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Abstract

Thisaimof thiswork is to exhibit anmultiple impactlaw for rigid bodydynamicalystem
which meetsthe propertiesof closingthe non-smoothdynamicalequationsandof corrobo-
rating experiments. This law is basedon the impulsecorrelation ratio which is computed
from equialentregularisedmodelwith compliantcontact.A case-studyn 3-ball chainand
n-ball chainaredelineatecandresultson finite dimensionakystemarestated.
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1 Intr oduction and motivations

Roughly speakinga multiple impactcanbe definedasthe occurrenceof several shocksat
the sametime on variouspointsof a mechanicakystemof rigid bodies.A chainof ballsor
the Newton’s Cradleare academiexamplesof systemswvhereconcurrentmultiple impacts
occur

Whena rigid body mechanicabystemwith perfectunilateralconstraintgs subjectedo
impact, the definition of animpactlaw allows oneto computethe post-impactvelocity[2].

An impactlaw mustpossesshefollowing properties

1. It closesthe systemof non-smoothequationsof motionsin the sensethatit provides
the post-impactvelocitiesandthe percussion$or ary pre-impactconditions.Thefact
thatthedynamicalsystemassociatedavith animpactlaw is mathematicallyvell-posed

is anadditionalinterestingfeature,

2. It corroboratesheexperimentabbsenations,andthesetof parametersvhich enterthe
law, mustbemeasurablandphysicallyjustified. Particularly, thelaw mustdescribean
enegetic behaior which is compatiblewith the basicprinciplesof thermodynamics,
and must provide post-impactvelocitiesin agreementvith the experiments. Better
the parameterof the law may be correlatedwith the geometricaland the material

characteristicef the bodiesin impact.

Theaim of thiswork is to exhibit animpactlaw which meetsboththe precedingconditions.
Whenmultiple impactsoccur mostof classicaformulationsdo notrespecbothrequire-
mentsl and2 b. Thealgorithmof HanandGilmore[7] providesa goodenegetictreatment
but the existenceof a solutionis not guaranteed3]. Moreau[10] proposesanimpactlaw,
numericallyefficient, which alwaysprovidesa solution,but the post-impacwvelocitiesarenot
alwayssatisfyingfrom an experimentalpoint of view. Frémond[6] presentsan elegantand
rigorousframenork to addinternalconstraintan mechanicakystemswhich areconsistent

with thermodynamigrinciples. Motivatedby an experimentalwork on Newton’s cradle,
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CeangandHurmuzlu[4] postulatehe existenceof animpulsecorrelationratio (ICR) « for
atriplet of balls. With the helpof enegeticrestitutioncoeficients,the post-impacwelocities
areexperimentallyshovn to bewell approximatedHowever, in thetwo lastworks,aprecise
physicaldefinition of the parametersf suchlaws somevhatlacks.

In this paperwe shednew light onthelCR by studyingtheregularisedsystemof a 3-ball
chainwith elasticcontactsprings. The physicaljustificationof this choicemay be foundin
thework of Falconetal. [5] onone-dimensionatolumnsof beads.Theindustrialapplication
of this work is led througha fruitful collaborationwith Abadie[1] from SchneideElectric,
concerninghe virtual prototypingof circuit brealer mechanismsyherea fine modellingof

impactis anessentiaktep.

2 Casestudy of a 3-ball chain regularisedwith elasticsprings

In this section,we focusour attentionon 3-ball chains,which arevery interestingexamples
of systemswith multiple impacts.A hardball behaesasarigid bodywith masslessprings
at contact.In otherwords,the impactprocesdetweerhardballs doesnot excite the natural
modesof eachball. FurthermoreHertztheoryof contactis very well correlatedwith the

experimentsatlow velocity range[5].

2.1 Rigidbodymodelof a 3-ball chain

A dynamicalsystemof threerigid balls of equalmassm, describedby their centerof mass
positionsyy, ¢2, g3 andvelocitiesvy, vo, v3 is consideredEachball slideswithout friction on

astraightline andthedynamicsat theinstantof impactis:

7

m(UfL —v1) =P
1 m(UﬁL — V) =p1— P2 (1)

km(v;f —v3) =Py



wherev;, v;” arerespectiely the pre-impactand the post-impactvelocitiesand p; the im-
pulses.Withoutlossof generality the pre-impactvelocity of the middle ball is choserequal
to zero(v, = 0). An additionallaw is givento addresshe enegeticbehaiour atimpact. For

theconsenrative casewe have :
vi+oy = (o) + (vd)? + (vf)? (2)

If amultipleimpactoccurs(i.e. thethreeballsarein contactatthe sameinstant),this system
is not mathematicallywell-posed. Indeed,for [v;,v3] = [1,0], one can easily checkthat
[v), 05, v5] = [0,0,1] and[v}, vy, vi ] = [-1/3,2/3,2/3] canbe solutionof this systemin
applyingconsenrative Newton laws sequentiallyto thefirst or the secondoairsof balls[3].

