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0.2 Abstract

This paperanalyseshe behaior in scalespaceof linearjunctionmodels(L, Y andX
models) honlinearjunctionmodels andlinearjunctionmulti-models.Thevariationof
grey levelis consideredo be constantjinearor nonlinearin the caseof linearmodels
andconstanffor the othermodels.We areessentiallyinterestedn the extremapoints
providedby theLaplacianof Gaussiatiunction. Theseaxtremahave nicescalingprop-
ertiesandcanbe usedfor detectingjunction points, for trackingor indexing images.
Moreover, we shaw thatfor infinite modelsthe Laplacianof the Gaussiaratthecorner
pointis not alwaysequalto zero.

0.3 Intr oduction

Early vision begins with the computationof a compactdescriptionof the raw image
intensity Theultimatepurposeof theinitial descriptionis to captureall the significant
propertiesof objectspresentin the image. Physicaledgesprovide importantvisual
information sincethey correspondo the discontinuitiesof the physical,photometri-
cal and geometricalpropertiesof the objects. They arerepresentedh the imageby
changeq1D or 2D) in the intensityfunction. Junctionsare extremelyuseful 2D fea-
tures. They areof greatusefor solving correspondencproblemsin computervision.
Variousmethodshave beenproposedor detectingcornerq21, 24, 25|. In somecases,
theimageis segmentednto digital curvesanda cornercorrespond$o a maximumof
cunvature[2, 8, 13, 15]. Otherapproachesperatedirectly on grey level imagesand
take into accountdifferentialpropertiesof the imageintensitiesto measurehe curva-
ture of anedge[4, 9, 12, 14, 20, 26, 28]. In somecaseghe local intensity function
of the corneris characterizedl, 6, 10, 11, 16]. Severalapproachearebasedon the
strengthof themodulusof the gradientvectorto selectcornercandidatesr to compute
thecurvature.However, atthejunctionpointthe valueof themodulusis weak[5]. The
zero-crossingsf theLaplacianof Gaussiaave beenusedo locatejunctionpoints[7]
too. It hasbeenshavn thatthe Laplacianof Gaussiaratthelinearcornermodelwith a
constanillumination andinfinite extentequalszerol[3, 5].

Several studieshave beendedicatedn the precisionin estimatingthe location of
edgesor cornerscausedy local operatorsor noisy data[17, 18]. Furthermoregeo-
metricalpropertiesof the detectionof cornersor trinedralverticeswith zero-crossings
have beenanalyzedn [3, 5]. Howeverthepropertiego nonlinearjunctionmodelshas
not beenstudied.

In this paperwe are particularlyinterestedoy the Laplacianof Gaussiarextrema.
We focusour attentionto thesepoints becausehey have nice scalingpropertiesand
can be usedfor detectingjunction points. The extremaof the Laplacianhave been
first usedin [23] to detectjunction points or to decreasehe time and the memory



requirement®f 3D differential cornerdetectorg22]. In theseworks, the extremum
hasbeennumericallyunderlinedonly for a cornerwith a constantillumination and
infinite extent.

We considethreejunctionmodelsthataremorefrequentlyencounteregih realim-
ages:generalinearjunction,nonlineaijunction,andlinearjunctionmulti-models.The
variationof grey levelis consideredo be constant|inearor nonlinear We provethata
cornerwith constantllumination andinfinite extent providesan extremuminsidethe
cornersector This propertyis checled numericallyfor all the otherjunction models.
Furthermorewe shaw thatfor infinite modelsthe valueof the Laplacianat the corner
point is not always equalto zero. More precisely the responseat the cornerpoint
relieson the degreeof linearity of the modelandtheillumination.

First we give somenotations(section2) andwe studythe behaior of L-junction
models(section3). We prove somepropertieson the junctionsand extremal points.
Thedemonstratiomregivenin AppendixA andB. Then,someof thesepropertiesare
checledonmorecomplex models(sectiond and5). Perspectiesof ourwork aregiven
in conclusion.

0.4 Notations

Let g denotethe one-dimensionabaussiariilter,

1 2

2no

g(z) =

with ¢ beingtheerrorfunction,

G thetwo-dimensionalGaussian,

G(z,y) = g9(x)g(y),
andH theHeavisidefunction,

0 ifz<0
H(x)—{ 1 ifz>0

To simplify the notation,we stateF,, F,, F,, andF,, bethe partial derivativesof F'
i« OF 8F B8°F 8%F
thatis, 5, By 2T anda—yg.

0.5 L-junctions behavior
In this sectionwe studythe behaior of the Laplacianof Gaussiarior four L-junction

modelsalsocalledcornergseeTablel) andwhicharemostlyencountereth animage.
Themodelsarelinearandnonlinearandtheillumination is consideredo be constant



andnon-constantThe first model(seeTable 1.a)is the classicalcornermodelwhich
is commonlyusedon the groundof several cornerdetectors For this modelwe prove
thatthe Laplacianof Gaussiargivesriseto anextremuminsidethe cornersector

In reality however, theillumination is not constant.Mutual illumination andspec-
ularitiesare quite usualandtheir effectsare particularly significantin the vicinity of
cornvex or concae object contours. Thesemodels(seeTable 1.d and g) commonly
appeatin rangeimagesor in medicalimagery Moreoverin therealworld objectsare
not necessarilypolyhedralbut curved (seeTable 1.j). Dueto the compleity of these
modelswe checknumericallythe presencef the extremum. However we prove that
for someinfinite modelsthe Laplacianis not zero at the cornerpoint. Furthermore
for clarity of presentatiorthesemodelshave beenselectedwith a right angle. The
extensionto ary angleis easilyto do by applyingarotationtransformon the z andy
variables.

0.5.1 Definition of L-models

Following thetheoremof corvolution, on eachmodel we calculate:
Fan) =G D= [ [ 1@-ey-nGende,

andwe definethe Laplacianof F' by : V2F(z,y) = F, + Fy,. Letthefour intensity
modelsbe:

e Modelswith straight edgesand constantintensity variation

I(z,y) = (A1 —Ag) x H(y cos(Bp)—z sin(8p)) x H(x sin(61 ) —y cos(61))+ Ao,

where—7% < 6y < 01 < §. (61 —6p) and(A; — Ag) arerespectiely theaperture
andthe amplitudeof the L-junction (seeTable 1.a). We have (detailsaregiven
in AppendixA) :

Fa) = (1=40) [ g()(6y—(—e)tan o) 4(y—(a—e) tan 1)) e Ao,

and:

1
V2F(z,y) = % Z(Az' — A((i+1) mod 2))uig(ui)d(vi), (1)
i=0
whereu; = ycos(6;) — zsin(8;) andv; = x cos(6;) + y sin(;). At the corner
point,we have:: V2F(0,0) = 0.
e Modelswith straight edgesand linear intensity variation
I(z,y) = H(z)H(y)(1 + Kz + Ky),
whereK is ameasuref the slopelinearity of theillumination (seeTable1.d).
F(z,y) = $(2)¢(y)(1 + Kz + Ky) + Ko*(9(z)$(y) + 9(y)¢(x)),



V2F(@,y) = ~Kg(@)9(y)(a-+y)+9()d(y) (K - — (1+Ky))+9(4)¢(x) (K~ (1+ K2))
At the cornerpoint,we have: V2F(0,0) = %
e Modelswith straight edgesand nonlinear intensity variation
I(z,y) = H(z)H(y)(1 + K2’ + Ky?),
whereK is ameasuref thenonlinearityof theillumination (seeTablel.g).
F(z,y) = ¢()p(y) (1 + K (20° +2° +y?)) + Ko® (zg(x)$(y) +y9(y)¢(z)),
V2F(z,y) = —2Kzyg(z)g(y) + 4K d(x)$(y)—
5 (29()6) (1 + Ky? + Ko?) + yg(y)() (1 + Ka? + Ko?)
At thecornerpoint: V2F(0,0) = K
e Modelswith curved straight edgesand constantintensity variation
I(z,y) = H(z)H(~y + Ka*)H(y + Ka?),

whereK is the slopeof thetangentine attheorigin (seeTablel.i).

