of the model to propagate compression and esipanvaves is de-
monstrated, as well as its capabilities to capture fluidvgla mixture interfaces. Comparisons with
several experiments are done, in particular regardingessdge hysteresis-type loading-unloading
cycles. In sectior?, discussion about the relaxation parameter switch is givethe basis of basic
plasticity theory arguments, combined with an analysishefiarious non-equilibrium stages that
occur during the compaction process. That discussion distém justify that switch. We show, in
particular, that the model is free of parameters. In sedidhe flow model is extended to gas per-
meation effects. A Darcy type law, obtained from the asyniptmalysis of the Baer and Nunziato
(1986) B] model in the limit of stiff mechanical relaxation is obtaih following Guillard and Duval
(2007) [L2). Corresponding drift effects are thus restored in the Kagti al. (2001) 15 mechanical
equilibrium model in a thermodynamically consistent manbased on entropy production analy-
sis (Saurel et al., 20088§)). Consistency is also achieved with respect to the parerdeaifrom
which this reduced model is derived. The correspondingoigimon-equilibrium model is valida-
ted against shock tube experiments, involving shock iotena with dense granular beds, showing
excellent agreement in secti®nConclusions are given in sectian.

2 Mechanical equilibrium model

A granular medium is different from a fluid mixture by seveaapects, one of them being the
presence of intergranular contacts. Due to grain contéetsnedium presents resistance to compres-
sion related to efforts that exert in the grains around eactact point. At the macroscopic scale,
these efforts can be summarized with an additional equafistate that expresses the compression
resistance, with the help ofgranular pressurer configuration pressutelhe configuration energy
associated with that configuration pressure can be dellivegh be understood as the energy stored
in elasto-plastic layers around each contact p&manular pressureas a function of solid volume
fraction can be determined easily by experimental meangx&ellent description of experimental
facility and corresponding measurements are given in Ku. €1980) [L§].

There are some advantages with this thermodynamic apphbzessid orconfigurationpressure
and energy. The effects occurring at grain scale, such aarggements and plastic deformations are
summarized in simple functions, linking macroscopic Malea. Therefore the difficulty of solving
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complex multidimensional effects at grain scale is repdaog the experimental determination of
granular EOS parameters.

The aim of this section is to develop a flow model involvingsghysical effects specific to
granular media. The model building method consists in @kire total system energy as a function
of the various problem variables and to obtain :

— the mechanical equilibrium condition,

— the form of the pressure term that exerts in the momenturatimu

The mechanical equilibrium condition is then differerg@flong a particle trajectory and the-
refore provides the volume fraction evolution equatiort tlases the system of classical balance
equations: mass conservation for each phase, momentummargliyeonservation for the mixture,
entropy conservation for each phase and conservation ofuimber of particles per unit volume.

Let us assume that the total energy of the system is the sumeatlassical thermodynamic
internal energy, augmented by the configuration (or granular) endBgglus the kinetic energy :

E:E—l—%uQ, (2.1)
with
E=e+B, (2.2)
and
6:ZYk6k, B:ZYkBk (23)
k k

Here, for examplek = 1 stands for the solid phase akd= 2 corresponds to the gas phase; so,
in that caseB, = 0. However, we keep that general formulation as it is more enient to get
symmetrized relations in what follows.

The internal energy, = e (vk,sx) Of phasek depends on the specific volumg and the
specific entropy. The configuration energig;, associated with the solid deformed layers around
each grain surface is assumed to be a function of five vasablg = By (ay,Rk,Vk,sk,Yx ) Where

— «y is the volume fraction of phase the dependence on which is obvious, since it is well

known the energy to transfer into a granular bed is a funaifdghe volume fraction at the end
of the compaction process;

— Ry isthe particle radius of the grains. Dependence on thatbkrcannot be excluded a priori;

— the thermodynamic pair of variablés;,s;) may also influence the value &f;;

— Y = (ap)r/pis the mass fractiom;, = 1/, is the density and = >, oy, py. is the mixture

density.
It is more convenient for the calculations to replace theedelgence o, by the dependence on
the number of particles per unit masg, defined byn, = Ny/p, where Ny is the number of
particles per unit volume. The particle radiidg, considered as spherical for simplicity, is linked to
the preceding variables by the relation :

4
Vi Yk = g WR% ng . (24)

RR n° 7347



8 Saurel & al.

. D 0 0 . .
Define— = — + u —, then the classical balance laws are given hereafter:

Dt Ot Ox
op + pu) =0, mixture mass conservatign (2.5)
ot ox

% =0, mass conservation for phage, (2.6)

DSk .
D = 0, entropy conservation for phase, (2.7)

2
o) + Apu”+ P) =0, mixture momentum conservation (2.8)
ot or
dpE 0 . .
(gt ) + 7 [(pE+P)u]=0, mixture total energy conservation (2.9)
X
In the absence of both coalescence and fracture, we may write
ON,  O(Ngu)
RV R
ot oz ’
and therefore get
an

—=0. 2.10
D (2.10)

2.1 Definitions of P and configuration pressures and energies

In equation 2.8), the mixture pressur® is an unknown function which needs to be defined.
Note that the phase entropies are assumed to be constagtth&ntrajectory, therefore the trans-
formations (loding—unloading) are considered as revirsith this model. The irreversible feature
of the compaction process will be addressed later on witlmtimeequilibrium model.

By combining the momentum and total energy equations, wehgefollowing mixture total

internal energy equation
D& Dv
— +P— = 211
Dt + Dt 0, (2.11)
with £ = e + B andv = 1/p. Using relationsZ.5—(2.10, and definitions of botl and B, we get
DE Oex| Dvp OBy
_— = Y. | =& %
Dt Xk: k |f9Vk

DOzk 8Bk
Dt Oay,

Dt vy,

Dl/k

o7 (2.12)

Sk Nk Vk,Sk, Yk Ak Mk s Sk, Vi

. . L B
In order to enlight the notations, we will simply denoteggL for all & € {aw,nk,Vk,sk,Yi} tO
k
define the partial derivative @8, w.r.t. £, where all variables b, from which B, depends on are

INRIA
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set constant. Since the thermodynamic pressyris defined by

86k
P,=—-—
k al/k . )
and the specific volume of phakenay be expressed as

A
Vi = ——V
Y,

then, using 2.6) we have
Dui _ o Dv | v Day

Di Y, Dt Y, Dt ’
and @.12 can therefore be rewritten by

0B D 0B 0B D
Zak (Pk_—k) = Z<Pk—ak/)k " k> ok
P Buk P

Dt ooy, B vy, Dt
Now, for (2.17) and .13 to be in accordance to each other, it is sufficient to set:

P=> a (Pk - @) , (2.14)

DE
Bt (2.13)

P (r“)l/;vC
and 0B 0B 0B 0B
_ Tk TPk _po g2t 280 ; ;
Py — ag Pk day o J %G Pj aOéj 81/j aVkvj K 7&.7 . (215)

Equation 2.14) corresponds to the thermodynamic mixture pressure definivhile equationZ.15
represents the mechanical equilibrium condition. Thesed®finitions are consecutive to the choice
of the system energy definition subjected to the constréni—(2.10.

Dependence on the phase compressibility is usually neglesitring the compaction process.
As a matter of fact, at moderate loading, each particle velean be considered unchanged. When
loading intensity increases, the bed porosity conversetyahses and the compressible effects be-
come gradually important, typically for pressures gretttan 100 MPa. It is therefore commonly

assumed that
0By,

al/k
All these facts thus lead to the only dependencdsgfon o, and consequently, the mechanical
equilibrium condition reduces to

=0.

dBy, dB; ,
Pk_akPkE—Pj a]p]dajak#j' (2.16)
We are now able to define tlgganular pressure, denoted 83, by setting
dB
Br = a pr o kL (2.17)
g

RR n° 7347



10 Saurel & al.

From this definition, we may deduce the configuration endtgy

By, = 2% da, (2.18)

wherea! is the initial value ofay, the value from which compaction energy starts to be effecti

Denotery, def P, — B, and the common value equilibrium pressurelbythen the equilibrium
condition .16 becomes
me=m; =1 ,Vk,j, k#j; (2.19)

and withg3 def >« (a1 standing for thenixture compaction pressurthe thermodynamic mixture
pressureP is given by :

P=T+p3=> aPs. (2.20)
k

The granular pressur@.(L7) expressed as a function of the volume fractigncan be determined
quite easily by experimental means (see Kuo et al. (1988) Elban and Chiarito (1986)7]). It
is then necessary to find a fitting curve. Example of such adittiinction is given in Bdzil et al.
(1999) M-

) log(1 — ay)

0
=—7(as —«
B = =7 (0 — ) 25—

)

where the subscript stands for the solid granular material, antl and ~ are two given positive
constant numbers.

In section4, we will adddress another option offering better propertegarding both granular
energy and granular sound speed. At this point, we assurheubla a granular equation of state is
given.

2.2 Volume fraction equation

In order to determine the volume fraction evolution equattbe mechanical equilibrium condi-
tion (k # 7):
Pe(pr,sk) — Brelaw,pr) = Pi(pj.s;) — Bieg.p5)
is differentiated along a trajectory, giving :

Dpk DSk ﬁk Dpk ﬂk dQBk DOzk
2 2 Ty ——————| — —_ =
Gpr TP T D N TP a2 ) Dt

Dp, Ds B; Dp, B d?B;\ Dq;

2 PPy J j PPj J J J
o AN D Ny TP @) B

From @.7) and the mass evolution equations, the relation writtevabeduces to

2 2
Pk Cp, d“ By Doy, 2 % .
( o Tk —dak2> o+ (pr et — Br) o =
(2.21)
L2 2
PiCi 0 EBi\ Doy 5 Ou
( o TP da;? Dt + (pj < ﬁj) oz

INRIA
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As the saturation constraints may be read as

DOzk

= = 2.22
Sk 0, (2.22)

k

resolution of 2.22—(2.27) results in the following expressions defining the evolutimuations of
the volume fractionsy, :

% = —pj—ég ((pk ci = Br) — pC? zl: pzaéf (o1 2 — 51)) % : (2.23)
with p
Ci=ci+al - (2.24)
and X .
nC2 Z pC2 (2.25)

l

2.3 Equilibrium model summary

The mechanical equilibrium model can thus be expressedéfottowing system of equations
(k=1,2):

D 9]
=k ((Pk &= Bi) —pC Y L (i —5l)> 8_1:: ;
l

Dt p.C2 — nC
8(045 oK) N B(Qgpk u) _o.
t « (2.26)
dpu) O(pu*+P)
oo v "
AoE) |, dllpB+ P
ot Ox '

with the granular pressures; defined by 2.17), the mechanical equilibrium conditio2.(9 and
the mixture pressur® defined by 2.20. The mixture total energy is defined by

1
E=5+§u2,5=€+B=¥Yk5k,gk=€k+3k,

and definitions of’? (resp.C?) as given by 2.24) (resp. by 2.25).

RR n° 7347



12 Saurel & al.

2.4 Acoustic properties

We now focus our attention on the acoustic wave propagatisnéch material mechanical equili-
brium mixtures. This is also an important point regardirgltiyperbolic properties of the governing
equations. In order to determine the wave propagation spetats write down the mixture pressure
evolution equation:

DP :%—D—ﬁ’“JrZ(ng%Jra.Dﬁj)

Dt Dt Dt - Dt 7 Dt
_2Dee _BeDow  (Pe . d®Bi) Dax
k Dt Pk Dt (652 k Pk dosz Dt

Daj ﬁj Dpj ﬁj d2Bj DOéj )
* zj:[ﬁﬂ D Y (pj Dt "\a, TYP a2 ) D )|
Using now the mass equation and the volume fraction equéti@s), we get

) -
2

DP o a; (p; & — b)) du

Dr + |pC? E ” é? (Pj c? — ﬁj) — E (—JCQ —Qj pj C? Fr 0.

J J

The sound speed square

2
o 1 aj (pj 3 —Bj)
ew’=0c > p éz (pics—8;) | — p > (TJCJQ —ajpici |, (2.27)

g J

corresponds to the equilibrium sound speed square in theilgramedium. In the absence of gra-
nular pressure; = 0), (2.27 corresponds to the definition of the well known non-mondaton
Wood sound spee@d§f]. System R.26) is therefore hyperbolic with characteristic speeds + Cyy,

U — CW

2.5 Thermodynamic closure

Using both the pure phase equations of state, the mixturggaad pressure definitions together
with the mechanical equilibrium conditions, there is ndidifity to determine the mixture equation
of state.

For sake of simplicity, we give what this mixture equationstdite is, when all compressible
materials are assumed to be governed by the stiffened gasi@ujof state (EOS). This EOS is quite
accurate for description of gases, liquids and solids &t pigssures. This method of defining the
mixture EOS is not restricted to this particular examplee Mirlineisen or any other convex EOS
can be considered as well.

With the stiffened gas EOS, the energy, pressure and demrsitinked by the following relation

Py, + v Pr oo

(2.28)
e —1

Pk €k =

INRIA
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wherey;,, and P, o, are positive constants, usually determined by using ttereate curves of the
materials. Hugoniot curves are usually used, but saturatioves may be used for special purposes
(see L9]). Returning now to our example, the mixture total interaaérgy reads a€ (= ¢ + B,

& = er + By)

pE= onpr&. (2.29)
k
Using 2.28 in (2.29, we get
leY Pr ay P
pE — Z ’“Z’“_’; ZakpkBk:Z%’“_’“l. (2.30)
k k

With the mixture pressure definitiod.@0 and the mechanical equilibrium conditich {9, we may
thus write

P=7Tk+ﬁ=Pk—ﬁk+ZOzjﬁj.
J

Inserting the above relation i2 (30, we get

g (5o )y
k

e %

and the mixture equation of state reads as
ay
pe— Z (% — 1> (V& Pr,0o + Bi)
P = b ( ) + 6 s
—~ \ % — 1

(2.31)

) (W Proo + Bk) = Y, i pr B,
k

” 8.
zk:(%—l)

System 2.26) is now closed byZ.31). This mechanical equilibrium model is able to describeavav
propagation in granular mixtures. However, it is unablegproduce compaction irreversibility. To
reach this aim, we are going to build a non-equilibrium maudéh relaxation that will tend in some
limit to system £.26). The mechanical equilibrium model will be used during thading process
only, while unloading will be treated by the non-equilibriunodel presented below.

