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●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧

●✉❛r❛♥t❡❡s

❖♠✐❞ ❆♠✐♥✐ ∗✱ ❏❡❛♥✲❉❛♥✐❡❧ ❇♦✐ss♦♥♥❛t†✱ P♦♦r❛♥ ▼❡♠❛r✐ ‡

❚❤è♠❡ ✿ ❆❧❣♦r✐t❤♠✐q✉❡✱ ❝❛❧❝✉❧ ❝❡rt✐✜é ❡t ❝r②♣t♦❣r❛♣❤✐❡
➱q✉✐♣❡✲Pr♦❥❡t ●❡♦♠❡tr✐❝❛

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✶✹✼ ✖ ❉é❝❡♠❜r❡ ✷✵✵✾ ✖ ✷✻ ♣❛❣❡s

❆❜str❛❝t✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡❝♦♥str✉❝t✐♥❣ ❛ ❝♦♠♣❛❝t ✸✲♠❛♥✐❢♦❧❞
✭✇✐t❤ ❜♦✉♥❞❛r②✮ ❡♠❜❡❞❞❡❞ ✐♥ R

3 ❢r♦♠ ✐ts ❝r♦ss✲s❡❝t✐♦♥s ✇✐t❤ ❛ ❣✐✈❡♥ s❡t ♦❢
❝✉tt✐♥❣ ♣❧❛♥❡s ❤❛✈✐♥❣ ❛r❜✐tr❛r② ♦r✐❡♥t❛t✐♦♥s✳ ❯♥❞❡r ❛♣♣r♦♣r✐❛t❡ s❛♠♣❧✐♥❣ ❝♦♥✲
❞✐t✐♦♥s t❤❛t ❛r❡ s❛t✐s✜❡❞ ✇❤❡♥ t❤❡ s❡t ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s ✐s ❞❡♥s❡ ❡♥♦✉❣❤✱ ✇❡
♣r♦✈❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ❜② ▲✐✉ ❡t ❛❧✳ ✐♥ ❬▲❇❉+✵✽❪ ♣r❡s❡r✈❡s t❤❡
❤♦♠♦t♦♣② t②♣❡ ♦❢ t❤❡ ♦❜❥❡❝t✳ ❯s✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✱ ✇❡ ❛❧s♦ s❤♦✇
t❤❛t t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ✐s ❤♦♠❡♦♠♦r♣❤✐❝ ✭❛♥❞ ✐s♦t♦♣✐❝✮ t♦ t❤❡ ♦r✐❣✐♥❛❧
♦❜❥❡❝t✳ ❚❤✐s ✐s t❤❡ ✜rst t✐♠❡ t❤❛t ✸❉ s❤❛♣❡ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ❝r♦ss✲s❡❝t✐♦♥s
❝♦♠❡s ✇✐t❤ s✉❝❤ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s✳

❑❡②✲✇♦r❞s✿ ❙❤❛♣❡ ❘❡❝♦♥str✉❝t✐♦♥✱ ❈r♦ss✲❙❡❝t✐♦♥s✱ ❙❛♠♣❧✐♥❣ ❈♦♥❞✐t✐♦♥s✳

∗ ❈◆❘❙ ✕ ❉▼❆✱ ➱❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡✱ P❛r✐s✱ ❋r❛♥❝❡
† ■◆❘■❆ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s ✲ ▼é❞✐t❡rr❛♥é❡✱ ❋r❛♥❝❡
‡ ■◆❘■❆ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s ✲ ▼é❞✐t❡rr❛♥é❡✱ ❋r❛♥❝❡



❚♦♠♦❣r❛♣❤✐❡ ❣é♦♠étr✐q✉❡ ❛✈❡❝ ❣❛r❛♥t✐❡s

t♦♣♦❧♦❣✐q✉❡s

❘és✉♠é ✿ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞✬✉♥❡ ✸✲✈❛r✐été à
❜♦r❞ ♣❧♦♥❣é❡ ❞❛♥s R

3✱ à ♣❛rt✐r ❞❡ s❡s ✐♥t❡rs❡❝t✐♦♥s ❛✈❡❝ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❧❛♥s
❡♥ ♣♦s✐t✐♦♥ ❛r❜✐tr❛✐r❡✱ ❛♣♣❡❧❧é❡s ❝♦✉♣❡s✳ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ s✐ ❝❡rt❛✐♥❡s ❝♦♥❞✐✲
t✐♦♥s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ s♦♥t ✈ér✐✜é❡s✱ ❧✬❛❧❣♦r✐t❤♠❡ ♣r♦♣♦sé ♣❛r ▲✐✉ ❡t ❛❧✳ ❞❛♥s
❬▲❇❉+✵✽❪ ♣❡r♠❡t ❞❡ r❡❝♦♥str✉✐r❡ ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ❧✬♦❜❥❡t à ♣❛rt✐r ❞❡s ❝♦✉♣❡s
❞♦♥♥é❡s✳ ◆♦✉s ♣r♦✉✈♦♥s é❣❛❧❡♠❡♥t q✉❡ ❧✬♦❜❥❡t r❡❝♦♥str✉✐t ❡st ❤♦♠é♦♠♦r♣❤❡
✭❡t ✐s♦t♦♣❡✮ à ❧✬♦❜❥❡t✳ ❈✬❡st ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ét✉❞✐é ❡♥
t♦✉t❡ ❣é♥ér❛❧✐té✱ ❞❛♥s ❧❡ ❜✉t ❞❡ ❢♦✉r♥✐r ❞❡s ❣❛r❛♥t✐❡s t❤é♦r✐q✉❡s s❛t✐s❢❛✐s❛♥t❡s
s✉r ❧❡ rés✉❧t❛t ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥✳

▼♦ts✲❝❧és ✿ ❘❡❝♦♥str✉❝t✐♦♥ à ♣❛rt✐r ❞❡ ❝♦✉♣❡s✱ ❈♦♥❞✐t✐♦♥s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡✳



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❖✈❡r✈✐❡✇✳ ❚❤✐s ♣❛♣❡r ❞❡❛❧s ✇✐t❤ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ✸✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♦✲
♠❡tr✐❝ s❤❛♣❡s ❢r♦♠ ✉♥♦r❣❛♥✐③❡❞ ♣❧❛♥❛r ❝r♦ss✲s❡❝t✐♦♥s✳ ❚❤❡ ♥❡❡❞ ❢♦r s✉❝❤ r❡❝♦♥✲
str✉❝t✐♦♥s ✐s ❛ r❡s✉❧t ♦❢ t❤❡ ❛❞✈❛♥❝❡s ✐♥ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ t❡❝❤♥♦❧♦❣②✱ s♣❡❝✐❛❧❧②
✐♥ ✉❧tr❛s♦✉♥❞ t♦♠♦❣r❛♣❤②✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♣✉r♣♦s❡ ✐s t♦ ❝♦♥str✉❝t ❛ ✸❉
♠♦❞❡❧ ♦❢ ❛♥ ♦r❣❛♥ ❢r♦♠ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✉❧tr❛s♦♥✐❝ ✐♠❛❣❡s✳ ❲❤❡♥ t❤❡ ✐♠❛❣❡s ❛r❡
♣r♦✈✐❞❡❞ ❜② ❢r❡❡✲❤❛♥❞ ✉❧tr❛s♦✉♥❞ ❞❡✈✐❝❡s✱ t❤❡ ❝r♦ss✲s❡❝t✐♦♥s ♦❢ t❤❡ ♦r❣❛♥ ❜❡❧♦♥❣
t♦ ♣❧❛♥❡s t❤❛t ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ♣❛r❛❧❧❡❧✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♦♥❧② ✈❡r② r❡❝❡♥t❧② t❤❛t
r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ✉♥♦r❣❛♥✐③❡❞ ❝r♦ss✲s❡❝t✐♦♥s ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✿ ❆ ✈❡r② ✜rst
✇♦r❦ ❬P❚✾✹❪ ❜② P❛②♥❡ ❛♥❞ ❚♦❣❛ ✇❛s r❡str✐❝t❡❞ t♦ ❡❛s② ❝❛s❡s ♦❢ r❡❝♦♥str✉❝t✐♦♥
t❤❛t ❞♦ ♥♦t r❡q✉✐r❡ ❜r❛♥❝❤✐♥❣ ❜❡t✇❡❡♥ s❡❝t✐♦♥s✳ ■♥ ❬❇●✾✸❪✱ ❇♦✐ss♦♥♥❛t ❛♥❞
●❡✐❣❡r ♣r♦♣♦s❡❞ ❛ ❉❡❧❛✉♥❛②✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❛s❡ ♦❢ s❡r✐❛❧ ♣❧❛♥❡s✱ t❤❛t
❤❛s ❜❡❡♥ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛r❜✐tr❛r✐❧② ♦r✐❡♥t❡❞ ♣❧❛♥❡s ✐♥ ❬❉P✾✼❪ ❛♥❞ ❬❇▼✵✼❪✳ ❙♦♠❡
♠♦r❡ r❡❝❡♥t ✇♦r❦ ✭❬❏❲❈+✵✺❪ ❛♥❞ ❬▲❇❉+✵✽❪✮ ❝❛♥ ❤❛♥❞❧❡ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐❧❛❜❡❧
s❡❝t✐♦♥s ✭♠✉❧t✐♣❧❡ ♠❛t❡r✐❛❧s✮✳ ❇❛r❡q✉❡t ❛♥❞ ❱❛①♠❛♥✬s ✇♦r❦ ❬❇❱✵✾❪✱ t❤❛t ♠❛❦❡s
✉s❡ ♦❢ str❛✐❣❤t s❦❡❧❡t♦♥s ♦❢ ♣♦❧②❤❡❞r❛✱ ❝❛♥ ❜❡ ❝✐t❡❞ ❛s t❤❡ ♠♦st r❡❝❡♥t ✇♦r❦ t❤❛t
❛♣♣❡❛r❡❞ ✐♥ t❤✐s ❛r❡❛✳
▼♦st ♦❢ ♣r❡✈✐♦✉s ✇♦r❦ ❤❛s ❜❡❡♥ r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ♣❛r❛❧❧❡❧ ❝r♦ss✲s❡❝t✐♦♥s
❛♥❞ ✐s ♠♦st❧② ❜❛s❡❞ ♦♥ t❤❡ s✐♠♣❧❡ ✐❞❡❛ ♦❢ ❝♦♥♥❡❝t✐♥❣ t✇♦ s❡❝t✐♦♥s ✐❢ t❤❡✐r ♦r✲
t❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ♦✈❡r❧❛♣✳ ❚❤✐s ♣❛♣❡r✱ ❛♥❛❧②③❡s ❛ ✈❡r② ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛✲
t✐♦♥ ♦❢ t❤✐s ✐❞❡❛ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♥♦♥ ♣❛r❛❧❧❡❧ s❡❝t✐♦♥s✱ t❤❛t ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞
✐♥ ❬▲❇❉+✵✽❪✳ ❲❡ ♣r♦✈❡ t❤❛t ✉♥❞❡r ❛♣♣r♦♣r✐❛t❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❝♦♥✲
♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s ♣r♦✈✐❞❡❞ ❜② t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ❝♦❤❡r❡♥t ✇✐t❤
t❤❡ ❝♦♥♥❡❝t✐✈✐t② str✉❝t✉r❡ ♦❢ t❤❡ ♦❜❥❡❝t ❛♥❞ t❤❡ ♣r♦♣♦s❡❞ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t
✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ t❤❡ ♦❜❥❡❝t✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✇♦r❦ ✐s
t❤❡ ✜rst t♦ ♣r♦✈✐❞❡ s✉❝❤ ❛ t♦♣♦❧♦❣✐❝❛❧ st✉❞② ✐♥ s❤❛♣❡ ♠♦❞❡❧✐♥❣ ❢r♦♠ ♣❧❛♥❛r
❝r♦ss✲s❡❝t✐♦♥❛❧ ❞❛t❛✳ ❚❤❡ ♦♥❧② ❡①✐st✐♥❣ r❡s✉❧ts st✉❞②✐♥❣ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ r❡✲
❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ❛r❡ r❡str✐❝t❡❞ t♦ t❤❡ ✷❉ ✈❛r✐❛♥t ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭❬❙❇●✵✻❪ ❛♥❞
❬▼❇✵✽❪✮✳

❘❡❝♦♥str✉❝t✐♦♥ Pr♦❜❧❡♠✳ ▲❡tO ⊂ R
3 ❜❡ ❛ ❝♦♠♣❛❝t ✸✲♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞✲

❛r② ✭❞❡♥♦t❡❞ ❜② ∂O✮ ♦❢ ❝❧❛ss C1,1✳ ❚❤❡ ♠❛♥✐❢♦❧❞ O ✐s ❝✉t ❜② ❛ s❡t P ♦❢ s♦✲❝❛❧❧❡❞
❝✉tt✐♥❣ ♣❧❛♥❡s t❤❛t ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥ ✐♥ t❤❡ s❡♥s❡ t❤❛t
♥♦♥❡ ♦❢ t❤❡s❡ ❝✉tt✐♥❣ ♣❧❛♥❡s ❛r❡ t❛♥❣❡♥t t♦ ∂O✳ ❋♦r ❛♥② ❝✉tt✐♥❣ ♣❧❛♥❡ P ∈ P✱
✇❡ ❛r❡ ❣✐✈❡♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ O ∩ P ✳ ❚❤❡r❡ ✐s ♥♦ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❣❡♦♠❡tr②
♦r t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡s❡ ✐♥t❡rs❡❝t✐♦♥s✳ ❚❤❡ ❣♦❛❧ ✐s t♦ r❡❝♦♥str✉❝t O ❢r♦♠ t❤❡
❣✐✈❡♥ ✐♥t❡rs❡❝t✐♦♥s✳ ❚❤❡ ♣r♦❜❧❡♠ ❜❡✐♥❣ ✐❧❧✲♣♦s❡❞✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✜♥❞✐♥❣ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ R ♦❢ O ✇✐t❤ t❤❡ s❛♠❡ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ ❛❧❧ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s ✐♥
P✳

❆rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❈✉tt✐♥❣ P❧❛♥❡s✿ ❲❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ t❤❡ ♣r♦❜❧❡♠ ✐♥t♦
s❡✈❡r❛❧ s✉❜♣r♦❜❧❡♠s ❛s ❢♦❧❧♦✇s✳ ❈♦♥s✐❞❡r t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s✱
✐✳❡✳✱ t❤❡ s✉❜❞✐✈✐s✐♦♥ ♦❢ R

3 ✐♥t♦ ❝♦♥✈❡① ♣♦❧②❤❡❞r❛❧ ❝❡❧❧s ✐♥❞✉❝❡❞ ❜② t❤❡ ❝✉tt✐♥❣
♣❧❛♥❡s✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛ ❝❡❧❧ ♦❢ t❤✐s
❛rr❛♥❣❡♠❡♥t ❛♥❞ r❡❞✉❝❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ O t♦ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ O ∩ C
❢♦r ❛❧❧ ❝❡❧❧s C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✳ ❙✐♥❝❡ t❤❡ ✈❛r✐♦✉s r❡❝♦♥str✉❝t❡❞ ♣✐❡❝❡s ✇✐❧❧
❝♦♥❢♦r♠ t♦ t❤❡ ❣✐✈❡♥ s❡❝t✐♦♥s✱ ✐t ✇✐❧❧ ❜❡ ❡❛s② t♦ ❣❧✉❡ t❤❡♠ t♦❣❡t❤❡r ✐♥ t❤❡ ❡♥❞
t♦ ❣❡t t❤❡ ♦✈❡r❛❧❧ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t R✳

❘❘ ♥➦ ✼✶✹✼



✹ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

❙❡❝t✐♦♥s✿ ■♥♣✉t ♦❢ t❤❡ ❘❡❝♦♥str✉❝t✐♦♥ ❆❧❣♦r✐t❤♠✳ ❲❡ ♥♦✇ ❢♦❝✉s ♦♥
❛ ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ❛♥❞ ❞❡s❝r✐❜❡ ❤♦✇ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t RC ✐s
❞❡✜♥❡❞ ✐♥ C✳ ❖♥ ❡❛❝❤ ❢❛❝❡ f ♦❢ C✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t O ✇✐t❤ f ✐s
❣✐✈❡♥ ❛♥❞ ❝♦♥s✐sts ♦❢ ❛ s❡t ♦❢ ❝♦♥♥❡❝t❡❞ r❡❣✐♦♥s ❝❛❧❧❡❞ s❡❝t✐♦♥s✳ ❇② ❞❡✜♥✐t✐♦♥✱
t❤❡ s❡❝t✐♦♥s ♦❢ ❛ ❢❛❝❡ ♦❢ C ❛r❡ ❞✐s❥♦✐♥t✳ ❍♦✇❡✈❡r✱ t✇♦ s❡❝t✐♦♥s ✭♦♥ t✇♦ ♥❡✐❣❤❜♦r
❢❛❝❡s ♦❢ C✮ ♠❛② ✐♥t❡rs❡❝t ❛❧♦♥❣ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡✐r t✇♦ ❝♦rr❡s♣♦♥❞✐♥❣
❢❛❝❡s✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ s❡❝t✐♦♥ A ✐s ❞❡♥♦t❡❞ ❜② ∂A ❛♥❞ ✐s ❛ s❡t ♦❢ ❝❧♦s❡❞
❝✉r✈❡s✱ ❝❛❧❧❡❞ s❡❝t✐♦♥✲❝♦♥t♦✉rs✱ t❤❛t ♠❛② ❜❡ ♥❡st❡❞✳

▲❡t ✉s ✇r✐t❡ ∂C ❢♦r t❤❡ ❜♦✉♥❞❛r② ♦❢ C✱ ❛♥❞ FC ❢♦r t❤❡ s❡t ♦❢ ❢❛❝❡s ♦❢ C✳ ■♥
t❤❡ s❡q✉❡❧✱ SC ❞❡♥♦t❡s t❤❡ ✉♥✐♦♥ ♦❢ s❡❝t✐♦♥s ♦❢ ❛❧❧ t❤❡ ❢❛❝❡s ♦❢ C✱ ❛♥❞ ❛ ♣♦✐♥t
♦❢ SC ✐s ❝❛❧❧❡❞ ❛ s❡❝t✐♦♥✲♣♦✐♥t✳ ❙♦ SC ✐s t❤❡ ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ✇❡ ❤❛✈❡ ❛❜♦✉t
OC = O ∩ C ❛♥❞ ✐t ❝♦♥st✐t✉t❡s t❤❡ ✐♥♣✉t ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠✳

▼❡t❤♦❞♦❧♦❣② ❲❡ ❦♥♦✇ t❤❛t ❛ ♣♦✐♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ C ✐s ✐♥ O ✐❢ ✐t ❧✐❡s
✐♥ SC ✳ ❚❤❡ ❣♦❛❧ ✐s ♥♦✇ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ♣♦✐♥t x ✐♥s✐❞❡ C ❜❡❧♦♥❣s t♦ O
♦r ♥♦t✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ t❤❛t ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❤❡r❡ ✐s ❜❛s❡❞ ♦♥ t❤❡
♥♦t✐♦♥ ♦❢ ❞✐st❛♥❝❡ ❢r♦♠ ∂C✿

❆ ♣♦✐♥t x ∈ C ✐s ✐♥ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ✐❢ ♦♥❡ ♦❢ ✐ts ♥❡❛r❡st ♣♦✐♥ts ✐♥ ∂C
✐s ✐♥ SC ✳

❉✐✛❡r❡♥t ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ✭❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ♦❢ C✮ ♠❛② ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦
s❛t✐s❢② ♣r♦♣❡rt✐❡s ♦❢ ✐♥t❡r❡st ❢♦r ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t♦ ♣r♦♠♦t❡
t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ s❡❝t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ s♣❛rs❡ ❞❛t❛✱ ♦r t♦ ✐♠♣♦s❡ ❛ ❢❛✈♦r✐t❡
❞✐r❡❝t✐♦♥ t♦ ❝♦♥♥❡❝t t❤❡ s❡❝t✐♦♥s✱ ❡t❝✳ ❆ ♥❛t✉r❛❧ ✐❞❡❛ ✐s t♦ ✉s❡ t❤❡ ❊✉❝❧✐❞❡❛♥
❞✐st❛♥❝❡ ❛s t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ❢r♦♠ ∂C✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ❜② ▲✐✉ ❡t ❛❧ ✐♥ ❬▲❇❉+✵✽❪✳ ■♥ t❤✐s ♣❛♣❡r✱
✇❡ ❛♥❛❧②③❡ t❤✐s ♠❡t❤♦❞ ❛♥❞ ♣r❡s❡♥t ❛♣♣r♦♣r✐❛t❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s ♣r♦✈✐❞✐♥❣
t♦♣♦❧♦❣✐❝❛❧ ❣✉❛r❛♥t❡❡s ❢♦r t❤❡ r❡s✉❧t✐♥❣ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t✳

❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✳ ❆❢t❡r t❤✐s ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥✱ ✐♥ ❙❡❝t✐♦♥ ✷ ✇❡
♣r♦✈✐❞❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t R✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✇✐❧❧
❜❡ t❤❡♥ ❞❡✈♦t❡❞ t♦ ♣r♦✈❡ t❤❛t ✉♥❞❡r t✇♦ ❛♣♣r♦♣r✐❛t❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s✱R ❛♥❞
O ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t✱ ❛♥❞ ❛r❡ ✐♥ ❛❞❞✐t✐♦♥ ❤♦♠❡♦♠♦r♣❤✐❝✳ ❚♦ ♠❛❦❡ t❤❡
❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✉♣❝♦♠✐♥❣ s❡❝t✐♦♥s ♠♦r❡ ❝❧❡❛r✱ ✐♥ ❙❡❝t✐♦♥ ✸ ✇❡ s❤♦rt❧②
♦✉t❧✐♥❡ t❤❡ ❣❡♥❡r❛❧ str❛t❡❣② ❡♠♣❧♦②❡❞ ✐♥ ♣r♦✈✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡✲
t✇❡❡♥ R ❛♥❞ O✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r❡s❡♥t t❤❡ ✜rst s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥✱ ❝❛❧❧❡❞
t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❛t ❡♥s✉r❡s ❣♦♦❞ ❝♦♥♥❡❝t✐✈✐t② ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s✱
❜✉t ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♠♣❧② t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ ✐♥
♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✱ ❛ s❡❝♦♥❞ s♦✲❝❛❧❧❡❞
■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s r❡q✉✐r❡❞✱ ❝✳❢✳✱ ❙❡❝t✐♦♥ ✼✳ ■♥ ❙❡❝t✐♦♥ ✽✱ ✇❡ ♣r♦✈✐❞❡ ❛ s❡t
♦❢ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ s❛♠♣❧✐♥❣ ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s t♦ ❡♥s✉r❡ t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡
■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✾ ✇❡ s❤♦✇ t❤❛t t❤❡ t✇♦ s❤❛♣❡sO ❛♥❞
R ❛r❡ ✐♥❞❡❡❞ ❤♦♠❡♦♠♦r♣❤✐❝ ✭❛♥❞ ❛r❡ ✐s♦t♦♣✐❝✮✳ ❲❡ ♥♦t❡ t❤❛t s♦♠❡ ♣r❡❧✐♠✐♥❛r②
♥♦t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❤♦♠♦t♦♣② t❤❡♦r② ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

✷ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❘❡❝♦♥str✉❝t❡❞ ❖❜❥❡❝t

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥❡❛r❡st ♣♦✐♥t ✐♥ ∂C ✐s r❡❧❛t❡❞ t♦ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢
t❤❡ ❢❛❝❡s ♦❢ C ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✺

❱♦r♦♥♦✐ ❉✐❛❣r❛♠ ♦❢ t❤❡ ❋❛❝❡s ♦❢ ❛ ❈❡❧❧✳ ❋♦r ❛ ❢❛❝❡ f ✐♥ FC ✱ t❤❡ ❱♦r♦♥♦✐
❝❡❧❧ ♦❢ f ✱ ❞❡♥♦t❡❞ ❜② VorC(f)✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦✐♥ts ✐♥ C t❤❛t ❤❛✈❡
f ❛s t❤❡ ♥❡❛r❡st ❢❛❝❡ ✐♥ FC ✱ ✐✳❡✳✱

VorC(f) = { x ∈ C | d(x, f) ≤ d(x, f ′), ∀f ′ ∈ FC }.