Flo,y) = / " 9@ - a)ély — Ko?)da - / " 4@ — a)ély + Ko)day,

VF@) = o [ ae-a)(o- ) ~oN)(8l - Ka?) - dly-+ Ka?)+

((y + Ka®)g(y + Ka®) — (y — Ka?)g(y — Ka?)))da
We have: -

K a
V2F(0,0) = = a’e2%e” 207 da (2)

Sinceall the modelsaresymmetricaccordingto their bisectorine, for eachmodelwe
have the following proposition:

Proposition1 For all thepointsonthe cornerbisectorthe gradientorientationis the
sameasthecornerbisector

For themodelwith constanintensity we have:

Proposition2 V2F(x,y) providesinsidethecornersectoronthebisectorline a point
P; = (21, tan (838) 2,) with 3 which correspondso

<xy < Y
theonlyextremunof V2F(z,y) (seeTablel.a-c). WealsohaveV?Fp, = © (4:542),

o V9o
sin(15%0)) sin({15%))



The proof of this propositionis givenin AppendixB (cf Corollary 1 and3). By
the way we demonstratén the Appendix B thatthereis an othercharacteristigoint
on the bisectorline which is a hyperbolicpoint. Herewe focusour attentiononly on
the extremumpoint becausehis point hasnice scalingpropertiesand can be easily
detectedn thediscretecase(alocal maximumfor adarkcorneron alight background
or alocal minimumfor alight corneron adarkbackground).

Fromthepreviouspropositionwe cansaythat:

e Theresponsef the Laplacianof Gaussiarat the extremumis a function of the
scaleandthe contrastetweerthe sectors.

¢ Thepositionof thispointdepend®nthescales andthecorneraperturgf; —6),
thatis, this point movesaway from the cornerwhenthe scaleincreaser the
corneraperturedecreases.

Table2.aillustratesthe positionof the extremumaccordingo the scale.

For the other modelswe have checled numericallythe presenceof an extremum
insidethecornersectoronthebisectoline (seeTablel). Thepositionof theextremum
asa function of the scalehasbeennumericallyverified for thesemodelstoo (seeTa-
ble 2). From numericalcalculationst seemshatthis pointis the only extremumof
V2F.

Moreover, we canremarkthat the Laplacianis zeroat the cornerpoint only for
the modelwith constantintensity We canseethatwhen K approachegeroin these
two modelswith non-constantllumination, the intensitiesmodelsbecomeconstant.
In this casethe correspondind.aplacianresponsest the cornerpointsequalto zero.
Moreover for the modelwith non-linearintensity we canremarkfrom Table 3.c the
creationof onespuriousedgedueto thedegreeof nonlinearityof themodel. This kind
of spuriouscontourshave beenalsounderlinedin [3] for the caseof infinite straight
edgemodelwith nonlinearillumination.

Whenthemodelhascurvededgesthevalueatthecornerpointreliesonthedegree
of curvatureat that point. More precisely when K — oo the modelis lesscurved
andit describesa stepedge(the tangentline at the origin is infinite). In this casethe
formula(2) canberewritten (whereu = @) :

oo 2 —u4a2 —‘MZ
/ —u‘e” 2z e2k du—0
0

0.6 Multi L-junctions

In this sectionwe provide two models(an infinite model and a closedone) having
severaladjacent.-models. Thesemodelshave beenselectebecausén animagethe
corneris rarelyalone.The creationof anextremumin thevicinity of thecorneris also
verifiedfor thesemodels.



3D model Laplacianof Gaussiamesponse 1D profile ontheline bisector

Tablel: Behavior of theextremafor L-corners.
For all theresponses = 1. a) Ay — Ap = 10,6, = § andfy = —%. d) K = 0.1.
h)K = 0.05. k) K = 0.2.




0.6.1 Definitions

Letu = y cos(f) — zsin(f), v = y sin(f) + z cos(#) andlet thetwo following models
be:

e Infinite model
I(z,y) = H(z)H(W — z)H (tan(8)z — y),

whereW and@ arerespectiely the width andthe slopeof the model (seefig-
urel).

Fla) = 6(a) = 6a = W) = [ gla)oty = tan(®)(z - a))das

V2F(z,y) = %(wg(m)(dﬁ(y) —1)+(z-W)g(z-W)(1-¢(y—W tan(6)))+

ug()(6(0) = 60 = 7))

At thecornerpoints P, = (0,0) andP, = (W, W tan(6)) theLaplacianis:
Wg(W)p(W tan(6))

o2

V2F(0,0) = —

and
Wg(W)g(=W tan(8))

V2F(W,W tan(d)) = — >

ag

e Finite model

I(z,y) = H(x)H (y)H(W — 2)H (tan(6)z — y),

Fla,) = 60)(6(0) ~ (o~ W) = [ g(@)o(y ~ tan(®)(z ~ ),

whereW and@ arerespectiely the width andthe slopeof the model (seefig-
ured).

V2F(z,y) = %(—y!)(y)(¢($)—¢(w—W))+($—W)g($—W)(¢(y)—¢(y—W tan(6)))+

ug)(6(0) = b0 = ).

ThismodelhasthreecornersP, = (0,0), P, = (W,0) andP, = (W, tan(0)W)
andthe Laplacianis:

v2FR(0,0) = —V tan(@)g(W ta:2(9))(2¢(W) -1




C. o5 1 15 3 25 3 d_ 05 1 15 3 25 3

Table2: Extremapositionasafunctionof thescale.
a) Constantintensityvariation (4; — Ao = 10,6, = ¥ andfp = —%). b) Linear
intensityvariation (X = 0.1) . ¢) Nonlinearintensityvariation (X = 0.05). d) Curved
edges(K =0.2).

W sin(8)g(sin(8)) (2(4(W cos(9)) — (W I (@) — 2)

2 ’

V2E(W,0) = —

g

and
Wg(W)(2¢(W tan(9)) — 1)

B} -

V2F(W,W tan(f)) = — .

For bothmodelsextremapointsareprovidedinsidethe cornersectorqseefigure2
and5). They move in scalespaceaway from the cornerandat a high scale,we can
remarkthatonly oneextremumremains(seefigure3 and7). We canremarkthateither
themodelis symmetricandthenthe extremamergeor the modelis notsymmetricand
thenonly oneextremumremainsat a high scale.

Moreover, the Laplacianat the cornerpointis differentfrom zerofor eachmodel.
However whenthe size of the filter is small comparedo the modeli.e. W — o
or ¢ — 0 thenwe caneasilyshav (usingthe property: z — oo, —gte=" - 0
whena = 0 or1 andb,c > 0 andtheproperty:V z 0 < ¢(z) < 1) thatthevalue
at eachcornerpointsapproachegero. Figure 6 shavs the numericalposition of the
zero-crossingatalow scaleandat a high one. At alow scalewe canremarkthatthe
zero-crossinggo throughthe cornerpoints.
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Table3: Zero-crossingsontour

a) Constantintensityvariation (A; — 4o = 10,6, = % andf, = —%). b) Linear
intensityvariation (X = 0.1) . ¢) Nonlinearintensityvariation (K = 0.05). d) Curved

edges(K =0.2).
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Figurel: Infinite multi-modelfor W = 20.

™

a)6=0.b)=1

Figure2: Laplacianof Gaussiarfor theinfinite multi-modelsattwo scaleJo = 1 and

o =15).
a)andb)# = 0.c)andd)d = 7.
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c. d.

Figure3: Behavior of extremain scalespacedor aninfinite multi-model(W = 20).

a),b),c)andd) § = %, 7%, % and 0. In ead casethe 2D intensitymodels(dashed

lines)are superimposedn the behaviorof the extrema.

Figure4: A closedmulti-model.
a) andb) Exampleof 3D modelfor W = 10 andf = Fandg.

c. d.