3 Non equilibrium model

The non-equilibrium model must involve two main features:

1. the non-equilibrium model must tend to the mechanicalilibgwum one when mechanical
relaxation effects are stiff;

RR n° 7347



14 Saurel & al.

2. the non-equilibrium sound speed must be greater thargiiél®ium one, as it is usually the
case for non-equilibrium models.

On this basis, we propose the following model, which is aemsion of the model given by Saurel
et al. (2009) in 84], for fluid-fluid interfaces, to the case of granular mixtsire
Doy
Dt
oap) , 9((ap)sw)
ot ox
9 ((ap€), D ((apE)xu) du
A P G
Ofpu) | 0(pw’ + P)
ot ox
opE) | O((pE + P)u)
ot ox

= HTr,

207

= —0p T Py, (3.1)

:0’

whered, = k' —k, k= 1,2,k = 2if k = 1,andk’ = 1if k = 2. For any flow variablef,
and in all that followsf,. stands for the difference of the phase varialflesf, = f1 — f2, hence,
herer, = m — mo. Itis implicit in this formulation thatt = 1 corresponds to the solid granular

phase whilg: = 2 stands for the gas phase. We recall hereafter the definiicthe main variables
involved in systemy.1) :

Tk = P — B,

1
Ek:gk‘i‘iuza &, =er + By,

E=Y YiE., P=> Pk,
k k

Pk 86k
= Zo T + 21 o 7. — ‘ 2 = pi 8Pk =
T 721_’_% , k = PkCk & 78%
0Py

Pk

The generalized interfacial pressurggiven above, has been determined through the Riemann pro-
blem solution as given by Saurel et al. (2003)33][

The main point of this model relies on the relaxation paramet

+oo, ifm >m,
0, otherwise.

Thus, during loading, the weak compressibility of the selid imply 7; > 75, and a stiff pressure
relaxation coefficient will be used. As it is shown in appentj such a treatment is equivalent to the

INRIA



Dynamic Powder Compaction Model with Velocity Drift Effect 15

direct resolution of the equilibrium model.6). During unloading, vanishing relaxation coefficient
will be used.
This non-equilibrium model3.1) thus contains two limit models :

1. the mechanical equilibrium modé&.6, when the relaxation parametetends to infinity,
2. afrozenmodel when this parameter is set to zero.

It is now necessary to analyze these two models, as it is alportant to examine the physical
meaning of the relaxation paramejemas a function ofr; andxs. This is addressed in a specific
section?, after validation of this non-equilibrium model againspeximental results. Let us check
before, the accordance of this model with the fundameniatjpes of thermodynamics.

3.1 Energy conservation

System 8.1) contains three energy conservation equations: two of themaddressed to the
evolution of each phase total internal eneggy while the last one stands for the total mixture
energy conservation. Consequently, this system is overténed but is still compatible. Numeri-
cal resolution of interface problems with fluid-fluid and #legranular mixture interfaces requires
compatible over-determined system, in particular for waa@smission. The fundamental reason
is that the phase energy equations are not in conservatiwe fiche total mixture energy equation,
being conservative, ensures a proper treatment of the twacanservative internal energy equations
in the single phase limit, i.e. on both sides of a materiarifiaice, even in the presence of shocks.
This justifies why the total mixture energy is needed for nticaé reasons, as shown by Saurel et
al. (2009), in B4].

For both theoretical and numerical reasons, let us firstictreccompatibility of these three energy
equations. With the notation conventions given previgusty 1, 2, the equation of the total internal
energy&, may be written by

ou _
or

now summing the equation8.¢), for ¥ = 1, 2 and adding the kinetic energy obtained from the
mixture equation lead to the following resulting equation

V&) + (aP) Ok T Py (3.3)

Pﬁ(

0 (Pu)
ox

D 1,
PE<Y151+YQ€2+§U)+ =0,

which corresponds to the total mixture equation of systen).(

3.2 Entropy inequality

Let us show now that the non-equilibrium model is in agreeméth the entropy inequality
requirement. An equivalent form of equatidhd) is

D 0
(ap)k % + (aP)y a—z = =6k (71 + B) p .
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With the help of the volume fraction equation and the massenation equation of phage the
velocity divergence can be expressed by

ou 1 DOék 1 Dpk (S;C 1 Dp;C
a_ Ty - )
ox ap Dt pr Dt ozku pr Dt

and the internal energy equation now reads as

Dey  (aP)x Dpy
Dt Pk Dt

(ap)k

= O(mp — ) oy .

With the help of the Gibbs identity for phagewe get

Ds
(apT)kD—tk = —0(mr — ) 7y

Now replacingr; by its definition, we get

Zy,
Ty — T = —m (ﬂ'k—ﬂ'k/) _—6k

and the entropy equation of phasbecomes

DS}C Zk 2
= T,
Dt Z+ 2, 1T

which shows a non negative entropy production for each phaaed therefore ensures the mixture
entropy production to be non negative as well.

3.3 Frozen model

During the unloading stage, the relaxation parameter isose¢ro (+ = 0). It is interesting to
examine the acoustic properties of the corresponding madahe hesteresis phenomenon, shown
in figure1.1, is expected to be reproduced due to the change in the acbesi@viour whemp varies
from +o0 t0 0.

The frozen limit model corresponds to the systéni), wheny = 0. An alternative formulation
of this system may be expressed by

oW oW
W LA g _
or TAW) 5 =0,
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with the vector of variable®V and the matrixA (W) defined by

U 0 0 O 0 0

a 0 w 0 O 0 0

S1

s 0 0 u O 0 0
w=|[ 2 [, AW =

Y Pfp 00 u ai/p az/p

Py

P 0 0 0 pc? ] 0

0 0 0 pQCg 0 U

The eigenvalues of this matrix correspond to the followiraya/speeds

)\0 =u,
)\1 =Uu—cCf,
Ao =u-+cy.

Here, the frozen sound speeglis defined by
¢ = Yici + Yaci . (3.4)

This sound speed is much greater than the mechanical equitilsound spee€y given by .27,
as shown in appendi®. Moreover, this result guarantees the hyperbolicity ofriba-equilibrium
model @B.1).

3.4 Limit system wheny — 400

During compression, the relaxation parameter is assumied siff (u — +00). It is important
to show that the asymptotic limit of the non equilibrium mbg¢iz 1), whenu — +oo, corresponds
to the mechanical equilibrium modél.@6). This is detailed in appendix.

It is now clear that formulation3(1) contains two limit models, each one being hyperbolic and
having its own mixture sound speed definition. Closure «f thodel is ensured by finally defining
appropriate equations of state and relaxation paramet&ihe first point is the objective of the
following section. Justification of the relaxation paraaredetting is examined in sectidn

4 Equations of state

Since powder compaction situations involve two thermodyiegphases (solid and gas), three
equations of state are needed. As a matter of fact, and sauatereaterial is considered as being
compressible, we need an equation of state for each of thgiasees, in order to express its ther-
modynamic behaviour. A third equation of state is also ndedexpress the intergranular pressure
linked to its corresponding configuration energy.
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4.1 Thermodynamic equations of state

For the sake of simplicity, and not because it is restrictedach material is assumed to obey the
stiffened gagquation of state (EOS). This formulation is able to deahwitth gas and condensed
phases. It reads as

Py = (v — 1)prer — Y Pr,oo - (4.1)

v, andP;, o, are characteristic positive parameters of a given maiéitialy are generally determined
from a given reference curve (mostly from the experimentajéhiot curve), as detailed e.g. by Le
Métayer et al. (2004) in][9]. Example of some material data are listed in table

po (kgn®) | v | Py (Pa)

Air 1 14 0
Liquidwater| 1000 |4.4] 6x10°
HMX 1903 551 31 x 10®

NaCl (solid) | 2 165 | 4.2 63 x 10°

TAB. 1: Stiffened gas EOS data of some materials under interesofedpr compaction

4.2 Granular equation of state

When dealing with solid-gas mixtures, only the solid phassubjected to intergranular efforts
and contains consequently configurational energy. TheulmaEOS is determined by quasi-static
compression of powders. The system volume is measured,hendolid volume fraction of the
granular bed is deduced, as a function of the applied sffésstype of experiment is described e.g.
by Kuo et al. (1980) in1§], Elban and Chiarito (1986) in7], and more recently by Jogi (2003) in
[14], where successive loading-unloading cycles have beeliestu

It is possible to fit corresponding curves (granular pressur solid volume fractiony) by the
following function, defining the configuration energy (thegular pressure will be defined subse-
quently)

B,(a), ifag<a<l,
B(a) = { (4.2)

0, otherwise ;
wherea corresponds to the solid volume fraction when then gramrkessure is zero, and
Bu(a) = a[(1 - a) log(1 — a) + (1 + log(1 — ap)) (@ — ag) — (1 — ag) log(1 — ap)]" . (4.3)

This volume fraction limit depends on the powder materialjts grain morphology or its granulo-
metry and so on. It is clear fromd (2—(4.3 that B(ap) = 0. a andn are also characteristic positive
parameters of a given powder, and more precisely on its nsgpduring quasi-static loading.

For the present model, it is necessary to formulate the firdtscond derivatives dB; given by
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equivalent relationsA(2—(4.3) defining By.. The first derivative o3y, w.r.t. oy, is

B _ { Bay (ar),  ifago <ap<1, @)
dagk 0, otherwise ,
with 1)/
Bu, (o) = —aum (log(1 - ) + 1) (222(2)) | (4.5)
Obviously,
%(am) =0, whem; >1.

This ensures the tangency of the pressure curve with thensoftaction axis atv, = ax,0. We are
now able to define the granular pressdge

dB
B = () g (4.6)

Since the second derivative &f;, is also needed in the definition of the solid granular speed of
sound, we give its definition below :

"

(12‘81C B Bak (Oék) y if QL0 < o < 1 y (4 7)
5 = .
dag 0, otherwise ,
with (1))

" 1 Bk (Oék) e e

B =
i (On) = apng [ 1—an ( ar +

(4.8)

(nk—2)/nk
+ (ng — 1)(log(1 —ag) + 1) (M)

ag

By using Jogi experimental data4], based on granular HMX, with particle size around 108,
we have obtained the fitting curve in lines, shown on figufieon the basis of definitiori(6) and a
configuration energy given byi(2—(4.3).

Using Duberg and Nystrém experiments (1986], based on solid granular NaCl, we have
obtained the results shown in figute2.

Now, all the data we need to validate our model are availaid, we can therefore perform
the numerical validation for wave dynamics tests in powdedia and check how the compaction
hysteresis phenomenon is reproduced.

Appropriate numerical schemes have been derived by Sauatl @009), in B4] for a simplified
situation of a fluid-fluid model. Extension to the present elaaf a similar algorithm can be used
here, and we give in the following section the additional ifiodtions of that algorithm in the
granular compaction context.
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FiG. 4.1: Approximation of the experimental compression curve (beddines) for granular HMX,
following Jogi [14], by the granular equation of statet(2—(4.3 and @.6), in thin green lines.
The fitting parameters are determined in the zone where theesuare superimposed. Function
behaviour for extrapolated data is shown when the solid m&draction tends to one. Obviously,
compressible effects involved in the thermodynamic eguafistate become important in this range.
Fitting parameters in the solid volume fractior63—-0.93, are: a = 3 x 10* Pa and n = 1.1. The
percentage of the theoretical maximum density is defined®yNID = (asps)/ps,o0 -

5 Numerical method

The non-equilibrium modeR( 1) is close to the two-phase model studied by Saurel et. alR00
in [34]. The numerical method described in that reference papaeeds in three main steps:

1. HYPERBOLIC STEP: solution of the non-equilibrium system without relaxatierms;

2. RELAXATION STEP: determination of the equilibrium pressure and correspapgolume
fraction variables;
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Beta (MPa)
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FIG. 4.2: Approximation of the experimental compression curve (baddines) for granular NaCl,
following Duberg and Nystromg], by the granular equation of statel(2—(4.3) and @.6) in thin
green lines. The fitting parameters are determined in the aa@mere the curves are superimposed.
Function behaviour for extrapolated data is shown when thléls/olume fraction tends to one.
Obviously, compressible effects involved in the thermadya EOS become important in this range.
Fitting parameters in the solid volume fraction rangé5-0.9 are: a = 5 x 10*Pa and n = 1.02
(%TDM = (asps)/ps,0 )-

3. INTERNAL ENERGY RESET:. use the equilibrium volume fraction in the mixture EOS,dzhs
on the mixture energy conservatich 1), then determine the corrected equilibrium pressure
and reset each corresponding phase internal energy.

In the present context of granular materials, the systengoétons solved in the hyperbolic step is
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statedask =1,2):

where

DOél -

o

Oap) | 9((ap)r)
ot ox

2 ((ap)rex)

:O’

d ((ap)reru) ou

+

ot ox

O(pu) | O(pu’ + P)
ot ox

OWpE) | O((pE + Plu)

ot ox

k

ox

:0’

1
P=Y axPi, E=E+ u’, E=c+B.

+apP,— =0,

(5.1)

So the only difference with the formulation used 84] for the hyperbolic step lies in the definition
of the total mixture energy’, since it involves both a thermodynamig @nd a granular®®) energy

part. The internal phase energy equation formulatiorbifi) has been simplified from the formula-

tion given by B.1), using the granular Gibbs identit?.(L7).
The third step of this method (that is, the internal phasegyneset), is also unchanged w.r34.