❲❤❡r❡ d(., .) ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ VorC(f)✱ f ∈ FC

❢♦r♠s ❛ t✐❧✐♥❣ ♦❢ C✳

❋✐❣✉r❡ ✶✿ ❉❡✜♥✐t✐♦♥s✿ ❚❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ OC ❛♥❞ ✐ts s❡❝t✐♦♥s ❛r❡ ❝♦❧♦r❡❞ ✐♥
❜❧✉❡✳ ❚❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ VorDiag(FC) ✐s ❝♦❧♦r❡❞ ✐♥ r❡❞✳ ❚❤❡ r❡❝♦♥str✉❝t❡❞
♦❜❥❡❝t RC ✐s ❝♦❧♦r❡❞ ✐♥ ❣r❡❡♥✳

❲❡ ✇r✐t❡ ∂VorC(f) ❢♦r t❤❡ ❜♦✉♥❞❛r② ♦❢ VorC(f)✳ ❚❤❡ ✉♥✐♦♥ ♦❢ ∂VorC(f) ❢♦r ❛❧❧
f ∈ FC ✐s ❝❛❧❧❡❞ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ FC ✱ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② VorDiag(FC)✳
VorDiag(FC) ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ♠❡❞✐❛❧ ❛①✐s ♦❢ t❤❡ ❝❡❧❧✱ ❛♥❞ ✐s t❤❡ ❧♦❝✉s ♦❢ ♣♦✐♥ts
✐♥ C t❤❛t ❛r❡ ❛t t❤❡ s❛♠❡ ❞✐st❛♥❝❡ ❢r♦♠ ❛t ❧❡❛st t✇♦ ❢❛❝❡s ♦❢ C✳ ❚♦ s✐♠♣❧✐❢②
♥♦t❛t✐♦♥✱ ✇❤❡♥ t❤❡ ❝❡❧❧ C ✐s ✉♥❞❡rst♦♦❞ ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ s✐♠♣❧② r❡♠♦✈❡ t❤❡
✐♥❞❡① C ❛♥❞ ✇r✐t❡ Vor(f)✱ ∂Vor(f)✱ ❡t❝✳

❉❡✜♥✐t✐♦♥ ✶ ✭◆❡❛r❡st P♦✐♥t✮ ❋♦r ❛♥② ♣♦✐♥t x ✐♥ C✱ t❤❡ ♥❡❛r❡st ♣♦✐♥t ✐♥ ∂C t♦
x ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ x ♦♥t♦ t❤❡ ♥❡❛r❡st ❢❛❝❡ f ♦❢ C✳ ❚❤✐s ♣r♦❥❡❝t✐♦♥
✐s ❞❡♥♦t❡❞ ❜② npf (x)✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ♥❡❛r❡st ♣♦✐♥ts t♦ x ✐♥ ∂C ✐s ❞❡♥♦t❡❞ ❜②
NpC(x)✳ ◆♦t❡ t❤❛t ❢♦r ❛♥② x /∈ VorDiag(FC)✱ NpC(x) ✐s r❡❞✉❝❡❞ t♦ ❛ s✐♥❣❧❡
♣♦✐♥t✳ ❇❛s❡❞ ♦♥ t❤✐s✱ ❛♥❞ t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ s♦♠❡t✐♠❡s ✇❡ ❞r♦♣ t❤❡
✐♥❞❡① f ✱ ❛♥❞ ❜② np(x) ✇❡ ❞❡♥♦t❡ ❛ ♣♦✐♥t ♦❢ NpC(x)✳

❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ✐♥ ❛ ❣✐✈❡♥ ❝❡❧❧ C✳ ❲❡ ✜rst ❣✐✈❡ t❤❡
❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥✱ ❛♥❞ t❤❡♥ ♣r❡s❡♥t ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❣❡♦♠❡tr✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ✉s✐♥❣ t❤❡ ❧✐❢t✐♥❣ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✷ ✭❘❡❝♦♥str✉❝t❡❞ ❖❜❥❡❝t RC ✐♥ ❛ ❝❡❧❧ C✮ ❚❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜✲
❥❡❝t RC ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦✐♥ts x ✐♥ C s✉❝❤ t❤❛t ❛ ♥❡❛r❡st ♣♦✐♥t np(x) ❧✐❡s ✐♥ SC ✱
✐✳❡✳✱ NpC(x) ∩ SC 6= ∅✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ SC ✐s ❡♠♣t②✱ RC ✇✐❧❧ ❜❡ t❤❡
❡♠♣t② s❡t ❛s ✇❡❧❧✳

❉❡✜♥✐t✐♦♥ ✸ ✭▲✐❢t ❋✉♥❝t✐♦♥✮ ▲❡t x ∈ C ❜❡ ❛ ♣♦✐♥t ✐♥ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ ❛
❢❛❝❡ f ♦❢ C✳ ❚❤❡ ❧✐❢t ♦❢ x ✐♥ C✱ ❞❡♥♦t❡❞ ❜② liftC(x) ✭♦r s✐♠♣❧② lift(x) ✐❢ C ✐s
tr✐✈✐❛❧❧② ✐♠♣❧✐❡❞✮✱ ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ♦❢ ∂VorC(f) s✉❝❤ t❤❛t t❤❡
❧✐♥❡ ❞❡✜♥❡❞ ❜② t❤❡ s❡❣♠❡♥t [x, lift(x)] ✐s ♦rt❤♦❣♦♥❛❧ t♦ f ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ lift(x)
✐s t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ✐♥ ∂VorC(f) t❤❛t ♦rt❤♦❣♦♥❛❧❧② ♣r♦❥❡❝ts t♦ np(x) ♦♥ f ✳
❚❤❡ ❧✐❢t ♦❢ ❛ s❡t ♦❢ ♣♦✐♥ts X ⊆ C✱ ❞❡♥♦t❡❞ ❜② lift(X)✱ ✐s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ♣♦✐♥ts
lift(x) ❢♦r x ∈ X✱ ✐✳❡✳✱ lift(X) := { lift(x) |x ∈ X }.

❘❘ ♥➦ ✼✶✹✼



✻ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

❚❤❡ ❢✉♥❝t✐♦♥ L : C → VorDiag(FC) t❤❛t ♠❛♣s ❡❛❝❤ ♣♦✐♥t x ∈ C t♦ ✐ts ❧✐❢t
✐♥ VorDiag(FC) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ ✐♥ t❤❡ s❡q✉❡❧✳ ❋♦r ❛♥② Y ⊂
VorDiag(FC)✱ L−1(Y ) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♣♦✐♥ts x ∈ C s✉❝❤ t❤❛t lift(x) = y ❢♦r
s♦♠❡ y ∈ Y ✳

❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❘❡❝♦♥str✉❝t❡❞ ❖❜❥❡❝t RC✳ ■❢ SC = ∅✱ t❤❡♥ ❛s
✇❡ s❛✐❞ ❜❡❢♦r❡✱ ❢♦r ❛♥② ♣♦✐♥t x ∈ C✱ np(x) /∈ SC ✱ ❛♥❞ s♦ RC ✐s ❡♠♣t②✳ ❖t❤❡r✇✐s❡✱
❧❡t A ∈ SC ❜❡ ❛ s❡❝t✐♦♥ ❧②✐♥❣ ♦♥ ❛ ❢❛❝❡ ♦❢ C✳ ❋♦r ❡❛❝❤ ♣♦✐♥t a ∈ A✱ t❤❡ ❧♦❝✉s
♦❢ ❛❧❧ t❤❡ ♣♦✐♥ts x ∈ C ✇❤✐❝❤ ❤❛✈❡ a ❛s t❤❡✐r ♥❡❛r❡st ♣♦✐♥t ✐♥ ∂C ✐s t❤❡ ❧✐♥❡
s❡❣♠❡♥t [a, lift(a)] ❥♦✐♥✐♥❣ a t♦ ✐ts ❧✐❢t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t RC

✐s t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡ ❧✐♥❡✲s❡❣♠❡♥ts [a, lift(a)] ❢♦r ❛ ♣♦✐♥t a ✐♥ ❛ s❡❝t✐♦♥ A ∈ SC ✱
✐✳❡✳✱

RC =
⋃

A∈SC

⋃

a∈A

[a, lift(a)] = L−1(lift(SC)).

◆♦t❡ t❤❛t ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ ✐❢ t❤❡ ❧✐❢ts ♦❢ t✇♦ s❡❝t✐♦♥s ✐♥t❡r✲
s❡❝t ✐♥ VorDiag(FC)✱ t❤❡♥ t❤❡s❡ t✇♦ s❡❝t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ RC ✳ ❚❤✐s ✐s t❤❡
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♦✈❡r❧❛♣♣✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♣❛r❛❧❧❡❧ ❝✉t✲
t✐♥❣ ♣❧❛♥❡s✳ ❚❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣✐❡❝❡s RC ♦✈❡r ❛❧❧ ❝❡❧❧s C ✇✐❧❧ ❜❡ t❤❡ ♦✈❡r❛❧❧
r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t R✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ❛ ❞❡✈♦t❡❞ t♦ ♣r♦✈❡ t❤❛t ✉♥❞❡r t✇♦ ❛♣♣r♦♣r✐❛t❡
s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s✱ R ❛♥❞ O ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t✱ ❛♥❞ ❛r❡ ✐♥ ❛❞❞✐t✐♦♥
❤♦♠❡♦♠♦r♣❤✐❝✳ ❚♦ ♠❛❦❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✉♣❝♦♠✐♥❣ s❡❝t✐♦♥s ♠♦r❡
❝❧❡❛r✱ ✇❡ s❤♦rt❧② ♦✉t❧✐♥❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❡ ❣❡♥❡r❛❧ str❛t❡❣② ❡♠♣❧♦②❡❞ ✐♥
♣r♦✈✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✳

✸ Pr♦♦❢ ❖✉t❧✐♥❡ ♦❢ t❤❡ ❍♦♠♦t♦♣② ❊q✉✐✈❛❧❡♥❝❡

❇❡t✇❡❡♥ R ❛♥❞ O

❲❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ RC ❛♥❞ OC ✐♥ ❡❛❝❤ ❝❡❧❧ ♦❢ t❤❡
❛rr❛♥❣❡♠❡♥t✳ ✭❆♥❞ t❤❡♥ ❣❧✉❡ t❤❡s❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s t♦❣❡t❤❡r t♦ ❢♦r♠ ❛
❣❧♦❜❛❧ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✳✮ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ✜rst s❤♦✇ ✐♥
❙❡❝t✐♦♥ ✹ t❤❛t ✉♥❞❡r t❤❡ ✜rst s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ❝❛❧❧❡❞ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ t❤❡
❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s ✐♥ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t RC ✐s t❤❡ s❛♠❡ ❛s
✐♥ OC ✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts
♦❢ RC ❛♥❞ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ OC ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ♣r♦✈✐♥❣ t❤❡
❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ RC ❛♥❞ OC ✱ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❤❛✈❡ t❤❡ s❛♠❡ ❤♦♠♦t♦♣② t②♣❡✳ ■♥ ♦r❞❡r
t♦ ❡①t❡♥❞ t❤❡s❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s t♦ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ R
❛♥❞ O✱ ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ ❣❧✉❡ t♦❣❡t❤❡r t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s ✇❡ ♦❜t❛✐♥ ✐♥ t❤❡
❝❡❧❧s ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✳ ❚❤✐s ♥❡❡❞s s♦♠❡ ❝❛r❡ s✐♥❝❡ t❤❡ r❡str✐❝t✐♦♥ t♦ ❛ s❡❝t✐♦♥
S ♦❢ t❤❡ t✇♦ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s ❞❡✜♥❡❞ ✐♥ t❤❡ t✇♦ ❛❞❥❛❝❡♥t ❝❡❧❧s ♦❢ S ♠❛②
❜❡ ❞✐✛❡r❡♥t✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s❤❛♣❡
MC ✐♥ ❡❛❝❤ ❝❡❧❧ C✱ ❝❛❧❧❡❞ t❤❡ ♠❡❞✐❛❧ s❤❛♣❡✳ ❚❤❡ ♠❡❞✐❛❧ s❤❛♣❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
t❤r❡❡ ♣r♦♣❡rt✐❡s✿

(i) ❚❤❡ ♠❡❞✐❛❧ s❤❛♣❡ ❝♦♥t❛✐♥s t❤❡ s❡❝t✐♦♥s ♦❢ C✱ ✐✳❡✳✱ SC ⊆ MC ✳

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✼

(ii) ❚❤❡r❡ ✐s ❛ ✭str♦♥❣✮ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t r ❢r♦♠ OC t♦ MC ✳ ■♥ ♣❛rt✐❝✉✲
❧❛r✱ t❤✐s ♠❛♣ ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ OC ❛♥❞ MC ✳ ❆♥❞ ✐ts
r❡str✐❝t✐♦♥ t♦ SC ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✳

(iii) ❯♥❞❡r t❤❡ ✜rst s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ✭❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✮✱ MC ⊆ RC ✳

❚❤❡ ✜rst t✇♦ ♣r♦♣❡rt✐❡s ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❤♦♠♦t♦♣②
❡q✉✐✈❛❧❡♥❝❡s ❝♦♥❢♦r♠ ♦♥ ❡❛❝❤ s❡❝t✐♦♥ ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ■♥❞❡❡❞✱
t❤❡ ♠❛♣ OC → MC →֒ RC ✱ ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣♦s✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ❛♥❞
t❤❡ ✐♥❝❧✉s✐♦♥✱ r❡str✐❝ts t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣ ♦♥ ❡❛❝❤ s❡❝t✐♦♥ ♦❢ SC ✳ ❚❤✉s✱ ✇❡ ❝❛♥
❣❧✉❡ ❛❧❧ t❤❡s❡ ♠❛♣s t♦ ♦❜t❛✐♥ ❛ ❣❧♦❜❛❧ ♠❛♣ ❢r♦♠ O t♦ R✳

❯s✐♥❣ ❛ ❣❡♥❡r❛❧✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♥❡r✈❡ t❤❡♦r❡♠ ✭s❡❡ ❙❡❝t✐♦♥ ✼✳✶✮ ❛♥❞ ♣r♦♣✲
❡rt② (ii) ❛❜♦✈❡✱ ✇❡ ❝❛♥ t❤❡♥ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ ♣r♦✈❡ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥
i : MC →֒ RC ❢♦r♠s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ✐♥ ❡❛❝❤ ❝❡❧❧✳ ❯s✐♥❣ ❲❤✐t❡❤❡❛❞✬s
t❤❡♦r❡♠✱ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ i ✐♥❞✉❝❡s ✐s♦♠♦r♣❤✐s♠s
❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦t♦♣② ❣r♦✉♣s✳ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱
✇❡ ♣r♦✈❡ t❤❛t i ✐♥❞✉❝❡s ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣ ♦♥ t❤❡ ✜rst ❤♦♠♦t♦♣② ❣r♦✉♣s✱ ❛♥❞
t❤❛t ❛❧❧ ❤✐❣❤❡r ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ MC ❛♥❞ RC ❛r❡ tr✐✈✐❛❧✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡
❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❡♥s✉r❡ ✐♥ ❣❡♥❡r❛❧ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ i ♦♥ t❤❡
✜rst ❤♦♠♦t♦♣② ❣r♦✉♣s✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ ❛ s❡❝♦♥❞
❝♦♥❞✐t✐♦♥ ❝❛❧❧❡❞ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ❯♥❞❡r t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡
♠❛♣ i ✇✐❧❧ ❜❡ s✉r❥❡❝t✐✈❡ ♦♥ t❤❡ ✜rst ❤♦♠♦t♦♣② ❣r♦✉♣s✱ ❧❡❛❞✐♥❣ t♦ ❛ ❤♦♠♦t♦♣②
❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ O ❛♥❞ R✳

✹ ❋✐rst ❙❛♠♣❧✐♥❣ ❈♦♥❞✐t✐♦♥✿ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐✲

t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ✜rst s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥✱ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❝♦♥✲
♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s ✐♥ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t R ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥
t❤❡ ♦r✐❣✐♥❛❧ ♦❜❥❡❝t O✳ ❖✉r ❞✐s❝✉ss✐♦♥ ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧❧② ❜❛s❡❞ ♦♥ t❤❡ st✉❞② ♦❢
t❤❡ ♠❡❞✐❛❧ ❛①✐s✱ t❤❛t ✇❡ ❞❡✜♥❡ ♥♦✇✳

❉❡✜♥✐t✐♦♥ ✹ ✭▼❡❞✐❛❧ ❆①✐s ♦❢ ∂O✱ ■♥t❡r♥❛❧ ❛♥❞ ❊①t❡r♥❛❧ ❘❡tr❛❝ts✮

✲ ❈♦♥s✐❞❡r ∂O ❛s ❛ ✷✲♠❛♥✐❢♦❧❞ ✇✐t❤♦✉t ❜♦✉♥❞❛r② ❡♠❜❡❞❞❡❞ ✐♥ R
3✳ ❚❤❡

♠❡❞✐❛❧ ❛①✐s ♦❢ ∂O✱ ❞❡♥♦t❡❞ ❜② ▼❆(∂O)✱ ❝♦♥t❛✐♥s t✇♦ ❞✐✛❡r❡♥t ♣❛rts✿ t❤❡
s♦✲❝❛❧❧❡❞ ✐♥t❡r♥❛❧ ♣❛rt✱ ❞❡♥♦t❡❞ ❜② ▼❆i(∂O)✱ ✇❤✐❝❤ ❧✐❡s ✐♥ O ❛♥❞ t❤❡
s♦✲❝❛❧❧❡❞ ❡①t❡r♥❛❧ ♣❛rt✱ ❞❡♥♦t❡❞ ❜② ▼❆e(∂O)✱ ✇❤✐❝❤ ❧✐❡s ✐♥ R

3 \ O✳

✲ ❚❤❡ ✐♥t❡r♥❛❧ r❡tr❛❝t mi : ∂O → ▼❆i(∂O) ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ❢♦r ❛ ♣♦✐♥t
x ∈ ∂O✱ mi(x) ✐s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♠❛①✐♠✉♠ ❜❛❧❧ ❡♥t✐r❡❧② ✐♥❝❧✉❞❡❞ ✐♥ O
✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ x✳ ❋♦r ❛♥② x ∈ ∂O✱ mi(x) ✐s ✉♥✐q✉❡✳ ❙②♠♠❡tr✐❝❛❧❧②✱
✇❡ ❞❡✜♥❡ t❤❡ ❡①t❡r♥❛❧ r❡tr❛❝t me : ∂O → ▼❆e(∂O)✿ ❢♦r ❛ ♣♦✐♥t x ∈ ∂O✱
me(x) ✐s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♠❛①✐♠✉♠ ❜❛❧❧ ❡♥t✐r❡❧② ✐♥❝❧✉❞❡❞ ✐♥ R

3 \O ✇❤✐❝❤
♣❛ss❡s t❤r♦✉❣❤ x✳ ❋♦r ❛♥② x ∈ ∂O✱ me(x) ✐s ✉♥✐q✉❡ ❜✉t ♠❛② ❜❡ ❛t ✐♥✜♥✐t②✳
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ♠❛② ✇r✐t❡ m(a) ❢♦r ❛ ♣♦✐♥t ✐♥ {mi(a),me(a)}✳

❚❤❡ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ✐s t❤❛t ❛s ❞✐s❝✉ss❡❞ ❜❡❧♦✇ ✐❢ t❤❡ s❛♠♣❧❡ ♦❢ ❝✉tt✐♥❣
♣❧❛♥❡s ✐s s✉✣❝✐❡♥t❧② ❞❡♥s❡✱ t❤❡♥ t❤❡ ✐♥t❡r♥❛❧ ♣❛rt ♦❢ ▼❆(∂O) ❧✐❡s ✐♥s✐❞❡ t❤❡
❞❡✜♥❡❞ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ♣❛rt ♦❢ t❤✐s ♠❡❞✐❛❧ ❛①✐s ❧✐❡s ♦✉ts✐❞❡
t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t✳

❘❘ ♥➦ ✼✶✹✼



✽ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

❉❡✜♥✐t✐♦♥ ✺ ✭❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✮ ❲❡ s❛② t❤❛t t❤❡ s❡t ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s
✈❡r✐✜❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐❢✿

∀m ∈ ▼❆(∂O), d(m,np(m)) < d(m,∂O).