Figure5: Laplacianof Gaussiarfor the closedmulti-modelat two scaless = 1 and
o=35.

a)andc)d = . b)andd)d = %

6"

10



a.

Figure6: Zero-crossingsontourof the closedmulti-modelfor c = 1 ando = 3.
The2D intensitymodel(dashedines)is superposedn the zeo-crossingscontour

a.

Figure7: Behavior of theextremafor the closedmulti-model.
a)f=17.b)o=7%.
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0.7 Other junction models

In thissectionwe considemodelsthataredefinedastheintersectiorof severalregions
(greaterthan?2). Cornersdetectoroftenfail in detectingthis kinds of junction which
arealsorelevantfeaturesn computervision. Our aim is to showv thatextremapoints
arealsoprovidedfor thesemodelsinsidethejunctionsectors.

0.7.1 Definitions

e Trihedral junction model
For this modellet (seefigure 8) :

I(z,y) = Ao+(A1—Ao) X H (ycos(6p)—x sin(by)) X H (z sin (61 ) —y cos(61))+
(A2 — A1) X H(ycos(f1) — zsin(f1)) x H(xsin(fz) — y cos(62)).
As the L-junction modelwith constanintensity(see83):

2

V2F(£L', y) = % Z(Az - A((z+1) mod 3))uzg(uz)¢(vz)a (3)

=0
whereu; andv; aredefinedin section 3.

e X-junction model
For this model,let:

I(z,y) = Ao+ (A1—Ag)xH(ycos(fp)—zsin(b)) x H(x sin(6;)—y cos(61))+(As— A1) X

H(ycos(f1) — zsin(61)) x H(zsin(f2) — ycos(f2)) + (A3 — As) %
H(ycos(62) — zsin(f,)) x H(zsin(f3) — ycos(fs))

and:

3
VP F(,y) = = 3 (A — i) mod ay)uig(u)d(v:) )
=0

g

k2

For bothmodelswe canseethatoneor severalextremaarelocatedinsidethejunc-
tion sectorgseefigure9 and 13). Thenumberof extremadepend®ntheconfiguration.
Whenthepolarity of the Laplacianresponsealongthejunction contouris the samewe
find anextremuminsidethe correspondingectorif this oneis sharp.Figure10 showvs
theonly two possibleconfigurationsencounteredor the trihedraljunctionmodel. For
example figure 9.ais a consequencef the configurationof figure 10.bandfigure9.b
of figure 10.a. For the X-junction model,the numberof extremais eithertwo or four
(seefig. 12and 13). As for the cornermodelthe positionof the extremumdepend®n
the scaleandthe sectoraperture.Numericalpositionsof the extremaasa function of
the scaleandthe sectorapertureareshovn onfigure 11.

12



Q2 7 g

Figure8: Y-junctionmodel.
a) 2D model.b) Exampleof 3D modetffor A; = 30, A2 = 50, A3 =606y = —%,01 =
2,0, =3%.
4 4

Furthermorewe caneasilyprovethattheresponsefor thetwo modelsatthejunc-
tion pointsarezero.We cangeneralizehis propertyto ann-aryjunctionmodeldefined
astheintersectiorpoint of n surfacesectorswith constanintensitiesA; andaperture
0;+1 — 6;. Let I,, beann-aryjunction:

In(2,y) = Ao+ _(A((i+1) mod (n+1))—A:) H(sin(841)x—cos(8i41)y) H (cos(8;)y—sin(8;)),
=0
wheref; 1 > 6;. Thefilteredimageis givenby:

F(.CL', y) = / / Ao + Z(A((H-l) mod (n+1)) — Az)x
ToovTee i=0

H(sin(0;41)(z—a)—y(cos(0ir1)—B)) H (cos(6:) (y—F)—sin(6;) (x—a))g(a) g (8)dads.
Therespons®f the Laplacianof Gaussiardetectoito a generakb-ary junctionis:

1 n
V?F(z,y) = s Z(Ai — A((i4+1) mod (n+1)))uig(ui)p(vi) ©)

=0
with Ag = A41,0; < 8;41 andn > 1. We have thefollowing property:
V2F(0,0) = 0. (6)

Thatis, the Laplacianof Gaussians zerofor any junctionpointwith aninfinite extent
modeland a constantillumination. As the Laplacianof a generaln-ary junction is
definedby a summatioranddueto the polarity of the responsalongthe contour the
following conjecturds set:

Conjecture1l Whenthenumberof sectosng (ns > 2) is:
e even:thenumberof extremavariesfrom2 upto n,
¢ 0dd: thenumberof extremavariesfroml uptons — 1

For example,ontheFigure14 we have shavn thetwo extremaconfigurationgimit
for a8-ary junction. Thatis, 2 (seefigure 14.aandb) and8 extrema(seefigure 14.c
andd).

13



Figure9: Laplacianof Gaussiarfor the Y-junctionmodel.
0o =—%,0. = T anddy = %T’r. a) 3D surfacewith oneextremunmfor A; = 100, A; =
60 and A3 = 10, b) 3D surfacewith twoextremafor A; = 100, A, = 10 and A3 = 60

Laplacian response
-

An extr?mum

A2>Al and A2>A0

= A2>A1 and A2>A0
ALSAO > 2 extrema

AL<AD => 1extremum

Figure10: Numberof extremafor anY-junctionmodel.

Figure1l: Behavior of theextremafor anY-junctionmodel.
a) Behaviorof the extremumvalueas a functionof the sectoraperture in the bisector

directionf; — 6y = 27” i = 2..32. b) Behaviorof the extremumpositionasa function

of the scalefor the modelof figure 9.a. ¢) Behaviorof the two extremapositionas a
functionof the scalefor the modelof figure 9.b.

14



Laplacian response
.

An extre\zmum

A2>AL and A2>A3 —x, 5 A2>AL and AZ>A3
- extrema an —
{A3>Aﬂ and A1>A0 A3<A0 and ADSAL —=> 4 extrema

Figure12: Numberof extremafor the X-model.

HOx{y)=A,
6,

Sy )

e
“nm”

Figure13: Laplacianof Gaussiarfor the X-junction model.
a) and b) Exampleof 2D and 3D models.c) 3D surfacewith four extremafor 4; =
10,4, = 160, A3 = 30, Ay = 140,60 = —%,6; = 7,6, = 37 andd; = —3T. ¢)
3D surfacewith two extremausingthe samepreviousparametes exceptfor A; = 140
and Ay = 10.

15
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4
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Figurel4: Laplacianof Gaussiarfor amodelwith 8 sectors.
In bothcasess = 1andfy = —m,6; = =37, 6, = —Z .63 = —Z,6, = 0,05 =

3

1,06 = 5,07 = <. a) andb) Theresponseandthe level setsfor 4o = 10, 4; =
30,A2 = 50,A3 = 70,A4 = 90,A5 = ].].0,A6 = 130,A7 = 150. C) and d)
Theresponsesind the level setsfor A = 10, 4; = 30, A2 = 10, A3 = 30,44 =

10,A5 = 307A6 = 10,A7 = 30.

16



0.8 Conclusion

We have shavn that the Laplacianof Gaussiarof all the junction modelsstudiedin
this paperprovide one or several extremainside the junction sector Theseextrema
have nice scalingproperties.Whena samemodelis rotatedor scaledor the variation
of illumination is modified,an extremumis alwaysprovidedinsidethe cornersector
Furthermorejf the modelis symmetric(alwaystrue for L-junction), the gradientori-
entationfor every point onthe cornerbisectoris equalto the anglebetweerthe corner
bisectorandthe z-axis. The importanceof defininga framework for evaluatingand
comparingdifferentinterestpoint detectorshasbeenpointedout in [19]. The main
criterion presenteatoncernghe stability of the detectorundergeometrictransforma-
tions. The extremapointscanbe reliable startingpointsfor detectingjunction points,
for trackingor indexing images.

