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Abstract: In this paper, we propose a new framework to perform nonrigid surface
registration. It is based on various extensions of an iterative algorithm recently
presented by several researchers ([BM92], [Zha93], [CM92], [ML92], [CLSB92]) to
rigidly register surfaces represented by a set of 3D points, when a prior estimate of
the displacement is available. Our framework consists of three stages:

e First, we search for the best rigid displacement to superpose the two surfaces.
We show how to efficiently use curvatures to superpose principal frames at
possible corresponding points in order to find a prior rough estimate of the
displacement and initialize the iterative algorithm.

e Second, we search for the best affine transformation. We introduce differen-
tial information in points coordinates: this allows us to match locally similar
points. Then, we show how principal frames and curvatures are transformed
by an affine transformation. Finally, we introduce this differential information
in a global criterion minimized by extended Kalman filtering.

e Third, we locally deform the surface. Instead of computing a global affine
transformation, we attach to each point a local affine transformation varying
smoothly along the surface. We call this deformation a locally affine deforma-
tion.
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2 Jacques Feldmar, Nicholas Ayache

All these stages are illustrated with experiments on various real biomedical sur-
faces (teeth, faces, skulls, brains and hearts), which demonstrate the validity of the

approach.

Key-words: surface registration, surface matching, rigid displacement, affine trans-
formation, curvature, principal frame, kd-tree, extended Kalman filter.

(Résumé : tsup)
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Recalage rigide, affine et localement affine de surfaces
gauches

Résumé : Dans cet article, nous proposons une nouvelle approche pour réa-
liser le recalage non rigide de surfaces discretes. Cette approche est fondée sur
diverses extensions d’un algorithme itératif récemment présenté par plusieurs cher-
cheurs ([BM92], [Zha93], [CM92], [ML92], [CLSB92]) pour recaler rigidement des
surfaces représentées par des ensembles de points, lorsque ’on dispose d’une estimée
du déplacement cherché. Elle consiste en trois étapes :

e Premiérement, nous cherchons la meilleure transformation rigide pour su-
perposer les deux surfaces. Nous montrons comment utiliser efficacement les
courbures pour superposer les repéres principaux aux points qui peuvent se
correspondre afin de trouver une estimée du déplacement et initialiser 1’algo-
rithme itératif.

e Deuxiemement, nous cherchons la meilleure transformation affine. Nous utili-
sons les informations différentielles sur les points. Cela nous permet de mettre
en correspondance des points localement similaires. Puis nous montrons com-
ment les courbures principales et le repere principal sont transformés par une
transformation affine. Finalement, nous introduisons cette information diffé-
rentielle dans un critére global que nous minimisons a l'aide d’un filtre de
Kalman étendu.

e Troisiemement, nous déformons localement la surface. Au lieu de calculer une
transformation affline globale, nous associons a chaque point de la surface une
transformation affine locale telle que la variation de ces transformations sur la
surface soit lisse. Nous appelons cette déformation une déformation localement
affine.

Toutes ces étapes sont illustrées par des résultats sur diverses surfaces biomé-
dicales réelles (des dents, des visages, des cranes, des cerveaux et des coeurs), qui
démontrent la validité de cette nouvelle approche.

Mots-clé : recalage, mise en correspondance, déplacement rigide, transformation
affine, courbure, repere principal, kd-tree, filtre de Kalman étendu.
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1 Introduction

Recently, many studies in computer vision have been devoted to the analysis of
curved objects. This is an extremely important task simply because a lot of objects
are curved in our environment. These objects are often described by their surfaces.
They are acquired using different techniques: extraction of contours or iso-surfaces
in 3D medical images, range imaging sensors or stereo algorithms.

In this paper, we are concentrating on the surface matching problem. When two
surfaces represent the same object, it is often useful to superpose them. For instance,
this is important for the medical diagnosis to compare images acquired at different
times or coming from different modalities. Another example is when surfaces are
incomplete: fusing different acquisitions yields a complete description of the surface.
One can refer to the article by Lisa Gottesfeld Brown [Bro92] for a review of the
existing techniques.

Our work is an extension of an iterative algorithm described by [BM92], [Zha93],
[ML92], [CM92] and [CLSB92] to rigidly register surfaces. This algorithm is detailed
in section 2.1 and is called “the iterative algorithm” in this article. Cohen proposes
in [Coh94] a rigorous mathematical formulation. The potential based method using
principles of mechanics presented in [MR92] is also relatively close to this “itera-
tive algorithm”. Of course, classical techniques to register polyhedral objects have
influenced our work. The book of Grimson ([Gri90]) provides a very good review of
these techniques. Our method to find the initial estimate of the rigid displacement is
a kind of hypothesis-verification scheme. The work of A. Gueziec [GA94b] to match
crest lines has also influenced this part of our work. Indeed, A. Gueziec uses the
curvature and the Frénet frame of points on curves. But it is a geometric hashing
scheme and the goal is to match space curves.

When the two surfaces do not come from the same object, but from objects of the
same class (for example two faces or two brains) it is also highly desirable to establish
point to point correspondences. An example of such an application is to match a
brain with an anatomical atlas in order to automatically find abnormalities or to
label the brain with anatomical names. Another example is to track the deformation
over time of a beating heart, or to register images of a deformable region of a patient
(e.g. abdomen) taken at different times. But this nonrigid matching task is much
harder. One can again refer to [Bro92] for a review of the existing (but not numerous)
techniques.

Our approach to perform the nonrigid matching is quite related to the surface
deformation methods because we deform the surfaces in order to bring the correspon-
ding points nearer. For example, the deformation techniques presented in [BK89],

Inria



Rigid, Affine and Locally Affine Registration of Free-Form Surfaces 5

[MT93],[MT91], [PS91] or [NA93] are very interesting. These authors deform the
surfaces using a physical model involving internal and external forces. Our defor-
mations are quite different: they are the result of a geometric transformation, and
the constraints used are based on geometric differential informations. Hence, unlike
elastic surface models, the curvature of the surface tends to be preserved during the
deformation process.

Our work is closer to the techniques which compute a global transformation of
the 3D images to deform the surface. Indeed, we compute affine or locally affine
transformations. See for example the 3D-spline deformations presented in [SL94] or
[BCA94] which are very interesting. But these authors do not explicitly try to match
points with similarity of shape which seems to be important to perform matching.
Moreover, unlike locally affine deformations, the CPU time must be increased to
obtain more local deformations with 3D-spline transformations.

