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Abstract:

This study is aimed at developing a method of analysis of the 3D structure of a scene
considering a monocular image sequence, with an uncalibrated camera -as for an active visual
system- and using a continuous model of motion.

Surprisingly perhaps, this problem has not been studied much in literature except [25],
but only preliminarly, and without any reference to active vision. This difficulty might have
its source in the intrinsic complexity of the underlying equations, which yields a heavy im-
plementation and are thus a-priori not robust. Moreover important developments of analytic
equations are not possible as it is the case for calibrated systems [24, 5, 2], because of the
algebraic complexity of the equations.

In order to overcome this difficulty, we have attempted to develop a simplified parame-
terization of the problem in the case of two or more views, considering a scene with a set of
stationary objects and applying an orthographic model of the projection. In this case, fusion
along the image sequence is trivial.

Thanks to the integration of active visual perception, we demonstrate that it is always
possible to generate a displacement so that the previous model is valid, and we can then
very easily reconstruct the observed scene. In the case where the motion constraints are
approximately verified, we can show that the model is still approximately valid close to the
retina.

At an experimental level, we report a small implementation taking an image sequence as
input, which allows us to compute the retinal motion fields and calculate the reconstruction
up to a particular affine transform of the scene.

Key-words: Structure and Motion, Active Vision, Affine Models
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Perception 3D dynamique au niveau de la fovéa

Utilisation de Modéles Affines

Résumé :

On se propose d’étudier et de mettre au point une méthode d’analyse active de la struc-
ture tridimensionelle d’une scéne au sein d’une séquence monoculaire d’images dans le cas
d’un systéme non calibré et d’'un modéle continu du mouvement.

Paradoxalement peut-étre, ce probléme a été peu traité dans la littérature, hormis dans
[25], mais ceci de maniére relativement préliminaire. Dans tous les cas, on n’y fait pas usage
de stratégie de vision active. Une revue compléte a déja été établie dans [21]. Cette difficulté
vient de la forte complexité des équations qui impose une mise en oeuvre lourde et donc a
priori peu robuste et interdit des développements importants de formes analytiques comme

c’est le cas pour les systémes calibrés [24, 5, 2].

Afin de contourner cette difficulté, nous avons cherché a mettre en place une paramétri-
sation simplifiée du probléme dans le cas de deux ou plusieurs vues, considérant une scéne
contenant un ensemble d’objets fixes et mettant en oeuvre une projection orthographique
sur la rétine. Dans ce cas, la fusion entre deux vues est immédiate.

Gréce a la mise en place de stratégies actives de perception, nous démontrons qu’il est
toujours possible d’effectuer un mouvement tel que le précédent modéle reste valable, et
reconstruisons ainsi trés simplement la scéne observée. Dans le cas ol le mouvement est
approximatif, i.e. ne vérifie que partiellement les contraintes voulues, nous démontrons que
le modéle reste approximativement valide au voisinage de la fovéa.

Au niveau expérimental une petite maquette est proposée qui prend en entrée une sé-
quence d’image et y calcule les champs de mouvements définis précédemment et la recons-
truction a une tranformation affine de 1’espace pres.

Mots-clé : Structure et Mouvement, Vision Active, Modeéles Affines
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1 Introduction

Let us consider the problem of reconstruction a 3D visual scene from a monocular image
sequence with a uncalibrated camera and using a continuous model of motion.

Surprisingly perhaps, this problem has not been studied much in literature except [25],
but preliminarly, and without any reference to active vision. This difficulty might have its
source in the intrinsic complexity of the underlying equations which yields a heavy imple-
mentation and are thus a-priori not robust. Moreover important developments of analytic
equations are not possible at it is the case for calibrated systems [24, 5, 2].
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One work to overcome this difficulty,and considering the important volume of images
to process, it is obvious that the task must be performed using active visual strategies as
already used in [24] but using some information about the calibration of the system.

Another way to overcome this difficulty, is to develop a simplified parameterization of
the problem in the case of two or more views, for instance applying an orthographic model
of the projection.

In fact, orthographic projections have been often used in the past. Koenderink [1] used
a three stages algorithm, with a small field of view and smooth transformation to obtain the
spatial configuration up to an affine transform and then, with metric information, up to a
relief transformation, and, at last, with a third view, to settle the calibration.

More recently, in the calibrated case, some methods combine affine approximation in an
iterative algorithm [6, 15].

First, Christy and Radu [6], present an algorithm which converges to a unique set of
3D-Euclidean shapes and motion parameters that is consistent with a perspective model.
They use two kinds of affine approximation of the perspective : weak perspective (zero-
order approximation : 1/(1 + €) &~ 1) and para perspective (first-order approximation :
1/(14¢€) = 1—¢). Asexpected, the precision associated with these two algorithms converge to
the same value as the distance between the object center and the camera center of projection
divided by the object size increases. Furthermore, Boufama etal [15] have compared the use
of scaled orthography and perspective when computing an invariant shape from motion.
The scaled orthographic projection gives better results for a small field of view, comparable
results for a medium field of view and worse results for a large field of view. However, as
the weak perspective assumption simplify the computation, but degrades the quality of the
reconstruction when we have a large field of view, they combine the two approaches by using
a weak perspective reconstruction as an initialization for the perspective iterative algorithm.

The parameterization of motion in the uncalibrated case has been studied in the discrete
case [26] or in the continuous case [25] by several authors [11], [18] and [14]. In [26], the
three kinds of geometry are studied : Euclidean, affine and projective with points or lines
correspondences in a monocular image sequence.

In [25], small displacements are studied and approximate the equations of the discrete
case using a first order expansion while they reconstruct the structure and motion of the
scene, up to a projectivity. This approach has lead to promising results and we would like
to follow this track here.

Presentation of the paper. We want to reconstruct a scene from a video sequence or
as output by an active visual system, using an orthographic model of camera, and approxi-
mating the displacement by a first order expansion between two frames. We verify in which
conditions an affine model can be used for 3D reconstruction.

We propose an affine model of the retinal displacements to determine the depth, by inte-
gration of the normals of the surface, considered locally planar patches. Then, we implement
the method on a synthetic scene to validate the approximations, and use several classes of
motions to validate the model and explore its limits. We also will describe how to use this
simplified formalism with a suitable active vision strategy.
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Notations: We note vectors in bold letters and matrices in capital letters. The duals
of vectors are represented as the transpose of a vector and scalars in italic. The notation
X Ay = X y corresponds to the cross-product, the dot-product being written as x* -y. X
is a 3 X 3 antisymmetric matrix. The identity matrix is written /. Geometric objects such
as points, lines, planes are written with capital letters in 3D, and small letters in 2D. We
represent the components of a matrix or a vector using upper subscripts from 0 to 2, e.g. :
x = (29, 21, 2?)T.

2 Using a simplified model of the retinal projection.

2.1 Retinal motion in a small foveal window

It has been known for a long time (see for instance [24] for a recent discussion in the field
of active vision) that, as in nature, it is convenient to maintain the observed object close to
the estimated principal point of the retina (foveation) since :

1. The usual calibration model relies on the pin-hole model which is valid only close to
the optical axis (a biological equivalent is the fovea) [12, 4].

2. The image distortion remains negligible [3] and it is a valid approximation to assume,
for the camera calibration model, that the pixel geometry is stable [24, 9].

3. A moving object with unexpected motion is easily maintained in the visual field if it
stays around the center of the retina. Moreover the motion-field structure is much
simpler in a neighborhood of the principal point [10].

