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Résumé :Nous étudions dans cet article une variante introduite jpsdirn, Quattrocchi et Syro-
tiuk du probleme de groupage de trafic dans les réseaux eaa#éDM ; le groupage de trafic sur
deux périodes. Au cours de la premiere période de tempsfie ¢ansidéré estll-to-all uniforme
entren sommets, chaque requéte utilisap€Clde la bande passante; pendant la deuxiéme période,
le trafic estall-to-all uniforme mais entre les sommets d’un sous-enseiilde taillev < n, chaque
requéte étant alors autorisée a utilisg€1de la bande passante, @1 < C. Nous déterminons
le codt minimum (nombre minimum de ADMSs), pour taulv etC = 4 etC’ € {1, 2, 3}. Pour ce
faire, nous utilisons les décompositions de graphes.fieh, ée probléme du groupage de trafic sur
deux périodes revient a minimiser le nombre total de somdiate partition des arétes du graphe
completK, en sous-graphes, ol chaque sous-graphe a aCustes et contient au pl@s arétes
du graphe complet sur lassommets spécifiés. Nous déterminons aussi, pour les valedessus,

le colt minimum d’une solution utilisant le nombre minimatjuis de longueurs d’onde.
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Drop cost and wavelength optimal two-period grooming with
ratio 4

Abstract: We study grooming for two-period optical networks, a vaoatof the trdfic grooming
problem for WDM ring networks introduced by Colbourn, Quatthi, and Syrotiuk. In the two-
period grooming problem, during the first period of time,rthes all-to-all uniform tréfic among

n nodes, each request usingClof the bandwidth; and during the second period, there itoadiH
uniform treffic only among a subs#t of v nodes, each request now being allowed to y&# df the
bandwidth, wher€’ < C. We determine the minimum drop cost (minimum number of ADds)
anyn,vandC = 4 andC’ € {1, 2, 3}. To do this, we use tools of graph decompositions. Indeed the
two-period grooming problem corresponds to minimizingtibtal number of vertices in a partition
of the edges of the complete grafgh into subgraphs, where each subgraph has at @astges
and where furthermore it contains at m@3tedges of the complete graph wrspecified vertices.
Subiject to the condition that the two-period grooming haddlast drop cost, the minimum number
of wavelengths required is also determined in each case.

Key-words: traffic grooming, SONET ADM, optical networks, graph decompositdesign theory.
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1 Introduction

Traffic grooming is the generic term for packing low rate signats lrigher speed streams (see
the surveys([5, 18, 22, 27, 129]). By usingftte grooming, one can bypass the electronics in the
nodes which are not sources or destinations dfitseand therefore reduce the cost of the network.
Here we consider unidirectional SONEVDM ring networks. In that case, the routing is unique
and we have to assign to each request between two nodes @ngiednd some bandwidth on this
wavelength. If the tréic is uniform and if a given wavelength has capacity for atti€esequests,
we can assign to each request at mé)&nf the bandwidthC is known as thegrooming ratioor
thegrooming factor Furthermore if the tridic requirement is symmetric, it can be easily shown (by
exchanging wavelengths) that there always exists an opgiohation in which the same wavelength
is given to each pair of symmetric requests. Thus withowt tdgienerality we assign to each pair of
symmetric requests, calleccacle, the same wavelength. Then each circle L@@Eﬁ the bandwidth
in the whole ring. If the two end-nodes of a circle @&@nd j, we need one ADM at nodeand one
at nodej. The main point is that if two requests have a common end-rtbdg can share an ADM
if they are assigned the same wavelength. For example, seghat we have symmetric requests
between nodes 1 and 2, and also between 2 and 3. If they agaeddivo diferent wavelengths,
then we need 4 ADMs, whereas if they are assigned the saméengtie we need only 3 ADMs.

The so called trdic grooming problem consists in minimizing the total numbeADMSs to be
used, in order to reduce the overall cost of the network.

Suppose we have a ring with 4 nod8sl, 2, 3} and all-to-all uniform tréfic. There are therefore
6 circles (pairs of symmetric requests)j} for 0 < i < j < 3. If there is no grooming we need
6 wavelengths (one per circle) and a total of 12 ADMs. If weéhawgrooming facto€ = 2, we
can put on the same wavelength two circles, using 3 or 4 ADMsraking to whether they share
an end-node or not. For example we can put tog€the} and{2, 3} on one wavelength{]l, 3} and
{3, 4} on a second wavelength, atid 4} and{2, 4} on a third one, for a total of 9 ADMs. If we allow
a grooming factolC = 3, we can use only 2 wavelengths. If we put together on one lesagth
{1,2}, {2, 3}, and{3, 4} and on the other ond, 3}, {2, 4}, and{1, 4} we need 8 ADMs (solutiom) ;
but we can do better by putting on the first wavelendtt?}, {2, 3} and{1, 3} and on the second one
{1,4}, {2,4} and{3, 4}, using 7 ADMs (solutiorb).

Here we study the problem for a unidirectional SONET ringhwitnodes, grooming rati€,
and all-to-all uniform unitary tréic. This problem has been modeled as a graph partition prablem
both [4] and[[20]. In the all-to-all case the set of requestmodelled by the complete gragh. To
a wavelengttk is associated a subgraph in which each edge corresponds to a pair of symmetric
requests (that is, a circle) and each node to an ADM. The gimpoonstraint, i.e. the fact that a
wavelength can carry at moStrequests, corresponds to the fact that the number of gE¢Bg)|
of each subgrapBy is at mostC. The cost corresponds to the total number of vertices uséukin
subgraphs, and the objective is therefore to minimize thialver.

Trarric GROOMING IN THE RING

InpuT : Two integersn andC.
Ourrur : PartitionE(Kp) into subgraph®y, 1 < k < A, s.t.|E(By)| < C for all k.

RR n° 7101
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Osjective : Minimize Y IV(By)l.

In the example above with= 4 andC = 3, solutiona consists of a decomposition Kf, into two
paths with four vertices [2, 3, 4] and [2 4, 1, 3], while solutionb corresponds to a decomposition
into a triangle (12, 3) and a star with the edgék 4}, {2, 4}, and{3, 4}.

With the all-to-all set of requests, optimal constructiémsa given grooming rati€ have been
obtained using tools of graph and design theory [10], inipalgr for grooming raticC = 3 [1],
C=4[4,21],C=5[3],C=6[2],C =7 [11] andC > N(N - 1)/6 [€].

Graph decompositions have been extensively studied far adasons as well. Se€ [8] for an
excellent survey| [16] for relevant material on design$weibcksize three, and [10] for terminology
in design theory.

Most of the papers on grooming deal with a single (statidjitranatrix. Some articles consider
variable (dynamic) tréic, such as finding a solution which works for the maximurficalemand[77,
[30] or for all request graphs with a given maximum degreé,[B3{ all keep a fixed grooming factor.
In [13] an interesting variation of the fifec grooming problem, grooming for two-period optical
networks, has been introduced in order to capture some dgmaature of the tréiic. Informally, in
the two-period grooming problem each time period suppdfterént tréfic requirements. During
the first period of time there is all-to-all uniform ff&c amongn nodes, each request usingClof
the bandwidth; but during the second period there is aliitdraffic only among a subséft of v
nodes, each request now being allowed to use a larger fnaatitbhe bandwidth, namely/C” where
C' <C.

Denote byX the subset ofi nodes. Therefore the two-period grooming problem can beesspd
as follows :

Two-Periop GROOMING IN THE RING
Ineut : Four integers, v, C, andC’.
Ourrur : A partition (denotedN(n, v; C, C)) of E(K,) into subgraph8, 1 < k < A, such that
for all k, |[E(By)| < C, and|E(By) N (V x V)| < C’',withV C X, [V| = v.
Osjective : Minimize Y IV(By)l.

Following [13], a grooming is denoted by(n, C). When the groomingN(n, C) is optimal i.e.
minimizes the total ADM cost, then the grooming is denotedchy (n, C). Whether general or
optimal, the drop cost of a grooming is denotedclgt Nn, C) or cost&.4'(n, C), respectively.

A grooming of a two-period networkl(n, v; C, C") with grooming ratiosC, C’) coincides with
a graph decompositiorX(8) of K, (using standard design theory terminologyis the set of all
theblocksof the decomposition) such thaX,(8) is a groomingN(n, C) in the first time period, and
(X, B) faithfully embeds a graph decompositionkof such that ¥, D) is a groomingN(v, C’) in the
second time period. L&t ¢ X. The graph decompositioiX(8) embedghe graph decomposition
(V, D) if there is a mapping : D — 8B such thatD is a subgraph off (D) for everyD € D.
If f is injective (i.e., one-to-one), theiX(B) faithfully embedgV, D). This concept of faithfully
embedding has been explored[inl[12] 25].

We use the notatio.4"(n, v; C,C’) to denote an optimal grooming(n, v; C, C’).

