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HJILK�MON�PRQTSVU%WYX[Z]\^K�MONGZ�_Y`LMOaGbdcfeB`LNGZ
g4b^hji]N�\^Z�Skcfl�Snmol

p*mFqLqrhobs\*t[N-b^NGl,ILNGb^l,IuNv_xw.yozB{j|7U%}Jho~[\Rzj�o�B{-U��o��qrmj�FN;Z

���.�G�����L�F�F��� NTqLb^NGZdN�_B\�m(�oN�_LNGb^mF�Lc�_B\^bdh[t[`ul
\dc�hF_O\^h(\dILNTM�`L��\dcfZ^l�mj��N*MOh[t[N�����c�_L��mj_ut�Zdc�M�`L�fm�\dc�hF_�hF�
l�hFMOqL��N
�"�u`LcftLZG��HJIuN�qxN�b,ZsqxNGl
\dc��FN�cfZ�M�m�\dIuN�M�m�\^c�lGmj�D�THJILN9��NG�FNG��cfZTNG��NGMON�_B\^mFbdXo�T�LhobTc�����`uZs\db,m�\^c�ho_
qu`LbdqxhoZdNGZG�R��N0l,ILhYhoZdNn\dIuN0l�hF_B\dN��Y\�hF��c�_rl
hFMOqLb^NGZ^Zdc��L��Nn�rh��*Z�hF��c�_[�u_Lc�\dNG��X�tLc���`[\dN+ZdhF��`[\dc�hF_rZ�hF�
�rN
�[c��u��N�qxhF��XYMON�b,Z��Lho_L��X��Lb^c�N
�uX�MON�_B\dc�hF_Lc�_L��ZdhFMON�hF\dILNGb�\]XYqrN;Z*hj�4l�hFMOqL��N
���u`LcftLZ�� � N�t[N;Zdl�bdc��rN
\^ILN�M9h[t[NG����c�_L� Zs\dNGquZG��l
hoMOqumjb^N�\^ILN�M�`L��\dcfZdlGmj��N�mFqLqLb^homFl,I¡mF_ut+\^ILN"qL`Lb^N���X+M�mFl
b^hoZ^l
hoqLcflj�¢MOhFb^N
\^b^mot[c�\dc�hF_umF�=�BmjqLqLb^homol,I£� � N-mj�fZsh�c�_B\db^h[t[`ul
N*\dILNTbdN;mFt[NGb¤��c�\dI�\^ILN�mFqLqLb^hFqLb^cfm�\dN�M�mj\dILNGMOmj\dcfl�mF�rmj_rt
_Y`LMONGbdcfl�mF�¢\dhYhF�fZ���}¥l
hFMOqL��N
\^N�ZsN�\�hj��l
h[t[N;Z-�¦hFb(\^ILN�_Y`LMON�b^c�lGmj�4Zdc�M�`L�fm�\dc�hF_0cfZ(qLb^h��Yc�t[N;t§�£c�_0\dILN
Zdc�M9qu��N�Zdc�\d`umj\dc�hF_+hj�*m7¨�ho`LN
\d\dN��rh��(��HJILcfZ�ZdN�b^�FN;Z�mFZ�m"\dN;Z]\d©D�xNGt �¦hob�\dIuN�_Y`LMON�b^c�lGmj�¤Zs\db,m�\^N��Fc�NGZ
tLNGZ^l
b^c��xNGt�c�_"m9MOhFb^NT�oN�_LNGb^mF�ªl�hF_B\dN��Y\�\^ILbdho`L�FIuhF`[\J\dIuNT\^N
�Y\G�4}«tLNGt[cfl�mj\dNGt�ZdNGl�\^c�ho_�hF��hF`ub*mjbd\dcfl
��N
motLt[b^NGZ^ZsN;Z�\dILN(M�m�\^ILN�M�mj\dcfl�mj�£l,Irmj����NG_L�FN;Z�ho_�\^ILN-�¦b^hF_B\�hj�¢bdN;ZsN;mjb,l,I£�
¬k­B®ª¯^°�± ��².�F� _Lho_[©³P*N��J\^hF_Lcfmj_¡�uh��*Z��@l�hFMOqL��N
�0�u`LcftLZG�4qrho��XYMON�b��uh��(�@M�`u�´\^c�Z^l�mF��N�M9h[t[NG����c�_L�u�
¨�ho`LN
\d\dN��uh��(�FµRhYhF¶FN;mj_9mj_ut9�.·¤P*·¡t[`uM��L�xN����LMOh[t[N��fZ��[¸T��tLbdh�X[tY©³¹ M9h[t[NG�=�B�Lho¶B¶oN�bd©Dg¤��mF_ul,¶-NGeB`um�©
\^c�ho_£�LZs\dh[l,IumFZs\dcfl-t[c�ºxNGbdNG_o\^c�mF�§NGeB`umj\dc�hF_

∗ »§¼x½�¾-¿À»£ÁFÂLÃuÄsÅ�ÆÈÇTÉ.Ê^Ë=ÌÈÅ�Í�Ê,ÆÈÇRÎÏÇ]ÐJÑ[Å�Í
ËDÐJÇ³Ë�»§ÒÏÊ,ÓÏÐDÐ=ÔsÇ]ÐsÂªÕ(ÖØ×;ÂrÊsÙ
Ç]Í�ÓÏÇ-ÚªÆÛÊ,ÌÈÐ=ÇRÑuÊ,Ð=ÄsÊ,ÆfÂªÜ�Ü^Ý
Þ�Þ�¾(Ê,ßÀÍÏÇ³àâá[Ê^àã Ê,ÆÈÆÈÔ]Ç¤»ªÇ]ÎÏÇ³ä-å;ÂjÊ,Í;Î-¿¦É.½£¿âæ ½£Å�Äsç�ÓÏÇ]ÍÏÄ]Å�ÓÏß¦ËdÂB¾-¿À»§¾-æ�»�èÏßÀÅ,é=Ç]Ä³ËÀàfËDÇsÊ,ê-ÂFë.Å�ê*Ê,ÌÈÍ;Ç¢ÎÏÇ ã Å�ÆÈÓ;ÄsÇsÊ,ÓBÂFÚ.ì Ñ[ìBísî�Þ;ÂjÜ,×;ísÞ�ïáYÇ¤»ªÒÏÇ]ÐDÍ�Ê]ð-»ªÇ]ÎÏÇ³äFÂjñr½£æ¢É.»§¼�ÂGÇ]àfê*Ê,ÌÈÆfòLó
ô,õ^ö
÷Ïø^ùoúÀô,õ
ôGøsõ,û�÷
õ�ü�ý�þ^õ,÷sÿoø,þ�ù��âõ����;þ�����÷
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 � ¨�NntLhYl�`LMON�_B\�NGZs\�`L_LNkc�_B\db^h[t[`ul�\^c�ho_�� �fm0MOhYtLa���c�Z^m�\^c�ho_ N�\���m+Zdc�M�`L�fm�\dc�hF_ M�`u�´\^c´©
a;l,ILN�����NGZ�t[N;Z9�u`Lcft[NGZ�l�hFMOqL��N
�[NGZG��t�� `L_�qxhFc�_B\�t[N"�B`uNkMOmj\dILaGM�m�\dcfeB`LNF��N�_�b^NGZs\^mj_B\�� `L_�_Lc��FNGmF`
aG��aGMON�_B\^mFc�b^NF�JP*ho`uZ*_Lho`uZ*l�hF_ul�N�_B\db^hF_uZ*qLbdc�_ul�c�qumF��NGMON�_B\RZs`ubR��NGZ*a;l
ho`L��NGMON�_B\^Z�c�_ul�hFMOqLb^NGZ^Zsc��L��NGZ*t[N
ZdhF��`[\^c�ho_uZRt[c���`La�N;Z�tLN�qxhF��XBMOKGbdN;Z*�uN��[c��L��NGZG�ªN
\-_LhF`rZRMON�_B\^c�ho_L_LhF_rZRqL��`uZT�Lb^c�KG�FN�MONG_o\-t[NGZTMOh[t[K���NGZ
M�`L��\dc�©Da;l,ILN�����N;Z-qrho`Lb�t�� mj`[\^bdN;Z��u`Lcft[NGZ(l�hFMOqL��N
�[NGZG��P*ho`uZ�t[a;l
b^c��ohF_uZ���NGZ(t[c�ºxaGbdNG_B\dNGZ-a�\^mFqrN;Z�t[NO��m
MOh[t[aG��cfZdmj\dc�hF_£�;N�_�l�hFMOqumFb^mF_o\£��� mjqLqLb^h[l,ILN@M�`u�´\^c´© aGl,ILNG����NGZ£N
\���� mFqLqLb^h[l,ILN@qL`Lb^N�MON�_B\�M�mol
b^hoZ^l
hFquc�eB`LNo�
qu��`uZ¤\db,mFtLc´\^c�ho_L_LN�����NF���£NGZ�hF`L\dc���Z�M�m�\dIua�M�m�\^c�eB`LN;Z¤N�\�_Y`LMOa�b^c�eB`LN;Z4_La;l
N;ZdZ^mjc�bdN;Z4ZdhF_B\�c�_B\db^hYtL`Lc´\,Z��¢Q*_
NG_uZdN�M��u��N�tLN�l
h[t[N;Z�Snmj\d�fmj�¡qxhF`ub��fmnZsc�M�`u��mj\dc�hF_¡_Y`LMOa�b^cfeo`uN�t�� `L_¡aGl�hF`L��N�MONG_o\9t[N"¨�ho`LN
\d\dN�N;Z]\
�¦ho`Lb^_Lc=�7¨�N;Z�l
h[t[N;Z�c�����`uZs\db^N�_B\���NGZ�Z]\^b^mj\da��oc�N;Z(_Y`LMOa�b^c�eB`LN;Z�t[a;l
b^c´\^NGZ�tumj_uZ�`L_ l�mot[b^N�qL��`rZ��FaG_La�b,mj�
mF`+l
hF`ub^Z(t[`0\^N
�Y\dNo��QR_LN�ZdNGl�\^c�ho_0NGZs\�t[aGt[c�a�N�mj`[�0mFZdqrN;l�\^Z���N;Z(qL��`uZ(b^aGl
NG_B\^Z�t[N��fm"b^NGl,ILNGb^l,ILNONG_
M�mj\dILaGMOmj\dcfeB`LNGZ-mjquqL��cfeB`La�N;Z-Zs`Lb-��N9\dILKGM9N�t[N;Z��u`Lcft[NGZ-l�hFMOqL��N
�[NGZ�N�_ �FaG_La�b,mj�D�ªN
\(N�_ qumFbs\^c�l�`L��c�N�b
Zd`Lb���NGZJMOh[t[K���NGZJM�`L��\dc�©Da;l,ILN�����N;ZJqrho`Lb*��NGZ��u`uc�t[N;Z*l
hoMOqL��N��[NGZG�
� ± �;� ¯ ��� 
 �-� �.��`Lcft[N;Z�_uhF_[© _LN��J\^hF_Lc�N�_rZ��Ï�u`uc�t[N;Z�l�hFMOqL��N
�[NGZG�Ï�u`Lcft[N;Z�qxhF��XYM9aGbdcfeB`LNGZG��MOh[t[a���c�Z^m�\^c�ho_
M�`L��\dc�©Da;l,ILN�����N;Z��.aGl�hF`L��N�MONG_o\9t[N�¨�hF`uN
\s\^NF�¢MOh[t[K���NGZ�t[NGZ������! � #"%$&$('(ILhYhF¶FaGN�_uZ�N
\��.·¤PR·*�¢M9h[t[KG��N
¸T�ft[b^h�X[tY© ¹��BaGeB`umj\dc�hF_"t[N��Lho¶B¶oN�bd©Dg¤��mF_ul,¶ª�oa;eo`rm�\dc�hF_"t[c�ºxaGbdNG_B\dc�N�����N�Zs\dh[l,IumoZ]\^c�eB`LN



���������	�
��� 


� �����.�����.	

����� �G� ± ² �.�j��� ± � �

��� ­B° � ± � �=� � � � ² � ± � ¯ � ­B° � ± � �=� ��� ���À².� �
zL��� ¹JmoZscfl�Z �-�(���(�-�(�(�-�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� y
zL� z�PRhF_[©³P*NG�J\dho_Lc�mF_��r`Lc�tuZ �-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� {

zL� zL��� WYhFMON-N
�[qxN�b^c�MON�_B\,mj�§hF�rZsNGbd��m�\^c�ho_uZ �(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� {
zL� zL� z Skh[t[N�����c�_L�Ohj�¢_Lho_[© PRN��J\^hF_Lcfmj_��u`LcftLZ¥�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(���;�

zL� 
 W[hFMON(M�mFl
b^hoZ^l
hoqLcfl*MOh[t[N��fZ��¦hFb��YcfZdl�hBNG��moZ]\^c�lT�u`uc�tLZ��-�(���(�-�(�(�-�(�-�(�-�(�(���(���Ïz
zL� 
 ��� SkhFb^NTho_kt[c´ºªN�b^N�_B\^c�mF�§M9h[t[NG��Z �-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(���Ïz
zL� 
 � z SkhFb^NTho_"c�_B\dNG�Fb,mj�ªMOh[t[N��fZ ���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(���Ï|

 � ���¦���À�;�F� � ­ 
 ± ² ­ � �!� �#" ±%$�&¤± � ® 
 ­ �'�=� � �#�=²�� �)(

 ��� WY\^m�\^c�Zs\dcfl�mF�£MONGl,IumF_Lcfl�Z�hj�.\dILN-�¦b^N�N(l,IumFc�_ �-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��zF�


 ���o��� *�N�_LNGb^mF��c�\dc�NGZ0�-�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��zF�

 ���o� z HJILN(µ*hYhF¶oNGmj_�MOh[t[N�� �(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��zoz


 � z�HJIuN(M�`L��\dcfZdlGmj��N-M9h[t[NG�£�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��z 

�,+.- ­ �G� ± � - �L�G�/�À�"� &�& � ± �L� - �10

2 ���43³_uc´\^c�mj\dc�hF_�\dh�WB\^hYl,IrmFZs\dcfl65Tc�ºxNGbdNG_o\^c�mF�£·¤eB`umj\dc�hF_uZ �(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��z87
2 ���o��� HJILN(SkhF_B\dN�¨�mFbd��h9M9N�\dILh[t��(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��z87
2 ���o� z ¹�b^h���_Lcfmj_�M9hF\dc�hF_"mj_ut�Zdc�MOqL��N�Z]\^h[l,IumFZs\dcfl-t[c´ºªN�b^N�_B\^c�mF�§NGeB`um�\^c�ho_uZ �(�(���(��zF�
2 ���o� 
 WB\dh[l,IumoZ]\^c�l�c�_o\^N��ob^mj\dc�hF_ �(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 
 �
2 ���o� 2 3 \:9�l�mF��l�`L��`rZ�mj_ut"�Lho¶Y¶FN�bJg4�fmj_rl,¶�NGeB`umj\dc�hF_ �-�(���(�-�(�(�-�(�-�(�-�(�(���(� 
 z
2 ���o� | 5RcfZdl�bdN�\dc<;Gmj\dc�hF_�hj�¢W=5R·¤Zn�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 
 |

2 � z�¹Jmol,¶�\dh9\dIuN(M9h[t[NG����c�_L� �-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 
 {
2 � zL��� HJILN-M9cfl
b^hoZ^l
hoqLcflRN;eo`rm�\dc�hF_�hj�¢MOhj\^c�ho_ �-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 
 {
2 � zL� z HJILN(Z]\^bdN;ZdZ�\^N�_uZdhFb �(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 2 �
2 � zL� 
 HJILN��¦hFb,l
N��(�-�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 2 �

2 � 
 HJIuN(M�`L��\dcfZdlGmj��N-M9h[t[NG�£�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 2>2
2 � 2 WLl,ILN�M�m�\^c�l�h��oN�b^�Bc�N���hj��\^ILN�Zdc�M�`L��mj\dc�hF_Ø�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 2 y

2 � 2 ��� P*`LMON�b^cfl�mj�§MON�\dILh[tLZT�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 2 y
2 � 2 � z Snmjc�_�tLc@?�l
`u�´\^c�N;Z �(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 2 {

2 � |�QRquZdc�t[N;Z*mj_rt�t[h���_rZscft[NGZJhF��M�`L�´\^c�Z^l�mF��N-MOh[t[N�����c�_L�O�¦hob*l
hoM9qu��N����u`LcftLZ �(�-�(�(���(� 2 7
2 � |L��� Skc�l�bdhF©DM�mol
b^hBA�'�M�mFl�bdhF©DM�mFl�bdh�M9h[t[NG����c�_L� �-�(���(�-�(�(�-�(�-�(�-�(�(���(� 2 7
2 � |L� z �LhF¶Y¶oN�bd©Dg4�fmj_rl,¶CA�'JW=5R·��¦hobdM�`L��mj\dc�hF_ �(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 2 �

D�� ��
 ­ �'�À�F� �¤��� 
 � �=�[�/� ± � ±E$ � � ­ �G���F�L� ­ DF�
|L��� W[N
\s\^c�_u��hj�.\dILN(qLb^hF�u��NGM �-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��|=�
|L� zG5TcfZdl�bdN�\dc<;Gm�\^c�ho_�hF��\^ILN-M�mFl
b^hoZ^l
hoqLcflRN;eo`rm�\dc�hF_ �(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��| 

|L� 
 Snc�l�bdhBZdl�hFqLcflRqubdho�L��NGMIH�\^ILN�t[N�\dN�b^MOc�_uc�Zs\dcfl(mjqLqubdhBmFl,I �(���(�-�(�(�-�(�-�(�-�(�(���(��|o|
|L� 2 Snc�l�bdhBZdl�hFqLcflRqubdho�L��NGMIH�\^ILN�Zs\dh[l,IumFZs\dcfl-mjqLqubdhBmFl,I �(�-�(���(�-�(�(�-�(�-�(�-�(�(���(��|Fy
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N1(t) = τ x,x(t) − τ y,y(t),
N2(t) = τ y,y(t) − τ z,z(t),
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λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ T (τ p, γ̇) = ηpγ̇,
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T (τ p, γ̇)
\]XYqLcfl�mF����X�t[NGqrNG_utLZR_LhF_L��c�_LNGmFbd��X�hF_

τ p
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λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ τ p + α

λ

ηp
τ pτ p = ηpγ̇.
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λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ Z(tr(τ p))τ p +

ξ

2
λ (γ̇τ p + τ pγ̇) = ηpγ̇,
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Z
H

Z(tr(τ p)) =

∣∣∣∣∣∣∣∣

1 + φλ
tr(τ p)

ηp

exp

(
φλ

tr(τ p)

ηp

) ,
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ξ
mj_rt

φ
mjb^NT�u�YN;t�Z^l�mF��mFb^ZG�
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MOh[t[NG���ÀZdN�N�}��;g¢N
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



λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ Z(tr(τ p))τ p

−λ
(
τ p +

ηp

λ

3]t )(( ∂

∂t
+ u · ∇

)
ln (Z(tr(τ p)))

)
= ηpγ̇,
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��c�\dI
Z(tr(τ p)) = 1 +

d

b

(
1 + λ

tr(τ p)

d ηp

)
,
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d
c�Z�\^ILN�tLc�MON�_rZsc�hF_�hj�§\dIuN-mFM��Lc�N�_B\JZsqumol
N�mj_ut

b
c�ZJm�Z^l�mF��mFb4\^Ium�\�cfZ4\^ILhF`L�oIB\�hF��mFZ�bdNG��mj\dN;t
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\s\^N�bOb^NGZd`L�´\,Z�\^Iumj_¡\dILN7¸T�ft[bdh�X[t+¹ MOh[t[N��D�¤mj_rt
Z^m�\^c�Zs�ÀmFl
\dhobdc���X mj�Fb^N�Nk��c�\dI�N
�[qrNGbdc�MON�_B\^Z�hF_ØZdc�MOqL��Nn�uh��*ZG�«HJILN�X�l�mF_Ø�rNn�¦`Lbs\^ILN�b��FNG_LN�b,mj��c�;GNGt§�
l�hF_uZdcft[N�b^c�_u��ZsNG�FN�b,mj��bdNG��mj�Lm�\dc�hF_�\^c�MONGZ

λi
mF_utnZdN��FNGb^mF���YcfZdl�hoZdc´\^c�N;Z

ηp,i
�ª�L`L\���N���c����¢_LhF\TqLb^h[l
N�N;t

�¦`ubs\^ILN�b�c�_�\dILcfZ*t[c�bdN;l�\^c�ho_�c�_�\dILcfZ�c�_o\^bdh[t[`rl�\dhobdX�Zd`Lb^�FNGXF�
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 ± ² ­ �À�
��N
\�`uZRb^N
\^`Lb^_"\dh�\^ILN�ho_LN
©³t[c�MON�_uZdc�ho_umj��Snm��[��N�����MOh[t[N�� �=zL� z=� ��� 3 \^Z�Zsho��`[\^c�ho_kM�mÏX��xN�N��[qL��cfl
c�\d��X
��b^c�\s\dNG_"c�_�\dNGbdM�Z�hF��\dIuN(c�_B\dNG�Fb,mj� H

τ(t) = τ(t0) exp

(
− t− t0

λ

)
+

∫ t

t0

η

λ
exp

(
− t− s

λ

)
γ̇(s) ds.
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 � �

��N
\d\dc�_L�
t0
�Fh9\dh −∞ �rmj_ut�mFZ^Zs`uM9c�_L�

τ
�rho`L_ut[N;t���IuN�_

γ̇
c�ZJ�xhF`L_rt[NGt§�u��N(ho�[\^mFc�_ H

τ(t) =

∫ t

−∞

η

λ
exp

(
− t− s

λ

)
γ̇(s) ds.
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5TN�_uhj\dc�_L�O�YX H




d

dt
γ(t0, t) = γ̇(t)

γ(t0, t0) = 0

,
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mF_ut�c�_B\dNG�Fb,m�\^c�_L�9�YX�qumFbs\,Z��Y��N(hF�[\,mjc�_�m��¦hobdM N;eB`Lc���mF��NG_o\�\^h �=z[� 
 ���6H

τ(t) =

∫ t

−∞

η

λ2
exp

(
− t− s

λ

)
γ(t, s) ds.
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HJIuc�Z��¦hFb^M N
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hF_rZ]\^b^mFc�_B\�mj\�\dc�MON
t
tLN�qxN�_utLZ.ho_(\dILN

Iuc�Zs\dhobdX�hF��\^ILN�t[N
�¦hobdM�mj\dc�hF_£�@HJILN��¦`L_ul
\dc�hF_ η
λ2 exp

(
− t−s

λ

) c�Z�hF�â\dNG_"lGmj����N;t�m��!"�� $�� +01#� 
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HJILN-ho_LN
©³t[c�M9NG_uZdc�ho_umj�ªl
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Zdc�hF_uZ�mF_ut�XYc�N��ftLZ/H

τ p(t,x) = −
∫ t

−∞
M(t− s)f

(
C−1

t (s,x)
)
(
3]t − C−1

t (s,x)) ds.
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��IuN�b^N
M

cfZ�m"MON�MOhFb^Xn�¦`u_ul�\^c�ho_£�
f
cfZ�m"�Fc��FNG_ b^NGmF�4��mj��`LNGt �¦`L_rl�\dc�hF_��¢mF_ut

C−1
t (s,x)

t[NG_Lhj\^NGZ
\^ILN Zdhj©³l�mF����NGt � 	 
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t
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Ct(s,x) = F t(s,x)T F t(s,x)
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��IuN�b^N

F t(s,x) = ∇(χt(s))(x)
�=zL� 
 y �

cfZ�\dILN�t[N
�¦hobdM�m�\^c�ho_-\dNG_uZshob�mF_ut
χt(s)

cfZ£\^ILN��uh��+l,Iumjbd\ �¦M�mFqLqLc�_L�RqxhoZdc´\^c�ho_uZ�mj\�\^c�MON
t
\dh*qxhoZdc´\^c�ho_uZ

mj\J\dc�M9N
s
�
�

3 \�c�Z¤NGmFZdc���X9ZsNGN�_O\dIrm�\4\^ILN*`LqLqxN�bd©³l
hF_Y�oNGl�\^NGtOt[NGbdc���m�\dc��FN�hF�ª\dILN���c�_L�oN�b@\^N�_uZdhFb4��mF_Lc�ZdILN;Z�� � ILN�_
M(t− s) =

ηp

λ2
exp

(
− t− s

λ

) mj_ut
f = 1
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τ p
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τ p(t,x) = −npkT
3]t

+ np

∫
(r ⊗ F (r))ψ(t,x, r) dr,
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ρ

(
∂u

∂t
+ (u · ∇) u

)
− η∆u + ∇p− t[c��

τ p = ρf ,

t[c��
u = 0,

τ p(t,x) = np

∫
(r ⊗ F (r))ψ(t,x, r) dr − npkT

3]t
,

∂ψ(t,x, r)

∂t
+ u(t,x) · ∇xψ(t,x, r)

= − t[c�� r

((
∇x u(t,x) r − 2

ζ
F (r)

)
ψ(t,x, r)

)
+
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ζ
∆rψ(t,x, r).
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Re

(
∂u

∂t
+ (u · ∇) u

)
− (1 − ε)∆u + ∇p− tLc��

τ p = f ,
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u = 0,

τ p(t,x) =
ε
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(∫
(r ⊗ F (r))ψ(t,x, r) dr − 3]t
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+ u(t,x) · ∇xψ(t,x, r)

= − t[c�� r

((
∇x u(t,x) r − 1

2We
F (r)

)
ψ(t,x, r)

)
+
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2We
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Du

Dt
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N �x\dILN9_Lhj\^c�ho_nhj�4N��[qrN;l�\^mj\dc�hF_n��mF��`LN
mF_ut�\dILN(_LhF\dc�hF_�hj�¢��mÏ�(�

} b,m�\^ILN�b�mj�rZ]\^b^mol�\J_Lhj\^c�ho_���N-M�`uZs\*t[N
�u_uN��xN
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(Ft, t ≥ 0)
c�Z@mF_�c�_ul
b^NGmoZsc�_L�TZdNGeB`LNG_ul
No�jc�_ut[N
�[N;t��YX-\dc�MON

t ∈ R+
�

hF��Zs`u�uZsN�\^Z�hj�§\^ILN
σ
© mF���oN��Lb,m A �@HJILNT�u�´\^b^mj\dc�hF_ Ft

cfZ�\dh��rNT\dILho`L�FIB\�hj��moZ4\^ILN�ZdN
\�hj��c�_[�¦hobdM�m�\^c�ho_
mÏ��mFc��fmj�L��N-m�\J\dc�MON

t
�

� '!� '!� +.- ­ �v± � � ­�� �[��� ± 
 ­ � - ± ²
HJIuN"SnhF_B\dN7¨�mjb^��h7MON
\^ILh[t cfZ�m Z]\^hYl,IrmFZs\dcfl�MON�\dILh[t \dh+l
hoM9qu`[\dN�\dIuNkN
�[qrN;l�\,m�\dc�hF_ ��mj��`LN"hj��m
b,mj_rt[hFM¥��mjb^cfmj�L��NF� �£N�\

X
�xN�m9b^mF_ut[hoM¥�ÏmFbdcfmj�u��N-��c�\dI��u_Lc�\dN(��mjb^cfmj_ul�N8H

Var(X) = E
(
(X − E(X))2

)
= E(X2) − (E(X))2 <∞.
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IK =
1

K

K∑

k=1

Xk

��IuN�b^N
(Xk)k≥0

mjb^N�c�_utLN�qxN�_ut[NG_B\�cft[N�_B\dcfl�mF����X tLc�Zs\db^c��u`[\dN;t �¦cD� cD� t£� � b,mj_ut[hoMV��mjb^cfmj�L��NGZ-��c�\dI¡�fmÏ�
\^ILN(�fmÏ��hj�

X
�
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\^ILh[t"c�ZR�umFZdNGt"ho_"\]��h�M�mj\dILNGMOmj\dcfl�mF��b^NGZd`L�´\,Z���HJILN
$ � � $�1 $ ���-� "�
 ���! " �#'�Zs\^mj\dNGZ�\^Ium�\��Àc´�

E|X | <∞ �

mj��M9hBZ]\�Zd`LbdNG��X
, lim
K→∞

IK = E(X).

HJIuN�	#" 
 ! � ��$ $ 	&�%	 ! ! � " $�� "%�v�oc��oNGZ�\dILN(b,m�\^N-hj�@l
hF_Y�oN�b^�FN�_rl
N%�Àc´�
E((X)2) <∞ � H ∀a > 0

�

lim
K→∞

P

(
|IK − E(X)| ≤ a

√
Var(X)

K

)
=

1√
2π

∫ a

−a

exp(−x2/2) dx.