Furthermorewe have seenthatundersomeconditionsthe Laplacianis not zeroat
thejunctionpoint:

¢ for linearmodels(n-ary junctionmodels:L, Y, X,...) with constantllumina-
tion, the Laplacianof Gaussians zeroat the junction point,

o for linear modelswith non-constanillumination andinfinite extent, the Lapla-
cianis not zeroat the junction pointsandits valuedepend®n theillumination
variation,

¢ for nonlineamodelswith constanillumination andinfinite extentthe Laplacian
is not zeroat thejunction pointsandits valuedepend®n the modelcurvature,

o for closedmodelstheLaplacianis not zeroatthejunctionpointsandit tendsto
zerowhenthe sizeof the modelis wide comparedo the sizeof thefilter.

Thereforewe concludethatapproachebasedon the Laplacianof the Gaussiano
detectcornersarenotappropriatélinearmodelswith constantlluminationareunusual
in gray scaleimages).We believe, dueto the compleity of the physicalphenomenon
underlyingthe imageformation, that the junction mustbe, for greaterprecision,de-
tectedonthegrayscaleimage.
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0.10 Appendix A

Fley) = (@D = [ h / " Iw — ey — )Gle,m)dnde

z y—(xz—e¢)tanbo
= (A1 — Ao) / / G(e, ’I])d’f}dé + A()
e=—o0 J 1

=y—(z—e¢) tan 01

17



= (A1 = A)(F*(z,y) — F"(z,y)) + Ao

with 7O (z,y) = [~ vl e n)dnde = [ g(e)(@(y—(—e) tan ) —

e=—o0 Jn=0 €E=—00
1
§)d€

We have:
9 _ xr
Fo(z,y) = / Gy~ (z—qmb)de

= / G(cosb(y — x tan¥), @ +sinf(y — x tan0))de

cos fg(cos By — sin Ox) /COSG g(e +sinf(y — x tand))de

__ =
€=cosd
—0oQ

= cosfg(cos By — sinOz)[¢(e + sinf(y — = tanh))]
= cosfg(cos by — sinOx)p(cos 6 x + sin Oy)

Similarly, we have:

Fl(z,y) = - tan@/ G(e,y — (z — €) tan f)de

Yy
+ / G (x,n)dn
n=0

= —sinfg(cosfy — sin 8z)p(cos § = + sin Hy)

+ota) (80)-3)

Therefore:
Fy(z,y) = (Ao — A1)sinbyg(cosboy — sinbpx)p(cos by z + sinboy)
+(A1 — Ag) sin 01 g(cos b1y — sin 6y 1)¢(cos 01 = + sin H1y)
and
Fy(z,y) = (A1 — Ag)cosbog(cospy — sinbox)p(cos by x + sinbyy)

+(Ap — Ay) cos b1 g(cos b,y — sin b1x)P(cos 01 x + sin 61y)

0.11 AppendixB

We will studyin the following appendixthe extremapointsandthe hyperbolicpoints
of V2F. More precisely we will prove that V2F hasonly onehyperbolicpoint and
oneextremumpoint which lie onthe bisectorline. This studywill be decomposeth
threeparts:

¢ in thefirst part,we will introducebasicnotationsandpropositions,
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¢ in thesecondart,we shawv thatthesepointsareonthebisectodine, andwe look
for all the valueswhich correspondso a extremumpoint or a hyperbolicpoint
whené goesin |0, 71,

¢ in thethird part,we look for the propertiesof the extremaor hyperbolicpointsof
V2F in all the plane,andwe shaw thatthesegpropertiesmply thatthesepoints
lie only onthebisectorine.

Basicconsiderations

As Formulal is independenby rotation,we cantake §; = —6, = 6, we obtain:

VIE(,9) = o (ng(m)@(0r) — uog(uo)®(wn)),

with u; = y cosd — x sinf, ug = y cos@ + x sinf, v1 = x cos@ + y sinb, vy =
z cosf —y siné.
In thefollowing, we will note:

.X:§,Y:%’

[N

. ue) = e,
o dy(x) = ffoo g1(t)dt,
o J(z) = éll((zz))

T

G(X,Y) = (U1g1(U1)®1(V1) — Uo g1(Uo)®1(V0)).

We have thefollowing proposition:

Proposition3

A — A
V2F(z,y) = 102 CG(X,Y).

Proof:
Indeedwe have g(u;) = 2 g1(U;) and®(v;) = ®(V;) andso

VIF(@,y) = 2o Uiga (U)@1(Vi) - Uogs (Uo) 1 (V0)).

O
Thismeanghatwe canstudythefunctionG (X, Y') to gettheextremaof V2 F(z, )
wheno arefixed(by multiplying theresultingvaluesby o).
In the following, we needto surroundJ(z) andwe usethe value~y, which will
appeawery often,in this appendix
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— / 8
Proposition 4 e Whenz < Othenﬁfw“" < J(x) < —w+\/2z2+4,

o Let f(z) = ®1(x) + 2 g1(z). Thenf(z) > 0if andonlyif z > vy where v, is
theonlyrootof f(z) = 0. Moreover, wehave—1 < —\/g <Y< - ‘[ <0.

Proof:

Usingtheapproximatiorgivenfor the Erf functionin the Engyclopediaof Mathe-

matlc[27] Wlth 6"22 = m, f:o e_tzdt = %;—/im)' we get:

1 1 1
< <
z+vV2E2+2  V2J(—V22) x4+ $2+%

andwith u = —2v/2,

—u+\fu2 + & —u+Vu’ +4

—y < J(u) < —
This endsthefirst partof the proof.
Now we get f'(z) = g1(z)(1 + (1 — z%)). Thereforef is decreasingvhen
|z] > /2 andincreasingvhen—v/2 < z < v/2. Howeverwehavelim o, f = 0

andlim,, f = 1. Thereforef hasonly oneroot~y, whichis greatethan—+/2 and
is positve whenz > o (resp.negative whenz < 7).

It remainsto prove that—\/g < v < —@ which is equialentto prove that
—\/g) <0 andf(—@) > 0.

Indeed,we have f(—/2) = g1(—/2) (q)l( \\;__) %) But usingthe
(- )

@1(—4/ 2 _
previouslower-bound we find 1 \/;) <2\ /Zco.
L)) 2+ %+g
Similarly, usingthepreviousupperbound,weget (%) —2 2 -

ﬂ—@) 2T 2y [l

% =0, andf(—%) > 0.
This endsthe proof.

O

Behavior of V2F on the straight line y = 0

Letnoteh(z) = &, (z cosf) + 2eesfgl@cosd)

1—22 sin2 4

Theorem1 29%.Y) (X 0) hastwozeoesX, and X; which verify thefollowing con-
ditions:

¢ they are thetwo uniquezepoesof h,

° h(X()) = h(Xl) = 0,

3—4/9—8sin2 0
T Vasas < X0 <0,
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— in2
1 <X1 < \ 3+1/9—8 sin2 0

sin @ V/2sin @ !
§2G(X\Y 52Q(X,)Y
o TILY)(X0,0) < 0, THXY) (X, .0) > 0,

Proof:
By derivation,we have :

IG(X,Y)

34 (X,0) = —2 sinfg;1 (X sinf) ((1 —sin? §X?)®; (X cos) + cosf X g1 (X cosG)) .

Letnotei(x) = sin® AX2—1, we ha/e‘sc"g%’/)(X, 0) = 2 sinfg; (X sin0)i(X) h(X).
As PG (L ) = —2cos 8 g1 (1) g1(<2) # 0 andsimilarly 245X (— Lo 0 £
0, the zeroesof 29C5Y) (X, 0) arealsothe zeroesof .

In orderto find the zeroesof h, we computethe derivatedof A :

p _ (1 —cos? 6 z2)(1 — sin® #z?) + 2 sin? Oz2
h (z) cos 8 g1 (z cosf) (1 + (1 — sin® 622)2

cos 8 g1 (x cosB)
(1 — sin? fz2)2
cos 8 g1(z cosB)
(1 — sin? fz2)2

(2 — 22 + sin? 0:1:4)
k(z)

wherek(z) = 2 — 2 + sin?  z*.
Two casesanappear.

e Whenl < 8 sin” §
In this case,k(x) is always positif. Thereforeh(z) is increasingin z in
|—00, =551 1— 555, =gl and] — =15, oof . Usinglimy , oo (z) = 0
andlimg o0 h(z) = 1, h(0) = 3. Thereexists Xo, X1 (With — 25 <
Xo < 0and=L; < X;) suchthath(Xo) = h(X1) = 0.