INRIA
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As it turns out, an’.4'(n,v; C,C’) does not always coincide with a#i.4"(n, C). Generally we
havecost&d.#'(n,v;C,C’) > costd.4(n,C) (see Examplesl.2 and 1L.3). Of particular interest is
the case whenost&.#(n,v;C,C’) = costd.4'(n,C) (see ExampleZ1l1).

Example1.1letn= 7,v =4,C = 4. Let V = {0,1,2,3} and W = {ag, a3, ax}. An optimal
decomposition is given by the three trianglag 0, 1), (a1, 1, 2), and(az, 2, 3), and the three 4-cycles
(0,2, a9, &1), (0,3, a9, a2), and(1, 3, a1, a2), giving a total cost of 21 ADMs.

This solution is valid and optimal for both'G 1 and C = 2, and it is optimal for the classical
Trarric GROOMING IN THE RiNg problem when n= 7 and C = 4. Therefore, cost'.4'(7,4;4,1) =
costoN(7,4;4,2)=costoN (7,4) = 21.

Example 1.2Letn=7,v=5C =4,andC = 2. LetV={0,1,2,3,4} and W = {ag, a1}. We
see later that an optimal decomposition is given by the fiestay, 1, 2; 0), (ao, 3, 4; 1), (a1, 1, 3; 2),

(a1, 2,4; 0)and(ap, a1, 0; 1), plus the edgé0, 3}, giving a total cost of 22 ADMs. So cast /' (7,5;4,2) =
22. Note that this decomposition is not a valid solution fér=1, since there are subgraphs contai-
ning more than one edge with both end-verticesin V.

Example 1.3 Letn=7,v=5,C=4,andC = 1. Letagain V= {0,1,2,3,4} and W= {ag, &1}. We
see later that an optimal decomposition is given by the fois (Ko, 1, 2), (ag, 3, 4), (a1, 0, 3), and
(a1,2,4), the G (0,1, &1, ap), plus the five edg€®, 4}, {1, 3}, {0, 2}, {1, 4}, and{2, 3}, giving a total
cost of 26 ADMs. So cost.4(7,5;4,1) = 26.

C.J. Colbourn, G. Quattrocchi and V.R. Syrotillk1[L3] 14] gbetely solved the cases when
C =2andC = 3(C’ = 1or 2). Inthis article we determine the minimum drop costoiign, v; 4, C’)
foralln>v>0andC’ € {1, 2, 3}.

We are also interested in determining the minimum number afelengths, owavecostre-
quired in an assignment of wavelengths to a decompositiomorfy the?.#'(n, 4)s one having
the minimum wavecost is denoted by ¢.4'(n,4), and the corresponding minimum number of
wavelengths byvavecostz & .4'(n, 4). We characterize th&._4"(n, v; C, C’) whose wavecost is mi-
nimum among alz._4"(n, v; C,C’)s and denoted one hy7 &.4"(n,v; C,C’) ; the wavecost is itself
denoted bywavecostzZ & .4 (n,v; C,C’).

We deal separately with each value@f e {1, 2, 3}. Table[l summarizes the cost formulas for
n=v+w>4,

2 Notation and Preliminaries

We establish some graph-theoretic notation to be useddghmu. We denote the edge between
u andv by {u,v}. K, denotes a complete graph oivertices andy represents the complete graph
on the vertex seX. A triangle with edges${x, y}. {X, Z, {y, z}} is denoted by Xy, 7). A 4-cycle with
edges{x, vy}, {y, Z, {z u}, {u, x}} is denoted byX, v, z u). A kite with edges{{x, y}, {x, 2}, 1y, Z, {z u}}
is denoted byX, y, z u). The groomings to be produced also employ paths ; the palthverticesPy
is denoted by, ..., x] when it contains edgels, xi;1} for 1 < i < k. Now letG = (X, E) be a
graph. If|X| is even, a set diX|/2 disjoint edges ik is al-factor; a partition ofE into 1-factorsis

RR n° 7101
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ifvsw+1
costoN (V+Ww,v;4,1) =
() 0-L2] e

1 ifw=2 or
wheres — if w=4and
B v=0 (mod 4)

costoN (V+W,V;4,2) = 0 otherwise

(%) +[2(C) -vw-[2])]+o

1 ifw=3and
whereg = v =3 (mod 4)
0 otherwise

COStOAN (v+w,v;4,3) = (“5")

Tas. 1 — Cost formulas fon = v+ w > 4.

if v<2w

if v> 2w andv even

if v> 2w andv odd

INRIA
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a 1-factorization Similarly, if |X| is odd, a set of|K| — 1)/2 disjoint edges itk is anear 1-factor,
a partition ofE into near 1-factors is aear 1-factorizationWe also employ well-known results on
partial triple systems and group divisible designs withcklsize three ; se€ [16] for background.

The vertices of the séf are the integers moduldenoted by 01,...,v— 1. The vertices not
in V, that is inX'\ V, forms the seW of sizew = n— v and is denoted by, . . ., a,_1, the indices
being taken module.

Among graphs with three or fewer edges (i.e., wikee 3),the only graph with the minimum
ratio (number of vertices over the number of edges) is tlaadfie. ForIC = 4 three diferent such
graphs have minimum ratio 1 : the triangle, the 4-cycle, dadkite. This simplifies the problem
substantially. Indeed, in contrast to the lower bounds4ij,[ib this case the lower bounds arise from
easy classification of the edgesdnWe recall the complete characterization for optimal grows
with a grooming ratio of four :

Theorem 2.1 [4, [21] costd'.4'(4,4) = 7 and, for n > 5, costo.4(n,4) = (2) Furthermore a
MO N (4,4) employs two Wavelen?ths and can be realized by a kite angd(arfRa K; and a star),
andaz 0./ (n,4),n> 5, employ%%‘“] wavelengths and can be realized bygtsland[@ - tT
4-cycles or kites, where

if n=0,1 (mod 8)

if n=3,6 (mod 8)

if n=4,5 (mod8) °

if n=2,7 (mod 8)

W N O

In order to unify the treatment of the lower bounds, in a degositionN(v + w, v; 4,C’) for
C’ € {1, 2}, we call an edge with both ends Yhneutralif it appears in a triangle, 4-cycle, or kite ;
we call it positiveotherwise. An edge with one endVhand one inW is across edge

Lemma2.1 1. Inan Nv+w,v;4,C") with C' € {1, 2}, the number of neutral edges is at most
iCvw.
2. When v is odd and’C= 2, the number of neutral edges is at most-v¥.

Proof. Every neutral edge appears in a subgraph having at leastbss edges. Thus the number of
subgraphs containing one or more neutral edges is at %mmleach can contain at mo&t neutral
edges, and hence there are at rr%ﬁ’lvw neutral edges. This proves the first statement.

Suppose now that’ = 2 andv is odd. Any subgraph containing two neutral edges employs
exactly two cross edges incident to the same verteWinThus the numbes of such subgraphs
is at most%w(v —1). Then remaining neutral edges must arise (if presentjandles, kites, or 4-
cycles that again contain two cross edges but only one nedge ; their numbejs, must satisfy
B < 3 —a. Therefore the number of neutral edges;+3, satisfies 2+ < %W(V— 1)+ =vw-3.
[ ]

WhenC = 3 there are strong interactions among the decompositiaeg@lorV, onW, and on
the cross edges [13,114] ; fortunately here we shall seelieatttucture oV sufices to determine
the lower bounds. Because evédyv + w,Vv; 4,C’) is anN(v+ w,v;4,C’ + 1) for 1 < C’ < 3, and

RR n° 7101
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N(v + w,V; 4,4) coincides withN(v + w, 4), costo A4 (v + w,V; 4,1) > costo N (V+w,V;4,2) >
costo N (v+w,Vv;4,3) > costd. 4 (v+w,4). We use these obvious facts to establish lower and
upper bounds without further comment.

3 CaseC’' =1
3.1 0.4 (nv;4,1)

Theorem 3.1 Letn=v+w> 5.
1. costO AN (v+w,V;4,1)=costd.4(V+w,4)whenv< w+ 1.
2. costON (V+W,V; 4,1) = ("*2‘”) + (‘2’) — %] when vz w+ 1.

Proof. To prove the lower bound, we establish thast&. /(v + w,v; 4, 1) > (“3") + (3) - ['§]. It
suffices to prove that the number of subgraphs employed (a3 w, v; 4, 1) other than triangles,
kites, and 4-cycles is at Iea’:{tz’) - %vw] = (;) - L%VWJ. By LemmdZ.1L, this is a lower bound on the
number of positive edges in any such decomposition ; becsaude positive edge lies in aftéirent
subgraph of the decomposition, the lower bound follows.