If we introducea valuefor the ICR, o = &, the systembecomeswvell-posedandthe

D2
uniquesolutionis givenby:
(
v =wl a C|avy — v
1 (—ata) @70
a—1
Qv = Jawy — v 3
? = A—ava) @Y )
1
vl = avy — v
\3 ’ (1—a+a2) low, d

2.2 Numericalexperiments

Letusconsideranequialentregularisedsystenfor the 3-ballchain. Theinteractionbetween
two ballsis nolongerrigid but realisedthroughan Hertzianspringmodel. We areinterested

in relative motionbetweertheballs,thereforenve chooseo write down thedynamicalkystem



in termsof indentationsy; = ¢; 1 — ¢;, as:

(

mo, = —2f1(61) + f2(02)

{ mdy = —2f5(02) + f1(01) (4)

0<fLf-K()6>0

wheref = [f1, f2]" representsheefforts betweerballs,d = [, 6,]” thevectorof collected
indentationsand K (q) is thestiffnessmatrix. For Hertziancontact thestiffnessmatrix takes
theform:
K k1 (61)1/? 0 (5)
0 ko(89)*/?
wherek; = k andk, = kk, k € IR, arethecoeficientsof stiffnessrelatedto somematerial
andgeometricaparameters.

Theintegration,which is intractableanalytically is performedwith Scilal® for various
initial relative velocities(choosingvs = 0). Actually, the solutionis sufficiently smoothto
allow theuseof atraditionalnumericalODE solwver.

OnFigurel, somecurvesaregivenwhichdraw theforcesbetweerballsversugime. One
canremarkthatthe procesf collision is not trivial: several periodsof contactmay occur
beforethe ballsseparatalefinitively (seeFigurel(b)1(c)),or thecontactperiodbetweertwo
ballsmaynotbegin at thefirst instantof contact(seeFigure1(d)).

If we definea multiple impactin regularisedsystemsasthe existenceof a time interval
where both contactforcesare differentfrom zero, all of theseprocessesead to multiple

impacts.Naturally, therigid limit in amathematicabenseequiresadditionalcare.



2.3 Analyticalresultsfor linear springs

Let usnow analysethe 3-ball chainwith linearsprings.This modelis not consistentvith the
contactmechanicdetweenwo balls, but it is usefulif we wantto performsomeanalytical
developmentsvhich areintractablewith the Hertzmodel.

For example,let usconsidefv; > 0,v, = v3 = 0 with k > 1. We candemonstrate¢hat
thereexistsa non-zeraintenal [0, t*] in which the systembehaesasthe following bilateral

system

)

§ mby = —2kk(8,) + k(6y) (6)

61(0) = 6,(0) =0, 6,(0) = —vy, 02(0) = vs

\

On |0, t*] , thesolutionof (6) is:

5 (1) = =2 (ﬁsm(wlt)-lsm(wzt))

B— w2 (7)
do(t) = —65_71’;1 (w_g sin(wqt) — %sm(wﬂf))
where(w;, ¢;) arethe naturalmodesof the systemgivenby :
wi=—(k+1-VK2—k+1), ¢=B=r—-1+Vr>—r+1,1T -

SI?TSIPT

(k+14+VK2—Kk+1), ¢o=[y=r—-1-Vr2—r+1,17

Thefirst time onecontactbreaks denotedast*, is provided by the smallestpositive root

of thetranscendentaquations:

t;2 = min {fl (t) = 0 with f(t) = sin(wqt) — —= 51n(w2t)} (first pair of balls)
telR+T* wo B

to3 = min { fo(t) = 0 with fy(t) = sin(wt) — il SiIl(a)Qt)} (secondpair of balls)
telRT* Wo



Finding the smallestroot with respectto the physicalparameter®f the systemis a painful

work. However, for this particularcase, the following holds:

Proposition2.1
If wz/wl :] e IN* thent12 = {93 = tr = 7T/L<)1.

If wo/wi € (J;7+1),7 € IN* andj odd(resp.even)thent* = t15 < to3 (resp.tis > tog = t*).

Fort > t*, only two ballsarestill in contact.Therestof theprocesss easilyintegrableup
to thefinal separatioratthetime ¢;. Moreover, onecanshaw thatthereis no furthercontact
betweertheballsasillustratedin Figurel(e).

For t* = t15 < to3, thelCR is calculatedasfollows:

1 /- —
o= i—: = 5 (w—? [cos(witiz) — 1] — w—g [cos(wat1a) — 1]) /

[wi; (cos(watia) — 1) — wi% (cos(wit1z) — 1)

1 N
+— (cos(watiz) — cos(witiz)) (cos(wgt%) — 1)
Wo
1 /1 | 1 .
—— | — sin(watia) — — sin(witi2) | (sin(whizz))

Wy \ W2 w1

9)
wherew) = /2kk/m is the naturalpulsationof two ballsin contactandfys = ty3 — t*.