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✐♠♣♦s❡ t❤❛t t❤❡ ♠❡❞✐❛❧ ❜❛❧❧ ♦❢ r❛❞✐✉s d(m,∂O) ❝❡♥t❡r❡❞ ❛t
m ❝♦♥t❛✐♥s np(m)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ m ∈ ▼❆i(∂O)✱ t❤❡♥ np(m) ❜❡❧♦♥❣s t♦
O s✐♥❝❡ t❤✐s ♠❡❞✐❛❧ ❜❛❧❧ ❧✐❡s ❡♥t✐r❡❧② ✐♥s✐❞❡ O✳ ❚❤✉s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ R✱ ✇❡ ❤❛✈❡ m ∈ R✳ ❙②♠♠❡tr✐❝❛❧❧②✱ ✐❢ m ∈ ▼❆e(∂O)✱ t❤❡ ♠❡❞✐❛❧ ❜❛❧❧ ❧✐❡s
❡♥t✐r❡❧② ♦✉ts✐❞❡ O✱ ❛♥❞ np(m) ❜❡❧♦♥❣s t♦ R

3 \ O✳ ❍❡♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ R✱ ✇❡ ❤❛✈❡ m ∈ R

3 \ R✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥
✐♠♣❧✐❡s t❤❛t ∂R s❡♣❛r❛t❡s t❤❡ ✐♥t❡r♥❛❧ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ♣❛rts ♦❢ t❤❡ ♠❡❞✐❛❧ ❛①✐s
♦❢ ∂O✳ ✭❚❤❛t ✐s ✇❤❡r❡ t❤❡ ♥❛♠❡ ❝♦♠❡s ❢r♦♠✳✮ ■♥❞❡❡❞✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐♥
❡❛❝❤ ❝❡❧❧ C✱ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t ∂RC s❡♣❛r❛t❡s t❤❡ ✐♥t❡r♥❛❧
❛♥❞ t❤❡ ❡①t❡r♥❛❧ ♣❛rts ♦❢ t❤❡ ♠❡❞✐❛❧ ❛①✐s ♦❢ ∂OC ✳

❉❡✜♥✐t✐♦♥ ✻ ✭▼❡❞✐❛❧ ❆①✐s ♦❢ ∂OC✱ ■♥t❡r♥❛❧ & ❊①t❡r♥❛❧ ❘❡tr❛❝ts ✐♥ C✮
■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐♥ ❛ ❝❡❧❧ C✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r
t❤❡ ♠❡❞✐❛❧ ❛①✐s ♦❢ OC ✱ ❞❡♥♦t❡❞ ❜② ▼❆(∂OC)✱ ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ ♣♦✐♥ts ✐♥ C
✇✐t❤ ❛t ❧❡❛st t✇♦ ❝❧♦s❡st ♣♦✐♥ts ✐♥ ∂OC ✳ ❇② ▼❆i(∂OC) ✭r❡s♣✳ ▼❆e(∂OC)✮ ✇❡
❞❡♥♦t❡ t❤❡ ♣❛rt ♦❢ ▼❆(∂OC) t❤❛t ❧✐❡s ✐♥s✐❞❡ ✭r❡s♣✳ ♦✉ts✐❞❡✮ OC ✳ ◆♦t❡ t❤❛t t❤❡
t✇♦ s❡ts ▼❆(∂OC) ❛♥❞ ▼❆(∂O) ∩ C ♠❛② ❜❡ ❞✐✛❡r❡♥t✳
❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r♥❛❧ r❡tr❛❝t mi,C : ∂OC → ▼❆i(∂OC) ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
❢♦r ❛ ♣♦✐♥t x ∈ ∂OC ✱ mi,C(x) ✐s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♠❛①✐♠✉♠ ❜❛❧❧ ❡♥t✐r❡❧② ✐♥❝❧✉❞❡❞
✐♥ OC ✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ x✳ ❙②♠♠❡tr✐❝❛❧❧②✱ t❤❡ ❡①t❡r♥❛❧ r❡tr❛❝t me,C : ∂OC →
▼❆e(∂OC) ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ❢♦r ❛ ♣♦✐♥t x ∈ ∂OC ✱ me,C(x) ✐s t❤❡ ❝❡♥t❡r ♦❢
t❤❡ ♠❛①✐♠✉♠ ❜❛❧❧ ❡♥t✐r❡❧② ✐♥❝❧✉❞❡❞ ✐♥ C \OC ✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ x✳ ■t ✐s ❡❛s②
t♦ s❡❡ t❤❛t ❢♦r ❛♥② x ∈ ∂O ∩ C✱ t❤❡ s❡❣♠❡♥ts [x,mi,C(x)] ❛♥❞ [x,me,C(x)] ❛r❡
s✉❜s❡❣♠❡♥ts ♦❢ [x,mi(x)] ❛♥❞ [x,me(x)] r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❧✐❡ ♦♥ t❤❡ ❧✐♥❡ ❞❡✜♥❡❞
❜② t❤❡ ♥♦r♠❛❧ t♦ ∂O ❛t x✳

▲❡♠♠❛ ✶ ✭❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ❘❡str✐❝t❡❞ t♦ C✮ ■❢ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥✲
❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞ t❤❡♥ ▼❆i(∂OC) ⊂ RC ❛♥❞ RC ⊆ C \▼❆e(∂OC)✳

Pr♦♦❢ ❲❡ ♣r♦✈❡ t❤❡ ✜rst ♣❛rt✱ ▼❆i(∂OC) ⊂ RC ✳ ❆ s✐♠✐❧❛r ♣r♦♦❢ ❣✐✈❡s t❤❡
s❡❝♦♥❞ ♣❛rt✳
▲❡t m ❜❡ ❛ ♣♦✐♥t ✐♥ ▼❆i(∂OC)✱ ❛♥❞ B(m) ❜❡ t❤❡ ♦♣❡♥ ♠❡❞✐❛❧ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t
m✳ ❚✇♦ ❝❛s❡s ❝❛♥ ❤❛♣♣❡♥✿

• ❊✐t❤❡r✱ t❤❡ ❝❧♦s❡st ♣♦✐♥ts t♦ m ✐♥ ∂OC ❛r❡ ✐♥ ∂O✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ m ✐s ❛
♣♦✐♥t ✐♥ ▼❆i(∂O)✳ ❚❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ st❛t❡s t❤❛t ▼❆i(∂O) ⊂ R✱ ❛♥❞
s♦ m ∈ RC = R∩ C✳

• ❖t❤❡r✇✐s❡✱ ♦♥❡ ♦❢ t❤❡ ❝❧♦s❡st ♣♦✐♥ts t♦ m ✐♥ ∂OC ✐s ❛ ♣♦✐♥t a ✐♥ s♦♠❡ s❡❝t✐♦♥
A ∈ SC ✳ ■❢ a ✐s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ A✱ t❤❡♥ s✐♥❝❡ ❛❧♦♥❣ t❤❡ s❡❝t✐♦♥✲❝♦♥t♦✉rs ∂OC

✐s ♥♦♥✲s♠♦♦t❤✱ a ❧✐❡s ✐♥ ▼❆i(∂OC) ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ m✱ ❛♥❞ m = a ✐s tr✐✈✐❛❧❧②
✐♥ RC ✳ ❍❡♥❝❡✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t a ❧✐❡s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ A✳ ❚❤❡r❡❢♦r❡✱ t❤❡
❜❛❧❧ B(m) ✐s t❛♥❣❡♥t t♦ A ❛t a✱ ❛♥❞ t❤❡ ❧✐♥❡ s❡❣♠❡♥t [a,m] ✐s ♦rt❤♦❣♦♥❛❧ t♦
A✳ ❙✐♥❝❡ B(m) ∩ ∂C = ∅✱ m ❛♥❞ a ❛r❡ ✐♥ t❤❡ s❛♠❡ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ t❤❡ ❱♦r♦♥♦✐
❞✐❛❣r❛♠ ♦❢ t❤❡ ❢❛❝❡s ♦❢ C✳ ❚❤✉s✱ a ∈ SC ✐s t❤❡ ♥❡❛r❡st ♣♦✐♥t ✐♥ ∂C t♦ m✳ ❇② t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ RC ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t m ∈ RC ✳ �

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✾

❆ss✉♠❡ t❤❛t t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞✳ ❚❤❡ ✜rst ✐❞❡❛ ✇❤✐❝❤ ❝♦♠❡s
✐♥t♦ ♠✐♥❞ ✐s t♦ r❡tr❛❝t ♣♦✐♥ts ♦❢ ∂O t♦ ∂R ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ♥♦r♠❛❧✲❞✐r❡❝t✐♦♥s✳ ❆
♣♦✐♥t x ∈ ∂O ✇❤✐❝❤ ❧✐❡s ♦✉ts✐❞❡ R✱ ❝❛♥ ♠♦✈❡ t♦✇❛r❞s mi(x) ∈ R ❛♥❞ st♦♣ ✇❤❡♥
∂R ✐s r❡❛❝❤❡❞✳ ❆ ♣♦✐♥t x ∈ ∂O ✇❤✐❝❤ ❧✐❡s ✐♥s✐❞❡ R✱ ❝❛♥ ♠♦✈❡ t♦✇❛r❞ me(x)
❛♥❞ st♦♣ ✇❤❡♥ ∂R ✐s r❡❛❝❤❡❞✳ ❙✐♥❝❡ ∂O ✐s ❛ss✉♠❡❞ t♦ ❜❡ s♠♦♦t❤✱ t❤❡ ♥♦r♠❛❧s
❢♦r♠ ❛ ❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡❧❞✳ ❍❡♥❝❡✱ t❤✐s ❞❡❢♦r♠❛t✐♦♥ ✇✐❧❧ ❜❡ ❛ ❝♦♥t✐♥✉♦✉s
r❡tr❛❝t✐♦♥ ✐❢ ❡❛❝❤ ♥♦r♠❛❧ ✐♥t❡rs❡❝ts ∂R ❛t ❛ s✐♥❣❧❡ ♣♦✐♥t✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ∂O
❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ t♦ ∂R ❤♦♠❡♦♠♦r♣❤✐❝❛❧❧②✳ ❇✉t ❛ ♠❛❥♦r ♣r♦❜❧❡♠ ✐s t❤❛t R ♠❛②
❤❛✈❡ ❛ ❝♦♠♣❧❡① s❤❛♣❡ ✭✇✐t❤ ❝❛✈✐t✐❡s✮✱ s♦ t❤❛t ❛ ♥♦r♠❛❧ t♦ ∂O ✐♥t❡rs❡❝ts ∂R
✐♥ s❡✈❡r❛❧ ♣♦✐♥ts✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ s✉❝❤ ❛ r❡tr❛❝t✐♦♥ ✐s ♥♦t ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞♦❡s
♥♦t ♣r♦✈✐❞❡ ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ O ♦♥t♦ R✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧❧②
❢♦❧❧♦✇✐♥❣ t❤✐s ✐♥t✉✐t✐✈❡ ✐❞❡❛ ❜② ❧♦♦❦✐♥❣ ❢♦r ❛ s✐♠✐❧❛r ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ O
♦♥t♦ ❛ s✉❜s❤❛♣❡ ♦❢ R ✭t❤❡ s♦✲❝❛❧❧❡❞ ♠❡❞✐❛❧ s❤❛♣❡✮✳

■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ❛♥❞ ❙❡❝t✐♦♥ ✺ ✭♦♥ t❤❡ ♠❡❞✐❛❧ s❤❛♣❡✮✱ ✇❡ ✇✐❧❧ ♦❜t❛✐♥
❛ s❡t ♦❢ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ t❤❛t ✇❡ ✇✐❧❧ ♥❡❡❞ ❢♦r t❤❡ r❡st
♦❢ t❤❡ ♣❛♣❡r✳

✹✳✶ ●✉❛r❛♥t❡❡s ♦♥ t❤❡ ❈♦♥♥❡❝t✐♦♥s ❇❡t✇❡❡♥ t❤❡ ❙❡❝t✐♦♥s

❲❡ ♥♦✇ s❤♦✇ t❤❛t ✐❢ t❤❡ s❛♠♣❧❡ ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s ✈❡r✐✜❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐✲
t✐♦♥✱ t❤❡♥ ✐♥ ❡❛❝❤ ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s
✐s t❤❡ s❛♠❡ ✐♥ OC ❛♥❞ RC ✳

❚❤❡♦r❡♠ ✶ ■❢ t❤❡ s❛♠♣❧❡ ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s ✈❡r✐✜❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱
RC ❛♥❞ OC ✐♥❞✉❝❡ t❤❡ s❛♠❡ ❝♦♥♥❡❝t✐✈✐t② ❝♦♠♣♦♥❡♥ts ♦♥ t❤❡ s❡❝t✐♦♥s ♦❢ C✳

Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t✇♦ ♣❛rts✿

✭■✮ ■❢ t✇♦ s❡❝t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ RC✱ t❤❡♥ t❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥
OC✳ ▲❡t A ❛♥❞ A′ ❜❡ t✇♦ s❡❝t✐♦♥s ❝♦♥♥❡❝t❡❞ ✐♥ RC ✳ ▲❡t γ ❜❡ ❛ ♣❛t❤ ✐♥ RC

t❤❛t ❝♦♥♥❡❝ts ❛ ♣♦✐♥t a ∈ A t♦ ❛ ♣♦✐♥t a′ ∈ A′✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❛ ❝♦♥tr❛✲
❞✐❝t✐♦♥✱ s✉♣♣♦s❡ t❤❛t a ❛♥❞ a′ ❛r❡ ♥♦t ✐♥ t❤❡ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢
OC ✳ ■♥ t❤✐s ❝❛s❡✱ ❛s γ ❥♦✐♥s t✇♦ ♣♦✐♥ts ✐♥ t✇♦ ❞✐✛❡r❡♥t ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦✲
♥❡♥ts ♦❢ OC ✱ ✐t ✐♥t❡rs❡❝ts ▼❆e(∂OC)✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t
t❤❛t γ ⊂ RC ✱ s✐♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶ ✇❡ ❤❛✈❡ ▼❆e(∂OC) ∩RC = ∅✳

✭■■✮ ■❢ t✇♦ s❡❝t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ OC✱ t❤❡♥ t❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥
RC✳ ▲❡t A ❛♥❞ A′ ❜❡ t✇♦ s❡❝t✐♦♥s ✐♥ ❛ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t K
♦❢ OC ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♥♦♥✲s♠♦♦t❤♥❡ss ♦❢ ∂OC ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡
s❡❝t✐♦♥s✱ ∂A ❛♥❞ ∂A′ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ▼❆i(∂OC)✳ ❚❤✉s✱ t❤❡r❡ ✐s ❛ ♣❛t❤
γ ✐♥ ▼❆i(∂OC) ∩ K t❤❛t ❝♦♥♥❡❝ts ❛ ♣♦✐♥t a ∈ ∂A t♦ ❛ ♣♦✐♥t a′ ∈ ∂A′✳
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✱ ▼❆i(∂OC) ⊂ RC ✳ ❚❤✉s✱ γ ✐s ❛ ♣❛t❤ ✐♥ RC t❤❛t
❝♦♥♥❡❝ts A t♦ A′✳

�

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ t♦ ♣r♦✈❡ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥
RC ❛♥❞ OC ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ✇❡ ♠❛② r❡str✐❝t t♦ ❡❛❝❤ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳

❘❘ ♥➦ ✼✶✹✼



✶✵ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

■♥ t❤❡ s❡q✉❡❧✱ t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s✉♣♣♦s❡ t❤❛t
OC ❛♥❞ t❤✉s RC ❛r❡ ❝♦♥♥❡❝t❡❞✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t OC ❛♥❞ RC ❤❛✈❡ t❤❡ s❛♠❡

❤♦♠♦t♦♣② t②♣❡✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ s❛♠❡ ♣r♦♦❢s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❡❛❝❤
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ OC ❛♥❞ RC t♦ ✐♠♣❧② t❤❡ ❤♦♠♦t♦♣②

❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳

✺ ▼❡❞✐❛❧ ❙❤❛♣❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s❤❛♣❡ ✐♥ ❡❛❝❤ ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t
❝❛❧❧❡❞ t❤❡ ♠❡❞✐❛❧ s❤❛♣❡✳ ❚❤❡ ♠❡❞✐❛❧ s❤❛♣❡ ❡♥❥♦②s ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ✐♠♣♦rt❛♥t
♣r♦♣❡rt✐❡s✱ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ♣❧❛②✐♥❣ ❛♥ ✐♠♣♦rt❛♥t r♦❧❡
✐♥ ♦❜t❛✐♥✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✼ ✭▼❡❞✐❛❧ ❙❤❛♣❡ MC✮ ▲❡t x ❜❡ ❛ ♣♦✐♥t ✐♥ SC ⊂ ∂OC ✳ ▲❡t w(x) =
[x,mi,C(x)] ❜❡ t❤❡ s❡❣♠❡♥t ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧ t♦ ∂OC ❛t x ✇❤✐❝❤
❝♦♥♥❡❝ts x t♦ t❤❡ ♣♦✐♥t mi,C(x) ∈ ▼❆i(∂OC)✳ ❲❡ ❛❞❞ t♦ ▼❆i(∂OC) ❛❧❧ t❤❡
s❡❣♠❡♥t w(x) ❢♦r ❛❧❧ t❤❡ ♣♦✐♥ts x ∈ SC ✳ ❲❡ ❝❛❧❧ t❤❡ r❡s✉❧t✐♥❣ s❤❛♣❡ MC ✱ s❡❡
❋✐❣✉r❡ ✷✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ MC := ▼❆i(∂OC) ∪ (

⋃
x∈SC

w(x))✳

❋✐❣✉r❡ ✷✿ ❆♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♠❡❞✐❛❧ s❤❛♣❡ ✐♥ ❣r❡❡♥✳

Pr♦♣♦s✐t✐♦♥ ✶ ❚❤❡ ♠❡❞✐❛❧ s❤❛♣❡ ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ♣r♦♣❡rt✐❡s✿

(i) ❚❤❡ ♠❡❞✐❛❧ s❤❛♣❡ ❝♦♥t❛✐♥s t❤❡ s❡❝t✐♦♥s ♦❢ C✱ ✐✳❡✳✱ SC ⊆ MC ✳

(ii) ❚❤❡r❡ ✐s ❛ ✭str♦♥❣✮ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t r ❢r♦♠ OC t♦ MC ✳ ■♥ ♣❛rt✐❝✉✲
❧❛r✱ t❤✐s ♠❛♣ ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ OC ❛♥❞ MC ✳ ❆♥❞ ✐ts
r❡str✐❝t✐♦♥ t♦ SC ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✳

(iii) ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ MC ⊆ RC ✳

Pr♦♦❢

(i) ❚❤✐s ♣r♦♣❡rt② ✐s tr✉❡ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❡❞✐❛❧ s❤❛♣❡✳