HJIuc�Z(N;Z]\^c�M�mj\dN�N�_rmj�L��NGZ�\^hk�L`Lc���t � / $�' ! " �
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a = 1.96
Zsh�\^Ium�\ 1√

2π

∫ a

−a exp(−x2/2) dx = 95%
��mj_ut NGZs\dc�M�m�\^c�_L��\^ILN
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Var(X)
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VK =
1

K

K∑

k=1

(Xk)2 − (IK)2.
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ho_Y�FN�b^�FNG_ul
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√

Var(X)
K
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b^NGmoZsN
K
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N
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(Xt)t≥0
c�_ut[N
�[N;t"�BX�\dc�MON

t ∈ R+
� *�c��oN�_nm�Zs\dh[l,IumoZ]\^c�l-qLb^h[l
N;ZdZ

Xt
�x��N�M�mÏX

l�hF_uZdcft[N�b�\dILN 
 �#! � � � $ 	 $ !"�&��! 	�$�
 �FN�_uN�b,m�\dN;t0�YX
Xt
�@\^Ium�\9c�Z�\dILN��u��\db,m�\^c�ho_ Ft

�¦hFb^M9N;t§�¢�¦hFb9NGmol,I
t
���YXn\dIuN�ZsM�mj����NGZs\

σ
©³mj���FNG�Lb,m��¦hob(��ILc�l,I \^ILN�M�mjquZ

ω −→ Xs(ω)
�
0 ≤ s ≤ t

�.mFbdN9MONGmFZd`Lb,mj�L��N
�¦`u_ul�\^c�ho_uZ��

¨�ho_B�oN�b,ZsNG��Xo�u�xN�c�_L���oc��oN�_7m��u��\db,m�\dc�hF_ Ft
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�
Xt

cfZTm
MON;mFZd`Lb^mF�L��NR�¦`L_rl�\dc�hF_"��c�\dI"b^NGZdqrN;l�\J\dh Ft

�[cfZ*l�mF����NGt�m Ft
© ��� ��/ ! "#�"Zs\dh[l,IumFZs\dcflTqLbdh[l�NGZ^Z��
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No�
HJILN �¦hFb^M�mj�-MOhj\^c���m�\^c�ho_ �¦hob�\^ILN0c�_B\db^h[t[`ul
\dc�hF_ hF��\dILN+¹�b^h���_Lc�mF_ØMOhj\dc�hF_ c�Z�\^ILN _uN�NGt �¦hFb
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ZdILho`L��tn�rN9c�_rt[N�qxN�_utLN�_B\(hj�@\dIuhoZdN9mj\R\dc�MON
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�£mj_rtnNGZ^ZdN�_B\dcfmj����X�\dIuN9Z^mjMONF�(¹�X�\dILcfZ���N�MONGmj_
\^Ium�\�\^ILN(\]��h�ZsIuhF`L�ft"ZsIumFbdN�\^ILN�Z^mjMON-��mÏ�(��HJILN(M�m�\dIuN�M�m�\^c�lGmj�£M�mj_u_LN�b�\^hO�¦hFb^M�mj��c�;GN-\dILN�mF�rh��oN
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s −→ Xs(ω)
mFbdN

l�hF_B\dc�_Y`LhF`rZ��B�¦hFbTmj��M9hBZ]\*mF���
ω ∈ Ω
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Xt −Xs
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© mF���oN��Lb,m Fs
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s ≤ t
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Ω = Ω1 × Ω2
��ILN�b^N

Ω1
MOh[t[NG��Z
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σ
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mO�obdh��J\^Ikm�\RMOhoZs\*��c�_LN;mjb�m�\*c�_[�u_Lc�\]XF�r\dIumj\RcfZ |f(t, x)| ≤ C(1 + |x|) �¦hFb�mj��� t � x �J�uhFb�Zsc�MOqL��cfl
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dXt = b(t,Xt) dt + σ dBt,
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0
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HJIuN9mF�rh��oN(�¦hFb^M � 2 ��� �TcfZ-mFl�\^`umj����X"m�Zdc�MOqL��N��¦hobdM hF��m�Zs\dh[l,IumoZ]\^c�l�t[c�ºxNGbdNG_o\^c�mF�¢NGeB`um�\^c�ho_uZG�-HJIuc�Z
�¦hobdMVc�Z�Zd`)?�l
c�N�_B\�\^hkt[NGmF�4��c´\^I0\dILN�l�hF_B\dN��Y\�hj�� "�� 	  �$ "$/ $�$ +��!" �#',�¢��ILcfl,I0c�Z(\dILN�M�mjc�_ \dhoqLc�lOhF�
\^ILcfZ�qubdN;ZsNG_o\,m�\^c�ho_£�+µ*h���N��FNGbG�¢�¦hob�b^c��Fcft¡qxhF��XBMONGb^ZG�@�Lb^c�N��uX¡mFtLtLbdN;ZdZdNGt0c�_�W[NGl�\^c�ho_�{B��mj_ut ZshoMON
hF\dILNGb¤\]XYqxNGZ�hj��l�hFMOqL��N
�O�u`LcftLZG�Yc´\Jc�Z�`uZdN
�¦`L�x\^h�t[N��u_LNT\dILN��FNG_LN�b,mj�u�¦hFb^M hF��Zs\dh[l,IumFZs\dcfl*t[c�ºªN�b^N�_B\dcfmj�
N;eB`um�\^c�ho_uZ��@HJILcfZJcfZJ\dILN(qu`LbdqxhoZdN-hj��\dILcfZ*ZdILhFbd\*ZsN;l�\dc�hF_��

3³_�mFtLt[c�\dc�hF_��o\^ILN-l
hF_rZscft[N�b,m�\^c�ho_�hj�£\^ILcfZ��oN�_LNGb^mF�L�¦hobdM hj�.Z]\^hYl,IrmFZs\dcfl*t[c�ºxNGbdNG_o\^c�mF�ªNGeB`um�\^c�ho_���c����
mF����h��«`uZ�\^h�c�_B\db^h[t[`ul
NOm�\dNGl,Iu_Lc�lGmj�@��N�MOM�m���Iuc�l,I ��c����@�xNOl�bd`rl
cfmj����Xk`uZdN
�¦`u�=�£NG�FNG_7c�_ ho`Lb(Zsc�MOqL��N
ZdN
\d\dc�_L�u�

QTZsc�_L�km�Zs\^mF_utLmFb^tn¹�b^h���_Lcfmj_nMOhj\^c�ho_
Bt
�§\dIuN � !�� 	 
�! "��'� ��$�M�mÏXk�rN�l
ho_uZs\db^`ul�\^NGt§��HJIuNOl�hF_[©

Zs\db^`ul
\dc�hF_9hj�x\dILcfZ@_LhF\dc�hF_Ohj�ªc�_B\^N��Fb,mj�[cfZ@Zdc�MOc���mFb¢\dh-\dIrm�\¤hF�u\dIuNRp�c�N�M�mj_L_Oc�_B\dN��ob^mF�=��qubdh[l
NGNGt[c�_L���ub,Z]\
�¦hob¤qLc�NGl�N���cfZsN�l
ho_uZ]\,mj_B\4�¦`L_rl�\dc�hF_rZ��[mj_rtO\dILNG_��oN�_LNGb^mF��c<;�c�_L�-\dIuNR_LhF\dc�hF_�\^h�MOhFb^N*�FNG_LN�b,mj�u�¦`L_ul
\dc�hF_uZ
�YX mjqLqLb^hÏ�[c�M�mj\dc�hF_£��¨�ho_uZscft[NGb�mkt[NGl�hFMOqrhBZsc�\dc�hF_ {s0 = 0, ..., sj , ..., sn = t} hF�J\dILN�b,mj_L�oN [0, t]mF_ut�m�quc�N;l
N���cfZdN-l�hF_uZs\^mF_B\Jqubdh[l
N;ZdZ

Ys(ω) =

n∑

j=1

Ỹj−1(ω)1]sj−1,sj ](s)

l�hF_uZs\db^`ul
\dNGt��¦b^hFM b,mj_utLhFM ��mjb^cfmj�L��NGZ
Ỹj

�=Zs`ul,I�\dIrm�\
E(|Ỹj |) < +∞ �
�4HJILN�_���N�tLN
�u_LN

∫ t

0

Ys dBs =

n∑

j=1

Ỹj−1 (Bsj
−Bsj−1

).
� 2 � 
 �

PRN
�Y\G�L�¦hFb*mj_YX�mFbd�uc´\^b^mFbdX�Zs\dh[l,IumFZs\dcfl�qLb^hYl�NGZ^Z
Yt(ω)

Zd`ul,I�\dIumj\G�LmF��MOhoZs\*Zs`ubdNG��Xo�
∫ T

0

Yt(ω)2 dt < +∞ �B\^ILc�Z�mF����h��*ZG�F�YX�mjqLqubdhÏ�[c�MOmj\dc�hF_£�F�¦hFb�\dIuN�t[N��u_Lc�\dc�hF_�hj�£\^ILN�Zs\dh[l,IumoZ]\^c�lRqLb^hj©
l�NGZ^Z

∫ t

0

Ys dBs.

3³_�\dILN�Zsc�MOqL��NTl�mFZdN*��ILNG_
Yt ≡ 1

�F\^ILcfZ�l�hFc�_ul
cft[NGZ¤��c´\^I�\dIuNTmj��b^NGmFtLX�¶Y_Lh���_�_LhF\dc�hF_ ∫ t

0

dBs = Bt
�

PRhj\^c�l�NT\^Ium�\*�YX�\,mj¶Yc�_L�9\dILN(N��YqxNGl
\^mj\dc�hF_"hj� � 2 � 
 ���L��N-IumÏ�FNo�Y�¦hFb*mj���
t ∈ [0, T ]

E

(∫ t

0

Ys dBs

)
= 0,

� 2 � 2 �

��Iuc�l,I7mol�\^`umj����X"ILho��tuZ �À�YX"mF_ mFqLqLb^hÏ�Yc�M�m�\^c�ho_"mFbd�o`LMON�_B\ ���¦hFb-mj_YXkmjb^�Lc�\db,mjb^X�Zs\dh[l,IumFZs\dcfl�qubdh[l
N;ZdZ

Yt
Zd`ul,I�\dIumj\

E

(∫ T

0

Yt(ω)2 dt

)
< +∞ �
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µTmÏ�Bc�_L��tLN
�u_LN;t"\dIuN 3 \:9�c�_B\dNG�Fb,mj�D�u��N�mFbdN(c�_nqxhoZdc´\^c�ho_£�u�¦hobTmF_BX�b^N��F`u��mFbRt[b^c´�â\
b
mj_utntLc´ºª`uZdc�ho_

σ
�L\dh�t[N
�r_LN-\dILN '
! $ 	 � ��'
!"	 	 ��	 � " � " 
 ! 	���$�" ��� �#!"	�$#
#H

dXt = b(t,Xt) dt + σ(t,Xt) dBt,
� 2 �È|'�

Zd`LqLqu��c�NGt���c�\dI�\dILN(c�_Lc�\dcfmj�£l�hF_ut[c�\dc�hF_
X0
�4S7m�\dIuN�M�m�\^c�lGmj����X H

Xt(ω1, ω2) = X0(ω1) +

∫ t

0

b(s,Xs(ω1, ω2)) ds+

(∫ t

0

σ(s,Xs) dBs

)
(ω1, ω2),

� 2 � y �

mF��MOhBZ]\RZd`Lb^N���XF�	3³_�\^ILN�b^c��oIo\d©DIrmj_ut"Zdc�t[No�[\dIuN(�ub,Z]\Rc�_B\dNG�Fb,mj�§cfZJ\dILN �£N��xNGZd�F`uN(c�_B\dNG�Fb,mj�D�[\dIuN�ZsN;l
ho_ut
ho_LN-c�Z�m 3 \ 9Oc�_B\dNG�Fb,mj�D�

� '!� '�� � ���+�o� �À� � � ����� � ²�� ± � � ­ ��� �À� � � � ­ � �.�[�/� ± �
� N�_Lh�� ��cfZsI�\dh�bdNG��mj\dN-\dIuN�mj�xh��FN(Zs\dh[l,IumFZs\dcfl(t[c�ºxNGbdNG_B\dcfmj�£N;eo`rm�\dc�hF_ � 2 �È|#�J��c�\dInmOqumFbs\^c�mF��t[c�ºxNGbs©
NG_B\dcfmj�§NGeB`umj\dc�hF_£�@HJILN(�fm�\d\dNGb�c�ZJc�_ut[NGNGt�\dILN��uhF¶Y¶FNGbs© g4�fmj_ul,¶�N;eB`um�\^c�ho_

∂p

∂t
(t, x) +

∂

∂x
(b(t, x) p(t, x)) − ∂2

∂x2

(
σ2(t, x)

2
p(t, x)

)
= 0.

� 2 �Û{#�

3³_�\dILNJl
ho_B\dN
�Y\¢hj�rtLN
\dNGbdMOc�_LcfZ]\^c�l�NGeB`umj\dc�hF_uZG�Ï\dIuN�b^NGmot[N�b.c�Z.qxN�b^IumjqrZ��ÀmFMOc���c�mFb���c�\dI�\dIuN�c�_B\dc�M�m�\dN
��c�_L¶��rN�\]��NGN�_ $#� ��	 
 ��� +Øt[c�ºxNGbdNG_o\^c�mF�TN;eB`um�\^c�ho_uZ�mF_ut $ 	 
 "&�#��! � ��
 ',/ $#�
!!" �%� ��! 	�$�
 ',� HJILcfZ�cfZ�\dILN
�ÀmFMOhF`uZ¢MON
\^ILh[tOhj�§l,Iumjb,mFl
\dNGbdcfZ]\^c�lGZ�����Iuc�l,IO��N��ubdc�N
�uX�bdN;l�mF���[ILNGbdNo�@¨�ho_uZdc�t[NGb¢\dILNR��c�_LNGmFb¢\db,mj_uZdqxhFbd\
N;eB`um�\^c�ho_

∂u

∂t
(t, x) − b(x)

∂u

∂x
(t, x) = 0

� 2 � 7 �
Zd`LqLqu��c�NGt���c�\dI�\dILN(c�_Lc�\dcfmj�£l�hF_ut[c�\dc�hF_

u0
m�\*c�_Lc´\^c�mF�ª\dc�MONF� 3 \,Z�Zsho��`[\^c�ho_�b^NGmotLZ

u(t, x) = u0(X(t; 0, x))
� 2 � � �

��IuN�b^N
X(t; 0, x)

cfZJ\dIuN-ZdhF��`[\^c�ho_�mj\�\dc�M9N
t
hj��\dILN(hob^tLc�_umFbdX�tLc´ºªN�b^N�_B\dcfmj�§N;eB`um�\^c�ho_

dX(t)

dt
= b(X(t))

� 2 ���;� �

Zs\^mFbs\^c�_u�7�¦b^hFM \^ILN"c�_uc´\^c�mF�*l
hF_rt[c´\^c�ho_
X(0) = x

��HJILNkqLb^hYhj�RhF�R\^ILc�Z9�Àmol�\�cfZON���N�MON�_B\^mFbdXo� �uhFb
s ∈ [0, t]

�[��N(IumÏ�FN �¦��IuN�b^N
X(s) = X(s; 0, x)

�

∂

∂s
(u(t− s,X(s))) = −∂u

∂t
(t− s,X(s)) +

dX

dt
(s)

∂u

∂x
(t− s,X(s)),

= −∂u
∂t

(t− s,X(s)) + b(X(s))
∂u

∂x
(t− s,X(s)) = 0.

¹�X�c�_B\dNG�Fb,m�\dc�_L��\dILcfZ�b^N��fm�\^c�ho_��¦b^hFM
s = 0

\dh
s = t

�[��N-\dIY`uZJhF�L\^mjc�_ � 2 � �����

¿¦É.½£¿âæ
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}¡Zdc�M9c��fmjb§\]XYqxN4hj�[mjb^�F`LMONG_o\;�G�rmFZdNGt�hF_�\dIuN¤ZshF© lGmj����N;t � " +�
 � ��
 � � � 	 � $�� � ��$ �R��ho`L�ft�ZdILh�� \dILN
b^N��fm�\^c�ho_"ILhF�ft[c�_L���xN
\]��N�N�_n\dILN9Z]\^hYl,IrmFZs\dcfl�t[c�ºxNGbdNG_o\^c�mF��N;eo`rm�\dc�hF_ � 2 �È|#�*mF_utkm�qrmjbd\dcfmj��t[c�ºªN�b^N�_B\dcfmj�
N;eB`um�\^c�ho_£�@l�mj����NGt \dIuN��umol,¶B�Jmjb,t �Rho��MOho�FhFb^h��"NGeB`umj\dc�hF_£�7} t[`umF���Yc�N���qxhFc�_o\�\dhn\^ILN�mF�rh��oN�hF_LN
c�����`uZs\db,m�\^NGZ�\dIuN�b^N��fm�\^c�ho_ �xN
\]��N�NG_¡\dIuN"Zs\dh[l,IumoZ]\^c�l�t[c�ºxNGbdNG_B\dcfmj��NGeB`umj\dc�hF_ � 2 �È|#�9mj_rt¡\^ILNk�LhF¶Y¶oN�bd©
g¤��mF_ul,¶�NGeB`umj\dc�hF_ � 2 �È{��
� � N(_uh���qLb^NGZdN�_B\�c´\;�

�.c�b^Zs\G����NO_LNGNGt \dh"NGZs\^mF�L��c�ZdI mkl,Irmjc�_ b^`L��N��¦hobdM�`L�fm�c�_ \dILN�l�hF_B\dN��B\(hF�JZs\dh[l,IumoZ]\^c�l�qLb^hYl�NGZ^ZsN;Z��
HJIuc�ZTc�Z*\dILN9qL`Lb^qxhoZdN�hj�@\^ILN�l�N���N��Lb,m�\^NGt � ! ��1 $�� � ��$ � �ÀZs\^mj\dNGtnILN�b^N�c�_7m�Zdc�MOqL��N�ho_LN
©³t[c�MON�_uZdc�ho_umj�
ZdN
\d\dc�_L���
�
��­ 
 
¡� � � ��� � ± ��
 � �=� � " !

Xt
' $�$ A�"

dXt = b(t,Xt) dt + σ(t,Xt) dBt,
	 
�! � " '%" 
 '%"%$ 1 ��� � " � � � � " 
 � 1 $��%� $&$

C2 � ",����$ �#� 1#� 
 	 !"	�$#

ϕ
�

dϕ(Xt) =

(
ϕ′(Xt)b(t,Xt) +

1

2
ϕ′′(Xt)σ(t,Xt)

2

)
dt + ϕ′(Xt)σ(t,Xt) dBt

	 
�! � " '%" 
 '%"

ϕ(Xt) = ϕ(X0) +

∫ t

0

(
ϕ′(Xs)b(s,Xs) +

1

2
ϕ′′(Xs)σ(s,Xs)

2

)
ds

+

∫ t

0

ϕ′(Xs)σ(s,Xs) dBs.
� 2 �<�8� �

HJILN�qxhFc�_B\¤cfZ@hj�§l
ho`Lb^ZdN�\dh�l
hoMOqumjb^NJ��c´\^IO\dILN*t[N�\dNGbdMOc�_Lc�Zs\dcfl�ZdN
\s\^c�_u�u�ol�hFb^bdN;ZsqxhF_rt[c�_u�R\^h
σ = 0

�
mF_ut��¦hFb���ILcfl,I"_Lh�ZsN;l
hF_rt�t[NGbdc���m�\^c��oNGZ�hj�

ϕ
mFqLqrN;mjb,ZJZsc�_ul
N

d

dt
ϕ(Xt) = ϕ′(Xt)

dXt

dt
.

� NTmFbdNJ_Lh���c�_�qrhBZsc�\dc�hF_O\^h(bdNG��mj\dN � 2 � | �@mj_rt � 2 �Û{��
�¢}TZdZd`LMON�\^Ium�\�mF���xl
ho_ut[c�\dc�hF_uZ@hF�§bdNG�F`L�fmjb^c´\]X
mFbdNTZdmj\dcfZ]�uN;t§�Y��ILcfl,I��Fc��FN;Z¤ZdN�_uZdN*\^h�\dIuNR�¦hobdM�mj�xM�mj_Lc�qL`L�fm�\^c�ho_uZ4��NR_uh��ØqrNGbs�¦hobdM"� �£N�\�`uZJmFZ^Zd`LMON
\^Ium�\

X0
�.\dILN�c�_Lc�\dcfmj��l
hF_rt[c´\^c�ho_0�¦hFb � 2 �È|#�(IrmFZ(�fmÏ�

p0
�¢��ILNGbdN

p0
c�Z�\dILN�c�_Lc�\dcfmj��l
ho_ut[c�\dc�hF_+�Fc��FNG_

\^h � 2 �Û{��
� ��N
\�`uZ�tLN�_LhF\dN"�YX
p(t, x)

\^ILN"qLbdho�umj�uc���c´\]X¡tLN�_uZdc´\]X �¦��c�\dI�bdN;ZsqxNGl
\O\dh \dILN ��N��xNGZd�F`LN
MON;mFZd`LbdN ��hj��\^ILN(b,mj_ut[hoM ��mjb^c�mF�L��N

Xt
�

�uhFb*mj_YX�mFbd�uc´\^b^mFbdX
C2 �¦`L_rl�\dc�hF_ ϕ �L��N-��bdc�\dN

∫
ϕ(x)

∂p

∂t
(t, x) dx =

d

dt

∫
ϕ(x)p(t, x) dx =

d

dt
E (ϕ(Xt)) .

PRh��(�Y\^mF¶Bc�_L�9\dIuN(N
�[qrN;l�\,m�\dc�hF_�hj��� 2 ���>� ���L��N(hF�L\^mjc�_

E (ϕ(Xt)) = E (ϕ(X0)) + E

(∫ t

0

(
ϕ′(Xs)b(s,Xs) +

1

2
ϕ′′(Xs)σ(s,Xs)

2

)
ds

)

+ E

(∫ t

0

ϕ′(Xs)σ(s,Xs) dBs

)
.
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QR_ut[NGb�Zd`Lc�\^mj�u��N�bdNG�F`L�fmjb^c´\]X�mFZ^Zs`uM9qL\dc�hF_uZG�u\^ILN9��moZ]\*\^N�b^M ��mj_LcfZsIuNGZ��¦hob�mF����\dc�MONGZ �ÀZdN�N � 2 � 2 �&��� � N
\^IY`uZJIumÏ�FN

∫
ϕ(x)

∂p

∂t
(t, x) dx = E

(
ϕ′(Xt)b(t,Xt) +

1

2
ϕ′′(Xt)σ(t,Xt)

2

)
,

=

∫ (
ϕ′(x)b(t, x) +

1

2
ϕ′′(x)σ2(t, x)

)
p(t, x) dx,

=

∫
ϕ(x)

(
− ∂

∂x
(pb)(t, x) +

1

2

∂2

∂x2
(σ2p)

)
dx.

HJIuc�ZJqLb^NGl�c�ZdN���X�ZdILh��*Z�\dIumj\
p
c�Z�\^ILN�ZdhF��`[\dc�hF_�\dh � 2 �È{'���L��Iuc�l,I"Z]\,mjbd\^Z��¦b^hFM

p0
m�\�c�_Lc´\^c�mF�§\dc�MONF�

}vZdc�M9c��fmjb*mjb^�F`uM9NG_B\G�L�umoZsN;t�ho_�\dILN�M�`L��\dc�© t[c�MON�_uZdc�hF_umF� 3 \:9��uhFb^M�`L�fm �Àm�Zs\db,mjc��FIB\s�¦hobd�Jmjb,t�N
�Y©
\^N�_uZdc�hF_�hF� ��N�MOM�m
�����omF����h��*Z�\dh-NGZs\^mF�L��cfZdI�\dIuNJZ^mjMONJl
hobdb^NGZdqrho_ut[NG_ul
N��rN�\]��NGN�_£�jho_�\^ILNJhF_LN�©DIrmj_ut§�
\^ILN A�" 	 ! $��
	���$¢Zs\dh[l,IumFZs\dcfl-t[c�ºxNGbdNG_o\^c�mF�§NGeB`umj\dc�hF_

dXt = b(t,Xt) dt + σ(t,Xt) dBt,
� 2 �<�;z �

��IuN�b^N
Xt

cfZ�m-b^mF_ut[hFM qLb^h[l
NGZ^Z@��c�\dI���mF��`LN;Z4c�_
R

N � b(t, ·) cfZ¤m��FNGl
\dhob@�uN��ftOhF_ R
N �¦hob�mj���L\^c�MON;Z��

σ
cfZ
N ×K

M�m�\^bdc�����mF��`LN;t"�¦`L_ul
\dc�hF_£�ªmj_rt
Bt

c�ZTm
K
©³t[c�M9NG_uZdc�ho_umj��¹�b^h���_Lcfmj_�M9hF\dc�hF_£�ªmj_rt§�uho_

\^ILN(hj\^ILN�b�Irmj_ut§�Y\^ILN��Lho¶Y¶FN�bd© g4��mF_ul,¶�NGeB`umj\dc�hF_£�

∂p

∂t
(t,x) +

tLc��
((b(t,x) p(t,x)) − 1

2
∇2 :

(
σσT p

)
(t,x) = 0,

� 2 ��� 
 �

��IuN�b^N ∇2 :
(
σσT p

)
=

N∑

i,j=1

∂2

∂xi∂xj

(
K∑

k=1

σi,kσj,k p

)
�

QR_ut[N�bnmFqLqLb^hFqLb^cfm�\dN l
ho_ut[c�\dc�hF_uZ"hF��bdNG�F`L�fmjb^c�\]X �À��ILcfl,I ��N0IumÏ�FN hFMOc�\s\dN;t \^h�MOmF¶FN qLb^NGl
cfZdN
mF�rh��oN��
�.��N�M�mÏX \dIuN�b^N
�¦hFb^N�l���mFc�M \dIrm�\9\dILN���mÏ�¥hF�Rmj_YX0qLbdh[l�NGZ^Z�ZdhF���Bc�_L�k\^ILN"Z]\^hYl,IrmFZs\dcfl�t[c�ºxNGbs©
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��b^c�\dN�\dILN-�¦ho����h���c�_L�ONGeB`um�\^c�ho_�hF�.MOhj\^c�ho_£�Ll�mF����NGt�\dIuN � �#
 � "�A�	 
 " �%� ��! 	�$�
�H

mdV t = −ζV t dt+DdBt,
� 2 �ÈzFz �

��IuN�b^N
Bt

t[N�_LhF\dN;Z(m�Zs\^mF_utLmjb,t§�
d
© tLc�MON�_rZsc�hF_umF�=�£¹�b^h���_Lcfmj_7MOhF\dc�hF_ mF_ut

D
m�ZdlGmj�fmjb-qumjb,mjMON�\dN�b
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c�\]XF�jmFZ^Zd`LMONGt�c�_ut[NGqrNG_ut[NG_o\4hF�
Bt
�4¨�hF_uZdNGeB`LNG_B\d��XF�
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c�Z@m *-mj`rZdZdc�mF_

qubdh[l
N;ZdZ���c�\dI"MONGmF_
E(V t) = E(V 0) exp

(
− ζ

m
t

)
,

mF_ut�l
h���mjb^c�mF_ul
N�M�m�\^bdc��

E ((V t − E(V t)) ⊗ (V t − E(V t)))

= E ((V 0 − E(V 0)) ⊗ (V 0 − E(V 0))) exp

(
−2ζ

m
t

)

+
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2ζm

(
1 − exp

(
−2ζ

m
t

))
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



E(V t) = E(V 0) = 0,

E (V t ⊗ V t) = E (V 0 ⊗ V 0) =
D2
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



md

(
dX1

t

dt

)
= −ζ

(
dX1

t

dt
− u(t,X1

t )

)
dt+ F (Xt) dt+

√
2kTζ dB1

t ,

m d

(
dX2

t

dt

)
= −ζ

(
dX2

t

dt
− u(t,X2

t )

)
dt− F (Xt) dt+

√
2kTζ dB2
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

dXt =
(
u(t,X2

t ) − u(t,X1
t )
)
dt− 2

ζ
F (Xt) dt+ 2

√
kT

ζ
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t ,
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1
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√
kT
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t

) mj_ut
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�[qumF_uZsc�hF_

u(t,Xi
t) ' u(t,Rt) + ∇u(t,Rt)(X

i
t − Rt)

�¦hFb
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�
� mFZ 1

2

(
u(t,X1

t ) + u(t,X2
t )
)
dt
cfZ¤hF�£MOmol
b^hoZ^l
hoqLc�lRZsc<;�No�oc�_�l�hFMOqumjb^cfZsho_�\^h�\^ILN�M9cfl
b^hoZ^l
hoqLcfl

��mjb^c�mj\dc�hF_ √kT
ζ dW

2
t

�[\^ILN(_LhFcfZdN
W 2

t = 0
cfZJ_LNG�F��NGl�\^NGt§�

5TN�_LhF\dc�_L���YX
W t = W 1 �L��N-hF�[\,mjc�_ H




dXt = ∇u(t,Rt)Xt dt−
2

ζ
F (Xt) dt+ 2

√
kT

ζ
dW t,

dRt = u(t,Rt) dt.
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Xt(x)

tLN�_LhF\dc�_L��\dIuN�l
ho_[�¦hFb^M�m�\^c�ho_
mj\

x
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t
H

dXt(x) + u(t,x).∇Xt(x) dt = ∇u(t,x)X t(x) dt− 2

ζ
F (Xt(x)) dt+ 2

√
kT

ζ
dW t.