2 2

Moreaver, we have 22X (X, 0) < 0 and &Y (X1, 0) > 0.

e Whenl > 8 sin® 4

In this case k(xz) = 0 hasfour rootsin z : —a1, —ao, ao, @1 With ag =

1—4/1—-8 sin2 6 d _ 14+4/1—8 sin2 6
V2sin @ antdax = V2sin @ )
1 1
As) < ag < V2sind < ar < el andh(ao) > 0, h(al) > 0,

lim; oo h(z) = 0 andlimz o h(xz) = 1, h increasesn:
— ] =00, — 5[ from 0 upto oo,
- 1= 555, —ai] from —oo upto h(—au),
— [—ao, ao] upto h(ao) > 0 (clearlyasumof positive terms),
- a1, -5 upto oo,
- ]5%5, 00] from —co to 1.
andh decreaseB:
— [~a1, —ao] down to A(—ao),
— [ao, 1] downto h(a:1) > 0(clearlyasumof positive terms).
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Now, in orderto find the numberof zeroesof h, we needfirst to shawv the
following lemma:

Lemmal A(—a1) < 0.

Proof:
Indeed we have
h(—a1) = ®1(—a1 cosb) — cos:ai’ g1 (a1 cosb)
and
Oh(—a1) _ g(aicosb)

(Z(l —4sin” @) + 1 — 8cos” fsin” 9)

40 4o sin” 9

with Z = 1/1 — 8sin? 4.
Sincel —4sin26 > 0 and1 — 8 cos? §sin? 4 > 0, % <0.
Soh(—a:1) is decreasingbut whené goesdown to 0, lima; =
oo, andlim h(—a1) = 0. Thereforeh(—al) is alwaysnegative.
O
Thereforejn thiscasethereexiststwo valuesXy, X; (with —ﬁ < Xo <
0 and 15 < X1) suchthath(Xo) = h(X1) = 0.

Moreover, we have 228X (%, 0) < 0, 2C050) (x, 0) > 0.

§X6X §X6X
3—4/9-8 sin2 6 3+4/9-8 sin2 6

Thereremaingo prove that— 3y < Xo andX; < (.
But notingthat— - < —8 < 0 and=%- < $:, we will prove in thefollowing

sin @ sin @

thath(—B0) < 0 andh(B1) > 0, usingthevariationof h, thiswill endthe proof.

Indeedwe have :
Sh 3+4/9—8 sin2 6 9 2 4 2
(W) _ 2cos 0g1(cos61) (Z(4 +5 cos™ ) +4 cos” 0 + 19 cos” 6 + 4)
50 - 731 5in® §(1 — sin §237)3

with Z = \/9 — 8 sin? 4. Sincel — sin 6?47 < 0, we get 2281) < ¢ andusing
h(B1) > ho=z (B1) = ®1(1) > 0.
Similarly we have :

oh(—pBo) _ 2 cos® 8g1(cos88) (—Z(4 +5 cos?6) +4 cos® 6 +19 cos> 6 + 4)
50 Z30sin® §(1 — sin §232)3

Butsincel —sin 282 > 0 and—Z(4+5 cos® §) +4 cos* §+19 cos® §+4 < 0,
h(=Bo) <, we get 2Po) < 0, h(—fBo) < ho—o(0) = 0.

O
Theorem?2 We have:

¢ uGa);;Yl(X, 0) = 0 for all valuesof X,

o TGLY)(X0,0) > 0,
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o TULY)(X,,0) > 0.

Proof:

For reasorof the symmetryof the problem,we have G(X,Y) = G(X, -Y) and
SELY)(X,0) =0
5Y ) :

Now, we wantto studythe signof M(X, 0)in X = Xp andX = X;.

SYSY
Using
’G(X,Y) _ . .
W(X’ 0) = 2 cos 8 sinf g1 (X sin6)I(X)
with I(z) = cos § X (3 —sin® 6 X2)®, (X cosf) + (2 —sin? 6 X2)g:1(X cos 6)
and

_ 088 X g1(X cosb)

®1(X cosh) = s X2

whenX = X, or X; (seeTheoreml), we getin thesetwo cases
2 322 +sin? 6!
- 1 —sin? fz2

o Jo—sanze V3108 sin28
But, I(z) = 0 hasfour rootsin z :+ Y 2" Y 8570 5y VITVO-8 sind

V2sin 6 V2sin @

I(z)

g1(z cos6).

Using—ig_\/_"2 :ﬂzsmw <Xo<Oandzi; < x; < XX 227 3+ﬂii_n8;in2o (see
Theoreml), we geteasilyl(Xo) > 0 andl(X;) > 0. Thisendstheproof.
O

Wewill provein thenext sectiorthattheextremumor hyperbolicpointsof G(X,Y)
areonthestraightlineY = 0. In orderto provethatwe will needto know thelocation
of the X valueswhich correspondso thesepointsontheline Y = 0 thisis theaim of
thenext theorem.

Theorem3 Whené variesin 0, Z[, h(X) = 0 hasoneand only onesolutionwhen
-1< X <yandl < X.

Proof:
Indeedwe have :

0h(X)  V g1(X cosf)

2 21,2
5 = Gy (23X -XTVY)

with V = X sin § andwe havewhenf = Z, h(X) = 1 > 0.
We canremarkthat0 < V < X if X > 0 (respectiely X <V <0, if X <0),
andthat—2 + 3 X2 — X2V? has:
e nozeroif |[X| < \/%
e onepositive zerowhichis lessor equalthanl (resp.negative andsmalleror
equalto —1) if /2 < |X| <1,

e onepositive zerowhich is greaterthan 1 (resp. negative and smallerthan
-1)if 1 < | X]|.
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Sowewill subdvide theproofin mary cases.
e whenX < -1or0< X <y/Zor/2<X<1,

by notingthat—1 < _3*\[7 w Theoreml impliesthath(X) has
no zeroin thesecases.

e whenl < X :
In this case 2(X) is increasingbetweer andf, (with 6 = arcsin (1))
andbetweerdo andmin(%,61) (with 6, = arcsin (@)) If 6, >
%, h(X) is decreasingpetweerf; and 7.
USingh‘g:% (X) >0, ha:o(X) = <I>1(X)+X g1(X) >0, lil’nx_wo_ h(X) =
400, limx 4.+ h(X) = —o0, h(X) hasalwaysanuniquezero.

° when—\/g<X§0:
Inthiscaseh’(X) isincreasingn 8. Wehave hy—z (X) > 0 andhg—o(X) =
@1(X) —+ Xg1(X).
ThereforeusingPropositiord, wefind azeroof h(X) only if —\/g <X <
~o (thecaseX = 4, correspond$o 6 = 0 sowe excludeit).

e when—1< X < —/2:
In this case,h(X) is decreasindetween) andf, andincreasingbetween

6o andZ with = — arcsin (_ \/W)

X2
But we have hg—z (X) > 0 andhs—o(X) = @1(X) + X g1(X) < 0
(usingPropositiond).
Thereforewe have azerowhen—1 < X < —\/g.

Thereforewe find onezeroof h (andonly one)whenX > 1 orwhen—1 < X <
7Yo-
O

Corollary 1 V2F(z,0) hastwo extremavaluesin zo andz; with —o < 2o < 0 <
Dand-2. < 2, < Y32 Thefirst one (z,0) correspondgo a hyperbolicpoint of

sin 6 sin 6

V2F(z,y), the secondone (z1,0) correspondgo an extremumpoint of V2F(z,y).
Ve alsohaveV>F(z,0) = © (A1=29512) and V2 F(z;,0) = © (4142).