4. The induced disparity remains minimal when zooming, if we are close to the principal
point [16].

Moreover, close to the optical axis and considering remote objects it is also known (see
for instance [19] for a recent discussion) that an orthographic model of the camera is a valid
approximation even if reconstruction issues are addressed.

Let us review this point here.

If we consider a point M = (X,Y, Z) in the scene, taken in a frame of reference attached
to the retina, and its projection m = (u,v'), the classical model of projection [10, 22| is :

{u = wg+ay X/(Zo+2)+7Y/(Z+ 2) (1)
Vo= vyt a,Y/(Zy+ 2)

in which :

e the depth Z has be written
Z =Zy+z (2)

considering any “average” depth of the remote observed object Z
and assuming z << Zj,

e the position of the principal point is (g, vp),
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e the term ~ describing the fact a pixel appears as non-orthogonal can be taken as 0
[24, 9], for most cameras,

Ay

e the ratio k,, = 5 of the two horizontal and vertical scale factors a, and «, is fixed
and known in advance [24, 9] so that we can consider v' = ky, v, v, = ku, vo and write :

v=wy+ a,Y/(Zo+ 2) (3)
We obtain, after some algebra, and using the notation f = a,/Zy:

u = ug+ fX +e,
v = v+ fY +e,

with :

& = —fX [ZOZ-I-Z] = (uw —u) [Zio + O(Zio)} ~0

@ = Y zE] = o [Frez)] =0

as a very simple model of the retina projection, in the uncalibrated case.
It is thus clear that, if we are

e cither close to the optical axis (v ~ ug and v ~ vy)
e far from the remote object z << Z,

we can use this orthographic projection.
We will follow this track here, since we accept to consider only small foveal windows in
an image.

2.2 Considering small rigid motions of local planar patches

In order to analyze the 3D structure of the scene, we assume that the observed surface is
locally planar and undergoes a relative rigid motion with respect to the retina.
Moreover, the plane equation can be written :

Z=N,X+N,Y + Z (6)

This equation is well defined if the plane does not project as a line, but in such a degenerated
case, the plane would not be visible and we thus can avoid taking this situation into account.

The local orientation of the surface is defined by the normal of the local planar patch,
ie.:

NZ

n=~k| N, (7)
-1

1

\/1+N2+N?

of n is meaning-full so that £ can have any value.
A step further, we consider that we analyze an image sequence for which the rigid motion,
parameterized by a rotation matrix R and a translation vector t, can be considered as small

where we can take for instance k = to have ||n|| = 1. In fact, only the direction
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between two consecutive frames and the rotation matrix R can be approximated by a first
order expansion as follows [10] :

o

- w
R=IT+W+e¢p €R=7+O(||W||2) (8)
The displacement equations that we have to consider are thus dM = t+w A M + o(||wl||)

or in a more explicit form :

dX = t,+w,Z —wY
dY = ty+w.X —w,Z (9)
az . +w,Y —w, X

2.3 An affine model of the retinal displacements

Combining equations (4) with ¢, = ¢, = 0, with (6) and (9) we very easily obtain the
following 2D-affine model of the retinal displacement between two frames :

du = C,4+au+bv
{dv = C,+cu-+dv (10)
with :
( C, = fto+ fwy Zy—wy Nyug+ (w, —w, Ny)vg
C, = ft,— fw,Zo+ (wy, N, —w,)ug + w, Ny
a = wy N,
b = wy, N, — w, (11)
c = w, — wy; N,
[ d = —w; N,

Considering (a, b, ¢, d), we can partially recover the rotation w and the local surface orien-
tation (N, N,) even if the camera is not calibrated and the motion is unknown. Performing
some algebra, we observe that the components of the rotation are related by two quadratic
equations :

{ web+wyd+w,w, = 0

wyctw,a—wyw, = 0 (12)

and further, the components of the rotation and the surface normal by two quadratic
constraints :

aw; +dw’ +w, wy (b+¢) =0 (13)
aN;+dN; = N,N,(b+c)=0 (14)
while the system of equations is, in fact, of degree four and can be solved up to a scalar
constant A (resp. p): it is clear that if w, and w, (resp. N, and N,) are solutions of (13)

(resp. (14) ), Aw, and Aw, (resp. u N, and p N,) are also solutions of (13) (resp. (14) ).
Since (w,,wy,w,) is constant in an image, we first calculate (w,,w,,w,).
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Let us look for a solution of the following form:

{ww = ) cos(a) (15)

w, = Asin(a)
In order to analyze these equations, we introduce r, s and t:

b+c = 27 cos(s)

a—d = 27 sin(s) (16)
a+d = 2t
Then,
ro= L/(b+c)?+ (a—dp
_ a—d
s = arctan( —|—c) (17)
a+d
t =
2

We can simplify, with some trigonometry, equation (13), and obtain :
rsin(2a+s)+t=0
where we have two real solutions if |£| <1:

arcsin() + s

2
T — arcsin(%) + s (18)

2

o =

Oy — —

else complex conjugated solutions.
We have two other solutions, a; + 7 and as + 7 but they are included in the factor A.
The validity of the solution is :

9

t t*
|;|§1<:>T—2§1<:>(b—|—c)2—4ad20 (19)

which is already the case when the model is valid since
(wy Ny +wy, N,)? = (b+c¢)* —4ad
Thus, we obtain w, from equation (12), by minimization of :
£ = min [(awz +cw, — wyw, ) + (bw, +dw, +w, wz)ﬂ (20)

oL
ow,

We can estimate w, if either w, # 0 or w, # 0 and obtain :

=2 [—awzwy—cwi—I—wzwi%—bwi—l—dwzwy—l—wzwﬂ =0

’ (21)

(a—d)w, w, —bw2 +cw

w, =
2 2
wz + wy
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Then, by two simple relations we can calculate N, and N, if w, # 0 and w, # 0 :

_ZV’z = i = wz _ C

w. Wy

—3 w, +b (22)
Ny = — =

Wy Wy

But using a least-square combination of (22), as before, we obtain :

M = min H(a —wy, No)? + (¢ —w, +w, Nz)2] + [(d +w, N2+ (b+w, —w, Ny)QH

N,,N,
(23)
0
8% = 2(w§Nz—|—w§Nz—|—cwm —awy, —w,w,) = 0
oM
oN, = 2(wl Ny +w; Ny —bw, +dw, —wyw,) = 0
and can estimate NNV, and N, as soon as either w, # 0 or w, # 0 and obtain :
N, = W, W, —I—Z(:_wy; C Wy,
w2 +w
wywz—i—bwyy—dwm (24)
Ny, = 2 2
wy + wy
Reciprocally, if we replace w, and w, in (11), we obtain, knowing «, :
a = sin(a)[AN,]
b = sin(a)[AN,] —w,
¢ = w, —cos(a)[AN,] (25)
d = —cos(a)[AN,]

It is clear from these equations that we cannot recover (N,, N,) but only (A N,, A N,) and
obtain, for each «, only one solution in the general case since these equations are linear.

Geometrical interpretation of the two solutions. As already found by Tsai [23] and
Longuet-Higgins [17], we have two solutions for the reconstructed scene. One of these two
solutions is to be eliminated. The two values of a corresponds to two configurations of the
scene with respect to the angle s (that is if we are in front of or at the back of the scene ).