Now we turn to the upper bounds. For the first statement, tsecan’ .4 (v + w, v; 4, 1) is also
ano./ (v+w,v—1;4 1), it sufices to considev € {w,w + 1}. Whenv = w, write v = 4s + t with
t € {0, 3,5, 6}. Form onV a complete multipartite graph withclasses of size four and one class of
sizet. Replace edge = {x,y} of this graph by the 4-cyclex(y, ax, ay). On{X,..., X¢, 8x,, ..., 85}
wheneverxy, ..., X/} forms a class of the multipartite graph, place a decompusitiat is optimal
for drop costand uses 4, 7,12, and 17 wavelengths WieB, 4, 5, or 6, respectively (see Appendix

[A).

Now letv=w+ 1. LetV ={0,...,v— 1} andW = {ay, ..., a,_2}. Form trianglesi(i + 1, &) for
0<i<v-1.Thenform4-cycles(j+1a,a;)forO<i<j<v-2

Finally, suppose that > w + 2. Whenv is even, form a 1-factorizatioRo, ..., Fy_2 on'V. For
0<i<wlet{g;: 1< j< 3 bethe edges dF;, and form triangled;; = {a;} U &;. Now for
O<i<w;1<j<|%];andfurthermorg # ¥ if i > § andwis even, adjoin edg&;, ;.| modw} to
T;; to form a kite. All edges of 1-factofd; : w < i < v— 1} are taken a&s.

Whenv is odd, form a near 1-factorizatidfy, ..., Fy_1 onV, in which F,_; contains the edges
{{2h,2h+1}:0<h< ";21}, and near 1-factoF; misses vertekfor 0 < i < v. Then form 4-cycles
(2h,2h+ 1, @n.1,820) for 0 < h < [¥]. For0< i < w, let{e; : 1 < j < %1} be the edges df;, and
form trianglesT;; = {&} U g;. Without loss of generality we assume that 1 € g1 ; whenw s odd,
adjoin{w — 1, a,-_1} to Tp; to form a kite. Now forO<i <w; 1< j < L%’J ; and furthermorg # %’
ifi > 3 andwis evenand # 1ifi = 2hfor0 < h < [%], adjoin edgda;, & modw} to Tj; to form a
kite. All edges of near 1-factof§; : w<i <v-1}and the‘%1 - MEIJ remaining edges df,_; are
taken a¥ss.

Whenv > w + 1, each subgraph contains exactly one edg¥ and so their number @) This
fact is later used to prove Theoréml3.3.

INRIA
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3.2 #O0ON(nv;4,1)

Theorem 3.2 Letv+w>5.ForC’ =1and v< w,
wavecostZ 0./ (V+w,V; 4, 1) = wavecost#Z 0. N (V+ w, 4).

Proof. We need only treat the cases wher {w,w — 1} ; the case withv = w is handled in the
proof of Theoreri 311. When= w-1, the argument is identical to that proof, except that wenskho
v=4s+twitht e {0,1,2, 3} and place decompositions ¢xi, . .., X, 8y, - . -, 8x,, &} instead, with
1,3,6,9 wavelengths wheh= 1, 2, 3, 4 respectively (see AppendiX B).

|

Theorem 3.3 When v> w,

wavecostZ O N (V+w,V; 4,1) = (\2/)

Proof. Since every edge ovi appears on a fferent wavelengtl(‘g’) is a lower bound. As noted in
the proof of Theorem 311 the constructions given there nieebiound. ]

The solutions used from Theorém13.1 are (essentially) theares to minimize the number of
graphsin a4 (v+w,v; 4, 1) withv > w. However, perhaps surprisingly they are not the only ones
to minimize the number of wavelengths. To see this, considér/ (v + w,v; 4,1) withv > w > 2
from Theoreni 311. Remove eddes, a1}, {ao, a2}, and{ay, a,} from their kites, and form a triangle
from them. This does not change the drop cost, so the resalsasand. /(v + w, v; 4, 1). It has
one more graph than the original. Despite this, it does netlrza additional wavelength, since the
triangle @o, a1, a2) can share a wavelength with an edge\ann this case, while minimizing the
number of connected graphs serves to minimize the numbeawdlengths, it is not the only way to
do so.

4 CaseC’' =2
4.1 OV (nv;4,2)

Theorem 4.1 Let v+ w > 5and v be even.
1. When s 2w, costg .4 (v + w, V; 4,2) = costo. 4 (v + w, 4).

2. When \»> 2w + 2, costOo A (V+ W, V; 4,2) = ("*2"") + r%(;)] - % +6,wheres = 1ifw = 4or
ifw=2andv=0 (mod 4) ands = 0 otherwise.

Proof. By Lemma[Z.1 ;) — vw is a lower bound on the number of positive edges in bify +
w,V; 4,2); every subgraph of the decomposition containing a p@siidge contains at most two
positive edges. So the number of subgraphs employed N(ar w,v; 4, 2) other than triangles,
kites, and 4-cycles is at leals; ((;) - vw)]. The lower bound follows fow # 2, 4.

RR n° 7101
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As in the proof of LemmA2]1, denote by(resp,8) the number of subgraphs containing 2 (resp
1) neutral edges and so at least two cross edges. We havg8X 2a + 28 < vw. Equality in the
lower bound, wherv = 0 (mod 4), arises only wheg = 0 and therefore to meet the bound an
0./ (w, 4) must be placed oW implying thats = 1 if w = 2 or 4. Whenv = 2 (mod 4), we can
have 2r + 8 = vw—1 and s@ = 1. We can use an edge o in a graph with an edge ovi. But
whenw = 4, the five edges that would remain @hrequire drop cost 6, and go= 1.

Now we turn to the upper boundsMf> v— 1, apply Theorer 311. Suppose thak v - 2. Let
V ={0,...,2t— 1} andW = {ay, ..., ay-1}. Place a4 (w,4) onW. Form a 1-factorization oW
containing factorsgFo, ..., Fu_1,Go, ..., Ga_2-w} in Which the last two 1-factors af¢2h, 2h + 1} :

0 < h<t}and{{2zh+1,2h+2 mod 2} : 0 < h < t}, whose union is a Hamilton cycle. ForQi < w,
form trianglesT;; by addinga; to each edge;j € Fi. For 0< i < min(w, 2t — 1 — w), observe that
H; = F; U Gj is a 2-factor containing even cycles. Hence there is a ligject mapping edges dF;
to edges of5; so thate ando(€) share a vertex. Adjoin edge(g;) to the triangleT;; to form a kite.
In this way, all edges betwedhandW appear in triangles or kites, and all edges/oare employed
whenv < 2w. Whenv > 2w + 2, the edges remaining dhare those of the factoS,, ..., Gy-2-w-

Whenv # 2w + 2, the union of these edges is connected because the unibe &fdt two is
connected, and hence it can be partitioned Pge (and oné?; whenv = 2 (mod 4)) [9/28]. When
w = 2 andv = 2 (mod 4), the drop cost can be reduced by 1 as follows{X,&% be theP, in the
decomposition, and l€, z} € Gg. Let T be the triangle obtained by removiiig z} from its kite.
Add {ap, a;} to T to form a kite. Add theP3 [y, X, Z]. In this way two isolated®,s are replaced by a
P3, lowering the drop cost by 1.

Whenv = 2w + 2, we use a variant of this construction. IRebe a graph with vertex s&f that
is isomorphic to; K4s whenv = 0 (mod 4) and to‘%3 Kss and onéK33 whenv = 2 (mod 4). Let
Fi,...,Fu1,G1,...,Gy_1 be the 1-factors of a 1-factorization of the complemerR ¢dne always
exists [26]). Proceed as above to form kites usidor 1 < i < w and the edges df; andG;.
For eachK, of R with vertices{p, g,r, s}, form kites @o, g, p;r) and @o,r, s; p). Then add theP;
[r,q, 9. If Rcontains &K33 with bipartition{{p, g,r}, {s,t, u}}, add kites &o, S, p; t), (a0, g, t;r), and
(ao, 1, u; p). What remains is th&, [r, s; g, u], which can be partitioned intoB, and aPs. ]

In order to treat the odd case, we establish an easy preliyniasult :

Lemma 4.1 Let w> 3 be a positive integer. The graph on w vertices containingdtjes except for
L5 | disjoint edges (i.e., K\ | 5 |K2) can be partitioned into

1. 4-cycleswhenwis even;
2. kites and 4-cycles whensv1 (mod 4); and
3. kites, 4-cycles, and exactly two triangles whea & (mod 4)

Proof. LetW = {ao, ..., ay-1}. Whenwis even, form 4-cyclef{az, azj, azis1, a2j11) : 0<i < j < 5}
leaving uncovered th§ edgeday;, ai,1}. (This is also a consequence of a much more general result
in[19].)

Whenw is odd, the proof is by induction on by adding four new vertices. So we provide two
base cases for the induction to cover all odd values.of
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Forw = 5, Ks \ {{ap, a1}, {a2, a3}} can be partitioned into the two kitesy(ay, ap; as) and
(a3, a4, ag; @p).