Moreover whenf goesthrough]0, %[, o (respectivelyr,) take all valuesin | —
o, Y0 o] (respectivelyn ]o, cof).
Proof:

From Theoremsl and2 andusingthe factthat G(X,Y") is symmetricin Y, we
get:

¢ G(X,0) hastwo extremavaluesin X, and X1,
e (Xo,0) isahyperbolicpointof G(X,Y),
e (X1,0)isanextremumpointof G(X,Y).
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Thefirst partof thecorollaryfollows from PropositiorB, 4/3 — /9 — 8 sin? 4 <
V2sin# andy/3 + /9 — 8 sin? § < 1/6 andTheorems3 (for Xo < Yo0).

UsingProposition3, we obtain:
A1 — Ao

o?

A1 = A0 (X, sin g1 (Xo sin6) $1(Xo cosh)).

o2

V2F(z0,0) = G(Xo,0) =2

Using—1 < Xo < 70 : g1(Xo sinf) = O(1), 1(Xo cosf) = O(1) and
V2F(z0,0) = O (W).
Similarly, we get:

A — A A — A
VQF(»’M,O) N %G(XI’O) =2=——= (=X sin @ g1 (X1 sin0) @1 (X1 cosb)),

o2

with X; sin6 = ©(1), g1(X1 sinf) = ©(1) and < ®;(X; cosf) = O(1) <
1andsoV2F(z1,0) = © (41542).
Thelastpartof the corollaryfollows from Theorem3.

O

Study of the extremaof V2F

LetnoteU = Uy =Y cosf + X sinf,V = Vo = X cosf — Y sin @, 6, = 20, thenwe
have X = Usinf + V cosf,Y = Ucosf — Vsing, Uy = U cosfy — Vsinfy and
Vi =Usinfy + V cos 5.
ThereforeG(X,Y) = H(U, V) with
H(U,V) = (Ucosfs—Vsinbs)g:(U cosfy —V siny)®1 (U sinfy + V cosby)
=Ugi(U)®:1(V).

Let note:

o K(X)=e/1+ X J(X)withe € {—1,1},

o andi(X) = & (sin 0 K (X)+cos B X )+ (infa KX Feosba Sy grloinfe KX tconba X)

First, we give somebasicpropertiesaboutJ(X) and X2 + K (X)?2 whichwill be
usedonthefollowing:

Proposition5 We have:
1. whenX > 0,0 < J(X) < J%_w <1,
2. whemy < X <0,0 < 2= < J(X) <2,
3. whenX >, J(X)+1.5X >0,
4. whenX > -1,0< 1+ X)J(X) < 1.

5. whenX > v, (X + J(X))(1 - X J(X)) + X > 0.
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Proof:

e Indeedwe have J'(X) = —gg((’j()) (X®1(X) + g(X)). Butwe canshav
1
easilythat X ®,(X) + g(X) is increasingandthatyo®1(v0) + g(v0) =

g(v0)(1 — ~3) > 0 (by definition of o). ThereforeJ'(X) < 0 when
1

X > 7o andJ(X) is decreasingUsing J(0) = 2= andJ(X) > 0, we

obtainthefirst partof the proposition. ’

Using J(y0) = —% (by definition of 49) andyy < —@ (seeProposi-

tion 4), we getthe secondpartof the proposition.

¢ Indeedthisis equivalentto provethatm(X) = g1 (X)+1.5 X ®,(X) > 0
whenX > ~o. Butwe have m’(X) = X381 "ywhich is clearly
positve whenX > 0.

Wheny, < X < 0, wehavem”(X) = WXZM > 0. Som/(X) is
increasingandwe have alsom’ (X) > m/(y0) = ®1(v0) > 0.
ThereforewhenX > ~o, m isincreasingButusingPropositiord, m(yo) =
g1(70)(1 — 1.59¢) > 0. This endsthis partof the proof.

e Thefirstpart,0 < (1 + X) J(X) is clearlytrue. The secondpartis equiva-
lentto prove thatm(X) = (1 + X)g1(X) — ®1(X) < 0.

But we have m’(X) = —X (1 + X)g:1(X). Som(X) is increasingwhen
. : _ 1 1

X e [—1,0] andis decreasingvhenX > 0. Butm(0) = —= — 5 < 0.

This endsthe proof.

e Wheny, < X < 0, Thepoint5.4givesl1 — X J(X) > J(X). From5.3we
know thatJ(X)+1.5 X > 0 andtherefore/(X)+X > 0. Furthermorave
know thatJ(X) > —Z= and(X +J(X))(1-X J(X))+X > J(X)(X +
J(X)) + X > 5 + 2 whichis greatetthanzerowheny, < X < 0.
WhenX > 0, theprevious pointgives1l — X J(X) > J(X). Therefore
(X+JX))1-XJX)+X>JX)(X+JX))+ X >0.

O

Proposition 6 In theinterval[yy, oo[, X2+ K?(X) is continueandstrictly increasing
from~3 to co.

Proof:
Letm(X) = X2 + K*(X).

Weharem(X) = X* + 1 + 52, therefore:

91(X) 2
2X + B (X)? (1 -X*)®1(X) - X g1(X))

2X + (1 -X*)J(X) - X J(X)

m'(X)

with J(X) = 455

e whenvy, < X <0,
IndeedJeth(Y) = —1 + XY + Y. Therootsof h(Y') = 0 correspond

—XoVXEE? and =XEVXEE? ysing Propositiont we have :

“X+VXZ+2 X+ /X24%
5 < < J(X).

2 =

to
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Thereforeh(J(X)) > 0 andm’(X) = —X (h(J(X)) — 1.5) + J(X) >
1.5 X + J(X).
Using Propositions, we getm’ (X) > 0.
e when0 > X > 1,
wehavel—X? > 0and2—J*(X) > 0 (usingPropositiors), som’ (X) >
0.
e whenl < X,
usingProposition5, we have (1 + X)J(X) < 1 andJ(X) < 1. So(1 —
X)HJ(X)> (X -1andm/(X) >2X -X+1-X =1,
Som is anincreasingfunctionin X andis continuein X. We can note that
m(70) =43, limx o m(X) = co. This endsthe proof of the proposition.
O
Then,we have thefollowing theorem:

Theorem4 Theextremaandthehyperbolicpointsof H (andsoof V2F) arethepoints
(K(V),V) sucdhthatl(V) = 0.
Proof:

Indeed,a point (U, V) is an extremumor a hyperbolicpoint of H if andonly if
XY (U, V) = 0 and 2 (U, V) = 0.

However we have :

% = c0s82 g1 (U cos 02—V sin 62) @1 (U sin f2+V cos 62) (1 — (U cos s — V sin6s)?)
+91(U) (sin 02 (U cos B2 — Vsin82)g1 (V) — d1(V)(1 = U?)).  (7)

and

% = —sin 6291 (U cos 82—V sin 62)®1 (U sin H2+V cos 6-) (1 — (Ucosf2 — Vsin 92)2)

+91(U)g1(V) (cos 02(U cos 82 — Vsinby) —U). (8)

Therefore jf we combineEquationg7) and(8), usingthe following combination
sin 82 (Equation(7)} cos 82 (Equation(8)pndcos 82 (Equation(7)}- sin 62 (Equation(8)),

we obtain:
0=—sinb g(U) (Vgu(V) + (1 —-U®:(V)),
and
0 = (1 — (cosB2 U — sin B, V)2) g1(cos@2U —sin B V)@1(sin B2 U + cos 62 V')

+91(U) (—cos62(1 = U*)@1(V) +sin 6> U g1 (V')

= gi1(cosfU —sinb V)
((1 = (cosfs U —sin 6> V)?) &1 (sin 6 U + cosh V) +
(sin B2 U + cos B2 V) g1 (sin 62 U + cos 02 V)

Thefirst equationis equialentto U = K (V') andthe secondequationis equi-
alentto I(V) = 0 if andonly if thereis no solutionwhich verify (cos 8> U —
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sinf> V)? = 1 andsin 2 U + cos B2 V = 0 (with U = K(V)). We will shov
thisin thefollowing.