(ii) ❚❤✐s ✐s ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② ❞❡❢♦r♠✐♥❣ OC t♦ MC ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡
♥♦r♠❛❧s t♦ t❤❡ ❜♦✉♥❞❛r② ∂OC ✳ ◆♦t❡ t❤❛t t❤❡ ❜♦✉♥❞❛r② ∂OC ✐s s♠♦♦t❤
❡①❝❡♣t ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ s❡❝t✐♦♥s ✐♥ SC ✱ ❛♥❞ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡
s❡❝t✐♦♥s ✐♥ SC ❛r❡ ❛❧r❡❛❞② ✐♥ MC ✱ t❤✉s t❤❡ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ✐s ✇❡❧❧
❞❡✜♥❡❞ ❛♥❞ ❡❛s✐❧② s❡❡♥ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s✳

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✶✶

(iii) ❙✐♥❝❡ MC = ▼❆i(∂OC) ∪
(⋃

x∈SC
w(x)

)
❛♥❞ ▼❆i(∂OC) ⊂ RC ✱ ✐t ✇✐❧❧

❜❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② x ✐♥ ❛ s❡❝t✐♦♥ A ∈ SC ✱ w(x) ⊂ RC ✳
✭❘❡❝❛❧❧ t❤❛t w(x) ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ s❡❣♠❡♥t t♦ ∂OC ❛t x t❤❛t ❥♦✐♥s x t♦
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❞✐❛❧ ♣♦✐♥t mi,C(x) ✐♥ ▼❆i(∂OC)✳✮ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t
w(x) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❡❣♠❡♥t [x, lift(x)]✳ ❚❤❡ ♣♦✐♥t x ✐s t❤❡ ❝❧♦s❡st
♣♦✐♥t ✐♥ ∂OC t♦ mi,C(x)✳ ❚❤✉s✱ t❤❡ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t mi,C(a) ❛♥❞ ♣❛ss✐♥❣
t❤r♦✉❣❤ x ✐s ❡♥t✐r❡❧② ❝♦♥t❛✐♥❡❞ ✐♥ O ❛♥❞ ✐ts ✐♥t❡r✐♦r ✐s ❡♠♣t② ♦❢ ♣♦✐♥ts ♦❢
∂C✳ ❚❤✉s✱ ✐♥ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❢❛❝❡s ♦❢ C✱ mi,C(a) ✐s ✐♥ t❤❡ s❛♠❡
❱♦r♦♥♦✐ ❝❡❧❧ ❛s x✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ x ✐s t❤❡ ❝❧♦s❡st ♣♦✐♥t ✐♥ SC ⊂ ∂OC t♦
lift(x)✳ ■t ❡❛s✐❧② ❢♦❧❧♦✇s t❤❛t d(x, lift(x)) ≥ d(x,mi,C(x))✳ ■t ❢♦❧❧♦✇s t❤❛t
t❤❡ s❡❣♠❡♥t [x,mi,C(x)] = w(x) ✐s ❛ s✉❜s❡❣♠❡♥t ♦❢ [x, lift(x)]✳ ❚❤❡r❡❢♦r❡✱
❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ RC ✱ w(x) ⊂ RC ✳

�

❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t r❡♠❛r❦ ❛♥❞ ♣r♦♣♦s✐t✐♦♥
✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❇② r❡♣❧❛❝✐♥❣ t❤❡ s❤❛♣❡ OC ✇✐t❤ ✐ts
❝♦♠♣❧❡♠❡♥t❛r② s❡t ✇❡ ♠❛② ❞❡✜♥❡ ❛♥ ❡①t❡r✐♦r ♠❡❞✐❛❧ s❤❛♣❡ M̃C ✳ ❚❤✐s ✐s ♠♦r❡
♣r❡❝✐s❡❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t Õ ❜❡ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ O
✐♥ R

3✳ ❆♥❞ ❧❡t ÕC ❜❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ Õ ✇✐t❤ t❤❡ ❝❡❧❧ C✳ ❚❤❡ ♠❡❞✐❛❧ s❤❛♣❡
♦❢ ÕC ✱ ❞❡♥♦t❡❞ ❜② M̃C ✱ ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ♠❡❞✐❛❧ s❤❛♣❡s ♦❢ t❤❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts ♦❢ ÕC ✳ ❙✐♠✐❧❛r❧②✱ ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✳

Pr♦♣♦s✐t✐♦♥ ✷ ▲❡t ÕC ❜❡ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ OC ✐♥ C ❛♥❞
M̃C ❜❡ t❤❡ ♠❡❞✐❛❧ s❤❛♣❡ ♦❢ ÕC ✳ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✿ (i) ❚❤❡r❡ ✐s ❛
str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ❢r♦♠ C \M̃C t♦ OC ✱ ❛♥❞ (ii) ❲❡ ❤❛✈❡ RC ⊂ C \M̃C .

Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣❡rt② (i) ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ❜②
❞❡❢♦r♠✐♥❣ ❛❧♦♥❣ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦rs t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ ÕC ✳ ❚❤❡ s❡❝♦♥❞ ♣r♦♣❡rt②
(ii) ✐s ❡q✉✐✈❛❧❡♥t t♦ M̃C ⊂ C \ RC ✳ �

✻ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ■♠♣❧✐❡❞ ❜② t❤❡ ❙❡♣❛✲

r❛t✐♦♥ ❈♦♥❞✐t✐♦♥

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ❤♦❧❞s✳ ❇②
t❤❡ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✹✳✶✱ ❛♥❞ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛②
s✉♣♣♦s❡ t❤❛t OC ❛♥❞ ❤❡♥❝❡ RC ❛r❡ ❝♦♥♥❡❝t❡❞✳ ❚❤✉s✱ OC ❛♥❞ RC ❛r❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣❛❝t t♦♣♦❧♦❣✐❝❛❧ ✸✲♠❛♥✐❢♦❧❞s ❡♠❜❡❞❞❡❞ ✐♥ R

3✳
■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ❞❡✜♥❡❞ t❤❡ ♠❡❞✐❛❧ s❤❛♣❡ MC ❛♥❞ s❤♦✇❡❞ t❤❛t MC ✐s

❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ OC ✱ ❜② ❣✐✈✐♥❣ ❛ ✭str♦♥❣✮ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ❢r♦♠ OC

♦♥t♦ MC ✳ ❲❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ MC ⊂ RC ✳
❯s✐♥❣ t❤❡s❡ ♣r♦♣❡rt✐❡s✱ t❤❡ ❣♦❛❧ ✇✐❧❧ ❜❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ i : MC →֒ RC

✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❆s t❤❡ ♦❜❥❡❝ts ✇❡ ❛r❡ ♠❛♥✐♣✉❧❛t✐♥❣ ❛r❡ ❛❧❧ ❈❲✲
❝♦♠♣❧❡①❡s✱ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡
❛❝❝♦r❞✐♥❣ t♦ ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠✱ s❡❡ ❆♣♣❡♥❞✐① ❆✳ ❍❡♥❝❡✱ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤
t♦ s❤♦✇ t❤❛t i : MC →֒ RC ✐♥❞✉❝❡s ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❤♦♠♦t♦♣② ❣r♦✉♣s✳

❘❘ ♥➦ ✼✶✹✼



✶✷ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

✻✳✶ ■♥❥❡❝t✐✈✐t② ♦♥ t❤❡ ▲❡✈❡❧ ♦❢ ❍♦♠♦t♦♣② ●r♦✉♣s

❲❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ ✐♥ C✱ ❝✳❢✳ ❙❡❝t✐♦♥ ✷✳ ❲❡ ❝♦♥s✐❞❡r t❤❡
r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ t♦ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t RC ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ RC ✱ RC ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡ s❡❣♠❡♥ts [a, lift(a)]✱ ❢♦r a ∈ SC ✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ r❡tr❛❝ts ❡❛❝❤ s❡❣♠❡♥t [a, lift(a)] t♦ lift(a)
❝♦♥t✐♥✉♦✉s❧②✳ ❲❡ ✐♥❢❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ♦❜s❡r✈❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸ ❚❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ L : RC → lift(SC) ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠✱ t♦ s❤♦✇ t❤❛t
i : MC →֒ RC ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✱ ✉s✐♥❣ ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠ ✐t ✇✐❧❧
❜❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ t♦ MC ✐s ❛ ✇❡❛❦
❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

MC RC

❧✐❢t(SC)
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▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ L : MC → lift(SC) ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✱ s✐♥❝❡ L :
RC → lift(SC) ✐s ❛❧s♦ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈✐t②
♦❢ t❤❡ ❛❜♦✈❡ ❞✐❛❣r❛♠✱ t❤❡ ✐♥❝❧✉s✐♦♥ i : MC →֒ RC ✐♥❞✉❝❡s ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥
t❤❡ ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ MC ❛♥❞ RC ✳ ❚❤✉s✱ ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t i
✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❲❡ ✜rst s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱
t❤❡ r❡str✐❝t❡❞ ❧✐❢t ❢✉♥❝t✐♦♥ L|MC

✐♥❞✉❝❡s ✐♥❥❡❝t✐♦♥s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ❤♦♠♦t♦♣②
❣r♦✉♣s✳

❚❤❡♦r❡♠ ✷ ✭■♥❥❡❝t✐✈✐t②✮ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠s
❜❡t✇❡❡♥ t❤❡ ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ MC ❛♥❞ lift(SC)✱ ✐♥❞✉❝❡❞ ❜② t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥
L✱ ❛r❡ ✐♥❥❡❝t✐✈❡✳

Pr♦♦❢ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ MC ⊂ RC ✳ ▲❡t M̃C ❜❡ t❤❡
♠❡❞✐❛❧ s❤❛♣❡ ♦❢ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ OC ✐♥ C✳ ❲❡ r❡❢❡r t♦ t❤❡
❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ❘❡❝❛❧❧ t❤❛t ❜②
Pr♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ❤❛✈❡ RC ⊂ C \ M̃C ✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t
❢r♦♠ C \ M̃C t♦ OC ✭✐♥ ♣❛rt✐❝✉❧❛r OC ❛♥❞ C \ M̃C ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t✮✳
❲❡ ❤❛✈❡ ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✐♥ ✇❤✐❝❤ ❡✈❡r② ♠❛♣ ✭❡①❝❡♣t
t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ L✮ ✐s ❛♥ ✐♥❥❡❝t✐♦♥ ✭♦r ❛♥ ✐s♦♠♦r♣❤✐s♠✮ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ❤♦♠♦t♦♣②
❣r♦✉♣s✳

OC

MC RC C \ M̃C

❧✐❢t(SC)
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❯s✐♥❣ t❤✐s ❞✐❛❣r❛♠✱ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ❤♦♠♦t♦♣② ❣r♦✉♣s ✐s ❝❧❡❛r✿
❋♦r ❛♥② ✐♥t❡❣❡r j ≥ 1✱ ❝♦♥s✐❞❡r t❤❡ ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠ L∗ : πj(MC) →

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✶✸

πj(lift(SC))✳ ▲❡t x ∈ πj(MC) ❜❡ s♦ t❤❛t L∗(x) ✐s t❤❡ ③❡r♦ ❡❧❡♠❡♥t ♦❢ πj(lift(SC))✳
■t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t x ✐s t❤❡ ③❡r♦ ❡❧❡♠❡♥t ♦❢ πj(MC)✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♠❛♣s
♦❢ t❤❡ ❞✐❛❣r❛♠✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ lift(SC) ❛♥❞RC ✱ ✇❡
❤❛✈❡ t❤❛t i∗(x) ✐s ♠❛♣♣❡❞ t♦ t❤❡ ③❡r♦ ❡❧❡♠❡♥t ♦❢ πj(RC)✳ ❚❤❡♥✱ ❜② t❤❡ ✐♥❝❧✉s✐♦♥
RC →֒ C \M̃C ✱ ✐t ❣♦❡s t♦ t❤❡ ③❡r♦ ❡❧❡♠❡♥t ♦❢ C \M̃C ✱ ❛♥❞ ❜② t❤❡ t✇♦ r❡tr❛❝t✐♦♥s✱
✐t ✇✐❧❧ ❜❡ ♠❛♣♣❡❞ t♦ t❤❡ ③❡r♦ ❡❧❡♠❡♥t ♦❢ MC ✳ ❆s t❤✐s ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✱
✇❡ ✐♥❢❡r t❤❛t x ✐s t❤❡ ③❡r♦ ❡❧❡♠❡♥t ♦❢ MC ✳ ❚❤✉s✱ L∗ : πj(MC) → πj(lift(SC)) ✐s
✐♥❥❡❝t✐✈❡ ❢♦r ❛❧❧ j ≥ 1✳ ❚❤❡ ✐♥❥❡❝t✐✈✐t② ❢♦r j = 0 ✐s ❛❧r❡❛❞② ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳

�

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ L :
MC → lift(SC) ✐♥❞✉❝❡s ✐♥❥❡❝t✐✈❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢
MC ❛♥❞ lift(SC)✳ ■❢ t❤❡s❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠s ✇❡r❡ s✉r❥❡❝t✐✈❡✱ t❤❡♥ L ✇♦✉❧❞ ❜❡
❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ✭❜② ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠✮✳ ❲❡ ✇✐❧❧ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✻✳✷
t❤❛t t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❡ s✉r❥❡❝t✐✈✐t② ❢♦r ❛❧❧ t❤❡ ❤♦♠♦t♦♣②
❣r♦✉♣s ❡①❝❡♣t ❢♦r ❞✐♠❡♥s✐♦♥ ♦♥❡ ✭❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣s✮✳ ■♥❞❡❡❞✱ ✇❡ ✇✐❧❧ s❤♦✇
t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ❛❧❧ t❤❡ i✲❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢
MC ❛♥❞ lift(SC) ❢♦r i ≥ 2 ❛r❡ tr✐✈✐❛❧✳ ❖♥❝❡ t❤✐s ✐s ♣r♦✈❡❞✱ ✐t ✇✐❧❧ ❜❡ s✉✣❝✐❡♥t t♦
st✉❞② t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ L∗ : π1(MC) → π1(lift(SC))✳ ◆♦t❡ t❤❛t t❤❡ ✐♥❥❡❝t✐✈✐t②
✐♥ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ❛❜♦✈❡ r❡♠❛✐♥s ✈❛❧✐❞ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❝♦♥str✉❝t✐♦♥
♣r♦❜❧❡♠s ✐♥ ❞✐♠❡♥s✐♦♥s ❣r❡❛t❡r t❤❛♥ t❤r❡❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✈❛♥✐s❤✐♥❣ r❡s✉❧ts ♦♥
❤✐❣❤❡r ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ OC ❛♥❞ RC ❛r❡ ♦♥❧② ✈❛❧✐❞ ✐♥ ❞✐♠❡♥s✐♦♥s t✇♦ ❛♥❞
t❤r❡❡✳

✻✳✷ ❚❤❡ t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡s ♦❢ RC ❛♥❞ OC ❛r❡ ❞❡t❡r✲

♠✐♥❡❞ ❜② t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣s✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t ✐❢ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞✱ t❤❡♥ t❤❡
t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♣♦rt✐♦♥ ♦❢ O ✐♥ ❛ ❝❡❧❧ C ✭✐✳❡✳✱ OC✮ ✐s s✐♠♣❧❡ ❡♥♦✉❣❤✱
✐♥ t❤❡ s❡♥s❡ t❤❛t ❢♦r ❛❧❧ i ≥ 2✱ t❤❡ i✲❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦t♦♣② ❣r♦✉♣ ♦❢ OC ✐s
tr✐✈✐❛❧✳ ❲❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t RC ❤❛s t❤❡ s❛♠❡ ♣r♦♣❡rt②✳✶ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡ t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡s ♦❢ OC ❛♥❞ RC ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧
❣r♦✉♣✱ π1(OC) ❛♥❞ π1(RC)✳

❲❡ ✜rst st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ t❤❡♦r❡♠ ❢♦r ❛♥ ❛r❜✐tr❛r② ❡♠❜❡❞❞❡❞ 3✲
♠❛♥✐❢♦❧❞ ✇✐t❤ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r②✳

❚❤❡♦r❡♠ ✸ ▲❡t K ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ✸✲♠❛♥✐❢♦❧❞ ✐♥ R
3 ✇✐t❤ ❛ ✭♥♦♥✲❡♠♣t②✮ ❝♦♥✲

♥❡❝t❡❞ ❜♦✉♥❞❛r②✳ ❚❤❡♥ ❢♦r ❛❧❧ i ≥ 2✱ πi(K) = {0}✳

❲❡ ♣r♦✈✐❞❡ ❛ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❚❤✐s t❤❡♦r❡♠ ❝❛♥ ❜❡ ❛❧s♦
♦❜t❛✐♥❡❞ ❢r♦♠ ❈♦r♦❧❧❛r② ✸✳✾ ♦❢ ❬❍❛t✵✷❪✳ ❋r♦♠ t❤✐s t❤❡♦r❡♠✱ ✇❡ ✐♥❢❡r t❤❡ t✇♦
❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s✳

❚❤❡♦r❡♠ ✹ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ πi(OC) = {0}✱ ❢♦r ❛❧❧ i ≥ 2✳

Pr♦♦❢ ❲❡ ♦♥❧② ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ❛♥②
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ ∂O ✐s ❝✉t ❜② ❛t ❧❡❛st ♦♥❡ ❝✉tt✐♥❣ ♣❧❛♥❡✳ ■♥ t❤✐s ❝❛s❡✱
❡✈❡r② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ OC ✐s ❛ ✸✲♠❛♥✐❢♦❧❞ ✇✐t❤ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r②✳
❚❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❛s ❛ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✸✳ �

✶❘❡❝❛❧❧ t❤❛t ❢♦r s✐♠♣❧✐❢②✐♥❣ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t OC ❛♥❞ s♦ RC ❛r❡ ❝♦♥♥❡❝t❡❞✳
❚❤❡ s❛♠❡ ♣r♦♦❢ s❤♦✇s t❤❛t ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❡❛❝❤ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t ♦❢ OC ♦r RC ✳

❘❘ ♥➦ ✼✶✹✼



✶✹ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

❚❤❡♦r❡♠ ✺ πi(RC) = {0}✱ ❢♦r ❛❧❧ i ≥ 2✳

Pr♦♦❢ ❯s✐♥❣ ❚❤❡♦r❡♠ ✸✱ ✐t ✇✐❧❧ ❜❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥②
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ RC ✐s ❝♦♥♥❡❝t❡❞✳ ▲❡t x ❛♥❞ y ❜❡ t✇♦ ♣♦✐♥ts ♦♥ t❤✐s
❜♦✉♥❞❛r②✱ ❛♥❞ ❧❡t S ❛♥❞ S′ ❜❡ t✇♦ s❡❝t✐♦♥s s♦ t❤❛t x ∈ [a, lift(a)] ❢♦r s♦♠❡ a ∈ S
❛♥❞ y ∈ [b, lift(b)] ❢♦r s♦♠❡ b ∈ S′✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ RC ✱ x ✐s ❝♦♥♥❡❝t❡❞ t♦
S ✐♥ ∂RC ✱ ❛♥❞ y ✐s ❝♦♥♥❡❝t❡❞ t♦ S′ ✐♥ ∂RC ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ S ❛♥❞ S′ ❛r❡
❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ✐♥ ∂RC ✳ ❚❤✉s✱ x ✐s ❝♦♥♥❡❝t❡❞ t♦ y ✐♥ ∂RC ✳ �

✼ ❙❡❝♦♥❞ ❈♦♥❞✐t✐♦♥✿ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ s❛✇ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ t♦♣♦✲
❧♦❣✐❝❛❧ str✉❝t✉r❡s ♦❢ OC ❛♥❞ RC ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣
π1(OC) ❛♥❞ π1(RC)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✜♥❞ ❛ ✇❛② t♦ ❡♥✲
s✉r❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣s ♦❢ RC ❛♥❞ OC ✳ ❲❡ r❡❝❛❧❧
t❤❛t ❛s OC ❛♥❞ MC ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t✱ π1(OC) ✐s ✐s♦♠♦r♣❤✐❝ t♦ π1(MC)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ RC ❛♥❞ lift(SC) ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t✱ ❛♥❞ π1(RC) ✐s ✐s♦✲
♠♦r♣❤✐❝ t♦ π1(lift(SC)) ✭❝✳❢✳ ❧❛st ❞✐❛❣r❛♠✮✳ ❚❤✉s✱ ✐t ✇✐❧❧ ❜❡ s✉✣❝✐❡♥t t♦ ❝♦♠♣❛r❡
π1(MC) ❛♥❞ π1(lift(SC))✳

❲❡ ❝♦♥s✐❞❡r L∗ : π1(MC) → π1(lift(SC))✱ t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜② t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥
❢r♦♠ MC t♦ lift(SC) ♦♥ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣s ✳ ❲❡ s❤♦✇❡❞ t❤❛t L∗ ✐s ✐♥❥❡❝t✐✈❡✳
❍♦✇❡✈❡r✱ t❤❡ ♠❛♣ ❢❛✐❧s t♦ ❜❡ s✉r❥❡❝t✐✈❡ ✐♥ ❣❡♥❡r❛❧✳ ❋✐❣✉r❡ ✸ s❤♦✇s t✇♦ s❤❛♣❡s
✇✐t❤ ❞✐✛❡r❡♥t t♦♣♦❧♦❣✐❡s✱ ❛ t♦r✉s ❛♥❞ ❛ ✭t✇✐st❡❞✮ ❝②❧✐♥❞❡r✱ t❤❛t ❤❛✈❡ s❛♠❡ ✭✐♥✲
t❡r✮s❡❝t✐♦♥s ✇✐t❤ ❛ s❡t ♦❢ ✭t✇♦✮ ❝✉tt✐♥❣ ♣❧❛♥❡s✳