The use of curvature to track points on deformable objects described by Cohen
et al. in [CAS92] (and first introduced by Duncan et al. in [DOSA91]) has also
connections with our work. Cohen uses the curvature to constraint the possible
corresponding points on the two contours. But his definition of the closest point is
different. Moreover, he is interested in matching plane curves and does not deform
them. Finally, our approach is slightly close to the work of H. Delingette [Del94].
Even if the techniques are very different (the goal of Delingette is not to match
surfaces), they share two common objectives: the deformation of the surface without
any prior knowledge on its topology and the notion of preservation of the local shape
during the deformation process.

In this paper, we propose several extensions to the iterative algorithm in order
to develop a complete scheme to match surfaces. In section 2, we describe our contri-
bution to find the best rigid displacement between two surfaces. We first present the
original iterative algorithm (2.1). Then we present our method to efficiently find the
requisite initial estimate, using curvatures and principal frames (2.2). Finally, we
rapidly explain how we deal with partially occluded surfaces to find a very accurate
rigid displacement (2.3).

In section 3, we explain how we have extended the iterative algorithm in order to
find a good affine transformation. We first introduce differential information in point
coordinates and we show how they are transformed by an affine transformation (3.2).
Then we modify the definition of best affine transformation introducing curvatures
in the criterion and we use extended Kalman filters to find it (3.3). Finally, we
present results on real data to illustrate that the found affine transformation brings
the two surfaces much nearer than the rigid one (3.4).

RR n~° 2220



6 Jacques Feldmar, Nicholas Ayache

In section 4, we present a very simple and promising surface deformation tech-
nique to obtain the final match of the two surfaces. First we explain how we associate
an affine transformation to each point on the surface (4.1). Then we present results
on real data to show that the scheme described in this paper works quite well and
allows us to match surfaces (4.2). Finally, we conclude in section 5, summarizing the
contributions of this paper and presenting our future work.

2 Computing the rigid displacement

As explained in the introduction, finding the rigid displacement to superpose two
identical surfaces described in two different frames is a very important task. For
example, superposing brain surfaces enables to follow the evolution of a pathology
(brain tumors, multiple sclerosis, etc...). Another application is to fuse together in-
complete range data. For example, a laser technique is used to acquire teeth surfaces
(Figure 1). Because of occlusion for each point of view, it is necessary to register
together the common part of each view to obtain a complete surface.

4\_* zu\\' i
L Veh 2

-

Figure 1: The teeth surfaces to superpose. They have been acquired by Sopha-
Bioconcept using a laser technique. One can observe three teeth and three small
spheres.
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repeat
step 1: Match; :== {(M,N)/M € 51, N = ClosestPoint(R,_1+ M + t,_1)},
— —
where ClosestPoint(P) = N € Sy/||PN|| = mingzes, (||PL]])
step 2 : compute (R;,t;)/ 2(M,N)eMatch IR;M +t; — N||* =

min (g t)(X (ar,n)eMaten; [RM +t — N||?)
until the termination criterion is reached

Figure 2: The “iterative algorithm”

2.1  The iterative algorithm

We now rapidly describe the iterative algorithm (refer to the original papers for
details). The goal is to find the rigid displacement (R, t)! to superpose two surfaces,
S1 on S, given a very rough estimation (Ryg,tg) of this rigid displacement. Each
surface is described by a set of 3D-points. The algorithm consists of two iterated
steps, each iteration ¢ computing a new estimation (R;, t;) of the rigid displacement.

1. The first step builds a set Match; of pairs of points. The construction is very
simple: for each point M on Sy, a pair (M, N) is added to Match;, where N
is the closest point on S5 to the point R;_1M + t;_;. To compute the closest
point, different methods are proposed but one can use for example the distance
map method [Dan80].

2. The second step is simple too. This is just the least square evaluation of the best
rigid displacement (R;,t;) to superpose the pairs of Match; (see for example
[FH86] for the quaternion method).

The termination criterion depends on the authors: the algorithm stops either when
a) the distance between the two surfaces is below a fixed threshold, b) the variation
of the distance between the two surfaces at two successive iterations is below a fixed
threshold or ¢) a maximum number of iterations is reached.

We call this algorithm “the iterative algorithm”. It is summarized in Figure 2. It
is very efficient and finds the right solution when the initial estimate (Rg, tg) of the

LA rigid displacement (R, t) maps each point M to RM + t where R is a 3x3 rotation matrix
and t a translation vector.

RR n~° 2220



8 Jacques Feldmar, Nicholas Ayache

rigid displacement is “not too bad” and when each point on 57 has a correspondent
on S5. But, in practice, this is often not the case. For example, we would like to be
able to superpose the teeth of Figure 1, but we have no initial estimate of the rigid
displacement and because of occlusions, surfaces are only partially described. The
algorithm has to be improved. The two next subsections describe what we propose
to avoid these two problems.

2.2  Finding the initial rigid displacement

In this section, we explain how we find the initial estimate we need to run the iterative
algorithm of Figure 2. As explained in the various papers describing this algorithm,
the estimate does not have to be very accurate : we just want a rough estimate. We
use differential informations to get it. The surfaces we have to superpose come from
techniques described in [TG92], [Gué93]. So, for each point M on a surface, we know
the principal curvatures, and the principal frame.

In the ideal case, because principal curvatures are invariant under rigid displa-
cement, given a point M on S; with principal curvatures (k1,kz), a point N on 53
must have the same curvatures to be a possible correspondent. Moreover, if the pair
(M, N) is a good match, then the rigid displacement which superposes S; on 93 is
also the one which superposes the principal frames attached to M and N respecti-
vely on 57 and S5. Hence, in the ideal case, the following algorithm would be very
efficient: (1) choose a point M on 51, (2) compute the set SameCurvature(M)
of points on S5 which have the same curvatures as M, (8) for each point N in
SameCurvature(M), compute the rigid displacement corresponding to the super-
position of the two principal frames and stop when this rigid displacement exactly
superposes 51 on Ss.

But in practice, the two surfaces cannot be exactly superposed, and there is an
ambiguity in the orientation of the principal frame. To deal with imprecision on
curvatures, we register the points of S5 in a hash table or in a kd-tree (see [PS85])
indexed by the two principal curvatures. This way, given a point M on 5, with
curvatures (ky, k2), we can quickly find the set of points CloseCurvature(M) on Sy
whose curvatures are close to (kq, k2). Then, we apply the following algorithm:

1. we randomly choose a point M on the surface 5y
2. we compute the set CloseCurvature(M)

3. for each point N in CloseCurvature(M), we compute the rigid displace-
ments corresponding to the superposition of the two principal frames. If Ry =
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Rigid, Affine and Locally Affine Registration of Free-Form Surfaces 9

(M, €11,€51,71) is the principal frame at point M and Ry = (N, €12, €22, 7i2)
the principal frame at point N, we compute two rigid displacements D and D’.
D corresponds to the superposition of Ry on R3. D’ corresponds to the super-
position of Ry on RY, where R}, = (N, —€12, —€22, 7). We have to compute
these two rigid displacements because Ry and R/, are both direct, and there
is no way to choose between them?. The computation of D an D’ is easy. If
A is the 3 X 3 matrix whose columns are (€11, €31,71), if B is (€12, €22, 72)
and B’ is (—€1q, —€92,173), we simply have®> D = (BAY, N — BA'M) and
D' = (B'A", N - B'A'M).