� 2 �Èzj���

·¤eB`umj\dc�hF_ � 2 � zF�'��c�Z�Zdc�MOqL��X�\^ILN(Z]\^hYl,IrmFZs\dcflR�oN�b,Zsc�hF_�hF�£\dIuN(M9h[t[NG�£mj��bdN;mFt[XOc�_B\db^hYtL`ul
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ψ
Zsho��`L\dc�hF_9\dh � 
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Zdc�\]X�hF�
Xt(x)

ZdhF��`[\dc�hF_9\dh � 2 � zF�'��� � NRb^N
�¦NGb@\dILNTbdN;mFt[NGb@\dh�\dILNRqLbdNG�Yc�ho`uZ¤ZdNGl
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\,mjc���Z
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\��ÀZdN�N�WYN;l�\dc�hF_ 2 ���o� 2 �
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QTZsc�_L��\dILN9t[N
�u_uc´\^c�ho_7hj�@\^ILNOZ]\^bdN;ZdZ*\dN�_rZshobRb^NGl�mF����NGtnc�_ W[NGl�\^c�ho_ 
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ZdILh���_£� 3³_�\dIuN�Z]\^hYl,IrmFZs\dcflR�fmj_L�o`umj�oNT��N(mFt[hoq[\�ILN�b^NF�uc´\*b^NGmotLZ

τ p(t) = np

(
E(Xt ⊗ F (Xt)) − kT

3]t )
,
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\^c�_u�FN�b � �G�1�j��qLq �;| 7 �%�Ï|j� � �ªS+� 5ThFc4mj_rt Wª� ���£·¤t[�Jmjb,tLZ � 
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 � �R¸R�4l
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�rhF�¢\dILN�N��[qLbdN;ZdZdc�hF_"qLb^N��Yc´©
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ψ
hF�

Xt
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Xt(x) ⊗ Xt(x)
�L��N(IumÏ�FN>H

d(Xt(x) ⊗ Xt(x)) = (dXt(x)) ⊗ Xt(x) + Xt(x) ⊗ (dXt(x)) +
4kT

ζ

3]t
dt

=
(
− u(t,x).∇ (Xt(x) ⊗ Xt(x))

+∇u(t,x)(Xt(x) ⊗ Xt(x)) + (Xt(x) ⊗ Xt(x))(∇u(t,x))T

−2

ζ
F (Xt) ⊗ Xt −

2

ζ
Xt ⊗ F (Xt) +

4kT

ζ

3]t )
dt

+2

√
kT

ζ
((Xt(x) ⊗ dW t) + (dW t ⊗ Xt(x))) .
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�
∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T
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ζ
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ζ
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.
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−ζ
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∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T
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.
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∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T

= −4H
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A(t,x) +
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τ p
H

ζ
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(
∂τ p
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(t,x) + u(t,x).∇τ p(t,x) −∇u(t,x)τ p(t,x) − τ p(t,x)(∇u(t,x))T
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ζ
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.
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λ
mj_ut

ηp
mFbdN�bdN;ZsqxNGl
\dc��FNG��X

�oc��oN�_ �BX � 2 � 
 { �Omj_ut � 2 � 
 7'� �
� HJILNn�.·¤P*·@© g¥MOh[t[N��RlGmj_ \dIY`uZO�xNnZsNGN�_�mFZ�m MOh[t[c´�xl�m�\^c�ho_ hF�
\^ILN0��·�P*· MOhYtLN��D�Rc�_ hob^t[NGb�\^h ho�[\^mFc�_ m¡M�`u�´\^c�Z^l�mF��N MOhYtLN���\dIumj\�IrmFZ"mj_ NGeB`Lc��ÏmF��NG_B\�qL`Lb^N���X
M�mol
b^hoZ^l
hFquc�l*�¦hFb^M�`L�fm�\^c�ho_£�¤¸R\dILNGb��ÏmFbdcfmj_B\,Z�hF��\^ILN��.·¤P*·ØMOh[t[NG�£N
�[cfZ]\�c�_�\^ILN(��c´\^N�b,m�\d`ubdNo�

�!
�� � �0� � # � � �
��� � ���
� ��%0���

� N�_uh�� IrmÏ�FN�mj���£\^ILN��ubdcfl,¶[Z��¦hFbR\dILN9Z]\^h[l,IumFZs\dcfl-��mjb^c�mF_o\Thj�@hF`LbTM�`L��\dcfZ^l�mj��N�ZdX[Z]\^N�M � 
 ��� 
 ���-¨�ho�´©
��NGl
\dc�_L�9\dILN(M�mj\dN�b^cfmj�§hj��\dILN(qubdNG�Bc�hF`rZ�ZsN;l�\dc�hF_��[��N-hF�L\^mjc�_ H





ρ

(
∂u

∂t
(t,x) + u(t,x) · ∇u(t,x)

)
− η∆u(t,x) + ∇p(t,x)

= div (τ p(t,x)) + ρf(t,x),

div (u(t,x)) = 0,

τ p(t,x) = np

(
E(Xt(x) ⊗ F (Xt(x))) − kT

3]t )
,

dXt(x) + u(t,x).∇Xt(x) dt

= ∇u(t,x)Xt(x) dt− 2

ζ
F (Xt(x)) dt+ 2

√
kT

ζ
dW t.
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NGZ^Z

Xt
\dILNGbdN��¦hFb^N�c�M9qu��cfl
c�\d��X

tLN�qxN�_utLZ*hF_
x
�

3 \9c�Z���NG����© ¶B_uh���_ \^Ium�\�\dILN��¦hFb^M hF��NGeB`um�\^c�ho_uZ�mol�\^`umj����X `uZdNGt0c�_+\dIuN�_Y`LMON�b^c�lGmj�4qub^mol�\dcfl
N�c�Z
m�_LhF_[©³t[c�MON�_uZdc�ho_umj�£�¦hFb^M��T¹�N;l�mF`uZsN-\^ILcfZRc�_Y�FhF���FN;ZJ\dIuN�c�_o\^bdh[t[`rl�\dc�hF_khF�4ZsNG�FN�b,mj��_LhF_[©³t[c�MON�_uZdc�ho_umj�
_Y`LM��rNGb^Z§\dIumj\�IumÏ�FN@mJqLIYX[Zdc�lGmj�jMONGmF_Lc�_L�*mj_ut(mFbdN¢qLb^NGZdN�_B\£c�_-\dILN¤��c�\dNGb^mj\d`Lb^NF�;��N�\�`uZ§�ubdc�N
�uXTNGZs\^mF�L��cfZdI
_uh�� \dIuc�Z�_uhF_[©³t[c�M9NG_uZdc�ho_umj�x�¦hFb^M¥�¦hob � 2 � 282 ���Àmj_rt�\^IY`uZ��¦hFb � 
 �<� 
 �
�L�YX�mj_umF��ho�FXo�YZdN�N � 
 �<� 2 � ���

� N-c�_B\db^h[t[`ul�N*\dIuNR�¦ho����h���c�_u��l,IumFb^mol�\dNGbdcfZs\dcfl*eB`umj_B\dc�\dc�NGZ/H
U
\dIuN�l,IumFb^mol�\^N�b^c�Zs\dcfl��FNG��h[l�c´\]Xo�

L
\dILN

l,Irmjb,mFl�\^N�b^c�Zs\dcfl*��N�_u�j\dI��
λ =

ζ

4H

�umoZJc�_ � 2 � 
 {����L\dILN�l,IumFb^mol�\^N�b^c�Zs\dcfl*b^N��fm��Lm�\^c�ho_�\^c�MONF�
ηp = npkTλ

�
moZ�c�_ � 2 � 
 7'�
�@\dILN��Yc�Z^l
hBZsc�\]X hj�RqxhF��XYM9NGb^ZG�0HJILN�_£�@��N�l�hF_uZdcft[N�b�\dILN��¦hF����h���c�_L�7_LhF_[©³t[c�MON�_uZdc�ho_umj�
_Y`LM��rNGb^Z/H





Re =
ρUL

η
, ε =

ηp

η
,

We =
λU

L
, µ =

L2H

kT
.
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b^NGZdqxNGl�\^c��oN���X�\^ILN � " +�
 $�$ ��' 
 ���! " �
Re

M9N;mFZd`Lb^c�_L�O\^ILN�b,m�\^c�h�hF�@c�_LNGbs\^c�m�h��FN�b��YcfZdl�hoZdc´\]X �¦`uZd`umF����X
�¦hob*\^ILN�l�hFMOqL��N
�"�u`LcftLZT`L_ut[NGb�l�hF_uZdc�tLN�b,m�\dc�hF_��

Re ≤ 10
�
�
ε
MONGmoZs`Lb^c�_L��\dIuN�b,m�\dc�h�hF�¢�YcfZdl�hoZdc´\]X�hj�

\^ILNOqrho��XYMON�b,Z�h��FNGbR\^ILN9\dhj\,mj�@�YcfZdl�hoZdc´\]X �À`uZs`rmj����X
ε ≈ 0.1

���
We

\dILN � " 	 '#'%" 
  #" �-� 
 ���! #" � �=mj�fZsh
lGmj����N;t�( "� $��&� � 
 ���  #" ���¤��ILcfl,I�cfZ�\dILN�b^mj\dc�h�hF�£\dILN-b^N��fm��Lm�\^c�ho_O\dc�MONThF�£\dILN-qxhF��XYM9NGb^Z��FNGb^Zd`uZ¤\dILN
l,Irmjb,mFl�\^N�b^c�Zs\dcflJ\^c�MON�hj�£\^ILNR�rh�� �¦`uZd`umj����X

0.1 ≤ We ≤ 10
���[mF_ut

µ
MONGmoZs`ubdc�_L��m�b^mj\dc�h�hj����NG_L�j\^IuZ��

}�t[c�MON�_uZdc�hF_umF��c<;�c�_L��mF��Zdh�\^ILN��¦hob^l�N��YX
F (Xt) =

F (LXt)

HL

�£mj_rt"\^mF¶Bc�_L� �¦��ILcfl,I7cfZT\dILNOl
hoM�©
MOho_L��X�`uZsN;t��ÏmF��`uN��

µ = 1
�[��N-hF�[\,mjc�_ H





Re

(
∂u

∂t
+ u · ∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

τ p =
ε

We

(
E(Xt ⊗ F (Xt)) −

3]t )
,

dXt + u.∇Xt dt = ∇uXt dt−
1

2We
F (Xt) dt+

1√
We

dW t.
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SnhoZs\*hj�.\dILN�_Y`LMONGbdcfl�mF�£MON
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\dc<;Gmj\dc�hF_"c�_nZsqumol
N(mj_rt
·¤`L��NGb(Zdl,ILNGMONGZTc�_7\dc�M9No�§`uZdc�_L��m�ZdN�MOc�©DN��Yqu��cfl
c�\-Z^l,ILNGM9N>H*m�\-NGmol,Ik\dc�MONGZs\dN�q��ª\dILN9�FNG��h[l
c�\]X"c�ZR�ub,Z]\
ZdhF���FN;t��¦hob*m��oc��oN�_"Z]\^bdN;ZdZG�Lmj_rt�\^ILN�_�\dIuN�Z]\^bdN;ZdZJcfZJ`LqªtLm�\^NGt§�[�¦hob*m9�L�[NGt��FNG��h[l
c�\]XF�
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�LmF_Lhj\^ILN�bJt[cfZdl�bdN�\dc<;Gm�\^c�ho_�Zs\dNGq
cfZ�_uNGl
N;ZdZ^mjb^Xk\^h7mjqLqubdhÏ�[c�MOmj\dN9\dIuN�N
�[qxNGl
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�u_uc´\^c�ho_+hj�J\dILN�Z]\^bdN;ZdZ
\^N�_uZdhFb

τ p
�4HJILN�b^N�mFbdNT�umFZdcfl�mj����XO\]��h�M9N�\dILh[tLZJhF��t[cfZdl�bdN�\dc<;Gmj\dc�hF_£�[t[NGqrNG_ut[c�_L�OhF_�\^ILN��¦hFb^M�`L�fm�\^c�ho_

`rZsN;tFH4Z]\^h[l,IumFZs\dcflRMON�\dILh[tLZJ�¦hob � 2 � 2 y'���umF_ut�t[N
\^N�b^M9c�_LcfZ]\^c�l-MON�\dILh[tLZJ�¦hob � 
 ��� 2 ���
H�h¡t[cfZdl�bdN�\dc<;�N�\dILNkN��[qrN;l�\^mj\dc�hF_�c�_ � 2 � 2 y'�
��m SnhF_B\dN ¨�mFbd��h MON�\dILh[t�cfZ�N�MOqL��h�XFN;tFHkm�\�NGmol,I

M�mol
b^hoZ^l
hFquc�l�qxhFc�_o\
x

� 	 � " � m�\TNGmFl,I7_Lh[t[N�hj�@\^ILN�MON;ZsInho_ul
N�\dILN�qLb^hF�L��N�M c�Z�t[cfZdl�bdN�\dc<;�N;t ��M�mj_YX
b^N�qu��cfl�moZ �ÀhFb¢b^NGmj��c<;Gm�\^c�ho_uZ �

(Xk,K
t )1≤k≤K

hj�r\dILN*Zs\dh[l,IumoZ]\^c�l�qLb^h[l
NGZ^Z
Xt

mjb^NJZsc�M�`L�fm�\^NGt§�ot[bdc��FNG_��YX
c�_ut[NGqrNG_ut[NG_o\�¹�b^h���_Lcfmj_�M9hF\dc�hF_uZ

(W k
t )k≥1

�umj_ut�\^ILN�Z]\^bdN;ZdZ�\dN�_rZshob�c�Z�ho�[\^mFc�_uNGt�mFZ*mF_�NGMOqLc�b^cfl�mj�
MON;mj_�h��FN�b�\^ILNGZdN-qLbdh[l�NGZ^ZsN;Z H

τ K
p =

ε

We

(
1

K

K∑

k=1

X
k,K
t ⊗ F (Xk,K

t ) − 3]t
)
.
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(u, p, τ p)
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N�hF�4\dIuN�b^NGZd`L��\^ZTc�Z
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Methods
of the integral
using the decreasing

 

Phenomenological modelling

Stochastic models

Microscopic models (kinetic theory)

Macroscopic simulations

Integral models Differential models

Finite Element
Discretization

memory function

FEM (fluid)

Monte Carlo (polymers)

Micro−macro simulations

using principles of fluid mechanics 
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�¢µRh���NG�FNGbG�o\dILcfZ�c�Z�_LhF\�XoN
\���NG���
`u_ut[N�b,Zs\dhYh[t7M�m�\^ILN�M�mj\dcfl�mj����XF� 3³_ motLt[c�\dc�hF_£��\dILN�µ � P*gvZs\dc����@��c�M9c�\^Z(\dILN�b,mj_L�oN�hF�JmFqLqL��c�lGmj�Lc���c´\]X
hF�T\^ILNnl
hoMOqL`[\^mj\dc�hF_uZG��N��FNG_ ��c�\dI�MOcfl
b^hj© MOmol
b^h MOh[t[NG��ZG� HJILNkM�mjc�_�c�_B\dNGbdN;Z]\�hF��MOcfl
b^hj© M�mFl
b^h
mFqLqLb^homol,ILNGZ9mFZ�l�hFMOqumjb^NGt¡\dh+M�mFl�bdhF©DM�mol
b^h7mjqLqubdhBmFl,ILN;Z���c�NGZ�m�\�\^ILNkMOh[t[N�����c�_L�0��N��FNG�=� 3 \�M�mÏX
�xNGl�hFMONJ\dIuNRMON
\^ILh[tOhj�£l,ILhFcfl
N��¦hob�m-�umol,¶Bb^hYhFM Zs\db,m�\^N��oXF��HJIuNRmjqLqubdhBmFl,IOmj����h��*Z.\^h(\dN;Z]\�mF_ut9��mj��c´©
tum�\dN�qL`Lb^N���X-M�mFl
b^hoZ^l
hoqLcfl@MOhYtLN��fZ���\^h�Zd`LqLqu��X�Zd`ul,I�MOh[t[NG��Z.��c�\dI�mot[NGeB`umj\dNJmj_ut�bdNG��cfmj�u��N��rho`L_utLmFbdX
l�hF_utLc´\^c�ho_uZ��§N�\^lF�����G�§N��oN�_7c��]�£c�_7\^ILNOZ]\,m�\dNOhF�4\dILN�mFbs\�\dN;l,IL_LhF��hF�oXF�ªc�\-t[hYN;ZT_uhj\�mj����h�� \^h"qrNGbs�¦hobdM
Zdc�M�`L�fm�\^c�ho_uZ��¦hFb�mol�\d`rmj�4b^NGmF�´© ��hobd�ftnmFqLqL��c�lGm�\dc�hF_rZ���h���c�_L��\^hkc´\,Z(N
�Y\db^N�MONG��X7l�hFMOqL`[\,m�\^c�ho_umj����X t[N
©
M�mF_ut[c�_L�O_um�\^`LbdNo�

� ' D(' � � ± � � ­ � ¯ � �À� � � � ��� ) � � $ ± ��
 ���À�[��� ± �
H�hOl
hF_rl
��`ut[NT\dILcfZ�ZsN;l�\^c�ho_£�[��N���hF`L�ft���c�¶oNR\^h�t[c�Z^l
`rZdZ�\dIuN-mot[��mj_B\^mF�FN;Z�mF_ut�t[b,mÏ���umol,¶YZ¤hj��\dILN�\]��h
_Y`LMONGbdcfl�mF�4mjqLqLb^homol,ILNGZ�c�_B\db^hYtL`ul
N;t mF�rh��oN9�¦hFb-\dIuN�MOc�l�bdhF©DM�mFl�bdh�mjqLqubdhBmFl,I H-\^Ium�\��umoZsN;t hF_ \dILN
tLN
\dNGbdMOc�_LcfZ]\^c�lT�¦hFb^M�`u��mj\dc�hF_ � 
 �<� 2 �Jmj_ut�\dIumj\*�umFZdNGt�hF_�\dIuN�Z]\^hYl,IrmFZs\dcflR�¦hobdM�`L�fm�\dc�hF_ � 2 � 2 y'���

HJILN�l
ho_ul
��`uZdc�ho_uZ(hj�J\^ILc�Z9l
hoMOqumjb^c�ZdhF_ �ÀZdN�N"WYNGl
\dc�hF_ |kmF_ut+mj�fZdh7}����£h8;Gc�_rZs¶Yc�mF_ut ¨T�4¨�Iumj`[©
�Yc�K�b^N � �oz � �Tmjb^N�mFl
\d`umF����X"�FNGbdX"�FNG_LN�b,mj� H���ILNG_7c�\-cfZ�qrhBZdZdc��L��N�\dh�`uZdN�\^ILN9tLN
\dNGbdMOc�_LcfZ]\^c�l9mjqLqubdhBmFl,I
�=t[cfZdl�bdN�\dc<;Gm�\^c�ho_ hF�T\^ILN7�uhF¶Y¶FNGbs© g4�fmj_ul,¶+g	5T· �
�¤c�\�c�Z�M�`ul,I�MOhFb^N"N�?�l
c�N�_B\�\dIrmj_ \dILN Z]\^hYl,IrmFZs\dcfl
mFqLqLb^homol,I �ÀSkho_B\dN7¨�mjb^��h MON
\^ILh[tLZ9\dh¡mFqLqLb^hÏ�Yc�M�m�\^N�\dIuNkN
�[qrN;l�\,m�\dc�hF_ ����HJILNkM�mjc�_ b^NGmoZsho_+�¦hFb
\^Ium�\JcfZ4\^Ium�\�\dILN-l
ho_Y�FN�b^�FNG_ul
NRhj��m9SkhF_B\dN(¨�mjb^��h�M9N�\dILh[t�c�Z�Zd��h���N�b¤\dIumF_�\dIrm�\Jhj��m�t[N
\^N�b^M9c�_LcfZ]\^c�l
mFqLqLb^hÏ�[c�M�m�\^c�ho_�MON
\^ILh[t§�

HJILN��¦hF����h���c�_L��eB`LNGZs\dc�hF_kcfZ�\^ILN�_ H���Iumj\Tmjb^N-\dIuN���c�MOc�\^Z*hF�¢\dILN9�LhF¶Y¶oN�bd©Dg4�fmj_rl,¶�mjqLqLb^homol,I�� }RZ
��N�MON�_B\^c�ho_LNGtkmF�rh��oNF�rtLNGZdc��o_Lc�_u��m�_Y`LMON�b^c�lGmj��MON�\dILh[t"\^Ium�\TZ^m�\^c�Zs�uN;Z�\dIuN�_umj\d`Lb,mj�£b^NGeB`Lc�b^N�MON�_B\^Z
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Sn}R¨�p*¸ S 3d¨�p*¸R©³Sn}R¨�p*¸
MOh[t[N�����c�_L��lGmjqumF�Lc���c�\dc�NGZ ��h�� ILc��FI
l
`ubdb^N�_B\�`[\dc���c�;;m�\dc�hF_ c�_rt[`uZs\db^X ��mF�rhob^mj\dhobdc�NGZ

t[cfZdl�bdN�\dc<;Gmj\dc�hF_ tLc�Z^l
b^N
\^c�;;m�\dc�hF_
�YX�Skho_B\dN�¨�mjb^��h hj�@�Lho¶B¶oN�bd©Dg¤��mF_ul,¶

l
hFMOqL`L\^m�\^c�ho_umj�£l�hoZs\ ��h�� ILc��FI MOh[t[N�b,m�\^N
l�hFMOqL`[\,m�\^c�ho_umj�ª�xhj\s\^��NG_LNGl,¶ µ � P*g ��mjb^c�mF_ul
No�[µ � P*g t[c�M9NG_uZdc�ho_£�Lµ � PRg

H.mj�u��NI�8H�WY`uM9M�mFbdXnhF��\^ILN�l,IumFb^mol�\dNGbdcfZs\dcfl�ZThj��M�mol
b^hj© MOmol
b^h�mF_ut7MOcfl
b^hj© M�mFl
b^h�mFqLqLb^homol,ILNGZR�¦hFb
\^ILN�Zdc�M�`L��mj\dc�hF_�hj�¢l
hFMOqL��N
���u`LcftLZ��

hF��_LhF_[© _LNG�om�\^c��Yc�\]X mF_ut0_LhFb^M�mj��c�;;m�\^c�ho_ hF�
ψ
c�Z�_Lhj\9mj_+NGmoZsX \^moZs¶ª�I3³_0\dIuN��.·¤P*· l�moZsNo��qLb^hFqxN�b

��mFbdcfm�\^c�ho_umj�Ï�¦hobdM�`L��mj\dc�hF_uZ§mFbdN.\^h*�rN¤N�MOqL��h�XFNGt£����ILcfl,I�\^mj¶oN@c�_B\^h*mFl�l�hF`L_B\§\^ILN4�xhF`L_utumjb^XTl
ho_ut[c�\dc�hF_uZ
ho_
ψ
��3³_�qLb,mFl
\dcfl
NF�Ïc�\�cfZ�ho�uZdN�b^�FNGtT\^Ium�\.\dILN�Z]\,mj�Lc���c´\]X-hj�L_Y`LMONGbdcfl�mF�oZ^l,ILN�MONGZ�t[N
\^N�b^c�hob^mj\dN;Z§��ILN�_ ∇u�xNGl�hFMONGZ¤\dhYh9��mFbd�oNF�¢¹�`[\�\^ILN�b^N�c�Z�mj_LhF\dILNGb �ÀMOhFb^NR�¦`L_rtLmjMON�_B\,mj� �4��c�MOc�\^mj\dc�hF_�\^h�\^ILN-t[N
\^N�b^M9c�_LcfZ]\^c�l

mFqLqLb^homol,I£� � NkMON�_B\dc�hF_LN;t mF�rh��oN�\^Ium�\�\^ILNnt[`LM��L�xN����*MOhYtLN��*M�mÏX+�xNnmFl�\^`umj����X+\dhYh+l
b^`ut[N�\dh
tLNGZ^l
b^c��xN�l�hFb^bdN;l�\d��X�\^ILN9qrho��XYMON�b�l,Iumjc�_7l
ho_[�u�o`Lb^mj\dc�hF_"c�_ ZdhFMON�ZdqrN;l
c��rl�Zdc�\d`umj\dc�hF_uZG� 3 \�M9c��FIB\-�rN
�xN
\d\dNGbG�o\dILNG_£�B\dh�`uZsNTm�l,Iumjc�_�hj�£�xNGmotLZ¤mF_ut�ZdqLb^c�_L�BZ��.�Lhob�Zd`ul,I�m(MOh[t[N��D�o\dILN�Z]\^hYl,IrmFZs\dcfl*mjqLqubdhBmFl,I
mF_ut7\dILN�mFZ^ZdhYl�c�mj\dN;t7t[cfZdl�bdN�\dc<;Gmj\dc�hF_ lGmj_ �rhF\dI �rN��oN�_LNGb^mF��c<;�N;tnZs\db,mjc��FIB\s�¦hobd�Jmjb,t[��XF��µ*h���N��oN�b;�ª\dILN
tLN
\dNGbdMOc�_LcfZ]\^c�l�mFqLqLb^homol,I�cfZ*M�`ul,InMOhFb^N(qLb^hF�L��N�M�mj\dcflj�*HJILN9�LhF¶Y¶oN�bd©Dg4�fmj_rl,¶�NGeB`umj\dc�hF_k�xNGl
hoMONGZRm
Iuc��oI[© tLc�MON�_rZsc�hF_umF�¢g	5R·R��mj_ut7\dIuNOtLc�Z^l
b^N
\^c�;;m�\dc�hF_ c�Z-�oN�b^Xnt[c�?�l�`L��\G� � NOMON�_B\^c�ho_LNGt mj�xh��FNOZshoMON
_Y`LMONGbdcfl�mF�FMON
\^ILh[tLZ£\^hTt[N;mj�o��c´\^I�Zd`ul,I�g	5T·¤Z �â\^ILN�Zdqumjb,ZdN
©D\dN�_rZshob£qLb^hYtL`ul�\�mFqLqLb^homol,I£��\^ILN¤b^NGtL`ul
N;t
mFqLqLb^hÏ�[c�M�m�\^c�ho_¡�umoZscfZOmjqLqLb^homol,I��(�u`[\O\dILNGX mjb^N�Zs\dc�������c�MOc´\^NGt \dh0m bdNG��mj\dc��FN���X+ZsM�mF���J_Y`LM��xN�b�hF�
ZdqLb^c�_u�oZG�YmF_ut"mjb^NTM�`ul,I"MOhFb^N�t[c�?�l
`L��\*\^h9c�MOqL��N�MON�_B\�\dIrmj_kSkhF_B\^N�¨�mFbd��h9M9N�\dILh[tLZG�

} Zd`LMOM�mjb^X�hj�x\dIuN*l
hFMOqumFbdcfZdhF_9hj�x\dILN���mjb^c�hF`uZ@mFqLqLb^homFl,IuNGZ�\dh(MOh[t[N��rl
hFMOqL��N
���u`LcftLZ@cfZ@�Fc��FNG_
c�_kH�mF�L��N��F�
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y=L

y

V

��c��F`ubdN �;z=H�¨�ho`LN
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� N�l�hF_uZdc�tLN�b*c�_"\dILcfZ�ZsN;l�\dc�hF_�\^ILN�Zdc�MOqL��N�Zdc´\^`um�\^c�ho_"hj�4m�Zs\^mjbd\s© `Lq7¨�hF`uN
\s\^N(�uh�� �ÀZdN�N��.c��F`Lb^N �Ïz#���
HJIuNT�r`Lc�t��uh��*Z��xN
\]��N�NG_�\]��hOqumjb,mj����NG�ªqL��mF_LNGZG�4WY`ul,I"m9M9h[t[NG�£cfZ�\]XBquc�lGmj����X�ho�[\^mFc�_LN;t�l�hF_uZdcft[N�b^c�_u�
m(�uh�� c�_�m(b^ILNGhFMON
\^N�b;�F�xN
\]��N�N�_O\]��h�l
XY��c�_rt[N�b,Z��Ymj_rt9\^mj¶Yc�_L�(\^ILN*��c�MOc�\�hj�£�fmjb^�FNJb,mFt[c�cL�¦hob¤�xhj\^I�\dILN
c�_L_LNGbRmj_rt�\^ILN�ho`[\dNGbRl
XY��c�_utLN�b,Z �ÀZdN�N��.c��F`Lb^N ���
��}�\*c�_Lc�\dcfmj�£\^c�MONo�L\dIuN(�u`Lcft"c�ZTm�\*b^NGZs\G��HJILN���h���NGb
qu��mF_LN �

y = 0
�LMOh[t[N�����c�_L�O\^ILN�c�_L_LN�bTl
XY��c�_ut[NGb*hj�.\dIuN�bdIuN�hFMON�\dN�b
��c�Z�\dILNG_nZsILc��â\dN;t"��c´\^InmO�FNG��h[l
c�\]X

V (t)
�r��ILcfl,I£�[�¦hFb*Zdc�M9qu��cfl
c�\]XF�r��c����£�xN�ZsN�\�\dh�m�l�hF_uZs\^mF_o\���mj��`LN

V
�=Zsc�_Y`uZshoc�tumj�§�FNG��h[l�c´\^c�N;Z�M�mÏX�mj�fZsh

�xN�mjquqL��c�NGt�� H
V (t) = V.

¸T_�\dILN(hF\dILNGbJIumj_ut£�Y\dILN(`LquqrNGb�qL��mF_LN �
y = L

�[MOh[t[N�����c�_L��\dIuN(hF`[\^N�b�l
XY��c�_utLN�b�hj��\dILN-b^ILN�hoMON
\dNGb �
cfZ4¶oN�q[\��L�[NGt§�4WY`rl,I�m�ZdN
\s\^c�_u��cfZ¤l�mF����NGt�m '
! �#�
! � ��/  �$ �@�[mj_ut��rN;l�mj`rZsN*c�\�cfZ�l
hF_L�u_LNGtO�xN
\]��N�NG_�\]��h
qrmjb,mj����NG�xqu��mF_LNF�um � $�� " ! ! "  $��@�

� NRt[NG_Lhj\^N*�YX
x
mF_ut

y
\^ILN*ILhobdc<;�ho_o\,mj�LmF_ut9�FN�bd\dcfl�mF�Lm��[NGZG�Fb^NGZdqrN;l�\^c��oN���XF�¢HJILNJ�uh�� c�Z�mFZ^Zs`LMON;t

c�_Y��mjb^c�mF_o\Jc�_�\^ILN�t[c�bdN;l�\^c�ho_�qxN�b^qrNG_ut[cfl
`L�fmjbJ\^h
(x, y)

�
HJILNRqrho��XYMON�b^c�l��u`Lcft9�u����c�_L��c�_�\dILNTZsqumol
N��xN
\]��N�NG_O\dILNTqL��mF_LNGZ4hF�xN�X[Z4N;eo`rm�\dc�hF_rZ �=zL��� 
 ���B��ILcfl,I

��N-bdNGqLb^hYtL`ul
N�ILN�b^N-�¦hFb*l�hF_Y�FNG_Lc�N�_ul�NTc�_�\dILNGc�b�_Lho_ut[c�MON�_uZdc�ho_umj�ª�¦hobdMIH




Re

(
∂u

∂t
+ (u · ∇) u

)
− (1 − ε)∆u + ∇p− t[c��

τ p = f ,
t[c��

u = 0.

�=|[�<���

�uhFbT¨�ho`LN
\d\dN��uh��(�[��N�IrmÏ�FN
f = 0

�
3 \�cfZ§_umj\d`Lb,mj�j\dh*mFZ^Zd`LMON¢\dIumj\§\dILN@�rh�� cfZ $ � �%	 
 �����;\dIumj\�cfZ��G\dILN¤�FN���h[l
c�\]X*��b^c´\^NGZ

u = ux(t, x, y) ex,��IuN�b^N
ex

cfZ�\^ILN�`L_uc´\,mjb^X��FN;l�\^hFbRmF��ho_L�O\dILN
x
©³m��[cfZ���HJILN�c�_ul�hFMOqLb^NGZ^Zsc��Lc���c�\]X�l�hF_uZs\db,mjc�_B\��=zL� 7'�*c�M9©

MON;t[c�mj\dNG��X�c�MOqL��c�N;ZJ\dIumj\
u = ux(t, y) ex.