❋✐❣✉r❡ ✸✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ ❢r♦♠ MC t♦ lift(SC)
❢❛✐❧s t♦ ❜❡ s✉r❥❡❝t✐✈❡✿ x1 ❛♥❞ x2 ❛r❡ t✇♦ ♣♦✐♥ts ✇✐t❤ t❤❡ s❛♠❡ ❧✐❢t ✐♥ lift(SC)✳ ❚❤❡
❧✐❢t ♦❢ ❛♥② ❝✉r✈❡ γ ❝♦♥♥❡❝t✐♥❣ x1 ❛♥❞ x2 ✐♥ MC ♣r♦✈✐❞❡s ❛ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ♦❢
π1(lift(SC), x)✳ ❚❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ✭❛t ❧❡❢t✮ ✐s ❛ t♦r✉s ❛♥❞ ✐s ♥♦t ❤♦♠♦t♦♣②
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ ✭❛t r✐❣❤t✮ ✇❤✐❝❤ ✐s ❛ t✇✐st❡❞ ❝②❧✐♥❞❡r✳

❍❡♥❝❡✱ ✇❤❛t❡✈❡r ✐s t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ❢r♦♠ t❤❡s❡ s❡❝t✐♦♥s✱ ✐t ✇♦✉❧❞ ♥♦t
❜❡ t♦♣♦❧♦❣✐❝❛❧❧② ❝♦♥s✐st❡♥t ❢♦r ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡s❡ ♦❜❥❡❝ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♣r♦♣♦s❡❞ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t ✭R✮ ✐s ❛ t♦r✉s ✇❤✐❝❤ ✐s ♥♦t ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ✭t✇✐st❡❞✮ ❝②❧✐♥❞❡r ✭O✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥
♠❛② ❜❡ ✈❡r✐✜❡❞ ❢♦r s✉❝❤ ❛ s✐t✉❛t✐♦♥✳ ■♥❞❡❡❞✱ s✉❝❤ ❛ s✐t✉❛t✐♦♥ ✐s ❡①❛❝t❧② t❤❡ ❝❛s❡
✇❤❡♥ t❤❡ ✐♥❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣s ♦❢ O ❛♥❞ R ✐s
♥♦t s✉r❥❡❝t✐✈❡✳ ❚❤✐s s✐t✉❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✿ ❧❡t x1 ❛♥❞ x2 ❜❡
t✇♦ ♣♦✐♥ts ✐♥ t❤❡ s❡❝t✐♦♥s S1 ❛♥❞ S2 ✇✐t❤ t❤❡ s❛♠❡ ❧✐❢t x ✐♥ lift(SC)✳ ❚❤❡ ❧✐❢t

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✶✺

♦❢ ❛♥② ❝✉r✈❡ γ ❝♦♥♥❡❝t✐♥❣ x1 ❛♥❞ x2 ✐♥ MC ♣r♦✈✐❞❡s ❛ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ♦❢
π1(lift(SC), x) ✇❤✐❝❤ ✐s ♥♦t ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ L∗✳ ❲❡ ♠❛② ❛✈♦✐❞ t❤✐s s✐t✉❛t✐♦♥
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✽ ✭■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✮ ❲❡ s❛② t❤❛t t❤❡ s❡t ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s
✈❡r✐✜❡s t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐❢ ❢♦r ❛♥② ♣❛✐r ♦❢ s❡❝t✐♦♥s Si ❛♥❞ Sj ✐♥ SC ✱ ❛♥❞
❢♦r ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t X ♦❢ lift(Si) ∩ lift(Sj)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ t❤❡r❡
✐s ❛ ♣❛t❤ γ ⊂ MC ❢r♦♠ ❛ ♣♦✐♥t a ∈ Si t♦ ❛ ♣♦✐♥t b ∈ Sj ✇✐t❤ lift(a) = lift(b) =
x ∈ X s♦ t❤❛t L∗(γ) ✐s t❤❡ ③❡r♦ ❡❧❡♠❡♥t ♦❢ π1(lift(SC), x)✱ ✐✳❡✳✱ ✐s ❝♦♥tr❛❝t✐❜❧❡ ✐♥
lift(SC) ✇✐t❤ ❛ ❤♦♠♦t♦♣② r❡s♣❡❝t✐♥❣ t❤❡ ❜❛s❡ ♣♦✐♥t x✳

■♥ ❙❡❝t✐♦♥ ✽✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞ ✐❢ t❤❡
s❡t ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s ✐s s✉✣❝✐❡♥t❧② ❞❡♥s❡✳ ▲❡t ✉s ✜rst ♣r♦✈❡ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢
t❤❡ ♠❛♣ L∗ ✉♥❞❡r t❤✐s ❈♦♥❞✐t✐♦♥✳

❚❤❡♦r❡♠ ✻ ❯♥❞❡r t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ L∗ : π1(MC) →
π1(lift(SC)) ✐s s✉r❥❡❝t✐✈❡✳

Pr♦♦❢ ▲❡t y0 ❜❡ ❛ ✜①❡❞ ♣♦✐♥t ❢♦r MC ❛♥❞ x0 = L(y0)✳ ❲❡ s❤♦✇ t❤❛t L∗ :
π1

(
MC , y0

)
→ π1

(
lift(SC), x0

)
✐s s✉r❥❡❝t✐✈❡✳ ▲❡t α ❜❡ ❛ ❝❧♦s❡❞ ❝✉r✈❡ ✐♥ lift(SC)

✇❤✐❝❤ r❡♣r❡s❡♥ts ❛♥ ❡❧❡♠❡♥t ♦❢ π1

(
lift(SC), x0

)
✳ ❲❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥

❡❧❡♠❡♥t β ∈ π1

(
MC , y0

)
s✉❝❤ t❤❛t L∗(β) = [α]✱ ✇❤❡r❡ [α] ❞❡♥♦t❡s t❤❡ ❤♦♠♦t♦♣②

❝❧❛ss ♦❢ α ✐♥ π1

(
lift(SC), x0

)
✳

❲❡ ❝❛♥ ❞✐✈✐❞❡ α ✐♥t♦ s✉❜❝✉r✈❡s α1, . . . , αm s✉❝❤ t❤❛t αj ❥♦✐♥s t✇♦ ♣♦✐♥ts xj−1

❛♥❞ xj ✱ ❛♥❞ ✐s ❡♥t✐r❡❧② ✐♥ t❤❡ ❧✐❢t ♦❢ ♦♥❡ ♦❢ t❤❡ s❡❝t✐♦♥s Sj ✱ ❢♦r j = 1, . . . ,m✳
❲❡ ♠❛② ❛ss✉♠❡ y0 ∈ S1 = Sm✳ ❋♦r ❡❛❝❤ j = 1, . . . ,m✱ ❧❡t βj ❜❡ t❤❡ ❝✉r✈❡ ✐♥
Sj ✱ ❥♦✐♥✐♥❣ t✇♦ ♣♦✐♥ts zj t♦ wj ✱ ✇❤✐❝❤ ✐s ♠❛♣♣❡❞ t♦ αj ✉♥❞❡r L✳ ◆♦t❡ t❤❛t wj

❛♥❞ zj+1 ✭♣♦ss✐❜❧②✮ ❧✐✈❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t s❡❝t✐♦♥s✱ ❜✉t ❤❛✈❡ t❤❡ s❛♠❡ ✐♠❛❣❡ ✭xj✮
✉♥❞❡r t❤❡ ❧✐❢t ♠❛♣ L✳ ▲❡t Xj ❜❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ lift(Sj)∩ lift(Sj+1)
✇❤✐❝❤ ❝♦♥t❛✐♥s xj ✱ s❡❡ ❋✐❣✉r❡ ✹✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡r❡
✐s ❛ ♣❛t❤ γj ⊂ MC ❝♦♥♥❡❝t✐♥❣ ❛ ♣♦✐♥t aj ∈ Sj t♦ ❛ ♣♦✐♥t bj+1 ∈ Sj+1 s✉❝❤
t❤❛t lift(aj) = lift(bj+1) = x′

j ∈ Xj ❛♥❞ t❤❡ ✐♠❛❣❡ ♦❢ γj ✉♥❞❡r L ✐s t❤❡ ③❡r♦
❡❧❡♠❡♥t ♦❢ π1(lift(SC), x′

j) ✭✐✳❡✳✱ ✐s ❝♦♥tr❛❝t✐❜❧❡ ✇✐t❤ ❛ ❤♦♠♦t♦♣② r❡s♣❡❝t✐♥❣ t❤❡
❜❛s❡ ♣♦✐♥t x′

j✮✳ ❙✐♥❝❡ Xj ✐s ❝♦♥♥❡❝t❡❞✱ t❤❡r❡ ✐s ❛ ♣❛t❤ ❢r♦♠ xj t♦ x′
j ✐♥ Xj ✱ s♦

❧✐❢t✐♥❣ ❜❛❝❦ t❤✐s ♣❛t❤ t♦ t✇♦ ♣❛t❤s ❢r♦♠ wj t♦ aj ✐♥ Sj ❛♥❞ ❢r♦♠ bj+1 t♦ zj+1

❛♥❞ t❛❦✐♥❣ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡s❡ t✇♦ ♣❛t❤s ✇✐t❤ γj ✱ ✇❡ ✐♥❢❡r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛
♣❛t❤ γ′

j ⊂ MC ❝♦♥♥❡❝t✐♥❣ wj t♦ zj+1✱ s✉❝❤ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ γ′
j ✉♥❞❡r L ✐s

❝♦♥tr❛❝t✐❜❧❡ ✐♥ lift(SC) ✇✐t❤ ❛ ❤♦♠♦t♦♣② r❡s♣❡❝t✐♥❣ t❤❡ ❜❛s❡ ♣♦✐♥t xj ✳
▲❡t β ❜❡ t❤❡ ♣❛t❤ ❢r♦♠ x0 t♦ x0 ♦❜t❛✐♥❡❞ ❜② ❝♦♥❝❛t❡♥❛t✐♥❣ βj ❛♥❞ γ′

j ❛❧✲
t❡r♥❛t✐✈❡❧②✱ ✐✳❡✳✱ β = β1γ

′
1β2γ

′
2 . . . βm−1γ

′
mβmγ′

m✳ ❲❡ ❝❧❛✐♠ t❤❛t L∗([β]) = [α]✳
❚❤✐s ✐s ♥♦✇ ❡❛s② t♦ s❤♦✇✿ ✇❡ ❤❛✈❡ L∗(β) = α1L∗(γ

′
1)α2 . . .L∗(γ

′
m)αm✱ ❛♥❞

❛❧❧ t❤❡ ♣❛t❤s L∗(γ
′
j) ❛r❡ ❝♦♥tr❛❝t✐❜❧❡ t♦ t❤❡ ❝♦♥st❛♥t ♣❛t❤ [xj ] ❜② ❛ ❤♦♠♦✲

t♦♣② ✜①✐♥❣ xj ❛❧❧ t❤❡ t✐♠❡✳ ❲❡ ❞❡❞✉❝❡ t❤❛t ✉♥❞❡r ❛ ❤♦♠♦t♦♣② ✜①✐♥❣ x0✱
α1L∗(γ

′
1) . . .L∗(γ

′
m)αm ✐s ❤♦♠♦t♦♣✐❝ t♦ α1α2 . . . αm = α, ❛♥❞ t❤✐s ✐s ❡①❛❝t❧②

s❛②✐♥❣ t❤❛t L∗([β]) = [α]✳ ❆♥❞ t❤❡ s✉r❥❡❝t✐✈✐t② ❢♦❧❧♦✇s✳ �

P✉tt✐♥❣ t♦❣❡t❤❡r ❛❧❧ t❤❡ ♠❛t❡r✐❛❧s ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞✱ ✇❡ ✐♥❢❡r t❤❡ ♠❛✐♥ t❤❡♦r❡♠
♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✼ ✭▼❛✐♥ ❚❤❡♦r❡♠✲P❛rt ✵✮ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥t❡r✲
s❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✱ RC ✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ OC ✳

❘❘ ♥➦ ✼✶✹✼



✶✻ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

❋✐❣✉r❡ ✹✿ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳

✼✳✶ ●❡♥❡r❛❧✐③❡❞ ◆❡r✈❡ ❚❤❡♦r❡♠ ❛♥❞ ❍♦♠♦t♦♣② ❊q✉✐✈❛✲

❧❡♥❝❡ ♦❢ R ❛♥❞ O

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ RC ❛♥❞ OC ✱ ✐♥
❡❛❝❤ ❝❡❧❧ C✱ t♦ ❛ ❣❧♦❜❛❧ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✳ ❚♦ t❤✐s ❡♥❞✱
✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥❡r✈❡ t❤❡♦r❡♠✳ ❚❤✐s ✐s ❛ ❢♦❧❦❧♦r❡ t❤❡♦r❡♠
❛♥❞ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ❛♥❞ ✉s❡❞ ❜② ❞✐✛❡r❡♥t ❛✉t❤♦rs✳ ❋♦r ❛ ♠♦❞❡r♥ ♣r♦♦❢ ♦❢ ❛
st✐❧❧ ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧t✱ ✇❡ r❡❢❡r t♦ ❙❡❣❛❧✬s ♣❛♣❡r ❬❙❡❣✻✽❪✳ ✭❙❡❡ ❛❧s♦ ❬▼❛②✵✸❪✱
❢♦r ❛ s✉r✈❡② ♦❢ s✐♠✐❧❛r r❡s✉❧ts✳✮

❚❤❡♦r❡♠ ✽ ✭●❡♥❡r❛❧✐③❡❞ ◆❡r✈❡ ❚❤❡♦r❡♠✮ ▲❡t H : X → Y ❜❡ ❛ ❝♦♥t✐♥✉✲
♦✉s ♠❛♣✳ ❙✉♣♣♦s❡ t❤❛t Y ❤❛s ❛♥ ♦♣❡♥ ❝♦✈❡r K ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s✿

❼ ❋✐♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ s❡ts ✐♥ K ❛r❡ ✐♥ K✳

❼ ❋♦r ❡❛❝❤ U ∈ K✱ t❤❡ r❡str✐❝t✐♦♥ H : H−1(U) → U ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣②
❡q✉✐✈❛❧❡♥❝❡✳

❚❤❡♥ H ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

▲❡t FC : OC → RC ❜❡ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥s ❜❡t✇❡❡♥ OC ❛♥❞ RC ✳ ✭❙♦ FC ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡tr❛❝t✐♦♥ OC →
MC ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ MC →֒ RC ✳✮ ▲❡t H : O → R ❜❡ t❤❡ ♠❛♣ ❞❡✜♥❡❞ ❜②
H(x) = HC(x) ✐❢ x ∈ OC ❢♦r ❛ ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s✳
◆♦t❡ t❤❛t H ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ HC |SC

= idSC
✱ ❢♦r ❛❧❧ C✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ ❢♦r

❛❧❧ ❝❡❧❧ C✱ HC ✐s ❝♦♥t✐♥✉♦✉s✱ H ✐s ❝♦♥t✐♥✉♦✉s ❛s ✇❡❧❧✳
❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♥❡r✈❡ t❤❡♦r❡♠ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ tr✐❝❦✳
▲❡t ǫ ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡✳ ❋♦r ❛♥② ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡
❝✉tt✐♥❣ ♣❧❛♥❡s✱ ✇❡ ❞❡✜♥❡ Oǫ

C = {x ∈ R
3, d(x,OC) < ǫ }✳ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r

t❤❡ ♦♣❡♥ ❝♦✈❡r✐♥❣ K ♦❢ O ❜② t❤❡s❡ ♦♣❡♥ s❡ts ❛♥❞ ❛❧❧ t❤❡✐r ✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s✳
■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t ❢♦r ǫ s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ H t♦
❡❛❝❤ ❡❧❡♠❡♥t ♦❢ K ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❣❡♥❡r❛❧✐③❡❞ ♥❡r✈❡ t❤❡♦r❡♠✱ H ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞
O✳ ❆♥❞ ❜② ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠✱ H ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞
O✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞✿

❚❤❡♦r❡♠ ✾ ✭▼❛✐♥ ❚❤❡♦r❡♠✲P❛rt ■✮ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥t❡r✲
s❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✱ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t R ✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ t❤❡
✉♥❦♥♦✇♥ ♦r✐❣✐♥❛❧ s❤❛♣❡ O✳

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✶✼

✽ ❍♦✇ t♦ ❊♥s✉r❡ t❤❡ ❙❛♠♣❧✐♥❣ ❈♦♥❞✐t✐♦♥s❄

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❡♥s✉r✐♥❣ t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞
t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✱ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❋♦r t❤✐s✱ ✇❡ ♥❡❡❞
✜rst s♦♠❡ ❞❡✜♥✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✾ ✭❘❡❛❝❤✮ ▲❡t O ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t 3✲♠❛♥✐❢♦❧❞ ✇✐t❤ s♠♦♦t❤
❜♦✉♥❞❛r② ∂O ✐♥ R

3✳ ❋♦r a ∈ ∂O✱ ✇❡ ❞❡✜♥❡ r❡❛❝❤(a) = min
(
d(a,mi(a)), d(a,me(a))

)
✳

❚❤❡ q✉❛♥t✐t② r❡❛❝❤(O) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ♦❢ ∂O ❢r♦♠ t❤❡ ♠❡✲
❞✐❛❧ ❛①✐s ♦❢ ∂O✿

r❡❛❝❤(O) := min
m∈▼❆(∂O)

d(m,∂O) = min
a∈∂O

r❡❛❝❤(a).

◆♦t❡ t❤❛t ❛s O ✐s ❝♦♠♣❛❝t ❛♥❞ ∂O ✐s ♦❢ ❝❧❛ss C1✱ r❡❛❝❤(O) ✐s str✐❝t❧② ♣♦s✐t✐✈❡✳

❉❡✜♥✐t✐♦♥ ✶✵ ✭❘❡❛❝❤ r❡str✐❝t❡❞ t♦ ❛ ❝❡❧❧ ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✮ ●✐✈❡♥ ❛
❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ ✇❡ ❞❡✜♥❡ r❡❛❝❤C(O) = min d(a,m(a))✱ ✇❤❡r❡ ❡✐t❤❡r
a ∈ ∂O ∩ C ♦r m(a) ∈ ▼❆(∂O) ∩ C✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ r❡❛❝❤(O) =
minC (r❡❛❝❤C(O))✳

❉❡✜♥✐t✐♦♥ ✶✶ ✭❍❡✐❣❤t ♦❢ ❛ ❈❡❧❧✮ ▲❡t C ❜❡ ❛ ❝❡❧❧ ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡
❝✉tt✐♥❣ ♣❧❛♥❡s ❛♥❞ f ❜❡ ❛ ❢❛❝❡ ♦❢ C✳ ❚❤❡ ❤❡✐❣❤t ♦❢ f ✐♥ C✱ ❞❡♥♦t❡❞ ❜② hf ✱
✐s ❞❡✜♥❡❞ ❛s hf := maxx∈VorC(f) d(x, f). ❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❤❡✐❣❤t ♦❢ C ❛s
hC := maxf∈FC

hf .

❆s ✇❡ ✇✐❧❧ s❡❡✱ ❜② ✉♣♣❡r✲❜♦✉♥❞✐♥❣ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❝❡❧❧s ❜② ❛ ❢❛❝t♦r r❡❧❛t❡❞
t♦ t❤❡ r❡❛❝❤ ♦❢ t❤❡ ♦❜❥❡❝t✱ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ❚❤❡r❡✲
❢♦r❡✱ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❡♥s✉r❡❞ ✇✐t❤ ❛ s✉✣❝✐❡♥t❧② ❞❡♥s❡ s❛♠♣❧❡
♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s✳ ■♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ✇❡ ♥❡❡❞ ❛
str♦♥❣❡r ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❝❡❧❧s✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s
❛ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s t❤❛t ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❜② t❤❡
❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s ❛♥❞ t❤❡ ♥♦r♠❛❧ t♦ ∂O ❛t ❝♦♥t♦✉r✲♣♦✐♥ts✳

❉❡✜♥✐t✐♦♥ ✶✷ ✭❆♥❣❧❡ αa✮ ▲❡t a ❜❡ ❛ ♣♦✐♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ s❡❝t✐♦♥ A ∈
SC ♦♥ t❤❡ ♣❧❛♥❡ PA✳ ❲❡ ❞❡✜♥❡ αa ❛s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ PA ❛♥❞ t❤❡ ♥♦r♠❛❧ t♦
∂O ❛t a✿ αa := angle(PA, [a,mi(a)]).

❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥s ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s❡t ♦❢
❝✉tt✐♥❣ ♣❧❛♥❡s✳

✭❈✶✮ ❋♦r ❛♥② ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ hC < r❡❛❝❤C(O).

✭❈✷✮ ❋♦r ❛♥② ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ hC < 1
2

(
1 − sin(αa)

)
r❡❛❝❤(a),∀a ∈

∂SC .