As a conclusion, collecting these different results, we clearly demonstrate that, if we
are interested in recovering the local structure of the 3D scene, we can compute the local
orientation of the observed surface, for an orthographic projection :

e as soon as a (small) rotation is performed but not around the optical axis (since we
must have either w, or w, not null),

e from a set of linear equations if the rotation is known,

e from a set of quartic equations and up to a scale-factor A (fixed by assuming N2 —I—Ny2 =
A% in the previous equations) if the rotation is not known, and obtain two real solutions
if we have (b + c)? > 4ad.
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An optimal framework to estimate w is to minimize, considering equation (12) for all
facets :

(a,w,) = argmin(y.u.) zk: Ak “cos(a) (" +w,) + sin(a) dk]2 + [cos(a) a® + sin(a) (F — wz)] 2]
(26)

{wz = cos(a) (o)

w, = sin(a)

where :

and Ay is a weight for each match.
We will use this mechanism in our implementation.

2.4 Relation with the perspective projection.

Let us consider our perspective projection model again, i.e. :

{u = uy+a,X/Z

v = yta,Y/Z (28)

Following [27] the retinal motion field of a planar patch defined with the notations of equa-
tion (6) is now:

du = Cu+au+b’0—|—u(eu—|—gv) (29)
dv = Cw+CU+d’U—|—’U(€u—{—g’U)
with : ) . ,
— _ =z "z t, 2Ny ug+Ny v —2w, ug+wg vo
“ = Zo] Na Zo Zo fZy =+ nyO
b = —t—l a]v —w _t_zNyuO _|_'U)I’LL0
N Zq y 2 Zo fZo f Zo
r
= _ | 2% 1tz Nywg _ Wy
c T [Z0:| Ne Zo fZo fyzo (30)
—_—
1 ¢
= — |2 _ Yzt Newot2Nywo | 2wevo—wyug
¢ = [ZO] Ny Zy % 7 T P70
w t;:N
\ g = _waIn + ;Zé

while C, and C, are huge expressions of the motion and structure parameters but can be
simplified with some algebra :

{Cu = fZO(;—IO—l—wy)—auo—bvo—eu%—gugvo (31)

1, 2
c, = fZO(Z—JO—wz)—cuo—dvo—euovo—gvg

In the case of w, = w, = 0, by elimination of f in the previous equations (f = 7+ is not
constant over the whole frame, only locally), we can obtain a error function between v, vy,
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%” if t, # 0 and the parameters from which, by minimization, we can compute the location
of the optical center and, up to a scalar factor, the translation, as detailed in the sequel.

As expected, we obtain -for a planar patch under a perspective projection- a quadratic
model of the retinal motion field, which parameters do not correspond to the affine model
obtained in equation (10), and must be estimated using at least four points.

However, these two models can be related in two situations:

e If we are undergoing a translation parallel to the retinal plane, and if the rotation axis
is parallel to the optical axis, i.e. if we have

w, =w, =0 and t,=0 (32)
the two sets of equations are in correspondence through the transformation:

ti
0

Wy —

|23
and w, — [—?] (33)
0

It might be noted that Z; depends on the points depth but this scale factor disappears
in all equations such as in (12) so that it will not perturbate the solution.

There is a geometric interpretation of this situation. We are simply in a case where
the 3D-translation of the perspective model “is seen as a rotation” by the orthographic
model. Indeed, a rotation around the y axis, a “pan”, induces an horizontal retinal
displacement as an horizontal translation would do, while a rotation around the x axis,
a “tilt” ) induces a vertical retinal displacement as a vertical translation up to a sign.

e If the plane is a fronto-parallel plane and if the rotation axis is parallel to the optical
axis, i.e. if we have w, = w, = 0 and N, = N, = 0 the motion field is still an affine
motion field. However, its correspondences with equation (10) does not exist unless
t. = 0.

This situation will not be considered here, i.e. we will always impose ¢, = 0.

A step further, let us consider that we estimate an affine motion field applying equa-
tion (10) on three points m; = (u;,v;, 1)T,4 = {1,2,3} under a perspective projection.

This yields a set of 6 linear equations (2 for each point) in six unknowns with a unique
solution if and only if the three points are not collinear.

In the general case, this solution will neither correspond to the affine model obtained
considering an orthographic projection, nor correspond to the first order terms of the qua-
dratic model obtained considering a perspective projection, because the estimation is biased.

However, if we assume that these three points are close to the principal point, i.e. u; =
ug + v 6% and v; = vy + v8! the estimated parameters a,b, ¢, d will verify the following
approximation :

a=a* + v,, Z_):b*—i—vb, ¢c=c"+u,, d=d*+ vy
with : (34)
v = o(€) o|wz| + |wy| + [t2] (1 4 [Na| +|Ny[))
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so that, in this case, and even if the rotation is not exactly parallel to the optical axis while
the translation is not perfectly parallel to the retinal plane, the model is approrimately related
to model proposed previously by the transformation of equation (33).

We thus can conclude that we can relate the two models, by an active vision strategy
i which we attempt to perform a translation parallel to the retinal plane and cancel the
rotational components in pan and tilt. In order to cope with the fact that these constraints
are only approximately matched, we consider only a foveal window, i.e. an area of the retinal
plane close to the principal point.

2.5 Autocalibration of the visual sensor.
2.5.1 Computing the optical center.

From equation (31), with simplification in the case of motion where w, = w, =0 and t, =0,
we obtain :

C., = fti—aug—>buy
{ C, = fty—cug—duy (35)
since e = g = 0.
By elimination of f in the previous equations if ¢, # 0, we obtain :
t, t, t,
Cv:Cut_—l'auOt_—l_bUOt__cuO_de (36)
which can be interpreted as a measurement equation. Let us write :
ty by ty
$=(930=t—,$1=U0t—,$2zvot—,$3zuo,$4=vo) (37)
Equation (36) can be written :
flz)=C, —Cyzop—azy —bao+cas+dzy =0 (38)

and we can minimize the quadratic error function :

over the set of matches, as in equation (26).
Having this initial estimate, since it is quadratic, we can refine this previous result by
considering :

t
y = (yo = t—y, Y1 = Ug, Y2 = ’Uo) (39)
9gy) = Co—Cuyo—ayoys —byoya+cy1 +dy =0 (40)

and minimize the non-linear error function :
2
> (y)
i

over the set of matches, as in equation (26).
We thus obtain ug, vy and :i by this method.
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2.5.2 What cannot be calibrated

Considering the model of equation (4), we easily see that the intrinsic calibration is only
defined by three parameters ug, vy and f. Similarly the extrinsic parameters as defined in
equation (9) are t,, t,, t, and w,, w,, w,, but with w, = w, = ¢, = 0 in our case.

Now, considering equation (29), (30) and (31) we can easily verify that ¢, and t, appear
always with 1/Z; as scale factor, so that this quantity being unknown, we cannot compute
the absolute value of ¢, and ¢, but only their ratio. This corresponds to the scale factor
indetermination of a monocular image sequence but in the case of an orthographic projection.

Similarly, f never appears as an independent quantity but is always multiplied by the Z,
unknown factor. As a consequence, it cannot be recovered. Again this corresponds to the
same scale factor with is that the depths Z cannot be recovered as absolute values but only
relative to a global scale factor.

Finally, the previous equations correspond to all what can be computed and we do not
need to try to evaluate anything else from these equations.

2.6 Implementation and experimental verification.
2.6.1 Early-vision module: corner detection and matching.

Feature points corresponding to high curvature points are extracted from each image, the
“Harris” corner detector [13].

Given a high curvature point in one image, we use a correlation window centered at
this point, and select a rectangular search area around this point in the second image. We
perform a correlation operation and select those locations for which the correlation score
is high. If the above constraint is fulfilled, we say that the pair of points considered is
mutually consistent and forms a candidate match. We eliminate these ambiguities using a
relaxation mechanism. Since we are dealing with image sequences with very low disparities,
the relaxation mechanism has to deal with only a very small set of ambiguous matches. A
sub-pixel interpolation of the retinal disparity is obtained.