� N(_Lh�� t[N�_uhj\dN>H

u = u(t, y) ex.
�=|[�Èz'�
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3³_ \dIuN�P*N��J\^hF_Lcfmj_0l�moZsN �
τ p = 0

����c´\�lGmj_ �rN�N;mFZdc���X7ZdILh���_7\^Ium�\�m"_umj\d`Lb,mj�@moZdZd`LMOq[\dc�hF_ hF_
\^ILN(qLb^NGZ^Zs`ubdN���N;mFtLZ�\^h





Re
∂u

∂t
(t, y) = (1 − ε)

∂2u

∂y2
(t, y),

u(0, y) = 0,
u(t, 0) = V,
u(t, L) = 0.

�=|[� 
 �

��N
\J`uZ�_Lh���l�hF_uZdc�tLN�b�\dILN-l�moZsNThj��m�_LhF_L© PRN��J\dho_Lcfmj_��u`uc�t�MOhYtLN�����N;t��L`[\J\^ILN�µRhYhF¶FN;mj_�tL`LM��L�xN����
MOh[t[NG�=� � N���c����£\^bdN;m�\*\^ILcfZ*MOh[t[N��.mFZ*m�M�`L��\dcfZdlGmj��N(M9h[t[NG�=�rN��oN�_kc��¢��N�¶Y_Lh�� �¦bdhoM WYN;l�\^c�ho_ 2 �Èz[� 

\^Ium�\9c´\9c�Z�NGeB`Lc���mj��N�_B\�\^hk\dIuN�qL`ubdNG��X M�mFl
b^hoZ^l
hoqLcfl�¸T��t[b^h�X[tY©³¹vMOh[t[N��D� ¸T`Lb9qL`Lb^qrhBZsN�c�Z�c�_rt[N�N;t
\^h�c�����`uZs\db,m�\^NR\^ILN�_B`uM9NGbdcfl�mF�§mjqLqLb^homol,IO�¦hFb�Zd`ul,I�M�`u�´\^c�Z^l�mF��N�MOhYtLN��fZ��LmF_ut�\^ILN�µRhYhF¶FN;mj_�tL`LM��L�xN����
MOh[t[NG�§c�Z�m�_Lcfl
N(ZsN�\s\^c�_L�9�¦hobJ\dILN-N
�[qxhoZdc´\^c�ho_£�@�Lhob�hF\dILNGb�MOhYtLN��fZ��Y\^ILN(Zsc�\d`umj\dc�hF_�c�Z�MOhFb^N-c�_B\^bdcfl�mj\dNF�
�u`[\%��! $ " � '
!£mj���§\^ILN�t[c�?�l�`L��\dc�NGZ�hF��\dIuN�µ*hYhF¶oNGmj_�t[`LM��L�rNG����MOhYtLN��£mjb^N-qLb^NGZdN�_B\G�

3³_��¦`L���§�oN�_LNGb^mF��c�\]XF�o\dIuN��uhF¶Y¶FNGbs© g4�fmj_ul,¶9�FNGb^Zdc�ho_�hj��\dILN�M�`L��\dcfZ^l�mj��NTZdX[Z]\^N�M t[N;Zdl�bdc��Lc�_L��\^ILN��uh��
�¦hobJ\dILN�µRhYhF¶FN;mj_�t[`LM��u�rNG���£MOh[t[NG�£bdN;mFtLZ��=mj�omFc�_�c�_"m9_Lho_[©³t[c�MONG_uZsc�hF_rmj�x�¦hFb^M ���L��N-bdN;l�mj��� H




Re

(
∂u

∂t
+ (u · ∇) u

)
− (1 − ε)∆u + ∇p− t[c��

τ p = 0,

t[c��
u = 0,

τ p(t, x, y) =
ε

We

(∫
(r ⊗ r)ψ(t, x, y, r) dr − 3]t

)
,

∂ψ

∂t
(t, x, y, r) + u(t, x, y) · ∇x,yψ(t, x, y, r)

= − t[c�� r

((
∇x,y u(t, x, y) r − 1

2We
r

)
ψ(t, x, y, r)

)
+

1

2We
∆rψ(t, x, y, r).

�=|[� 2 �

Zd`LqLqu��c�NGt���c�\dI




u(0, x, y) = 0,
u(t, x, y = 0) = V ex, ∀t > 0,

u(t, x, y = L) = ~0, ∀t > 0.

�=|[�È|'�

¸T��c�_L��\^hJ\dILN�ZsqxNGl�c´�rl�¨�hF`LN�\s\dN�ZsN�\s\dc�_L�r�;mF_ut�\dILN�mFZ^Zs`LMOq[\^c�ho_uZ§\^Ium�\�hFb^c��oc�_umj\dN.�¦b^hFM c´\ �À_Lhj\,mj�L��X
�D|[�Èz#� �
�[\dIuN�mj�xh��FN-�FNG_LN�b,mj�§ZdXYZs\dNGM Zdc�MOqL��c´�rNGZ�c�_B\dh9\dILN(M�`ul,I"Zsc�MOqL��NGb�hF_LN>H





Re
∂u

∂t
(t, y) = (1 − ε)

∂2u

∂y2
(t, y) +

∂τ

∂y
(t, y),

τ(t, y) =
ε

We

∫

R2

P Qψ(t, y, P,Q) dP dQ,

∂ψ

∂t
(t, y, P,Q) = − ∂

∂P

((
∂u

∂y
(t, y)Q− 1

2We
P

)
ψ(t, y, P,Q)

)

+
∂

∂Q

(
1

2We
Q ψ(t, y, P,Q)

)
+

1

2We

(
∂2

∂P 2
+

∂2

∂Q2

)
ψ(t, y, P,Q),

�=|[� y �
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��IuN�b^N
P
mj_ut

Q
mjb^NR\^ILN-\]��h�l�hFMOqrho_LN�_B\,ZJhj��\^ILN(N�_rtY©=\^hj© N�_ut��FN;l�\^hFb

r
�LmF��ho_L��\^ILN

x
mj_rt

y
mj�[NGZ

b^NGZdqxNGl�\^c��oN���XF�#3³_�\dIuNJmF�rh��oN¤ZdXYZs\dNGM"�
τ(t, y)

t[NG_Lhj\^NGZ�\dILN
xy
NG_B\db^X�hF�u\^ILN¤\^N�_uZdhFb

τ p
�¢}�l�\d`rmj����Xo��\dILN

qubdN;ZdZd`Lb^N4�uNG��t§�Bmj_ut�\dIuN�hF\dILNGb@N�_B\db^c�NGZ.hj�r\dILN�Zs\db^NGZ^Z�\^N�_uZdhFb¢M�mÏX��xN�\dILNG_OtLNGt[`ul�NGt§�Fc�_utLN�qxN�_ut[NG_B\d��XF�
��N
\�`uZ(NGMOqLIumFZdc<;�N�m�\(\^ILc�Z�Z]\,mj�FN9\^ILNO\db^N�MON�_rt[hF`uZ(Zdc�M9qu��c��rl�mj\dc�hF_uZ(\dIumj\(\dILN�¨�ho`LN
\d\dN�MOh[t[N��

mF����h��*Z.�¦hFb;�4¸T��c�_L�-\^h(\dIuNRZsc�MOqL��N*�FNGhFMON
\^bdcfl�ZsN�\s\^c�_L��mF_ut9\dIuN��ÀmFl
\4\dIumj\4\dIuN��uh���c�Z¤mFZ^Zs`LMON;t��fmjM9©
c�_umFbG�B\dIuN-tLc��oN�b^�FN�_rl
N
©D�¦b^N�NRl�hF_uZs\db,mjc�_B\ �=zL� 7���c�Z��¦`L���u����N;t��YX�l�hF_uZs\db^`ul�\^c�ho_�hj��\dILN-�oN���hYl�c´\]X9�uNG��t�mj_rt
lGmj_��rN-N���c�M9c�_umj\dNGt��¦b^hFM¥\^ILN(ZsX[Zs\dN�M"� 3³_"mFtLt[c�\dc�hF_��Y\dILN�\db,mj_rZsqxhFbd\�\^N�b^M�Z

(u · ∇)u
mj_rt

(u · ∇)ψlGmj_ul�N��xhF`[\;�[mj�omFc�_��rN;l�mj`rZsNThj�£�FNGhFMON
\^bdcfl�mF�xl�hF_uZdcft[N�b,m�\^c�ho_uZ��.HJILcfZ�N��[qL��mFc�_rZ4\^ILNTN��Y\db^N�MON���X�Zsc�MOqL��N
�¦hobdM¥hF�£\dIuN�N;eB`um�\^c�ho_�hj�.l
hF_rZsNGbd��m�\^c�ho_�hj�.MOhFMON�_B\d`uM¥c�_�\dILcfZ�l
ho_B\dN
�Y\;�B��Iuc�l,I�c�_rt[N�N;t�b^NGt[`ul�NGZ�\dh
m(Zdc�M9qu��N*ho_LN
©³t[c�MON�_uZdc�ho_umj�[IuNGm�\�NGeB`um�\^c�ho_£�¢HJILc�Z�ZsN�\¤hj�§Zdc�MOqL��c´�xl�m�\^c�ho_uZ4cfZ4ZdqrN;l
c��rlJ\^h(\dILN-¨�hF`LN�\s\dN
�rh��(�@W[`L�uZs\^mj_B\^c�mF�£t[c@?�l�`L�´\^c�N;Z*mjb^cfZsN-hj\^ILN�b^��cfZsNo�

� N�_uh��0tLNGZ^l
b^c��xN@\dIuN�_Y`LMON�b^cfl�mj�BmjqLqubdhBmFl,IT�¦hFb �=|[� y'�
�.H�h*�xN��Fc�_���c�\dI£����N¤qubdN;ZsNG_o\�\dILN �ÀZdc�MOqL��N��
�r_Lc´\^N�N���N�MON�_B\4t[cfZdl�bdN�\dc<;Gmj\dc�hF_9hj�u\^ILN�M�mFl�bdhBZdl�hFqLcfl4N;eo`rm�\dc�hF_��.HJILNG_���N�\d`Lb^_9\dh�\dIuN�_B`uM9NGbdcfl�mF�Lmjq[©
qubdhBmFl,ION�MOqL��h�XFN;tO�¦hFb¤\dILN-�Lho¶B¶oN�bd©Dg¤��mF_ul,¶�N;eo`rm�\dc�hF_��.HJILNT��mjb^c�mF_o\�`uZsc�_L�9m�Zs\dh[l,IumFZs\dcfl*t[c�ºªN�b^N�_B\dcfmj�
N;eB`um�\^c�ho_�\^ILN�_��¦hF����h��*Z��

��
�	 � �
����� ��� ����� � ��� � �	
 ��� ��� ����� � ��� �	� �
� � 
 #!� � � ���
��N
\-`uZ-l
ho_uZscft[NGbR\^ILN�Z]\^bdN;ZdZ

τ(t, y)
cfZT¶Y_Lh���_��£mj_ut7qrNGbs�¦hobdM \dIuN9��mFbdcfm�\^c�ho_umj���¦hFb^M�`L�fm�\^c�ho_nhj��\dILN

N;eB`um�\^c�ho_�c�_ �=|[� y'�Jt[N�\dNGbdMOc�_Lc�_u��\^ILN(�FNG��h[l�c´\]X

Re
∂u

∂t
(t, y) = (1 − ε)

∂2u

∂y2
(t, y) +

∂τ

∂y
(t, y)

��c�\dIkm9�Yc�NG�(�[_LN
�Y\;�[\dh�t[cfZ^l
b^N
\dc<;�N-c�\*`uZdc�_L�9�u_uc´\^N(N���N�MON�_B\^ZG��¸T`Lb��¦hFb^M�`u��mj\dc�hF_�c�Z




WYNGmFb^l,I��¦hFb
u : [0, T ] −→ H1

1 (0, L)
Zs`ul,I�\dIrm�\

∀v ∈ H1
0 (0, L), Re

d

dt
(u(t), v)L2 = −(1− ε)

(
∂u

∂y
(t),

∂v

∂y

)

L2

−
(
τ(t),

∂v

∂y

)

L2

,

u(0, y) = 0, �=|[�Û{#�
��IuN�b^N���N-IumÏ�FN-t[NG_Lhj\^NGt

H1
0 (0, L) =

{
v ∈ H1(0, L), v(0) = 0, v(L) = 0

}

mF_ut
H1

1 (0, L) =
{
v ∈ H1(0, L), v(0) = 1, v(L) = 0

}
.

}TZ�b^N��Bmjb,tLZ-\dIuN�t[cfZdl�bdN�\dc<;Gmj\dc�hF_£�.��N�c�_B\^bdh[t[`ul�N�\dIuN�ZdIumjqxN��¦`L_rl�\dc�hF_rZ��¦hob�g ���u_Lc�\dN�NG��NGMON�_B\^Z
�¦�¦hFbJ\^ILN(�FNG��h[l
c�\]X �

ϕi(y) =





1
��IuN�_

y = i
N ,

m ?O_uN ho_ [ i− 1

N
,
i

N

] mF_ut [ i
N
,
i+ 1

N

]
,

0
��IuN�_

y ∈
[
0,
i− 1

N

]
∪
[
i+ 1

N
, 1

]
,

�=|[� 7 �
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�¦�¦hFb
0 ≤ i ≤ N

�
����c�\dI \dIuN�ho�Y�Bc�hF`rZ9motLmjqL\^m�\^c�ho_uZ9��ILN�_
i = 0

mj_rt
i = N

��mF_ut \dILNkZdIumjqxN
�¦`u_ul�\^c�ho_uZJ�¦hFb�g����r_Lc´\^N(N���N�MON�_B\,Z �â�¦hobJ\dILN�Zs\db^NGZ^Z&�

χi(y) =





1
��IuN�_

y ∈
[
i− 1

N
,
i

N

)
,

0
hF\dILNGbd��cfZdN

,

�=|[� � �

�¦�¦hFb
1 ≤ i ≤ N

�����rhF\dI�hF_ m bdNG�F`L�fmjb9MONGZdI h��oN�b
[0, L]

�4��c�\dI�MONGZdIuZdc�;GN
h = ∆y =

1

N

�ØHJILN
mFqLqLb^hÏ�[c�M�m�\^c�ho_uZ¤�¦hFb

τ
mj_ut

u
\dIuN�_"bdN;mFt

τh(t, y) =

N∑

i=1

(τh)i(t)χi(y),
�D|[�<�G� �

uh(t, y) =
N−1∑

i=1

(uh)i(t)ϕi(y) + V ϕN (y),

b^NGZdqxNGl�\^c��oN���XF��PRhj\dNOc�_ut[NGNGt§�ª\^Ium�\;�£�rN;l�mF`uZsN9hj�¤\dILNO�xhF`L_utumjb^Xnl
hF_rt[c´\^c�ho_£�§��N�IumÏ�oN��¦hob-mF���
t > 0

�
(uh)0(t) = 0

mF_ut
(uh)N (t) = V

�
3 \ObdNGM�mjc�_uZ�\^h tLc�Z^l
b^N
\^c�;GN�c�_¡\dc�MONF����ILc�l,I ��N�t[h7`rZsc�_L�0mn�umol,¶B�Jmjb,t0·4`L��N�b�Z^l,ILN�MON��¦hFb9\dILN

�YcfZdl�hF`uZ�\^N�b^M��4HJIuN-�¦`L����X�tLc�Z^l
b^N
\^NT�¦hobdM�`L�fm�\dc�hF_�c�Z�\dIY`uZ




WYho���oNT�¦hob
(uh)n

j

�¦hob
j = 1, ...N − 1

mj_ut��¦hFb
n ≥ 0Zd`ul,I�\^Ium�\

(uh)0j ≡ 0
mj_ut ∀i = 1, ...N − 1,

Re




N−1∑

j=1

(uh)n+1
j ϕj −

N−1∑

j=1

(uh)n
j ϕj

∆t
, ϕi




L2

= (1 − ε)


 ∂

∂y




N−1∑

j=1

(uh)n+1
j ϕj + V ϕN


 ,

∂

∂y
ϕi




L2

−
(

(τh)n,
∂

∂y
ϕi

)

L2

�D|[�<�8� �

��IuN�b^N
(τh)n t[N�_LhF\dN;Z�\dILN�mFqLqLb^hÏ�Yc�M�m�\^c�ho_�hj� τh mj\�\^c�MON tn �

3³_kmj���FNG�Lb,mjcfl*\^N�b^MOZG�Y\dIuc�Z���b^c�\dNGZ

ReM
Un+1 − Un

∆t
= −(1 − ε)AUn+1 −GSn +B,

�D|[�<�;z'�

��IuN�b^N
Un =

[
(uh)n

1 , . . . , (u
h)n

N−1

]T
cfZ�\dIuN(`L_L¶Y_Lh���_£�

Sn =
[
(τh)n

1 , . . . , (τ
h)n

N

]T
,
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mF_ut
G
cfZ*m9M�m�\db^c�����c´\^I

(i, j)
© N�_B\db^X

Gi,j =

∫ L

0

∂ϕi

∂y
χj dy.

�D|[�<� 
 �

HJIuN��oNGl
\dhFb
B = −(1 − ε)V

[
0, . . . , 0,

∫ L

0
∂ϕN

∂y
∂ϕN−1

∂y dy
]T c�Z�moZdZdh[l
cfm�\^NGt¡��c�\dI \^ILN 5Rc�b^c�l,IL��N
\

�xhF`u_utLmjb^X"l
hF_rt[c´\^c�ho_£�THJIuN�M�m�\^bdcfl
N;Z
M

mj_rt
A
b^NGZdqrN;l�\dc��FNG��X"t[NG_Lhj\^N�\dIuN�M�m�\^bdcfl
N;Z*hF�4MOmoZdZTmj_ut

b^c��Fcft[c´\]X�hj��\^ILN(g �-�u_uc´\^N(N���N�MON�_B\^Z/H

Mi,j =

∫ L

0

ϕi ϕj dy,
�D|[�<� 2 �

Ai,j =

∫ L

0

∂ϕi

∂y

∂ϕj

∂y
dy.

�D|[�<�;|'�

��
�� � �
��� � ��� �	� �
� � � ��� ������� ���0��%0����� � � �&�!� �.� � � � � � � � �����
� N(_Lh���\d`Lb^_�\^hO\dILN�tLc�Z^l
b^N
\^c�;;m�\dc�hF_�hj�.\dILN��uhF¶Y¶FNGbs© g4�fmj_ul,¶ON;eo`rm�\dc�hF_�c�_ �D|[� y'���L\dIumj\*c�Z

∂ψ

∂t
(t, y, P,Q) = − ∂

∂P

((
∂u

∂y
(t, y)Q− 1

2We
P

)
ψ(t, y, P,Q)

) �D|[�<�Gy��

+
∂

∂Q

(
1

2We
Qψ(t, y, P,Q)

)
+

1

2We

(
∂2

∂P 2
+

∂2

∂Q2

)
ψ(t, y, P,Q).

W[c�_ul�N
y
cfZ�ho_L��X+mkqrmjb,mjMON
\^N�b;�.��N�hoM9c�\9\dh7MONG_o\^c�ho_+\dIuN�N
�[qL��cfl
c�\Ot[NGqrNG_ut[NG_ul
N�hj�

ψ
`LqxhF_ \dILcfZ

qrmjb,mjMON
\^N�b�\dILb^hF`u�FILho`[\�\^ILcfZ�qumjb,mj�ob^mFqLI£�
� N�c�_B\db^hYtL`ul
N(\^ILN�N;eB`Lc���c��Lbdc�`LM Zsho��`L\dc�hF_khj� �D|[�<�Gy'��� 	 � " � \^ILN�Zs\dN;mFt[X�Z]\,m�\^N�ZdhF��`[\dc�hF_"hj� �D|[�<�Gy'�

�¦hob
u = 0

���L_umFMON���X

ψ∞(P,Q) =
1

2π
exp

(
−P

2 +Q2

2

)
.

�D|[�<�Ï{'�

� N(_LN��B\*l,IumF_L�FN�\^ILN(`L_L¶Y_Lh���_��¦`L_ul
\dc�hF_"c�_ �D|[�<�Gy'�JZdN
\d\dc�_L�

ϕ =
ψ

ψ∞

�D|[�<�/7��

mF_ut�bdNG��bdc�\dN �=|L���;y'�JmFZ

ψ∞
∂ϕ

∂t
(t, P,Q) = − ∂

∂P

(
∂u

∂y
Qψ∞ ϕ

)

+
1

2We

∂

∂P

(
ψ∞

∂

∂P
ϕ

)
+

1

2We

∂

∂Q

(
ψ∞

∂

∂Q
ϕ

) �D|[�<�G���
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��Iuc�l,I�c�Z*bdN;mFt[c���X�ZdN�MOc�© tLc�Z^l
b^N
\^c�;GNGt�c�_�\dc�MON�mFZ

ψ∞
ϕn+1 − ϕn

∆t
= − ∂

∂P

(
∂u

∂y
Qψ∞ ϕn

)

+
1

2We

∂

∂P

(
ψ∞

∂

∂P
ϕn+1

)
+

1

2We

∂

∂Q

(
ψ∞

∂

∂Q
ϕn+1

)
.

�D|[�Èzj���

}���mjb^cfm�\dc�hF_rmj�B�¦hFb^M�`L�fm�\^c�ho_�hF� �=|L� zF�'�.hF_Omj_OmjquqLbdhoqLb^c�mj\dN4�¦`u_ul�\^c�ho_umj�uZdqumol
N V �ÀZdN�NJ�¦hFb¢N��[mFMOqL��N
¹�� �ohF`Lb,tLmFc�_£�r¨T� ��N�¹�bdcfZ��[H-� ��N���c�KG�YbdN(mj_rt����x¸R\d\dh � yB|Y�u}RqLqrNG_ut[c��"¹ � ��c�ZJ\^ILN�_ H





WYho���oNT�¦hob
ϕn ∈ V �¦hFb

n ≥ 0
Zd`ul,I�\dIumj\ ∀θ ∈ V ,

∫
ϕn+1 − ϕn

∆t
θ ψ∞ =

∫
∂u

∂y
Q
∂θ

∂P
ϕnψ∞

− 1

2We

∫
∂θ

∂P

∂ϕn+1

∂P
ψ∞ − 1

2We

∫
∂θ

∂Q

∂ϕn+1

∂Q
ψ∞,

ϕ0 = 1.

�D|[�Èz)� �

HJILN9MOhoZs\-mFqLqLb^hFqLb^cfm�\dN��umFZdc�ZR\dh�`uZdN��¦hobR\^ILN *-mj��N�b^¶Bc�_n�umoZscfZTc�_ �=|[�Èz)���RcfZ�m��umoZscfZ�l
hF_rZscfZ]\^c�_u�
hF� �¦\dN�_rZshob�qLbdh[t[`rl�\^Z*hj�&�JµRN�b^M9c�\dN-qxhF��XY_LhFMOcfmj�fZ

Hi
H

χi,j(P,Q) = Hi(P )Hj(Q),
�D|[�ÈzFz'�

��IuN�b^N
H0(P ) = 1, H1(P ) = P, H2(P ) =

1√
2

(P 2 − 1).
�D|[�Èz 
 �

3³_rt[N�N;t§�uZdc�_ul�N
1√
2π

∫

R

Hi(P )Hj(P ) exp (−P 2/2) dP = δij ,
�D|[�Èz 2 �

mF_ut7Zdc�_ul
N�\dILN *-mF`uZdZdcfmj_n�¦`u_ul�\^c�ho_ cfZ�qLbdN;l
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∂P
∂ϕn+1
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∫

∂θ
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

dP (t, y) =
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∂u

∂y
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2We
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)
dt+
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ε
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

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NGeB`umj\dc�hF_ �=|[�<�;z'��\dhOhF�[\,mjc�_�\dILN(�oN���hYl�c´\]X���mF��`LN;Z
Un+1

i

�
1 ≤ i ≤ N − 1

���
�Dz'�"¸T_"NGmFl,I�ZsqrmFl
N-c�_B\dN�b^��mj�§��c�\dI"��N�_L�F\dI

∆y
�

�=zL��� ��}R_+N�_uZdN�M��L��N�hj�
K
bdN;mj��c�;;m�\^c�ho_uZ-hj��\dILN�b^mF_ut[hFM ��mjb^c�mF�L��N;Z

V n
i,k

mj_rt
Wn

k (1 ≤ k ≤
K)

mFbdNOZdc�M�`L��mj\dN;t � 3 ���ÏmFbdcfmj_rl
N�b^NGtL`ul�\^c�ho_7�YXnl
ho_o\^bdho����mFbdcfm�\^N�cfZ�`uZsN;t§�ª\dIuN9b,mj_rt[hFM
��mFbdcfmj�L��NGZ

P̃i,k
mFbdN-`LqªtLm�\^NGt��¦hF����h���c�_L� �=|L� 
>
 � �

�=zL� z ��QTZsc�_L�O\^ILN(��mj��`LNGZ
Un+1

i

�
1 ≤ i ≤ N − 1

��c�_�\^ILN�Z^l,ILN�MONGZ �D|L� zF�'��� �=|[� 
 �#�*t[c�Z^l
b^N
\^c�;Gc�_u�
\^ILN�W)5T·¤Z �D|[�ÈzF|#�
�[\dILN(��mF��`LN;Z

Pn+1
i,k

mF_ut
Qn+1

k

mjb^N-hF�[\,mjc�_LNGt �
�=zL� 
 ��¹�X l
hFMOqL`L\dc�_L�Ø\dIuN¡N�MOqLc�bdcfl�mF��MONGmF_ �=|[� 
 ���"h��FNGb"\dILN

K
bdN;mj��c�;;m�\dc�hF_rZ���\dIuN Z]\^bdN;ZdZ

(τh)n+1
i

cfZ�ho�[\^mFc�_LN;t�mj\J\dILN(_LN��Y\�\dc�M9N;Z]\^N�q£�
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3³_�\^ILN(��·�P*· MOh[t[N��D�Y\dIuN�W)5R·�\^Ium�\*IrmFZ�\dhO�xN�t[cfZdl�bdN�\dc<;�NGt�cfZ

dXt + u.∇Xt dt = ∇uXt dt−
1

2We

Xt

1 − ‖Xt‖2/b
dt+

1√
We

dW t.
�D|[� 
 | �

3³_7\dILN9ZsqxNGl�c´�rl��FNGhFMON
\^bdcfl(ZdN
\s\^c�_u��hF�@\dILcfZTZdNGl
\dc�hF_£�§t[NG_Lhj\^c�_u�
Xt = (P (t), Q(t))

mF_ut
W t =

(Vt,Wt)
���=|L� 
 |#����bdc�\dN;Z H




dP (t, y) =

(
∂u

∂y
(t, y)Q(t, y) − 1

2We

P (t, y)

1 − (P (t, y)2 +Q(t, y)2)/b

)
dt

+
1√
We

dVt,

dQ(t, y) = − 1

2We

Q(t, y)

1 − (P (t, y)2 +Q(t, y)2)/b
dt+

1√
We

dWt.
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3³_ l
hF_B\^b^moZ]\�\^h�\dIuN9µRhBho¶FN;mj_nt[`LM��L�xN����¢lGmFZdNF�x_Lhj\^c�l�N(\dIrm�\
Q
c�ZT_Lh��«mj�fZsh�t[N�qxN�_utLc�_L��hF_n\dILN

Zdqumol
N-��mjb^c�mF�L��N
y
�

��N
\@`uZ._Lh�� t[cfZ^l
`uZ^Z.ILh��+\dh-t[cfZdl�bdN�\dc<;�N�\dILcfZ4W)5T·*�FmF_ut���Iumj\�\]XYqxNJhj�rl�hF_B\db^hF�Y��mjb^c�mj\dN¤\dNGl,Iu_Lc�eB`LN
M�mÏX��xN(N�MOqL��h�XFN;t�\^h�bdN;t[`ul
N�\^ILN(��mjb^c�mF_ul
No�

¨�hoM9qrmjb^NGt7\dh�\dILN�µRhYhF¶FN;mj_0t[`LM��L�rNG����l�mFZdNF��mj_0mFtLt[c�\dc�hF_rmj�4t[c�?�l
`L��\]X7hF��\^ILN�t[cfZdl�bdN�\dc<;Gm�\^c�ho_
hF� �D|[� 
 |#�§c�Z£\dILN¤Zdc�_L�F`L�fmjb^c�\]X*hj�B\dILN4�¦hFb,l
N@��ILNG_ ‖Xt‖2 �ohBN;Zª\dh b � 3 \�lGmj_-�rN�ZsILh���_ �=ZsNGN¤¹�� �Fho`Lb,tLmjc�_
mF_ut7H-����N���c�KG�YbdN � yoy � �*\^Ium�\;��m�\-\^ILN�l
hF_B\^c�_Y`Lho`uZ���NG�FN��D�ª\dIuNOZs\dh[l,IumoZ]\^c�l�qLb^h[l
NGZ^Z

Xt
t[hYNGZ-_LhF\�Iuc´\

\^ILN(�xhF`L_utumjb^X�hj� B(0,
√
b)
c�_"�u_Lc�\dN�\dc�M9No�uqLb^h��Yc�tLNGt

b > 2
�¤P*hF\dcfl
N(\^Ium�\*��c�\dILho`[\*\^ILN�¹�bdh���_uc�mF_

\^N�b^M"��c�\���ho`L�ft �xNnl
��NGmFb�\^Ium�\
Xt

bdNGM�mjc�_uZ9c�_uZdcft[N B(0,
√
b)
�L`[\�\^ILcfZO�ÀmFl
\�c�ZO_LhF\�Zsh+l
��NGmFb�c�_

\^ILN�W)5T· lGmFZdNF�£mj_rt7mFl
\d`umF����Xkb^NGeB`Lc�bdN;ZTmF_ moZdZd`LMOq[\dc�hF_ hF_
b
� � ILNG_ t[cfZ^l
b^N
\dc<;�c�_L� �=|L� 
 |#���£ho_LN9c�Z

c�_B\dNGbdN;Z]\^NGtOc�_�c�MOqxhoZdc�_u��mj�fZdh-\dILcfZ¤qubdhoqrNGbs\]X��¦hFb¤\dILN-t[cfZdl�bdN�\dN*qLb^h[l
N;ZdZ
Xn �¢}�_um��D�FNR·4`L��N�b�Z^l,ILNGM9NZd`ul,I0mFZ �D|[�Èzj�'� � �=|L� 
 �#�-t[hYNGZ(_uhj\�Zdmj\dcfZ]�¦X7\dILcfZ(qLb^hFqxN�bd\]XF��¸T_LN�hoq[\dc�hF_ c�Z(\dhkZsc�MOqL��X7b^N]i]NGl
\�t[b^mÏ�*Z