❈♦♥❞✐t✐♦♥ ✭❈✶✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ s❡❝t✐♦♥s ❛♥❞ ❛s ✇❡ ✇✐❧❧ s❡❡✱
✐t ✐♠♣❧✐❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥✱ t❤❡②
✐♠♣❧② t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ❈♦♥❞✐t✐♦♥ ✭❈✷✮ ✐s ❞❡✜♥❡❞ ✐♥ ❛ ✇❛② t❤❛t t❤❡
tr❛♥s✈❡rs❛❧✐t② t♦ ∂O ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s ❛r❡ ❝♦♥tr♦❧❧❡❞ s✐♠✉❧✲
t❛♥❡♦✉s❧②✳ ✭■♥❞❡❡❞✱ sin(αa) ✐s t♦ ❝♦♥tr♦❧ t❤❡ tr❛♥s✈❡rs❛❧✐t②✱ ❛♥❞ ✉♣♣❡r❜♦✉♥❞✐♥❣
hC ❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s✳✮ ❚❤❡r❡❢♦r❡✱ ❜② ✐♥✲
❝r❡❛s✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ s❡❝t✐♦♥s ♦❢ O ✭✇✐t❤ ♣r❡❢❡r❛❜❧② tr❛♥s✈❡rs❛❧ ❝✉tt✐♥❣

❘❘ ♥➦ ✼✶✹✼



✶✽ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

♣❧❛♥❡s✮ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❡ r❡q✉✐r❡❞ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱
♣r♦✈✐❞❡ ❛ t♦♣♦❧♦❣✐❝❛❧❧② ❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦❢ O✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥
r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r✿

❚❤❡♦r❡♠ ✶✵ ✭▼❛✐♥ ❚❤❡♦r❡♠✲P❛rt ■■✮ ■❢ t❤❡ s❛♠♣❧❡ ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s ✈❡r✲
✐✜❡s ❈♦♥❞✐t✐♦♥s ✭❈✶✮ ❛♥❞ ✭❈✷✮✱ t❤❡♥ t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥✲
❞✐t✐♦♥s ❛r❡ ✈❡r✐✜❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♣r♦♣♦s❡❞ r❡❝♦♥str✉❝t❡❞ ♦❜❥❡❝t R ✐s ❤♦✲
♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✉♥❦♥♦✇♥ ♦r✐❣✐♥❛❧ s❤❛♣❡ O✳

❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠✳

✽✳✶ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✿ ❆ ❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥ ❇❛s❡❞ ♦♥ t❤❡

❉❡♥s✐t② ♦❢ P❧❛♥❡s✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t ❈♦♥❞✐t✐♦♥ ✭❈✶✮ ✐♠♣❧✐❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳

▲❡♠♠❛ ✷ ✭❈♦♥❞✐t✐♦♥ ✭❈✶✮ ✐♠♣❧✐❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳✮ ■❢ ❢♦r ❛♥②
❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ hC < r❡❛❝❤C(O) t❤❡♥ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✲
✐✜❡❞✳

Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ▲❡t m ❜❡ ❛ ♣♦✐♥t ✐♥ ▼❆(∂O) ✐♥ ❛ ❝❡❧❧
C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✳ ❚❤❡ ♣♦✐♥t m ❜❡❧♦♥❣s t♦ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ s♦♠❡ ❢❛❝❡
f ∈ FC ✳ ❲❡ ❤❛✈❡ d(m,np(m)) ≤ hf ≤ hC < r❡❛❝❤C(O) ≤ d(m,∂O)✳ ❚❤❡r❡❢♦r❡
t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞✳ �

▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t s✉❝❤ ❛ ❝♦♥❞✐t✐♦♥ ❛❧❧♦✇s t♦ ❝♦♥tr♦❧ t❤❡ ❍❛✉s❞♦r✛
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ O ❛♥❞ ✐ts ❛♣♣r♦①✐♠❛t✐♦♥ R✳

❚❤❡♦r❡♠ ✶✶ ✭❆♣♣r♦①✐♠❛t✐♦♥ ●✉❛r❛♥t❡❡s✮ ▲❡t ǫ ❜❡ ❛ ❣✐✈❡♥ ♣♦s✐t✐✈❡ ❝♦♥✲
st❛♥t s✉❝❤ t❤❛t ❢♦r ❛♥② ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ hC < ǫ r❡❛❝❤C(O)✳ ❚❤❡♥ ✇❡
❤❛✈❡ dH(O,R) < ǫ maxC r❡❛❝❤C(O).

Pr♦♦❢ ❲❡ ❝❧❛✐♠ t❤❛t ❢♦r ❛♥② ❝❡❧❧ C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t dH(OC ,RC) ≤ hC ✳ ❚❤❡
♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t✇♦ ♣❛rts✿

✶✳ ▲❡t x ❜❡ ❛ ♣♦✐♥t ✐♥ RC ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ RC ✱ t❤❡r❡
❡①✐sts ❛ ♣♦✐♥t a ∈ SC s✉❝❤ t❤❛t x ❜❡❧♦♥❣s t♦ t❤❡ s❡❣♠❡♥t [a, lift(a)]✳ ❙✐♥❝❡
a ∈ SC ⊂ OC ✱ ✇❡ ❤❛✈❡ d(x,OC) ≤ d(x, a) ≤ d(a, lift(a)) ≤ hC ✳

✷✳ ▲❡t x ❜❡ ❛ ♣♦✐♥t ✐♥ OC ✳ ■❢ x ∈ RC ✱ d(x,RC) = 0 ❛♥❞ t❤❡r❡ ✐s ♥♦t❤✐♥❣
t♦ ♣r♦✈❡✳ ❚❤✉s✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t x ✐s ♥♦t ✐♥ RC ✳ ▲❡t x′ ∈ ∂OC ❜❡
s✉❝❤ t❤❛t x ❜❡❧♦♥❣s t♦ t❤❡ s❡❣♠❡♥t [x′,mi,C(x′)]✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶
✇❡ ❤❛✈❡ mi,C(x′) ∈ RC ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ x /∈ RC ✳ ❚❤✉s t❤❡ s❡❣♠❡♥t
❥♦✐♥✐♥❣ x t♦ mi,C(x′) ✐♥t❡rs❡❝ts ∂RC ✳ ▲❡t y ❜❡ ❛ ♣♦✐♥t ✐♥ [x,mi,C(x′)]∩∂RC ✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ RC ✱ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t a ∈ ∂SC s✉❝❤
t❤❛t y ❜❡❧♦♥❣s t♦ t❤❡ s❡❣♠❡♥t [a, lift(a)]✱ ❛♥❞ s♦ d(y, a) ≤ hC ✳

❲❡ ❝❧❛✐♠ t❤❛t d(y, x′) ≤ d(y, a)✳ ■❢ d(y, x′) > d(y, a) t❤❡♥ d(x′,mi,C(x′)) =
d(y, x′) + d(y, mi,C(x′)) > d(y, a) + d(y, mi,C(x′)) ≥ d(a,mi,C(x′))✳ ❇✉t
d(x′,mi,C(x′)) > d(a,mi,C(x′)) ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t x′ ✐s t❤❡ ♥❡❛r❡st
♣♦✐♥t ♦❢ ∂OC t♦ mi(x)✳ ❚❤✉s✱ d(y, x′) ≤ d(y, a)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡
y ∈ [x,mi,C(x′)] ⊆ [x′,mi,C(x′)]✱ d(x, y) ≤ d(x′, y) ❛♥❞ ✇❡ ❤❛✈❡✿

d(x,RC) ≤ d(x, y) ≤ d(x′, y) ≤ d(y, a) ≤ hC .

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✶✾

❚❤❡r❡❢♦r❡✱ dH(OC ,R) ≤ hC < ǫ r❡❛❝❤C(O) ❢♦r ❛❧❧ C ❛♥❞ t❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞
❜② t❛❦✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♦✈❡r ❛❧❧ t❤❡ ❝❡❧❧s ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✳ �

✽✳✷ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✿ ❆ ❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥ ❇❛s❡❞ ♦♥

t❤❡ ❚r❛♥s✈❡rs❛❧✐t②✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t ✉♥❞❡r ❈♦♥❞✐t✐♦♥s ✭❈✶✮ ❛♥❞ ✭❈✷✮✱ t❤❡ ■♥t❡rs❡❝t✐♦♥
❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞✳ ❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✳

◆♦t❛t✐♦♥
(
Ki(SC) ❛♥❞ Ke(SC)

)
✿ ❘❡❝❛❧❧ t❤❛t VorDiag(FC) ✐s t❤❡ ❧♦❝✉s ♦❢ t❤❡

♣♦✐♥ts ✇✐t❤ ♠♦r❡ t❤❛♥ ♦♥❡ ♥❡❛r❡st ♣♦✐♥t ✐♥ ∂C✳ ❲❡ ✇r✐t❡ Ki(SC) ❢♦r t❤❡ s❡t ♦❢
♣♦✐♥ts x ∈ VorDiag(FC) s✉❝❤ t❤❛t ❛❧❧ t❤❡ ♥❡❛r❡st ♣♦✐♥ts ♦❢ x ✐♥ ∂C ❧✐❡ ✐♥s✐❞❡ t❤❡
s❡❝t✐♦♥s✳ ❆ ♣♦✐♥t x ∈ VorDiag(FC) ✐s ❝❛❧❧❡❞ t♦ ❜❡ ✐♥ Ke(SC) ✐❢ ❛❧❧ t❤❡ ♥❡❛r❡st
♣♦✐♥ts ♦❢ x ✐♥ ∂C ❧✐❡ ♦✉ts✐❞❡ t❤❡ s❡❝t✐♦♥s✳

◆♦t❛t✐♦♥
(
m̄i(a) ❛♥❞ m̄e(a)

)
✿ ▲❡t a ❜❡ ❛ ♣♦✐♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ s❡❝t✐♦♥

A ∈ SC ♦♥ t❤❡ ♣❧❛♥❡ PA✳ ❲❡ ✇r✐t❡ m̄i(a) ✭r❡s♣✳ m̄e(a)✮ ❢♦r t❤❡ ♦rt❤♦❣♦✲
♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ mi(a) ✭r❡s♣✳ me(a)✮ ♦♥t♦ PA✳ ❲❡ ❤❛✈❡ d(mi(a), m̄i(a)) =
sin(αa) d(a,mi(a)) ❛♥❞ d(me(a), m̄e(a)) = sin(αa) d(a,me(a))✳

▲❡♠♠❛ ✸ ■❢ ❈♦♥❞✐t✐♦♥ ✭❈✷✮ ✐s ✈❡r✐✜❡❞✱ ❢♦r ❛♥② a ∈ ∂SC ✱ ✇❡ ❤❛✈❡ lift(m̄i(a)) ∈
Ki(SC) ❛♥❞ lift(m̄e(a)) ∈ Ke(SC). ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t✇♦ s❡❣♠❡♥ts t❤❛t ❥♦✐♥
lift(m̄i(a)) t♦ ✐ts ♥❡❛r❡st ♣♦✐♥ts ✐♥ ∂C ❧✐❡ ❜♦t❤ ❡♥t✐r❡❧② ✐♥ MC ✳

Pr♦♦❢ ❲❡ s❤♦✇ t❤❛t lift(m̄i(a)) ∈ Ki(SC)✳ ❚❤❡ s②♠♠❡tr✐❝ ♣r♦♣❡rt② ❢♦r
lift(m̄e(a)) ❝❛♥ ❜❡ ♣r♦✈❡❞ s✐♠✐❧❛r❧②✳ ▲❡t ✉s s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥ ❜② ✇r✐t✐♥❣
x ❢♦r m̄i(a) ✐♥ t❤✐s ♣r♦♦❢✳ ▲❡t ✉s ❛❧s♦ ✇r✐t❡ B(mi(a)) ❢♦r t❤❡ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t
mi(a) ♦❢ r❛❞✐✉s d(mi(a), a)✳ ❲❡ ❤❛✈❡ d(mi(a), x) ≤ d(mi(a), a)✳ ❚❤✉s✱ x ❧✐❡s ✐♥
B(mi(a))✳ ❆s t❤✐s ❜❛❧❧ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ O✱ x ✐s ✐♥ O✳ ❈♦♥s✐❞❡r ♥♦✇ lift(x) ♦♥ t❤❡
❱♦r♦♥♦✐ ❞✐❛❣r❛♠ VorDiag(SC)✱ ❛♥❞ ❝❛❧❧ y t❤❡ ♣♦✐♥t ❞✐st✐♥❝t ❢r♦♠ x s✉❝❤ t❤❛t
lift(x) = lift(y)✳ ❚♦ ❤❛✈❡ lift(mi(a)) ∈ Ki(SC)✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t y ✐s ✐♥ O✳
❲❡ ❤❛✈❡

d(mi(a), y) < d(mi(a), x) + d(x, lift(x)) + d(lift(y), y) ≤

sin(αa)d(a,mi(a)) + 2 hC ≤ d(a,mi(a)).

❚❤✉s✱ y ❜❡❧♦♥❣s t♦ B(mi(a))✱ ❛♥❞ ✇❡ ❤❛✈❡ y ∈ O ❛♥❞ lift(x) ∈ Ki(SC)✳ ■♥
❛❞❞✐t✐♦♥✱ t❤❡ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t lift(x) ✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ x ❛♥❞ y ✐s ❡♥t✐r❡❧②
❝♦♥t❛✐♥❡❞ ✐♥ B(mi(a)) ⊂ O✳ ❚❤✉s✱ ✐ts ✐♥t❡r✐♦r ✐s ❡♠♣t② ♦❢ ♣♦✐♥ts ✐♥ ∂OC ❛♥❞ ✐t
✐s ❛ ♠❡❞✐❛❧ ❜❛❧❧ ♦❢ OC ✱ ❛♥❞ ✐ts ❝❡♥t❡r lift(x) ❜❡❧♦♥❣s t♦ ▼❆i(∂OC)✳ ❙✐♥❝❡ x ❛♥❞
y ❛r❡ ✐♥ SC ✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ MC ✱ t❤❡ ❧✐♥❡✲s❡❣♠❡♥ts [lift(x), x] ❛♥❞
[lift(x), y] ❧✐❡ ❡♥t✐r❡❧② ✐♥ MC ✳ �

▲❡♠♠❛ ✹ ❯♥❞❡r ❈♦♥❞✐t✐♦♥s ✭❈✶✮ ❛♥❞ ✭❈✷✮✱ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✲
✐✜❡❞✳

Pr♦♦❢ ▲❡t Si ❛♥❞ Sj ❜❡ t✇♦ s❡❝t✐♦♥s ✐♥ SC s✉❝❤ t❤❛t lift(Si) ∩ lift(Sj) ✐s
♥♦♥✲❡♠♣t②✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❢♦r ❛♥② t✇♦ ♣♦✐♥ts a ∈ ∂Si, b ∈ ∂Sj s✉❝❤ t❤❛t
lift(a) = lift(b)✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ γ ⊂ MC ❜❡t✇❡❡♥ a ❛♥❞ b s♦ t❤❛t L∗(γ) ✐s
❝♦♥tr❛❝t✐❜❧❡ ✐♥ L∗(π1(MC))✳ ▲❡t Pi ❜❡ t❤❡ ❝✉tt✐♥❣✲♣❧❛♥❡ ♦❢ Si✳ ❖♥❡ ♦❢ t❤❡ t✇♦
❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❤❛♣♣❡♥✿

❘❘ ♥➦ ✼✶✹✼



✷✵ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

• ■❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ s❡❣♠❡♥t [a,mi(a)] ♦♥t♦ Pi ✐s ♥♦t ❝✉t ❜② ❛♥② ♦t❤❡r
❝✉tt✐♥❣ ♣❧❛♥❡✱ t❤❡♥ ✇❡ ❝❧❛✐♠ t❤❛t lift(a) ✐s ❝♦♥♥❡❝t❡❞ t♦ lift(m̄i(a)) ✐♥ L2✳
▲❡t a ∈ ∂Si ❜❡ s✉❝❤ t❤❛t lift(a) ✐s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢
lift(Si)∩ lift(Sj)✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✱ lift(m̄i(a)) ❧✐❡s ✐♥ lift(Si)∩ lift(Sj)✳ ❲❡
❝❧❛✐♠ t❤❛t lift(m̄i(a)) ✐s ✐♥ t❤❡ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ lift(Si) ∩ lift(Sj)
❛s lift(a)✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❧✐❢t ♦❢ t❤❡ ♠❡❞✐❛❧ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t mi(a) ❛♥❞ ♣❛ss✐♥❣
t❤r♦✉❣❤ a ✭❞❡♥♦t❡❞ ❜② lift(B)✮ ✐♥t❡rs❡❝ts t✇♦ ❞✐✛❡r❡♥t ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts
♦❢ lift(Si) ∩ lift(Sj)✱ s❡❡ ❋✐❣✉r❡ ✻✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r t❤❡ ♠❛①✐♠❛❧ ♦♣❡♥ ❜❛❧❧ B′

❝♦♥t❛✐♥❡❞ ✐♥ lift(B) ✇❤✐❝❤ ✐s ❡♠♣t② ♦❢ ♣♦✐♥ts ♦❢ lift(Sj)✳ B′ ✐s t❛♥❣❡♥t t♦ lift(∂Sj)
❛t t✇♦ ♣♦✐♥ts lift(x) ❛♥❞ lift(x′)✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t lift(m̄i(x)) ✭❛♥❞ ❛❧s♦
lift(m̄i(x

′))✮ ❧✐❡s ✐♥ B′✱ ✇❤✐❝❤ ✐s ✐ts❡❧❢ ❝♦♥t❛✐♥❡❞ ✐♥ lift(B)✳ ❙✐♥❝❡ lift(B) ✐s
❡♥t✐r❡❧② ❝♦♥t❛✐♥❡❞ ✐♥ lift(Si)✱ ❛♥❞ lift(m̄i(x)) ∈ B′ ⊆ lift(B)✱ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡
♥❡❛r❡st ♣♦✐♥ts ♦❢ lift(m̄i(x)) ✐♥ ∂C ✐s ♥♦t ✐♥ SC ✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤
▲❡♠♠❛ ✸✳

❋✐❣✉r❡ ✺✿ ■♥ ▲❡♠♠❛ ✹✿ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❧✐❢t ♦❢ t❤❡ s❡❣♠❡♥t [a, m̄i(a)] ❧✐❡s ✐♥
lift(Si) ∩ lift(Sj)✳

❚❤❡r❡❢♦r❡✱ lift(a) ✐s ❝♦♥♥❡❝t❡❞ t♦ lift(m̄i(a)) ✐♥ L2✳ ▲❡t ✉s ❝❛❧❧ a′ ❛♥❞ b′ t❤❡ ♥❡❛r✲
❡st ♣♦✐♥ts ♦❢ lift(m̄i(a)) ✐♥ Si ❛♥❞ Sj r❡s♣❡❝t✐✈❡❧②✱ s❡❡ ❋✐❣✉r❡ ✻✲❧❡❢t✳ ❆❝❝♦r❞✐♥❣
t♦ ▲❡♠♠❛ ✸✱ t❤❡ ❧✐♥❡✲s❡❣♠❡♥ts [a′, lift(m̄i(a))] ❛♥❞ [b′, lift(m̄i(a))] ❧✐❡ ✐♥s✐❞❡ MC ✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ♣❛t❤ γ ❛s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❢♦✉r ❧✐♥❡✲s❡❣♠❡♥ts✿ [a, a′] ⊂ Si✱
[a′, lift(m̄i(a))]✱ [b′, lift(m̄i(a))] ❛♥❞ [b′, b] ⊂ Sj ✳ ❲❡ ❦♥♦✇ t❤❛t [a′, lift(m̄i(a))]
❛♥❞ [b′, lift(m̄i(a))] ❛r❡ ♠❛♣♣❡❞ t♦ lift(m̄i(a)) ❜② t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥✳ ❚❤✉s✱ t❤❡
✐♠❛❣❡ ♦❢ γ ✉♥❞❡r t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ ✐s t❤❡ ❧✐♥❡✲s❡❣♠❡♥t [lift(a), lift(m̄i(a))]✱ ✇❤✐❝❤
✐s tr✐✈✐❛❧❧② ❝♦♥tr❛❝t✐❜❧❡ ✐♥ L∗(π1(MC))✳

❋✐❣✉r❡ ✻✿ ❚✇♦ ❝❛s❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✿ ✐♥ r❡❞ ❛ ♣❛t❤ ❜❡t✇❡❡♥
a ❛♥❞ b ✐♥ MC ✳