The only change lies in the mixture EOS formulati@n3()) that is used instead of its fluid variant

mixture EOS formulation.

The second step (pressure relaxation), is however quiteredift, since the mechanical equilibrium
condition is different as well. Note this relaxation stepéformed only ifr; > ms.
Let us now detail the relaxation step. The system of difféaéequations that has to be solved is

(k=1,2):

dOél

at

d(ap)r _
de¢

d ((ap)i)

:/'Lﬂ-’r‘a

0,

in the limit x — +o0, and where

mr =
! 71+ 7y

_ Zaom + Zyma

)

_6k TIUTy

EL=erL+ By .
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Since only the equilibrium solution is required, the aimdiseplace this sytem of ordinary differen-
tial equations by an algebraic system. After some manijurafthe internal phase energy equations
becomef =1, 2):
dc‘:k de
ERrT
with v, = 1/pg. The integral form of that system of two equations is

:O’

5k—5£+%17k(1/k—1/2)20,

~ 1 At d.l/}C
T,k = 0 Tr —dt.
Vi — Vk 0

where

Following Saurel et al. (2009)3f], a sufficiently accurate estimation of the interfacial gaare
average may be obtained by setting :
/7-‘:],/6 =,

which represents the equilibrium state pressure definition
So the system of equations to be solved is

ex(Pvk) + Br(ag,pr) — ek(P,S,V,g) - Bk(ag,pg) + 7 (v — 1/2) =0,k=1,2. (5.2)

Since the apparent densitiésp), remain constant during the relaxation step and the voluae fr
tions may be expressed ag = (ap)i vk, System §.2) may be reformulated by

ex(Pwg) + Be(vg) — ep(POwY) — Be(v) + 7 (v — 1)) =0, k=1,2.

This system involves three unknowns: the specific phasen@ariables, (k = 1, 2), and the
equilibrium pressure variabte Its closure is ensured by the saturation constraipta;, = 1. This
saturation condition can also be expressed more convénimnt

> (ap)kve=1. (5.3)

k

Let be more explicit by taking the example of materials goeerby thestiffened gagOS @.1).
Each internal phase energycan therefore be replaced by a function of the thermodynpraigsure
Py, and the specific volume, :
Py + vk Proo

Y —1 '
Each phase pressufg can be expressed with the help of the equilibrium stress asaibn ofr :

€L = Vi

Py =7+ Br(ak,pr) -

In that specified context, systers.?) becomes

Pro P + 9Piyoc
T+ Br + Wb, vt By~ Dt b,

0 0 0
v, — B, +7(vy —v;)=0.
e —1 e —1 k k ( k)
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Note that in state "0", corresponding to the state reach#teand of the hyperbolic state, the equi-
librium pressurer has not been used, since that state is out of mechanicaibzquil. Rearranging
terms after some manipulations, allows us to write that

(Pg + % Proc + (v = D) m) v + (v — 1) (B — By)

k= Br + Yk (7 + Pr,oo) ' -4

We recall that the variableB;, and g, both functions of the paifas,pr) may be rewritten as
functions ofy;, only, so the equatiorb(4) is finally expressed as a function of the specific volume
variablevy, to be determined. For a given estimate of the equilibriunsgueer, specific volumes
v, are solution of .4). This pressure estimate is correct if the constrainticgb.3) is fulfilled. A
Newton type algorithm is appropriate to solve this problem.

6 Test problems and validations
We recall that our model has been built to deal with the thrasrfollowing features :

1. irreversibility of powder compaction,
2. wave dynamics (shock and expansion waves),
3. computational resolution of interfaces separating flaidd granular mixtures problems.

The goal of this section is therefore to check the ability ki thodel to simulate these various
phenomena and to validate it through a panel of appropeatetoblems.

6.1 Compaction of a powder sample

Let us consider a HMX powder sample (as used by Jog¥4i) pf 1.5 cm length, with an initial
solid fraction set td.63 . The sample is pressed by a right moving piston at imposeatitglof
1m/s. The right wall boundary is at rest ans is assumed to befandable. This is depicted in
figure6.1

FIG. 6.1:Schematic representation of a powder press process.
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The computational domain involvé$0 cells. Here, the method described in sectidms been
used with an extended version on moving meshes. The condsmpsolution is shown in figure.2
attimest = 25.5us, t =51.0us,and t = 76.4 us.

Mixture pressure (MPa) Phase pressures (MPa)
0.24 0.35
0.22
0.3
0.2
018 0.25
0.16
0.14 0.2
0.12
0.15
0.1
0.08 0.1
0 0.2 04 06 038 1 1.2 14 16 0 02 04 06 08 1 1.2 14 16
x (cm) x (cm)
Velocity (m/s) Volume fraction of condensed phase
1 0.636
0.9
0.8 0.635
0.7 0.634
0.6
0.5 0.633
0.4
03 0.632
02 0.631
0.1
0 0.63
] 02 04 06 038 1 1.2 14 16 0 02 04 06 08 1 1.2 14 16
x (cm) x (cm)

FIG. 6.2: Propagation of a weak compaction wave in the mixture. Mixjuessure P = ay P +

as Py ), phase pressure$’, , mixture velocityu and solid volume fractiorn; profiles are shown

at times 25.5 us, 51.0 us and 76.4 us. The compression wave is dispersed and produces a weak
solid volume fraction increase. The phase pressure diff@detween the gas phase (dashed lines)
and the solid phase (solid lines), due to the granular presssas visible on the top right graph. The
compaction wave reflects on the tube end wall at the last msgtiff pressure relaxation is used,
corresponding to the mechanical equilibrium model.

The propagation mechanism shown in figérg, is very fast, compared to the piston motion
velocity. Multiple reflexions occur between the two bouréaduring the slow piston motion, ren-
dering the various variable fields quasi-uniform, and tfeeeonly functions of the time.

With the same piston velocity, the same powder sample ispdasgain up to a solid volume fraction
of 0.80 ; then, the piston is removed back slowly (with a velocityatet0.01 m/s), until the mixture
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pressure reaches the atmospheric pressure value. Atrtigs e piston motion is stopped. Flow
variables being uniform in space, only their time evolut®sahown in figures.3

The first top left graph of figuré.3shows the time evolution of the piston velocity. That vetpci
is initially positive, then it becomes negative for abouitms , and is zero when the mixture pressure
value reaches the atmospheric pressure one. The pisteattngj is depicted in the top right graph.
The mixture pressure increases during compression, theealkees rapidly when the piston velocity
is negative, even if this value is close to zero. This is a equence of the change in the mixture
speed of sound in our model, that ranges from the mechargoditEium one whery — +o0o to
the frozen one, whep = 0. The solid volume fraction increases during compressiahramains
unchanged during expansion. Thus, the granular mediurs staypact. The thermodynamic solid
pressureP; has the same time evolution behaviour than the mixture presghat both decrease
abruptly during expansion. The solid phase thus recoveratimospheric pressure value at the end
of the cycle. Conversely, the gas phase stays compresdeel gnanular pores, as shown in the right
graph at the third row of figuré.3 The graph related to thmtal pressures(P, — () , shows
the stress equality during the compression stage, whilaresihg disequilibrium creation during the
expansion stage. That disequilibrium is not surprisinghatend of the cycle, the solid pressure has
reached the atmospheric pressure value, bugtheular pressure3;, which represents the effect
of the plastic stress at the granular scale is still preggriast, the most characteristic graph is the
last bottom right graph of figuré.3 where the mixture pressure is depicted as a function of the
compression rate (we recall th&TDM = (ap)1/p1,0 , Wherep; o represents the standard density
of the solid phase). The compression rate exhibits a sligbteshse during the expansion stage,
due to the mixture compressibility. Indeed, the expansione around80%TDM is not strictly
vertical. This last graph clearly shows the ability of thedabto predict/reproduce the hysteresis
phenomenon of powder compaction.
We now address the same experiment tests of Ja@ivith 3 successive loading—unloading cycles.
In these examples, the solid volume fraction has been redaatithe end of each unloading stage.
For the first cycle, the powder sample is pressed up to thé golume fraction value 0f).75, then
the stress is relaxed. In the second cycle, the same santplmessed again, until the solid volume
fraction value attains0.809, and the stress is relaxed again. In the last third cyclertixéure is
pressed now up to a solid volume fraction value @P38, then the stress is relaxed again once
more. Results of the full series of the three cycles are girdigure 6.4, and compared to Jogi's
experimental data results.

Similar agreement of results have been obtained by Gon{a#3, 2004), in 10, 11], with
his model compared to Jogi's experimental results. Howelertwo-phase flow model of Gonthier
contains explicitly an extra function corresponding to timoaded solid volume fraction. This ad-
ditional function needs extra experimental efforts fomitsdel’s calibration and this is not what we
are looking for with our model.
To end with our validation tests concerning the powder castipa irreversibility feature, we want
to show the ability of the present model to deal with différeinds of powder materials. So let us
consider a NaCl powder sample, as studied by Duberg and dg<tt986) in p]. EOS parameters
are given in tablel and in figure4.2 The comparison between model predictions and experiments
is shown in figures.5.
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Piston velocity (n/s) Piston abscissa (m)
1 0.0035
08 0.003
0.0025
0.6
0.002
0.4
0.0015
.2
0 0.001
0 0.0005
-0.2 0
0 2 4 6 8 10 12 0 2 4 6 8 10 12
time (ms) time (ms)
Mixture pressure (atm) Volume fraction of the condensed phase
20 0.8
18 0.78
16 0.76
14 074
12 0.72
10 0.7
8 .
6 0.68
4 0.66
2 0.64
0 0.62
0 2 4 6 8 10 12 0 2 4 6 8 10 12
time (ms) time (ms)
Pressure of the solid phase (MPa) Pressure of the gas phase (MPa)
25 0.9
20 08
0.7
15 0.6
10 0.5
5 0.4
0.3
0 0.2
-5 0.1
0 2 4 6 8 10 12 0 2 4 6 8 10 12
time (ms) time (ms)
Total pressures of the phases (p - beta) (MPa) Mixture pressure (MPa)
5 30
0 25
-5 20
-10 15
-15 10
-20 5
-25 0
0 2 4 6 8 10 12 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82
time (ms) %TDM

RRsn6734Time evolution of the main flow variables for a loading—urdivg cycle with HMX powder
sample. The maximum value of the solid volume fraction s& %, is reached at timg = 3 ms,
and remains unchanged during the unloading stage. The tesgtecycle is shown on the last right
bottom graph.



28 Saurel & al.
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FiG. 6.4:Mixture pressure evolution as a function of the compressite (% TDM = (ap)1/p1.0).

for three successive loading—unloading cycles of HMX powaple. Experimental data are shown
in thin green lines and numerical results in bold red linekeTagreement is very good for a model
free of any adjustable parameter.

Figure6.5 shows up a good agreement between the model’s numericdisrasd the experi-
mental ones.
In the following subsection, we examine the ability of thedabto deal with large amplitude wave
propagation, as well as interfaces separating pure fluigsaoular mixtures.

6.2 Wave and interface dynamics validation tests

In all the following tests, the granular material corresp®ito a HMX powder sample with its
corresponding EOS parameters as given by talled figured.l
So, let us consider shock tubeof 1 m length, involving a high pressure chamber on the leftdille
with a gas at the initial pressure value set@ol GPa, and a low pressure chamber on the right,
filled with the same granular material as the one studied urdig6.2-6.4, at a pressure set to the
atmospheric pressure value. The gas is governed by thegde&8OS, with air polytropic coefficient.
Aninitial volume fraction discontinuity is therefore peggt in the tube at the abscis8a& m. In order
to prevent division by zero in the flow model, the initial sbfraction in the left chamber is set to
10%; in the right chamber, the solid volume fraction is set@®3 . The initial solid phase density
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FIG. 6.5:Mixture pressure evolution as a function of the compressitefor a NaCl powder sample.
Experimental data are depicted in thin green lines and nicaéresults in bold red lines.

is set constant in the whole domain and is equal 03 kg/m? . Both initial states are assumed
to be at rest. The aim of this test problem is to evaluate tligyabf the model to compute right
facing shock and associated bed compaction, left facingresipn wave and the interface evolution
separating the nearly pure gas phase from the solid powdeumai Results are given in figufe6

at timet = 0.38 ms. The mesh contains000 computational cells.

On the left top graph of figuré.6, the left facing expansion wave and right facing shock are
clearly visible. At the interface location, visible on thettom right graph, both pressure and velocity
are perfectly continuous. The phase pressure graph shevsplid pressure evolution in lines and
the gas pressure one in dashed lines. The pressure difédbehgeen the two phase pressures is due
to the granular pressure effect. On the left, the solid pmesseaches a very low level and is not in
equilibrium with the gas phase pressure, as the left pahiefibmain corresponds to an expansion
process. This has no consequence since the solid volunt®fraethis region is very small.

The same test is rerun with an increased initial gas pressiue in the left chamber by a factor of
100 (i.e. 10 GPa), in order to simulate conditions close to detonati@apct contact with granular
media. Corresponding computational results are showreinlifferent graphs of figur6é.7, at time

t = 36 us.