Zd`ul,I \dIrm�\ |Xn+1|2 > b
�k}*_¡mF�´\^N�b^_um�\^c��oN�hFq[\^c�ho_0IumFZ��rNGN�_+qLb^hFqxhoZdNGt �YX µ��È¨T� �R\s\^c�_L�oN�b � �;�=�j�

q���z)�/7j©³zoz)� � �
3 \�l
hF_rZscfZ]\,Z�c�_ \db^NGmj\dc�_L�"c�MOqL��cfl
c�\d��Xn\dIuNO�¦hFb,l
N9\dNGbdM"��mF_ut c´\�lGmj_ �rN�ZdILh���_ \dIumj\�c´\
XYc�N��ftLZ¤m�t[c�Z^l
b^N
\^N�qLb^hYl�NGZ^Z

Xn ��c�\dI�mol�\d`rmj�u��mF��`LN;Z4c�_ B(0,
√
b)
����N
\¤`rZ4��b^c´\^N�\dILcfZ�Zdl,ILNGMON��¦hFb¤\dILN

W=5R· �=|L� 
 |#����c�\dILho`[\�\dILN�mot[�FN;l�\^c�ho_�\^N�b^M
u.∇Xt dt

H





Xn+1 = Xn + ∇unXn∆t− 1

2We

Xn

1 − ‖Xn‖2/b
∆t+

√
∆t

We
Gn,

(
1 +

1

4We

∆t

1 − ‖Xn+1‖2/b

)
Xn+1 = Xn

+
1

2

(
∇unXn + ∇un+1Xn+1 − 1

2We

Xn

1 − ‖Xn‖2/b

)
∆t+

√
∆t

We
Gn,

�D|[� 
 {'�

��IuN�b^N
Gn mjb^N�cD� c=� t§�	*-mj`rZdZdc�mF_���mFbdcfmj�L��NGZ���c�\dIkl
h���mFbdcfmj_ul�NRM�m�\^bdc��B3]t§�
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� N�_LN
�Y\�l�hF_uZdc�tLN�b�\dILN�eB`LN;Z]\^c�ho_ hF����mjb^cfmj_ul�N�b^NGt[`rl�\dc�hF_ �YX7l
ho_B\db^hF�¢��mjb^c�mj\dNF��}TZ-M9NG_B\dc�hF_LN;t
mF�rh��oNF�B\dIuN(c�t[N;m9c�ZJ\^h�l
hFMOqL`L\dN-\dIuN�Z]\^bdN;ZdZ�\dNG_uZdhFb*mFZ

τ p =
ε

We

(
E

(
Xt ⊗ Xt

1− ‖Xt‖2/b
− X̃t ⊗ F̃ (X̃t)

)
+ E

(
X̃t ⊗ F̃ (X̃t)

))
,

��IuN�b^N
X̃t

cfZ¢m-Zs`Lc�\^mF�L��N�l,ILhBZsNG_�Zs\dh[l,IumoZ]\^c�l¤qLbdh[l�NGZ^Z��jmF_ut
F̃
mj_9mFt[N;eo`rm�\dN��¦hFb,l
N��â\]XYqLcfl�mF����X

F̃ = F
�

Zd`ul,I�\dIumj\J\dILN(��mjb^cfmj_ul�NThF��\dIuN-\dN�b^M c�_�\dILN-�ub,Zs\JN��[qrN;l�\^mj\dc�hF_
E

(
Xt⊗Xt

1−‖Xt‖2/b − X̃t ⊗ F̃ (X̃t)
) c�Z

moZ�ZdM�mj����moZ�qxhoZ^Zsc��L��NF�4mj_rt0\dILN"l
hoMOqL`[\^mj\dc�hF_+hF��\dILN"ZsN;l
ho_ut0N
�[qxNGl�\,m�\^c�ho_
E

(
X̃t ⊗ F̃ (X̃t)

) c�Z
N;mFZdXF�R�uhFbR\dILN��ÏmFbdcfmj_rl
N�hF�.\^ILN��ub^Zs\*\^N�b^M \^h��xN�ZdM�mj���=�

X̃t
_LN�N;tLZ*\^h��xN�moZRl
��hoZdN�moZRqxhoZ^Zsc��L��N(\dh

Xt
�¦c�_+Z]\^hYl,IrmFZs\dcfl�\^N�b^M�Z��

X̃t
_LNGNGtLZ-\^hk�rN 	 $ ��/ $ "#�9\^h

Xt
�
� 3³_0qumjbd\dcfl
`u��mFbG�£ho_LNObdN;eB`Lc�b^NGZ�\^Ium�\

X0 = X̃0
mj_rt�\^ILN�¹�bdh���_Lcfmj_�MOhj\dc�hF_"t[b^c��Yc�_L�

Xt
cfZJ\dIuN�ZdmFM9N(moZ¤\^ILN(hF_uN�t[bdc��Yc�_u�

X̃t
�

HJILNG_9\]��hT\]XYqrN;Z¢hj�xl�hF_B\db^hF�B��mjb^c�mj\dN�mjb^NJl
�fmFZ^Zscfl�mF����X-`uZsN;t �=ZsNGN �u�j¹�hF_Y�Yc�_�mj_rt�S+��g¤c�lGmFZ^Zsh � �;y � ���
}TZ*c�_"\dILN�qLbdNG�Yc�ho`uZ�ZsN;l�\^c�ho_"�¦hFbRµRhBho¶FN;mj_"t[`LM��u�rNG���fZ��

X̃t
l�mj_"�xN(\dIuN�qLb^hYl�NGZ^Z �dm�\*NGeB`Lc���c��Lb^c�`LM �,�

3 \�l
ho_uZdc�Zs\^Z�c�_ l
hFMOqL`L\dc�_L�
X̃t

moZ�\^ILN�ZdhF��`[\^c�ho_+\dh7\dILN"ZdmFMON�W)5T· moZ
Xt

�=mj_ut¡\dIY`uZ
F̃ = F

�
��c�\dIuhF`[\�\dILNT\dNGbdM ∇uXt dt

� 3 �
X0 = X̃0

c�Z�t[cfZ]\^bdc��L`[\^NGt�mol�l�hFb,t[c�_u�-\dh�\^ILN�c�_Y��mjb^c�mF_B\¤��mÏ��hF�£\dILN
W=5R·*�L\dILNG_"\dILN(�fmÏ� hj�

X̃t
tLhBN;ZJ_Lhj\RtLN�qxN�_ut�hF_�\dc�MON�mj_ut�\^IB`rZ

E

(
X̃t ⊗ X̃t

1 − ‖X̃t‖2/b

)
= E

(
X̃0 ⊗ X̃0

1− ‖X̃0‖2/b

)

��Iuc�l,I�lGmj_O�rN�mj_umF��XB\^c�lGmj����X�l�hFMOqL`[\^NGt§�@HJILcfZ4MON�\dILh[t9\]XYqLcfl�mj����X���hFb^¶[Z¢��ILN�_O\^ILNRZdXYZs\dNGM b^N�M�mFc�_uZ
l���hBZsN�\^h9N;eB`Lc���c��Lbdc�`LM"�

� ILNG_�\^ILNTZdX[Z]\^N�M �FhYNGZ¤hF`[\�hj�§NGeB`Lc���c��Lb^c�`uM��[mF_Lhj\^ILN�b4cft[N;m�cfZ@\dh�`uZdNRm�	%$ $ ' � � " � /./ � $ � 	&� ��! 	�$�

\^hTho�[\^mFc�_9mRMOh[t[NG�B��Iuc�l,I�c�Z@l���hBZsN¤\dhT\dILN��.·¤P*·0MOh[t[N��D���L`[\@��ILcfl,I�IrmFZ¢mRM�mol
b^hoZ^l
hFquc�l@N;eB`Lc���mF��NG_o\
Zdh-\dIrm�\¤\^ILNTZdNGl�hF_ut�\^N�b^M

E

(
X̃t ⊗ F̃ (X̃t)

) l�mF_��rN�l
hFMOqL`L\dNGtO�YXOt[cfZdl�bdN�\dc<;�c�_L��m(g	5T· �À��ILcfl,I�c�Z
�oN�b^X�l,ILNGmFq�l
hoM9qrmjb^NGtO\^h�\^ILN�SnhF_B\dN�¨�mjb^��h�MON
\dIuhYt����4�Lhob�N��LmjMOqL��NF�YhF_LN-l�mF_�\,mj¶FNR\dILN-µ*hYho¶FNGmF_
tL`LM��L�xN�����MOh[t[N�� �

F̃ (X̃t) = X̃t
��mj_ut l
hFMOqL`L\dN

E

(
X̃t ⊗ X̃t

) �BX+ZdhF���Yc�_L�7\dILN"g	5T· �¦hFb9\dILN
¸T�ft[b^h�X[tY© ¹ MOh[t[N��D� ¸T_LN�lGmj_�mj�fZsh0l,ILhYhoZdN�\dILNk�.·¤P*·4©Dg¥MOh[t[N�� �

F̃ (X̃t) = X̃t⊗X̃t

1−E‖X̃t‖2/b

�9mj_rt
l�hFMOqL`[\^N

E

(
X̃t ⊗ F̃ (X̃t)

) �YX9ZdhF���Yc�_L�-\^ILNTmoZdZdh[l
cfm�\^NGt9g	5T· �Dz[�Èz 7#���4¨���hoZd`Lb^N�bdNG��mj\dc�hF_uZ¤mjb^N�\dIY`uZ
c�MOqrhobs\,mj_B\�_Lhj\*ho_L��X�\dhOhF�L\^mjc�_�MOmol
b^hoZ^l
hoqLc�lTMOh[t[N��fZJ��c´\^I"M9cfl
b^hoZ^l
hoqLcflRc�_B\dN�b^qLb^N
\,m�\dc�hF_��[�L`[\Rmj�fZdh
\^h��L`uc��ft�N�?�l�c�NG_o\J��mjb^c�mF_ul
NRbdN;t[`ul�\^c�ho_�MON
\dIuhYtuZ��@�Lhob�l���hBZs`ubdN*b^N��fm�\^c�ho_uZ@�¦hob4\^ILN��.·¤PR· MOh[t[NG�=�B��N
b^N
�¦NGbJ\dh����=5T`£�ª¨T� ��c�`kmj_rt�g¢� �4` � 
 {B� 
 z � �

��
�� � � � �
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3³_�\dIuc�Z�ZdNGl
\dc�hF_£�[��N-�Fc��FNT\dILN(Snmj\d�fmj�"l
h[t[NGZ��¦hob�\^ILN�l
hoMOqL`[\^mj\dc�hF_�hj��\^ILN(�FNG��h[l�c´\]X�mF_ut�\^ILN(Z]\^bdN;ZdZ
c�_km�¨�hF`uN
\s\^N-�uh�� �¦hFb�\^ILN�µ*hYho¶FNGmF_�tL`LM��L�xN�����MOh[t[NG� �ÀZs\^mFbs\d©D`LqkhF�¢ZdILN;mjbJ�uh�� �
� � N�bdN;l�mF���§\^Ium�\
\^ILcfZ-M9h[t[NG�@c�Z-N;eB`Lc���mF��NG_o\�\dh�\^ILN�¸T��t[b^h�X[tY©³¹ MOh[t[NG�=� � N9\^IB`rZ-IumÏ�FN�\dILb^N�N��¦hFb^M�`u��mj\dc�hF_uZ�hj��\dILN
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� HJILN(M�mFl�bdhF©DM�mFl�bdh��¦hFb^M�`L�fm�\^c�ho_ H




Re
∂u

∂t
(t, y) − (1 − ε)

∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y),

∂τ
∂t + 1

We τ = ε
We

∂u
∂y .

�D|[� 
 7��

� HJILN(MOc�l�bdhF©DM�mol
b^h��¦hFb^M�`u��mj\dc�hF_���c�\dI"\^ILN�W)5T·¤Z H




Re
∂u

∂t
(t, y) − (1 − ε)

∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y),

τ(t, y) =
ε

We
E(Xt(y)Yt),

dXt(y) =
∂u

∂y
(t, y)Yt dt−

1

2We
Xt(y) dt+

1√
We

dVt,

dYt = − 1

2We
Yt dt+

1√
We

dWt.

�D|[� 
 ���

� HJILN(MOc�l�bdhF©DM�mol
b^h��¦hFb^M�`u��mj\dc�hF_���c�\dI"\^ILN(�Lho¶B¶oN�bd©Dg¤��mF_ul,¶�NGeB`umj\dc�hF_ H




Re
∂u

∂t
(t, y) − (1 − ε)

∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y),

τ(t, y) =
ε

We

∫
XY p(t, y,X, Y )dXdY ,

∂p

∂t
= −div (X,Y )

((
(
∂u

∂y
Y, 0) − (X,Y )

1

2We

)
p

)
+

1

2We
∆(X,Y )p.

�D|[� 2 ���

� N-_Lh��Øc�_rZsNGbs\�\dILN-Snmj\d�fmj��ZdhF`Lb,l
N��������	�
���
�


�	�����	�������������¦hFb�\dILN-t[cfZdl�bdN�\dc<;Gmj\dc�hF_�hF� �=|L� 
 7'���

clear all;

% Physical parameters
Re=0.1;Eps=0.9;We=0.5;
v=1.;
T=1.; % Maximal time

% Discretization
% Space
I=100;
dx=1/I;mesh=[0:dx:1];
% Time
N=100;
dt=T/N;

% Matrices
D1=diag(ones(1,I−1),−1);D1=D1(2:I,:);D1=[D1,zeros(I−1,1)];
D2=diag(ones(1,I−1));D2=[zeros(I−1,1),D2,zeros(I−1,1)];
D3=diag(ones(1,I−1),+1);D3=D3(1:(I−1),:);D3=[zeros(I−1,1),D3];
% Mass matrix
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M=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M=M.*dx;M=sparse(M);
MM=M(:,2:I);
% Stiffness matrix
A=(−1)*D1+2*D2+(−1)*D3;
A=A./dx;A=sparse(A);
AA=A(:,2:I);
BB=Re*MM./dt+(1−Eps)*AA;

% Vectors
u=zeros(I+1,1); % Initial velocity
tau=zeros(I,1); % Initial stress: \E(PQ)=0 at t=0
gradtau=zeros(I−1,1);
CLL=zeros(I+1,1);

% Time iterations
for t=dt:dt:T,
uold=u;
gradtau=tau(2:I)−tau(1:(I−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else

CLL(1)=v ;
end;
CL=(Re*M./dt+(1−Eps)*A)*CLL;
F=(Re*M./dt)*u−CL+(Eps/We)*gradtau;
u(2:I)=BB\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
else

u(1)=v;
end;
for l=1:I

tau(l)=(1−dt/We).*tau(l)+(dt/dx)*(u(l+1)−u(l));
% tau(l)=(1−dt/We).*tau(l)+dt/dx*(uold(l+1)−uold(l));

end;
% Drawings
plot(mesh',u,mesh',[(Eps/We)*tau;(Eps/We)*tau(I)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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clear all;

% Physical parameters
Re=0.1;Eps=0.9;We=0.5;
v=1.;
T=1; % Maximal time

% Numerical parameters
% Space
I=100;
dx=1/I;mesh=[0:dx:1];
% Time
N=100;
dt=T/N;
% Number of polymers per cell (Monte Carlo)
J=1000;

% Matrices
D1=diag(ones(1,I−1),−1);D1=D1(2:I,:);D1=[D1,zeros(I−1,1)];
D2=diag(ones(1,I−1));D2=[zeros(I−1,1),D2,zeros(I−1,1)];
D3=diag(ones(1,I−1),+1);D3=D3(1:(I−1),:);D3=[zeros(I−1,1),D3];
% Mass matrix
M=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M=M.*dx;M=sparse(M);
MM=M(:,2:I);
% Stiffness matrix
A=(−1)*D1+2*D2+(−1)*D3;
A=A./dx;A=sparse(A);
AA=A(:,2:I);
BB=Re*MM./dt+(1−Eps)*AA;

% Vectors
u=zeros(I+1,1); % Initial velocity
Y=zeros(J,1);X=zeros(J,I);
X_var_controle=zeros(J,1); % Control variate
Y=randn(size(Y));
% Initial condition not depending on the space variable
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X=randn(J,1)*ones(1,I);
X_var_controle=X(:,1);
tau=zeros(I,1);
gradtau=zeros(I−1,1);
CLL=zeros(I+1,1);

% Time iterations
for t=dt:dt:T,
for l=1:I,

tau(l)=sum(Y.*(X(:,l)−X_var_controle))/J;
end;
tau=(Eps/We)*tau;
gradtau=tau(2:I)−tau(1:(I−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else

CLL(1)=v ;
end;
CL=(Re*M./dt+(1−Eps)*A)*CLL;
F=(Re*M./dt)*u−CL+gradtau;
u(2:I)=BB\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
else

u(1)=v;
end;
% Y, X and X_var_controle
r=randn(J,1);
for l=1:I,

X(:,l)=(1−dt/(2*We))*X(:,l)+(dt/dx)*(u(l+1)−u(l))*Y+sqrt(dt/We)*r;
end;
X_var_controle=(1−dt/(2*We))*X_var_controle+sqrt(dt/We)*r;
Y=(1−dt/(2*We))*Y+sqrt(dt/We)*randn(J,1);
% Drawings
plot(mesh',u,mesh',[tau;tau(I)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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clear all;

%%%% This file contains some integrals of Hermite polynomials
run Ortho_HD_normalise_20

%%%% Physical parameters
d=2; % dimension of the ambiant space
n=1; % number of springs
% Warning: Only d=2 and n=1 are implemented here
T=1; % Maximal time
Re=0.1;Eps=0.9;We=0.5;v=1.;

%%%% Discretization
% Space
I_esp=100; % number of spacesteps
dx=1/I_esp;mesh=0:dx:1;
% Time
N=100; % number of timesteps
dt=T/N; % timstep

l_max=2; % Maximal degree of Hermite polynomials
% Discretisation for q: FULL TENSOR PRODUCT
dim=(l_max+1)*(l_max+1);
disp('Dimension of the Galerkin basis for Fokker Planck:');disp(dim);

% To get the tensorial index as a function of the absolute index
% 0 \leq nu(1) \leq l_max
get_nu=@(i) [ floor((i−1)/(l_max+1)), i−1−floor((i−1)/(l_max+1))*(l_max+1)];

% To get the absolute index as a function of the tensorial index
% 1 \leq i \leq dim
get_i=@(nu) 1+nu(1)*(l_max+1)+nu(2);

% Matrix S
D1=diag(ones(1,n*d),−d);D1=D1((d+1):(n+1)*d,:);
D2=diag(ones(1,n*d),d);D2=D2(1:n*d,:);
S=−D1+D2;
% Matrix D
D=S*S';
% Here, D=2 Id

%%%% Operators
disp('Computing matrices...');
%%%% Operators for Fokker−Planck
M=zeros(dim,dim);
G_de_base=zeros(dim,dim);
A=zeros(dim,dim);
% \int_X (1/dt q^{n+1}) r \omega
% since int_P_P= Id, this is only Id
M=eye(dim,dim);
% G = Nabla_u : \int_X ( \nabla_X r \otimes X ) q \omega
% G depends on the timestep
% G=nabla_u*G_de_base where nabla_u is the off−diagonal component
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% of the matrix \nabla u
for i=1:dim % r_i
for j=1:dim % q_j

% +1 : to get the indices of Ortho_HD_normalise.m
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
G_de_base(i,j)=int_DP_P(nu_i(1),nu_j(1))*int_P_X_P(nu_i(2),nu_j(2));

end
end
% A = D : \int_X ( \nabla_X q \otimes \nabla_X r) \omega
% Here, D=2 Id
% D(1,1) * \int \partial_{X_1}P_{i}(x) \partial_{X_1}P_{j}(x) \omega
for i=1:dim % r_i

for j=1:dim % q_j
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
A(i,j)=A(i,j)+D(1,1)*int_DP_DP(nu_i(1),nu_j(1))...

*int_P_P(nu_i(2),nu_j(2));
end

end
% D(2,2) * \int \partial_{X_2}P_{i}(x) \partial_{X_2}P_{j}(x) \omega
for i=1:dim % r_i

for j=1:dim % q_j
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
A(i,j)=A(i,j)+D(2,2)*int_P_P(nu_i(1),nu_j(1))...

*int_DP_DP(nu_i(2),nu_j(2));
end

end
% Computation of \int X_1 X_2 P_{i}(x) \omega
% This vector is useful to compute tau
int_X_X_q_1_2=zeros(dim,1);
for i=1:dim
nu_i=get_nu(i)+1;
int_X_X_q_1_2(i)=int_X_P(nu_i(1))*int_X_P(nu_i(2));

end;
%%%% Operators for the velocity
D1=diag(ones(1,I_esp−1),−1);D1=D1(2:I_esp,:);D1=[D1,zeros(I_esp−1,1)];
D2=diag(ones(1,I_esp−1));D2=[zeros(I_esp−1,1),D2,zeros(I_esp−1,1)];
D3=diag(ones(1,I_esp−1),+1);D3=D3(1:(I_esp−1),:);D3=[zeros(I_esp−1,1),D3];
% Mass matrix
M_esp=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M_esp=M_esp.*dx;
M_esp=sparse(M_esp);
MM_esp=M_esp(:,2:I_esp);
% Stiffness matrix
A_esp=(−1)*D1+2*D2+(−1)*D3;
A_esp=A_esp./dx;
A_esp=sparse(A_esp);
AA_esp=A_esp(:,2:I_esp);
BB_esp=Re*MM_esp./dt+(1−Eps)*AA_esp;
%%%% Vectors
% initial conditions
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u=zeros(I_esp+1,1); % velocity is zero
q=zeros(dim,I_esp);
q(1,:)=ones(1,I_esp); % equilibrium at each point
tau=zeros(I_esp,1);
gradtau=zeros(I_esp−1,1);
nabla_u=0;
CLL=zeros(I_esp+1,1);

%%%% Time iterations
disp('Time iterations');
for t=dt:dt:T,
q_old=q;
u_old=u;
% Computation of u
gradtau=tau(2:I_esp)−tau(1:(I_esp−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else

CLL(1)=v ;
end;
CL=(Re*M_esp./dt+(1−Eps)*A_esp)*CLL;
F=(Re*M_esp./dt)*u−CL+gradtau;
u(2:I_esp)=BB_esp\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
else

u(1)=v;
end;
% computation of tau
for l=1:I_esp % iteration on the cells

nabla_u=(u(l+1)−u(l))/dx;
nabla_u_old=(u_old(l+1)−u_old(l))/dx;
% computation of q(:,l)
G=nabla_u*G_de_base;
G_old=nabla_u_old*G_de_base;
% Crank Nicholson
M_n_p_1=(1/dt)*M − 0.5*(G−A/(4*We));
M_n=(1/dt)*M + 0.5*(G_old−A/(4*We));
q(:,l)=M_n_p_1\(M_n*q_old(:,l));
% Computation of tau(l)
% tau = \int_X ( X \otimes X ) q \omega
tau(l)=(Eps/We)*(q(:,l)'*int_X_X_q_1_2);

end;
% Drawings
plot(mesh',u,mesh',[tau;tau(I_esp)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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u·∇u
���;\dILN�l
ho`LqL��c�_L�R��c´\^I(\dILN¤NGeB`um�\^c�ho_(hF_

τ p
b^mFc�ZdNGZ

hF\dILNGbOqLbdho�L��N�M�Z�� �.c�b,Z]\;�4\^ILNGZdN"NGeB`um�\^c�ho_uZ �¦�xhj\dI �¦hob9M�mol
b^hj© MOmol
b^h7mj_rt MOcfl
b^hj© MOmol
b^hnMOh[t[N��fZ&�
l�hF_B\^mFc�_�m \db,mj_uZdqxhFbd\9\^N�b^M �

u · ∇τ p
�

u · ∇ψ hob
u · ∇Xt

�O��c´\^ILhF`L\�t[c´ºª`uZdc�ho_ \dN�b^M�Z �¦c�_�\dILN
Zdqumol
N*��mjb^cfmj�L��N��
�.HJILNGX�mjb^N�IBXYqxN�b^�rho��cfl*c�_�_umj\d`Lb^NF�¢HJILNTbdNG�F`L�fmjb^c´\]X�hF_O\^ILNT�oN���h[l
c�\]X

u
cfZ¤\]XBquc�lGmj����X

_uhj\�Zd`)?�l
c�N�_B\�\dh¡\^bdN;m�\�\^ILcfZ�\^b^mF_uZsqxhFbd\�\^N�b^M!�YXØm¡l,IumFb^mol�\^N�b^c�Zs\dcfl"MON
\dIuhYt£� SkhobdNGh��FNGbG��\dILN;ZsN
N;eB`um�\^c�ho_uZ9c�_Y�Fho���oN�m _Lho_L��c�_LN;mjb�M�`L�´\^c�qu��cfl�mj\dc��FN�\dNGbdM � ∇u∇τ p

�
div X (∇uX∇ψ)

hob ∇uXt
���

�.c�_umj����XF�¤N��Ll
N�qL\9�¦hob��FNGbdX¡Zdc�MOqL��N"MOhYtLN��fZ �D¸T�ft[bdh�X[tY©³¹ hFb�µ*hYho¶FNGmF_ t[`uM��L�xN���� �
�¤\^ILNkNGeB`umj\dc�hF_uZ
tLN
�u_Lc�_L�

τ p
�FNG_LN�b,mj����X l
ho_o\,mjc�_¡mFtLtLc´\^c�ho_umj��_LhF_[© ��c�_LN;mjb^c´\^c�N;Z �â�¦hob�MOcfl
b^hj© MOmol
b^h"M9h[t[NG�=�.\^ILN��¦hob^l�N

F
cfZ*�oN�_LNGb^mF����X�_uhF_[© ��c�_LN;mjbRmF_ut�\]XYqLc�lGmj����X��L��h��*Z�`Lqn��IuN�_k\^ILN���N�_L�F\dInhF�.\^ILN�qxhF��XYMON�bRb^NGmol,ILNGZ�m

l�bdc�\dcfl�mF�§��mj��`LN��
�
H�h�Zd`LMOM�mjb^c�;GNF�;\dIuN�t[c�?�l
`L��\dc�NGZ.b,mjcfZsN;t-�YX(MOmj\dILNGM�m�\dcfl�mF�BmF_umj��X[ZscfZ£hF�L\dIuNGZdN¤MOh[t[N��fZ¢mjb^N¤b^N��fm�\dN;t
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 "&�#� ! " � � '�l�hFMOc�_u�(N�c�\dILNGb@�¦bdhoMv\^ILNRl
ho`LqL��c�_u�(�rN�\]��NGN�_9\dILN�N;eB`um�\^c�ho_uZ4mj_rt
(u, p)

mj_ut
τ p
�uhFb�c�_LILN�b^N�_B\^��X�l�hF_B\^mFc�_uNGt�c�_�\dILN(N;eB`um�\^c�ho_uZ�t[N
�r_Lc�_u�

τ p
�

HJIuNGZdNTt[c�?�l
`L��\dc�NGZ���c�MOc�\�\^ILN�Zs\^mj\dN�©DhF�â©=\^ILN
©³mjbd\4M�m�\dIuN�M�m�\^c�lGmj�x��NG����©DqxhoZdNGtL_LNGZ^Z¤mF_umj��X[ZscfZ@\^h�$ $ 	 ��$ � 	 
 �
! 	&�!"¤N��[c�Zs\dNG_ul
N-mj_ut�`L_LcfeB`LN�_LN;ZdZ�b^NGZd`L�´\,Z��@HJILNGX�mj�fZsh�IumÏ�FNTM�mj_YXOc�MOqL��c�lGm�\^c�ho_uZ�hF_�\^ILN�_B`uM9NGbdcfl�mF��Z
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MON�\dILh[tLZ��=l,ILhFcfl
N@hF�Y\dILN¤tLc�Z^l
b^N
\^c�;;m�\dc�hF_-ZdqumFl�NGZG�GZs\^mj�uc���c´\]XThj�Y\dIuN4_Y`LMON�b^c�lGmj�jZ^l,ILN�MONGZG�B����� �
��}�l
\d`umF����XF�
\^ILN7qubdho�L��NGM�Z�b^mFc�ZdNGt��YX \dILN t[cfZdl�bdN�\dc<;Gm�\^c�ho_���NnMONG_o\^c�ho_LNGt�c�_ WYN;l�\^c�ho_ 2 � 2 �Èz+l�mF_Ø�rN7ZdN�NG_�mFZ
l�hF`L_B\^N�b^qumjbd\^Z¢hF�x\^ILNRt[c�?�l
`L��\dc�NGZ¤b^mFc�ZdNGt9�YX�\^ILN*M�m�\^ILN�M�mj\dcfl�mj�xmj_umF��X[Zdc�ZG��S7mj_YX�eB`LN;Z]\^c�ho_uZ4mjb^N*Zs\dc����
hoqrNG_£��mF_utn\^ILNOM�m�\dIuN�M�m�\^c�lGmj�4mj_rmj��XYZdcfZTmF_utn\^ILN�_Y`LMON�b^c�lGmj�@mj_rmj��XYZdcfZ*�¦hob(�BcfZ^l
hYN��fmFZs\dcfl��r`Lc�tuZ(mjb^N
�oN�b^X���c��FNG��X��uN��ftLZG�

3³_ \dIuNO�¦hF����h���c�_L�u����NOqLb^h��Yc�t[NOMOhFb^N�t[N
\,mjc���N;t7b^NGZd`L��\^Z��¦hob(MOmol
b^hj© M�mFl
b^h�MOh[t[NG��ZG��mF_ut§��_uN
�Y\G�
MOcfl
b^hj© M�mFl
b^h�MOh[t[NG��ZG��¨�hF_uZdcft[N�b^c�_u��\^ILN-�¦h[l
`uZ*hj��\^ILN�qLb^NGZdN�_B\*mjbd\dcfl
��NF�[MOhobdN-N�MOqLIrmFZdc�ZJcfZ��fmjcft�ho_
\^ILN(�fm�\s\^N�b;�

��
�	 � � ��� � ��� �	� � � � ��%0��� �
� N�b^N
�¦NGb�\dh�S¡�rp�NG_umjb,t[X � �8�>� � hob*·*�x�LN�b^_umF_ut[N ;�©]¨�mFb^mu�L���%*�`Lc�����N�_ mj_ut"p(� p(�£¸Tbs\^N��om � 282 � �¦hFbRm
b^N��Yc�N��ØhF�§\dILN�M�m�\dIuN�M�m�\^c�lGmj�ªmj_umF��X[Zdc�Z¤hj��M�mFl�bdhBZdl�hFqLcflJMOh[t[N��fZ��@�uhFb�\dILN�_Y`LMON�b^c�lGmj�xM9N�\dILh[tLZG�Y��N
b^N
�¦NGbJ\dh�p(� �-N�`L_uc�_L�BZ � {j� � ��� g.� H-�r¹Jmomjc i]N�_uZ � y � p��ª¸T��N�_uZ�mF_ut"H-�Lg4ILc�����c�quZ � �G� 
 � � � N(b^NGlGmj���§\dILN
qubdhF\dhj\]XYqLcfl�mF�ªMOmol
b^hoZ^l
hoqLc�lRMOhYtLN��D�L_umjMONG��X�\^ILN�¸T�ft[bdh�X[tY©³¹�MOh[t[N�� H





Re

(
∂u

∂t
+ u · ∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

We

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ τ p = ε(∇u + ∇uT ).

