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An Upper Bound on the Average Size of
Silhouettes

M. Glisse S. Lazard

Abstract

It is a widely observed phenomenon in computer graphics that the sthe of
silhouette of a polyhedron is much smaller than the size of the whole polyhedr
This paper provides, for the first time, theoretical evidence suppattisgfor a
large class of objects, namely for polyhedra or, more generally, |keesk sur-
faces that approximate surfaces in some reasonable way. Theceapaied sur-
faces are two-manifolds that may be non-convex and non-diffet#ateand may
have boundaries. The tessellated surfaces should, roughly spdagiegno short
edges, have fat faces, and the distance between the mesh and Huve suap-
proximates should never be too large. We prove that such tessellafadesuof
complexityn have silhouettes of expected si2é,/n) where the average is taken
over all points of view. The viewpoints can be chosen at random at infamityt
random in a bounded region.

1 Introduction

The silhouette of a polyhedron with respect to a given viempis, roughly speaking,
the set of edges incident to a front and a back face. Silhesiatise in various problems
in computer graphics such as hidden surface removal andsheamputations (see
[4, 5, 6] for some recent references) and algorithms to caenghem efficiently have
been well-studied (see the survey by Isenberg et al. [7]gyTre important in shape
recognition; Sander et al. [11] claim that the silhouettedine of the strongest visual
cues of the shape of an object”.

It is a widely accepted fact that the silhouette of a polybadis usually much
smaller than the whole polyhedron. Sander et al. [11], fetaince, state the largely
repeated claim that the silhouette of a mesh is often of ®izgn) wheren is the
number of faces of the mesh. An experimental study by KetindiWelzl [9] confirms
this for a set of realistic objects. This experimental studs extended by McGuire
[10] to a larger database of larger objects for which the nlggksize of the silhouette
is approximatelyn®8.

There are few theoretical results supporting these obenga Kettner and WelzI
[9] prove that a convex polyhedron that approximates a gplvéh Hausdorff distance
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Figure 1: A worst-case linear silhouette (left) of a polytwdapproximating a cylinder.

€ has©(1/¢) edges, and a random orthographic projection of such a pmytms
O(1//¢) silhouette edges. Alt et al. [1] give conditions under whitocban be proved
that the average silhouette otanvexpolyhedron has siz&(,/n) and give additional
conditions under which the worst-case size is provablylsdar.

The goal of this paper is to study the average silhouettedfin®n-convexpoly-
hedra. Convexity is a very strong assumption, which wasiakirt the previous the-
oretical results. Here, rather, we assume that the polgimeidra good approximation
of some fixed (not necessarily convex) surface. Notice thatiery difficult to guar-
antee anything on theorst-casecomplexity of the silhouette of a polyhedron unless
it approximates a strictly convex surface. Alt et al. [1]gi@n example of a polyhe-
dral approximation of a section of a cylinder with worst-€adhouette siz®(n) (see
Figure 1). Moreover, their example can be modified in such ntat the surface is
smooth, and its polyhedral approximation is as “nice” asmight hope (for instance,
it can be required that the faces are fat triangles that a# hémost the same size).

In this paper we prove an upper bound on #éxpected sizef the silhouette for
random viewpoints. We prove that the silhouette of a polybedhat approximates
a surface in a reasonable way has expected@izgn). The average is taken over
all viewpoints for a given surface and not on a set of surfacEse views can be
orthographic i¢e., the viewpoints are chosen at random at infinity) or projecfe.,
the viewpoints are chosen at random in a bounded region) appeximated surface
is not necessarily everywhere differentiable and may hauadaries. The polyhedron
(or tessellated surface if the surface has boundaries)dhroughly speaking, have no
short edges, its faces should be fat, and the distance betiwveenesh and the surface
it approximates should never be too large.

In Section 2, we define precisely the notion of silhouettepfdyhedra and general
surfaces. We then present and prove our main result in $e8tiand conclude in
Section 4.
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Figure 2: Three different notions of silhouettes: (a) mdlof a solid, as cast by its
shadow, (b) rim of an opaque object, and (c) rim of a transpargject.