This test shows the ability of the model to deal with inteefsiseparating fluids to solid granular
mixtures in severe conditions, where the fluid behaviourahglar materials is recovered as a limit.
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Mixture pressure (MPa) Phase pressures (MPa)
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x (cm) X (cm)
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100 0.6
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60 0.4
40 0.3
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0 0.1 J
-20 0
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FiG. 6.6: Shock tubdest with high gas pressure on the left and solid granulartame on the
right. Interface conditions of equal mixture pressure agda velocities are perfectly matched. The
granular mixture is compacted by the shock wave.

The phase pressure difference under such conditions irréimeiar bed becomes insignificant.

Let us consider now the symmetric situation with the expamsif a high pressure solid granular
bed. In the left chamber, the granular bed is at the initiabpure value ol 0 GPa. On the right, gas
is present and at the atmospheric pressure. In these aomgjithe model uses now a zero relaxation
parameterg = 0), and we want to demonstrate its numerical ability of sajuimese interfaces. This
is the aim of the results shown in the four graphs of figufe

All these various tests presented in this subsection shewedpabilities of the model to deal with
various kinds of interface problems:

1. when the granular bed is under compression, which carrelspto using the model with stiff
relaxation in compaction zoneg (~ +o0),

2. when the granular bed is under expansion, which relategtiose of the frozen non-equilibrium
model, {» = 0), to express the irreversible character of powder compacti
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FiG. 6.7: Shock tub¢est with high gas pressure on the left ans solid granulatunéon the right.
Interface conditions of equal mixture pressure and equialorges are once more prefectly matched.
The pressure difference between the phase pressures iartiacted zone in the right chamber now
vanishes, showing the negligible effects of granular presg such high gas pressure conditions,
at least regarding wave dynamics. The fluid limit is recodere

Both limit models are suitable for solving interface prahlsimulations.

6.3 Two-dimensional example test

The goal of this subsection is to show that both model and nigaienethod are able to deal with
complex multidimensional phenomena, as such appearinggltire impact and penetration of a
projectile into a solid granular bed. This is illustrateddryexample given in figur@.9, where a solid
projectile (considered as non-deformable), impacts a gwhnular mixture. That solid projectile is
made of copper pc, = 8900kg/m?), and moves to the right at the initial velocity sett6 m/s .
The copper projectile has an initial radius lengthof m . The other problem dimensions are given
in figure6.9.
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FIG. 6.8: Shock tubgest with high solid granular mixture pressure on the leftidow gas pressure
on the right. Interface conditions of equal mixture pregsand equal phase velocities are again
perfectly matched, even in the absence of relaxation sffect 0).

Here again, the HMX powder considered for this simulatiahéssame as previously used in the
tests presented in the previous subsections, the initiaKHinsity is equal to1 903 kg/m?. The
granular bed has an initial solid volume fraction value(o83 . The surrounding air, as well as the
air contained in the powder mixture, has the initial dengitjue equal td kg/m? .

The flow behaviour is clearly different in figuf1Q when irreversibility is accounted for, es-

pecially in the projectile wake. This can be important foaewple when determining the amount of
ejected powder due to the projectile impact.
This type of computation involves 3 materials : the air, thengilar powder, and the solid projectile.
Model and numerical method extension to an arbitrary nunobgrhases is straightforward. The
non-deformable character of the solid projectile is solwdth the correction procedure detailed in
Petitpas et al. (2009)2p).
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2.75m

Air 9 HMX 1m
Cuivre

6m

FIG. 6.9:Schematic representation of the initial conditions durihg impact of a copper projectile
into a granular mixture made of HMX powder and with an inigallid volume fraction value set to
0.63.

6.4 Shock induced powder compaction test

We now finally examine the ability of the model against exmental data for shock propa-
gation in powder samples. Corresponding experiments hega Hone by Sandusky and Liddiard
(1985), B(]. In the following test case, the granular material coroegfs to a HMX powder with
the following granular EOS parameters:

as0 =073, a=10*, n=1.05.

The thermodynamic HMX parameters are those given in tabiféde assume the porosity to be filled
with air with a density p = 1.2kg/m?, and v = 1.4 . At the initial time, the HMX-air mixture is
assumed to be at rest, and a piston impacts the granular bedais velocities. In figuré.11, we
compare experimental data (cross symbols) with numergzallts (lines). The shock wave speed,
shock wave pressure and the percent theoretical maximusitdexiter compaction, for various
piston velocities, are presented. As shown in the diffegeaphs of figures.11, the results show an
excellent agreement.

7 Relaxation parameter switch discussion
The non-equilibrium model3(2) is able to link, in an unique formulation, tfi®zen modelvith

the corresponding sound spee%l =Yic? + Yaoc3, when p = 0, and themechanical equilibrium
model(2.26, whenp — +oo. The irreversible powder compaction cycle depicted in fduf, has
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REVERSIBLE IRREVERSIBLE
a)t = 73 ms

i

b)t = 147 ms

C)t =221 ms

d)t =295 ms

e)t = 368 ms

FiG. 6.10:Qualitative flow behaviour during the impact of a solid pjk into a granular bed.
On the left graph column, the mechanical equilibrium mode been solved by the help of the non-
equilibrium one, which corresponds to using stiff relagatparameter everywherey( — +oo ).

On the right graph column, the switcB.) is used, which corresponds to irreversible compaction.
Computed results are shown at timeg ay 73 ms, b)¢t = 147 ms, ¢) ¢t = 221 ms, d) ¢ = 295 ms
and e)t = 368 ms.

indeed been successfully reproduced, as shown in figudesnd6.5, with the following relaxation
parameter switch setting :

4oo, ifm >my,
p= (7.1)

0, otherwise .

Before explaining thiswitchprocedure, it is first important to agree with the assumpttidfunc-
tion u is a simplified analogue of a certainly much more sophisit&tinction, which still remains
to be determined, but this is not the aim of the present report

Powder compaction may be considered as involving at leastifferent physical stages :

1. Stress accumulatiomluring the early events of granular bed compaction, a@ustves pro-
pagate and reflect on both the solid piston and wall bounsiamiaking the mixture pressure
to increase, in particular those acoustic waves relateltesdlid phase. Elastic deformations
appear but are of low amplitude, due to the high resistan@&tastic bodies to deformation.
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FiG. 6.11:Comparison between numerical (lines), and experimentasgsymbols) results for wave
speeds, pressure and theoretical maximum density in theketicstate, for various piston impact
velocities.

During that stage, the solid volume fraction is nearly canstand therefore the right hand
side of the solid volume fraction evolution equation is elds zero, so that the relaxation
parameter might be considered as being close to zero asBveth with a small compression
rate (e.g. a little few percent), the stress phase diffeaki; — o) , exceeds the plastic limit
Yp . For HMX, that limit is of the order 0100 MPa (see Khasainov et al., 1981/]). Then,
the process undergoes plastic deformation.

2. Plastic deformationplastic deformations result in stress relaxation, ir¢.= 75, at the end
of the relaxation process. That process obviously occladiaite rate, but if the details of this
relaxation process are not of interest, and if only the dopiuim state is in concern, then the
relaxation parameter. can be set to be stiff, f — +o00). During that stage, plastic stresses
increase, as well as the granular bulk presgirethat summarizes their effects. Itis important
to recall that this relaxation process occuring during giéstic regime is irreversible.
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3. Frozen unloadingplastic stresses aroung gas pores are now present and sasuiay the
bulk pressureg; . Is the piston is removed, the solid pressure rapidly asljisthe external
pressure (e.g. the atmospheric pressure), while the plstsésses at the pore scale remain
present and unchanged. As plastic deformation is irréversboth pore volumes and solid
volume fraction are unchanged. This corresponds to corisglthefrozen mode( u = 0),
and the granular bed remains compacted and out of equilibriu

4. Long time relaxationif the compacted granular solid bed is left by its own undese non-
equilibrium conditions for a very long time (say, severalntits or even years), stress relaxa-
tion will occur, resulting in compact solid dislocation plaction.

Our aim is not to model stagds and4. To illustrate stage&. and2., let us consider once more the
same granular HMX sample, undewnzencompression, corresponding to the so cafirdss accu-
mulationstage, followed by the finite rate relaxation step, corrasltg to theplastic deformation
stage. During the second stage, the relaxation paramedebitsarily set to . = 106 Pa~'s~1 .
The powder sample is compressed by a relative volume of 1 % lonbrder to illustrate the scale of
this transformation, stagds and2. are both depicted in the same graph together with expetahen
data as shown in the figuiel

Mixture pressure (MPa)
120 ‘ ‘ ‘ ‘

100 ¢
80 -
60 |
40 +

20 |

o L L F L L L
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

%TDM

FiG. 7.1:Decomposition of stageis (left side of red curve, = 0) and 2. (right side of red curve:
is finite) of the compaction process for an HMX sample. Thstjgéimit is exceeded during stage
Those events are shown in red lines. The end state of thaataaxpath belongs to the equilibrium
curve of the considered material (experimental resultsrapgesented by green lines).

During stagel., the mixture pressure increases dramatically, sincedle wlume fraction is

frozen and the solid medium is weakly compressible. Comigside;, = 0 in stagel, is certainly
excessive, and yet shows that the plastic limit66 MPa for HMX can be overpassed easily (stress
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differential at the spike value is; —my = 180 MPa). Then plastic relaxation occurs and the mixture
pressure decreases dramatically, to finally reach theibguih curve.

Since the equilibrium curve has been attained after plastiormations, which are obviously irre-
versible, the unloading stage will occurat constant solid volume fraction. This justfithne use of
the settingu = 0, during the unloading stage

In most of the partical applications we are interested iarahis no need to model nor describe the
detailed phenomena occuring in stageand2. Only the final equilibrium relaxed state of stagje

is needed. This is achieved by considering the— +oco setting in place of both stage—2. full
description. This justifies thewitch(7.1). Note that this switch procedure renders the model free of
any adjustable parameter.

Nevertheless, the model presented in this report has oitedimspect relying on the single velocity
restriction, that is assumed in the description of multgghmixtures. In some applications, gas (or
liquid) permeation in granular beds or media may have sicaniti effects. Obviously, those effects
cannot be represented by the present model. For thosesaffidnt accounted for, we need to extend
the present model in order to restore the velocity driftefeThis is the goal of the following sec-
tion: we will propose a full non equilibrium model (two veites, two pressures), from which we
will show all the sub-models presented in this report arévddr

8 A compaction model with velocity drift effects

The compaction modeB3(1), is a temperature non-equilibrium two-phase flow modehveit
single velocity. In some specific situations, fluid permeaiin granular beds may have significant
effects that have therefore to be accounted for. Followiregvtork of Guillard and Duval (2007),
[12], a Darcy type law can be obtained to model drifts effectds Trarcy law has been obtained on
the basis of asymptotic analysis of the velocity non-eftiiim Baer and Nunziato model (1986),
[3], in the barotropic case. We extend here that approach tebaootropic fluids in the presence of
granular effects.

8.1 The full non-equilibrium model

The Baer and Nunziato modeB][ considers each phase to be compressible and evolvingtsith
own velocity, temperature and pressure. The system is hgfieland involves 7 partial differential
equations for two phases in one space dimension. Its naearedralization to the case of granular
mixtures and in absence of both heat and mass transfers matateel as (nhotations and index
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conventions are the same as stated previoksly,1 , 2):
(9041 (9041

t‘urm— = pm

ot ox

Oap)i | Olap)nu
ot ox

o | Dlostpl 1) (Y
ot ox

ox
HapE): + O(alpb + P)u), =0k <7T1 us % —Nur up —pwy ﬂ"“) .

=0,
(8.1)

ot ox ox
We recall thatr,, = m; — m and u,, = u; — up and are associated to stress and velocity relaxation
parametersy and A\ respectively.d, =k —k,with k=1,2 andk =2 if k=1andk =1
if k= 2.Thetotal phase energl; is defined with the help of the generalized total internatgpe
& involving the granular configuration energy;, and the usual phase internal energy, by

1
Ekzc‘:k—l——ui, Er=er+ By .

2
Following the work of Saurel et al. (200387], the interfacial variables are defined by
/ da o ¢ Ziuy + Zousg
uf_uf_sgn<%> 7 T
) dar\  Z17Zs  Zam + Zamo (8:2)
Ty =T —sgn(a—x) Zl“"ZQUT’ m:ﬂ'

Here,Z;, = prcyi is the acoustic impedance of phase
The Darcy type law, responsible for gas penetration, isiobtafrom an asymptotic analysis of the
flow model g.1), in the limit of stiff mechanical relaxation. To performathanalysis, it is more
convenient to express the systethlj in terms of physical primitive variables (density, vekygi
pressure). Denoting

Dy get 0 0

Dt ot ox”
the corresponding primitive equations are summarizeddfiere

D Z/ (9 /
kO :5k |:( k _Yk/) Urﬂ‘i‘,u 7Tr:| ,

Dt Z1 + Z2 817
N Dipr % _ Dray
1 TDr TP Pk >
Dkuk BPk Zk 6a1 ’
ag [pk Dt o = —0k 5k+6kZ1+Z27Tr %-i-/\ur ;
DkPk 2 kak Zk/ ’g Zk 2 leg 80ék
_ =T A rUr —3—| >
ak[Dt Y S R R 7y e R
8.3)

INRIA



Dynamic Powder Compaction Model with Velocity Drift Effect 39

where
G| _ 1 bl _ B g
0P|, pel'x " Opklp, Pk PETk’
, 1 Oa , Z1Zy |0
= — | A=A — .
H 'LL+Z1+ZQ ox |’ +Zl+Z2 ox
Noticing that the left hand side of the last equation of sys(e.3) is exactly equal to
Dksk
TyT
OkPRLELE =

we easily derive the entropy evolution equation for phase

Zy,
(Z1 + Z9)?

dau,
Or

Dksk Zk/ 2 Zk
T, = A
HePk Lk Dt Zy+ Zs uT+Z1 + Zs

P+

Z + Q % ’
K’ Ur sgn Oz Ty 5

which clearly shows that non negative entropy productioenisured for each phage Obviously,
non negative entropy production of the mixture is consetiyguaranteed.