Forw = 7,K7\{{ao, a1}, {a, a3}, {a4, as}} can be partitioned into the kitea as, ao; as), (a1, s, &; as)
and @s, ae, a; a1), and theKss (ao, a, a4) and @y, as, as).

By induction consider an optimal decompositiorkgf—F, with F = {{az, azn1} : 0 < h < WT‘l}.
Add four verticesaw, w1, &w+2, aws3. Add theCss (@zn, 3w, @zn+1, Bw+1) and @zn, w2, 2h+1, Aw+3)
where 0< h < WT‘l Cover the edges of thKs on {ay_1, aw, aw+1, Bws2, @wss} Minus the edges
{aw-1, aw} and{aw1, aws2}, Using two kites as shown for the case wheg 5. [ |

Theorem 4.2 Let v+ w > 5and v be odd.
1. When 2w -1, costOo 4 (V+Ww,V; 4,2) = costOo AN (v+ w, 4).

2. When > 2w + 1, costOo A (V+w,V; 4,2) = ("*2‘"’) +[3 ((‘2’) — VW + ["EV])} + 6, wheres = 1if
w = 3andv= 3 (mod 4) 0 otherwise.

Proof. To prove the lower bound, it $ices to prove that the number of subgraphs employed in
an N(v + w, v; 4, 2) other than triangles, kites, and 4-cycles is at Iéés{(;) — VW + (‘“5’1)]. As in

the proof of Theoreri 411, this follows from Lemimal2.1. Wher- 3 andv = 3 (mod 4), at least

(Z) — 3v+ 2 edges are positive, an even number. To meet the bound|yesaetcross edge remains
and exactly two edges A remain. These necessitate a further graph that is not ajteiakite, or
4-cycle.

Now we turn to the upper bounds. By Theorem 4dsto 4 ((v+ 1) + (w—1),v+ 1;4,2) =
costo A (v+w,4) whenv < 2w — 3. So suppose that> 2w — 1. Writev = 2t + 1.

Whenw =t + 1, form a near 1-factorization ovi consisting of 2+ 1 near 1-factorsro, ..., Fy,

Go, . .., Gt_1. Without loss of generality; misses vertexfor 0 < i < t, andF; contains the edges
{{k,t+ k+ 1} : 0 < k < t}. The union of any two near 1-factors contains a honnegativelber of
even cycles and a path with an even number of edges. Ear € t, form trianglesT;; by addinga;
to each edge; € Fi. As in the proof of Theorefn 4.1, for 8 i < t, use the edges @; to convert
every triangleT;; into a kite. Then add eddé &} to triangleT; constructed from edge, t + 1 + i}.
What remains is the single ed{fea;} together with all edges ow.

Whenw ¢ {2, 4}, place and.4"(w, 4) on W of cost("zv) so thata; appears in a triangle in the
decomposition, and use the edgea:} to convert this to a kite. We use a decomposition having
1 < § < 4 triangles, therefore getting a solution with at most 3nigias. Such a decomposition
exists by Theorem 2.1 # 0,1 (mod 8). Ifw = 0,1 (mod 8) we build a solution using 4 triangles
as follows. Ifw = 1 (mod 8), form arv' .4 (w- 2, 4) on verticed0, . .., w— 3} with 3 triangles. Add
the triangle ¢ — 3,w — 2,w — 1) and the 4-cycle§2h,w-2,2h+1,w-1) : 0< h < ""7’3}. For
w = 8 a solution with 4 triangles is given in AppendiX C. In gedgiar w = 0 (mod 8), form an
0./ (w-8,4)on verticed0, ..., w—9} with 4 triangles. Add the 4-cycld&2h, w—2j, 2h+1,w—2j+
1):0<h< ""T‘B}; 1< j<4andanw .4 (8,4) without triangles on the 8 verticgés - 8,...,w— 1}.

Two values forw remain. Wherw = 2, an&.#(5,3;4,1) is also anv.4'(5, 3; 4, 2). The case
whenv = 7 andw = 4 is given in Appendik’C. The solution given has only 1 triang|

Henceforthw < t. Fort > 2, form a near 1-factorizatiofFo,..., Fw_1,Go,...,Gxx_1-w} Of
Ky \ Ci, whereC; is thet-cycle on (Q1,...,t - 1); such a factorization exis{s [24]. Name the factors
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so that the missing vertex I is [i/2] for O < i < w (this can be done, as every veriesatisfying
0 <i < tis the missing vertex in two of the near 1-factors). Fornrmigias using~y, ..., Fy-1 and
convert to kites usinGo, . . ., Gy-1 as before. There remaint2{ w) near 1-factor&,, . . ., Ga-1-w-
For 0< h < t—w, Gy,2n UGwy2n1 CONtains even cycles and an even path, and so partitionBigto
Then the edges remaining are (1) the edges of-tiyele ; (2) the edgefli/2],a} : 0<i <w}; and
(3) all edges oW. For 0< i < | %], form triangle {, az, az.1) and add edgé, i + 1} to convert it to
a kite. Edges{i,i + 1 modt} : [ ¥] <i < t} of the cycle remain from (1); edgé’g—l,aw,l} remains
whenw is odd, and no edge remains whanis even, from (2) ; and all edges excepting a setHf
disjoint edges oV remain.

Whenw # 3, we partition the remaining edges in (1) (which form a pdtlengtht — | 5 |), into
Pss whent — | 7] is even, and intd®ss and theP, {0,t — 1} whent — | 5] is odd. We adjoin edge
{WT‘l,aW_l} to the P (from thet-cycle) containing the verte¥¥5—l to form aP,4. Finally, we apply
LemmdZ.1 to exhaust the remaining edge$\dbn

Whenw = 3, the remaining edges are those of the path {01,t - 2,...,2, 1, a;] and edges
{{az, ao}, {ag, a1}}. Include{{1, 2}, {1, &y}, {az, ao}, {az, a1}} in the decomposition, and partition the re-
mainder intoP3s and, whew = 3 (mod 4), ond?, {0, t — 1}.

The case wheh= 2 is done in Examplel.2 (the construction is exactly thagigi@bove, except
that we start with a near 1-factorizationkf \ {{0, 1}, {0, 3}}). [ |

42 #O0ON(nV,4,2)
Theorem 4.3 For C’ = 2and v< 2w,

wavecostZ 0.V (V+w,V; 4,2) = wavecost# 0.V (V+ w, 4).

Proof. It suffices to prove the statement foe {2w — 2, 2w — 1, 2w}. Whenv = 2w — 1, apply the
construction given in the proof of Theorém#.2, where we aidhat there are at most 3 triangles.
The proof of Theorem 412 provides explicit solutions whea {2, 4}.

Now suppose that = 2w. In the proof of Theorerl 4.y = w triangles containing one edge
onV and two edges between a vertex\oinda,,—1 remain. Then conves — 1 triangles to kites
using edges ol incident toa,,_;. That leaves one triangle. When the remaining edges ow thé
vertices ofW supporta# ¢./ (w- 1, 4) that contains at most two triangles, we are done. It resnain
to treat the cases whem— 1 = 2,7 (mod 8) orw — 1 = 4.For the first case, letbe one vertex of
the triangle left containingy,-1, namely 6,1, X, y). Consider the pendant ed¢et} € G,-, used
in a kite containing,_2. Delete{x, t} from this kite and adjoira,._3, aw-2} to the unique triangle so
formed forming another kite. Finally adjofix, t} to the triangle &1, X, y). Proceed as before, but
partition all edges offay, . . ., a,_»} except edgéa,-_s, ay-2} into 4-cycles and kites. The case when
w—1 = 4 is similar, but we leave three of the triangles arising figm, and partitionKs \ P3 into
two kites.

Now suppose that = 2w — 2. We do a construction similar to that above. In the proof of
Theoren{4l1, there remainy3= 3(w — 1) triangles joiningay-3 (resp.aw-2, aw-1) to Fu_3 (resp.
Fw-2, Fw-1). Then convert thev — 1 triangles containing,,—1 to kites using edges oW incident
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to ay-1, W — 2 triangles containing,,_» to kites using the remaining edges dhincident toay,_»,
andw — 3 triangles containing-3 to kites using edges oW incident toa,.-3. That leaves three
triangles. So, ifw — 3 = 0,1 (mod 8) we are done. Otherwise, as above, choose in eacle of th
three remaining triangles verticas, X, X3 ; consider the edgelsq, t1} (resp.{xz, t}) appearing in
the kites containingy_4 andx; (resp.ay—4 andx,), and the edgéxs, t3} in the kite containin@_s
andxs. Delete these edges and adjoin them to the three remaimamglkes. Finally adjoin the edges
{aw_4, aw_5} and{ay_4, ay_e} t0 the two triangles obtained from the two kites contairéqg,, and
adjoin the edgé¢ay_s, aw-6} to the triangle obtained from the kite containiag s. Proceed as before,
but partition all edges ofay, . . ., aw_4} except the trianglea(,_s, aw-s, aw—4) into 4-cycles and kites.