2 Definitions

The term silhouette has been used in the literature to reptssveral different notions,
depending on the application, reflecting such issues ase igtiject considered opaque
or transparent? Is occlusion taken into account? Is oneeistied by what the eye per-
ceives,i.e., a plane curve, or by the space curve which gave birth to ithérarea of
photography, for instance, a silhouette (also called apgdroundary) is defined as an
outline of a solid object, as cast by its shadow, that appaenis against a light back-
ground (Figure 2(a)). In the field of computer vision, by e¢ast, the silhouette (also
called rim, profile or contour generator) is roughly definedhee curve on the surface
that separates front face regions from the back ones, ddhepaque (Figure 2(b)) or
for transparent (Figure 2(c)) objects.

In this paper we prove an upper bound on the size of the tramspailhouette;
since such a silhouette contains the apparent boundaryhandontour, our bounds
also apply to all these types of silhouettes. In the rest®fpdper the term silhouette
will be used to mean transparent silhouette.

In the rest of this section we give a formal definition of sillettes of polyhedra
and then provide a definition for more general surfaces.

2.1 Polyhedra

The (transparengilhouetteof a polyhedron from a viewpoint (possibly at infinity) is
the set of edges that are adjacent to a front face and a bazkAdace is considered a
front face if the angle between its normal vector and a veftton a point of the face
to the viewpoint is acute, and a back face if that angle isiatiganr/2. If the point of
view is in the plane containing the face, we refer to the diédiniof silhouettes for the
case of general surfaces. The normal vectors should pointaods, but what really
matters is that the orientation is consistent for the tweéabat share this edge, so this
definition also applies to non-orientable (necessarilfrisgtrsecting) polyhedra.

In this paper, we call complexity of a silhouette (of a polgten) its number of
edges.



2.2 General surfaces

Our objective is to bound the size of the silhouette of a petiybn. To achieve this
goal, we need to relate the silhouette of the polyhedrondsilhouette of the surface
it approximates, which means we need a definition of silhtes¢hat applies to a larger
class of objects. Although this may seem unintuitive, we fiefine the silhouette as
a set of rays, and then relate this to the more usual concepsef of points on the
surface.

Let Sbe a compact 2-manifold without boundary. It separ&&# two non-empty
open regions; cal’ and¢” their closures (s&@ N ¢’ = Sandd' U ¢’ = R3). LetV be
a viewpoint not orSbut possibly at infinity. The (transparemijhouetteof SfromV
is the set of ray®R starting fromV that are tangent t8in a non-crossing wayR may
crossSelsewhere). More formally, we require that there existspansegment of R
that contains a connected componenRofSand is contained either it or &”.

This definition defines a set of rays. The silhouette can adssden as the trace
of this set of rays on the surface. More precisely, for eagtRran the silhouette, we
consider the closest pointYoon each connected componentRyfi Sthat satisfies the
non-crossing property. This definition is consistent with one given for the particular
case of polyhedra, and is the one we will use in this paper.

For a given viewpoint at infinity, we define the (projectéehgthof the silhouette
as the length (counted with multiplicity if several pointavie the same projection)
of the projection of the silhouette, along the directionegiby the viewpoint, on an
orthogonal plane.

Remark. The definition of the silhouette can be extended to caseseshir not a
2-manifold, but an immersion of a compact 2-manifold. Moreqgisely, we have a
2-manifoldS and a magf : S — R such thaS= f(S) and for any point or8 there
exists a neighborhood of that point such that) and f(U) are homeomorphic. The
local orientation is sufficient to decide whethRecrossessor not (note that more com-
plicated things can happen than crossing or being tangesm, with smooth surfaces;
for instance, the surface may ripple an infinite number oesrm the neighborhood
of a point, making it impossible to define on which sideSoRis near the intersection
point). This remark extends to the whole paper and, in paefcto Theorem 1. How-
ever, we do not give either a definition or a proof of this, asduld uselessly make
everything more obscure.

3 Main results

Let Sbe a compact 2-manifold without boundary whose silhouéttee finite average
length, sil{S), where the average is taken over all viewpoints at infinitgt B, be
a polyhedron withn triangular faces, that is homeomorphicSs¢hroughf,: B, — S
such that:

1. the length of any edge &% is at Ieastin,

2. the faces oR, are fat and



3. foranyxonPy, d(x, fa(x)) <,

wherea andy are two arbitrary positive numbers ad¢) denotes the Euclidean dis-
tance. We actually consider, in the following, polyhe@athat satisfy Hypothesis
1 and, instead of Hypotheses 2 and 3, the following wehkbgugh less intuitive,

hypothesis:

4. for any pointx on Py, d(x, fr(X)) < &\}%‘) whereh(x) is the smallest height of the
triangle(s) ofP, that contain(sx andf3 is an arbitrary positive number.