8.2 Supplementary important equations
8.2.1 Equation foru,

Combining the phase velocity equations of systén®)( results in the following equation for
Upr = UL — U

Y,
0 [ur (u— —Tur)]
6uT 2 o 1 8(042P2) 6(a1P1) ’ ’
B + oz = AR (Yl or Yo 2 + 7y Au. | . (8.4)

This last relation, which has been obtained without anyragsion, is important for the determina-

tion of the Darcy type law, that will be determined aroundriechanical equilibrium limit.

8.2.2 Mixture equations

From systemg.1), we can esily derive the following mixture equations forssa , momentum
(pu) and total energyF , in a conservative form:

9p , 9lpu)

o T o 0
2 2
d(pu) N 9 (pu*+ P+ pY1You?) o, (8.5)
ot ox
IpE) OlpE+P)u+pYiYou,H,]
+ -0,
ot ox
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where
p=oa1p1+azp2, P=oP+aPs,

(o pr)

3

u=Yiu; +Yous, Y=

1
E:E+§(u2+Yﬂfzuz),5:6+B, (8.6)
e=Ye1+Yees, B=Y1B1+Y2Bs,

P,
H,=H, —Hy, H=FE,+—,
Pk

respectively define the mixture mass, pressure, velodigsg: mass fraction, mixture total energy,
mixture total internal energy, mixture internal energyxtaie compaction energy, total phase en-
thalpy difference and phase total enthalpy. Note that because of the mixture and phass ma
conservations, and for any flow variahiewe have

Apf)  9pfu) Df

+ =P =7
, ot ((;)x Dt (8.7)
(Oégfkf) n ((Oékgifm)) — (onpr) %7
and in the particular caseé=Y; f1 + Y2 f2, we get
apf)i+ (apf)2 | O ((apfu)r + (apfu)z) Difi Dofs
En + o = (ap)1 4~ +(@p)2 = = ©8)
0(pf) , Olpfu+p¥iYourfy) |
ot ox '

Relations 8.7)—(8.8) are written down here because they will be used many timdgsmeport.
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The term )
5 Y1Yau,

represents turbulent energylue to the relative motion, while the term
pY1You?

represents the corresponding associaiieldulent pressureNote that thoseéurbulentterms appear
naturally as just a consequence of accounting for the relative vglegit The mass equation of
phasek can therefore be rewritten equivalently either By£ 1,2):

d(akpr) n O (appru + Okp Y1You,)

ot 5 =0, (8.9)
or in terms of the mass fractidr, = (a p)x/p (Y1 + Yo = 1) by
DY, . 9(pYiYou,)
ppp = 0k (8.10)

We can deduce the mixture total internal energy equatiom fthe mixture total energy equation
givenin 8.9

Olu |lu—=u
D& ou 9 (pYV1You, H,) Ouy ( T{ 2 T})

Por TPt g = PNiYaw | G o G
where

P,
H, =H1—Ha, ‘Hi = hi + By, hkzek—Fp—k.
k

8.2.3 Entropy equations

With the notations used before, it can be shown that the pytequation for phase: can be
rewrittenby (k =1,2):

daps)k . O((aps)ru+ okpY1Yoursy)
+ =
ot ox

1 Ly Zk Zk 6ak 6ak 2
T <Z1 fZ2 A+ Z1+ Zo ot (Z1+ Z5)? | 9z (Zk/ e sen (E) 7TT) )
(8.12)
and the mixture entropy equation by & Y751 + Y255 ) :
Tm [0(ps)  Olp (su+Y1Yau,s,)
2 [ ot + Ox } -
(8.13)

leg 8041

7A/2 1—-7 /2)_277‘7‘7‘—
(T ur+ (1 —=7)p w7 (Z1+Z2)2u7TT 97
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where

—1
1 1
Tp=2(=+=—) |
(T1+T2)

Ty
- oy 8.14
Tk Tl + T2 ) T T1 T2, ( )
- T 7o ZvTh + Z5T5 7o ZoTh + Z1T5
T+T’ v+ Zy Zv+Zy

respectively represent a global mixture temperatdrg §, an average coefficient, ) defined from

the phase temperatureg;, , the average coefficient difference. , a mixture average coefficient
(7 ) defined from the mixture temperaturds and 7" themselves defined as averaging the phase
temperaturesl), with the averaging impedance coefficieifg /(Z1 + Z2) . Note that

ZlTl + ZQTQ T ZQ 1 Zl

- 1
+T=T+15, T=—"" — = — + — .
! 2 AR T Z1+ Zy T Z1+ Zy Ty

~

(8.15)

Those entropy equations, as written above, and again @otawthout any sort of approximation,
will be usefull for expressing the volume fraction evolutiequation of the reduced model resulting
from the asymptotic analysis presented in the followingsgaiion.

8.2.4 Internal energy equations

In this subsection, we give the formulations of the phaseri@l energy equations since they
will be needed later and also because their expressiondiffdr according to the approach chosen
to determine the RHS oD(ay)/Dt .

From the phase total energy equationsénl), after some calculations, it can be shown that the
phase internal energy equations may be expressed undetltwirfig form (k =1,2):

Dape)e | Dl(ape)w) | - ou 0 (pYivew\
ot + oz + g oz (pY1Yourer) + (aP)g o7 + 0 Py 97 o =
Zk’ "9 Zk DOél Zk Zk' 80ék
— P — s Y, rr—Q— -
itz 5’“<’“ 5kZ1+Zg7T) Dt+Zl+Z2(k+Z1+Zg)7Tu oz
(8.16)

8.3 Asymptotic analysis

The asymptotic analysis presented hereafter mainly fallthe lines of Kapila et al15]. Each
flow variablef is assumed to be smooth enough to possess the following stayghptotic expansion

f=F+o(@), =7 +es®,

wheref(©) represent the mechanical equilibrium statg ahdf (1) a small perturbation close around
that equilibrium state. Conversely, the mechanical rdlaraparameters are assumed to be stiff,

INRIA



Dynamic Powder Compaction Model with Velocity Drift Effect 43

namely :
le% , 0 < pp = cste < 400,
Y
N =22 , 0 < Ay =cste < 4+00.
€

With these assumptions and notations, we get that, for th@ptetic expansion to be stable, and
sinceo(e~1) term appears when inserting i8.9), the following mechanical equilibrium constraints
have to be held:

W;O) = wéo) =70

(0) (0)

. (8.17)
ul? = uf? = u©®  or equivantlyu!”) =0,

where 7(9 = (ay7m)° + (aom2)° .
The Darcy type law is obtained from the zero expansion of d¢legtive velocity equationg(4) :

0 0(aPy) v(© Aoy P)

Mo ul) =Y + 7O =L (8.18)

ox 2 ox 0

With the help of 8.17) and the mixture pressure definitio8, {8 may be rewritten as

oP© I(a181)® IazB2)®
0) (0 9(a1fy (0) 9(252
or 2 oz M oz ) '

0
(“)ag )
x

ug}) - 1 ((al — yl)(
Ao

The first order expansion of the relative velocitymay therefore be expressed by

1 op©) (a1 51)© d(aa32)
T () (1) — — _yyo g (0 191 (0) 212
Up = U, + €U, v ((al Y7) 5 oy o + a3 9 ) , (8.19)

with A" = &. Note that relationg.19 has another equivalent expression, which will be used late
€
and written down hereafter (we omit tfi@) index and set, = a,.) :
1 (971’ (9(0(161) +Y1 6(04252)) . (820)

WZYO”‘“%}”Eax 9u

Finally, neglecting alb(¢?) terms, we can formulate the following reduced flow model acting
for permeation effects, which is obtained from solving fbe ffirst order expansion of the flow
variables (here, no overlined variables are written toginlihe notations; = 1, 2):

dlophs _ Ol(opku) |, O(pYiYow)
ot T or T a0
dpu)  I(pu*+P) 8.21
T 5 =0, (8.21)
OpE) OlpE+P)u+pY1You,H,]
T ~0,
ot ox
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with

_ opP d(a151) d(a232)
Ur = 37 <(a1 -Y1) 9 2 +o % )

(8.22)
E:€+—u2, P=o1 P+ ayPs,

E=Y&E+Y2E, E=ey+ By

Remark 8.1 Note that both theurbulent pressurép Y1 Y>u2) andturbulent energy((Y1Yzu?)/2)
are absent in the above system; this is due to the mechamjodil®ium constraint uw? =0 and
the relation (u2)® = 2u! w¥ = 0, leading to u2 = (u2)© + € (u2)® = 0.

Remark 8.2 The above reduced model is the result of considering firstrovelocity, zero order
pressure state variables in the full non—equilibriparentmodel g8.1), (8.5).

System 8.21)—(8.22) is not closed as temperature disequilibrium is presemis@k of that sys-
tem requires the determination of an appropriate volumgtibma equation, that should be in accor-
dance with the entropy inequality requirement. We will shiowhe following section that this can be
done consistently w.r.t. the full disequilibriuparentmodel §.1), (8.5). Before that, we write down
the following mixture entropy equation directly deduceahfr (8.13 which becomes, with the same
asymptotic analysis and mechanical equilibrium constsain

2 | "ot O 2 |”Dt oz

T [5)(/}3) N 8((psu)+pY1Y2ursr)] _ T [ Ds = 9(pY1You,s,)
2

- (8.23)

Dis
> [(Oélpl) =t

Dt

D S ’
+ (az2p2) ];tg] =T u?;

the phase entropy equation, initially derived frodnl(?, becomes

Dksk 1 Zk’ Io
= — A . 8.24
(cwpr) Dt T, Zh + Zs Yr ( )

8.4 Volume fraction and entropy equations

Determination of the volume fraction equation as done by&aat al. B3], consists in deriving
the (phase and mixture) entropy equations from a system ofade
— the mixture total internal energy equation expressedingef both phase entropy and volume
fraction evolution equations, which is directly deduceshfrthe system of conservation laws
of the reduced modeB(27);
— the differentiation of the mechanical equilibrium coasit,7; = w5, along a trajectory, which
is also expressed in terms of phase entropy and volumedraetjuations.
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We then end up with a system of two phase entropy evolutiomtémns that can be solved and
expressed in terms of the volume fraction equation. Onsddhldone, we are able to write down the
mixture entropy equation, the terms of which are analyzdxbtim accordance to the mixture entropy
production requirement. This physical constraint natytahds us to an admissible definition of the
volume fraction evolution equation. This admissible défimi is therefore deduced from a sufficient
condition. In the present report, determination of thatleé¥on equation is done by adding the
mixture entropy equation which is directly derived from thievious asymptotic analysis, that is
equation 8.23.

8.4.1 Energy conservation constraint

We get the following mixture total internal energy equafimm either asymptotic development
as previously defined (droping al(e?) terms in theparentequation 8.11)), or directly from the
total energy equation and mass and momentum equations iredoeed model with permeation
(8.2D:

D& ou I (pYr1You, H,)
P Dt +r Or + or
Using configuration energy definitior2.(L8, and reduced equation fok; which has the same
form as given by .10, to find the evolution equation foB = Y; By + Y5 B, , and definition of

e =Yie; + Yaes withrelations (k =1,2):

=0. (8.25)

P,
dep = —5 + Trdsy ,
k

and equations

Doy ouy Da;y = 9 (pY1You,)
<—+ k_>— 5k[Pth+ e ;

with definition P = a1 P, + as P, = 7 + (3, to find the evolution equation fo¢ , we have

DB Da d(p 1 Ysu,
thzﬁrDtl_BT : 811:2 )’
) o : (8.26)
De u Doy p Y1You, Ds; Dso
— —_P_—_P — hy T) —= T)s—2 :
P Di o Dt Oz +eapDh gy + (D)2
P . . .
where h, = h1 — hy, hy = ej + ~* sowe get, for€ , the following additional equation
Pk
D& ou Doy 0 (pY1Yau,) Ds; Dsq
= _p%_ 2 gy T), — T)y—2 8.27
"Dt P YR Oz +(epDh 5 + (arT)2 8.27)

using now the mechanical equilibrium relatiepn = 0 and equations3.25 and @.27) leads us to
the following relation, linking together the phase entrepglution equations:
DSl D82 6HT

(apT)1—+ + (apT )2~ = —pY1You,

Dt Dt Ox (8.28)
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Noticing now that

OH, Oh, +( B B2 ) OJay

or  Ox (ap)1  (ap)e) Oz’
and that b b 5
Sk kSk Sk
ok ZROE S Yo, =
bt~ Dr U

allow us to write

Dis Dss O
(apT)1 =5 + (apT)a =5 = = (Yabh + Yif52) 1o~

aS1 8hl 852 8h2
oo, KT% - %) - (TQW - %)] -

Using now again the mechanical equilibrium = 7, = 7 and relation

(8.29)

0sy, Ohy, 1 0P,

Disy

Dt

(apT) =L + (apT)

=\l (8.30)

8.4.2 Mechanical equilibrium constraint
The mechanical equilibrium constraint reads as
Py(p1,51) — Br(a1,p1) = Pa(p2,52) — Ba(az,p2) .