Indeedtheseequationsare equivalentto U = €' cosfa, V = —¢' sin§, (with
U = K(V) ande’ € {—1,1}). Thereforewe mustprove that

€' sin#>g: (¢ sin 62)

2
=1
cos” 6 + 1 (e sin 62)

hasno solution.
This is clearlytruewhene’ = 1. Whene' = —1, this equationis equivalentto
prove that:

—sin 62 ®1(—sinb2) + gi(—sin ) =0
hasno solution.
Let m(X) = @1(X) + 282, we hae m'(X) = —282 lim_om = 0,
limx_o-m(X) = —o0, limy_, g+ m(X) = 400, limy. m = 1. Therefore
m(X) is adecreasindunction andthereexists no solutionto m(X) = 0. This
endsthe proof.

O

Corollary 2 (U,V) is a extremumor a hyperbolicpoint of H impliesthat V' mustbe
greateror equalto .

Proof:

Using the previous theoremwe musthave U = K (V') but this impliesthat1 +

‘;911(9’)) > 0. Proposition4 endsthe proof.

O

Theorem5 e Whene = 1, for each X > 0 there existsoneandonly onef €
10, 5[, suc that!(X) = 0 andnonewheny, < X <0,

e Whene = —1, for eath o < X < 0 there existsoneandonly oned €]0, 7|,
sudithat!(X) = 0 andnonewhenX > 0.

Proof:
Indeed,if we setthevalueof X andnote:
o u(d') =cosf K(X) —sinf' X,
e v(#) =sin@ K(X) + cosd'X,
o m(f') = 1 (v(¥)) + LLULEN,
o M(0')=2—(X%+K(X)?)(3—u®)?.
We cannotethatm(6’) = I(X) when§’ = 6,. Soin orderto find the value§

in 10, Z[ suchthat!(X) = 0, we will studythe variationsof the functionm(¢")
when§’ goesthrough]0, 7.

Wehaveu'(8') = —v(68’) andv'(8') = u(8'), so
Iip! _ “(9)91(9(9’)) 7\ 2
m(0) = W( —(X?+K(X)*)(3—u(8)?))
w(6) g1(v(6") ;g
CETRERE
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andM’(8) = —2u(8)v(9')(X> + K(X)?).
Thereforewe will needto studythe signsof m’(6") and M'(6") andsothe signs
of u(6"),v(6"), M(4").
Beforebaginningthesestudies)et introducesomenotations
e for simplicity, we will denoteby atan(x,y) the function which givesthe

arctan valueof £ whichcorrespondto ananglein [0, 7] (with atan(0,y) =
0if y > 0 andatan(0,y) = = if y < 0),

e ap = atan(K(X), X) istheonly valued in [0, 7] suchthatu(6') = 0 (the
limits of theinterval 0 or = areonly reachedvhenX = ~q),

e a1 = atan(X,—K(X)) is theonly value#d in [0, 7] suchthatv(8') = 0
(thelimits of theinterval 0 or 7 areonly reachedvhenX = 0),
Lemma?2 Letusnote:

e (o istheonlyvaluesud that X? 4+ K (X)?* =

2
3
o (1 istheonlyvaluesud that X* + K (X)? = 2

then
e m(0) = 0 whenX # 0,
e m(w) =1whenX # 0,
e whene =1, m(ao) > 0 whenX # ~o,
e whene = —1, m(ap) < 0 whenX # o,

e M(0) = M(m) = 0if andonlyif X = 0 and M (0) = M(x) > 0 if and
onlyvy, < X <0.

o M(ap) = 0if andonlyif X = {p and M (ap) > 0 if andonlyifyo < X <

Co,
e M(ai) =0ifandonlyif X = 0or X = {s andM(a1) < 0 if andonlyif
0<X < Cl-
Proof:

Proposition6 provesthe existenceof (o, and{: andgivesusy, <
Co<0< (.
¢ Wehaveu(0) = K(X),v(0) = X, thereforem(0) = &, (X)+
Xo1X) — @,(X) -, (X) =0,

1—-K2(X)
e We have u(r) = —K(X), v(r) = —X, thereforem(w) =
B (—X) + T = ®1(=X) + B1(X) = B1(-X) +

1-K2(X)
(1-2:(-X)) =1,
K

e Wehaveu(ao) =0,cosap = e\/ﬁ,sin o = em.
Thereforep(ap) = €4/ X2 + K(X?) andm(ao) = ®1(v(ao))+
v(ao)g(v(ao)). Whene = 1, m(ao) is clearly positive. When
€ = —1, usingPropositiorb v(ao) < 7o andusingPropositior3
m(ap) < 0.
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e Wehave

M0)=M(x) = 2-(X"+K(X)")B-K(X)")
= —X((X+J(X)(1-XJX))+X)

Propositiorb givesthesignof M (0) andM (r),

¢ indeedwehaveby definitionu(ao) = 0 andthereforeM (ao) =
2 — 3(X? 4+ K(X)?). Then, M () hasonly one zerowhen
X = ¢oandM(ao) < 0 whenX > (o.

¢ Thistime,we have u®(a1) + v2(a:1) = X2 + K?(X) therefore
M(a1) = (2-X>—K(X)*)(1-X?-K(X)*) andM (ai1) =
OwhenX =0orX = ¢ andM(a1) < 0when0 < X < (3.

O

To prove thetheoremb, we will splitthedemonstrationto mary parts,differenc-
ing thecases equalsl or —1; thecasesX negative andpositive; thecaseX = 0
andX = .

e WhenX = 0:
In this caseu(8’) = € cos@’, v(0') = esind’, m(0') = f(v(')) with
flz) = @1(x) + -‘“T(””). But f is decreasingby derivation) betweer{—1, 0[
from f(—1) down to —oco andbetweer]0, 1] from co downto f(1). f(1)

. . . . . 1+4/14+2 _
is clearly positif. Using Proposition4, we obtain1 < —Y;—= < 2=

andf(—1) < 0. Thereforef (x) = 0 hasno solutionwhenz € [-1,1] and
m(8') = 0 hasnosolutionwhend’ €]0, «[.

e WhenX = o:
We have u(6') = —yo sin® > 0 andv(f') = 7o cosd’. Therefore
M'(6") > 0 wheng' €]0, Z[ andM’(6") < 0 when§' €]Zx[. As M(0) >
0 andM (w) > 0, we havein thiscaseM (8") > 0 whené’ € [0, w]. There-
forem’ (') > 0 whené’ €0, =[ andm/(¢’) is increasingn [0, 7] from 0 up
to 1. Thenm(8') = 0 hasno solutionwhen§’ €]0, «[.

e Whene =1andX > 0:
In this casewe clearlyobtain:

—0<a<F<ar <m,

— u(8") > 0if andonlyif 0 < 6’ < ag,

— v(8') > 0if andonlyif 0 < ¢’ < a1,

- K(X)>1.
Thereforeu(§') decreasefrom K(X) to —y/K(X)2 + X2 when§' €
[0, a1] andincreasedo —K (X ) when®’ € [a1,n]. As K(X) > 1 when
X > 0,u(#")? = 1 hastwo solutions8y andB with 0 < 8o < ag < B <
1.
SinceM’ (#") hasthe samesignthan—u(6’) v(6'), M decrease® [0, o]
from M (0) < 0 down to M (ao) < 0, increasesn [ao, a1] upto M(a:)
anddecreasem [a, 7] to M (7) < 0.
Thereforetwo casesarise:
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— WhenX < (1, M(a1) < 0. Thereforem’(8') < 0if 0 < 6§ <
ap andm’(8’) > 0if ap < 0 (exceptedin oy if X = (1). mis
decreasingn [0, Bo[ from m(0) = 0 down to —oo, is decreasingn
180, o] from co down to m(ap) > 0, is increasingn [avo, B1[ from to
m(ao) > 0 to co andis increasingn |61, 7] from —oo to m(7) = 1.
m(8') = 0 hasalwaysone(andonly one)solutionwhend’ €]0, .