[ ]

Theorem 4.4 1. When v 2w is even,
v W
wavecost#Z 0N (V+ W, V; 4,2) = KZ(Z) + (2)) /4} .
2. When v 2w is odd,

wavecostZ 0N (V+ W, V; 4,2) = {(2(\2/) + wz(wm) /4} .
Proof. First we treat the case wheris even. Then (by Theorelm 4.1) @4 (v + w, v; 4, 2) must
employvw or vw — 1 neutral edges, using allv edges betweel andW. Each such graph uses
two edges o/ and none orw, except that a single graph may use one/oand one onN. Now
the edges o¥ must appear oﬁ%(é)} different wavelengths, and these wavelengths use at most one

edge onW (whenv = 2 (mod 4)). Thus at Iea$("2”)/41 additional wavelengths are needed when
v =0 (mod 4), for a total of(;)/z + ("2")/4]. Whenv = 2 (mod 4), at Ieasﬂ((‘g’) - 1)/4] additional

wavelengths are needed ; again the toté(j}s/z + ("ZV)/4]. TheoreniZll realizes this bound.

Whenv is odd, first suppose thatis even. In order to realize the bound of Theofenh 4.2 for drop
cost, by Lemm@2]15 neutral edges appear in subgraphs with one neutral edgel arldea neutral
edges appear in subgraphs with two. In both cases, two edgesdnV andW are consumed by
such a subgraph. When two neutral edges are used, no edfyecan be used ; when one neutral
edge is used, one edge Whcan also be used. It follows that the number of wavelengths lisast
1) -9+y+ %%-)]— ). This establishes the lower bound. The case whisodd is similar. The
proof of Theore 2 gives constructions with at most 3 gflas and so establishes the upper bound
except wherv =1 (mod 4) andv = 3 (mod 4),w # 3, where the construction employs one more
graph than the number of wavelengths permitted. Howevergoaph included is thE, {0,t — 1},
and in the decomposition A, there is a triangle. These can be placed on the same watkeleng
realize the bound. ]

Whenv = 1 (mod 4) andv = 3 (mod 4),w # 3, we place a disconnected graph,U K3, on
one wavelength in order to meet the bound. The construcfidimeoren{4.2 could be modified to
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avoid this by instead using a decompositiorgf\ (K3 U ""T‘?‘Kz) into 4-cycles and kites, and using
the strategy used in the case o= 3. In this way, one could prove the slightly stronger reshst t
the number of (connected) subgraphs in the decompositiach@sthe lower bound on number of
wavelengths needed.

In Theoreni 31, the number of wavelengths and the drop cesharimized simultaneously by
the constructions given ; each construated” (v+w, v; 4, 1) has not only the minimum drop cost but
also the minimum number of wavelengths ovemMV + w, v; 4, 1)s. This is not the case in Theorem
@34. For example, when> (1 + V2)w, it is easy to construct aN(v + w, v; 4, 2) that employs only
[(;)/21 wavelengths, which is often much less than are used in Théd. We emphasize therefore
thataz 0./ (v+w,v; 4, 2) minimizes the number of wavelengths over@ll (v +w, v; 4, 2)s,not
necessarilpver allN(v + w, Vv; 4, 2)s.

5 CaseC’' =3
51 0/ (n,v;4,3)

Theorem 5.1 Let v+ w > 5.
1. Whenw> 1, costd 4 (v+w,V; 4,3)=costo. N (V+w,4).
2. costOAN ' (v+0,v; 4,3) = costd 4 (v, 3).

Proof. The second statement is trivial. Moreowarst &.4'(n, 4) = cost&.4'(n, 3) whenn = 1,3
(mod 6), and hence the first statement holds wherw = 1,3 (mod 6). To complete the proof it
suffices to treat the upper bound wher= 1.

Whenv+1 =5 (mod 6), there is a maximal partial triple systeXa$) with |X| = v+ 1 covering
all edges except those in the 4-cydexy, 2). SetW = {r}, V = X\ W, and add the 4-cycle to the
decomposition to obtain afi.¥ (v + 1,v; 4, 3).

Whenv = 1,5 (mod 6), sef = v— 1 and wherv = 3 (mod 6) set = v— 3. Then¢ is even.
Form a maximal partial triple systenv,(B), |V| = v, covering all edges except those in @&nycle
(0,1,...,£-1) [15]. Add a vertexag and form kites o, 2i, 2i + 1; (21 + 2) mod¢) for0 < i < % For
i €{t,...,v—1}, choose a tripld3; € B so thati € B; andB; = Bj only if i = j. Add {ap, i} to B; to
form a kite. This yields aw’' 4" (v + 1,v; 4, 3). [ |

52 #0N(nvV;4,3)

We focus first on lower bounds in Sectlon5]2.1 and then weigeaonstructions attaining these
lower bounds in Sectidn 5.2.2.

5.2.1 Lower Bounds

WhenC’ = 3, Theoremi 5]1 makes no attempt to minimize the number of leagéhs. We focus
on this case here. Except where (2,4} orv = n, costg.#'(n,v; 4,3) = (3), and every graph in an
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o/ (n,v; 4,3) is a triangle, kite, or 4-cycle. L&t «, andy denote the numbers of triangles, kites,
and 4-cycles in the grooming, respectively. Thén3lk + 4y = (2) and the number of wavelengths
iS¢ + k +y. Thus in order to minimize the number of wavelengths, we mistmize the numbef
of triangles. We focus on this equivalent problem hencéfort

Inand.4'(n,v;4,3), for0 < i < 3and 0< j < 4, letdij, «j, andy;; denote the number of
triangles, kites, and 4-cycles, respectively, each havedpes orV andj edges betweev andW.
The only counts that can be nonzero &g do2, 12, 930; Koo, K01, K02, K03, K12, K13, K22, K315 Y00, Y02,
Yoa, Y12, v22. We write o = «ij + ¥; when we do not need to distinguish kites and 4-cycles. Our
objective is to minimiz&o + 6oz + 612 + d30 Subject to certain constraints ; we adopt the strategy of
[14] and treat this as a linear program.

Lete = 0 whenv = 1,3 (mod 6),& = 2 whenv =5 (mod 6), and = 3 whenv = 0 (mod 2).
We specify the linear program in Figure 1. The first row lists primal variables. The second lists
codficients of the objective function to be minimized. The rendainlist the cofficients of linear
inequalities, with the final column providing thewer boundon the linear combination specified.
The first inequality states that the number of edge¥ aised is at least the total numberdnwhile
the second specifies that the number of edges used betwvaadW is at most the total number
betweenV andW. For the third, wherv = 5 (mod 6) at least four edges &hare not in triangles,
and so at least two graphs containing edgeg db not have a triangle ovi; whenv = 0 (mod 2)
every graph can induce at most two odd degree verticds get all are odd in the decomposition.

030 012 Oo2 Ooo | K31 022 K13 012 7Yo4 Koz 002 Ko1 000
1 1 1 1 0 0 0 0 0 0 0 0 0
3 1 0 0|3 2 1 1 0 0 0 o0 o0 ()
0 -2 -2 0| -1 -2 -3 -2 -4 -3 -2 -1 0| -vw
0 1 0 0 0 1 1 1 0 0 0 0 0 £

Fig. 1 — The linear program fa#.4"(n, v; 4, 3).

We do not solve this linear program. Rather we derive lowemlis by considering its dual. Let
V1, Y2, andys be the dual variables. A dual feasible solution has % Y2 =1, andy; = g, yielding
a dual objective function value (%fv(v— 1)-vw+ %s. Recall that every dual feasible solution gives
a lower bound on all primal feasible solutions

On the other hand 3= (2) (mod 4)and se = 95 = 3(2) (mod 4). The value of(ig) (mod 4)is
in fact the value of given in Theoreri 2]1. Thereforexfis a lower bound o@ inan&.4'(n,v; 4, 3),
S0 is{X)n, where(x), denotes the smallest nonnegative integesuch thatx > x andx = 3(2)
(mod 4).

The discussion above proves the general lower bound on théenof triangles :

Theorem 5.2 Let v+ w > 5, and let
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vv-1)-vw if v=1,3 (mod 6)
Lv,w) =< tvv-1)-vw+ % if v=5 (mod 6)
V(v+3)-vw if v=0 (mod 2)

Then the number of triangles in @i/ (v + w, v; 4, 3) is at least
5min(V» W) = <|—(V, W)>v+w

Remark 5.3 In particular, if v is odd and w> (‘%11 orif vis even and w- [%1, then L(v,w) <0
and the minimum number of trianglesdigin(V, W) = (0w < 3.

5.2.2 Upper Bounds

We first state two simple lemmas to be used intensively in toefpof Theoreni 5. The fol-
lowing result shows that in fact we do not need to chex#ctlythat the number of triangles of an
optimal construction meets the bound of Theokenh 5.2.