2.6.2 Defining a triangulation of the scene.

First, we want to determine the parameters (C,, C,, a, b, ¢, d) defined by the 2 equations (10).
A set of 3 points give us a system of 6 linear equations with 6 unknowns, and a unique solution
if the points are non-collinear. Thus, we make use of the Delaunay triangulation as imple-
mented by [7] on the first frame and triangulate the second frame by points-corresponding.
Furthermore we assume that (C,, C,,a,b, ¢, d) are constant in each triangle.

2.6.3 Computing the surface normals.

We first initialize the two values of o and w, by (18) and (21) on one triangle where it is
computable and refine these values by minimization of (26).

We obtain from the two solutions of & and w, one unique solution after minimization.
We then compute the normals from (24), up to a scalar constant.
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We do not consider triangles that are too flat for the computation (in our case, they do
not correspond to physical parts of the scene).

2.6.4 Experimentation.

We experiment on a sequence of a calibration grid (see figure (1)). We know the 3-D coor-
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Figure 1: Calibration grid (points of interest).

dinates of 264 points of interest of a grid located at one meter from the optical center. We
simulate a perspective projection before and after a small motion (rotation and translation)
of the grid and obtain two images (512x512 pixels) where the optical center is in the center
of the image. We triangularize the scene in 520 triangles and determine then the optical flow
(in pixels) by computing the parameters (C,, C,,a,b, c,d), the solutions for « and w,, and
the normals (normalized). Knowing the 3D-coordinates and the motion, we can compute
the errors on the optical flow (the norm of the difference between theoretical and practical
optical flow related to the distance between the point 2-D and the optical center), the angle
a, and the normals (the norm of the difference between theoretical and practical normals
related to the distance between the point 2-D and the optical center).

As seen previously, if we have no translation parallel to the z-axis (corresponding to the
optical axis) and have rotation only around the z-axis, we can recover the motion and the
normals by considering the correspondences of equation (33). We will then introduce some
rotation around the x and y-axis and translation parallel to the z-axis to see the influence
on the quality of the result. At last, we will study the addition of noise on the matchings
and then will deal with real data.

Translation on z and y. See figures (2) and (3).

We have chosen a motion with ¢, = 1.5 pixels and ¢, = 1.3 pixels.

The initialization yields two solutions : on one hand a; = 0.856666 with w,, = —3.52263 1078
and on the other hand ay = —1.570826 with w,, = 1.031073.

With the minimization, we obtain the same solution for oy and oy and the same for w,,
and w,, :
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a = —0.856707 rad with [2%| = 1.810 *% and w, = —2.210 ° with [Aw.| = 2.210 °. The
errors on optical flow are less than 510~° pixel, and the errors on normals, less than 4 107°.

In this case, the errors are only due to the approximation that the parameters (C,, C,, a, b, ¢, d)
are constant on the triangles i.e. that the surface is locally planar.

T T

rares

Figure 2: Affine optical flow (in pixels x 10) for a translation of 1.5 pixels on z and 1.3 pixels
on y.

R
Tyt T
B

Yt gt Ty 2t
T

T Ponl T e P | T T gy T
A
TRl o T B Tord Bl | 1 AC] L 1 A0 ] T

Lol
IR RURN

N N N T
T TR T T T

N e

P

it
s

APANEATA A N

PRLAETN L E AR PN

T el T T ey [T [ad] 1,

LYLe LB LS LG ]
ATATEAPAA TN
P e R TR

i g i ek s i e i

Pt

a2

LYWLV P LI LY
Al Ll e By

| W] L) ) L) L] e 1 ) 1
W

S

PSRN B P T A A
TETE T RTINS TRTT ATA T ATAT

Ay A g A
TR T R [T

4

Figure 3: Normals (x 10) for a translation of 1.5 pixels on z and 1.3 pixels on y.

Rotation around the z-axis combined with translation on z and y. See figures 4,
5 and 6.

We have chosen for the motion : ¢, = 1.5 pixels, ¢, = 1.3 pixels and w, = 0.04 rad.

The initialization yields two solutions : oy = —0.29 with w,, = 3.97 1072 and ay = —2.13
with w,, = 4.131072%
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With the minimization, we obtain the same solution for oy and oy and the same for w,,

and w,, :
a = —0.8517 rad. with |§T?| = 0.59% and w, = 0.0399892 with |Aw,| = 2.71072%.
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Figure 4: Affine optical flow (in pixels x 2) for a translation of 1.5 pixels in z, 1.3 pixels in
y and a rotation of 0.04 rad. around the z-axis.
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Figure 5: Errors on affine optical flow (in pixels) for a translation of 1.5 pixels in z, 1.3 pixels
in y and a rotation of 0.04 rad. around the z-axis, related to the distance from the optical

center (in pixels).

In this case, the errors are mainly due to the approximation of the rotation to his first
order. Concerning this source of errors, we have tried with several values of w, for which it
is impossible to initiate o with the method explained previously. With an initialization so
that @« = 0 and w, = 0, we found some results that are collected in table (1). This shows
us the angle of rotation must be small to be approximated to its first order but if it is too
small, the quality of the result on w, decreases because of the precision of the computing.
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Figure 6: Normals (x 10) for a translation of 1.5 pixels in z, 1.3 pixels in y and a rotation of
0.04 rad. around the z-axis. (average of errors : 0.35 pixel)

motion initialization after minimization

w, aq ‘042 ‘wzl ‘wzz a ‘wz ‘Aoz ‘sz
4107° -0.86 | -1.57 [ 4.00107° [ 1.11073 || -0.86 | 4.00107° | 2.010* % | 2.7103 %
410°* -0.86 | -1.57 {1 3.99107*| 1.410°3 || -0.86 | 4.00107* | 1.610* % | 9.610* %
41073 -0.85 | -1.58 | 3.991073 | 5.010 73 || -0.86 | 4.0010°% | 5.710 % % | 2.910* %
4102 -0.29 | -2.133.910°2 |4.110°! | -0.85 [ 3.991072 | 0.6 % 0.03 %
4107t 0 0 0 0 0.93 | 3.910°' | 208 % 2.7 %

4 0 0 0 0 0.36 | -0.76 141 % 119 %

Table 1: Table of results with different values of w,, with ¢, = 1.5 pixels and ¢, = 1.3 pixels.

Introduction of rotation around the z-axis and the y-axis.
(9).

We have chosen for the motion : ¢, = 1.5 pixels, ¢, = 1.3 pixels, w, = 0.01 rad., w, = 0.01
rad., and w, = 0.04 rad.

We have collected (see table 2) some results that show us the influence of the values of
w, and w, on the quality of the result. As expected, the lower the values are less, the better
the result is.

But, figure (8) shows us that the result is still good near the fovea.

More precisely, we will study in the next paragraph which of the following approximation
is involved :

See figures (7), (8) and

e orthographic projection (Z = Z)

e small rotation (R =e¥ = I +w + o(||w]||))
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Figure 7: Affine optical flow (in pixels x 2) for a translation of 1.5 pixels in z, 1.3 pixels in
y and a rotation of 0.01 rad. around the z and y-axis, 0.01 rad. around the z-axis.

2,57

Figure 8: Errors on affine optical flow (in pixels) for a translation of 1.5 pixels in z, 1.3
pixels in y and a rotation of 0.01 rad. around the z and y-axis, 0.04 rad. around the z-axis,
related to the distance from the optical center (in pixels).