Theorem 1. The expected complexity of the silhouette pisFO(4/n), where the av-
erage is taken over all viewpoints at infinity. More precjsdbr any n, the expected
complexity is at most

(153+ %4 silh(S)) NG

Note that the bound is valid for anyand any polyhedroR, satisfying the above
assumptions. Note also that the bound dependS amly by the average length of its
silhouette.

We first discuss, in Section 3.1, the meaning of the hypotheseé?, and their
implications. We then prove Theorem 1 in Section 3.2. We lfjrellow in Section 3.3
how Theorem 1 can be generalized to surfaces with boundaryiewpoints at finite
distance. In particular, we prove the following result.

Let S be any compact two-manifold with boundary of finite lengthd amhose
silhouette has finite average length (taken over all viemgaat infinity).

Theorem 2. Any mesh Pwith n triangular faces that approximate$ &cording to
Hypotheses 1 and 4 has a silhouette of expected complekjtin)Qvhen the viewpoint
is chosen uniformly at random in a bounded region.

3.1 Meaning of the hypotheses

Hypothesis 1 is here to avoid short edges. The main idea gbribef is to link the
complexity of the silhouette to its length, and arbitraslyort edges would make this
impossible. Now the% factor makes sense: intuitively, since the polyhedron has
n faces, each face has area of orq}erwhich means that the edges have length of
order%.

Hypothesis 4 is rather technical, and we discuss insteatht#aning of the more
intuitive Hypotheses 2 and 3. Hypothesis 2 is quite natukgypothesis 3 ensures
that P, approximatess. Furthermore, th(% factor is reasonable; indeed, in 2D, when
considering a regular polygon with edge Ien@h%) inscribed in a circle of radius
1, the maximal distance between a point on the polygon anditble is @(%). The
situation is the same in 3D. Basically it means that the esttoen approximating the
surface with a plane is of the second order.

lindeed, for anyx in P, Hypotheses 1 and 2 imply thatx) > 8/,/n for some positive constar;
Hypothesis 4 then follows from Hypothesis 3 sirgg) //n > 8/n > d/y- d(X, fn(X)).
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Figure 3: (a) Two half lanterns of Schwarz (courtesy of Bditbert). (b) A surface
that cannot be approximated with the right properties.

Our hypotheses (1-2-3 or 1-4) ensure that the homeomorphjsras good prop-
erties, that is that, roughly speaking, the polyhedron eaoliained by only a small
perturbation of the surface while keeping the normal vedtoapproximately the same
directions. This is crucial for our proof since otherwise;, é&xample, a cylinder can
be approximated by a lantern of Schwarz [12] (see Figure 8(ag¢re the triangles are
not fat and whose silhouette has expected compl&(gty) and unbounded length.

Notice that the existence of polyhedra with arbitrarilygemumber of edges that
approximate the surface according to these hypothesesasstraint on the surface.
Not every surface admits such an approximation (think ofrteigghborhood of 0 in
the surface defined by= (x% +y?)'/8 which cannot be well approximated with fat
triangles as shown in Figure 3(b)). However, the class ofasas for which such
approximations exist is quite large. It includes, in patée, smooth surfaces and
polyhedra with fat faces.

3.2 Proof of Theorem 1

We consider a point of view chosen randomly at infinity. Wd tathe length of an
edgee of polyhedrorP, andB, the exterior dihedral angle associatee {eee Figure 4).

Let Te denote the union of the two triangles adjacent to eslfiecludinge but not
the other edges). For any p&ttof S, let silh(R) be the average length of the part of
the silhouette oSthat lies inXR.

We first recall a classical formula on the expected size bbsiéttes which can also
be found, for instance, in [10].