2.4 Preliminaryconclusions.

Othercaseshave beentreatedin the sameway. It is notevorthy thatthe occurrenceof tran-
scendentag¢quationsn theresolutioncreateseriousdifficultiesto integrateanalyticallythe
procesf collisions. Particularly, the time andthe orderof interactionsare not easily pre-
dictable.

Neverthelessa preliminaryconclusioncanbe stated on which moregenerakesultswill

be providedin Sectiord:



Proposition 2.2

The instantsof changesn the contactinteractions,in an adimensionakcaleof time, for
instance,I’ = w;t, andthe ratio of impulses,«, do not dependon the absolutevaluesof
stiffnessk andmassmn. Moreover, theimpulsecorrelationratio «, is completelydetermined

by the naturalmodesof the regulariseddynamicalsystemandthe pre-impactvelocities.

This conclusionoutlinestwo importantconsequences:

» from a mechanicabpoint of view, the introductionof an impulseratio enhanceghe
model with someinformationsaboutthe behaior of dynamicalsystemwhenit is

bindedby elasticcontact.

» from a numericalmodelling point of view, the independencéo absolutevalue ok &
allows oneto considerin a consistentmannetits applicationgo very large stiffnesses,

which aregenerallyencounteredh applications.

3 Someremarks on impulse correlation ratios in n-ball chains

An importantaspectof a correctimpactlaw is thatit qualitatvely representshe physical
phenomena.For the n-ball chain or the Newton'’s cradle, we know that conseration of
kinetic enegy andmomentumis not sufficientto explain thatthereis no ball at restafteran
impact[8]. Theintroductionof asetof ICR in n-ball chainasCeangandHurmuzlu[4] have
done,describegjualitatively thisimportantphenomenon.

Fromaquantitatve point of view, someremarksanustbe made.Let usstudythevaluesof
thelCR obtainedoy numericalsimulationof an-ball chainmadeof steel(F = 210Mpa, v =
0.3, p = 7800kg/m?) regularisedwith elasticHertzmodel,wherethefirst ball is droppedat

1m/s andthe otherballsareatrest.



OntheFigure2(a),the numberof ballsof radius10mm in the chainrangedrom 3 to 21.

For n balls,therearen — 1 impulsesandn — 2 ICR, definedby:

;= icr(i) = 2 (10)
Pit+1

The first remarkis that only the ICR which correspondso the lasttriplet in the chain (for
instancethepoint A for 8 balls)is very differentfrom theothers.Thereforethevalueof ICR
measuredrom anexperimenton a triplet cannotbe usedfor the n-ball chain.

On the Figure 2(b), we obsene the valueof ICR in an 21-ball wherethe tenthball has
beenchangedo a big ball of radius50mm. ThelCR correspondingo the percussioron the
big ball is different,but alsothe valueof ICR for thetriplets 10 to 19. Moreover, the value
of ICR computedor a 3-ball with a middle big wall is about63.47, which is very different
from the valuecomputedn the whole chain(point B). This shavs thatthe ICR dependon

thedynamicalfeaturesof thewhole coupledsystem.

4 Towards an extensionto finite dimensional systems-Major resultsand conclusion

The casestudyof 3-ball chainis extendedto finite dimensionabystemssubjectedo perfect

unilateralconstraintsThe majorresultsare:

1. The post-impactvelocity, computedwith the multiple impactlaw definedby impulse
correlationratio, is providedin a uniqueway andthe systembecomesgnathematically

well-posed.

2. If theperfectconstraintsaareregularisedby a generaliscoelasticcontactmodelcorre-

spondingo alinearviscoelastidulk behaior [9; 11] i.e.
f=K&+Co" 16 (11)

then



(a) theratio of impulseis finite andthe subspacef the statespaceadefinedby

E={5>0,0>0} (12)

is globally attractve. Moreover, the amplitudeof the force asymptoticallytends
towardszeroandtherelative velocity § towardsa finite constant.This last point
is very importantfrom a numericalpoint of view. Extendingtheseresultsto finite

time cornvergences still anissue,

(b) ThelCRsareindependentf theabsolutevalueof stiffness.

3. If theperfectconstraintsareregularisedoy alinearmodel,i.e.
f=Ké (13)

thenthelCRsdependnly onnaturalmodesof thesystemandthepre-impactelocities

4. Theaugmentedmpactlaw, which consistof asetof enegetic coeficientsandimpulse
correlationratio fits within Fremonds thermodynamidramenork [6]. It ensureghat

theprinciplesod thermodynamicsrerespected.
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Figurel: Numericalintegrationof 3 balls chain. Forcesbetweerballs versustime. Figures
(a-d)Hertzianspringcontact.Figures(e-h)linearspring
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