4. we now estimate the ratio of the number of points on the transformed surface
RS7 4+ t which have their closest point on 53 below a given distance, divided
by the number of points of the surface S; to check whether D or D’ reaches
our termination criterion. First, we randomly choose a subset 5] of points on
S1. Then, for each point P in 5], we compute the closest point @ to RP + t

on S5 and if
|| PM]]

IRP + ¢t =Qll < 6Diamete'r’

where ¢ is a given distance threshold and Diameter is the diameter of 57, then
we add the pair (P, Q) to a set Pair_ok. Finally, if the ratio |Pair_ok|/|5]| is
larger than p (0 < p < 1), we decide that (R,t) is a good estimate of the rigid
displacement which superposes 57 on 53 and we stop the algorithm. If neither

D nor D' reaches the termination criterion, then we return to point 1.

The parameter ¢ is the estimation of the maximal distance between one point
on the surface 57 and its closest point on 53 for a good estimate of the best rigid
registration (it depends on the noise level). p is the estimation of the ratio of the
number of points on 57 which have a correspondent on 55, divided by the number
of points on 57 (which depends on the occlusion). Assume that (R,t) is a rigid
displacement which corresponds to the superposition of the two principal frames for
a bad point matching hypothesis. If the points are randomly distributed within a
volume and if for a point M € RS; + t the probability to have a point N € 55 such

that ||M N|| < ¢ is p, then the probability to stop the algorithm with this bad rigid

2Note that we are able to orient the normals because, in practice, we know the interior and the
exterior of the objects.

*We keep the notation D = (R, t) where R is the rotation matrix and t the translation vector
of the rigid displacement as explained in section 2.1.

RR n~° 2220



10 Jacques Feldmar, Nicholas Ayache

displacement is

where n = | 57| and k = p*n.

For instance, if p = 0.4, p = 0.7 and n = 500 this probability is approximatively
10~%%. Of course, it is not possible to set a value for p and the points are not randomly
distributed (they belong to a smooth surface) but this can help to understand why,
in practice, for our problems, it is not difficult to choose the two parameters § and
p and why a good solution is found after a very small number of iterations (two or
three). Moreover, note that if after a given small number of iterations no solution is
found, we can just stop the algorithm and rerun it choosing a lower p or a larger 6.

Typical surfaces we work with have around 10000 points. CloseCurvature(M)
is the set of points N on S5 whose principal curvatures (&}, k%) are such that ((k] —
k1)? 4 (Ky — k2)?)Y? < Dim/20 where Dim = max(Dim ki, Dim ky), assuming
that Dim_kq (respectively Dim_k; ) is the difference between the maximum and the
minimum value of k; (respectively kg ) in S;. For 57, we randomly choose 5% of
points of 57. For example, Figure 3 shows the initial estimate found for the teeth
data. We have chosen p = 0.8 and § = D /30 where D is the largest surface diameter.
The rigid displacement is found after two iterations in less than twenty seconds on
a DEC 5000 workstation. It is not very accurate, but good enough to find the good
solution, as described in the next section.

2.3  Working with incomplete surfaces

At step 1 of the iterative algorithm (Figure 2), a point on S; is associated to each
point on S7. But when the two surfaces are not complete because of occlusion for
example , some points on 57 do not have any correspondent on S5. Thus, given a
point M on Sy, (Ri_1,t;—1), and ClosestPoint(R;_1 M + t;,_1), we have to decide
whether (M, ClosestPoint( R;_4M + t;_1 ) ) is a plausible match. This is very
important because, if we accept incorrect matches, the found rigid displacement will
not be accurate, and if we reject correct matches, the algorithm will not converge
towards the good solution.

As proposed in [Aya91], we make use of the extended Kalman filter. This allows
us to associate to the six parameters of (R;,t;) a covariance matrix S; and to use
a generalized Mahalanobis distance to check if a match of two points is plausible
or not. This implies a change in the second step of the iterative algorithm. Given
Match;, instead of computing the rigid displacement (R,t) which minimizes the

Inria
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Figure 3: The rough estimate of the rigid displacement. 80% of points of the transfor-
med surface have their closest point on the other surface at a distance smaller than
3.3% of the largest surface diameter.

least square criterion

> IRM +t;— N|P?,
(M,N) € Match;

we recursively estimate the six parameters of (R,t), and the covariance matrix
associated which minimizes the criterion

> IRM +t; — N2
(M,N) € Match; and (M,N) ts plausible

We applied this technique to superpose the teeth data of Figure 1 using the
initial estimate of Figure 3. The three spheres present in the images are artificial
markers initially used to compute the rigid displacement. Of course, we do not use
this information in our algorithm but we can use them to check the accuracy of
the matching. Hence, we computed the set of points on 57 which have a plausible
correspondent on the surface S5 in the sense described above. This represents 80% of
the points on 5. Then, we computed the average distance between the points of this
set and their closest point on 59 after rigid registration, using respectively the rigid
displacement found by our algorithm and the one obtained superposing the center of
the three spheres. The rigid displacement found by our algorithm yields an average
distance of 0.0070u, where u is the largest surface diameter. The average distance is

RR n~° 2220



12 Jacques Feldmar, Nicholas Ayache

0.0074w after superposition of the three spheres. In fact, because of the sphere center
measurement error, our algorithm finds a better global registration than the method
using the spheres and taking into account the fact that the surfaces are described
by points, this values show that it is indeed very accurate even if the surfaces are
partially occluded.

3 Nonrigid matching of two different surfaces

Given two surfaces representing the same object in two different frames, the algo-
rithm of section 2.1 with the two improvements described in sections 2.2 and 2.3
allows us to find the best rigid displacement between the two surfaces. This rigid
displacement is found even if we have no prior estimate and if the data are incom-
plete.

Because this algorithm is robust, we have extended it to tackle a harder problem
: nonrigid matching of two different surfaces which present similarities. For example,
the faces of two different persons are not identical up to a rigid displacement (Figure
4). But there exists a best rigid displacement which brings the two surfaces close to

b
= \t}( /,_ ——ty

Figure 4: The two faces to superpose. They have been acquired using a Cyberware
machine at the Harward Medical School and at NTT HILabs.

each other and the method described in section 2 allows us to find it. Figure 5 shows
this best rigid displacement for the faces of Figure 4. The nose, the eyebrows and
the chin are globally not very far. But we would like, in order to bring them nearer,

Inria
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"

Figure 5: The best rigid displacement found between the two faces. One surface is
transparent, the other is represented by lines. When the lines are dark, they are in
front of the transparent surface, when they are not, they are behind.

to relax the rigidity constraint of the rigid displacement and extend the method
to unconstrained affine transformations in a way which tends to match this similar
regions.