An edgee is on the silhouette if the direction of view is in the darkaue the
sphere of directions of Figure 4(b). The angular measuraisfregion is 8¢, which
means that the probability f@to be on the silhouette &/ The expected number
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Figure 4: (a) Length and dihedral angle of an edge; (b) seirettions for whiche is
on the silhouette.

of edges on the silhouette is thus

E= Be. 1)

edge e

=R

We now state our main lemma. The general idea of this lemnteataider strong
hypotheses3 has bounded curvature, the edges have Ie@g%), and Hypotheses 2

and 3 are satisfied), one can prove that % for some constar€. In cases where
this inequality does not hold, edgés near some kind of edge of the surface, or at least

some feature that will appear quite often on the silhouettbvee are going to charge
this edge to the silhouette &f

Lemma 3. For any edge e onp

C 8 . .
< —4+— =31.305.
Be < ﬁ+ i silh(fq(Te)) with C=313pB

Theorem 1 follows from Lemma 3. Indeed, sirl%ﬁhas% edges, each of length at
Ieast% (by Hypothesis 1), we get by Equation 1 that the expected tmxitp of the

silhouette is 130 C i
n n, .
< - - Ny
E< — ﬁ+8 a 3silh(S),
becausedz silh(fn (Te)) = 3 silh(S) since the length of the silhouette Btthat lies
edge e
in the image (througHp) of a triangle is counted three times (once per edge). Hence,

E< (1SB+ ?silh(S)) Vn=0(Vn).



Figure 5: Construction af.

Proof of Lemma 3.The idea of the proof is as follows. Consider the set of dioest
for which eis on the silhouette. We first construct a sul3eif these directions whose
measure is a constant timés— % (see Figure 5). We then prove a lower bound on

the length of the silhouette df(Te) for all these directions, and deduce the result.
Let C be a positive constant, whose value will be defined later Ezpeation 3 at
the end of Section 3.2). For any edgen P,, we can assume thg — -

Nk 0 since,
otherwise B¢ < % and there is nothing else to prove.

The set of directions for whicais on the silhouette is the set of directions between
the planes defined by the faces adjacerd. tRotate each face aboeby an angle of
2L\m so that the exterior dihedral angle decrease%njsee Figure 5(a)X is defined
to be the set of directions between these two new planes thke @n angle larger
thantt/3 with the line supporting; Figure 5(b) shows one component®@f the other
one consists of the symmetric set of opposite directionse Mieasure of the set of
directions between these two planes (®4— %). Restricting this set of directions

to those that make an angle larger that8 with the line supporting, we get, by
integrating on the sphere of directions, that the measu€eisf2 (6, — %).

The remaining step uses the property, which we prove in Goyob, that for all
the directions inQ, the silhouette off,(Te) has length at leadt/4. Assuming this
temporarily, we integrate this inequality ov@c The smaller side of the inequality is
Z'Ze (Be— %). The larger side is the integral of the length of the silhteuet f,(Te) over
all directions inQ, which is smaller than this same integral over all directichat is
4rsilh(fn(Te)). Hence 4tsiln(fn(Te)) > 'f(ee— %), which concludes the proof. [

We now state a lemma and its corollary which we used in thefpbbemma 3
under the hypothesis théit — % > 0. We can thus assume in the sequel that this
property holds.

Let € be the segment obtained by clipping frexall the points at distance less than



(a) Orthogonal projection alond (b) For the definition oDx.
of € and of the silhouette of,(Te).

Figure 6: For the proofs of Lemma 4 and Corollary 5.

IZE from its endpoints. Refer now to Figures 6(a)—(b).

Lemma 4. Any line with direction de Q that intersects ‘ecan be translated in a
direction orthogonal to e and d until it becomes tangent ta $,(Te).

Corollary 5. For any direction d inQ, the silhouette of{ T¢) has length at Ieasf.