Study of approximations on rotation and projection. Let us simulate from known
3D-points, the orthographic and perspective model of projection and generate exact rotation
(R = %) and approximate rotation (R = I + W) between 2 frames.

In the case of orthographic projection, the angle a corresponds to the angle between w,
and w,, and in the case of perspective projection, to the angle between ¢, and —t,.

Let us see the results for the following motion : ¢, = 1.5 pixels, t, = 1.3 pixels, w, =
w, = 0.001 rad., w, = 0.04 rad. as shown in table (3).

We have also demonstrated that for small values of rotation, the errors are principally
due to the approximation of the orthographic model of projection, and for big values of the
angle of rotation, to the approximation of the motion to its first order.

See figure (16)) for a summary.
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Figure 9: Normals (x 10) for a translation of 1.5 pixels in z, 1.3 pixels in y and a rotation of
0.01 rad. around the z and y-axis, 0.04 rad. around the z-axis (average of errors on normals :
0.01).

motion initialization after minimization

Wy, Wy
107° [ 107° | -0.30 | -2.13 | 0.04 | 0.04 | -0.85]0.04 | 0.4 % | 0.03 %
107*|107*| -0.30 | -2.12 | 0.04 | 0.04 |/ -0.87 | 0.04 [ 1.3 % | 0.03 %
1073|1073 | -0.89 | -1.83 | 0.04 | 0.04 | -0.10 | 0.04 | 16 % | 0.08 %
10721072 | -1.07 | -2.10 | 0.04 | 0.05 1.48 | 0.04 | 273 % | 0.06 %
1071 {1071 | -1.32|-2.02|0.04 | 0.06 | 1.08 | 0.04 | 256 % | 0.16 %

oy ‘ Qo | w,, ‘ W, a ‘ w, ‘ Aa ‘ Aw,

Table 2: Table of results with different values of w, and w,, for w, = 0.04 rad, ¢, = 1.5
pixels and ¢, = 1.3 pixels.

simulation initialization after minimization
projection rotation o] ‘ Qo ‘ w,, ‘ w,, a ‘ w, | % ‘ Awi
perspective | exact -0.89 | -1.83 | 0.04 | 0.04 || -0.10 | 0.04 | 16 % | 0.08 %
perspective | first order || -1.18 | -1.45 | 0.04 | 0.04 || -1.00 | 0.04 | 17 % | 0.01 %
orthographic | exact -0.95 | -2.95 | 0.04 | 0.04 || 0.81 [ 0.04 |14 % [2.610 2%
orthographic | first order || 0.79 | -1.57 | 0.04 | 0.04 || 0.79 | 0.04 | 0.1 % | 1.310° %

Table 3: Table of results by simulation of projection and rotation, for w, = w, = 0.001
radians, w, = 0.04 rad., t, = 1.5 pixels and ¢, = 1.3 pixels.

Introduction of translation parallel to the z-axis. See figures (17), (18), (19) and
(20).
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Figure 10: Errors on affine optical flow (in pixels). Simulation of perspective projection

coupled with exact rotation.
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Figure 11: Errors on normals. Simulation of perspective projection coupled with exact

rotation.

We have chosen for the motion : ¢, = 1.5 pixels, ¢, = 1.3 pixels, ¢, = 0.5 pixel and

w, = 0.04 radians
We have collected (see table 4) some results that show us the influence of the values of

t, on the quality of the result. As expected, the lower the values are, the better the result
is. But, figure (21) shows us that the result continues to be good near the fovea.

2.6.5 Discussion

Considering the previous results, several conclusions can be drawn :

e The model is very precisely verified when considering “affine” displacements, i.e. w, =
w, = t, = 0 which an accuracy lower than one pixel, even at the border of the image.
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Figure 12: Errors on affine optical flow (in pixels). Simulation of orthographic projection
coupled with exact rotation (average of errors on normals : 0.45 ).
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Figure 13: Errors on affine optical flow (in pixels). Simulation of perspective projection
coupled with first order rotation.

motion initialization after minimization
Aa Aw,
tz - ‘ 2 ‘ Wz | Wz, a ‘ W, | |T| ‘ W,

5102
51071
1
5

-0.25
0.29
0

0

-2.2
-2.6
0
0

0.039
0.040
0
0

0.041
0.041
0
0

-0.85
-0.86
-0.89
-1.43

0.040
0.040
0.040
0.040

0.6 %
0.5 %
31 %
66 %

2510 %%
6.5107% %
2.01072 %
0.2 %

Table 4: Table of results with different values of ¢,, for w, = 0.04 rad, t, = 1.5 pixels and

t, = 1.3 pixels.

e Having a “counter-rotation”, i.e. w, # 0 does not significantly affect the results un-
less the amplitude of the rotation is so important that it perturbates the early-vision

PIrocesses.
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Figure 14: Errors on normals. Simulation of perspective projection coupled with first order
rotation.
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Figure 15: Errors on affine optical flow (in pixels). Simulation of orthographic projection
coupled with first order rotation (average of errors on normals : 310°°).

However, a non-negligible loss of performance exists even for small amplitudes of

counter-rotation, so that we better avoid them, even if it is not mandatory to have
it cancelled.

Note that this second-order effect is very likely due to the fact we use a first order
approximation of the rotation.

e The main source of error is indeed due to the existence of rotations, w, or w, which
is contradictory with our model. The perturbation is already close to a pixel, for

small rotations of 0.01 radians, and the evaluation of the surface normal is not reliable
anymore.

However this effect is highly dependent on the position of the point with respect to the
principal point, the error having an hyperbolic profile, as predicted by the model.
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Figure 17: Affine optical flow (in pixels x 2) for a translation of 1.5 pixels in z, 1.3 pixels in

y, and 0.5 pixels on z and a rotation of 0.04 rad. around the z-axis.

As a consequence, considering a small window of say, 50 x 50 pixels, this bias is reduced
by a factor close to 5. This will be the purpose of the next subsection.

Furthermore, the error can be evaluated and it might be possible to detect such a bias,
and control the system to avoid this bias as discussed in the last section.

e As already discussed for the counter-rotation, the fact we use a first-order approxima-
tion of the rotation, is not the main source of error, especially because we attempt, in
fact, to cancel them, and thus to maintain rotation as small as possible.
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Figure 18: Errors on affine optical flow (in pixels) for a translation of 1.5 pixels in z, 1.3
pixels in y, and 0.5 pixels on z and a rotation of 0.04 rad. around the z-axis, related to the
distance from the optical center (in pixels).
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Figure 19: Normals (x 10) for a translation of 1.5 pixels in z, 1.3 pixels in y, and 0.5 pixel
in z and a rotation of 0.04 rad. around the z-axis.

2.6.6 Improving the performances.

We have obtained in the two previous paragraphs that when the quality of the global result
decreases, it is still near the fovea. If we know the location of the optical center, we are able
to introduce on the weights for the minimization on which we obtain a and w, the following
quantity :
1
1+ ¢|[(u,v) — (uo, v0)|[*

We will try several values of ¢ and ¢ and collect the results in table (5). Since the
influence of ¢ is not significant, we have principally reported the results concerning 1.
This heuristic is in fact, of common use in the domain, see for instance [10], [28].

(41)
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Figure 20: Errors on normals for a translation of 1.5 pixels in z, 1.3 pixels in y, and 0.5 pixel

in z and a rotation of 0.04 rad. around the z-axis, related to the distance from the optical
center (in pixels).
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Figure 21: Errors on affine optical flow (in pixels) for a translation of 1.5 pixels in z, 1.3
pixels in y, and 0.5 pixel in z and a rotation of 0.04 rad. around the z-axis, related to the
distance from the optical center (in pixels).