Because points of high curvature seem to have a strong anatomical meaning
[Aya93], we wish too to enhance their role as landmarks for matching. The three
next subsections describe our work to find such affine transformations.

3.1 Finding an affine transformation

A natural extension from rigid transformations to nonrigid ones is the search for an
unconstrained affine transformation (A, b)* We could use the rigid displacement
found in the previous section as an initial estimate (Ag,bg) and just modify the
second step of the iterative algorithm of Figure 2 to search for an affine transforma-
tion. It would just be the least square evaluation of the best affine transformation
(A;, b;) to superpose the pairs of Match;. This evaluation is a classical least square
problem.

But in practice, this very simple algorithm does not find a good solution: the
similarities on the two surfaces do not tend to be brought nearer. Moreover, another

*An affine transformation (A, b) maps each point M to AM + b where A is a 3x3 matrix and
b a translation vector.

RR n°2220



14 Jacques Feldmar, Nicholas Ayache

major problem occurs with it: it often does not tend to a stable solution. Indeed,
when the transformed surface AS;+ b becomes very small or very flat, the criterion
is minimized and nothing in the algorithm tends to avoid it. Especially, when A is
the null matrix and b corresponds to a point on S5, the criterion vanishes. Figure 6
illustrates this problem. It shows the shrinking of the transformed surface when we

-
e

L 4N

Figure 6: Affine least square matching without additional constraints: the two surfaces
after 45 iterations (left) and 75 iterations (right). The transformed surface tends to
shrink and becomes very small.

do not stop the algorithm using a termination criterion.

To avoid these two problems, we describe in sections 3.2 and 3.3 the modifications
we bring to the original iterative algorithm (Figure 2), respectively to step 1 and
step 2. Figure 7 shows the affine transformation found using this modifications for
the faces of Figure 4.

3.2 Matching locally similar points

Because points belong to surfaces, we wish to match together points belonging to a
local neighborhood of “similar shape” at step 1 of the iterative algorithm (Figure
2). In fact, a point on a surface can be locally described by the osculating quadric
(order of contact 2) [Hos92]. When surfaces are quite smooth, this quadric approxi-
mate the shape of the surface “around” the point. Because the principal frame and
the two curvatures define this quadric, this differential information can be added
to the three spatial coordinates of each point to better account for the notion of

Inria
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"

Figure 7: The final affine transformation between the two faces. This has to be compa-
red with the rigid displacement of figure 5. One can see, especially in the left images,
that the nose, the mouth and the chin are now much closer. Quantitatively, the ave-
rage distance decreases from 0.0193u to 0.0152u (the largest surface diameter is the
unit), i.e., a 22% improvement for the affine transformation.

“closest point of similar local shape”. Hence, in our formulation, surface points are
no longer 3D points: they become 8D points. Coordinates of a point M on the sur-
face S are (z,y, 2, ng, Ny, n,, k1, k2) where (ng, ny, n,) is the normal on S at M, and
ki, ko are the principal curvatures. For two points M (z,y, 2, ng, ny, n;, k1, k2) and

N(a',y', 2 i, my, nl, kY, ky) we now define the distance:

d(M,N) = (ay(z —2')* + az3(y — ¥')? + az(z — 2')* + as(n, — nl)*+
as(ny — nl)? + as(n. — nl)? + az(ky — k) + as(ky — kb)?)!/?

where «; is the inverse of the difference between the maximal and minimal value
of the i** coordinate of points in S3. Using this new definition of the distance, the
closest point to P on 53 is a compromise between the 3D distance, the difference of
normal orientation® and the difference of curvatures (Figure 8).

But this new definition of points coordinates introduces an interesting pro-
blem. At step 1 of the iterative algorithm (Figure 2), we have to compute

®Of course, only two parameters are necessary to describe the orientation of the normal (for
example the two Euler angles). But we use (ns,ny, n.) because, this way, the Euclidean distance
really reflects the difference of orientation between the normals (that is not the case with the Euler
angles) and we can use the kd-trees to find the closest point as explained later.

RR n~° 2220



16 Jacques Feldmar, Nicholas Ayache

Figure 8: The illustration on two curves S; and S of the new definition of the closest
point. Left: the closest point on S3 to M is N using the 3D definition of the closest
point. Right: adding in points coordinates the informations on the normal and the
principal curvatures, the points with local similarity of form tend to be matched.
Hence, the closest point on Ss to M is O.

ClosestPoint(A; M + b;) where M is a point on S;. Hence, we have to compute
the new coordinates (2',y’,2',n},n,,n’,ky, k3) of A;M + b;, where (z',y',2") =
Ai(z,y,2)", (nl,nl,nl,) is the normal on the transformed surface A;Sy +b; at point
(x’,vy,2"), and k] and K} are the principal curvatures. In fact, because we need this
result in section 3.3 we show in appendix B that:

proposition 1:

When a surface S is transformed into a surface AS + b by an affine
transformation (A,b), the principal frame and the curvatures at point
AM+b on AS+Db depend only on the principal frame and the curvatures
at point M on S.

More precisely, there exists a parameterization of AS7+b such that, denoting E’,
F', G’ the coefficients of the first fundamental form at point AM +b on AS;+b , €,
f', ¢’ the coefficients of the second fundamental form and (M, €1, €3, ) the principal
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frame at point M on 57, we have:

E'=Aé . Aé
F' = Aei.Aé,
G, - A€2A€2
e/ _ th(A)kl (1)
A& A A
fr=0
!

_ det(A)k2
T T Ae A AG|

Because we know the coefficients of the fundamental forms of the transformed surface
A S1+b at point AM +b, we can compute the coordinates (z',y', 2/, n, nj, n,, k{, k)
(see appendix A).

Just a problem remains to introduce this new definition of points coordinates:
computing ClosestPoint(A;M + b;). In 8D, we cannot use the technique described
in [Dan80] as in the 3D case. The distance map would be much too big. We use
the kd-tree technique as proposed in [Zha93] for the 3D case. This takes much more
time than before: the calculus time of the closest point has to be improved. But
the use of kd-trees allows us to perform step 1 of figure 2 in a reasonable time.
Fach iteration now takes 45 seconds (CPU time) instead of 9 seconds (for surfaces
of 7000 points). To improve the performances, it is possible to work on a subset of
points of surfaces. For example, it is possible to extract crest lines points [TG92]
or extremal points [Thi94]. Or simply, we can select a given percentage of points,
choosing points which have the highest mean curvature. What is important is that
most of the selected points on 57 have a correspondent on 53 and that the selected
points describe relatively well the surfaces.