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✷✶

• ■❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ s❡❣♠❡♥t [a,mi(a)] ♦♥t♦ Pi✱ ❞❡♥♦t❡❞ ❜② [a,mi(a)]✱ ✐s
❝✉t ❜② ❛ ❝✉tt✐♥❣ ♣❧❛♥❡ P ✱ t❤❡♥ ✇❡ ❝❧❛✐♠ t❤❛t a ✐s ❝♦♥♥❡❝t❡❞ t♦ b ✐♥ SC ✳ ▲❡t
✉s ❝❛❧❧ l t❤❡ ❧✐❢t ♦❢ [a,mi(a)]✳ ❋♦r ❛♥② ♣♦✐♥t x ∈ l✱ ✇❡ ✇r✐t❡ B(x) ❢♦r t❤❡
♦♣❡♥ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t x ❛♥❞ t❛♥❣❡♥t t♦ t❤❡ ♣❧❛♥❡s ♦❢ s❡❝t✐♦♥s Si ❛♥❞ Sj ✳ ❙✐♥❝❡
lift(a) ∈ lift(Si) ∩ lift(Sj)✱ B(lift(a)) ✐s ❡♠♣t② ♦❢ ♣♦✐♥ts ✐♥ ∂C✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t
❞♦❡s ♥♦t ✐♥t❡rs❡❝t P ✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t x0 ∈ l✱ s✉❝❤ t❤❛t P ✐s t❛♥❣❡♥t
t♦ B(x0)✳ ❙❡❡ ❋✐❣✉r❡ ✻✲r✐❣❤t✳ ❲❡ ♦❜s❡r✈❡ ❛❧s♦ t❤❛t P ✐♥t❡rs❡❝ts t❤❡ s❡❣♠❡♥ts
[a,mi(a)] ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡❣♠❡♥t ✐♥ Sj ✇❤✐❝❤ ✐s ❛❧s♦ ♠❛♣♣❡❞ t♦ l ❜② t❤❡
❧✐❢t ❢✉♥❝t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ❛ ♣❛t❤ ✐♥ SC ✭❛♥❞ s♦ ✐♥ MC✮ ❜❡t✇❡❡♥ a ❛♥❞
b s♦ t❤❛t ✐ts ✐♠❛❣❡ ❜② t❤❡ ❧✐❢t ❢✉♥❝t✐♦♥ ✐s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ [lift(a), x0] ✇✐t❤
❛ ❝♦♥tr❛❝t✐❜❧❡ ♣❛t❤ ❢r♦♠ x0 t♦ x0✳ �

✾ ❉❡❢♦r♠✐♥❣ t❤❡ ❍♦♠♦t♦♣② ❊q✉✐✈❛❧❡♥❝❡ t♦ ❛ ❍♦♠❡✲

♦♠♦r♣❤✐s♠

❯s✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡② ❛r❡
✐♥❞❡❡❞ ❤♦♠❡♦♠♦r♣❤✐❝✳

❚❤❡♦r❡♠ ✶✷ ✭▼❛✐♥ ❚❤❡♦r❡♠✲P❛rt ■■■✮ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥✲
t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✱ t❤❡ t✇♦ t♦♣♦❧♦❣✐❝❛❧ ♠❛♥✐❢♦❧❞sR ❛♥❞O ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝
✭✐♥ ❛❞❞✐t✐♦♥✱ t❤❡② ❛r❡ ✐s♦t♦♣✐❝✮✳

❆❧t❤♦✉❣❤✱ t❤✐s r❡s✉❧t ✐s str♦♥❣❡r t❤❛♥ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✱ t❤❡ ✇❛②
♦✉r ♣r♦♦❢ ✇♦r❦s ♠❛❦❡s ❡ss❡♥t✐❛❧❧② ✉s❡ ♦❢ t❤❡ t♦♣♦❧♦❣✐❝❛❧ st✉❞② ♦❢ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥s✳ ❆♥❞ s♦ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳

Pr♦♦❢ ❆❣❛✐♥✱ ✇❡ ❞♦ ✜rst ❛ r❡❛s♦♥✐♥❣ ✐♥ ❡❛❝❤ ❝❡❧❧ ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ❛♥❞
s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ OC ❛♥❞ RC ✐♥❞✉❝✐♥❣ ✐❞❡♥t✐t②
♦♥ ❡❛❝❤ s❡❝t✐♦♥ ♦❢ SC ✳ ●❧✉✐♥❣ t❤❡s❡ ❤♦♠❡♦♠♦r♣❤✐s♠s t♦❣❡t❤❡r✱ ♦♥❡ ♦❜t❛✐♥s ❛
❣❧♦❜❛❧ ❤♦♠❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ R ❛♥❞ O✳ ▲❡t C ❜❡ ❛ ❝❡❧❧ ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢
t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s✳ ❆ s✐♠✐❧❛r ♠❡t❤♦❞ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡
❜❡t✇❡❡♥ RC ❛♥❞ OC s❤♦✇s t❤❛t ∂R ∩ C ❛♥❞ ∂O ∩ C ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t
❛♥❞ ❛r❡ ✐♥❞❡❡❞ ❤♦♠❡♦♠♦r♣❤✐❝✱ ❛♥❞ ✐♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠
βC : ∂O ∩ C → ∂R ∩ C ✇❤✐❝❤ ✐♥❞✉❝❡s ✐❞❡♥t✐t② ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ s❡❝t✐♦♥s ✐♥
SC ✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡ t♦♣♦❧♦❣② ♦❢ RC ❛♥❞ OC ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜②
t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣s✱ ✐✳❡✳✱ ❛❧❧ t❤❡ ❤✐❣❤❡r ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ RC ❛♥❞ OC

❛r❡ tr✐✈✐❛❧✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ π1(OC) ❛♥❞ π1(RC)✱ ❛♥❞
t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ (βC)∗ : π1(∂O ∩ C) → π1(∂R∩ C) ♦♥ ✜rst ❤♦♠♦t♦♣② ❣r♦✉♣s ✐s
❝♦♥s✐st❡♥t ✇✐t❤ t❤✐s ✐s♦♠♦r♣❤✐s♠ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♠♠✉t❛t✐✈❡
❞✐❛❣r❛♠ ♦❢ ✜rst ❤♦♠♦t♦♣② ❣r♦✉♣s✮✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡r❡ ✐s ♥♦ ♦❜str✉❝t✐♦♥ ✐♥
❡①t❡♥❞✐♥❣ βC t♦ ❛ ♠❛♣ αC : OC → RC ✱ ✐♥❞✉❝✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐s♦♠♦r♣❤✐s♠
❜❡t✇❡❡♥ π1(OC) ❛♥❞ π1(RC)✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ αC t♦ SC r❡♠❛✐♥s
✐❞❡♥t✐t②✳ ❙✐♥❝❡ ❛❧❧ t❤❡ ❤✐❣❤❡r ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ OC ❛♥❞ RC ❛r❡ tr✐✈✐❛❧✱ ✐t
❢♦❧❧♦✇s t❤❛t αC ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❲❡ ❛r❡ ♥♦✇ ✐♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡
❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❞✉❡ t♦ ❲❛❧❞❤❛✉s❡♥✱ ✇❤✐❝❤ s❤♦✇s t❤❛t α ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ t♦
❤♦♠❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ OC ❛♥❞ RC ✱ ❜② ❛ ❞❡❢♦r♠❛t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡
t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠ αC ❜❡t✇❡❡♥ t❤❡ ❜♦✉♥❞❛r✐❡s✳ ❆ ❝♦♠♣❛❝t ✸✲♠❛♥✐❢♦❧❞ M ✐s
❝❛❧❧❡❞ ✐rr❡❞✉❝✐❜❧❡ ✐❢ π2(M) ✐s tr✐✈✐❛❧✳ ❘❡♠❛r❦ t❤❛t OC ❛♥❞ RC ❛r❡ ✐rr❡❞✉❝✐❜❧❡✳

❘❘ ♥➦ ✼✶✹✼



✷✷ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

❚❤❡♦r❡♠ ✶✸ ✭❲❛❧❞❤❛✉s❡♥✮ ▲❡t f : M → M ′ ❜❡ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡
❜❡t✇❡❡♥ ♦r✐❡♥t❛❜❧❡ ✐rr❡❞✉❝✐❜❧❡ ✸✲♠❛♥✐❢♦❧❞s ✇✐t❤ ❜♦✉♥❞❛r✐❡s s✉❝❤ t❤❛t f t❛❦❡s
t❤❡ ❜♦✉♥❞❛r② ♦❢ M ♦♥t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ M ′ ❤♦♠❡♦♠♦r♣❤✐❝❛❧❧②✳ ❚❤❡♥ f ❝❛♥
❜❡ ❞❡❢♦r♠❡❞ t♦ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ M → M ′ ❜② ❛ ❤♦♠♦t♦♣② ✇❤✐❝❤ ✐s ✜①❡❞ ❛❧❧
t❤❡ t✐♠❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ M ✳ ✭❙❡❡ ❬▼❛t✵✸❪✱ ♣❛❣❡ ✷✷✵✱ ❢♦r ❛ ♣r♦♦❢✳✮

❆♣♣❧②✐♥❣ ❲❛❧❞❤❛✉s❡♥✬s t❤❡♦r❡♠✱ ♦♥❡ ♦❜t❛✐♥s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ α̃C ❢r♦♠ OC

t♦ RC ✇❤✐❝❤ ✐s ✐❞❡♥t✐t② ♦♥ t❤❡ s❡❝t✐♦♥s ✐♥ SC ✳ ●❧✉✐♥❣ α̃C ✱ ♦♥❡ ♦❜t❛✐♥ ❛ ❣❧♦❜❛❧
❤♦♠❡♦♠♦r♣❤✐s♠ ❢♦r♠ O t♦ R✳ ▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ❈❤❛③❛❧ ❛♥❞ ❈♦❤❡♥✲
❙t❡✐♥❡r✬s ✇♦r❦ ❬❈❈❙✵✺❪ ✭❈♦r♦❧❧❛r② ✸✳✶✮✱ s✐♥❝❡ R ❛♥❞ O ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝ ❛♥❞
R ❝♦♥t❛✐♥s t❤❡ ♠❡❞✐❛❧ ❛①✐s ♦❢ O✱ R ✐s ✐s♦t♦♣✐❝ t♦ O✳ �

❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ♦♥❡ ♦❢ t❤❡ ✜rst t♦♣♦❧♦❣✐❝❛❧ st✉❞✐❡s ✐♥ s❤❛♣❡ r❡❝♦♥str✉❝t✐♦♥
❢r♦♠ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❞❛t❛✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
♦✈❡r❧❛♣♣✐♥❣ ❝r✐t❡r✐♦♥ t♦ s♦❧✈❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ ✉♥♦r❣❛♥✐③❡❞
❝r♦ss✲s❡❝t✐♦♥s✱ ♣r♦♣♦s❡❞ ❜② ▲✐✉ ❡t ❛❧✳ ✐♥ ❬▲❇❉+✵✽❪✱ ♣r❡s❡r✈❡s t❤❡ ❤♦♠♦t♦♣②
t②♣❡ ♦❢ t❤❡ s❤❛♣❡ ✉♥❞❡r s♦♠❡ ❛♣♣r♦♣r✐❛t❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡
♣r♦✈❡❞ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡❝♦♥str✉❝t❡❞
♦❜❥❡❝t ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ t♦ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠✳ ❊✈❡♥✱
♠♦r❡ str♦♥❣❧②✱ t❤❡ t✇♦ ♦❜❥❡❝ts ❛r❡ ✐s♦t♦♣✐❝✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❡①t❡♥❞
t❤❡ s❛♠❡ t♦♣♦❧♦❣✐❝❛❧ ❣✉❛r❛♥t❡❡s t♦ ❛ r❡❧❛t❡❞ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ❱♦r♦♥♦✐
❞✐❛❣r❛♠ ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥s ✭✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❉❡❧❛✉♥❛②✲
❜❛s❡❞ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ ❬❇▼✵✼❪✮✳

❘❡❢❡r❡♥❝❡s

❬❇❛t✼✶❪ ❏✳▲✳ ❇❛t✉❞❡✳ ❙✐♥❣✉❧❛r✐té ❣é♥ér✐q✉❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞✐✛ér❡♥t✐❛❜❧❡s ❞❡
❧❛ ✷✲s♣❤èr❡ ❞❛♥s ✉♥❡ ✸✲✈❛r✐été ❞✐✛ér❡♥t✐❛❜❧❡✳ ■♥ ❆♥♥❛❧❡s ❞❡ ❧✬✐♥st✐t✉t
❋♦✉r✐❡r✱ ✈♦❧✉♠❡ ✷✶✱ ♣❛❣❡s ✶✺✺✕✶✼✷✱ ✶✾✼✶✳

❬❇●✾✸❪ ❏✳❉✳ ❇♦✐ss♦♥♥❛t ❛♥❞ ❇✳ ●❡✐❣❡r✳ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ r❡❝♦♥str✉❝t✐♦♥
♦❢ ❝♦♠♣❧❡① s❤❛♣❡s ❜❛s❡❞ ♦♥ t❤❡ ❞❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥✳ ❇✐♦♠❡❞✐❝❛❧
■♠❛❣❡ Pr♦❝❡ss✐♥❣ ❛♥❞ ❱✐s✉❛❧✐③❛t✐♦♥✱ ♣❛❣❡ ✾✻✹✱ ✶✾✾✸✳

❬❇▼✵✼❪ ❏✳❉✳ ❇♦✐ss♦♥♥❛t ❛♥❞ P✳ ▼❡♠❛r✐✳ ❙❤❛♣❡ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ✉♥♦r✲
❣❛♥✐③❡❞ ❝r♦ss s❡❝t✐♦♥s✳ ❙②♠♣♦s✐✉♠ ♦♥ ●❡♦♠❡tr② Pr♦❝❡ss✐♥❣✱ ♣❛❣❡s
✽✾✕✾✽✱ ✷✵✵✼✳

❬❇❱✵✾❪ ●✳ ❇❛r❡q✉❡t ❛♥❞ ❆✳ ❱❛①♠❛♥✳ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲❧❛❜❡❧ ❞♦♠❛✐♥s
❢r♦♠ ♣❛rt✐❛❧ ♣❧❛♥❛r ❝r♦ss✲s❡❝t✐♦♥s✳ ❙②♠♣♦s✐✉♠ ♦♥ ●❡♦♠❡tr② Pr♦❝❡ss✲
✐♥❣✱ ✷✵✵✾✳

❬❈❈❙✵✺❪ ❋✳ ❈❤❛③❛❧ ❛♥❞ ❉✳ ❈♦❤❡♥✲❙t❡✐♥❡r✳ ❆ ❝♦♥❞✐t✐♦♥ ❢♦r ✐s♦t♦♣✐❝ ❛♣♣r♦①✐✲
♠❛t✐♦♥✳ ●r❛♣❤✐❝❛❧ ▼♦❞❡❧s✱ ✻✼✭✺✮✿✸✾✵✕✹✵✹✱ ✷✵✵✺✳

❬❉P✾✼❪ ❈✳❘✳ ❉❛♥❝❡ ❛♥❞ ❘✳❲✳ Pr❛❣❡r✳ ❉❡❧❛✉♥❛② ❘❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ▼✉❧✲
t✐❛①✐❛❧ P❧❛♥❛r ❈r♦ss✲❙❡❝t✐♦♥s✳ ✶✾✾✼✳

❬❍❛t✵✷❪ ❆✳ ❍❛t❝❤❡r✳ ❆❧❣❡❜r❛✐❝ t♦♣♦❧♦❣②✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✷✳
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●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✷✸

❬❏❲❈+✵✺❪ ❚✳ ❏✉✱ ❏✳ ❲❛rr❡♥✱ ❏✳ ❈❛rs♦♥✱ ●✳ ❊✐❝❤❡❧❡✱ ❈✳ ❚❤❛❧❧❡r✱ ❲✳ ❈❤✐✉✱
▼✳ ❇❡❧❧♦✱ ❛♥❞ ■✳ ❑❛❦❛❞✐❛r✐s✳ ❇✉✐❧❞✐♥❣ ✸❉ s✉r❢❛❝❡ ♥❡t✇♦r❦s ❢r♦♠
✷❉ ❝✉r✈❡ ♥❡t✇♦r❦s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛♥❛t♦♠✐❝❛❧ ♠♦❞❡❧✐♥❣✳ ❚❤❡
❱✐s✉❛❧ ❈♦♠♣✉t❡r✱ ✷✶✭✽✮✿✼✻✹✕✼✼✸✱ ✷✵✵✺✳

❬▲❇❉+✵✽❪ ▲✳ ▲✐✉✱ ❈✳▲✳ ❇❛❥❛❥✱ ❏✳❖✳ ❉❡❛s②✱ ❉✳❆✳ ▲♦✇✱ ❛♥❞ ❚✳ ❏✉✳ ❙✉r❢❛❝❡ r❡✲
❝♦♥str✉❝t✐♦♥ ❢r♦♠ ♥♦♥✲♣❛r❛❧❧❡❧ ❝✉r✈❡ ♥❡t✇♦r❦s✳ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s
❋♦r✉♠✱ ✷✼✿✶✺✺✕✶✻✸✱ ✷✵✵✽✳

❬▼❛t✵✸❪ ❙✳❱✳ ▼❛t✈❡❡✈✳ ❆❧❣♦r✐t❤♠✐❝ t♦♣♦❧♦❣② ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✸✲♠❛♥✐❢♦❧❞s✳
❙♣r✐♥❣❡r✱ ✷✵✵✸✳

❬▼❛②✵✸❪ ❏P ▼❛②✳ ❋✐♥✐t❡ s♣❛❝❡s ❛♥❞ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✳ ◆♦t❡s ❢♦r ❘❊❯✱
✷✵✵✸✳

❬▼❇✵✽❪ P✳ ▼❡♠❛r✐ ❛♥❞ ❏✳❉✳ ❇♦✐ss♦♥♥❛t✳ Pr♦✈❛❜❧② ❣♦♦❞ ✷❞ s❤❛♣❡ r❡❝♦♥str✉❝✲
t✐♦♥ ❢r♦♠ ✉♥♦r❣❛♥✐③❡❞ ❝r♦ss s❡❝t✐♦♥s✳ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❋♦r✉♠✱
✷✼✭✺✮✿✶✹✵✸✕✶✹✶✵✱ ✷✵✵✽✳

❬P❚✾✹❪ ❇✳❆✳ P❛②♥❡ ❛♥❞ ❆✳❲✳ ❚♦❣❛✳ ❙✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❜② ♠✉❧t✐❛①✐❛❧
tr✐❛♥❣✉❧❛t✐♦♥✳ ■❊❊❊ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✹✭✻✮✿✷✽✕
✸✺✱ ✶✾✾✹✳

❬❙❇●✵✻❪ ❆✳ ❙✐❞❧❡s❦②✱ ●✳ ❇❛r❡q✉❡t✱ ❛♥❞ ❈✳ ●♦ts♠❛♥✳ P♦❧②❣♦♥ r❡❝♦♥str✉❝t✐♦♥
❢r♦♠ ❧✐♥❡ ❝r♦ss✲s❡❝t✐♦♥s✳ ❈❛♥❛❞✐❛♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧
●❡♦♠❡tr②✱ ✷✵✵✻✳

❬❙❡❣✻✽❪ ●✳ ❙❡❣❛❧✳ ❈❧❛ss✐❢②✐♥❣ s♣❛❝❡s ❛♥❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳ P✉❜❧✐❝❛t✐♦♥s
▼❛t❤é♠❛t✐q✉❡s ❞❡ ❧✬■❍➱❙✱ ✸✹✭✶✮✿✶✵✺✕✶✶✷✱ ✶✾✻✽✳

❘❘ ♥➦ ✼✶✹✼



✷✹ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

❆ ❍♦♠♦t♦♣② Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② r❡❝❛❧❧ s♦♠❡ ❝♦♥❝❡♣ts ❛♥❞ ♥♦t❛t✐♦♥s t❤❛t ❛r❡ ✉s❡❞ ✐♥
t❤❡ ♣❛♣❡r✳

◆♦t❛t✐♦♥ ❋♦r ❛♥② s❡t X ⊂ Rn✱ t❤❡ ❜♦✉♥❞❛r② ♦❢ X ✐s ❞❡♥♦t❡❞ ❜❡ ∂X✳

❉❡✜♥✐t✐♦♥ ✶✸ ✭❍♦♠♦t♦♣②✮ ❆ ❤♦♠♦t♦♣② ❜❡t✇❡❡♥ t✇♦ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
f ❛♥❞ g ❢r♦♠ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ X t♦ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ Y ✐s ❞❡✜♥❡❞ t♦ ❜❡
❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ H : X × [0, 1] → Y s✉❝❤ t❤❛t ❢♦r ❛❧❧ ♣♦✐♥ts x ∈ X✱
H(x, 0) = f(x) ❛♥❞ H(x, 1) = g(x)✳ f ✐s s❛✐❞ t♦ ❜❡ ❤♦♠♦t♦♣✐❝ t♦ g ✐❢ t❤❡r❡
❡①✐sts ❛ ❤♦♠♦t♦♣② ❜❡t✇❡❡♥ f ❛♥❞ g✳

❉❡✜♥✐t✐♦♥ ✶✹ ✭❍♦♠♦t♦♣② ❊q✉✐✈❛❧❡♥❝❡✮ ❚✇♦ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s X ❛♥❞ Y
❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t ♦r ♦❢ t❤❡ s❛♠❡ ❤♦♠♦t♦♣② t②♣❡ ✐❢ t❤❡r❡ ❡①✐st ❝♦♥t✐♥✉♦✉s
♠❛♣s f : X → Y ❛♥❞ g : Y → X s✉❝❤ t❤❛t g ◦ f ✐s ❤♦♠♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t②
♠❛♣ idX ❛♥❞ f ◦ g ✐s ❤♦♠♦t♦♣✐❝ t♦ idY ✳