Proof. Consider the projection @& and of the silhouette of,(Te) onto a plane orthog-
onal tod (see Figure 6(a)). It follows from Lemma 4 that, in that plag&ch point on
the projection o maps to a point on the projected silhouette in the directitimog-
onal to€. Hence, the projected silhouette is longer than the priojectf €, which is
at Ieast@ times the length o€ sinced makes an angle of at least3 with €. Thus

the silhouette ofiy(Te) has length at leasgls > s, O

Proof of Lemma 4 Let D denote a line with directiod € Q that intersect®’. LetT;
andT, denote the two triangles adjacentd¢and leth; andh, denote their respective
smallest heights. Leti = Bhi/\/n, X™ = max(X1,X2), andx™ = min(x1,X2). Refer
now to Figure 6(b). We calDy, t € [-X~,x*], the line obtained by translatirg at
distancdt| in a direction orthogonal to the plane defineddsndd; positive values of

t correspond to lines in the half-space bounded by the plafieedebye andD, and
not containingTe; negative values df correspond to lines in the other half-space. For
clarity, we denot®_,- by D~ andDy+ by D*.

Note first thatD™ does not intersedt,(Te) sinceD™ is at distancg™ from Te (by
construction) and(x, fn(x)) < X* for anyxin Te (by Hypothesis 4). We prove thBt
intersectsf,(Te) and that no lind; intersects the boundary é§(Te). This will imply
that, sweepind; from D" to D, the first lineDy, that intersectdy(Te) is tangent to
fn(Te) at one of its interior point, which will conclude the proof.

We first prove that no line Ontersects the boundary of(fTe). In other words, we
prove that, for each edg# on the boundary ofe, no lineD; intersectsf,(e*). LetT;
be the triangle (ofl) containinge®. By Hypothesis 4, it is sufficient to prove that the
distance betweeb; ande* remains greater than or equalyofor all t.

First notice that it is sufficient to prove that the distaneeneerD; ande* remains
greater than or equal tg for all t € [-x~,0]. Indeed, then, the distance between
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Figure 7: For the proof of Lemma 4.

Do = D ande* is at leasl;, and the distance betweBn ande* increases for > 0 (see
Figure 6(b)).

Let I be the smallest anglé can make with the plane containifigand refer to
Figure 6(c). LetA; be the point of intersection betweBn and the plane containinf
andv; be the distance betweép and the point o* that realizes the distance between
D; ande*. The distance betwedh ande* satisfied(Dy, €*) > v sinl" > d(A;, €") sinl.
Hence, for proving thad(D;,€") > x; fort < 0, it is sufficient to prove thal(A;,e") >
A fort < 0. We seta= - to simplify the notation.

We just proved thatl(A;,e*) > a impliesd(Dy,€*) > x; (for all t). Conversely,
we have thatl(Dy,e*) < X; impliesd(A,€*) < a. Similarly, for edgee, we get that
d(D¢,e) < xi impliesd(A;,e) < a. By definition of D;, we have thad(Dy,e) < X;
fort < 0, thusd(A;,e) < afort < 0. Furthermore, the angle betweeand segment
{Ac|t e [—Xx",xT]}is at leastt/3 because this angle is at least the angle between their
orthogonal projection on the plane defineddsgndD that is the angle betweanand
D since allA; lie in the plane spanned Wy; which projects orD; the lower bound of
11/3 follows since the angle betweerandD is at leastrt/3 by definition ofQ. Hence,
the locus of pointdy, fort < 0, is a segment that (i) interse@s(sinceDy intersects
€), (i) lies in the half-plane containing and bounded by the line supportiegsince
t < 0), (iii) lies entirely within distance of e and (iv) makes an angle of at least3
with g; the locus of pointgy, fort < 0, thus lies in a region, denoté] shown in dark
gray in Figure 7(a). For proving thdfA;,e*) > afort <0, itis thus sufficient to prove
that this region does not intersect the set, dendtedf points at distance less than
from e* (shown in light gray in Figure 7(a)).

Referring to Figures 7(b)—(c), lgt be the endpoint of closest toe* ands be its
projection on the line supporting. If the two regionsy andY’ intersect, there exists
a pointq in the intersection that is at distance less than or equt%tnfrom p and at

distance less than or equaladrom €*; thusd(p,s) < d(p,e*) < d(p,q) +d(qg,€*) <

(1+ %)a. On the other handl(p, s) is one fourth of one of the heights of the triangle

Ti and thus is at Iea§}. Hence, if the two regions intersect, thging (1+ %) sf(#

10



Figure 8: Projection odT;, f,(dT;) andD~.

sinl"?
which implies that the two regioné andY’ are disjoint. This concludes the proof that
no lineD; intersects the boundary &f(Te).