With this new definition of point coordinates, points with local similarity effecti-
vely tend to be matched. Of course, we could have done the extension also including
in point coordinates the two principal direction €; and €5. We have not done it for
two reasons. First, the higher the dimension of the space, the less efficient the kd-tree
technique. Second, as explained in section 2.2, it is very difficult to orient principal
frames unambiguously.

3.3 Constraints on the affine transformation

We have now to focus on a major drawback in the previous search for the affine
transformation which best superposes 51 on S5. The criterion we minimize at step
2 of the iterative algorithm (Figure 2) can always vanish. This is the case when A is
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the null matrix and b corresponds to a point on S5. In practice, the surface A;51+Db;
becomes sometimes very flat or very small as explained in section 3.1. To avoid this
problem, we propose to define a new criterion. Let (z,y, 2, k1, k2, €1, €2)r be the 3D
coordinates, principal curvatures and principal directions of points M} on S57. Let
(z',y', 2"k, k,)r be the 3D coordinates and principal curvatures of points AM;+b
on the transformed surface. We call g the function which associates (z/,y', 2, k1, k))&
to ((z,y, 2, k1, k2, €1, €2)k, A, b). The existence of this function is a consequence of
the proposition 1 and we use the equations (1) to compute it. The new criterion we
propose to minimize at step 2 of the algorithm is:

> pellg((z, v, 2, k1, k2, €1, &)k, A, b)) — Ny (2)
(Mk,Nk)EMatChi

where the coordinates of Nj are (z”,y", 2" kY, kY)r: the 3D coordinates and the
two principal curvatures. The norm is the 5D norm with each coeflicient possibly
weighted. This new criterion measures both the 3D distance and the difference of
curvature between S5 and the transformed surface A S1+b. Moreover, the coefficients
pr allow to increase the importance in the criterion of the match for high curvature
points. They can be, for example, the mean curvature or maz(|k1], |k2|).

We use the extended Kalman filter formalism (EKF) to minimize this new cri-
terion (2). The details are given in appendix C. The only difficulty is to derive
g with respect to (z,y,z, k1, ko, 2", y", 2" kY, kY) and each coefficient of A and b.
Of course, the developed expressions are quite formidable. But, using the “Maple”
software, they are computed without problem®. Even if the minimized criterion is
nonlinear, the minimization works very well: we have made numerous experiments
on synthetic data, and the global minimum was always found even with rather large
data noise, and rather crude initial estimates.

Using the new definition of the closest point (section 3.2) at step 1 and this new
criterion at step 2, the modified iterative algorithm find good and stable solutions.
Figure 7 shows the affine transformation found for the faces of Figure 4. The solu-
tion is found after ten iterations in about 7.5 minutes (CPU time) on a DEC 5000
workstation”. It has to be compared with the rigid displacement of Figure 5. The
chin, the mouth, the nose and the eyebrows of the two faces are now much closer.

6 Just remark that this makes sense to compute these derivatives. Indeed the parameters are
independent: given a set of points and given principal curvatures and principal frames at these
points, there exists a surface which interpolates these points with these curvatures and principal
frames.

"This time is relatively important. Most of it is spent in the search for the closest points with
the kd-tree technique. But it could be drastically reduced selecting on the surfaces characteristic
points (our surfaces have about 7000 points !). This is out of the scope of this paper.
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To quantitatively evaluate the error, we have computed the average distance
between a point of the transformed surface AS; 4+ b and its closest point on S5,
using the 3D norm to compute both the distance and the closest point. Setting the
largest surface diameter to u, the rigid displacement (Figure 5) yields an average 3D
distance of 0.0193u whereas the affine transformation (Figure 7) yields an average
3D distance of 0.0152u, i.e., a 22% improvement. This shows that computing an
affine transformation using our improvements brings the two surfaces much closer
to each other, while preserving in a certain extent the local curvature information.

3.4 Results and discussion

In this section, we present results on skull data (Figure 10) and on brain data
(Figure 9). In each figure, the two top images separately show the two surfaces to
superpose. Of course, the two surfaces come from two different patients. We recall
that the initial relative positions of the two surfaces do not matter for the search
of the affine transformation: the process is initialized using the rigid displacement
found as described in section 2 and this does not depend on the initial positions.

The two middle images of Figures 9 and 10 show the rigid displacement found
between the two surfaces whereas the bottom images show the affine transformation.
Quantitatively, the error® in the brain example is 0.011u for the rigid displacement
and 0.0091u for the affine transformation. This is an 18% improvement. In the skull
example, the error is 0.0120w for the rigid displacement and 0.0098u for the affine
transformation. This is a 22% improvement. The affine transformation is found after
12 iterations in about 7 minutes (CPU time) on a DEC 5000 workstation for the
brains and after 8 iterations in about 8 minutes for the skulls.

This examples illustrate that the best affine transformation is generally found
using our improvements and that this affine transformation brings the surfaces much
nearer than a rigid displacement. Of course, the superposition is not perfect: an
affine transformation is a particular and simple type of global deformation (it can
be decomposed into successively a rotation, a scaling in the direction of the axes and
a rotation). We need a more local deformation to obtain a perfect superposition.
In the next section, we present our method to locally deform the surfaces in a way
which tends to correctly match them.

8We recall that the error is the average distance between a point of the transformed surface
AS7 + b and its closest point on Sz, using the 3D norm to compute both the distance and the
closest point, and setting the largest surface diameter to u.
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Figure 9: Top: the two brains to superpose. The surfaces have been extracted in MRI
images (Brigham and Women’s Hospital of Boston). Middle: result using a rigid
transformation. Bottom: result using an affine transformation. The brightest surface
is transparent. Hence, when the other surface is in front, it appears dark, and when it
is behind, it appears clearer. One can observe, comparing the middle-left image and
the bottom-left image, that the interhemispherical fissure is not well registered with
the rigid displacement, whereas it is with the affine transformation.
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Figure 10: Top: the two skulls to superpose. The surfaces have been extracted
in X-ray scanner images (New-York University Medical Center). Middle: result
using a rigid transformation. Bottom: result using an affine transformation. One
can observe, comparing the middle-left image and the bottom-left image, that the
hole corresponding to the nose and the orbits are not well registered with the rigid
displacement, whereas they are with the affine transformation.
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4 Locally affine deformation

The extensions of the iterative algorithm described in the first two sections allow
us to find the best affine transformation (A, b) to superpose the surface 57 on the
surface S9. This transformation brings the two surfaces quite close but is too global
to perform a perfect superposition. A natural extension is then to compute for each
point of the transformed surface a local affine transformation. But, because our goal
is to perform matching, it is very important to ensure that the global form of the
deformed surface tends to be preserved during the deformation process. For example,
the region corresponding to the nose on a face must not become flat. To ensure this,
the attached local affine transformations must not vary too much from one point to
its neighbor.