The motion considered here is: t, = 1.5 pixels, ¢, = 1.3 pixels, ¢, = 0.5 pixel w, = 0.005
pixel, w, = 0.005 pixel and w, = 0.04 pixel.

From table (5), we see that for ¢ = 1 and ¢ = 2, we obtain a amelioration on the error
on « with a not too important degradation of the value of w,.

But, in the general case, we do not know the location of the optical center. So that we
must compute it from the parameters C, and C, (see equations (38) and (39) ).

We compute y = (%’,uo,vo) for some motions and collect the results in table 6. We

observe that the precision for :—J is very good, and the precision for uy and vy not as good.
But, when introducing these values in the weights of equation (41), we obtain the same
results as the results obtained with exact values of ug and vy, collected in table 5. We can
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0 |1 64 % |0.16 %
1 |1 2% 1012 %
10 |1 41 % 011 %
1 [15]13% |017%
10[15(12% | 017 %
1 |2 01%]021%
10 | 2 04% 021 %
1 [25]56%]|024%
1 13 9.7 % | 026 %

Table 5: Table of results since introduction of weights related to the distance of points from
the fovea in the minimization

explain this by the fact that the errors considering the normals are less in the foveal part of
the retina and not exactly in the center of the fovea.

motion results
|Aug| vl | A

Wy wy w, U o Vo T E Ty

0 0 0 253 | 1.8 % | 256 0.2 % | 0.866667 | 410~° %
0 0 0.004 || 255 | 0.4 % | 257 0.5 % | 0.866753 | 91073 %
0 0 0.04 || 2726 % 237 7% 0.866644 | 31072 %
0 0 0.4 252 | 1.6 % | 264 3.2% | 0.866699 | 31073 %
0.001 | 0.001 | 0.04 || 254 | 0.6 % | 264 3% -0.017414 | 102 %
0.01 | 0.01 [0.04 ||269|5% 242 % | 5 % -0.676686 | 178 %

Table 6 Table of results with ¢, = 1.5 pixels, ¢, = 1.3 pixels

g and from C, and C — v.

Then, we compute the angle o from

and t, = 0 for computing u,

¢ and the result obtained by minimization (26) with

this initialization is the same as with the previous method defined by (18) and (21).

As a conclusion,, we observe that we obtain a much better precision on uy and vy but
that the good precision on zy in the case of t = (¢,,t,,0) and w = (0,0, w,) decrease very
fast with introducing of other components in the motion.

Furthermore, we easily verify that considering a weighted estimation which integrate the
fact that foveal information is more reliable that peripheral information significantly improve

the performances of the results.
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2.6.7 Testing the robustness to noise.

For this test, we introduce Gaussian noise on the 2-D projected points on the first frame
with a mean value equal to zero, and various variance.

As for the minimization for o and w,., we introduce weights on each triangle : A\, = 1—}“
where e is the average of the errors of each of the three points determining the triangle k.

We have tried some other expressions for the weights in the following form :

1

AL =
k 1+ pe”

but they do not significantly increase the quality of the result.

We have taken the same motion as previously, i.e. t, = 1.5 pixels, t, = 1.3 pixels, and
w, = 0.04 radians

The results are collected in table (7).

noise after minimization

o a |w [[82] ][5
0 -0.8310.04|3.7% 0.03 %
0.1 -0.8310.04132% |0.03%

0.14 -0.84 | 0.04 | 1.5% | 0.02 %
0.22 -1.0 [ 0.04 |20 % 0.3 %
0.31 -0.87 [ 0.04 [ 21% |04 %
0.44 -0.78 | 0.04 | 86 % | 0.2 %
0.70 -0.77 1 0.04 | 10.3% | 0.8 %
1 -0.77 [ 0.04 | 10.6 % | 2.5 %
1.41 -0.76 | 0.05 [ 10.9 % | 23 %
2.23 -0.73 | -0.1 | 15 % 288 %

Table 7: Table of results using a Gaussian noise with a constant motion (¢, = 1.5,t, =
1.3, w, =0.04), and ¢ = 1, ¢ = 2.

Figure (22) shows us that addition of noise perturb the normals and figure (23) that the
errors do not depend on the location of the point, as expected.

2.6.8 Using a non-planar object.
In the the ideal case, see figures (24) and (25), and with gaussian noise (o = 0.32 pixel), see
figures (26) and (27).

Conclusion It is clear that the algorithm tolerates a reasonable amount of uncertainty in
the feature localization. It seems however important, as very often for such methods, to be
able to extract features with a subpixel accuracy. A level of precision of 0.3 pixel seems to
be an upper limit to obtain very precise evaluations, i.e. better than 5 %.
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Figure 22: Normals (x 10) for a translation of 1.5 pixels in z, 1.3 pixels in y and a rotation
of 0.04 rad. around the z-axis with noise of variance 0.1 pixels?.
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Figure 23: Errors on normals for a translation of 1.5 pixels in z, 1.3 pixels in y and a rotation
of 0.04 rad. around the z-axis with noise of & = 0.32 pixel, related to the distance from the
optical center (in pixels).

As a conclusion, in order to obtain a precision of 10 % on the normals, a precision of
0.5 to 2 pixels on the features is to be achieved, which is a common precision for such early
vision modules. For a noise up to 1 pixel, the estimation of the displacement is quite reliable
(of about 2 %).

Furthermore, it has been verified as for other authors, that the precision on the affine
optical flow is very similar to the precision on the pixel location.

We thus can carry on using our method event if we are in the presence of noise.

Let us make use of these results now.
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Figure 24: Optical flow (in pixels x 10) for a translation of 1.5 pixels in z, 1.3 pixels in y
and a rotation of 0.04 rad. around the z-axis without noise.

Figure 25: Normals (x 10) for a translation of 1.5 pixels in @, 1.3 pixels in y and a rotation
of 0.04 rad. around the z-axis without noise.

3 Surface reconstruction.

3.1 From surface normal field to surface equation.

Indetermination in the reconstruction From the previous section, it is clear that,
using equation (22) we can compute N, and N, up to a global scale factor as soon as the
estimation of either w, or w, is not zero. These informations should help us to reconstruct
the scene structure, i.e. the 3D surface of the objects in front of the camera.

Furthermore, from the previous section, it is clear that, N, and N, up to a global scale
factor constitute all that can be recovered from the scene structure, i.e. :

ds(M)
0X

o f (42)

8s(M) 85(M)>T
oy ' 0z

(f Nay f N, 1)T = <f
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Figure 26: Optical flow (in pixels x 10) for a translation of 1.5 pixels in z, 1.3 pixels on y
and a rotation of 0.04 rad. around the z-axis with noise of o = 0.32 pixel.

Figure 27: Normals (x 10) for a translation of 1.5 pixels in z, 1.3 pixels in y and a rotation
of 0.04 rad. around the z-axis with noise of o = 0.32 pixel.

where f is an unknown global scale factor and s(M) = 0 the surface equation.

As a consequence, we can not recover the surface location, but its derivative with a scale
factor determination parameterized by f. On the reverse, having the surface normal for each
point, we can “integrate” this field and recover the surface up to a fixed transformation of
the space.