We now prove that D intersects {(Te). Consider a projectionp(), along the
directiond onto a plane orthogonal . We proved that, for any of the two triangles
Ti, Y'is at distance at least= gxﬁ > xi from each edge* # e of T;. It follows thatY
lies in triangleT; and thus thab; intersectdl; for all t < 0. ThereforeP~ intersectsT;
and is at distance at leggtfrom each edge* # eof T;, fori = 1,2. FurthermoreD~
is at distance(™ = min(X1,X2) from e, by definition. We now consider the triangle
for whichx; = x~. It follows thatD~ is at distance at leagt from all three edges of
Ti. ThusD~ projects to a poinP = p(D ™) inside trianglep(T;), at distance at leag}
from the three edges @f(T;) (see Figure 8), since distanced)o are preserved by an
orthogonal projection along its direction.

Roughly speaking, by Hypothesis 4, the curfy¢dT,) is at distance less thgg
from 0T; (the boundary off;) thus its projectiomp(fn(dT;)) is at distance less thag
from the edges op(T;). Itis thus intuitively clear thap(D ™) intersect9( fo(T;)), and
thus thatD~ intersectsf(T;) (and thusf,(Te)).

More formally, consider the magy, from the trianglep(T;) to the plane containing
it such that, for any pointin T;, the pointp(x) is sent to the poing,(p(x)) = p(fn(X)).
We first prove that the curveggdT;) andgn(p(dT;)) are homotopic iiR?\ P. Consider
the continuous map

F: 0Tix[0,] — R2
(xA)  — Ap(X)+(L=A)gn(P(X)) =AP(X) + (1= A) p(fn(X)).

F is an homotopy between the curve®T;) andgn(p(dT;)) in R2. We prove that the
image ofF does not contaif, which yields the result. The triangle inequality gives

d(RF(xA)) = d(P,p(x)) —d(F (x,A), p(x))-

We have already proved that polts at distance at leagt from p(x) for all pointsxin
0Ti. On the other hand, the distance betw@éx) and p(fn(X)) is larger than or equal
to the distance betweqs(x) and their barycentdf (x,A), for anyA € [0, 1]. Hence

d(P.F(x,A)) = Xi —d(p(x), p(fn(x))).

We postpone to Lemma 7 the proof that, with= 31.33, we have% > (1+ \%) X1

11



Figure 9: For the proof of Lemma 6

Finally, sinced(p(x), p(fn(x))) < x; for all x € T;, by Hypothesis 4, we have that
d(P,F(x,A)) > 0 for all (x,A). Hence, the image df does not contain poirf® and
thus the curve®(dT;) andg,(p(dT;)) are homotopic iR?\ P.

Now, we can contracp(dT;) to a point while remaining ip(T;). Composing this
with gn gives a contraction ofn(p(0Ti)) in gn(p(T;)). On the other hand, there is no
contraction ofp(dT;) in R?\ P (sinceP is in p(T;)), thus there is no contraction of its
homotopic curvegn(p(dT;)) in R?\ P. Hence, there exists a curve that is contractible
in gn(p(Ti)) but not inR?\ P. It follows thatgn(p(T;)) is not included ifR?\ P. Hence
Pisingn(p(Ti)) = p(fa(T)). ThereforeD~ intersectsf,(T;) and thusf,(Te), which
concludes the proof. O

We finally prove the two following simple technical lemmasigthcomplete the
proof of Theorem 1. Recall that is the smallest angle a directiahe Q can make
with the plane containing;.

Lemma 6. sinll = ‘Zfsmz\—f

Proof. In the following, we identify the sphere of directions witlshereS embedded
in R3; let O denote its center. We assume that the embedding presereetatis {.e.,
for any directiond, the corresponding poirl on 8 is such thad andOM have the
same direction).

Refer to Figure 9. Letl be a direction inQ andM be its corresponding point on
8. Consider one of th& and let? be the plane containin@ and parallel to the plane
containingT;. LetH be the orthogonal projection ™ onto planeP. Let E andE’ be
the two points or§ that correspond to the two (opposite) directions of segreebét
K be the orthogonal projection &f (andH) onto the lineEE'. Finally, let® be the
angleZ/MKH, @ be the angle“MOK, andy be the anglezMOH.