4.1 The locally affine deformation algorithm
4.1.1 Description

We now describe the algorithm to compute these local affine transformations with
an iterative algorithm. Each iteration 7 consists of computing for each point My in
S1 an affine transformation (Ay;, bg;). We call the set {(Ag;,bg;)} the locally
affine deformation. The corresponding transformed surface is the set of points
A iMy + by ; such that M} belongs to ;.

The algorithm is initialized with Ay o= A and by = b for all M}, in 5S¢, where
(A, b) is the best affine transformation to superpose 57 on S;. As a preprocessing,
we first compute and store the set of points in 57 which belong to the sphere of
center My and of radius R, where R is the major parameter of the algorithm. We
call this set Sphere(My) and we use the kd-tree technique to build it (see [PS85]).

Then, in detail, each iteration 7 consists of two steps.

1. We first attach to each point My in 57 a rigid displacement (Ry;,tz;). Asin
the iterative algorithm (Figure 2), we build a set of pairs of points, associating
to each point M; in Sphere( M) the closest point N; on the surface 53 to the
point Ay ;_1 My + by ;—1. The rigid displacement (R ;,tx ;) is simply the one
which minimizes the square distance between the associated points (M, Ny).

2. We now smooth the set of the rigid displacements (Ry;,tx,;) to compute the
locally affine deformation {(Ay;, bg;)}. We simply let:

Ay = > B(M;, M) Ry;, by, = ST B(My, My) tiy
M, eSphere(My) M€ Sphere(My)
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where
a(M, M) [| M M|
M, M) = —"""2 ao(M,M;)=1—- — "1 d
(M, M) sum (M, M) Diameter "
sum = Z a(M, My)
MeSphere(My)

(Diameter is the diameter of the surface 51). Because of the linearity of the af-
fine transformations, this simply means that the point My will be transformed
into
Z ﬁ(ﬂfl, ]Wk) (RMJW]C + tl,i)-
M, eSphere(My)

In order to understand where this transformed point is, imagine the set of
points computed by applying to My all the rigid displacements attached to
the points M; belonging to Sphere(My). The transformed point is the centroid
of this set of points, each point being weighted by a value which is inversely

proportional to the distance ||M;My||. Hence, the non rigid motion finally
computed for My is influenced by the computed rigid displacement attached
to all its neighbors.

We stop the algorithm when the distance between the two surfaces is below a
fixed threshold or after a given number of iterations. Of course, at step 1 of this
deformation algorithm, the definition of the closest point we use is the definition
given in section 3.2, i.e. the definition which tends to preserve the local curvature
and orientation of the surface predicted by the current affine estimate of the local
transformation.

To compute the principal curvatures and the principal frame at a point P, =
A iMy + by, of the deformed surface, we assume that the affine transformation
(A, by) is constant in the neighborhood of Pj. Thus, we can use the equations
(1) to compute the new differential quantities. This is just an approximation but it
seems to be well justified because the step 2 of the deformation algorithm tends to
smooth the variation of the affine transformations along the surface®. Moreover, it
appears to yield good results in practice.

°To compute the exact principal curvatures and principal frame at point Pg, we would need
a continuous representation (A;(u,v), bi(u,v)) of the affine transformations in a neighborhood of
order 2 of the point Pg. Especially, we would need a local parameterization of the surface around
the point Pi. The algorithm would be much more complicate. Our approximation assumes that the
terms involving the first and second derivatives of A;(u,v) and b;(u,v) are negligible with respect
to the terms involving A;(u,v) and b;(u, v) in the computation of the differential properties.
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4.1.2 Discussion

The locally affine deformation algorithm deforms the surface AS7+b in a way which
tends to bring nearer the corresponding points. Indeed, for the same reason that the
iterative algorithm of Figure 2 rigidly registers the surfaces, each transformation
(R i, tk,;) tends to bring nearer the region of the surface S; described by the points
belonging to Sphere(My) to its corresponding region on S3. The new definition of
the closest point also tends to match the corresponding points.

Moreover, the global form of the deformed surface tends to be preserved because
the variation of the transformations (Ag;, bg;) is smooth along the surface and
because a global affine transformation is just a composition of a rotation, a scaling
in the direction of three orthogonal axes, and a rotation. The variation is smooth for
two reasons. First, for two point M}, and M close on the surface, the sets Sphere( M)
and Sphere(M;) differ only from a few points and this implies that the computed
rigid displacements (Ry;,tx,;) and (Ry;,t;;) cannot be very different. Second, the
affine transformation attached to My is a weighted average of the rigid displacements
computed for the neighbors of My and this also tends to smooth the variation. If
we need a smoother variation, it is possible to add a third step to the locally affine
deformation algorithm. It is the repetition (typically two or three times) of:

Vk, Aly;= S B(My, My) A, b= > B(My, My) by
M eSphere(My) M€ Sphere(My)

Vk, Ap;=A't;, bp;, =b'y;

Using this third step, the variation is smoother and the displacement of points My
is influenced by the displacement of point which does not belong to Sphere(My).
This allows us to smooth over a large scale without increasing the radius R of
Sphere(My).

Note that the larger the radius R, the smoother the variation of the affine trans-
formations and that if R is equal to Diameter, the locally affine deformation cor-
responds to a rigid displacement. This suggests a “multiscale” strategy. For the first
iterations, the radius R is chosen to be quite high'®. Hence, the biggest structures
of the surfaces are first registered and we choose R smaller during the last iterations
to have a more local registration. Finally, we want to emphasize a major advantage

190f course, we never choose R equal to Diameter. Indeed, the complexity of the locally affine
deformation algorithm is (both in time and memory space) O(|Sphere(My)|*n), where n is the num-
ber of points in Si. In practice, we typically choose for the first iterations R equal to Diameter/20
using, if necessary, step 3 of the algorithm to smooth over a larger scale.
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of this algorithm with respect to other deformation techniques: we do not need to
know either a parameterization or the topology of the surface to deform.

Figure 11 presents the result of the locally affine deformation algorithm for the
faces of Figure 4, using as input the surface 57 transformed by the affine transforma-
tion of Figure 7. This result is found after three iterations, choosing Diameter /20
for R during the two first iterations and Diameter/50 for the last iteration. We
do not use step 3 of the algorithm. The CPU time is 2 minutes on a DEC 5000
workstation. Quantitatively, setting the largest surface diameter to u, the final error
is 0.0066u. This shows that the superposition is geometrically quasi-perfect.