— WhenX > (1, M(8') < 0when0 < §' < po andwhenr > §' > ps
with po andp: thevalueswhich correspondo thevaluesof M (8') = 0
(andwith o < B1 < po < a1 < p1 becauseV (B1) = 2(1 — X2 —
K2%(X)) < 0) and M(#') > 0 whenpy < 8 < p1. Therefore
the variationsof m(8’) differ only from the previous casewheng; >
6’. Then,m(@") is increasingin ]B1, po] from —oo to m(po), then
is decreasingn [po, p1] from m(po) down to m(p1) > 0 (indeedas
B < a1 < p1,wehaewv(p1) < 0andl —u?(p') <1—1=0)and
finally is increasingn [p1, 7] from m(p1) to m(n) = 1. Thereforeas
in thepreviouscasem(#') = 0 hasalwaysone(andonly one)solution
whend’ €]0, 7.

e Whene=1,9%< X <0
In this casewe clearlyobtain:

—0<ai < <ap<m,

— u(8') > 0if andonlyif 0 < ¢’ < ao,

— v(8") > 0if andonlyif a1 < ¢,

- 0<K(X)<1

Thereforeu increasefrom K (z) to /K (X)?2 + X2 whend’ € [0, a1] and
decrease® —K (X) whend’ € [a, 7). Becausek?(X) + X? < 1(using
Propositions) and K (X) < 1, 4*(4") = 1 hasnosolutionin thisinterval.
As M’ (8") hasthesamesignthan—u(8') v(8'), M increasen [0, o] from
M(0) = 0 upto M(a1) > 0, decreased [a1, o] down to M (o) and
increasesn [ao, 7] upto M(7) > 0.

Two casesppear.

— WhenX < (o, M(ao) > 0. ThereforeM (6') > 0 (exceptedwhen
6" = ap andX = (o whereit is equalto 0). Som(#') is increasingn
[0, avo] from m(0) = 0 upto m(ao) > 0 andis decreasingn [ao, 7]
downtom(w) = 1. Som(8') = 0 hasnosolutionwhené’ €]0, =.

— WhenX > (o, M (o) < 0. ThereforeM (8') > 0 when0 < §' < po
andwhenr > 8" > p1 with po andp; the valueswhich correspond
to the valuesof M (') = 0 (andwith a1 < po < ao < p1) and
M(6") < 0whenpy < 8" < p1. Som(8') isincreasingn [0, po] from
m(0) = 0 uptom(po), is decreasingn [po, ao] down to m (o) > 0,
is increasingn [ao, p1] upto m(p1) andis decreasingn [p1, 7] down
tom(w) = 1. Som(§') = 0 hasnosolutionwhend’ €]0, =[.

e ¢ =—1andX > 0. In thiscasewe clearlyobtain:

—0<a<§<ap<m,

w(8') > 0if andonlyif 8’ > ay,
v(8') > 0if andonlyif 0 < 8’ < a1,
- K(X) < —1.
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Thereforeu decreasefrom K (z) to —y/K(X)? + X2 whend’ € [0, a1]
andincreaseso —K(X) whené' € [ai1,n]. SinceK(X) < —1 when
X > 0,%%(8') = 1 hastwo solutions8, andg: suchthata: < 8o < ao <
Bi-

As M’ (8") hasthesamesignthan—u(6') v(8"), M increasein [0, o] from
M(0) < 0to M(a1), decreasem [a1, ao] to M (o) < 0 andincreasesn
[0, 7] to M (7) < 0.

Two casesppear.

— When0 < X < (1, M(a1) < 0. Thereforem(8') > 0if 0 < §' <
ag andm/(§') < 0if ap < 6 (exceptedin oy if X = (1). mis
increasingn [0, Bo[ from m(0) = 0 to co, increasingn |3, o] from
—oo to m(ao) < 0, decreasingn [ao, £1] to —co anddecreasingn
181, 7] from co down to m(w) = 1. Therefore,;m(§’) = 0 hasno
solutionwhen]0, x[.

— WhenX > (1, M(a1) > 0. ThereforeM (') < 0 for 8’ € [0, po]
and@’ € [p1, 7] wherepy andp; thevalueswhich verify M (') = 0
(andwith 0 < po < a1 < p1 < Bo < ap becauseV (Bo) = 2(1 —
X2 — K*(X)) > 0). m’ is positivein [0, po] and[p1, ao] andnegative
in [po, p1] and[ao, . Thereforethe variationsof m(¢') differ only
from the previous casewhend’ < (. Then,m is increasingn [0, po]
from m(0) = 0 to m(po), decreasingn [po, p1[ down to m(p1) > 0
(becausey; < p1 < fo, Wev(p1) < 0 andl — u’(p1) < 0) and
increasingn [p1, Bo[ from m(p1) to co. Thereforeasin the previous
casem(6') = 0 hasnosolutionwhen]0, .

e = —1andyy < = < 0, In this casewe clearlyobtain:

—0<a<j<al<m,

u(8') > 0if andonlyif 8’ > ao,
v(8') > 0if andonlyif ' > ay,
~1< K(X)<0.

Thereforeu increasedrom K (z) to /K(X)? + X2 whené’ € [0, a1]
anddecreasedown to — K (X) whené’ € [a1,7]. SinceK?(X) + X? <
1(usingPropositions) and—1 < K(X), »*(8") = 1 hasno solutionin this
intenal.

As M’ (6") hasthesamesignthan—u(6') v(8'), M decreasem [0, ao] from
M(0) > 0to M(ao), increasedn [ao, 1] to M (1) > 0 anddecreasem
[@1, 7] to M(7) > 0.

Two caseappeatr.

— Wheny, < X < o, M(a) > 0. ThereforeM (6’) > 0 for §' €
[0, 7] andm/(8") < 0 for 8’ € [0, a0 andm’(8") > 0 for ' €]ao, 7).
Thereforem is decreasingn [0, ag] fromm(0) = 0 downtom(ao) <
0 andincreasingn [ao, 7] to m(w) = 1. m(6’) = 0 hasalwaysone
andonly onesolutionwhen’ €]0, .

— When¢o < X < 0, M(ao) < 0. ThereforeM(#') > 0 for §' €
[0, po] @andd’ € [p1, 7] wherepg andp; thevalueswhichverify M (6') =
0(0 < po < ap < p1 < ai). Thus,m(§') isdecreasingn [0, po] from
0 down to m(po), increasingn [po, ao] to m(ap) < 0, decreasingn
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[@o, p1] to m(p1) andincreasingin [p1,w] to m(w) = 1. Therefore
m(0') = 0 hasalwaysoneandonly onesolutionwhené’ €]0, =[.

(|
Theorem6 If (X,Y") is anextremumor an hyperbolicpointof G(X,Y) thenY = 0.

Proof:
Indeedusing Theorem4, we musthave [(V) = 0 with V' = X cosf — Y sin 6
andU =Y cosf + X sinf = K(V).
Using Theorem3, we know thatwhen§ variesin ]0, 5[, thereis oneandonly one
extremumor hyperbolicpointof G(X, 0) when—1 < X < 7 andl < X.
AsK (V) =UandU?+V? = X?4+Y?, wemusthave onthesepoints K2 (V) +
V? = X?. UsingPropositions, K*(V) + V2 is continue,andstrictly increasing
from 43 to co. This meansthat eachof thesevalues X (which verify —1 <
X < 7 orl < X) correspondgo oneand oneonly value V' which verifies
K?(V)+V? = X*foreachy, < V < 0 orforeach0 < V.
Using(V) = 0 andTheorem5, this propertyshavs thatthe extremumandthe
hyperbolicpoints of G(X, 0) whené goesthrough]0, [ arethe samethanthe
extremumandhyperbolicpointsof G(X,Y’) whené goesthrough]0, 7.

O
With Proposition3, we obtaineasilythefollowing corollary:

Corollary 3 Theextremumandthe hyperbolicpointsof V2 F are on the straight line
y=0.
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