It follows from these definitions that

HM HM KM

siny= —

OM == m W - S|ne Sln(p.

12



Now, the angley is also the angle between directidrand the plane that contains
Ti. Thusl = [;ngzy, by definition of. The angled is the angle between the plane
€

containingT; and the plane containingandd. It thus follows from the definition of
Q thatdinée = %ﬁ (see Figure 5(a)). The angleis the angle betweeth and the line
S

containinge. It thus also follows from the definition d@ thatding;(p: 3. In addition,
S
sincey, 8 andgare in[0, 7], we have
sinl = inf sin inf sinB = sini and infsinp= sinE
" den Y. deQ o 2y/n deQ ¢= 3

Furthermore, the constraints 8rand@ in the definition ofQ are independent. Thus,
the minima of8 and@ can be attained for the same directmim Q. It follows that

inf (sinB sing) = inf sinb. inf sing.
cQQQ(smesm(p) JQQSIHG d|QQS|n(p

We can thus conclude that

sinl” = inf siny = inf sinB sin@= inf sinB inf sinp= Esini.
deQ deQ deQ deQ

2 7 2yn

sinl

Lemma7. [ > (1+Z) Ji with C=313p.

Proof. By Lemma 6, replacing; andl” by their values in the inequalit'{t > (1+ %) s,.X#
gives
h 2 By
| n
—>(1+—= ) ——
) Gon( )

W g)nalS)

Notice first that for large enough valuesmfusing the approximation sk X in
the neighborhood of zero, we derive the sufficient condition

1603 2
C>—[1+—7= )~ 1990
2 (1 75) oo
Now, since we want our result for afi, the computation is more complicated.
Recall first that for any strictly concave functidn such thatf (0) = 0, f(x) > %x
for anyx € (0,xo). It follows that sirx > ;ZTX for anyx e (0, 7). Since we assumed that

Be—% > 0 and thus that & ZLW <% < T we get

or equivalently

sin(z\cm> > 1212Cﬁ
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To guarantee inequality (2), it is thus sufficient to have

>< V32 C

2

V3
or equivalently
c> g (2+ \/é) 1B ~ 31.27B,

which concludes the proof. Note that we can set
C=313p. (3)

in the definition ofQ (in the proof of Lemma 3) since Inequality (2) is the only con-
straint onC. O

3.3 Generalizations

We prove here Theorem 2. We first show that Theorem 1 genesalizthe case where
the viewpoint is chosen randomly at finite distance. We tHewsthat considering

surfaces with boundary does not change the asymptotic esgpeomplexity of the

silhouette.

Points of view at finite distance. We have thus far restricted ourselves to the case
where the viewpoint is chosen uniformly at random at infinijowever, still under
Hypotheses 1-3 or 1 and 4, our result applies to any distabuf viewpoints such
that the probability for an edgeof P, to be on the transparent silhouette is bounded
from above byc6, for some positive constant wherefe is the exterior dihedral angle
associated te. Indeed, the expected number of edges on the silhouettensattmost

c z Be and we get the result by applying, as before, Lemma 3.
edge e
Such a distribution of viewpoints is obtained, in particulander Hypotheses 1-3

when the point of view is chosen uniformly at random in anyegibounded regiorB,

of positive volume. Indeed, there exists, by Hypothesis &rstantRk such thaB is
included in any ball of radiuR centered at any point of polyhedr®jy. Furthermore,
the probability that an edge with associated dihedral andlg, appears on the silhou-
ette viewed from a random point Biis the ratio of the volume of the intersection of
B with a spherical double wedge of an@leand radiuRR (similarly as in Figure 4(b))
over the volume oB (which is a constant). The volume of this intersection is bg&n
the volume of the spherical double wedge, whicQ%Rﬁ. Hence, the probability that
edgee appears on the silhouette is less tltdla for some constant. The expected

number of edges on the silhouette is thus at mo{ 6. which is, by Lemma 3, in
edge e

O(y/n) or, more precisely, at mostt (153 + 2¢silh(S)) y/n.