Lemmab5.1 Any oA (V+w,v;4,3)is a.#Z 0N (v+w,V;4,3) if the number of triangles that it
contains is at mognax(3 [L(v, w)] + 3).

Proof. In the closed intervallL(v, w)1, [L(v, w)] + 3] there is exactly one integer congruent @)3
(mod 4), and so necessarily exactly one integer equahitdv, w). |

Combining Remark5]3 and Lemrhalb.1 we deduce that whsrodd andw > [";611 orifvis
even andv > (%‘], to prove the optimality of a construction it is enough todh#hat there are at
most three triangles.

As a prelude to the constructions, I&t 8) be a partial triple systemy/ = {0,...,v - 1}, and
B = {By,...,By}. Letr; be the number of blocks &8 that contain € V. A headseis a multiset
S={s,...,%} sothats € By for 1 < k < b, and for 0< i < v- 1 the number of occurrencesiof
inSis[Z]or31.

Lemma 5.2 Every partial triple system has a headset.

Proof. Form a bipartite graph’ with vertex setv U 8, and an edgév, B} for v € V andB € B if

and only ifv € B. The grapH” admits an equitable 3-edge-colouringl[17]; that is, theesdzan be
coloured green, white, and red so that every vertex of dejigencident with eithetd/3] or [d/3]
edges of each colour. Then forslk < b, By is incident to exactly three edges, and hence to exactly
one edgdi, By} that is green; sef = ix. Then &, ..., &) forms the headset. [ |

Theorem 5.4 Let v+ w > 5. When w> 1,

wavecostZ 0./ (V+Ww,V; 4,3) =

((V ;W) + Omin(V. w)) /4} .
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Proof. The lower bound follows from Theordm 5.2, so we focus on thgeupound.

Whenw > 1, and.4/ (v + w,V; 4, 3) of cost(";"") isano. 4 (v+w,v— 1;4,3). Let us show
that it sufices to prove the statement far< &69 whenv is odd, and fow < &64 whenv is even.
Equivalently, we show that if it is true for these valuesmfthen it follows for anyw. Note that
Smin(Vs W) < 3if dmin(v+ L w—1) < 3.

Indeed, letv be even. Ifw = L"LG“J + 1, the result follows from the case for+ 1 (odd) and
w-1= %] < ¥ in which cas@min(V+ 1, W— 1) = Q). If w = [ %2 ] + 2 it follows from the
case fov + 1 (odd) andv— 1 = [ %] + 1 < ¥ anddmin(v+ 1, W= 1) = (Opyew. If w> [ %4 +3
it follows from the case fov + 2 (even) andv — 2.

Letvbe odd. Ifw = L%’J + 1 it follows from the case fov+ 1 (even) andv— 1, which has been
already proved (in this case alégin(v+ 1,w — 1) = (O)ysw). If w > L%’J + 2 it follows from the
case fowv + 2 (odd) andv — 2.

In each case, we use the same general prescription. Givetia pigple system Y, 8), a headset
S ={s,..., S} is formed using Lemm@aF.2. Add verticéé = {ag, ..., aw_1}, a set disjoint fronV
of sizew > 1. For each let D; be a subset df, ..., w— 1}, which is specified for each subcase, and
that satisfies the following propertyD;| is at most the number of occurrences of the headses.
Among the block® such thats, = i, we chooseD;| of them, namely the subs@lj( . je Dy}, and
form |D;| kites by adding for eache D; the edgda;, i} to the bIockBl’(.

The idea behind the construction is that if we can chobge= w, we use all the edges between
V andW leaving a minimum number of triangles in the partition\bfsee Cas®1a). Unfortuna-
tely it is not always possible to chooi&| = w, in particular wherw is greater than the number of
occurrences afin the headset. So we distinguistifdrent cases :

Case Olav =6t+1lor 6t+3andw < ";61 Let (V, B) be a Steiner triple system. ForQi < v,
let D; = {0,...,w— 1}. Apply the general prescription. if = 6t + 1, i appearg times inS and
w < ";61 =t If v=6t+ 3,i appearg ort + 1 times inS andw < t. In both case$D;| is at most
the number of occurrences ioin S, so the construction applies and all the edges betweandW
are used in the kites. All the edgesdrare used ané("e;l) —vwtriangles remain. Finally, it remains
to partition the edges V. Whenw ¢ {2, 4}, form a.Z &/ (w, 4) onW, and doing so we have at
mostémin triangles. Ifw = 2 orw = 4 remove edgegay, 0} and{as, 0} from their kites and partition
Kw together with these edges into a trianghke={ 2) or two kites (v = 4).

Case Olbv =6t + 5andw < ";61 Form a partial triple systenV(8) covering all edges except
those intheC, (0,1,2,3). For0<i < 3,letD; ={0,...,w—2}andfor4<i<vD; ={0,...,w-1}.
Apply the general prescription. Add the kites,(;, 1, 2; 3) and &,-1, 3,0; 1). Here agaim appears
at least times inS andw < t. SoD; is at most the number of occurrences af S. Again we have
used all the edges ovi and all the edges betwe&handW. It remains to partition the edges o,
and this can be done as in the C&a.

Case O2v =6t+3andw =t+1,v > 3. Form a partial triple system covering all edges except those

on thev-cycle{{i, (i + 1) modv} : 0 <i < v} [15]. SetD; = {1,...,w- 1} for all i. Apply the general
prescription. Adjoin edges fromay to a partition of the cycle, minus ed¢@ v-1}, into Pss. The only
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edge betweel andW that remains isap, v— 1}. When ang’ 4" (w, 4) exists having 1, 2, 3, or 4 tri-
angles, this edge is used to convert a triangle to a kite.dnislles all cases except where {2, 4}.
In these cases, remove the pendant ddges — 1} from its kite. Whenw = 2, {ag, a3, v — 1} forms
atriangle. Whenv = 4, partition the edges oW together withag, v— 1} and{a;, v—1} into two kites.

Case O3v=6t+landw=t+1.

Whent=1,a.#0.4(7+2,7;4,3) hasB = {(0, a1, ap; 6), (2 0, 6;a1), (3,0,4;a), (1,0,5;a1),
(39 67 51 a0)1 (49 67 11 a-l)1 (39 27 11 a0)1 (59 27 41 a0)1 (a07 2» aj, 3)}

A solution witht = 2 is given in AppendikD.

Whent > 3, form a 3-GDD of type Bwith groups{{6p+q:0<q<6}:0< p < t}. Let
Dep+q = {0,...,w—2} \ {p} for 0 < p < tand 0< g < 6. Apply the general prescription. For
O<p<ton{6p+qg:0<q<6)U{v-1}U{ay1,ap) place az 0N (7 + 2,7,4, 3) obtained
from the solutiorB for t = 1, by replacingyby 6p+q: 0< g< 6, 6 byv—1ag by a,_; anda; by
ap ; then omit the kited,, 6p, ay-1; v—1). All edges onWV remain ; the edgely_1, 6p} and{a,, 6p}
remain for O< p < t, and the edgé&y-1, v — 1} remains.

Add the kites @y-2,6(W — 2),ay-1;v—1) and for 0< j < w—2 =t — 1 (6}, 8w-1, 8j; 8w-2).
If w—2 ¢ {2,4}, thatist ¢ {3,5}, place a#Z 0.4 (w - 2,4) onW - a,_» — a,-1. Note that, as
3(‘”52) = 3(";‘”) (mod 4), we have the right number of triangles (at most 3u 2 € {2, 4} remove
edgedag, w — 2} and{a;, w — 2} from their kites, and partitioK,, together with these edges.

Case O4v=6t+5andw=t+1.

Fort = 0, a.#Z0./(5+ 1,5;4,3) has kites (3ao,0; 1), (1 a0, 2;3), (1 3,4;ap), and triangle
(0,2,4).

Fort=1,letV ={0,...,10andW = {ag, a1}. A .#Z 0 A" (11+2,11; 4 3) is formed by using an
MON(5+1,5;4,3)0on{0,1,2, 3,4} U {a}, and a partition of the remaining edges, denotedby
into 15 kites and a triangle. So we have two triangles, attgifimin(11 2) as 13= 5 (mod 8). The
partition ofQ is as follows : the trianglesg, a;, 10) and the kites (®, 5; ap), (1, 8, 6; &), (2,9, 7; &),
(3,10,8;a9), (4,6,9;0), (8,9,0;a1), (5,7, 1;a), (58,2;a1), (6,7,3;a), (510, 4;a), (3,9,5;a1),
(2,10,6;4a;), (0,10, 7;a1), (4,7,8;a1), and (110, 9;ay).

Fort=2,a.# 0.4 (17+ 3,17;4 3) is given in AppendikD.