Figure 11: The result of the local affine deformation algorithm for the faces of figure
7. The superposition is quasi-perfect.

But one important question remains: does the iterative algorithm also performs
a qualitatively correct matching ? To illustrate it, we have qualitatively colored the
surface S7. In the left image of Figure 12, the chin, the mouth, the nose and the
eyebrows are now dark and the rest of the face is bright. This way, each point on
the transformed surface 57 has an attached color. In order to visualize the match
induced by the locally affine deformation algorithm, we have computed for each
point M on the surface 5 its closest point N on the deformed surface 57, and we
have attached to M the color of N. Hence, the surface S5 is colored and the result
of this coloration is shown in the right image of Figure 12. Like on the surface 57,
the chin, the mouth, the nose and the eyebrows are now dark and the rest of the
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face is bright. This shows that the match of the two faces is both geometrically and
qualitatively correct.

Figure 12: The visualization of the match induced by the deformation of figure 11.
Left: the surface S; has been roughly colored. Right: the surface S2 has been colored,
computing for each point M its closest point N on the transformed surface S} and
attaching to M the same color than N.

4.2 Results

In this section, we present the results of the locally affine deformation for skull data
and brain data of figures 10 and 9. We also present results on heart data.

For the skulls, the result using the affine transformation of Figure 10 (bottom)
as initial estimate, is shown in Figure 13. The brightest surface is transparent. This
explain why the other surface successively appears dark and clearer: it is because
the two surfaces are so close that each one alternatively tends to appear in front
of the other. This result is found after 3 iteration, and we have chosen R equal to
Diameter/80. We do not use step 3 of the algorithm. The CPU time is about 4
minutes. Quantitatively, the error is 0.003u, where u is the largest surface diameter.
In fact, for this example too, the superposition is quasi-perfect.

For the brain, the result using the affine transformation of Figure 9 (bottom)
as initial estimate, is shown in Figure 14. We have chosen R equal to Diameter/20
for the first four iterations and R equal to Diameter/50 for the last two iterations
and we have repeated step 3 of the algorithm three times at each iteration. The
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Figure 13: The result of the locally affine deformation algorithm for the skulls of figure
10. The brightest surface is transparent. Hence, when the other surface is in front, it
appears dark, and when it is behind, it appears clearer. The alternation of dark and
clearer regions shows that the superposition is quasi-perfect.

CPU time is about 15 minutes. It is quite important but the two surfaces are not
very close using the best affine transformation (Figure 9). Quantitatively, setting the
largest surface diameter to u, the error is 0.0061u. Qualitatively, one can compare
for example the positions of the spinal chord in the figures 9 and 14: they were quite
far and the algorithm has correctly superposed them. Here, we want to point out
that we have to compute an affine transformation to initialize the locally affine de-
formation algorithm. Otherwise, for this example, the deformation algorithm would
not converge to a correct match when initialized from the best rigid registration.

Finally, the result for a beating heart is shown in Figure 15 (bottom). This
example demonstrates that the locally affine deformation algorithm can be used to
follow the points on a deformable object over time. Note in Figure 15 (middle) that
we have chosen, to illustrate the robustness of the algorithm, the two times where the
form of the myocardium is the most different. This result is found after 3 iteration
chosing R equal to Diameter/20. We do not use step 3 of the algorithm. The CPU
time is about 2 minutes. Quantitatively, the error is 0.0400% at the initialization of
the algorithm and is 0.0041u at the end. This shows that the final registration is
very good.
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Figure 14: The result of the locally affine deformation algorithm for the brains of
figure 9. The alternation of dark and clearer regions shows that the two surfaces are
very close. One can also observe, for example, that the spinal chord is now correctly
registered.

5 Conclusion

In this paper, we have introduced a complete framework to register curved surfaces
nonrigidly, taking advantage first of the computation of the affine transformation
of principal curvatures and directions and second of the definition of locally affine
deformations. This framework does not require any prior information on the initial
positions of the surfaces and applies even if we do not know either a paramete-
rization or the topology of the surfaces to register. It leads to geometrically and
qualitatively meaningful accurate registration as illustrated on various and complex
real biomedical surfaces.

Future work will be oriented towards two directions. First, we will formalize
the locally affine deformation algorithm in terms of continuous energy minimization
to try to justify more theoretically why it works. Second, we will experiment the
presented framework on new kind of data to estimate the limits of the validity of
the approach (which seem to be reached with brain data) and we will concentrate
on a biomedical validation at a larger scale of this framework in order to perform
the registration between a 3D image and a 3D anatomical atlas.
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Figure 15: Top: The same heart (the myocardium) at two different times. The surfaces
have been extracted in nuclear medicine images (Sopha Medical France). Middle: the
two times shown in the same frame. The brightest surface is transparent. Hence, when
the other surface is in front, it appears dark, and when it is behind, it appears less
dark. Note that we have chosen the two times where the form of the myocardium is the
most different, among all the images that we have of this beating heart. Bottom: the
result of the local affine deformation algorithm for the beating myocardium. The initial
relative positions are shown in the middle images (note that we did not computed the
best affine transformation to initialize the algorithm). The alternation of dark and
clearer regions shows that the superposition is very good.
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Appendices

A Computing the curvatures and the principal direc-
tions

We just give here the formulas to compute the curvatures and the principal direc-
tions of a parametric surface 5. See [dCT76] for a detailed presentation. Let s(u,v)
be a parameterization of the surface §. F, F, G the three coeflicients of the first
fundamental form expressed in the basis {s,,s,} of the tangent plane, and e, f, g
the three coeflicients of the second fundamental form are:

FEF=sys,, F=sys8, G=s,.8,, e=N.syw, [f=Nsw ¢g=N.s,
where
Sy N\ Sy
llsu A sol|

I is the normal of the surface. The curvatures k; and ko are such that —k1 and —ks

are the eigenvalues of the matrix

dN = ( fin iz ) (3)

a1 @G22

expressed in the basis {s,,s,} where

SF —eG gF — [G el — fE JF —gFE
a1 = —— 19 = —— 9] = ——— gy = — .
11 12 21 2T Lo e

EG - F?*’ EG - F?’ EG - F*’

" where “A” denotes the usual cross product
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In practice, we first compute K, and K, the Gaussian and the mean curvature

. eqg — f* . 1 leG-2fF+gF
I = k k = 5 ] m — = k k‘ = —
A T P b =gt k) = 5=
and then we compute
ki = K, + (H2 - K,)'?, ky = Kp — (HY — K,)'/?