Differentiating this relation along the trajectory linéz/d¢t = « , and since, forallk = 1,2 we
have

DT{'k o DPk Dﬂk o 2 811, 6k 2 D)fl Pk 2 DOzl DSk
Dt Dt Dt (ﬁk pkck) 6$+(Oép)k (pkck ﬁk) P Di 6kak Ci Dr + o'k T, D
with

02—@ % — INYE 02702+a2d2Bk

k_apksk Os pk_pkkk’ k=% T %% qg,2
we get

Ds Ds Da
(PTThi; — (pTT) =A - —B, (8.31)
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with
PR
° aQ (8.32)
(S ) o () 2
k=1

Relation 8.31) may be equivalently expressed in termsf (s )/Dt , as done for relation3(29
to (8.29, which is:

Disy Dys; , Doy ,
(pTT) o — (pTT), 222 = p 20 g (8.33)
with r b p
B =B - pViYou, | — ST o1 T2 52 (8.34)
696 ox

We have therefore got a second relati8r8© with definitions of A and B given by 8.32, and
definition of B" given by @.34), linking again the two phase entropy evolution equatioggther.

8.4.3 Resolution of systemg.30—(8.33, with definitions (8.32 and (8.34)

We are now given the following system

Dis D ,
(apT) 1t + (apT)a— = Nu2,
5 5 ; (8.35)
IT) =L (pTT)y—222 — A —2L _ R
(pTT) Dt (pTT)s Dt Dt

with definitions of A, B and B given by 8.3 and 8.34). Since axI'y + a1's # 0, system
(8.39 possesses a unique solution which is

D151 a1 062 DOél ’
= A A— —B
e TR ol < “wEE, < Dt )) ’

(a ) D282 - 042 T )\/ u2 041 ADOél —B/ (836)
PR T, T, N Y, ’
where .
(651 (65
I'= — . .
(Fl " F2) (8.37)

8.4.4 Volume fraction evolution equation

In the previous subsection, we have expressedtiseevolution equations in terms dba; /Dt
that remains to be determined. The usual way to do so, is te @own the equation for the mixture
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entropy equation. Since no mass nor heat transfers are adsarthis framework, we know, using
property 8.8) for s = Y151 + Yass , that

dps) | d(psu+pYiYou,s,) —a Disy ta Dgasa
ot O Y 2027y
therefore, using the expressions given 830, we obtain the following equation fog
dps) O(psu+ pYr1Yaou,s,) o s "y o oo Doy ,
= F —_— _ —_— r _— ]B
or oz T, @) T ), T, Dt
(8.38)

We give in what follows two ways of definin®«; /Dt.

Da1
1. A SUFFICIENT CONDITION TO DEFINEE

The usual way to determin®c«; /Dt is to ensure positivity of the right hand side (RHS) of
the above equatio(38. Since the first term of this RHS is obviously non negatiwsitivity

is preserved under the sufficient condition defined by assgithie second term of this RHS
to be zero. In that case, we ensure a physically acceptablensdel, (non negative entropy
production), while defining at the same tinigxw; /D¢ , therefore ending and closing the sub-
model with permeation derived from asymptotic analysishef full non equilibrium model
(8.2), (8.5. As a matter of fact, annihilating the second term of the RI$3.39, gives us
the following definition for the volume fraction evolutionjeation :

Doy B
Dt A’
2
0 2 d(pY1Ysu, I'T), 0
> {516 (Bk = prci) a_u - 2k = B o7ty —PY1Y2UT( L ﬂ}
e T QK Pk ox ox
PlC% + P2622
(5] [6%)
(8.39)
Defining the generalized Wood speed of sotndby
1 ai ay arag (PIC% p2C§)
= = + , 8.40
pCL  piCE  piCE piCEpaCi a1 s ( )

equation 8.39, has the following alternative writing

2 9 )
Y 2 Y12 E : _oy| Ou Z prci — Bk \ 0 (pY1Yau,)
br P p1Ci p2C3 { L_lék (% = prei) oz < ) ox

[0
=1 kPk
2

IyTy 0

k=1

DOél

(8.41)
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Da1
2. A CONSISTENT WAY TO DEFINEW

We present here another way to define the volume fractiougoalequation by using another
equation which is in fact already available. As a matter of,faquation$.23 is the expression
of the mixture entropy equation directly derived from asyotic analysis. So, to preserve
consistency, it should coincide to equati@38, that is, the RHS of§.23 has to be equal to
the one of 8.39:

T i a2 / a; g Doy ,
2— \Nu2=T A — —T. [A=— —B . (8.42
Tm Yr |:(F1T1 * FQTQ) Ur F1T1 FQTQ ( Dt )] ( )

Noticing that

9 T . Zo 1 n 74 1
T Z1+2ZyTh Z1+7Z> Ty
and sinceT,. # 0, we finally get a relation that can be written by

D / Z r Z T /
A%—Bz( 2 A_il_?)xug, (8.43)

and we therefore get

L= (8.44)

with

" ’ Zy I Zy Lo\ v o
B =B + LEN 22) N2, 8.45
(Z1+Z2 o1 Zv+ Zs 062) Yr ( )

whereB’ andA are defined byg.34) and @.32. If we fully replace these expressions by their
value, we get

Da o 2 ou
1 102 ou
D =pC W 51CZ paC2 (Z% Pm) 2

k=1
2
lo3Ye% KCr — B DY,

C2 k 8.46
Totw /)1C2 p2C3 <Z Ok Pk ) Dt (8.46)

1o 'y 0sy, Zy -

C2 Y1 Ysu, T 0 A .
+pW P2C§; ( T +kZ1+Z2 o

8.5 Some remarks

Remark 8.3 If we compare definition8(44) to definition 8.39, we see that the source term has
been augmented by a term which is proportionalemf, this term may be interpreted by being
a dissipative entropy term difference due to friction, asdherefore not negligible when friction

occurs.

RR n° 7347



50 Saurel & al.

Remark 8.4 Note that with this approach of defining the volume fractieoletion equation, which
is unique w.r.t. to consistency with tiparentmodel 8.1), (8.5, we end up with a reduced model
which automatically preserves non negativity of (phaserandure) entropy productions. As a mat-
ter of fact, it is easy to check that the phase-entropy equaif the sub-model as defined I3y39),
coincides with the reduced by asymptotic analysis equatidained from th@arentmodel equation
(8.12, which reads

Dksk 1 Zk/

—kok Nu2>0,Vk=1,2.
QP Dt Tk Z1+22 U, = U, P

Remark 8.5 It is interesting to compare the RHS of either equati®d ) or equation 8.46), to the
RHS of the volume fraction equation presented by Saurel @t §3]. In that equation, granular
effects are not considered but we have (for two phases)

— mass transfer, denoted by, (1o = —1);

— heat transfers, between the interface (at temperaiyjeand the phases. Those terms are

denoted byHy, (T — Ty), for k = 1, 2, where theH}'s stand for the global heat transfer
coefficients.

We recall hereafter that volume fraction equation:

. 2 E k) = 2 TaTe E H.(T, — T
: Q1a2p Ciy ( kci> - + pcyy 10% 2 ( . k(TT k))

k=1 k=1
ch 2 «
E\ .
4 Pw ) I
P1pP2 <Z 02>

k=1 K

(8.47)

Obviously, the first term of the RHS of each of the equati®rsl, (8.46 or (8.47), is similar. Two
remaining terms in§.41) and in 8.46 need additional interpretation, those are
— the equivalent mass transfer term, which correspondsde#tond term in the RHS of either
(8.47) or (8.46),
— the equivalent heat transfer term, which corresponds éothtird term in the RHS of either
(8.41) or (8.46).
Concerning the second term of the RHS®#() or (8.49, it is similar to the third term in the RHS
of (8.47), which represents the rate of volume fraction change irptiesence of mass transfer and

. _ Dn d(pY1Yau,)
mi = = — .
1=r Dt ox
Now if we compare the multiplying factor, we get that in eatthese equations, that factor repre-

sents the inverse of an interfacial density. As a matter cf that factor which is identical in both
the equationsg.41) and 8.46), can be rewritten under the following form:

pCiy (<P2C§—52) ai (Plcf—@) 042)
2 7+ 2 3]
P1P2 p2C35 Ci p1C7 Cs
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and has to be compared to

I p (al ag)

—= 2Tt= )
pPI p1p2 \ €1 =5

As detailed in reference3f], in the context of phase transition modelling, the mechalrelaxation

process that occurs during mass transfer is isentropicudlty, mass transfer produces pressure

fluctuations in each phase, provoking acoustic wave propagaesponsible for pressure equili-

bration. Since those acoustic waves are isentropic, theesponding volume fraction change is an

isentropic process as well.

The third term of the RHS of eithe3.¢])

1o I 0s; Iy D39
Ch ——— | | = (—pV1You,) T =— — —= (pY1You,) To— | | , 8.48
POW G o <(a1( 1You,) T ag(p12U)28(E)> (8.48)
or(8.49:
r Z ,
POl —m oz | = (_pylnurTI%J’_ 7 UQ>

W pi1C2 paC3 | ay O0x  Zy+ Zs r

(8.49)

3

Iy 0s9 Z1 ,
e YiYou, Th— A u?
Qo (p 152t £2 ox + Z1+ Zs Ur

has to be compared to the second term of the RH8.47):

9 Q2 I Ty
P Cyw plc% pQC% (al Hl(T] Tl) o HQ(T[ Tg)) .
In the present context, the fluids are assumed to be invismdchan heat conductive. Consequently,
conventional heat exchanges are absent, but replaced bsrajered heat fluxes as given above in
(8.48 and 8.49. Terms in 8.49, that correspond to the heat transported by the relativéomcand
producing phase dilatation, also appear i&.49 and are augmented by a phase friction term asso-
ciated with each phase generalized heat flux. As for the messfer process, mechanical relaxation
is also achieved by acoustic wave propagation. Therefboed,frocess is isentropic too.

8.6 Summary: a pressure equilibrium models with drift effeds

We summarize hereafter the thermodynamically consistesspre equilibrium model with drift
effects

Doy _ e oo
Dt -’ Wplc%pzcg ’
ok Dlapkw) - d(pYiYeuwr) B

ot S e S~ vE=1,2

(8.50)

d(pu) n d(pu*+P) 0

ot Or 7
D) O(pE+P)w)  D(pYi¥auHy)

ot Ox Ox -
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where 5 p
o [l 7 et IR
E:E+%u2, E=e¢+B; (8.51)
e—ZYkek, B:ZYkBk, P—ZakPk,
k k

and F is either defined by

i DY; r Osy;
<Zék pkck> -+ (Z P 5’“) pD—;— YT (852)
k=1

Ak Pk

(see 8.41) ), or by

ou DY;
F- (Z O (e pkcm) ot (Z ”’“kapf’“) ’ i

k=1

(8.53)

2
Ty sk Zy
— Y1 You, T J A ;
+;ak<012u ka+kZI+Z2 U>
see 8.49. Pressure equilibrium is expressed by

P:W‘ankﬁk-
k

When stiffened gas EOS is assumed to be hold for each phasexpinession of the mixture (ther-
modynamic) pressuré® or (generalized) pressure can be easily obtained and is given Ry3J).
System 8.50—(8.51), with either 8.52 or (8.53, thus corresponds to the extension of the mecha-
nical equilibrium model 2.26), in the limit of low velocity drift. It can also be considetas an
extension of the Kapila et al. model (2001) mod&Bg][ or as a reduction of the Baer and Nunziato
(1986) model, 3], a modified version of which is3(1). Compared to this last modél (), the present
model 8.50—(8.5]) is free of interfacial variable®; or =; ), and free of pressure relaxation (or
). However, that new model is restrictedltav velocity drift around the mechanical equilibrium
state.

The numerical method to solve this system is described iemghg C and is used in the following
validation section.

9 \elocity drift effect validation

To validate the flow model3(50—(8.51), a basic experimental situation is considered, in which
gas permeation through a dense granular bed plays a magoirrahe presence of pressure waves.
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Pressure gauge

p=343bar

I
I
|
p=3275kg/im" | g=1likgim
|
|
1
|

p=1bar

" >

Im 3.0556m 1.9m

FiGc. 9.1: Experimental setup of shock induced patrticle fluidizatiacility (Rogue et al. (1998),
[29).

Let us consider a vertical shock tube, filled with aity{ = 1.4 ). The initial configuaration is
sketched in figur®.1 In the high pressure chamber, the air pressure and densityigally set to
P, =343bar, p, =3.7T5kg/m>.
The other chamber is filled with air at atmospheric pressodevéth a density set to
pg = 1.2kg/m® .

A membrane seperates the two chambers. In the low pressanebeln, a bed of small nylon solid
particles is settled. Nylon particle density and volumetiien are set to

ps =1050kg/m®,  as=0.65.
Stiffened gas EOS parameters for nylon are
vs =4, Pso =600MPa.
The granular EOS parameters are set to
a = 156 kPa , n=1.02, a0 = 0.65.

At the initial time, rupture of the membrane occurs and a ssg@c shock wave propagates in the
low pressure chamber, at Mach numhtes . Then, the shock interacts with the granular bed interface
and a driffaction process appears. A weak shock is trarsrtiirough the bed, while another shock
is reflected. During the transmitted wave propagation, dftegts and pressure forces set the particle
bed to motion. Gas permeation through the bed and drag ffectiuce shock weakening.

In order to examine gas permeation effects, two pressurmgagaare settled : the first one at a distance
of 11 cm before the particle bed, and the second one at a distan¢gofn after the bed. The bed
thickness is2 cm (see figured.1). Corresponding experiments are reported in Rogue (129]) [
and Rogue et al. (199829).
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The particles are modelled as compressible, with the EO&peters given above. No irreversible
compaction effect is considered here. The drag force ciexitics modelled by a simple formulation

Ao 1 Z1Z,

A= — A== ——

¢’ T2+ 2y
where )\ is the acoustic drag coefficient (see Saurel et al. (2082)),[and ¢ is a small positive
parameter proportional to the inverse of the specific iatal area ¢ ~ 1/A; ). As for spherical
particle beds the specific interfacial argg reads as

3as
AI = - )

Tp

where r,, is the radius of a particle, we use for the parametean expression of the form

€0
€= —,
Qs

where, for the computations done in the present section
€ =12310"%m.