This double indetermination can be formalized as follows. If we consider:

1. the translation 7 : M — M + (wo/ f, v/ f, —Zo)T and

f 00
2. the expansion¢ : M — | 0 f 0 | - M
0 01
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they define a linear constant transform :

‘;/( porT
ﬁ
VA 2z

from the retinal coordinates to the camera coordinates, which corresponds to equations (2)
and (4), and the scene structure can be recovered up to this linear transform.

e The fact we have this translation indetermination is due to the fact that we have chosen
a frame of reference attached to the optical center who’s location is not known with
respect to the scene.

e The fact we have this factor of expansion indetermination is due to the fact that we
are using monocular cues, and have thus no way of recovering the absolute scale of
the scene, which corresponds -with an affine model of the camera- to a scale factor
indetermination along the Z-axis.

Through this transform, we can parameterize locally the surface using(u, v) and we have
N, = f N, and N, = f N,. Consequently, since N, and N, are defined up to a scale factor
we will not distinguish them from N, and N, in the sequel.

Using a frame of reference attached to the retina. Considering a frame of reference
attached to the retina. We use (u, v, z) as space coordinates for point M.
We define the retinal depth d(u,v) of point M(w,v) such that :

M(u,v) = d(u,v) Z (43)
1
We thus parameterize the surface by (u,v, z), and have :
MeS & s(u,v,2) = —z+d(u,v) =0 (44)
This retinal depth is defined, from (6), by :

d(u,v) = f* [Nou+ N, v] +2¢ (45)
—_——
§(u,w)
where f* is a global undeterminated factor, whereas Z} depends on the local plane equation,
for a planar patch of index k.

Note that, although we use a local planar model of the surface, we now assume that the
surface is not necessarily a plane but simply a regular surface S.
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3.2 Performing the reconstruction from the retinal displacement.

Constraints from the Delaunay triangulation. Let us consider now the problem of
reconstructing a coherent surface from the estimated retinal displacement.

Considering the Delaunay triangulation, our surface is now defined by a set of triangular
facets, and all we have to do is (i) either recover the planar equation of these facets, as
defined in equation (6), or, (ii) compute the depth of the three vertices of the facet.

However, in order to build a coherent surface from this data, we have to introduce a new
aspect of the problem : not all set of orientations are coherent with a real rigid surface. In
order to figure out this last point, the reader just has to remember that in the continuous
case, a field of normal N(u,v) can be integrated in terms of a depth map d(u,v) such
that N(u,v) = gr_&d(d(u,v)) if and only if the rotational rot(N(u,v)) = 0. Obviously this
constraint will be translated in a very different form in our case.

Considering two consecutive facets a and b as shown figure 28, we consider three cases:

1. The two facets do not correspond to the same object, i.e. there is a discontinuity in
depth. In this case we must not relate the two plane equations. One other possibility
is that a facet corresponds to a non-physical surface, or is a spurious element of data.

Figure 28: Continuity constraint between two facets.

2. The two facets correspond to the same non-planar object. In this case we require that
for each point of the edge di5 the depth computed from the facet a equals the depth
computed from the facet b. Since this is a line, it is sufficient to take two points, for
instance the two vertices m; and my. So that the two facets correspond to the same
non-planar object if and only if the depth of the two vertices are equal.
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3. The two facets correspond to the same planar object. In this last case the constraint
must simply either state that both facet equations are the same or that the four points
of the two consecutive facets are coplanar.

Moreover, as represented in figure (28), it appears that the different facets are related
to each others by a complex set of constraints depending on the topology of the Delaunay
triangulation. A vertex can be common to several facets.

The theory [20] tells us that, a vertex belongs to 6 facets, in average, and at least 3.
However, it can depend much on the configuration of the points. When at the “border” of
the triangulation this property still holds if we consider the triangles with an infinite point.
If we do not consider these triangles, we have, in the general case, two facets for a vertex,
but, again, it could be one or more.

Fusion of reconstructions along an image sequence. The problem of fusing different
views along an image sequence becomes trivial as soon as we verify the constraints of equa-
tion (32). In such a case, we only perform a rotation of the retinal plane, and a translation
parallel to the retinal plane, so that the depth remains constant from one frame to another.

First, we wanted to fusion the depths Z but it is not possible in the case of real data
since the quantity N, and N, are known up to a scale factor which depend an «, and |[t||,
which is not constant along an image sequence.

So, we decided to fusion the components N, and N, of the normals and to use a Kalman-
filtering (very trivial in this case). We note a the measure with the associated variance V,,
& the old measure with the associated variance Vj, and the result of the fusion o* with the
associated variance V.. . . .

{ Vo = e (46)
a = Vo[V 'a+ V1]

This result corresponds to a first order adaptive low-pass filter.
The measures used in our case are Ny + N; and a = arctan(%) which is parameterized
by cos(a) and sin(a).

Introducing regularization. Moreover, we require the depth not to vary too much for
consecutive points in order to maintain the continuity in the depths map. More precisely,
even if we are in the case of a discontinuity, or if there is an occlusion, we can assume the
continuity of the depth map.

Furthermore, if we do not have any other information on two depths d* and d"2, a
conservative constraint is to assume that the scene is, by default, a fronto-parallel structure,
ie. d — dh ~ 0.

In the presence of noise, we might maintain the idea that the depth must not vary too
much, and have a “regularization” factor which allows the depth to vary considering the
measure if and only if the measure is reliable.

All these ideas will be implemented as reported now.
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3.3 An algorithm to perform the reconstruction.

Defining the notations. Let us translate the previous discussion in an algorithmic fra-
mework. We need the following notations :

e We consider K = {1,2, ..., kmas} aset of indices for the facets, and H = {1,2,..., hpas }
a set of indices for the vertices.

e For a given vertex of index h, we write K}, the set of facets which vertex belongs to.

e For a given facet of index k, we write Hy the set of the three vertices which define the
facet.

e Now, considering equation (45), we define :

d" = d(uh, o) fo 8k 4 7k

4
stk = fi, [d(uh,vh) — Z(’)“] = Nju"+ NJo (47)

where

— d" is the depth of the point and

— 6"* is the normalized depth as defined by considering that the vertex of index A

belongs to the facet of index k.
o We write

— g the inverse of the variance of the depth d*

— 0y, the inverse of the variance associated to a facet of index k

Choosing a criterion. In order to eliminate the unknown Z¥ of each facet we use :
(dhl . dhz) — fo (5h1k _ 5hzk) (48)

as measurement equation. If f = 0, we only require the two depths to be equal, or else, we
estimate some variation in depth, as discussed before.
In order to overcome the global offset indetermination for the depth we introduce the
following linear constraint :
> d" = card(H)Z; (49)

heH

We thus can integrate all these pieces of information in a comprehensive criterion:
2

D E D DR (CCRr S RSNy ) (50)

keK {hl,hz}EHk,hl >ho

minimized with respect to the depths d”, parameterized by f and constrained by equa-
tion (49).
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Deriving the equations. The normal equations of this quadratic criterion can be written :

%:Oﬁdlzézwk {Zwk{ > dh—f(5hk—5lk)H (51)

ke K, ke K; heH;—{l}

which provides an iterative schema to estimate the set {dl}l___c,ml( m) and from which we can
estimate the inverse of the variance :

wg =2 ) w (52)
keK;

at the end of the process.
The constraint (49) can be satisfied by correcting the depths at each steps with :

> d"
d—d+ 75— 2L (53)
card(H)

An initial value of the depth can be obtained from three sources:

e an average value for Z} say 73

e an estimation using N, and N, computed by propagation (we begin with a vertex which
we assign the depth to be equal to ZJ, compute the depths of neighbors considering
d' = d" + f* (6" — §"*) and we mark the vertices with depth known) up to an indeter-
mination on the first depth that we calculate.

Description of the algorithm. Combining the previous equations leads to the following
algorithm :
o Algorithm input:
— Any value for Z§, say 1.