�ÀyL�<���

� ' �('!� � �[� - ­ 
¡�[���À�F� �¤� ­ �����¦�;�
¨�ho_ul
NGbd_uc�_L��N
�[c�Zs\dNG_ul
N�bdN;Zs`u�´\,Z*�¦hobTM�mFl�bdhBZdl�hFqLcfl-MOh[t[N��fZ��x�¦ho`LbR\]XYqxNGZThj�4b^NGZd`L��\^Z�l�mj_7�rN��¦hF`L_rtnc�_
\^ILN(��c´\d\dN�b,m�\^`Lb^N8H

� ��h[lGmj��©Dc�_[©D\dc�M9N-b^NGZd`L��\^Z �¦qxN�bd\d`ubd�umj\dc�hF_�hj�.\dILN(c�_Lc�\dcfmj��l�hF_utLc´\^c�ho_����
� �F��hF�umF�´© c�_[©=\^c�MON-b^NGZd`L�´\,Z��¦hFb*ZdM�mj���£tLm�\,m �ÀqrNGbs\^`Lb^�um�\^c�ho_�hF��\^ILN�Z]\,m�\^c�ho_umjb^X�Zsho��`L\dc�hF_��
�
� N
�[cfZ]\^N�_ul�N(bdN;Zs`L��\^Z��¦hob*Z]\,m�\^c�ho_umjb^X�Zsho��`L\dc�hF_uZJl
��hoZdN�\dhONGeB`Lc���c��Lb^c�`LM ZdhF��`[\dc�hF_rZ��
� N
�[cfZ]\^N�_ul�N(bdN;Zs`L��\^Z��¦hob*Z]\,m�\^c�ho_umjb^X�Zsho��`L\dc�hF_uZJl
��hoZdN�\dh�PRmÏ�Yc�N�bd©³WY\dhF¶oNGZJZs\^m�\^c�ho_umjb^X�Zsho��`L\dc�hF_uZG�
�uhFb�c�����`uZs\db,m�\^c�ho_£����N
\�`rZ(hF_L��X7MONG_o\^c�ho_ \dILN�b^NGZd`L��\�hF�[\,mjc�_LNGt �YX S¡��p�N�_rmjb,t[X7c�_ � �;�F� � ��HJILN

mF`[\dIuhFb�l
ho_uZscft[NGb^Z�\^ILN-�¦hF����h���c�_L�Ol
ho`LqL��NGt�qLbdho�L��N�M"�[c�_km9�xhF`L_utLNGt"t[hFM�mFc�_ D hj�
R

3 H





ρ

(
∂u

∂t
+ u.∇u

)
= div τ p −∇p+ f ,

div u = 0,(
∂

∂t
+ u.∇

)
(τ p)i,j = Ai,j,k,l(τ p)

∂uk

∂xl
+ gi,j(τ p),

�ÀyL�Èz'�

��c�\dInZd`LMOM�m�\^c�ho_�l�hF_Y�FNG_o\^c�ho_�ho_"bdNGqrN;m�\dN;t�c�_utLc�l�NGZG��HJILN-�u`uc�t"cfZ�c�_B�YcfZdl�c�t �
η = 0

�
��HJILcfZ*ZdXYZs\dNGM
cfZ�Zd`LqLqL��c�NGt0��c�\dI+ILhoM9ho�FNG_LN�ho`uZ 5Rc�b^c�l,IL��N
\��xhF`u_utLmjb^X l�hF_utLc´\^c�ho_ ho_ \dILN��oN���h[l
c�\]X

u
�¢mj_ut0c�_Lc�\dcfmj�
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l�hF_utLc´\^c�ho_uZ��¢HJILN�t[c´ºªN�b^N�_B\^c�mF�rMOh[t[N��fZ�c�_B\db^h[t[`ul�NGtOc�_�WYNGl
\dc�hF_�zL� 
 ���Rc�_utLN�NGt�N�_B\dNGb¤\^ILc�Z¤�¦b,mjMON���hFb^¶ª�
3³_B\^bdh[t[`ul�N�\dILN-�¦ho`Lbs\^I�hob^tLN�b�\dNG_uZshob/H

Ci,j,k,l = Ai,j,k,l − (τ p)i,lδk,j ,
�ÀyL� 
 �

��IuN�b^N
δ
cfZ-\dIuN �-bdho_LNGl,¶oN�b-ZsXYM��rho�=��}RZ^Zs`LMONO\^ILN��¦hF����h���c�_L�kZs\db^hF_L�"NG����c�qL\dcfl
c�\]X qLb^hFqxN�bd\]Xnho_

C
H

∀ζ, η ∈ R
3

Ci,j,k,l(τ p)ζiζkηjηl ≥ κ|ζ|2|η|2 �ÀyL� 2 �
��IuN�b^N

κ > 0
c�Z�m�l�hF_uZs\^mF_o\�_Lhj\Jt[N�qxN�_utLc�_L��hF_

τ p
�@Q*_utLN�bJmFtLt[c�\dc�hF_rmj�ªmFZ^Zs`LMOq[\^c�ho_uZ4hF�£ZsXYMOMON
\db^X

ho_0\dILN�\dNG_uZshob
A
�@hj�*b^N��F`u��mFbdc�\]X7mj_rt¡l
hoM9qrm�\dc��Lc���c�\]X hF_+\^ILN�c�_Lc�\dcfmj�Jl
hF_rt[c´\^c�ho_uZG�.c�\�cfZ�ZdILh���_+�YX

S¡�up�N�_rmjb,t[X�c�_ � �G�o� � \dIumj\/H
+ - ­Y± � ­ 
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T ′ > 0
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u ∈
4⋂

k=0

Ck([0, T ′], H4−k(D), τ p ∈
3⋂

k=0

Ck([0, T ′], H3−k(D).

HJILN���hobd¶[Z-hF�R¨T��*�`Lc�����hFqxa�mF_ut �u�Û¨T�.WLmj`[\ � | 
 �.| 2 � mFbdN�mF��Zdh"\dh7�rN�M9NG_B\dc�hF_LN;t§�k·@�[c�Zs\dNG_ul
N
b^NGZd`L��\^Z��¦hFb���NGZ^Z�b^N��o`L��mFb�ZdhF��`[\dc�hF_uZ�mjb^NkhF�[\,mjc�_LNGt \^ILN�b^Nk�¦hob�_Lho_[© ;GN�b^h+�Yc�Z^l
hBZsc�\]X hF��\^ILN ZdhF���FNG_B\
η > 0
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��N�����©DqxhoZdNGt[_uNGZ^Z�c�_nWYhF�xhF��N���Zsqumol
N;Z �=ZsNGN � 2>2 � mj_rt�b^N
�¦NGbdNG_ul
N;Z�\dILNGbdNGc�_��
�

� N�mF��ZdhkMON�_B\dc�hF_0\^ILN���hFb^¶nhj�R�����£c�_£�¤¨T����c�`¡mF_ut0g¢� � ���xIumF_L� � 7Fy � ��ILN�b^N���hYlGmj��©Dc�_[©D\dc�MON
N��[c�Zs\dNG_ul
N7mF_utØ`L_uc�eB`LNG_LNGZ^Z�b^NGZd`L��\^Z�mj_ut��o��ho�umj��©Dc�_[©D\dc�MONnN
�[cfZ]\^N�_ul�N7mj_ut `L_Lcfeo`uN�_LN;ZdZ�bdN;Zs`L��\^Z��¦hFb
ZdM�mj���£tLm�\,mOmjb^N�qubdh��oN�_��¦hobT¸T��tLbdh�X[tY© ��c�¶FNTMOhYtLN��fZ��

HJILN9hF_u��X��F��hF�umF�´© c�_[©=\^c�MON�N��[c�Zs\dNG_ul
N�bdN;Zs`L��\T��N�mFbdN9mÏ��mFbdN(hF�4c�ZR\dIuN���hFb^¶�hF�4g¢� © �4� �£c�hF_uZ�mj_rt
P��£SnmFZdMOhF`utLc � 7>7 � ��ILN�b^N�mj_¡¸T��tLbdh�X[tY© ��c�¶FN�MOhYtLN��@cfZ(Z]\^`ut[c�NGt§���L`[\���c�\dI \dILN�l�hFb^hj\^mj\dc�hF_umF�.l�hF_[©
�oNGl
\dc��FN-t[N�b^c���mj\dc��FN-hF_�\dILN�Zs\db^NGZ^Z�\dNG_uZdhFb�b,m�\dIuN�b�\dIumF_�\dILN(`LquqrNGb*l
hF_Y�oNGl�\^NGt�t[N�b^c��Ïmj\dc��FNo�

¹�NGZdcft[NGZG�u\^ILN�b^N�N��YcfZs\^ZTMOmF_YX�Zs\d`utLc�N;ZRho_"\dILN9Z]\,mj�Lc���c�\]X"hj�@�Yc�Z^l
hYNG��moZ]\^c�l-�rh��*Z��xmj_ut"\^ILN�l,Irmj_L�oN
hF�£M�m�\dIuN�M�m�\^c�lGmj�u_rm�\d`ubdNThj�§\dIuNRNGeB`umj\dc�hF_uZ �â\^b^mF_uZsc�\dc�hF_��¦bdhoM qumFb^mF�rho��cflJ\^h�IYXYqrNGbd�xhF��c�l���� � N�b^N
�¦N�b
\^h�S+�up�NG_umjb,t[X � �8�>� � �up��x¸T��NG_uZJmj_ut"H-�Lg¤ILc�����c�quZ � �;� 
 � mF_ut�bdN��¦N�b^N�_ul�NGZ�\dILNGbdNGc�_��
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SnhoZs\OhF�R\^ILNk_Y`LMON�b^c�lGmj�JMON
\dIuhYtuZ�N�MOqL��h�XFN;t¡c�_ qLb,mFl
\dcfl
N�\dh+Zdc�M�`L�fm�\dNkZd`ul,I M9h[t[NG��Z�mFbdN"�umoZsN;t
`uqrho_�m��u_Lc�\dNRNG��NGMON�_B\�t[cfZdl�bdN�\dc<;Gmj\dc�hF_Oc�_�Zdqumol
N �ÀZdN�NRILh���NG�FNGb¢p��[¸T��N�_uZ¤mj_utOH-�Fg¤ILc�����c�quZ � �G� 
 � �¦hFb
ZdqxNGl�\^b^mF�[MON
\dIuhYtuZ&�¢mF_utOmR�r_Lc´\^N*t[c�ºxNGbdNG_ul
N*t[cfZ^l
b^N
\dc<;Gmj\dc�hF_9c�_9\^c�MON �¦`rZs`umF����X�·4`u��NGb¤Zdl,IuN�MONGZ ���j��c�\dI
m-t[N;l
ho`LqL��NGt9l
hFMOqL`L\^m�\^c�ho_�hF�

(u, p)
mF_ut

τ p
�¢SkhFb^NJqLb^NGl
cfZdN���XF�jm�\@N;mFl,I�\dc�M9N;Z]\^N�q£�j\dILN�N;eo`rm�\dc�hF_��¦hFb

(u, p)
c�Z*�ub,Z]\RZdhF���FN;t§�L�Fc��FNG_�\dILN�l�`Lb^bdNG_o\RZs\db^NGZ^Z�\dNG_uZdhFb

τ p
�JHJILc�ZTmj����h��*Z�\^h�`LqªtLm�\^N(\dIuN��FNG��h[l
c�\]XF�

PRN
�Y\G�L\dILN(N;eo`rm�\dc�hF_��¦hFb
τ p

cfZ*ZdhF���FN;t§�[mj_ut�\dILN�Zs\db^NGZ^ZJcfZJ`Lqxtum�\dN;t§�
� NnIumÏ�oN�mF��b^NGmot[X¡MON�_B\dc�hF_uNGt c�_ WYN;l�\^c�ho_ 2 � 2 � z7\^ILNkM�mjc�_ \^ILb^N�Nnt[c�?�l
`L��\dc�NGZ�b,mjcfZdNGt �BX \dILN

tLc�Z^l
b^N
\^c�;;m�\dc�hF_ H �¦c �*m�l�hFMOqum�\^c��uc���c´\]X"l
ho_ut[c�\dc�hF_kcfZ*_LNGNGt[N;t"�rN�\]��NGN�_�\dIuN�t[cfZdl�bdN�\dc<;Gmj\dc�hF_kZsqrmFl
N;Z��¦hFb
u
mF_ut��¦hFb

τ p
���Àc�c �.\dIuN�\db,mj_uZdqxhFbd\.\^N�b^M�Z¢_LN�N;t9\dh(�xN*l
hFb^b^NGl�\^��X�t[c�Z^l
b^N
\^c�;GNGt§���¦c�c�c �.\dIuNRt[cfZdl�bdN�\dc<;Gm�\^c�ho_
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`L��\dc�NGZ��¦hFb9M�mFl�bdhBZdl�hFqLcflOMOhYtLN��fZ��+P*hF\dcfl
N�\dIumj\G�¤moZ�ho�uZdN�b^�FNGt0c�_ W[NGl�\^c�ho_ 2 � 2 �ÈzY�
\^ILN�\dILb^N�N(t[c�?�l
`L��\dc�NGZJMONG_o\^c�ho_LNGt�mj�xh��FN-mjb^N-mj�fZsh9qLb^NGZdN�_B\��¦hob�\dILN�t[cfZ^l
b^N
\dc<;Gmj\dc�hF_�hj��MOcfl
b^hj© MOmol
b^h
MOh[t[NG��ZG�RSkhBZ]\�hj�¢\dILN9MON
\^ILh[tLZTtLNGZ^l
b^c��xNGt"�xN���h��«mjb^N(\dIY`uZ�mj�fZsh�`uZsN��¦`L���¦hFb*\^ILN�tLc�Z^l
b^N
\^c�;;m�\dc�hF_khF�
MOcfl
b^hj© M�mFl
b^h�MOh[t[NG��ZG�

¨�ho_ul
NGbd_Lc�_L��tLc@?�l
`u�´\]X �Àc �
�Bc�\�mol�\^`umj����X�mFqLqrN;mjb,Z@\^Ium�\Jmj_ 	 
�1 � '#��/ 	 $#
 ��	 ! 	�$�
9cfZ¤b^NGeB`Lc�bdN;t9�¦hFb�\dILN
\^ILb^N�N�tLc�Z^l
b^N
\^c�;;m�\dc�hF_nZdqumol
NGZ*�¦hFbTbdN;ZsqxNGl
\dc��FN���X�\dILN�qLb^NGZ^Zs`Lb^NF�r\dIuN��FNG��h[l�c´\]X"mj_utk\dILNOZ]\^bdN;ZdZ*\dNG_uZshobG�
SnhFb^N�qubdN;l
cfZsNG��Xo��c�_ mFtLtLc´\^c�ho_ \^h0\dILN7`uZs`rmj�*c�_[�â©³Zs`LqØl�hF_ut[c�\dc�hF_�b^NGeB`Lc�bdN;t �¦hFbO\dIuN7t[cfZdl�bdN�\dc<;Gm�\^c�ho_
Zdqumol
NGZ(�¦hFb(\^ILN��FNG��h[l�c´\]X mj_ut \^ILN�qLb^NGZ^Zs`ubdNo�.mkl�hFMOqum�\^c��uc���c´\]X �xN
\]��N�N�_0\^ILN�t[cfZ^l
b^N
\dc<;Gmj\dc�hF_+ZdqumFl�N
�¦hobR\^ILNO�FNG��h[l
c�\]Xkmj_utn\dIumj\T�¦hobR\^ILN�Z]\^bdN;ZdZR\dNG_uZdhFb�c�Z�b^NGeB`Lc�bdN;t"\dh�hF�[\,mjc�_ Zs\^mF�L��N9Zdl,IuN�MONGZT��ILN�_

ηcfZRZdM�mj����mFZTl
hoM9qrmjb^NGt�\dh
ηp

� 	 � " � ��ILN�_
ε
cfZRl
��hoZdN-\dh ������HJILN;ZsN�l
hFMOqumj\dc��Lc���c�\]X�l�hF_utLc´\^c�ho_uZ�IumÏ�oN

�xN�NG_ mj_rmj��X ;GNGt0�YX �u�Û¨T��¹�ho_B�Yc�_¡S+�.g4c�lGmFZ^Zsh mj_ut¡p��¢WB\^N�b^_Y�rNGbd�nc�_ � �/7[� �Ï{ � ho_+\dILN�\dILb^N�N�©=�rN��ft
WY\dhF¶oNGZJZdXYZs\dNGMIH





−η∆u + ∇p− div τ p = f ,
div u = 0,
τ p − ηpγ̇ = g.
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\dIuhYtuZ�IumÏ�FN��xN�N�_"qLb^hFqxhoZdNGt�c�_�\^ILN(��c´\^N�b,m�\d`ubdNT\dhO\^bdN;m�\J\dILN(qubdho�L��NGMIH
� QRZdN�t[cfZdl�bdN�\dc<;Gm�\^c�ho_kZsqumol
N;Z�\dIumj\RZdmj\dcfZ]�¦X�mj_"c�_L�â© Zd`Lqkl
ho_ut[c�\dc�hF_£��HJILNGZdN(mjb^N(`uZs`rmj����X�tLc@?�l
`u�´\\dh�c�MOqL��NGMON�_B\��ÀZdN�N��¦hFb�N��LmjMOqL��N �r� S+�uSnmFb^l,IumF�§mj_ut�S+� �u�x¨�b^h[l,ILN
\ � �o| � ���
� 3³_B\db^hYtL`ul
N-mj_�mFtLt[c�\dc�hF_rmj�ª`L_L¶Y_Lh���_�\dhOmÏ�FhFcftO\^ILc�Z�l�hFMOqumj\dc��Lc���c�\]X�l
hF_rt[c´\^c�ho_��=ZsNGNR\^ILN-· ��WLW
MON
\dIuhYt�c�_kp(�E*�`LaG_LN
\d\dN�mj_rt�S¡�L�LhFbd\dc�_ � |oz � ���
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b^N
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S+�Lg4cfl�moZdZdh�mj_ut�p(�rWY\dN�b^_Y�rNGbd�Oc�_ � �/7L� �Ï{ � ���

HJILN ZsN;l
ho_utØt[c�?�l�`L��\]X �Àc�c ��cfZ�b,mjcfZdNGt �YX \^ILN t[cfZ^l
b^N
\dc<;Gmj\dc�hF_ØhF��\^ILN mot[�FN;l�\^c�ho_ \^N�b^M�Z��xhj\^I
c�_ \dILN"N;eo`rm�\dc�hF_ �¦hFb

u
mF_ut �¦hFb

τ p
� 3 \�cfZ���N�����¶Y_Lh���_ \^Ium�\�_um �=�oNkt[c�Z^l
b^N
\^c�;;m�\^c�ho_ �YX m �u_Lc�\dN

NG��NGMON�_B\�M9N�\dILh[t���N;mFtLZ�\^h�`u_uZ]\,mj�L��N(Zdl,IuN�MONGZG�@Snmj_YXO\dN;l,IL_LcfeB`LNGZJIumÏ�oNT�xN�NG_�`rZsN;t�\^hOl�c�b,l
`uM��FNG_B\
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\dIuhYtuZ��=ZsNGN7S+�J�LhFbd\dc�_ mj_rtØ}��J�LhFbd\dc�_ � 2 y � ���*hob�_Y`LMON�b^cfl�mj�
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 � �#�
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� " ! � $��khj�-g.� � mFqLqxN�b^hFM"��p(� �-N�`u_Lc�_u�oZ�mF_ut ��� ��N��omj\ � �Ïzj� � ��� � Nnb^N
�¦NGbO\dh¡p(��¸T��NG_uZ�mj_rt
H-��g4ILc�����c�qrZ � �G� 
 �4¨�IumFq[\dNGb�{ � hob-\dhnp(� �-NG`L_Lc�_L�oZ � { � � �¦hFb�b^N
�¦NGbdNG_ul
N;Z(mj�xhF`[\-\^ILNGZdN�MON
\dIuhYtuZ�c�_
\^ILN"l
hF_B\^N
�Y\�hF�R�Yc�Z^l
hYN��fmFZs\dcfl��r`Lc�t Zsc�M�`u��mj\dc�hF_uZ �ÀZdN�N"mj�fZsh H-�.Snc�_£� �u� ��� �4hYh mF_ut µ��¤¨�ILhFc � �B{ �
�¦hobTm�l
hFMOqumFbdcfZdhF_"�rN�\]��NGN�_n��mFbdc�hF`uZ*_B`uM9NGbdcfl�mF��Z^l,ILN�MON;Z&�
�THJILN;ZsN9t[c@?�l�`L�´\^c�N;ZTmFbdN�qLbdhoMOc�_LNG_B\*�¦hFb
Iuc��oI"p*N�XY_LhF�ftLZ�_Y`LM��rNGb%�À��ILc�l,I"cfZ*_LhF\*qLb,mFl�\^c�lGmj����X�bdNG��NG��mj_B\*c�_�\^ILN�l
ho_B\dN
�Y\RhF�.�YcfZdl�hYN��fmFZs\dcflR�r`Lc�t
Zdc�M�`L�fm�\^c�ho_uZ&��hob��¦hob�ILc��FI � NGc�Z^ZdN�_Y�rNGbd�9_Y`LM��xN�b%�¦��ILcfl,I�	 '(b^N���N���mj_B\
���

HJILN*\dILc�b^tOt[c�?�l
`L��\]X �¦c�c�c �¢��N�M9NG_B\dc�hF_LN;t9l�hF_ul�N�b^_uZ¢\^ILN*t[cfZdl�bdN�\dc<;Gm�\^c�ho_Ohj�x\dILN*_uhF_L��c�_uNGmjb¢\^N�b^M�Z��
¨�ho_uZdc�t[NGb9\dILN�\dNGbdM ∇uτ p + τ p(∇u)T c�_ \dILNkl�hF_Y�FN;l�\dc��FN�t[N�b^c��Ïmj\dc��FN�hj�

τ p
� 3³_ MOhBZ]\�hj�T\dILN

_Y`LMONGbdcfl�mF�[M9N�\dILh[tLZG�j\^ILcfZ¢\dNGbdM c�Z¢\^bdN;m�\^NGt�N
�[qL��c�l�c´\^��X��BX�\^mF¶Bc�_L�-c�\^Z@��mj��`LN�m�\@\^ILNJ�¦hFb^MON�b¢\^c�MONGZs\dNGq£�
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��c�_uNGmjb^c<;�c�_L�(\dIuc�Z�\^N�b^M¥�BX9\^bdN;m�\dc�_L��\dILN��FNG��h[l�c´\]XON
�[qL��cfl
c�\d��X�mj_ut�\dILN-Z]\^bdN;ZdZ�c�M9qu��cfl
c�\d��X���NGmFtuZ4\^h9mF_
c����´© qrhBZsN;t�qubdho�L��NGM c���\^ILN � NGc�Z^ZdN�_Y�rNGbd�9qLb^hF�L��N�M c�ZJ\^hYh9Iuc��oI£�

� NRMON�_B\^c�ho_LNGt9\^Ium�\4\]��h(hj�§\^ILNGZdNRt[c�?�l
`L��\dc�NGZ�mjb^N�qLb^hFMOc�_uN�_B\4�¦hFb���mFbd�oN � NGc�Z^ZsNG_Y�rNGbd�(_Y`LM��rNGbG�
3 \�c�_utLN�NGt+mFqLqxNGmjb,Z�\dIrm�\�_Y`LMON�b^cfl�mj�¤M9N�\dILh[tLZ��rN;l
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\^ILN�Zdhj©³l�mF����NGt0µRc��oI � NGc�Z^ZdN�_Y�rNGbd� P*`LM��rNGb�g4b^hF�u��NGM �=µ � P*g ����N�mF��b^NGmot[X MONG_o\^c�ho_LNGt0c�_ WYN;l�©
\^c�ho_ 2 � 2 � zY�9Snmj_YXk��hFb^¶[ZTmFbdN�bdNG��mj\dNGtn\dh�\dIuNOµ � P*g �¦��N9bdN��¦N�b��¦hFb-N
�LmFM9qu��N�\dhkp(��¸T��N�_uZ�mj_rt
H-�[g¤ILc�����c�quZ � �G� 
 �r¨�IumFq[\dNGb*{ � �
�4HJILN-µ � P*g�cfZ�l
NGbs\,mjc�_L��X�_uhj\�hF_L��X�b^N��fm�\dN;t�\^h�\^ILN(t[cfZdl�bdN�\dc<;Gm�\^c�ho_
Z^l,ILNGM9No� 3 \�IrmFZOc�_ut[N�N;t �rNGN�_ hF�uZdN�b^�FN;t+\dIrm�\��¦hFb�ZdhFMON"�FNGhFMON
\^bdc�NGZG�4\^ILNkl
b^c´\^c�lGmj� � N�cfZdZdN�_Y�xN�b^�
_Y`LM��rNGb �Àmj�xh��FNT��ILcfl,I�\dIuN�Z^l,ILN�MON�c�Z�`L_rZ]\,mj�L��N���t[NGl�bdN;mFZdNGZ���c´\^I�\^ILN-M9N;ZsI�Z]\^N�q�Zsc<;�N �ÀZdN�N-p(� �-N
©
`u_Lc�_u�oZ � { � � �
�u��ILcfl,Inl
ho`L��t"c�_ut[cfl�mj\dN�m���hBZdZ�hF�@bdNG�F`L�fmjb^c´\]X��¦hFb�\^ILN�l
ho_B\dc�_B`uhF`uZ*ZdhF��`[\^c�ho_kc´\,ZsNG�´� �ÀZdN�N
5��.WLmj_ut[b^c � �8�Ï| � �
�I3 \�c�Z�Z]\^c�����mF_+hFqxN�_0qLb^hF�L��N�MV\dhnqLb^NGl�c�ZdN���X l,Irmjb,mFl�\^N�b^c�;GN�\^ILN�µ � P*g¢�@mj_ut \dh
tLc�Zs\dc�_L�F`uc�ZdI7�xN
\]��N�NG_7c�_uZ]\,mj�Lc���c´\]Xnl�hFMOc�_u���¦b^hFM \dIuN9MOh[t[NG�.c�\^ZdN����]�£hobTc�\^Z-t[cfZdl�bdN�\dc<;Gmj\dc�hF_£���uhFb�\dILN
\^ILN�hobdN�\dcfl�mF�ªZs\d`rt[X�hF��\^ILN(��c�MOc´\

We → ∞ �u��N-b^N
�¦N�bJ\^hOS¡�up�N�_rmjb,t[X � �8�>���x¨�IumFq[\dNGb*y � �
� N���hF`L�ftk��c�¶oN(\dh�MON�_B\dc�hF_"\^ILN�b^NGl�N�_B\R��hFb^¶YZ � 2 zY� 2 
 �ªyF� � ��ILN�b^N�p(�ª�umj\s\,mj�D�ªp�� �-`LqL�¦N�b^MOmF_

mF_utnS+� }��ªµ*`u��ZdN�_ qLbdhoqrhBZsN�m�_LN�� �¦hobdM�`L�fm�\dc�hF_"�¦hobTM�mol
b^hoZ^l
hFquc�l�MOh[t[N��fZR�rmFZdNGtkho_7m�l,IumF_L�FN�hF�
��mFbdcfmj�L��N8H�c�_rZ]\^NGmFt�hj�£`uZdc�_L�

(u, p, τ p)
moZ¤`L_u¶B_uh���_uZ��o\dIuN�X�ZdN
\¤\^ILN�qLbdho�L��N�M c�_�\dN�b^M�Z�hj�

(u, p,φ)
�

��IuN�b^N
φ = ln A

mF_ut
A
c�Z�\^ILN�l
ho_[�¦hFb^M�m�\dc�hF_�\dNG_uZdhFb�t[N
�r_LNGt��YX H

A =
We

ε
τ p +

3]t
.
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HJIuc�Z._LNG�+�¦hFb^M�`L�fm�\^c�ho_��JmFZ.c�MOqL��N�MONG_o\^NGt�c�_Op(���umj\s\^mF�=�op(� �-`Lq[�¦N�b^M�mj_9mj_ut�S+� }��jµ*`L�fZdN�_ � 2 
 �jyF� �
mF_ut ��� �R��hF_ � { 2 � �¦hob���mjb^c�ho`uZOMOh[t[N��fZ�����mFbdc�hF`uZO�oN�hoM9N�\db^c�l"ZdN
\d\dc�_L�oZG��mj_ut���mjb^c�hF`uZO_Y`LMON�b^cfl�mj�
MON�\dILh[tLZG�#3³_O\^ILcfZ¤mj��\dNGbd_rm�\dN��¦hobdM�`L��mj\dc�hF_£�j\dILN*_Y`LMONGbdcfl�mF�Lc�_rZ]\,mj�Lc���c�\]X�mFbdcfZdNGZ¢hF_u��X��¦hFb4M�`ul,IOILc��oILN�b
m � NGc�Z^ZdN�_Y�rNGbd��_Y`LM��xN�b;�.3 \�\dIY`uZ-ZsNGN�M�ZT\dh��rNOm�qLbdhoMOc�Zdc�_u��MON
\^ILh[tk\dh��xN
\s\^N�b(`L_rt[N�b,Z]\,mj_utn\dILN
qubdho�L��NGM"�

��
�� � # � � � � � � � � � � % ���
�
��N
\�`uZ�b^NGlGmj���ª\dILN(MOcfl
b^hj© M�mFl
b^h�MOh[t[NG�§��N(mjb^N-c�_B\^N�b^NGZs\dNGt�c�_ H





Re

(
∂u

∂t
+ u · ∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

τ p =
ε

We
(E(Xt ⊗ F (Xt)) −

3]t
),

dXt + u.∇Xt dt = ∇uXt dt−
1

2We
F (Xt) dt+

1√
We

dW t.
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��c�\dI
F (Xt) = Xt

�¦hob�µ*hYhF¶oNGmF_ t[`uM��L�xN�����ZG�
F (Xt) = Xt

1−‖Xt‖2/b

�¦hob��.·¤P*· tL`LM��L�xN����fZ��¢hFb
F (Xt) = Xt

1−E(‖Xt‖2)/b

�¦hob���·�P*·@© g«t[`LM��u�rNG���fZ���HJILN�ZdqumFl�N���mFbdcfmj�L��N
x
��mjb^c�N;Z�c�_0m��rho`L_ut[N;t

tLhFM�mjc�_ D ⊂ R
d �7HJILcfZ�ZdX[Z]\^N�M c�Z9Zd`LqLqL��c�N;t+��c�\dI¡�xhF`L_rtLmjb^X l�hF_utLc´\^c�ho_uZ�ho_0\dILN��FN���h[l
c�\]XF�@mj_rt
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c�_Lc�\dcfmj�£l�hF_ut[c�\dc�hF_rZJhF_�\dILN(�oN���h[l
c�\]X�mj_ut�\dILN�Zs\dh[l,IumoZ]\^c�l�qLb^h[l
N;ZdZdNGZG�#3³_�\^ILN-�¦hF����h���c�_L�r�B��N(Zs`uqLqrhBZsN
ε ∈ (0, 1)

�
� N(bdN;l�mF���ª\^ILN��Lho¶B¶oN�bd©Dg¤��mF_ul,¶O�FN�b,Zdc�ho_�hj���Àyu�È{#� H





Re

(
∂u

∂t
(t,x) + u(t,x) · ∇u(t,x)

)
− (1 − ε)∆u(t,x) + ∇p(t,x)

= div (τ p(t,x)),
div (u(t,x)) = 0,

τ p(t,x) =
ε

We

(∫

X

(X ⊗ F (X))ψ(t,x,X) dX − 3]t
)
,

∂ψ

∂t
(t,x,X) + u.∇xψ(t,x,X)

= −div X

((
∇u(t,x)X − 1

2We
F (X)

)
ψ(t,x,X)

)
+

1

2We
∆Xψ(t,x,X).
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N�\dILN�l�hF`Lqu��c�_L�"\dNGbdM ∇uXt

hj�J\dILN
hobdc��Fc�_umF�jqLb^hF�L��N�M �Àyu�È{���Zsc�MOqL��c´�uN;Z£\^h ∂u

∂yYt
c�_ �Àyu���;�#�
�Ï��ILNGbdN

Yt
cfZ�¶Y_Lh���_(c�_ut[NGqrNG_ut[N�_B\^��X-hj�

(u,X)
�
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F (X) = X

1−‖X‖2/b

�

�
� $#�

κ ∈ L1
loc (R+)

�#
 �
b > 0
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 ( % ��� �%	 ! ' � ' ! � $#
 ��' $�$ � ! 	�$�
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√
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�! � " 	�$ ��'#' $ 1 ' $�$ � ! 	�$�
 ' � 	 ! � A � $ � " ' 	 


B = B(0,
√
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3³_�qLb,mFl�\^c�l�NF�

b
cfZ�\]XBquc�lGmj����X-�fmjb^�FN�b�\dIumF_

10
��ZshR\dIumj\�\^ILNJW=5R· IumFZ�c�_ut[N�N;t�mR`L_Lcfeo`uN�Zs\db^hF_L�TZsho��`[\^c�ho_£�

+ - ­ � � � � 
 ± ² ­ ��� � � ��± � ­ �G� ­ � ±Y° }RZ�MON�_B\dc�hF_LN;t�mj�xh��FNo�j�¦hob4\dIuN��.·¤PR· MOh[t[N��xc�_�\dILN
¨�ho`LN
\d\dN(�rh��(�L\dIuN�l
ho`LqL��c�_L��\dN�b^M ∂u

∂yYt
cfZ*c�_ut[NGNGtk_uhF_L��c�_uNGmjbTZsc�_ul
N

Yt
t[N�qxN�_rtLZRho_

Xt
�â\^ILb^hF`L�oI

\^ILN9�¦hFb,l
N�\dN�b^M
FY (Xt)

��mj_utn\dIY`uZ-ho_
u
��HJILcfZT_uhF_L��c�_uNGmjb^c�\]X�c�MOqL��c�N;Z(mFtLt[c�\dc�hF_rmj�@t[c�?�l�`L��\dc�NGZ-c�_

\^ILN�N
�[cfZ]\^N�_ul�N�bdN;Zs`u�´\;��mj_rt7\^ILN�� / �
	�$��
	¢N;Z]\^c�M�m�\^N���N�tLN�b^c��oNGt mj�xh��FN�t[hYNGZ(_uhj\�qLb^h��Yc�t[NONG_LhF`L�oI
b^N��o`L�fmjb^c´\]XOhF_�\^ILN(�FNG��h[l
c�\]XO\dh�qrmFZ^Z¤\^hO\dILN(��c�M9c�\*c�_�\^ILN(_Lho_L��c�_LN;mjb�\dNGbdM ∂u

∂y (t, y)Yt
�

HJILNneB`LN;Z]\^c�ho_�c�ZO\^ILN�_ H"�¦hFb�m �Fc��FNG_ b^N��o`L�fmjb^c´\]X+hF�
u

�=ZdmÏX
u ∈ L∞

t (L2
y) ∩ L2

t (H
1
0,y)

c´�-��N
l�hF_uZdcft[N�b�\dILN��ub,Z]\9N�_LNGbd�oX N;Z]\^c�M�mj\dN��
�4��Iumj\�cfZ�\^ILN�bdNG�F`L�fmjb^c´\]X hj�

τ
� �LhFb^M�mj����Xo�@h���c�_u�k\dh \dILN

qubdN;ZsNG_ul
N�hj�£\^ILN-_LhF_u��c�_LNGmFb�\dN�b^M ∇uXt
c�_�\dILN�W)5T·*�

τ
IumFZ�\^ILN-bdNG�F`L�fmjb^c´\]XOhF�

exp(
∫ t

0
∂u
∂y )

��ILcfl,I
M�mÏX��xN(�FNGbdX�c�b^bdNG�F`L�fmjb�c´�¢hF_uN(hF_L��X�mFZ^Zd`LMONGZ

u ∈∈ L∞
t (L2

y) ∩ L2
t (H

1
0,y)

�
¸T_LN¤��mÏXR\dhRmotLt[b^NGZ^Zª\dILcfZ�tLc@?�l
`u�´\]X-cfZ§\dhTt[N�b^c��oN4mFtLtLc´\^c�ho_umj� � / �
	�$��
	jb^N��o`L�fmjb^c´\]X*ho_-\dILN��FNG��h[l
c�\]XF�

HJIuc�Z"l�mF_ �xN qxN�bd�¦hFb^MONGt �YX�M�`u�´\^c�qL��XYc�_u� \^ILN N;eB`um�\^c�ho_�hF_
u
c�_ �=yL�<�G�'���YX −∂2u

∂y2

mj_rtØ`uZdc�_L�
*�c�b,ZdmF_Lh��9\dILNGhFb^N�M \^hON
�[qL��c�l�c´\^��X�hF�[\,mjc�_�\^ILN�t[N�qxN�_rt[N�_ul�X�hF�

τ
c�_�\dNGbdM�Z�hF�

u
H

τ(t, y) = E

(
Xt(y)Yt(y)

1 − (Xt(y))2+(Yt(y))2

b

)
,

= E

((
X̃tỸt

1 − X̃2
t +Ỹ 2

t

b

)
E
(

1√
We

∫ •

0

∂u

∂y
(y)Ỹs dVs

)

T

)
,

�=yL�<�;| �

��IuN�b^N
X̃t = (X̃t, Ỹt)

cfZJ\dIuN�Z]\^hYl,IrmFZs\dcflRqLb^h[l
N;ZdZ�Z^m�\^c�Zs�¦XYc�_L�9\^ILN��.·¤P*·�W)5T·���c´\^I ∂u
∂y = 0

H

dX̃t = − 1

2We

X̃t

1− ‖X̃t‖2/b
dt+

1√
We

dW t,
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E
(

1√
We

∫ •

0

∂u

∂y
Ỹs dVs

)

t

= exp

(
1√
We

∫ t

0

∂u

∂y
Ỹs dVs −

1

2We

∫ t

0

(
∂u

∂y
Ỹs

)2

ds

)
.

¸T��c�_L�O\^h�\dILN�N
�[qrho_LN�_B\^c�mF��t[N�qxN�_rt[N�_ul�X"hj�
τ
hF_

u
c�_ �Àyu���Ï|#���u\dILcfZ�mFtLt[c�\dc�hF_rmj� ��/ �
	�$#�
	£NGZs\dc�M�m�\dN

XYc�N��ftLZJ�xhF`L_utuZ�hF_
u
c�_
L∞

t (H1
0,y) ∩ L2

t (H
2
y )
© _LhobdM �u`[\RhF_u��X���h[l�mF����X�c�_�\^c�MONF�

HJILN �¦ho����h���c�_u� ��hYlGmj��©Dc�_[©D\dc�MON N��YcfZs\dN�_rl
N0mj_ut�`L_Lcfeo`uN�_LN;ZdZ�b^NGZd`L�´\kl�mF_ \^ILN�_ �rN0qLb^h��FNG_ �ÀZdN�N
¹�� �ohF`Lb,tLmFc�_£�r¨T� ��N�¹�bdcfZJmj_ut"H-� �£NG��c�K��Yb^N � y>7 � ��H
+ - ­Y± � ­ 
  	 
 ��" � ! � "�� '#' ��� / ! 	�$�
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b > 6
�
fext ∈ L2

t (L
2
y)

��
 �
u0 ∈ H1

y

� ∃T > 0
� � "�/ " 
 ��	 
 �

$#
 ! � "��'�#! � ��' � ! � ! � " ' + '
! "%� ��� �%	 ! ' ��� 
 	 �%� " ' $ $ � ! 	�$�

(u,X, Y )

$�

[0, T )
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u ∈ L∞
t (H1

0,y) ∩ L2
t (H

2
y )

� � 
 �����#	 !"	�$#
 � � " � �'A�" �

�
P(∃t > 0, ((Xy

t )2 + (Y y
t )2) = b) = 0

�

� (Xy
t , Y

y
t )
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 ©³t[c�MON�_uZdc�ho_umj�x�uh�� ��mF_ut��¦hob^l�NGZJ��c�\dI�qrho��XB©
_uhFMOc�mF�¢�Fb^h��J\dI£�§��NObdN��¦N�b-\dh � �§·*��H-���£c4mj_rt7g¢� � � �xIumF_L� � 
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N�b^NGZd`L��\^Z(�¦hob9µRhYhF¶FN;mj_+t[`LM��L�xN�����ZG�4_LNG�F��NGl�\^c�_u�
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\d`umF����X"m�WB\dh[l,IumoZ]\^c�l � ���
! 	���$%5Rc�ºªN�b^N�_B\dcfmj�
·�eo`rm�\dc�hF_ ��� � N(bdN��¦N�bJ\dh�¨T� ��N(¹�b^cfZ�mj_ut�g¢� © �4� ��c�ho_uZ � {'7[�x{j� � �
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ε
2We 2

∫
D ∆Π(Xt(x))

c�_k\^ILN�b^c��FIB\s© Iumj_rtkZscft[NF� 3 \-mol�\^`umj����X"mjquqrN;mjb,Z�\dIrm�\TNG��c�MOc�_rm�\dc�_L��\dILcfZ*\^N�b^M
b^NGeB`Lc�b^NGZ�\dh�motLt"mj_�N�_B\db^hFqYX�\^N�b^M \dh9\^ILN�N�_uN�b^�FXF�@H�h�Z]\^`ut[X�\dILN(��hF_L�F\dc�MON(�rNGIumÏ�Yc�hobG�B\dIuN�mjqLqLb^hj©
qubdcfm�\^N��Yc�N���qxhFc�_B\JcfZJ\^hOl�hF_uZdcft[N�bJ\^ILN01 � "#" " 
 " �-�.+Tb,m�\^ILN�b�\^Iumj_�\dIuN(N�_LNGbd�oXF�

H�h�c�_B\db^hYtL`ul
NR\dILN�N�_B\db^hFqYXo�oho_LNR_LNGNGtLZ¤\dhOl
ho_uZdc�t[NGb4\^ILNTqubdho�umj�Lc���c´\]XOt[N�_rZsc�\]XO�¦`L_ul
\dc�hF_umF�rhF�£\dILN
Zs\dh[l,IumoZ]\^c�lJqubdh[l
N;ZdZ

Xt
�Ymj_rt9\dIY`uZ@\^ILNRZdX[Z]\^N�M �ÀyL� 7'�¤l
hF`uqL��c�_L�-\^ILN*MOhFMON�_B\^`LM NGeB`um�\^c�ho_O��c´\^I�\dILN

�uhF¶Y¶FNGbs© g4�fmj_ul,¶�NGeB`umj\dc�hF_ c�_B\db^h[t[`ul�NGtnc�_ W[NGl�\^c�ho_ 
 � zL� �£N�\�`uZ(moZdZd`LMON ;GN�b^h 5Tc�b^cfl,IL��N�\(�rho`L_utLmFbdX
l�hF_utLc´\^c�ho_�ho_�\^ILN(�FNG��h[l
c�\]X

u
�4HJIuN(N
�[qrN;l�\^NGt"Z]\,m�\^c�ho_umjb^X�Z]\,m�\^N �ÀNGeB`Lc���c��Lb^c�`uM ��cfZ

u(∞,x) = 0,

ψ(∞,x,X) = ψeq(X) = C exp(−Π(X)),
��IuN�b^N

C
cfZ�m�_LhFb^M�mj��c�;;m�\^c�ho_��Àmol�\^hFb;��QTZsc�_L��NG_B\db^hFqYX�N;Z]\^c�M�mj\dNGZ �ÀZdN�N�¨T�§}*_La�N
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HJILN-�rb^Zs\*t[N�b^c���mj\dc��FN-hj��\dILN(¶Yc�_LN
\^c�l-NG_LN�b^�FX

E(t) =
Re

2

∫

D
|u|2(t,x)

�=yL�<�Gy �
��b^c�\dNGZ �=mFZJc�_ �ÀyL�<�8��� �

dE

dt
= −(1− ε)

∫

D
|∇u|2(t,x) − ε

We

∫

D

∫

Rd

(X ⊗∇Π(X)) : ∇u(t,x)ψ(t,x,X).

HJIuN!" 
 ! � $ / +

H(t) =

∫

D

∫

Rd

Π(X)ψ(t,x,X) +

∫

D

∫

Rd

ψ(t,x,X) ln(ψ(t,x,X)) − |D| lnC,

=

∫

D

∫

Rd

ψ(t,x,X) ln

(
ψ(t,x,X)

ψeq(X)

) �=yL�<�Ï{'�

cfZ¢_LN��B\4c�_B\db^h[t[`ul
N;t§�¢P*hj\^c�l�NJ\dIumj\
H(t) ≥ 0

�=Zsc�_ul�N
x ln(x) ≥ x−1

�
��QRZdc�_L� �=yL�<� 
 �¢mj_ut
div u = 0

�
mOZdc�MOqL��N�l
hoMOqL`[\^mj\dc�hF_"ZsIuh��*Z H

dH

dt
= − 1

2We

∫

D

∫

Rd

ψ(t,x,X)

∣∣∣∣∇X ln

(
ψ(t,x,X)

ψeq(X)

)∣∣∣∣
2

+

∫

D

∫

Rd

(X ⊗∇Π(X)) : ∇u(t,x)ψ(t,x,X).

HJIY`uZG�[\dIuN-�¦bdNGN�NG_LN�b^�FX
F (t) = E(t) +

ε

We
H(t)

�=m�_uhF_[© _LN��Bm�\^c��oN�eB`umF_o\^c´\]X ��Z^m�\dcfZs�uNGZ/H

dF

dt
= −(1 − ε)

∫

D
|∇u|2(t,x) − ε

2We 2

∫

D

∫

Rd

ψ(t,x,X)

∣∣∣∣∇X ln

(
ψ(t,x,X)

ψeq(X)

)∣∣∣∣
2

.
�=yL�<�/7��

¨�hoMOqumjb^c�_u����c�\dI �ÀyL�<� 2 ���L��NTho�uZdN�b^�FN*\^Ium�\J\^ILN-c�_B\db^h[t[`ul
\dc�hF_�hF��\^ILN-N�_B\db^hFqYX�mj����h��*Z4\^h9NG��c�MOc�_rm�\dN
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3³_ \dIuc�Z�ZdqrN;l
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h

�
Xk
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hFMOqL`L\dN
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Zd`ul,I�\dIumj\��¦hFb*mF���
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�




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δt

∫

y

(un+1
h − un

h)v = −(1 − ε)

∫

y

∂un+1
h

∂y

∂v

∂y
−
∫

y

τh,n
∂v

∂y
+

∫

y

fv,

τh,n =
ε

We

1

K

K∑

k=1

Xk
h,nFY (Xk

h,n, Y
k
h,n),

Xk
h,n+1 −Xk

h,n =

(
∂un+1

h

∂y
Y k

h,n − 1

2We
FX(Xk

h,n, Y
k
h,n)

)
δt

+
1√
We

(
V k

h,tn+1
− V k
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)
,

Y k
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h,n = − 1

2We
FY (Xk

h,n, Y
k
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We
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)
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k
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K
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ho_Y�FN�b^�FN;Z.c�_O\^ILNR��c�MOc�\
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+ - ­Y± � ­ 
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y

�
fext ∈ L1
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1
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2
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2
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τ

U0 = 1

u

u : P1

τ : P0

yI = 1

y0 = 0

UI = 0

h
τh,n = ε

We
1
K

∑K
k=1(X

k
h,nFY (Xk
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k
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k
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n

H
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1

K
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H�h�qLb^h��FNTl�hF_Y�FNGbd�oN�_ul�NF�Ym�l
`[\d©DhFºnqLb^hYl�NGt[`ubdN-hF_
Y k

n
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¨�¸�PTPR�¢�.·�WLW 3]H Z^l,ILN�MON �Àyu� zF�'����c´\^I�\dILN�l�`[\dhFºnqLbdh[l�NGt[`Lb^N �Àyu� z=� ����3 \RlGmj_��rN�l,ILN;l,¶FN;t�\dIrm�\J�¦hFb
Zd`)?�l
c�N�_B\^��X�ZdM�mj���

δt
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b^NGZd`L��\^ZJc�_kZsqumol
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c�MOqrhobs\,mj_B\�qub^mol�\dcfl�mF�reB`umF_o\^c´\]XO��ILNG_�`uZdc�_L��Skho_B\dN-¨�mFbd��h�MON
\^ILh[tLZ�c�Z¤\dIuNT��mjb^cfmj_ul�N*hj�§\^ILNTb^NGZd`L��\G�
3 �x\dIuN*��mjb^c�mF_ul
N�c�Z@\dhYh(��mFbd�oNF�Ï\^ILN*_Y`LMON�b^c�lGmj�[MON
\^ILh[t9c�Z@�rmFZdc�lGmj����X�`rZsNG��N;ZdZG� � NRmj��b^NGmFtLX(M9NG_B\dc�hF_LN;t
mF�rh��oN��ÀZdN�N(WYN;l�\dc�hF_"|[�È|#�¤�ÏmFbdcfmj_rl
NRb^NGtL`ul�\^c�ho_�MON
\dIuhYtuZ���3 \Jc�ZJmF��Zdh�c�_o\^N�b^NGZs\dc�_L��\^h�c�_Y�FN;Z]\^c��Bm�\dNTILh��
\^ILN���mjb^cfmj_ul�N�hj�J\dILN�bdN;Zs`u�´\,Z�t[N�qxN�_rtLZ�`uqrho_0\dILN�_B`uM9NGbdcfl�mF�4qumFb^mFM9N�\dNGb^ZG� 3³_0\^ILN��¦b,mjMONG��hobd¶nhF�
\^ILN�¨�¸�PTPR�¢�.·�WLW 3]H�MON
\^ILh[t§�o\dILcfZ4��mjb^cfmj_ul�N�c�Z@qrmjbd\dcfl
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c�_L�"hF_+ZdqumFl�NOc�_ul�bdN;mFZdNGZ�\^ILN���mjb^c�mF_ul
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�xN�ZdILh���_�\^Ium�\ �=ZsNGN�¹T� �ohF`ub^tLmFc�_��r¨T� �£N�¹�bdcfZJmj_ut"H-� ��N���c�KG�YbdN � y 
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`uZdc�_L� m7¹�b^h���_Lc�mF_+MOhj\dc�hF_ _Lhj\Ot[N�qxN�_utLc�_L� hF_ Zdqumol
NF� 3 \Ol�hF_uZdcfZ]\,Z�c�_ `uZdc�_u� m7¹�b^h���_Lcfmj_
MOhj\dc�hF_kmF�´\^N�b^_um�\^c��oN���X�M�`L��\dc�qL��c�N;t��YX

+1
hFb −1

hF_"_LN;mjb^NGZs\s© _LN�c��FIY�xhF`LbJl
NG���fZ��

� � ��)�� � � 
O ��	 ���������! "�
��# $����
��	

� 

� � � 
 #!�&% ����� �.� � �
�
W[h��Àmjb;�u��N�IumÏ�oN(hF_L��X�l�hF_uZdc�tLN�b^NGtkt[c���`L\dN�ZdhF��`[\dc�hF_rZ*hj�¢�uN��[c��L��N�qxhF��XYM9NGb^ZG�*WYhFMON�hF\dILNGbRqxhF��XYM9NGb^Z
�xN�IrmÏ�FN�MOhFb^N���c�¶FN��
	 �#	 ��� $ � '��nHJILcfZ�c�_B\db^hYtL`ul
N;Z�mj_LcfZdhj\db^hFqYXnc�_0\dIuN�ZdXYZs\dNGM"�kW[hF��`[\dc�hF_uZ�hj�*Zs`rl,I
b^c��Fcft�qxhF��XYMON�b,Z�mjb^N�l�mj����NGt�qrho��XYMON�b^cfl $ 	 ��� 	 � 	 � + '
! � $('F�*¸T_LN(hj�¢\dIuN�M�m�i]hFb*moZsqxNGl
\�\dh�mol�l�hF`L_B\J�¦hFb

¿¦É.½£¿âæ
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c�_+\^ILN�MOh[t[N�����c�_L� hj�RZdhF��`[\dc�hF_rZ�hj�*b^h[tY© ��c�¶FN�qxhF��XYMON�b,Z�cfZ�\^Ium�\�\dILN�c�_B\^N�b,mFl�\^c�ho_0hj��\dIuN�qxhF��XYM9NGb^Z
�xNGl�hFMONGZJc�MOqrhobs\,mj_B\*m�\*M�`ul,I�m9��h���NGb�l
hF_rl
N�_B\^b^mj\dc�hF_�\^Iumj_"��c�\dI��uN��Yc��L��N-qrho��XYMON�b,Z��

Skh[t[NG����c�_L�nhj�*��cfeo`uc�t¡l�bdX[Zs\^mF��ZG��mF��ho_L�n��c�\dI+M�m�\^ILN�M�m�\^c�lGmj��mj_ut+_Y`LMONGbdcfl�mF�¤Z]\^`ut[c�NGZG�¢c�Z�\dh[tLmÏX
m �FNGbdX+��c��FN���X¡mj_rt mol�\dc��FN��uNG��t hj��bdN;ZsN;mjb,l,I£� HJILN"qLb^NGZdN�_B\�ZsILhobs\�ZdNGl�\^c�ho_ tLhBN;Z9_Lhj\�b^N
�uN;l�\O\dILN
��mFbdc�N
\]X�hj��Z^l
c�N�_B\dc��rl�NG_o\^N�b^qLb^c�ZdNGZ4tLNGmj��c�_L����c�\dI���c�eB`Lcft�l�bdX[Zs\^mj�fZG� 3 \�cfZ§i]`rZ]\�m(�Lb^c�N��§c�_ul�`Lb,Zsc�hF_�c�_�\dIuc�Z
��hFb^�ft9\dh�ZdN�No�oho_ul
No�F\^ILNT�rmFZdc�l�MOh[t[NG��ZG�¤¸T_LNRmFtLNGeB`um�\^N*MOh[t[N��xc�Z¤\dIuN ( $�	�� $ ��"%$��ÀZdN�N�S+� 5ThFcªmj_rt
W§� ���§·¤t[�Jmjb,tLZ � 
 y � mF_ut7µ��È¨T� �R\d\dc�_L�FNGb � �G�1� � �
�
3 \�t[N;Zdl�bdc��xNGZT\dILNONG�FhF��`[\^c�ho_k�¦hFb(m"l
ho_[�u�F`ub^mj\dc�hF_
�oNGl
\dhFb

Rt
�YX�mOZs\dh[l,IumFZs\dcfl-t[c�ºxNGbdNG_o\^c�mF�§NGeB`umj\dc�hF_ H

dRt + u · ∇Rt dt

=

(
3]t − Rt ⊗ Rt

‖Rt‖2

)((
∇u Rt −

1

2
B2∇V (Rt)

)
dt+BdW t

)

−d− 1

2
B2 Rt

‖Rt‖2
dt,

� {Y�<���

��IuN�b^N
B
cfZ�m�qxhoZdc´\^c��oNRl
ho_uZ]\,mj_B\�mF_ut

d = 2
hFb

3
cfZ4\^ILNTtLc�MON�_rZsc�hF_�hF�§\dILN-mjM��Lc�N�_B\�ZdqumFl�NF�¢P*hF\dcfl
N

\^Ium�\
B
MOmÏX(mF��Zdh*�xN�mR�¦`L_ul
\dc�hF_

B(Rt)
c�_�ZdhFMON¤MOh[t[NG��Z �¦��c�\dI�\dILNG_�mF_�mFtut[c´\^c�ho_umj�o\dNGbdM c�_Y�FhF���Yc�_u�

∇(B2)
c�_n\dILN9t[bdc��â\R\^N�b^M ���*P*hF\dcfl
N9mj�fZshO\^Ium�\���N�moZdZd`LMON-\dIrm�\�mF����\dILN�c�_uc´\^c�mF�.l�hF_ut[c�\dc�hF_rZ

R0(x)IrmÏ�FN¤m*�L�[NGt���N�_u�j\dI
L
Zdh*\^Ium�\ ∀(t,x)

� ||Rt(x)|| = ||R0(x)|| = L
��HJILN�qxhj\dNG_B\dcfmj�

V
mFlGl
ho`L_B\^Z§�¦hob

\^ILNOMONGmj_L©=�uNG��t7c�_B\^N�b,mFl�\^c�ho_n�xN
\]��N�N�_7\dILNOqxhF��XYM9NGb^ZG���Lhob-N
�LmjMOqL��NF�ª\^ILN�Snmjc�N�bd©³WLmj`LqxN�qxhj\^N�_B\dcfmj�
cfZ/H

V (R) = − 1

L4
E(Rt ⊗ Rt) : R ⊗ R.