In figure 9.2, the pressure evolution on the two gauges, in the case ofiftasicompared to experi-
mental data records. Those experimental data records piet@with thin lines and the numerical
solution is drawn with thick lines. Many differences areatlg visible. When no drift is assumed,
the transmitted shock is too weak while the reflected onedistimng.

Pressure (Bar)

35 Reflected shock

3t
Incident
shock 257

o1

157

11

ransmitted shock

05 ‘ ‘ ‘
6 8 10 12 14

time (ms)
FiG. 9.2: Comparison of recorded pressure signals (thin lines) witmerical computation results
with the flow model&.50—(8.51), in the absence of velocity drift effects (thick lines)e Téflected
shock is too strong and the transmitted one is too weak.
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Pressure

2.8
267
247
227

18]
167
147
1.2

0.8 ‘ ‘ ‘ ‘ ‘
6 8 10 12 14

time (ms)
FiG. 9.3: Comparison of recorded pressure signals (thin lines) witimerical computations with
the flow model&.50—(8.51), when drift effects are accounted for. Both the reflectetiteansmitted
shocks are of correct amplitude.

In figure 9.3 the same comparison is made but now including drift effeCtemputed results are
reported with thick lines and compared with experimentéhdgven with thin lines.

As shown in figured.3, both the reflected and transmitted waves have now the ¢camggdlitude. It

is only really at timet = 9ms , that some differences appear. The level of the computesspre

on the second gauge is found to be higher than that got by iexpetation. Those differences justly
appear after the particle has passed by the second pressige lgcation. In figur8.4, we give the
time evolution of the volume fraction when drift effects @@nsidered. When the particle bed has
passed by the second gauge % 10 ms ), we should have got the same pressure level for both the
gauges whereas they appear to be not equal on the experimetataecords. Possible explanation
might be due to some deviations of those two pressure gaugiggdhe experiment.

10 Conclusion

A multiphase flow model for the irreversible compaction ofyders has been built and valida-
ted. This resulting model is free of any adjustable paransetd is able to reproduce with fidelity
loading—unloading cycles, as well as interface dynamipaisging fluids and granular mixtures. Its
numerical resolution has been achieved on the basis of siexpénsion of the method given in Sau-
rel etal. (2009)34]. Moreover, the model perfectly fits the frame of diffusesiriice theory, used for
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Solid Volume fraction

0.7

067

057

047

037

027

017

6 8 10 12 14
time (ms)

FIG. 9.4: Time evolution of the volume fraction at the second gaugatioe. The solution in pre-
sence of drift is represented with thick lines and the sotutiithout drift with thin lines. Drift effects
make the particle bed slow down with more diffuse interfaces

different types of problems, ranging from material inteds, cavitating flows33], capillary fluids
[25], to solid—fluid interfacesq]. A lot of different types of physics may be introduced anskirted
within this frame.

In this report, we have given another extension regardisgogameation effects, resulting in a
velocity non—equilibrium model. In this model, the only asljable parameters are those related to
the conventional drag force correlations. That correspanchodel can also be considered as being
a diffuse interface model with inter—penetration effects.
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A Asymptotic limit of the pressure non-equilibrium model with
stiff mechanical relaxation

Let us assume the pressure relaxation coefficient to be dbtlogving form

u:@,withe—>0+.
€

Each flow variablef is assumed to obey an asymptotic expansion
F=1O+efh,

where f©© and f() respectively represent the equilibrium state value and allgyerturbated
value around the equilibrium state of the flow variakfle We use the following notation

With these notations, the zero-order expansion of the velinaction equation of the non equilibrium
sytem 8.1)

DOél
— = uTy,
Dt M
becomes ©
Dai” _ ko (0 (1)
Dt ewr tHom

This equation implies two new relations. The first one exgge®volution of the volume fraction at
zero-order: ©
Da
o =Homs (A1)

the second one expresses the evolutioadt order:

@ﬂ'ﬁo):(),
€

which necessarily implie3r§0) =0, i.e., the mechanical equilibrium condition is recovered:
wgo) = 7_‘_50) =70 (A2)

To define the RHS of the zero-order evolution equationagf, it therefore remains to determine
the pressure fluctuation difference' . To do so, we need to express the evolution equations of the
phase pressureg;, . This is done using the phase internal energy equationsceddduom (.1),
since &, = e + By , which gives, after some calculations, the following etioln equation for the
thermodynamic pressuré, :

DPk 2 8u pkci Fk Zk/
—_— — =0 |- op— | Yy + =—— | 7 . A3
Dr +Pk0kax k< ak+kak k+Z1+Z2 T | BT (A3)
Now using @.17) for defining gy, :
dB
Br = ak pr d—k )
Qg
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. . . dx .
and differentiating along the trajector%? =u gives us

DB A2By

S - A4
Di »3k +5kakpkd o BT (A4)

From (A3) and A4), we easily derive the evolution equation faf, = P, — 0, :

D7T1C Pk 2d Bk I‘k Zk
1) Y., + .
Dt+(pkck ﬁk) k(ak( +kd o | Y, 7t 7, TR
Denote )
d“ By,
Cg:ci—i— id k2 5

then the evolution equation for;, writes as:

DmC
Dt

- _Pk 2 & Zy
+ (prci — ﬁk) —5k ( - Ck+6kak (Yk +Zl+ZQ> m) I (A5)

Now looking at its zero-order expansion, usid@j, we get:
D 0) , (0 0y, Oul® P(O) 0
i O G ) T = e~y (A1) o

Differentiation of A2) finally leads us to the following relation :

(0) (0)
25 ( k ) 3u(0)
Mo T = b .
I(cO) (Cl(cO))Q ox

0)
k=1 Oél(c

The zero-order volume fraction equation is therefore esged as

5 ()2 — g©
Dal® _ Z (A7 A7)
5 )
Dt Z pl(cO) (C( ))2 ox
0
k=1 0‘1(@ )

which is in perfect agreement with the first equation of tHedquilibrium system 2.26. Note that
(2.26 is also the zero-order expansion of the full non-equilibrimodel 8.1), (8.9 in the limit of
the one velocity, one pressure equilibrium condition :

0 =720 = 7O 0 = 0 =@ D =y = =
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B Frozen and equilibrium mixture sound speed relations

Let us consider the full equilibrium (velocity and presgwstate of a granular mixture (index
k = 1), with a gas (indexk = 2 ). The mechanical equilibrium condition and the mixturesgrge
are respectively defined by the following relations :

dB
7T1:P1—PY1dT.é11=7T2:P2,
2
Oe
P=p2—= Oékpk.
dp ;

We aim to get the equilibrium mixture sound speed expres8arce full equilibrium is assumed,
we have

DSk DYk
Dt ’ Dt ’
and therefore we have DP D
ko Dpk
D = i or - (B1)

Noticing that
Dpr _ pYie Dap Yy Dp

Dt o2 Dt o« Dt’

differentiation of the equilibrium condition leads us te tfollowing expression

2 pY1 Doy Y1 Dp d?B; Doy B Dp\ _ pY2 Day Y5 Dp
! P "da;2 Dt p Dt ’

o2 Dt o Dt

27 a2 Dt "a, Dt
so that (usinga; + az = 1)

2 2
Y, (&) YQCQ B1

Dp 1 ay as p Doy
Do_lf_ a1 o . ®2)
Dt 14 chl + }/202 1Y, d Bl Dt

a? a3 ! da?

Now if we differentiate the mixture pressure relation

DP P DOél + DP1 + DP2
— =P @ e ,
Dt Dt LDt 2 Dt

and useB2) and B1), we get for P

& B ch% n YgC% ch% _ chg _ &
Dp

DP p ay (o) Q1 Q2 P
— = | Yic? 4 Yack — —_—.
Dt 1ot e Yi? Y2 2B, Dt
7 T o tYi—
of la% doag
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But because of the mechanical equilibrium relation, we have
51 = Pr .
So finally, the above relation may be equivalently expressed

DP , Dp
OoF _ 2 P
Dt W'Dt

where the equilibrium mixture sound speed is defined by

22 aq Qi 14

W viE Yl v &8
o? o2 Vda,?
1 2 1

with
c? = chf + chg ,

representing the frozen mixture speed of sound. Obviously:
c? > C%,V .

When only fluids are present, so in the absence of compadfiest,eve recall that the conventional
equilibrium mixture speed of sound, denoted By quids , IS

2 2
chl YQCQ

2 _ af o}
CW,fluids = ch% s C% )
af a3
or, equivalently written by
1 a% a%

2 = 2 2 -
Civuds Y1¢7 Yo

The difference between the (square of the) equilibrium umixtsound speed of Wooef;, with
granular effects, and the conventional one for fluid mixduise

2
LI (prcf — p2c3)® (et — pacs — f1)
fluids 2 2 2 2 a2
P p11+P22 P11+P22+a1p1 !
(5] [6%) (5] [6%) dOél
Suppose how that
p1ci — p2cs >0,  pici —pacs — B >0 (B3)
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and that B; is monotone increasing and strictly convex w.nt. :

dB; 0 d®B;

dT.él> , m>0 (B4)

Note the inequalities§3) are usually valid since the sound speed for the solid prederninant
compared to the one related to the gas phase andothiggurationsound speed. InequalitieB4)
are also verified with our definition oB; («;) . Consequently, we have

d?B; 2 2o dB;y
B dag? p1cy — p263 117 — doy

N c? c2 2 c2 d?B
p(p11+P22) <p11+p22+a1p 21)

1
(5] a9 (5] a9 dOél

a1p1
2 2
Cw — CW fluids

(0% @ C C — dBl
101 doy p1cy — P2C3 11— — doy

2 2
C C
P (pl 1 + P2 2)
a1 a9
Therefore, thgranular sound speed is always larger than to&ventionabne if (B3) holds and if
Bi (1) is a monotone increasing and convex function of the variahle

4 >0.

C Numerical method to solve the equilibrium model with velo-

city drift terms
The system that has to be solved is the one define®®g)( with (8.51), and the RHS of the
volume fraction equation defined % as given either byd.52, or by (8.53. F is rewritten under

the following form
F=Fg+Fp, (C1)

with
ou

that term Fg will be used in thehyperbollcstep. That step will be explained afterwards. The
definition of the termFp is

Fp=Fp, +Fp,; (C3)
that term will be used in thdrift step. It is formed by two termsFp, and Fp, , where Fp, is
defined by

G ,
Fp, = <Z 5k—kwk> N2, (C4)
1 Ok
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The definition of the factor termw;, depends on the definition of the evolution equation fer
(see subsectiod.4.4. When F is defined by 8.52, wy, is set as

g

(C5)

with T is defined by 8.37). When F is defined by .53, w;, has the following formulation

_ 2y
T i+ 2y

(C6)

Wi,

Note that whenwy, is defined by C5), Fp, = 0. At last, the termFp, is split into two terms
Fp, =Fpia+Fpy 2, (C7)

with

2 2
PrCy — P Dy,
f = _— —
ot <Z Pk ) ’Di
k:21 . 8 (CS)
S
Fpa=—Y. a—z pYiYou T

k=1

We recall that here,
Pt =T (pivau,)
So the original systenB(50), with (8.5J) is split into two subsystems:
— ahyperbolicsubsystem,
— adiffusivesubsystem.
The numerical method used to solve the original (unsplgjesy therefore proceeds in three steps:
— ahyperpolicstep, where thbyperbolicsubsystem is solved,;
— adrift step, where thdiffusivesubsystem is solved;

— areset—correctiorstep, where the predicted solution is corrected in such ahayhe mixture
total energy is preserved.

Each of these subsystems and steps is described in what$ollo

C.1 Hyperbolic step

We aim to solve the followingpyperbolicsubsystem

Da1 - 2 102
Dt PCuy p1C3 paC3 T
Oap)e | O((apku) _

ot T Ok L2

(C9)

Apw) o(pu*+P) _

ot Oz B
opE)  OlpE+P)u] _

ot Ox ’
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where
2 2

1
E=5+§u2, 5:;}/}@&@, Er=er + By, PZ;CM;CP;C, (ClO)
andFy is defined by C2). This subsystem is the one which has already been conditesectiorb.

C.2 \Velocity drift step

In this step, the aim is to solve the following (sub)system:

o _ o2 _Q10s
a pCipsCe P
6(25)1@ +5k5(/)1(;1yzur) —0.k=1.2.
v (C11)
opw) _
ot ’
OpE)  d(pNYauMr) _ .
ot O -
where
2
B 1, B ! opP I(afB) Iapf)2 .
E_E+§u, P_;ozkpk, ur—y<(041—Y1)%—042 O +o O ’
(C12)

and Fp is defined by relations{3)—(C8). The two phase internal energy equations, directly ddrive
from (8.36 can be considered too. Theyare £ 1,2):

0 ((ap)ker) 0 o (pY1You, B Oay, I
ot +§k o (p}/il/éurek) + Py Oz O =-F ot + wg A Uy (013)

where w;, is defined by C5) if F is defined by §.52), and by C6) if F is defined by §.53.

The resolution method used to soh@l(l) follows a three sub-step procedure which can be stated
as:
1. DIFFUSION SUB-STEP:
this sub-step is a solution prediction step where the variiffusion terms are considered, but
where only a part of the volume fraction equation is solved:
6a1 Q1009
— = pCY ———5 (F Fpy) s
ot~ POW I (Fpi1 + Fp.)
with Fp, 1 and Fp, respectively defined byd8) and C4).
2. PRESSURE RELAXATION SUBSTEP:
the remaining volume fraction equation terms in the RHS adressed with a relaxation
method.
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3. RESET WITH CORRECTION SUBSTEP:
in this sub-step, the updating is done by correcting theipted solution in order to preserve
the mixture total energy.