Fort > 3, form a 3-GDD of type Bwith groups{{6p+q: 0 < g < 6} : 0 < p < t}. Let
Dep+q = {0, ..., w-2}\{p}for0 < p<tand0< g < 6. Apply the general prescription. There
remain uncovered for eaghthe edges of the s&, obtained from the complete graph on the set of
vertices{6p+q:0<q<6U{v-5v-4,v-3,v-2 v-1}U{ay1,ap} minus the complete graph
on{v-5v-4,v-3,v-2v-1}U {ay_1}.

To deal with the edges @@, we start from a partition o, where we replace pendant edges in
kites as follows : Replack, 4} by {as, 10}, {ap, 8} by {ap, 10}, and{ay, 2} by {ap, 8}. We delete the
triangle @o, a1, 10), resulting in a new partition @ into 15 kites and the 3 edgém, a1}, {as, 2}, and
{ag, 4}. Then we obtain a partition @, by replacing0, 1,2,3,4} by {v-5,v-4,v-3,v-2,v-1},
g+5by6p+qfor0<q<6,abyasi, anda; by a,. At the end we get a partition @, into 15
kites plus the 3 edgdsy-1, ap}, {ap, v — 3}, and{ap, v - 1}.
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Now the 3 edged{aw-1, ap}, {ap, v — 3}, {ap, v— 1} : 0 < p < t} plus the uncovered edges iKfy
form aK,3 missing a triangle ofay,_1,v—3,v—1}. If t +3=2,3,4,5,6,7 (mod 8), use Theorem
21 to form ad 4 (t + 3,4) having a triangle— 3,v - 1,a,-1) and 0, 1, or 2 other triangles;
remove the trianglev(— 3,v— 1, a,,-1) to complete the solution with 1, 2, or 3 triangles (the tgken
(v—5,v—3,v—1)is still present). A variant is needed whien 3 = 0,1 (mod 8). In these cases,
formad 4 (t+ 3,4) (having no triangles) in whichv(- 3, ay-1, v—1; &) is a kite. Remove all edges
of this kite, and use eddey, v — 1} to convert triangle\(— 5,v— 3,v — 1) to a kite.

Finally, place a# ¢ .4 (5+1,5;4,3)on{v—5v—4,v—-3,v—2,v— 1} U {ap}. Altogether we
have a partition of all the edges using at most 3 triangles.

Case O5v=6t+5andw=t+ 2.

Whent = 0, partition all edges of0, 1, 2, 3,4} U {ag, a1} except{ag, a1} into kites (31, ag; 0),
(3,2,a1;0), (&1,1.4;2), (0 1,2;a8), and (30,4;ap). Then a# 0./ (5 + 2,5;4,3) is obtained by
removing pendant edgésy, 0} and{a;, 0} and adding trianglegg, a;, 0).

Whent = 1, a7 0./ (11+3,11;4 3)on{0, ..., 10}U{ay, a1, a} is obtained by taking the above
partition on{0, 1, 2, 3,4} U {ay, &1}, the triangle &o, a1, a2), and a partition of the remaining edges
(which form a graph calle@) into 11 kites and 6 4-cycles as follows : kites $27; ap), (4, 5, 10; ay),
(2,10,6;ay), (4,6,9;a,), (7,10,0;ay), (6,8,1;a0), (5,8,2;a), (59, 3;a2), (7,8,4;a), (6,7,5;a),
and (910,8;a;); and 4-cycles (6, ap,5), (0,8,a0,9), (1,5,a1,7), (19,a,10), (36,a,,7), and
(3,8, a,, 10).

A solution witht = 2 is given in AppendikD.

Whent > 3, form a 3-GDD of type Bwith groups{{6p+q: 0<q<6}:0< p < t}. Let
Dép+q = {0,...,w—3}\ {p} for 0 < p < tand 0< g < 6. Apply the general prescription. Add a
partition of the complete graph ¢gw—5,v—4,v—3,v—2,v— 1} U {ay_2, ay-1} @s in the case when
t = 0. It remains to partition, for eacp, 0 < p < t, the graph, is obtained from the complete
graphon6p+g:0<gq<6}U{v-5Vv-4,v-3,v-2v-1}U{ay_2, ay-1, 8p} Mminus the complete
graphon{v—-5v—-4,v-3,v—2,v— 1} U {ay2,ay1}. This partition is obtained from that &f by
replacing(0, 1,2, 3,4} by (v—5,v—4,v—-3,v-2,v—1}, ag by ay_», a1 by aw-1, anday by a,. What
remains is precisely the edges\dh so place a# ¢ 4 (w, 4) onW to complete the construction.

Case O6v=6t+3andw=1t+ 2.

Whent = 0, a7 0.4 (3+2,3;4,3) has triangless, 0, 1) and{ay, 1, 2} and 4-cycle (02, ag, a;).

Whent = 1, on{0, .. ., 8}U{ay, a1, 8}, place kites (26, 4; ap), (0,8, 4;a1), (0,5, 7; &), (3, 6, 0; ay),
(1.7.4;3), (5.8,2;22), (1,6,5;8), (2.7.3;a2), (3,8,1;a2), (3,5, a0; a2), (7. @0, 6;a2), (6,8,a1; &),
(7, ap, 8; &p), and 4-cycle (34,5, a;). Adding the blocks of a# &' .4 (3+2, 3; 4, 3)forms a# 0 A (9+
3,9;4,3).

A solution witht = 2 is given in AppendikD.

Whent > 3, form a 3-GDD of type bwith groups{{6p+ j : 0 < g< 6} : 0 < p < t}.
Let Depiq = {0,...,w =3} \ {p} for 0 < p < tand 0< g < 6. Apply the general prescription. For
0<p<ton{6p+g:0<q<6lU{v=3,v-2 v-1}U{aw_2, aw-1, ap} place a#Z 0.4 (9+3,9; 4, 3),
omittinga.Z 0./ (3+2,2;4,3)on{ay_2,ay-1,V—3,v—2,v—1}. Placea#Z 0./ (3+ 2,2;4,3) on
{aw-2,aw-1,V—3,v—2,v— 1}. Remove edgefsy, a,—»} and{as, a,—1} from their kites, and convert
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the two triangles in the#Z 0./ (3 + 2, 2; 4, 3) to kites using these. What remains is all edges on
{ao, ..., aw-3} and everything is in kites or 4-cycles excepting one triarglolvingag and one in-
volving a;. If w—2 = 0,1,3,6 (mod 8), place a# 0.4 (w — 2,4) on{ay,...,ay3}. Otherwise
partition all edges offay, . . ., aw-3} except{ag, ap} and{a;, ay} into kites, 4-cycles, and at most one
triangle, and use the last two edges to form kites with thegxtriangles involvingg anda;. The
partition needed is easily produced for 2 € {4,5, 7, 9} and hence by induction for all the required
orders.

Case E1lv =0 (mod 2)andw < &62 Write v = 6t + sfor se {0,2,4}. LetL = (V, E) be a graph
with edges

{3i,3i +1},{3i,3i + 2, {3+ 1,3+ 2} : 0<i<tU{{i,3t+i}:0<i<3t},

together with{6t, 6t + 1} whens = 2 and with{{6t, 6t + 1}, {6t, 6t + 2}, {6t, 6t + 3}} whens = 4.
Let (V,B) be a partial triple system covering all edges except thask {this is easily produ-
ced). LetD; = {0,...,w— 2} for 0 < i < v. Apply the general prescription. For i < t and

j € {0,1,2}, form the 4-cycle &,-1,3i + ((j + 1) mod 3)3i + j,3t + 3i + j). Whens = 4, form
4-cycle @y-1, 6t + 2, 6t, 6t + 3). Whens € {2,4}, form a triangle &,-1, 6t, 6t + 1). All edges onVv
are used and all edges Wiremain. All edges betweevi andW are used. Except whem € {2, 4},
orw= 2,7 (mod 8) ands = 2,4 (mod 6) form a# &+ (w, 4) onW to complete the proof. When
w= 2,7 (mod 8) andr = 2,4 (mod 6), converta,._1, 6t, 6t + 1} to a kite using an edge of thg,,
and partition theK,, \ K3 into kites and 4-cycles. Whem € {2, 4}, remove edge&y, 0} and{a;, 0}
from their kites, and partitioK,, together with these edges.