� {Y�Èz'�

HJIuN-Zs\db^NGZ^Z�\dNG_uZdhFb�cfZ�\dILNG_��oc��oN�_��YX%H

τ p(t) = E(ut ⊗ ut) + E

(
ut ⊗

(
(
3]t − ut ⊗ ut)∇V (ut)

))
− 3]t �D{Y� 
 �

��IuN�b^N
ut =

Rt

L

c�Z�\^ILN(bdh[t�hFb^c�N�_B\^mj\dc�hF_£� � N(IrmÏ�FN-_LN��o��N;l�\^NGt�\dILN(�YcfZdl�hF`uZJl
ho_B\db^c��L`L\dc�hF_�c�_ �D{[� 
 ���
HJIuN-�¦`L����X�l�hF`Lqu��N;t�ZdX[Z]\^N�M¥\^ILN�_nl�hF_uZdcfZ]\,ZJc�_�\dIuN-�ub^Zs\�\]��h9N;eB`um�\^c�ho_uZJhj��� 
 ��� 
 �J��c´\^I �D{Y�<� � � �D{[� 
 ���
PRhj\^c�l�N�\dIumj\¤\^ILNRM�mjc�_�t[c�ºxNGbdNG_ul
N;Z¤��c�\dI�\dILNTNGeB`um�\^c�ho_uZ4ZdN�NG_�Zsh(�ÀmFb¤c�_�\dIuc�Z�mjbd\dcfl
��NRmjb^NJ\dIuNR_Lho_L��c�_[©
N;mjb^c´\]X9c�_�\dILN�ZsNG_uZdN*hj��Snmol �-N;mj_�t[`LNR\dh�\dILNTqLbdN;ZsNG_ul
NRhj�§\dIuNRN
�[qxNGl
\^m�\^c�ho_���mj��`LNRc�_�\^ILNRqxhj\^N�_B\dcfmj�
V
mF_ut�\dILN-�Àmol�\J\dIumj\�\dILN�tLc´ºª`uZdc�ho_�\^N�b^M t[NGqrNG_utLZ�ho_�\^ILN(qLb^h[l
NGZ^Z

Rt
�

�uhFb�mj_ mj_umF��X[Zdc�Z�hF�¤\dIuNOl�hF`Lqu��N;t ZdX[Z]\^N�M ��c�\dI \dILN��uhF¶Y¶FNGbs© g4�fmj_ul,¶"�FNGb^Zdc�hF_nhF� �D{[������� � {Y� 
 ��c�_
\^ILN�ZdqrN;l
cfmj�4l�moZsN9hj��ZdILNGmFbT�rh��(�£��NOb^N
�¦NGb-\dhnµ�� �ªIumj_L�kmF_ut7g¢� � � �xIrmj_L� � �Ïz)� � ��HJILNO��hF_L�F\dc�M9N
�xN�IrmÏ�Bc�hFb.hj�u\dILN��Lho¶Y¶FN�bd© g4��mF_ul,¶�NGeB`um�\^c�ho_�IumoZ.�rNGN�_OZ]\^`ut[c�NGt��YX(g¢�B¨�ho_uZ]\,mj_B\dc�_£�'3�� �-N��Yb^N�¶Ycft[c�Z.mj_rt
·R� Wª�xHJc´\^c£c�_ � 
 � � �ÀZdN�N�mF��Zdh � zF� � ����} \dILhobdho`L�FI"mj_umF��X[Zdc�ZJhF��\^ILN���mjb^c�N
\]X�hF�.qxhoZ^Zsc��L��N�Z]\^NGmot[X�Zs\^m�\^NGZ
mF_ut"\^ILN�c�b�Zs\^mF�Lc���c�\]X"c�Z�Z]\^`ut[c�NGt7�BX *9�ª�LhobdN;Z]\;� ��� � mF_L��mF_utnp(� �xIuhF`kc�_ � 2 | � �-W[hFMON�_Y`LMON�b^cfl�mj�
MON�\dILh[tLZ�\dh7ZdhF���FN9\dIuN�Zs\dh[l,IumFZs\dcfl�t[c�ºxNGbdNG_B\dcfmj�4N;eo`rm�\dc�hF_ � {Y�<���(mFbdN�qLb^hFqxhoZdNGt �YX µ��È¨T� �R\s\^c�_u�FN�b
c�_ � �G�1� � �4¸T_�\^ILN�hj\dIuN�b.Iumj_ut£����N�mjb^N¤_LhF\¢mÏ�Jmjb^N@hj�rmF_YX�b^c��FhFb^hF`rZ§_Y`LMON�b^c�lGmj�Ymj_umF��X[Zdc�Z�hj�u_Y`LMON�b^cfl�mj�
MON�\dILh[tLZJ\^h�Zsho���oNR\^ILc�ZRZsX[Zs\dN�M ��c´\^ILhF`[\Rl���hBZs`ubdN(mjquqLbdhÏ�[c�M�m�\dc�hF_��
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� NJ_Lh�� Zd��c��oIo\^��X�l,Iumj_L�oN¤\^ILN�l
ho_o\^N
�Y\G�¢Sk`L��\dcfZ^l�mj��NJMOhYtLN�����c�_L�-hj�ªl
hFMOqL��N
���u`LcftLZ¢c�Z4�FN�b^X�mFtL�ÏmF_ul
N;t
�¦hob-qrho��XYMON�bT�uh��*ZG�.3 \�cfZ(m���NG���¢NGZs\^mF�L��c�ZdILNGt Zdl�c�NG_B\dc��rl�mol�\^c��Yc�\]XF��µ*h���N��oN�b;�ªc´\(cfZ�mF��Zdh�m��Fb^h���c�_L�
mol�\^c��Yc�\]XO�¦hFb�ZshoMONThF\dILNGb�\]XYqxNGZ�hj���u`LcftLZG�Y�Àmjb��¦bdhoM¥qrho��XYMON�b��uh��*ZG� � N-�Fc��FN�ILNGbdNT\dILN-c�����`uZs\db,m�\^c��oN
N��LmjMOqL��N�hF�.l�c��Yc��£N�_L�oc�_uN�N�b^c�_L���r`Lc�tuZ��L��c�\dI"M�`utLZ*mF_ut�l���mÏX[ZG� 3 \*c�Z�_uhj\J�¦hFb^�LcftLt[N�_�\^h9�xN���c�N��FN-\^Ium�\
hF\dILNGb�M�mj\dN�b^cfmj�fZ4hj��l�c��Yc��ªN�_L�oc�_LNGN�b^c�_u�u�F��c�¶FN-l
N�MONG_o\;�Y��c����r�xN�_uN
�L\�m���hj\��¦bdhoM M�`L��\dcfZdlGmj��NRMOh[t[N�����c�_L�
mFqLqLb^homol,ILNGZ�c�_km9_LN;mjbJ�¦`[\^`LbdNo�

�uhFb-l
hF_rl
N�_B\^b^mj\dNGtkZd`uZdqrNG_uZdc�ho_uZ%�=Zs`rl,I mFZRM�`utuZThob�l���mÏX[Z ���xhF_LN�MOhYtLN��@mÏ��mjc���mF�L��N�c�_7\dILN���c�\dNGbs©
mj\d`Lb^N(cfZ�\dIuN � "  � ��� � � � " �%� "�� ��� $ ��"%$ � yoz � �*HJILcfZ*MOh[t[N��.t[NGZ^l
b^c��xNGZ�\dILN�bdILNGhF��hF�oX�hj�¢\dIuN(�u`Lcftkc�_
\^N�b^M�Z¤hF��m��uhF¶Y¶FNGbs© g4�fmj_ul,¶�NGeB`um�\^c�ho_�b^`L��c�_L��\dILN�N��ohF��`[\dc�hF_�c�_�\^c�MON�hj�£\^ILNTqubdho�umj�Lc���c´\]X9hj�£�r_ut[c�_L�u�
mj\9N;mFl,I qrhoc�_B\G�¤\dILN��u`uc�t c�_ m �Fc��FN�_ Z]\,m�\dN�hj�-Z]\^bdN;ZdZG� H�h tum�\dNo�¤mj��\dIuhF`L�oI l
`ubdb^N�_B\ObdN;ZsN;mjb,l,I+c�Z
tLc�b^NGl
\dNGt�\^h���mFb^t�l
ho_uZ]\^bd`rl�\dc�_L��M�`L�´\^c�tLc�MON�_rZsc�hF_umF�£��mjb^c�mF_B\^ZG�[\dILN(MOh[t[NG��cfZ*b^NGZs\db^c�l
\dNGt�\dh�\dILN�ho_LN
©
tLc�MON�_rZsc�hF_umF�4ZsN�\s\^c�_L�r��\^Ium�\�c�ZG�£\^ILN�¨�hF`uN
\s\^NO�uh��(��HJILN�Zs\db^NGZ^Z�mj\(\dILN�qxhFc�_B\

y
mF_ut0m�\(\dc�MON

t
cfZ

\^IY`uZ�t[N
\^N�b^MOc�_LN;t��BX�hF_LN�Z^l�mF��mFb���mjb^cfmj�L��N
σ
H





∂p

∂t
(t, y, σ) = −∂u

∂y
(t, y)

∂p

∂σ
(t, y, σ) +D(p)

∂2p

∂σ2
(t, y, σ)

−H(|σ| − 1)p(t, y, σ) +D(p)δ0,

D(p) =

∫

|σ|≥1

p(t, y, σ) dσ.

�D{Y� 2 �

3³_-\^ILN¤mF�rh��oN¢ZdX[Z]\^N�M"�;��ILN�b^N@��N@IrmÏ�FN¢hF_(qL`ubdqxhoZdN@hFMOc�\s\dN;t(mj���jqLIYX[Zscfl�mF�Fl
ho_uZs\^mj_B\,Z���\dILN@�¦`u_ul�\^c�ho_
HtLN�_LhF\dNGZ�\^ILN�µ*N;mÏ�Yc�Zdc�tLNT�¦`u_ul�\^c�ho_£� 3 \Rmjc�M�Z�m�\*MOh[t[N�����c�_L�9\^ILN(qLb^NGZdN�_ul�N�hF�¢m�\^ILbdN;ZsIuhF�ft�l�hF_uZs\db,mjc�_B\

�ÀILN�b^N�ZdN
\9\dh hF_LN � H���IuN�_+\^ILN�l�hF_uZs\db,mjc�_B\�cfZ�mF�rh��oN�\dIuN�\^ILbdN;ZsIuhF�ft§�¢\dILN"Zs\db^NGZ^Z�b^N��fm��[NGZ�\dh ;�N�b^hu�
��Iuc�l,IO\^b^mF_uZs�fm�\^NGZ¤c�_B\dh�\dILNR\]��h���moZ]\4\^N�b^M�Z¤hF�§\dILN��LhF¶Y¶oN�bd©Dg4�fmj_rl,¶�NGeB`umj\dc�hF_£�@HJILNRtLc´ºª`uZdc�ho_�c�_�\dILN
Zs\db^NGZ^Z(ZdqumFl�N9cfZ�mF��Zdh"c�_[�r`LN�_ul�NGt _Lho_L��c�_LN;mjb^��Xn�YX7\dILN�l�hFMOqL��N
\dN�Zs\^mj\dN�hF�JZs\db^NGZ^Z��.mFZ-c�_ut[cfl�mj\dNGt �YX
\^ILNOt[N
�u_uc´\^c�ho_7hj�

D(p)
��¸T_7\dILN9hj\^ILN�b�IumF_ut§�x\dILN��¦`L_ul
\dc�hF_ ∂u

∂y
(t, y)

mFlGl
ho`L_B\^Z��¦hob�m�ZsIuNGmjb�b,m�\dN
\^N�b^M"�LILN�b^N(qLb^h��Yc�t[N;t��YX�\dILN(M�mol
b^hoZ^l
hFquc�lT�uh��(�¤HJIuN�l
ho_o\^bdc��L`[\^c�ho_�\^h�\dIuN�Z]\^bdN;ZdZ*mj\�\dILN�qrhoc�_B\

y`u_ut[N�b*l�hF_uZdcft[N�b,m�\^c�ho_�cfZJ\dILNG_"�Fc��FN�_��YX�\dIuN�mÏ�FN�b,mj�oN

τ(t, y) =

∫

R

σ p(t, y, σ) dσ.
� {Y�È|'�

HJILN-�¦`u����X�l�hF`LqL��NGt"ZdX[Z]\^N�M l�hF_uZdc�Zs\dc�_L�Ohj�.\dIuN��LhF¶Y¶oN�bd©Dg4�fmj_rl,¶�NGeB`um�\^c�ho_ � {Y� 2 ���L\dILN�N��[qLbdN;ZdZdc�hF_
� {Y�È|#��hj��\dIuN�Z]\^bdN;ZdZT\dNG_uZdhFb;��mj_rtn\^ILN�M�mFl
b^hoZ^l
hoqLcfl�N;eo`rm�\dc�hF_ �¦hFb-\^ILN�¨�hF`uN
\s\^N9�uh�� �¦�ub^Zs\���c�_LN�hF�
�D|[� y'� �*IumFZR�rNGN�_nZs\d`utLc�N;tkM�m�\dIuN�M�m�\^c�lGmj����X�c�_7m�ZdN�b^c�NGZ�hF�4��hobd¶��YX�·*�£¨�mj_ul�KGZG�13��ª¨�mj\s\^hu� �9� *-mj\dc
mF_utk¨T� �£N(¹�bdcfZ � z)�j�rzozY�rz 
 � �

}R�´\^N�b^_um�\^N���X7\^h mkt[c�bdN;l�\Om�\s\,mFl,¶ hj�J\dILN��Lho¶B¶oN�bd©Dg¤��mF_ul,¶nNGeB`umj\dc�hF_ � {Y� 2 ���@ho_LN�MOc��oIB\���c�ZdI0\dh
Zdc�M�`L�fm�\^NT\^ILN�mFZ^ZdhYl�c�mj\dN;t�Zs\dh[l,IumFZs\dcfl-t[c�ºxNGbdNG_o\^c�mF�§NGeB`umj\dc�hF_ � 	 ! � � ���0/ '�\^Ium�\*b^NGmotLZ

dσt =
∂u

∂y
dt +

√
2P(|σt| ≥ 1) dWt − 1{|σ

t−
|≥1}σt− dNt,

�D{Y� y �
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��IuN�b^N
Wt

cfZ.mR¹�bdh���_uc�mF_�MOhF\dc�hF_�mF_ut
Nt

cfZ�mF_�c�_ut[N�qxN�_rt[N�_B\¢g.hoc�Z^ZdhF_(qLb^h[l
NGZ^Z£��c�\dI�`L_Lc�\.c�_B\dN�_rZsc�\]XF�
PRhj\^N*\dIrm�\G�Yc�_�mFtut[c´\^c�ho_�\^h�\dIuN4i]`LMOquZG�[NGeB`umj\dc�hF_ �D{[� y �4cfZ¤_uhF_L��c�_uNGmjb�c�_�\dILN�ZsNG_uZdNRhj��S7mFl �-N;mj_£�YmFZ
\^ILN�t[c�ºx`rZsc�hF_"l
hYN�?�l�c�NG_o\RtLN�qxN�_utLZ*hF_�\dILN(M�mjb^�Fc�_umF�x�fmÏ��hF��\^ILN�Zsho��`L\dc�hF_"m�\�\dc�MON

t
�

HJILN�l�hF`Lqu��N;t�ZdX[Z]\^N�M \^h�Zsc�M�`L�fm�\^N�\dILNG_�b^NGmotLZ




∂u

∂t
(t, u) − ∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y)

∀y,





τ(t, y) = E(σt(y))

dσt(y) =
∂u

∂y
dt +

√
2P(|σt(y)| ≥ 1) dWt − 1{|σ

t−
(y)|≥1}σt−(y) dNt,
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��IuN�b^N�ho_LN(ZsIuhF`L�ft�_uhj\dN-\^Ium�\�\^ILN(Z]\^h[l,IumFZs\dcfl-t[c´ºªN�b^N�_B\^c�mF�§NGeB`um�\^c�ho_�IrmFZ.i]`LMOquZG�
PR`LMON�b^c�lGmj�YZsc�M�`L�fm�\^c�ho_uZ�hj�[\dIuc�Z.ZsX[Zs\dNGM IrmÏ�FN¤�xN�NG_�l�mFbdb^c�NGt-hF`L\.Zd`ul�l�NGZ^Z]�¦`L����X �=ZsNGN �9�'*-mj\dc � 2 � � ���

�uhFb9\dIuN�_Y`LMONGbdcfl�mF��mF_umj��X[ZscfZ�hF�R\^ILN"qumjbd\dcfl
��N�mFqLqLb^hÏ�[c�M�m�\^c�ho_£�¢��N"b^N
�¦NGb�\^h0S¡�4¹�NG_ }R��mÏXBm7mj_rt
¹�� �ohF`Lb,tLmFc�_ � � � �

� 
�� ��� � � % !�� � �
¹���hYhYt9cfZ¤m�l�hFMOqL��N
���u`Lcft�l
ho_uZscfZs\dc�_L�(hj�§m�Zd`uZsqxN�_rZsc�hF_Ohj�£l�N�����Z¤c�_�qL�fmFZdM�mL�¢HJILNGZdNRl�N�����Z4mFbdN�M�mFc�_L��X
� " �  %$ $�$�� 	#"%$&$('�hFb�N�b^Xo\^ILb^hYl�XB\dNGZG�¢��ILc�\dN��L��hYh[t l�N�����Z�hFb���NG`ul
h[l�Xo\^NGZG�4mj_ut¡qL��mj\dNG��N�\^ZG� p�N;t¡�L��hYh[t
l�N�����Z¤l
hF_rZ]\^c´\^`[\dNR�>7��«hj�ª\dILNTl
N����fZ4c�_�Zs`uZdqxN�_uZdc�ho_£�¢HJILNGZdN*MOc�l�bdhBZ]\^bd`rl�\d`ubdN;Z@mjb^N�MOhBZ]\^��X9bdN;ZsqxhF_rZsc��L��N
�¦hob*\^ILN�_Lho_[©³P*N��J\^hF_Lcfmj_k�xN�IrmÏ�Bc�hFbRhj�4�L��hYhYt£�R}vb^NGt"�L��hYh[tnl
NG���.c�ZTm��Lcfl
ho_ul�mÏ�oN�t[c�Zd¶"hj�4t[cfmjMON
\^N�b
8.5µm

mF_utk\^ILc�l,¶Y_LN;ZdZ
2.5µm

�.3 \(l
ho_uZscfZs\^Z�hj��m�ILc��FIL��X"�uN��Yc��L��NOM9NGM��Lb,mj_uN���ILcfl,I7cfZ��u����N;tn��c�\dI
m ZdhF��`[\dc�hF_ �¦IumFN�MOhF�o��ho�Lc�_ ��� HJILNkmFM��Lc�N�_B\9�uh�� MOh[t[c´�rNGZ�\dILNkZdIumjqxN"hj�*\^ILN"MON�M��ub^mF_LNF� HJIuc�Z
quILN�_LhoMON�_Lho_"mF����h��*Z�Zs\dhFb,mj�oN�mF_ut"b^N���NGmFZdN-hj�¢N�_LNGbd�oX�c�_"\dILN�MOcfl
b^hoZs\db^`ul�\^`Lb^NGZG�[��c�¶FN-�¦hob*qrho��XYMON�b^cfl
�r`Lc�tuZ��4}�\*��h�� ZdILNGmFbJb^mj\dNGZG�[b^NGt��L��hYh[t�l
N����fZ*mj�o�F��hFMON�b,m�\^NRc�_o\^hO��ho_L��Z]\^bd`ul
\d`Lb^NGZ�lGmj����N;t��&$���$ " ��� �o�

3 \RcfZ*ho�uZdN�b^�FNGt�\dIrm�\Tmj\RILc��FIkZsIuNGmjbRb^mj\dNGZ��¦��c�¶oN-�¦hFbRqu`L��Z^m�\^c���N-�uh�� c�_kIuNGmj��\dIYX"mjbd\dNGbdc�NGZG�LZsNGN-�¦hFb
N��LmjMOqL��N �r� ���	*�NGbd�xNGmF`£�¤S+� �Tc�t[b,mFZ^l
` mj_ut g¢�4�Lb^N�X � |F� � hFb�}�� �T`rmjbd\dN�b^hF_uc�mF_ut �¤�4�LhFb^M�mj�F©
�oc�m � �G�Fy � �
�L�L��hBh[t��rNGIumÏ�FN;Z�NGZ^ZsNG_o\^c�mF����X�mFZ�mOPRN��J\dho_Lcfmj_��u`Lcft§�4}�\*��h�� ZsIuNGmjbJb,m�\^NGZ��¦c�_kmjbd\dN�b^c�hF��NGZG�
�oN�_Y`L��NGZG�ªbdN;l
c�b^l�`L��mj\dhobdX�bdNG�Fc�hF_uZRc�_ mj_LNG`LbdX[ZdM�ZTmF_utnZs\dN�_uhoZdNGZ ���ª�L��hBh[t7c�Z-m�_uhF_[©³P*NG�J\dhF_uc�mF_k�u`LcftFH
c�\�N
�[ILc��Lc�\^Z�ZdILNGmFbs©D\dILc�_Lc�_L�u�¤�BcfZ^l
hYN��fmFZs\dcfl�mF_ut \dILc��[hj\db^hFquc�l�N
ºªNGl
\^ZG� HJILcfZ�l�mF_ �xN"c�_B\dNGbdqubdN�\dNGt mFZ
�¦ho����h��*Z/H�c�_O�uh��*Z4��c�\dI�ILc��FI�ZdILN;mjb4b,m�\^NGZG�Fb^NGtO�L��hYhYt�l�N�����Z�l�mF_L_Lhj\�mj�F�o��hoMON�b,m�\dNo�jmj_ut9\^ILNRb^ILNGhF��hF�FX
cfZ�_Lhj\Jc�_[�u`LNG_ul
N;t��YXO\dIuN�MOcfl
b^hoZs\db^`ul�\^`Lb^NGZG�o��ILc���NTc�_��rh��*Z¤��c�\dI���h�� ZsILN;mjb�b^mj\dN;Z��Yb^NGt��u��hYh[t�l�N�����Z
mF�F�o��hoM9NGb^mj\dNJmj_ut9\^ILcfZ4c�_[�u`LNG_ul
N;Z@\dIuN*bdIuN�hF��hF�oXF�.P*hj\^c�l�N�\dIrm�\¤��N�ILN�b^NRt[cfZ^l
`uZ^Z4Zdc�MOqL��N*MONGl,IumF_Lcfl�mj�
qubdhoqrNGbs\^c�N;Z��Y_LNG�F��NGl�\^c�_u�9c�MOqrhobs\,mj_B\*�Lc�h[l,ILN�MOcfl�mj�x�Àmol�\dhob^Z �À��c�¶FN-c�_kl
��hj\��¦hFb^M�m�\^c�ho_��¦hFb�N��LmjMOqL��N����

3³_ � �G�BzY� 2 � � �ªp(� *9�ª¸T��N�_uZRmj_ut �r�r�rmj_L��qLb^hFqxhoZdN�m�MOcfl
b^hj© MOmol
b^h�MOh[t[NG�£�¦hFbT�L��hBh[t§�r��ILcfl,Ikc�Z
�oN�b^X�Zdc�M9c��fmjb£\^h*\^ILN¤MOh[t[N��BqLb^NGZdN�_B\dN;t-c�_OWYNGl
\dc�hF_ 2 ��HJILcfZ�MOh[t[NG�BmFqLqL��c�N;Z�c�_�ZdhFMON�Zd`)?�l
c�N�_B\d��X���mFbd�oN
�rh���t[hFM�mFc�_uZG�[Zsh�\dIumj\*Z]\,m�\dcfZs\dcfl�Z�hF_�\dILN-l
ho_[�u�o`Lb^mj\dc�hF_uZ�hj��bdN;t��L��hYhYt�l
NG���fZJm�\JNGmol,I�M�mFl�bdhBZdl�hFqLcfl
qxhFc�_B\*M�mj¶FN�ZdN�_rZsNo� 3³_khj\^ILN�bRl�hF_B\dN��Y\G�Lc�\RM�mÏX��xN�c�MOqxhFbd\^mF_o\�\^h�l
ho_uZscft[NGb�NGmFl,I"b^NGt��L��hYhYt"l�N�����mFZ
mOZdN�qumFb^mj\dN;t�N�_B\^c´\]X���c�¶FN-c�_�\^ILN(��hFb^¶ � 7o� � �YX�}�� �£N
�¦NG�Y�Bb^N-mj_ut"¹��LSnmj`ubdXo�

��N
\-`uZ*�rb^Zs\�Zd`LqLqxhoZdN�\^Ium�\�\dILN9�FNG��h[l�c´\]X��uN��ftncfZT�Fc��FN�_ mj_utkIuhFMOhF�oN�_LNGhF`uZG�RHJILN9MOc�l�bdhBZdl�hFqLcfl
��mFbdcfmj�L��NGZT`uZdNGt7\dh"t[NGZ^l
b^c��rN�\dILNOMOcfl
b^hoZs\db^`ul�\^`LbdN �¦_rmjMON���X"\dILNOb^NGt7�L��hYh[t l
N����fZ&��mjb^N�m��FN;l�\^hFb

X�=Zsc�MOc��fmjb�\^h�\^ILN-N�_utY©D\dhF©DNG_ut��oNGl
\dhFb��¦hFbJqxhF��XYM9NGbdcflR�u`LcftLZ&��mF_ut�mF_�c�_B\dN��oN�b
k ≥ 1

��ILc�l,I�MONGmFZd`Lb^NGZ
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\^ILNnZdc�;GN�hF�T\^ILNkmj�o�Fb^N��omj\dN�\dILNkb^NGt �L��hBh[t�l
NG���R�rNG��ho_L�oZ�\dhr� ¨�hF_uZdcft[N�bO\^ILN�_ \dIuNk_LhF_[© _LNG�om�\^c��oN
�¦`u_ul�\^c�ho_

ψk(t,X)
Zs`ul,I�\^Ium�\

ψk(t,X)dX
cfZJ\dIuN�_Y`LM��xN�bThj�@b^NGt��L��hBh[tkl�N�����Z%�¦qxN�bR`u_Lc´\��Fho��`LMON

hF�Y�u`Lcft �ª�xN���hF_L�oc�_L�J\^hRmj_�mF�F�obdNG�om�\^N�hF�LZsc<;�N
k
IumÏ�Yc�_L��N�_rtY©=\^hj© N�_ut��FN;l�\^hFb£�xN
\]��N�NG_

X
mF_ut

X+dX
�

� N�t[NG_Lhj\^N(�BX
Nj = 1

j

∫
ψj(t,X)dX

\dIuN(_B`uM��xN�b*hF�¢mF�F�Fb^N��Bm�\^NGZ�hj�
k
b^NGt��L��hYh[t�l�N�����Z*qrNGb*`L_Lc�\

�ohF��`LMONF�
HJILN-�¦ho����h���c�_L�9�uhF¶Y¶FNGbs© g4�fmj_ul,¶�N;eB`um�\^c�ho_�b^`L��NGZ�\dIuN(N��Fho��`L\dc�hF_�hF�

(ψk(t,X))k≥1
H

∂ψk

∂t
= −div X

((
∇u X − 2

ζk
F (X)

)
ψk

)
+

2kT

ζk
∆Xψk

+ hk(γ̇)ψeq
k − gk(γ̇)ψk.

�D{Y� 7 �
3³_"·¤eB`umj\dc�hF_ �D{[� 7'���

hk(γ̇) =
a(γ̇)

2Neq
k

k−1∑

i=1

NiNk−i +
b(γ̇)

Neq
k

∞∑

j=1

Nk+j

cfZ�mj_kmF�F�Fb^N��Bm�\^c�ho_�b^mj\dN(l
hYN�?�l�c�NG_o\*mF_ut

gk(γ̇) =
b(γ̇)

2
(k − 1) + a(γ̇)

∞∑

j=1

Nj

cfZ�m¡�¦b,mj�oM9NG_B\^m�\^c�ho_Øb^mj\dN l
hYN�?�l
c�N�_B\;� ¹�hF\dI�t[NGqrNG_ut ho_ \^ILN ZdILN;mjb�b,m�\^N
γ̇ =

√
1
2 γ̇ : γ̇

��c�\dI
γ̇ = ∇u + ∇uT � }�\�NGeB`Lc���c��Lb^c�`LM �¦_umFM9NG��X �¦hob ;GN�b^h ZsIuNGmjb�b^mj\dN>H

γ̇ = 0
����\^ILN7_Y`LM��rNGb�hF�

mF�F�obdNG�om�\^NGZ.hj�
k
b^NGt9�L��hYhYt�l�N�����Z¤qrNGb¤`L_uc´\¤�ohF��`LMON*cfZ

Neq
k

�¢}R_�mj_rmj��Xo\^c�lGmj�[N��YqubdN;ZdZdc�ho_9�¦hFb
Neq

k

l�mF_
�xNOt[N�b^c��oNGt§�ªc�_n\^N�b^MOZThj�

a(0)
�
b(0)

mF_ut"\^ILN9\dhj\,mj�._Y`LM��xN�b�hj�¤b^NGtn�L��hYh[t7l�N�����Z�qxN�b�`L_Lc�\(�FhF��`LMON
N0

�¦��ILcfl,I0c�Z(mkl�hF_uZdN�b^�FN;tneB`umj_B\dc�\]X ����HJILN9�¦`L_rl�\dc�hF_
ψeq

k = Z−1 exp(−Π)kN eq
k

t[N;Zdl�bdc��rN;Z�\dILN
Zs\^mj\dcfZ]\^c�lGZ-hj��\dILN�b^NGt �L��hYhYt0l�N�����Z�mj\(NGeB`Lc���c��Lb^c�`LM �

Π
cfZ-\dIuN�qrhF\dN�_B\^c�mF�4hj��\dILNO�¦hob^l�N

F
�
��P*hF\dcfl
N

\^Ium�\��BX�c�_B\^N��Fb,m�\^c�_u� �D{Y� 7 �@��c´\^I�bdN;ZsqxNGl
\@\dh
X

�ÀmF_utOt[c��Bcft[c�_L���YX
k
�
�F\^ILN��¦ho����h���c�_u�(W[M9ho��`rl,ILh��*Zs¶Yc

N;eB`um�\^c�ho_�ho_
(Nk(t))k≥1

cfZ�hF�L\^mjc�_LN;tFH

dNk

dt
= hk(γ̇)Neq

k − gk(γ̇)Nk.

HJIuN�qumjb,mjMON
\^N�b,Z�hj��\dILN�MOh[t[N���mjb^N
N0
��\dILNO�¦b^c�l
\dc�hF_+l
hYN ?�l�c�NG_B\

ζk
�¦��ILcfl,I0c�Z-\]XYqLcfl�mF����X7l,ILhBZsNG_

moZ
ζk = kζ1

�Omj_ut \dILN"�¦`u_ul�\^c�ho_uZ
a
mj_rt

b
��ILcfl,I lGmj_ �rNnlGmj��c��Lb,m�\^NGt `uZsc�_L�0N
�[qxN�b^c�MONG_o\,Z �ÀZdN�N

p�� *9�x¸T��N�_rZ�mF_ut �u�L�rmj_L� � �G�BzY� 2 � � ���
3³_"l
hoM9qu��N����uh��*Z��â�¦hFbJ��ILcfl,I ∇u

t[NGqrNG_utLZJhF_�\dILN(ZdqumFl�NT��mFbdcfmj�L��N
x

�
�[\dILN��¦`L_rl�\dc�hF_rZ
ψk

mj�fZdh
tLN�qxN�_ut�hF_

x
mF_ut�\^ILN-t[N�b^c���mj\dc��FN ∂

∂t

c�_�� {Y� 7 �¤c�Z�b^N�qL�fmFl�NGtO�YX�m�l�hF_Y�FN;l�\^c��oNTt[NGbdc���m�\dc��FN ∂
∂t + u · ∇ �HJIuN9MOcfl
b^h�MOh[t[NG�@c�Z(l�hF`LqL��NGt7\dh�\dIuN�M9hoMON�_B\d`LMVNGeB`um�\^c�ho_uZT\dILb^hF`u�FIn\^ILN �-b,mjMON�b,ZRN��[qLbdN;ZdZdc�hF_

�¦hobJ\dILN(N��Y\db,m�Zs\db^NGZ^Z�\dNG_uZshob/H
τ =

∞∑

k=1

τ k,

τ k(t,x) =

∫
F (X) ⊗ Xψk(t,x,X)dX − kNk(t,x)kBT

3]t
.
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