In the following, we describe sub-stepsnd?2.
C.2.1 Diffusion sub-step
The sub-system considered during this step reads as

(9041 2 102

5 =P W G2 paC2 (Fpia+Fp,) »

0 0 0 YiYsu, 0
= ((ap)rer) + o —(Plezurek)+Pk—<u)] :—5kpkﬂ+wkuzvk:1a27

ot or Ox Pk ot
Karke 5 2 (ovivou) =0, k=12,

B(gtu) =0

W)+ 2 (pvivou,m) =0,

with w, defined by C5)-(C6).

Mass equations

The following explicit scheme is used to solve #hphase mass equation :

O(ap)g 0
T + 5k % (leYgur) .

Following the definition ofu, (C12), the mass fluxg = pY1Y>u,, may be denoted by

9=q +q+gqs3,

where, forj =1,2,3 :

_ . Op,
Qj_wjgv
with vy
pL=m, 1—p)\1/2(041—Y1)7
YiYs
p2:(aﬁ)17 w2:_p;/2}/21
Yi1Y-
p3 = (af)2 , wszp)\l/QYL
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With these notations and definitions, the mass equationfas@k can be rewritten by

ox

a(ap)k & 0qm
— 44 —=0.
ot + k;

Space and time integration of the mass equation is exprégsed

n n At > * *
(O‘p)kiirl = (O‘p)k.,i — Ok Ar Z(qj;H»l/Q - qj7i71/2) ) (C14)

j=1

where the mass fluxeg; (j = 1,2,3) remain to be determined at each cell boundaty1/2 . To

do so, we first use the continuity property of the mass fluxeseih cell boundary,i.el(=i+1/2)
@ =q" =q.

Then, the diffusive character of tlhephase mass equation guarantees continuity of the gerextali
pressureg; ateach cell boundary=1i+1/2 :

k,— ok, %
Pjw =Pj1 =P

Expressed at the cell boundaky= i — 1/2, and using the notations; ;, = w;;—1, wjr = wj,i ,
we get, forj =1,2,3 :
wj.L (Pj = pji—1) = Wik (Pii — Pj) ;

and therefore we can define tlﬁl foril=i—1/2 andj =1,2,3 :

« _ WiLPji-1tWiRDji
il .
” wj.L +Wi.R

The corresponding fluxeg;, are consequently defined by the following relation

« 1 o Py — Pji-1 tw, Pji — Pja
G =5 |Y9L TR /2 MRTAL2 |
which reduces to
2 wij wij

Gi = By g Ty PP

Using (C14) with these definitions, the mass equations are updateabir ghasek = 1,2 .

Energy equations

We recall that the energy equation to be considered for pthaseads as

YiYou, 15]
u)}:_pkﬂwwg,
Pk

0 0 0
= ((ap)rer) + o 3 (lequrek)JrPk—< 5t

ot Ox oz
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wherewy, is defined by C5)—(C6). We recall that the phase entropy equation is written by

0sy, pY1You, Osi 1wy Vo2
Zok PoIZofr 22k F N2,
ot i (ap)r Oz Tr (ap)k

which appears as a transport equation with a source term

6sk Bsk_
Tt Ty Sk

where thevelocity vy, is defined by (using definition of the mass flyxgiven previously):

and the source terns;, defined by

cen (i)
T (ap)k T \pNiYa
Since ¢ can be determined at each cell boundary, the signiofs determined too.
The following explicit scheme is used to update the solutibtine transport equation of;,

n+1 __ At

n

* * * * n
Sk = Skg T Ar (vk,i+l/2 Ski+1/2 — Vki—1/2 Sk,i—l/Q) + AL,

where, forl =i+1/2,

q; (@P) k4172 + (@P) k12
x5 , _ ) ;
Vit = R (p)k,t 5 :
and
Sk,l*l/Q ’ if ’U;,l > 0 ’
Sl = (C15)
Skit1/2 otherwise.

Therefore the phase entropies are known at each cell bopridar + 1/2 .

At this stage, we know all cell boundary values of variabtes, (af);, sp,for k =1,2.1Itis
now possible to determine the remaining values of variapfesind P; . When Stiffened Gas EOS
is assumed to hold for each phase, we get the following oglati

S — S
Py + Py oo = Ai exp (%) JA
Vk

where A, , sx,0 are non negative constants depending on phias&/e can therefore express,

as
Py + Py \ " _ _
Pk = (Hik’) , with Sk — Ak exp (M) .
Sk OVk
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From (C15), we deduce that, at each cell boundary i + 1/2, and for k = 1,2

Pl:l + Pr oo )1/% .
_ - , if v, >0,
PE,1—1/2 <Pk,l1/2 ¥ Proo k,l

( Pl:.,l + Pk,oo
PE1+1/2 Pk,l+1/2 ¥ Prooo

(C16)

1/vk
) , otherwise

and, since

we get, forallk = 1,2
(C17)

and also 4B
(aB)} = (ok)? P g (k) - (C18)

Since7* and («); are function ofa}, only, so are theP,j 's: Pf = P(a}) . Inserted in C16),

the densities become also functions of the volume fractiph := pj () . The volume fraction
solution is the correct one if equatio®19) is satisfied. The Newton-Raphson method is used to
solve system@16—(C19.

Once all cell boundary values have been definedfprand py. , there is no difficulty to derive those
remaining values of the thermodynamic variablgs , and Ay, , for k=1,2 andl =i+ 1/2.

The mixture total energy evolution equation is thus app’rmted by

(pE) = (p E) — Ax (qz+1/2 (hri1y2 + Briv12) = Gio1yo (hy g /o + Br,i—1/2)) )

where hr,l = hl,l — hgyl , Br,l = Bl,l — B2_’l Jforl=7+ 1/2 .

Note that the phase enternal energy equations contain textres that cannot be expressed under
a conservative form, so their accurate integration is ameis¥he same type of difficulty is also
present during the hyperbolic step since the internal gneggations considered there contain also
non-conservative terms. Since that step is a predicting #e simplest approximation has been
retained for these terms. That is the same strategy thatdes ddopted here, with the following
simple approximation scheme, for a@l= 1,2, and all index celli :

At
n+1l n * * * *
(ap e)k i = (o e)k,i — Ok Ax (qi+1/2 hk,i+l/2 — 412 hk,i—l/Q)

At (a\" . \
+5kE <p_k) (sz+1/2 Pk.,ifl/Q)

At ﬁm pmc * *
— Ok Ar [mc 2 paC2 <Z ) ] (@172 = G 12)

B

8

+ ALy, A (ur)?,
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where wy, is defined by

pCiy
p1C3 p2C3
with wy, defined by C95) or (C6), and Fp, defined by C4). For u;;, we use the following
approximation

Wg, = wy, — O Py Fpo,

* * * *
Q1 iv1/2 ﬁl,i+1/2 — Q12 51,1'71/2
Az

* *
1 n Tix1/2 — M1/

+ Y3

* * * *
QX it1/2 52,i+1/2 —Qg4-1/2 52,i—1/2
Az

n
- Y

Stability criterion

The method is stable if the following stability criterionfidfilled :

A 2
At < — — .
5m ﬁm - pmcm
max pC2 q g —_——
v l W m—1 Pm pmcgn i

This criterion is deduced from the pressure evolution aqoathich reads as

Dn 2 oy ou
Dr = pCyy { <Z onC2 (ﬁk—Pk0£)> 9

k=1 PF>k
s (plbond) 0y,
e A

k
2
].—‘k ’
n LIV IS

Note that whenwy, is defined by C5), the factor term of \’ u? reduces toI" . During the dif-
fusion step, only part of the volume fraction equation@i() has been considered. Consequently,
constraints become out of equilibrium at the end of the diin step.

2 6k Bsk
— oY1 Ysu, — W1 —
priyYou (I;pkcﬂ k k(%)
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C.2.2 Pressure relaxation and reset/correction step

It now remains to solve the following system, under the c@mst 7w, = 75

Oa a1 2 Ty 0sy,
1 9 1002
— = — ———= oY1 Yu, — T, — |,
8t pCW p1C% ng% pE1iat <mz_1 (052 k 8x>
Oe Jda
(Oél))ka—: = —0k Py 6t1 ,
for k=12,
daple _, (C19)
ot

Opw) _

ot ’
IpE) _

5 0.

Resolution of that system is done in a way similar to what hesnbdone during the hyperbolic
pressure relaxation step.

RR n° 7347



72 Saurel & al.

Table des matieres

1 Introduction 4
2 Mechanical equilibrium model 6
2.1 Definitions ofP and configuration pressures and energies. . . . . . .. ... .. 8
2.2 Volumefractionequation . . . . . . . . . .. 10
2.3 Equilibriummodelsummary . . . . . . . ... 11
2.4 Acousticproperties . . . . . .. 12
2.5 Thermodynamicclosure. . . . . . . . . . . e 12
3 Non equilibrium model 13
3.1 Energyconservation. . . . . . . . . . .. e e e e 15
3.2 Entropyinequality . . . . . . . 15
3.3 Frozenmodel. . . . . . L 16
3.4 Limitsystemwhem — 400 . . . . . .. 17
4 Equations of state 17
4.1 Thermodynamic equationsofstate . . . . . ... ... ... ... ... 18
4.2 Granularequationofstate. . . . . . ... ... ... 18
5 Numerical method 20
6 Test problems and validations 24
6.1 Compactionofapowdersample. . . . . . . ... .. Lo 24
6.2 Wave and interface dynamics validationtests. . . . . ... ... ... ... ... 28
6.3 Two—dimensionalexampletest. . . . . . .. ... ... . ... .. 31
6.4 Shock induced powder compactiontest. . . . .. .. ... ... ... ... 33
7 Relaxation parameter switch discussion 33
8 A compaction model with velocity drift effects 37
8.1 The full non-equilibriummodel . . . . . . . ... ... ... ... ... .. 37
8.2 Supplementary importantequations. . . . . . .. ... e 39
8.2.1 Equationfoir,. . . . . . . . . . . e 39
8.2.2 Mixtureequations. . . . . . . . . .. e 39
8.2.3 Entropyequations. . . . . . . . . ... e 41
8.2.4 Internal energyequations . . . . . . ... .o e 42
8.3 Asymptoticanalysis . . . . . . .. 42
8.4 \olume fraction and entropy equations . . . . . . . ... .. ... .. 44
8.4.1 Energyconservationconstraint . . . . ... ... ... ... ... .. 45
8.4.2 Mechanical equilibriumconstraint. . . . ... ... ... ......... 46
8.4.3 Resolution of system (8.30)—(8.33), with definiti¢®82) and (8.34). . . . 47
8.4.4 \olume fraction evolutionequation . . . . . . . ... ... ... ... .. a7

INRIA



Dynamic Powder Compaction Model with Velocity Drift Effect 73

8.5 Someremarks . . . . . .. 49

8.6 Summary: a pressure equilibrium models with drifteffec. . . . . . .. ... .. 51
9 \Velocity drift effect validation 52
10 Conclusion 55

A Asymptotic limit of the pressure non-equilibrium model with stiff mechanical relaxation 59

B Frozen and equilibrium mixture sound speed relations 61
C Numerical method to solve the equilibrium model with velodty drift terms 63
C.1 Hyperbolicstep. . . . . . . . . e 64
C.2 Velocitydriftstep. . . . . . . . . . 65
C.2.1 Diffusionsub-step. . . . . . . . 66
C.2.2 Pressure relaxation and reset/correctionstep . . . . .. .. .. ... .. 71

RR n° 7347



/<

Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Q€Beance)

Unité de recherche INRIA Futurs : Parc Club Orsay UniversZ&C des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopole de BlaBrabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-dyaBedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitde Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I'Baro38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de VolucgRacquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 hesbay Cedex (France)
http://www.inria.fr

ISSN 0249-6399



	1 Introduction
	2 Mechanical equilibrium model
	2.1 Definitions of P and configuration pressures and energies
	2.2 Volume fraction equation
	2.3 Equilibrium model summary
	2.4 Acoustic properties
	2.5 Thermodynamic closure

	3 Non equilibrium model
	3.1 Energy conservation
	3.2 Entropy inequality
	3.3 Frozen model
	3.4 Limit system when + 

	4 Equations of state
	4.1 Thermodynamic equations of state
	4.2 Granular equation of state

	5 Numerical method
	6 Test problems and validations
	6.1 Compaction of a powder sample
	6.2 Wave and interface dynamics validation tests
	6.3 Two--dimensional example test
	6.4 Shock induced powder compaction test

	7 Relaxation parameter switch discussion
	8 A compaction model with velocity drift effects
	8.1 The full non-equilibrium model
	8.2 Supplementary important equations
	8.2.1 Equation for ur
	8.2.2 Mixture equations
	8.2.3 Entropy equations
	8.2.4 Internal energy equations

	8.3 Asymptotic analysis
	8.4 Volume fraction and entropy equations
	8.4.1 Energy conservation constraint
	8.4.2 Mechanical equilibrium constraint
	8.4.3 Resolution of system (8.30)--(8.33), with definitions (8.32) and (8.34)
	8.4.4 Volume fraction evolution equation

	8.5 Some remarks
	8.6 Summary: a pressure equilibrium models with drift effects

	9 Velocity drift effect validation
	10 Conclusion
	A Asymptotic limit of the pressure non-equilibrium model with stiff mechanical relaxation
	B Frozen and equilibrium mixture sound speed relations
	C Numerical method to solve the equilibrium model with velocity drift terms
	C.1 Hyperbolic step
	C.2 Velocity drift step
	C.2.1 Diffusion sub-step
	C.2.2 Pressure relaxation and reset/correction step