Case E2.v = 2 (mod 6)and w = %‘. Choosem as large as possible so that< %, m < ("ZV)

and("zv) - m= 0 (mod 4). Partition thé"zv) edges onV into setskE; andE, with |E¢] = m, so that
the edges ork, can be partitioned into kites and 4-cycles; this is easilgedd’lace these kites
and 4-cycles otW. Then let{g, : 0 < i < m} be the edges il ; leta; € g when 0< i < m;

fi = 0 whenm < i < %2, and fy_z2 = 1if m < ¥. Next form a 3-GDD of type 22 onV
so that{{2i,2i + 1} : 0 < i < 3} forms the groups, an# forms the blocks. For & i < %, let
Dy = Do = {0,...,w— 1} \ {fi}. Apply the general prescription. Now for8 i < ‘—2’ form the
triangle @s, 2i, 2i + 1) and for O< i < madd edges to form a kite. At most three triangles remain
except when e {14, 20}, where four triangles remain. To treat these cases, we estiemumber of
triangles ; without loss of generality, the 3-GDD contairtsiple {v — 8,v — 6,v — 4} in a kite with
edge{a;, v — 8}. Remove this kite, and form kitesd,v — 7,v — 8;v — 6), (a,V— 5,v — 6;v — 4),
(ag,v—3,v—4;v-8),and¢—-2,v—1,a;;v- 8). [ |

Corollary 5.5 Letv> 4 andus(v) be defined by :

v 6| 6t,t>2|1+6t|2+6t]|9|3+64,t>2|4|10| 4+6t,t>2 | 5+6t
us(v) | 1 1+t t 1+t |1 1+t 1| 2 2+t 1+t

Then wavecosw 0.4 (V+W,V; 4,3) = [%8*‘”‘1)] if and only if w> u3(v).
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6 Conclusions

The determination ofostg.4(n,v; C,C’) appears to be easier whéh = 4 than the case for
C’ = 3 settled in[[1B[_T4]. Nevertheless the very flexibility inocising kites, 4-cycles, or triangles
also results in a wide range of numbers of wavelengths amengrdpositions with optimal drop
cost. This leads naturally to the question of minimizingdihep cost and the number of wavelengths
simultaneously. In many cases, the minima for both can bkzeehby a single decomposition.
However, it may happen that the two minimization criterianpete. Therefore we have determined
the minimum number of wavelengths among all decompositibimvest drop cost for the specified
values ofn, v, andC’.
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A Small constructions in the proof of Theorem3.1

MON(3+3,3;4,1):B={(0,a0,1;a), (1, a1, 2;a0), (2,a2,0;a1), (a9, a1, a2)}.

MON (4 + 4,4,41) 1 B = {(1,2,a3a0), (0,3, 8 a), (a1,1,3;a0), (a0, a,1;0), (@0, a,2;0),
(a1, a3,0;@0), (2,3, a3, &)}

MON(5+5,541): B {(1,2,a3; &), (0,3,a2;a1), (21,1, 3;a0), (ag, a2, 1;0), (@0, a1,2;0),
(a1, @3, 0;@0), (2, @2, 4;a4), (3,23, 4), (@2, &3, &), (2,3, &), (0,4, &, &), (1,4, a1, a4)}.
MON(6+6,6;4,1) : B = {(1,2,a3 a), (0,3,a2 a1), (a1,1,3;a0), (ao, a2, 1;0), (@0, a1,2;0),

(a1, 83,0;a0), (4,5, a5 a4), (2, a2,4;a4), (2,3,84,5), (34, &), (a2, @z, a4), (0,4, ag, as), (1,4, az, as),
(0,5, a0, as), (1,5, a1,as), (2,5, a2, as), (3,5, az, as)}.

B Small constructions in the proof of Theoren3.2

MON(1+2,1;4,1): B ={(0,a,a1)}.
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MON(2+3,2,41): 8 ={(0,a,a), (1,a1,a), (0,1, a,az))}.
MON(344,3;4,1): 8 = {(0,a9, a1), (1, a1, @), (0, 1, &g, @), (2, @z, az), (0, 2, ag, as), (1, 2, a1, as)}.

MON (A +5,4,41) : B = {(0,1,a9; a3), (0,2,a1;a3), (0,3,az az), (2,3,a0;a4), (1,3,a1;ay),
(1,2,a3;3), (0, a3, a4; 3), (L a, ay; 2), (2o, a1, a; 2)}.

C Small constructions in the proof of Theoren4.2

0./ (8,4) with 4 triangles :8 = {(1,2,0;4), (03,6;7), (07,5;2), (45,3;1), (1L4,7), (15,6),
(2.3,7),(24,6)}.

MON(T+4,7,4,2): 8 = {(ao, 4, 2;3), @0, 3,6;0), @,0,5; 1), @,5,3;4), @1,4,6; 1), (@1, 1,0; 2),
(82,0,4,5), (@2,6,5;a3), (a2, 1,2;5),(Q 3, a3; 2), (1, ag, az, 3), (@0, a1, a2, ag), (a1, 2, 6, ag), (1, 4, az)}.

D Small constructions in the proof of Theoren{5.4

MON(13+3,13;43):B={56+i,4+i,1+i;a)|i=0,1,.... 93U {(1+i,5+i,4+i;a)|i =
101,12 U {(3+i,1+i,9+i;a) |i=6,7,...,1220{(9+i,1+i,3+i;a) |1 =1,2,...,51U
{(9,3,1;a), (0,a1,a2; 12), (12 a3, ag; 0), (ag, 9, @, 10), (ag, a2, 11;a1), (ag, 9, a2, 10)}, where the sums
are computed modulo 13.

MO N (15+4,15;4,3): B = {(1, 2,3), (@0, 4, a1, 5), (a0, 10,81, 11), (54, 1; 83), (7. 1, 6; &), (6, 4, 2; ag),
(7.5,2;a9), (4,7, 3;a2), (6,5, 3;a3), (9, 1, 8;a1), (10,1, 14;a0), (11, 1, 0;a2), (13 1, 12;a), (10, 2, 8; &),
(11,2,9;a0), (12 2,14;2), (0,2, 13;a3), (8,3, 11;a3), (10,3, 12;a0), (13,3, 9; &), (14, 3,0; a3), (12 8,4; &),
(11,4,13;a9), (0,10,4;a3), (9,4, 14;a1), (8,5, 13;ay), (0,5, 12;a3), (14, 11, 5;a3), (10,9, 5; &), (8, 6, 0; av),
(14,13 6;a3),(9,6,12;a), (10,6, 11;a;), (14,8, 7;a3), (9, 7,0;a1), (10, 7, 13;a1), (12 11, 7; ag), (6, a2, ag; 2),
(7,82,a1;3), (1Q a3, az; 1), (1 ao, a1; 2), (9, a1, as; 14), (8 as, ag; 3)}.

MON(1T7+3,17;4,3): B = {(7,16,0), (ap, a2, 0), (20, 1, 2; 3), (0, 3,4; 1), (4 5,2; &), (1, 3,5; ap),
(16,a9,a1;@2),(6,10,1;a1), (9,14, 1;8), (151, 7;a2), (1,8, 12;87), (1, 0, 13;a2), (1, 16, 11;a1), (2,11, 6; a1),
(2,16,8;ay), (10,15,2;a), (9,2,13;a&), (0,2,12;&), (2,7, 14;a2), (6, 13, 3;&1), (11, 3, 7; &), (12 3, 16; ay),
(9,0,3;a), (3,10,14;&), (8,3,15;a1), (14,6, 4;ay), (4,11, 15;a,), (7,12 4; &1), (13 4, 8; &), (4, 16, 9; ay),
(0,4,10;a), (5,12,6;ay), (7,13,5;ay), (8,14,5;a;), (15,5, 9;a1), (5,16, 10;a), (5,0,11;ay), (9, 7, 6; ag),
(10,8,7;a0), (11,9, 8;a0), (12 10,9; a0), (13,11, 10;a0), (14 12 11;a0), (15,13, 12;ap), (16, 14, 13;a),
(0,15,14;4ay), (6,16,15;ap), (8,6,0;a1)}.

MON(AT+4,17;43): B8 ={(2,9,11), (9 12,16), (ap, 13,14, 15), @g, 15, 16; 13), (160, 14;a,),
(13,15,0;ap), (13 2,1;a3), (1312 3;a3), (13,11, 4;a3), (5,10,13;a), (6,9,13;ay), (7,8,13;a3),
(14,4,2;a3), (14,12, 5;a3), (11, 14, 6; a3), (14,10, 7;a3), (1, 3, 14;ay), (9, 8, 14;a3), (1, 4, 15;a1), (3,5, 15;ay),
(2,6,15;ag), (15,7,12;a3), (15,11, 8;a3), (1, 16, 5; a1), (6,4, 16;a,), (3, 7, 16;a3), (2,8, 16;a1), (10,16, 11;a3),
(19 67 01 a-l)7 (47 8» 01 a2)1 (10» 157 9» ; a3)1 (27 10» 01 a3)1 (59 07 71 a-l)1 (37 0» 91 al)1 (12 07 1l;a~1)1 (19 do, 71 6)7
(8,6,a0, @), (9, @, 5; 11), (1020, 4;9), (11 @, 3; 10), (2 &, 12; 8), (8 &1, 1; 11), (104ay, 6; 3), (12 4, &; ag),
(3,a1,2;7),(La2,9;7),(1Qa28;3),(11 a2, 7;4), (12 a2, 6; 5), (2 a2, 5; 8), (3, a2, 4; 5), (a1, ao, az; az),

(12 1,10;a3)}.
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