Let (a1, 1) (resp. (az,82)) be the coordinates in the basis {s,,s,} of the eigenvector
of dN corresponding to the eigenvalue k; (resp. k2). The principal directions are

€1 = a15y + P15y, €3 = 25,y + P25,

B Computing the curvatures and principal frames of
the transformed surface

In this appendix, we want to show that:

proposition 1:

When a surface S is transformed into a surface AS + b by an affine transformation
(A, b), the principal frame and the curvatures at point AM + b on AS + b depend
only on the principal frame and the curvatures at point M on S.

Given a point M on S with principal curvatures ki, k3 and principal frame
(M, €, €,7) and given an affine transformation (A, b), we want to compute the new
curvatures K, k) and the principal frame (M’, €', e, 7;’) at point M' = AM +b on
AS + b . Assume that M is not an umbilic point. There exists a parameterization
s(u,v) of S in a neighborhood V of M such that the coordinates curves u = const.,
v = const. are the lines of curvature of S ( see [dC76]). We use this parameterization
and we note M = s(ug,vg). We note too s, = ds/du and s, = ds/dv. E, F,G are
the three coefficients of the first fundamental form and e, f, g the three coefficients
of the second fundamental form. In this parameterization, we have [GA94a]:

L Sy by — € S Sy ko — g
1 — \/F7 1 — Ev €2 = \/@7 2 = 5
and
Ey E,
Suu = ﬁ Sy _ﬁ sy ten
E, Gy
Suv = ﬁ Sy +% Sy
Gy Gy -
Sy = — ﬁ Sy ‘|’% Sy +tgn
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To simplify the calculus, we first remark that it is possible to have a parameteri-
zation sq(u,v) of S in a neighborhood V' of M such that the coordinate curves are the
lines of curvature and such that sq(ug,v9) = M, E1(ug,v0) = 1 and G1(ug,v9) = 1
where Fy, Fy, G are the new coeflicient of the first fundamental form. We just let
s1(u,v) = s(Auta,yv+p) with A = 1/||su(uo, v0)|, 7 = 1/||su(uo, vo)||, @ = (1=X)ug
and = (1 —7v)vo.

Now, letting t(u,v) = Asy1(u,v)+ b, we obtain a parameterization t(u,v) of the
transformed surface AS 4+ b in a neighborhood V of AM + b. In this parameteriza-
tion, we have:

tu(“Oa UO) = Agla tv(“Oa’UO) = A€2
tuu(u07 UO) = Asluu(“Oa ’00), tuv(u07 UO) = Asluv(u07 ’UO), tvv(“Oa UO) = ASlvv(“Oa IUO)

Computing €'(uo,v0), f'(uo,v0), ¢'(uo,v0) the three coefficients of the second
fundamental form in the parameterization t(u,v), we obtain:

A€l N A€
6/(u0,’00) = Aslw(uo, Uo).w

= [Asluu(uo, ’00), Agl, Aéb]/”Aéi A A€2H
= det(A)[sluu(uo, ’Uo), 61, 62]/“A€1 A AébH

Em(uo,vo)g B Eqy(ug,v0)

Because we have sy,,(ug, v9) = €y + k1(e1 N €32), we

2
have [s1yu (%0, v0), €1, €2] = k1. Finally:
det(A)k1
! _
¢lwo, ) = TRE N AG]
In the same way, we can show that:
det(A)k2
! — O ! —
f (u07UO) ’ g (u07v0) HAé»l A Aé»QH

E'’, F', G' the three coefficients of the first fundamental form are:
E'= AZ.AG, F'=A7.A%, G = Ad.AG

Because the new principal frame (e_;l, ey, 7;’) and k7, k%, the principal curvatures
only depend on the coefficients of the two fundamental forms (see appendix A) and
because these coefficients only depend on A, kqy, ko, €; and €3 , the new principal
frame and the new curvatures only depend on A, kq, ks, €1 and €. We have developed
the formulae, but we do not explicit them here, as they are quite straightforward.
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C Minimization of the new criterion using EKF

We now explain how we minimize the new criterion 2. Assume that Malch; is per-
fect and that there exists an affine transformation (A, b) which superposes the two
surfaces. For each (My, Ni) in Match;, we can write the following equation:

(wllv y//7 Zl/a kilv k/Q/)Z - g((ﬂb, Y,z kla k?a 617 62)k7 A7 b)) =0. (4)
FEach equation (4) can be rewritten in
fi(xx,a) =0 (5)

where zp = (2,y,2, ki, ko, 2", y", 2" kY kY) and a is the vector of coefficients of
matrices A and b. In reality, we cannot write equation (4) for all pairs (M, Ni) in
Match;. But we can assume that this is because each pair corresponds to a measure
X}, of x corrupted with a random error vy:

Xp = Xp + Vg, E(Vk) =0, E(Vkv};) =A; >0, E(VZ'V}) =0 V¢ 75] (6)

Given the measures xi, the EKF allows us to recursively compute an estimate ay
of a and the associated covariance matrix S; (ax = a + wy, where wy is a random
error: E(wy) = 0 and E(wiwL) = Sk > 0 ). Only an initial estimate (&g, Sp) is
required. See the book of Nicholas Ayache [Aya91] for details. In summary, each
nonlinear equation (5) is linearized around (X, ax_1):

fr(xk,a) = 0 = fi (X, a5-1) + a—;;(xk - Xi)+ a—:(ak —ay) (7)

where 51';/8)( and 51';/831 are estimated at (Xg,ax—1). Equation (7) can be rewritten
as:
yr = Mia+ uy (8)

where:
ot . ot ot
= — upr = —
oa’ F T 0x
Equation (8) is now a linear measurement equation where uy is a random error:
E(ug) = 0 and E(uzul) = W, > 0. Wy is the covariance matrix of the random

(XK — X)

measurement error and is easy to compute:

s e~
of.,  0f,

W, = Zkp Yk
T ox R ox

RR n°2220
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We can now use the linear Kalman filter formalism and the minimized criterion is :

C=(a- ao)ngl(a —ag)+ Z (yr — Mka)tW;I(yk —Mga) (9)
(M,N)eM atch;

Taking Sgl ~ 0, (' is exactly the criterion we want to minimize. Hence in practice,
we just have to determine (&g, Sp) and Ay to minimize the criterion (2). The initial
estimate ag simply corresponds to the rotation computed as explained in section
2. Sp is a diagonal matrix with a very large value. Ay depends on the noise we
estimate on the data but is not critical: we just choose a diagonal matrix, each
non-zero coeflicient depending on the weight we desire for the associated coordinate
in the criterion. Finally, to take the coefficients p; into account, we just have to
multiply each covariance matrix Ay by 1/ VD,
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