2In Lemma 3, sillif,(Te)) always refers to an expected length for a viewpoint chosedamly at infinity.
3Note that the constamtcan be very large. For instance Jiis the surface of a conical frustum aBd
is a small ball centered at the apex of the cone, we can find &segquwfP, that satisfy the hypotheses and
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Surfaces with boundary. Let S be a 2-manifold with boundar. We consider
that the boundary is always on the transparent silhouettesarthe definition of the
transparent silhouette of a 2-manifddvith boundary is exactly that of a 2-manifold
without boundary plus the bounday.

The surfaceS is approximated by a triangulated meBhthat satisfies Hypothe-
ses 1 and 4, as in the case without boundary, except that roméish may not be a
polyhedron (some edges may have only one adjacent face tatretwo).

To give an upper bound on the number of edges on the silhoofttie mesh, we
consider the boundary edges and the other (non-boundaggseskparately. For the
non-boundary edges, the same reasoning as before stil. Hedd the boundary edges,
it is easy to see that the length (in 3D) of the boundar,p€annot be much larger
than the length oB. Indeed, the two are homeomorphic, and Hypothesis 4 im{lags
the image byf, of an edgeg, of lengthle, is a curve whose endpoints lie at distance at
leastle — ZB—\/'g apart. Hence, fon sufficiently large, the length of,(e) is at leaste/2,
that is, at Ieas% by Hypothesis 1. This means that the lengthBofs at Ieastziﬁ
times the number of boundary edgesRaf Hence, the number of boundary edges of

P, is at mostzTﬁ times the length oB. So, if the length of3 is bounded, the expected
complexity of the silhouette d®, is O(/n).

4 Conclusion

This paper gives an idea of why, and when, the usual claimttieasilhouette of a
triangulated mesh has sig¥/n) is valid. In particular, we gave a set of conditions
such that any triangulated mesh of siz&pproximating a surface in a way that satisfies
those conditions has a silhouette of expected Giggn). Roughly speaking, the mesh
should have no short edges, its faces should be fat, anddtende between the mesh
and the surface it approximates should never be too large. stiface itself is not
necessarily everywhere differentiable and may have baigsla

A natural question to ask is what kind of meshes satisfy ticoséitions. One such
example, for smooth surfaces, is the meshes produced bgd@wiat and Oudot [2].
The critical property of the meshes they compute is thatdtie between the size of the
largest and the smallest triangles remains bounded, gthmeshes are non-uniform
with smaller triangles in areas of large curvature.

Many non-smooth surfaces can also be approximated by mtsitesatisfy our hy-
potheses. However, our conditions may force the mesh t@izontany more triangles
than needed to approximate the surface with a given precidibis is, in particular,
the case for cylinders. Indeed, an economic way to apprdeimdfinite section of a)
cylinder is withn long and thin triangles. However, the triangles are not fat #he
short edges have Ieng(h(%). This contradicts our hypotheses (1 and 2) and, indeed,
the silhouette has linear average complexity. To satisfjhgpotheses without making
the precision of the approximation worse, we need to subiditiie long edges until

have a silhouette of linear complexity viewed from the cenfé (as in Figure 1). FoB small enough, the
silhouette can be linear from any pointinfor all n up to an arbitrarily large value. It is then natural that
for a smallB, the upper boundmt (15 + 20—4 siln(S)) y/n on the average size of the silhouette is only smaller
thann for very large values af.
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they have roughly the same size as the short ones (see Figureid does not modify
the shape of the silhouettes, but long edges on a silhouetieplaced by (n) short
edges. The expected complexity of silhouettes remainadimen, but the total number
of triangles becomes quadratic.

In computer graphics, meshes are often non-uniform and tinewessarily satisfy
our hypotheses. This explains why the observed expecteglesity of silhouettes
may, as in [10], be larger thaB(,/n). Nonetheless, our result gives a good idea of
why meshes, even when they are not perfectly uniform, apdaave silhouettes of
sub-linear complexity.

An interesting question is whether our result on silhowgsttdends to related struc-
tures such as suggestive contours [3] or apparent ridgestih were designed to
convey more information about the visual shape of an obfent the sole silhouette.
It appears that our result does not extend to suggestiv@amtbecause it relies on
the fact that edges that lie in almost flat regions appear ra@Bly on the silhouette,
whereas an almost flat region with arbitrarily small bumpsrgwhere has a suggestive
contour of linear size from a set of viewpoints of meadd(&). The question remains,
however, open for other structures such as apparent ridges.
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