❉❡✜♥✐t✐♦♥ ✶✺ ✭❍♦♠♦t♦♣② ●r♦✉♣s✱ ❋✉♥❞❛♠❡♥t❛❧ ●r♦✉♣✮ ▲❡t X ❜❡ ❛ s♣❛❝❡
✇✐t❤ ❛ ❜❛s❡ ♣♦✐♥t x0 ∈ X✳ ▲❡t Si ❞❡♥♦t❡ t❤❡ i✲s♣❤❡r❡ ❢♦r ❛ ❣✐✈❡♥ i ≥ 1✱ ✐♥ ✇❤✐❝❤
✇❡ ✜①❡❞ ❛ ❜❛s❡ ♣♦✐♥t b✳ ❚❤❡ i✲❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦t♦♣② ❣r♦✉♣ ♦❢ X ❛t t❤❡ ❜❛s❡
♣♦✐♥t x0✱ ❞❡♥♦t❡❞ ❜② πi(X, x0)✱ ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ s❡t ♦❢ ❤♦♠♦t♦♣② ❝❧❛ss❡s ♦❢
♠❛♣s f : Si → X t❤❛t ♠❛♣ t❤❡ ❜❛s❡ ♣♦✐♥t b t♦ t❤❡ ❜❛s❡ ♣♦✐♥t x0✳

❚❤✉s ✐❢ X ✐s ♣❛t❤✲❝♦♥♥❡❝t❡❞✱ t❤❡ ❣r♦✉♣ πi(X, x0) ✐s✱ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✱
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ❜❛s❡ ♣♦✐♥t x0✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♥♦t❛t✐♦♥ πi(X, x0)
✐s ♦❢t❡♥ ❛❜❜r❡✈✐❛t❡❞ t♦ πi(X)✳

▲❡t X ❜❡ ❛ ♣❛t❤✲❝♦♥♥❡❝t❡❞ s♣❛❝❡✳ ❚❤❡ ✜rst ❤♦♠♦t♦♣② ❣r♦✉♣ ♦❢ X✱ π1(X)✱
✐s ❝❛❧❧❡❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣ ♦❢ X✳

❉❡✜♥✐t✐♦♥ ✶✻ ✭❙✐♠♣❧②✲❈♦♥♥❡❝t❡❞ ❙♣❛❝❡s✮ ❚❤❡ ♣❛t❤✲❝♦♥♥❡❝t❡❞ s♣❛❝❡ X ✐s
❝❛❧❧❡❞ s✐♠♣❧②✲❝♦♥♥❡❝t❡❞ ✐❢ ✐t ❤❛s tr✐✈✐❛❧ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣✳

❉❡✜♥✐t✐♦♥ ✶✼ ✭❲❡❛❦ ❍♦♠♦t♦♣② ❊q✉✐✈❛❧❡♥❝❡✮ ❆ ♠❛♣ f : X → Y ✐s ❝❛❧❧❡❞
❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ✐❢ t❤❡ ✐♥❞✉❝❡❞ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠s ❜② f ♦♥ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦t♦♣② ❣r♦✉♣s✱ f∗ : πi(X) → πi(Y )✱ ❢♦r i ≥ 0✱ ❛r❡ ❛❧❧ ✐s♦♠♦r✲
♣❤✐s♠✳ ✭■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛♥② ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣②
❡q✉✐✈❛❧❡♥❝❡✱ ❜✉t t❤❡ ✐♥✈❡rs❡ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② tr✉❡✳ ❍♦✇❡✈❡r✱ ❲❤✐t❡❤❡❛❞✬s ❚❤❡✲
♦r❡♠ st❛t❡s t❤❛t t❤❡ ✐♥✈❡rs❡ ✐s tr✉❡ ❢♦r ♠❛♣s ❜❡t✇❡❡♥ ❈❲✲❝♦♠♣❧❡①❡s✳✮

❚❤❡♦r❡♠ ✶✹ ✭❲❤✐t❡❤❡❛❞✬s ❚❤❡♦r❡♠✮ ■❢ ❛ ♠❛♣ f : X → Y ❜❡t✇❡❡♥ ❝♦♥✲
♥❡❝t❡❞ ❈❲✲❝♦♠♣❧❡①❡s ✐♥❞✉❝❡s ✐s♦♠♦r♣❤✐s♠s f∗ : πi(X) → πi(Y ) ❢♦r ❛❧❧ i ≥ 0✱
t❤❡♥ f ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ✶✽ ✭✭❙tr♦♥❣✮ ❉❡❢♦r♠❛t✐♦♥ ❘❡tr❛❝t✮ ▲❡t X ❜❡ ❛ s✉❜s♣❛❝❡ ♦❢ Y ✳
❆ ❤♦♠♦t♦♣② H : Y × [0, 1] → Y ✐s s❛✐❞ t♦ ❜❡ ❛ ✭str♦♥❣✮ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢
Y t♦ X ✐❢✿

❼ ❋♦r ❛❧❧ y ∈ Y, H(y, 0) = y ❛♥❞ H(y, 1) ∈ X✳

❼ ❋♦r ❛❧❧ x ∈ X, H(x, 1) = x✳

❼ ✭❛♥❞ ❢♦r ❛❧❧ x ∈ X, H(x, t) = x✳✮

■◆❘■❆



●❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦❧♦❣✐❝❛❧ ●✉❛r❛♥t❡❡s ✷✺

❉❡✜♥✐t✐♦♥ ✶✾ ✭❍♦♠❡♦♠♦r♣❤✐s♠✮ ❚✇♦ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s X ❛♥❞ Y ❛r❡ ❤♦♠❡✲
♦♠♦r♣❤✐❝ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜✐❥❡❝t✐✈❡ ♠❛♣ h : X → Y s✉❝❤ t❤❛t
h−1 ✐s ❝♦♥t✐♥✉♦✉s✳ t❤❡ ♠❛♣ h ✐s ❝❛❧❧❡❞ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❢r♦♠ X t♦ Y ✳

❉❡✜♥✐t✐♦♥ ✷✵ ✭■s♦t♦♣②✮ ❚✇♦ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s X ❛♥❞ Y ❡♠❜❡❞❞❡❞ ✐♥ R
3

❛r❡ ✐s♦t♦♣✐❝ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣ i : [0, 1] × X → R
3 s✉❝❤ t❤❛t

i(0, .) ✐s t❤❡ ✐❞❡♥t✐t② ♦✈❡r X✱ i(1, X) = Y ❛♥❞ ❢♦r ❛♥② t ∈ [0, 1]✱ i(t, .) ✐s ❛♥
❤♦♠❡♦♠♦r♣❤✐s♠ ❢r♦♠ X ♦♥t♦ ✐ts ✐♠❛❣❡✳ ❚❤❡ ♠❛♣ i ✐s ❝❛❧❧❡❞ ❛♥ ✐s♦t♦♣② ❢r♦♠ X
t♦ Y ✳

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r✱ ❛♥❞ r❡❢❡r t♦ ❝❧❛ss✐❝❛❧ ❜♦♦❦s
✐♥ t♦♣♦❧♦❣② ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

❉❡✜♥✐t✐♦♥ ✷✶ ✭❯♥✐✈❡rs❛❧ ❈♦✈❡r✮ ▲❡t X ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳ ❆ ❝♦✈❡r✐♥❣
s♣❛❝❡ ♦❢ X ✐s ❛ s♣❛❝❡ C t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s s✉r❥❡❝t✐✈❡ ♠❛♣ φ : C → X
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ X✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ x✱ s✉❝❤
t❤❛t φ−1(U) ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ♦♣❡♥ s❡ts ✐♥ C✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ♠❛♣♣❡❞
❤♦♠❡♦♠♦r♣❤✐❝❛❧❧② ♦♥t♦ U ❜② φ✳ ❆ ❝♦♥♥❡❝t❡❞ ❝♦✈❡r✐♥❣ s♣❛❝❡ ✐s ❝❛❧❧❡❞ ❛ ✉♥✐✈❡rs❛❧
❝♦✈❡r ✐❢ ✐t ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳

❚❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡ ✉♣ t♦ ❤♦♠❡♦♠♦r♣❤✐s♠✳

▲❡♠♠❛ ✺ ✭▲✐❢t✐♥❣ Pr♦♣❡rt② ♦❢ t❤❡ ❯♥✐✈❡rs❛❧ ❈♦✈❡r✮ ▲❡t X ❜❡ ❛ ✭♣❛t❤✲
✮ ❝♦♥♥❡❝t❡❞ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ❛♥❞ X̃ ❜❡ ✐ts ✉♥✐✈❡rs❛❧ ❝♦✈❡r✱ ❛♥❞ φ : X̃ → X
❜❡ t❤❡ ♠❛♣ ❣✐✈❡♥ ❜② t❤❡ ❝♦✈❡r✐♥❣✳ ▲❡t Y ❜❡ ❛♥② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ s♣❛❝❡✱ ❛♥❞
f : Y → X ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣✳ ●✐✈❡♥ t✇♦ ♣♦✐♥ts x̃ ∈ X̃ ❛♥❞ y ∈ Y ✇✐t❤
φ(x̃) = f(y)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝♦♥t✐♥✉♦✉s ♠❛♣ g : Y → X̃ s♦ t❤❛t φ◦ g = f

❛♥❞ φ(y) = x̃✳❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❧✐❢t✐♥❣ ♣r♦♣❡rt② ♦❢ X̃✳

❙✐♥❝❡ ❛❧❧ t❤❡ s♣❤❡r❡s Si ♦❢ ❞✐♠❡♥s✐♦♥ i ≥ 2 ❛r❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ✇❡ ♠❛② ❡❛s✐❧②
❞❡❞✉❝❡✳

❈♦r♦❧❧❛r② ✶ ❋♦r ❛♥② ✭♣❛t❤✲✮ ❝♦♥♥❡❝t❡❞ s♣❛❝❡ X ✇✐t❤ t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r X̃✱
✇❡ ❤❛✈❡ πi(X̃) = πi(X) ❢♦r ❛❧❧ i ≥ 2✳

❲❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍✉r❡✇✐❝③ ♠❛♣ hi : πi(X) → Hi(X)✳ ❋♦r ❛♥
❡❧❡♠❡♥t [α] ∈ πi(X) ♣r❡s❡♥t❡❞ ❜② α : Si → X✱ hi([α]) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✐♠❛❣❡
♦❢ t❤❡ ❢♦♥❞✉♠❡♥t❛❧ ❝❧❛ss ♦❢ Si ✐♥ Hi(S

i) ✉♥❞❡r t❤❡ ♠❛♣ α∗ : Hi(S
i) → Hi(X)✱

✐✳❡✳✱ hi([α]) = α∗(1)✳

❚❤❡♦r❡♠ ✶✺ ✭❍✉r❡✇✐❝③ ■s♦♠♦r♣❤✐s♠ ❚❤❡♦r❡♠✮ ❚❤❡ ✜rst ♥♦♥✲tr✐✈✐❛❧ ❤♦✲
♠♦t♦♣② ❛♥❞ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ ❛ s✐♠♣❧②✲❝♦♥♥❡❝t❡❞ s♣❛❝❡ ♦❝❝✉r ✐♥ t❤❡ s❛♠❡
❞✐♠❡♥s✐♦♥ ❛♥❞ ❛r❡ ✐s♦♠♦r♣❤✐❝✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r X s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ t❤❡
❍✉r❡✇✐❝③ ♠❛♣ hi : πi(X) → Hi(X) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢♦r t❤❡ ✜rst i ✇✐t❤ πi ✭♦r
❡q✉✐✈❛❧❡♥t❧② Hi✮ ♥♦♥✲tr✐✈✐❛❧✳

❇ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② ❝♦♥♥❡❝t❡❞ ✸✲♠❛♥✐❢♦❧❞ K ✐♥ R
3 ✇✐t❤ ❛ ✭♥♦♥✲

❡♠♣t②✮ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r②✱ ✇❡ ❤❛✈❡ πi(K) = {0}✱ ❢♦r ❛❧❧ i ≥ 2✳ ❲❡ ✉s❡ t❤❡
❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ K t♦ s❤♦✇ t❤❛t t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦t♦♣②
❣r♦✉♣ ♦❢ K ✐s tr✐✈✐❛❧✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❝❛❧❧❡❞ t❤❡
❙♣❤❡r❡ ❚❤❡♦r❡♠ ✭❢♦r ✸✲♠❛♥✐❢♦❧❞s✮✱ s❡❡ ❬❇❛t✼✶❪ ❢♦r ❛ ♣r♦♦❢✳

❘❘ ♥➦ ✼✶✹✼



✷✻ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐

❚❤❡♦r❡♠ ✶✻ ✭❙♣❤❡r❡ ❚❤❡♦r❡♠✮ ▲❡t K ❜❡ ❛♥ ♦r✐❡♥t❛❜❧❡ ✸✲♠❛♥✐❢♦❧❞ s✉❝❤
t❤❛t π2(K) ✐s ♥♦t t❤❡ tr✐✈✐❛❧ ❣r♦✉♣✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞✐♥❣ e :
S2 → K ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ♦❢ π2(K)✳

❯s✐♥❣ t❤❡ ❙♣❤❡r❡ t❤❡♦r❡♠✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸ ✐♥ t✇♦ ♣❛rts✳

❼ ❲❡ ❝❧❛✐♠ t❤❛t ✐❢ K ✐s ❛ ❝♦♥♥❡❝t❡❞ ✸✲♠❛♥✐❢♦❧❞ ✐♥ R
3 ✇✐t❤ ✭♥♦♥✲❡♠♣t②✮

❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r②✱ t❤❡♥ π2(K) = {0}✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ s✉♣♣♦s❡ t❤❛t π2(K) ✐s ♥♦♥✲tr✐✈✐❛❧✳ ❆❝❝♦r❞✲
✐♥❣ t♦ t❤❡ ❙♣❤❡r❡ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞✐♥❣ e : S2 → K ✇❤✐❝❤
r❡♣r❡s❡♥ts ❛ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ♦❢ π2(K)✳ ❚❤❡ ❝❧♦s❡❞ s✉r❢❛❝❡ e(S2) s❡♣❛r❛t❡s
R

3 ✐♥t♦ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✱ ♦♥❡ ❜♦✉♥❞❡❞ ✭t❤❡ ✐♥t❡r✐♦r ♦❢ e(S2)✮
❛♥❞ t❤❡ ♦t❤❡r ✉♥❜♦✉♥❞❡❞ ✭t❤❡ ❡①t❡r✐♦r ♦❢ e(S2)✮✳ ❙✐♥❝❡ t❤❡ ❜♦✉♥❞❛r② ♦❢
K ✐s ❝♦♥♥❡❝t❡❞✱ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ K✱ ❞❡♥♦t❡❞ ❜② Kc✱ ✐s ❝♦♥♥❡❝t❡❞✳
Kc ❜❡✐♥❣ ❝♦♥♥❡❝t❡❞ ❛♥❞ ❞✐s❥♦✐♥t ❢r♦♠ e(S2)✱ ❧✐❡s ✐♥ t❤❡ ❡①t❡r✐♦r ♦❢ e(S2)✳
❍❡♥❝❡✱ t❤❡ ✐♥t❡r✐♦r ♦❢ e(S2) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ K❀ ❛♥❞ e ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦
t❤❡ ✐♥t❡r✐♦r ♦❢ e(S2) ✭✇❤✐❝❤ ✐s ❛ ✷✲❞✐s❦✮✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ✇✐t❤ t❤❡ ❢❛❝t
t❤❛t e r❡♣r❡s❡♥ts ❛ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ♦❢ π2(K)✳

❼ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ i✲❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ K✱ ❢♦r i ≥ 3✱
❛r❡ ❛❧❧ tr✐✈✐❛❧✳ ❯s✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♠❛♥✐❢♦❧❞ K✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦
♣r♦✈❡ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦❧♦❣② ❣r♦✉♣s ❛r❡ tr✐✈✐❛❧✳ ❚❤❡♥✱ ✐♥ ♦r❞❡r
t♦ r❡❧❛t❡ t❤❡ ❤♦♠♦❧♦❣② ❛♥❞ ❤♦♠♦t♦♣② ❣r♦✉♣s✱ ♦♥❡ ♠❛② t❤✐♥❦ ♦❢ ❛♣♣❧②✐♥❣
❍✉r❡✇✐❝③ ❚❤❡♦r❡♠✳ ❍♦✇❡✈❡r✱ ❍✉r❡✇✐❝③ ❚❤❡♦r❡♠ ❤♦❧❞s ♦♥❧② ❢♦r s✐♠♣❧②✲
❝♦♥♥❡❝t❡❞ s♣❛❝❡s✳ ❚❤✉s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r ♦❢ K✱ ❛♥❞ ❛♣♣❧②
❍✉r❡✇✐❝③ ❚❤❡♦r❡♠ ♦♥ ✐t✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
K ❛♥❞ ✐ts ✉♥✐✈❡rs❛❧ ❝♦✈❡r t♦ ♣r♦✈❡ t❤❡ ♣✉r♣♦s❡❞ st❛t❡♠❡♥t ❢♦r K✳

▲❡t K̃ ❜❡ t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r ♦❢ K✳ ❇② ❈♦r♦❧❧❛r② ✶✱ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦
s❤♦✇ t❤❛t πi(K̃) = {0} ❢♦r ❛❧❧ i ✭s✐♥❝❡ K̃ ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ s♦ ✇❡ ❤❛✈❡
π1(K̃) = {0}✮✳ ❲❡ ❛❧r❡❛❞② ♥♦✇ t❤❛t π2(K̃) = π2(K) = {0}✳

❚❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦❧♦❣② ❣r♦✉♣ ♦❢ ❛♥② ❝♦♥♥❡❝t❡❞ ♥♦♥✲❝♦♠♣❛❝t
✸✲♠❛♥✐❢♦❧❞ ✐s tr✐✈✐❛❧✳ ❆s K̃\∂K̃ ✭t❤❡ ✐♥t❡r✐♦r ♦❢ K̃✮ ✐s ❛ ♥♦♥✲❝♦♠♣❛❝t ✸✲
♠❛♥✐❢♦❧❞✱ ✐ts t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦❧♦❣② ❣r♦✉♣ ✐s tr✐✈✐❛❧✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ K̃ ❛♥❞ ✐ts ✐♥t❡r✐♦r ❛r❡ t❤❡ s❛♠❡✳ ❚❤✉s✱ ✇❡
❤❛✈❡ H3(K̃) = H3(K̃\∂K̃) = {0}✳ ❇② ❍✉r❡✇✐❝③ ❚❤❡♦r❡♠✱ ✇❡ ✐♥❢❡r t❤❛t
π3(K̃) = {0} ❛s ✇❡❧❧✳ ❆❧s♦✱ K̃ ❜❡✐♥❣ ❛ ✸✲♠❛♥✐❢♦❧❞✱ ❛❧❧ t❤❡ ❤✐❣❤❡r ❤♦♠♦❧♦❣②
❣r♦✉♣s Hi(K̃) ❛r❡ tr✐✈✐❛❧✱ ❢♦r ❛❧❧ i ≥ 4✳ ❘❡❛s♦♥✐♥❣ ❜② ✐♥❞✉❝t✐♦♥✱ ❛❣❛✐♥
❜② ❍✉r❡✇✐❝③ ❚❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥ πi(K̃) = {0}✱ ❢♦r ❛❧❧ i ≥ 4✳ ❆♥❞ t❤❡
t❤❡♦r❡♠ ❢♦❧❧♦✇s✳

■◆❘■❆



Centre de recherche INRIA Sophia Antipolis – Méditerranée
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Centre de recherche INRIA Bordeaux – Sud Ouest : Domaine Universitaire - 351, cours de la Libération - 33405 Talence Cedex
Centre de recherche INRIA Grenoble – Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier

Centre de recherche INRIA Lille – Nord Europe : Parc Scientifique de la Haute Borne - 40, avenue Halley - 59650 Villeneuve d’Ascq
Centre de recherche INRIA Nancy – Grand Est : LORIA, Technopôle de Nancy-Brabois - Campus scientifique

615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex
Centre de recherche INRIA Paris – Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex
Centre de recherche INRIA Rennes – Bretagne Atlantique : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex

Centre de recherche INRIA Saclay – Île-de-France : Parc Orsay Université - ZAC des Vignes : 4, rue Jacques Monod - 91893 Orsay Cedex

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)

❤tt♣✿✴✴✇✇✇✳✐♥r✐❛✳❢r

ISSN 0249-6399


	Introduction
	Definition of the Reconstructed Object
	Proof Outline of the Homotopy Equivalence Between R and O
	First Sampling Condition: Separation Condition
	Guarantees on the Connections Between the Sections

	Medial Shape
	Topological Guarantees Implied by the Separation Condition
	Injectivity on the Level of Homotopy Groups
	The topological structures of RC and OC are determined by their fundamental groups.

	Second Condition: Intersection Condition
	Generalized Nerve Theorem and Homotopy Equivalence of R and O

	How to Ensure the Sampling Conditions?
	Separation Condition: A Sufficient Condition Based on the Density of Planes.
	Intersection Condition: A Sufficient Condition Based on the Transversality.

	Deforming the Homotopy Equivalence to a Homeomorphism
	Homotopy Preliminaries
	Proof of Theorem 3