— The inverse of the variances for each facets, computed from a previous module.

o Algorithm steps:

Iteratively adjust the depth using equation (51) and (53) at each step, until convergence®.

o Algorithm output:

The estimation of the depths and the inverse of their related variance.

3.4 Experimentation.

We have first experimented this algorithm on a sequence of a calibration grid (288 points),
second on a sequence of a quarter of a sphere (181 points). The motion considered here is:
t, = 15 pixels, t, = 13 pixels and ¢, = 0 pixel, while w, = w, = w. = 0 radian.

!The convergence is guaranteed by the fact that the series defined by equations (51) and (53) are contrac-
ting, thus convergent, as we can easily demonstrate.
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Choosing an initialization for the depths. Concerning, the initialization of the depths
at the beginning of the algorithm, we try two kinds of initialization in the case of the previous
depths are not defined :

e d; = Z§ for all vertices

e we take a vertex randomly which we assign the depth Z§, and compute iteratively the
depths of the neighbors considering d' = d" + f* (6% — §h*)

But, the choice of the initialization do not influence the result of the algorithm in the case of
synthetic data without noise. It has only a consequence on the number of iterations in the
algorithm. For example, for a sequence of a quarter of a sphere, with the first initialization,
we need 45 iterations, and 14 with the second initialization.

We can see the reconstruction of the two synthetic scenes from two views, without noise,
on figures (29) and (30) for a grid of calibration, (31) and (32) for a quarter of a sphere.

Figure 29: Top view of the 3d-reconstruction of a synthetic grid without noise.

N [P LA
SRR

Figure 30: Front view of the 3d-reconstruction of a synthetic grid without noise.
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Figure 32: Front view of the 3d-reconstruction of a synthetic quarter of a sphere without
noise.

Choosing an initialization for f°. In the previous paragraph, we took as initial value
f* = 1. In this paragraph, we took some other values to see the influence of this parameter.
We can see the results on figure (33) for the scene of a grid

Introducing of noise. We introduce again a Gaussian noise on the 2D-projected points in
all images. The goal that we expected is to fusion the results of several views to reconstruct
the scene with more precision. One track to follow here is to introduce the errors of the
matching points of each triangle on the inverse of variance @y, in the following form :

1
14+ per

(54)

as we will check in a near future.
We can see the results with gaussian noise (0 = 0.32) in figures (34), (35), (36), (37), (38),
(39),(40) and (41) without considering the terms of errors and using the following motion
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Figure 33: Top views of the 3d-reconstruction of a synthetic grid, without noise, and with
an initial value of f* = 0.1;1;10.

between two consecutive frames : t, = 15 pixels, ¢, = 13 pixels and ¢, = 0 pixel, while
w, = w, = w, = 0 radians.

k]
3
L}
.
3|

Figure 34: Normals (x 10) for a translation of 15 pixels in z, 13 pixels in y with noise of o=
0.32 pixel, and considering the 2 first frames in the sequence.

Using real data. We also have reconstructed a real scene composed by the grid of cali-
bration and two planes from a real sequence of 15 views (see figure (42)).

We propose two views of the reconstructed scene : the top view on figure (43), the bottom
view in figure (45) and the front view in figure (44).

In order to visualize the results, we can map the texture of the first view on these triangles,
knowing that the intensity on the 3d-point (z,y, z) is the intensity on the point (z,y) on the
first view.

The result is given in figures (46) and (47).
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Figure 35: Normals (x 10) for a translation of 15 pixels in @, 13 pixels in y with noise of o=
0.32 pixel, and considering the 30 frames in the sequence.

Figure 36: Top view of the 3d-reconstruction of a synthetic grid with noise (o = 0.32).

4 Conclusion

We have demonstrated that by using a specific class of displacement, the simple orthographic
and affine models presented here are valid, and we can very easily reconstruct the observed
scene, in the uncalibrated case. In the case where this motion is approximate, i.e. only
partially verifies the required constraints, the model is still valid close to the retina.

Furthermore, we can control if the assumptions are correct, since the validity of the affine
model can be verified on the data, as noticed in our developments.

At an experimental level, a small implementation taking an image sequence as input,
allows us to compute the predefined motion fields and calculate the reconstruction up to a
particular affine transform of the scene.

Finally, it has been demonstrated that it is always possible to determine how to generate
such specific displacements, from the error signals output by our estimation algorithms.
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Figure 37: Frontview

of the 3d-reconstruction of a synthetic grid with noise (¢ = 0.32).
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Figure 38: Normals (x

= 0.32 pixel, and considering the 2 first frames in the sequence.
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Figure 45: Bottom view of the 3d-reconstruction of a real scene
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Figure 47: Front view of the 3d-reconstruction of a real scene, with texture mapping.
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A Perspective : Using active vision to improve the
reconstruction.

A.1 Validating the affine model.

The previous formalism is only valid if we verify the motion constraint of equation (32). If
we do not verify this constraint, equation (12) will not provide a constant value for all facets
but will be subject to a bias.

Considering a perspective projection, this bias is an affine function of the normal of the
surface of each facet, as made explicit in the following equation:
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The quantities W, — t,/Zy, W, — —t,/Zy,W, — w, are the estimated quantities.
The biased By and B; vanish if and only if:

e either W, = W, = 0 which is a degenerated solution of equation (12),

o else if uy = vy =t, = 0 while w, and w, are undefined, but in this particular case we
are still in a situation where the affine model is valid, as visible in equation (30),

e else if w, = w, = t, = 0 which is the required situation.

As a consequence, these bias are canceled if and only if equation (32) is verified except if
the system is related to a normalized frame of reference which is easily avoided.

Moreover these bias are linear functions of the system parameters and thus act as quadra-
tic factors in the least-square criterion. As a consequence, the minimum of this least-square
criterion, with respect to these control parameters corresponds to zero values, and we have a
convex function to minimize.

This suggest a very simple strategy to control the active visual system, and constraint
the displacement to be a pure translation parallel to the retinal plane:

1. Perform any displacement.

2. Compute the parameters using equation (12) though the least-square criterion of equa-
tion (26) and calculate the residual.

3. Generate a displacement, considering previous estimates so that the residual decreases
and repeat the previous step on this one until a minimum is attained.
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From the previous discussion we can see that this algorithm converges if and only if the
robotic system which realizes the displacements is able to perform a pure translation parallel
to the retinal plane with or without a controllable or uncontrollable counter-rotation given
by w.. So that this method will be applicable on robotic systems with enough degree of
freedom (robot arm, robotic head with “eye and neck”, mobile robot with a turret, etc...)

A.2 Performing optimal displacements for the reconstruction.

Let us now consider the problem of computing optimal displacements for the reconstruction.
It is clear from the previous paragraph that we are looking for displacements for which
Wy =wy =1, =0.

We thus have to decide on t, =t cos(a), t, =t sin(a) and w,. Following [24] we will use
the following qualitative arguments :

o We better reduce the retinal disparity between two consecutive frames in order to ease
the matching process.

e We better generate retinal disparity to increase the robustness of the structure from
motion equations.

These two - somehow contradictory arguments - will be used as follows in our case:

1. The counter-rotation w, will be limited or canceled, unless it improves the reconstruc-
tion.

2. The amplitude of the translation ¢ will be increased unless the matching performances
decreases so that the performances of the reconstruction is affected.

3. The orientation of the translation o will be chosen in order to mostly increase the
performance of the reconstruction.

In all cases, the strategy is to look for displacements which tend to decrease the residual
of equation (50), so that these mechanisms can be treated globally as follows:

1. Perform any displacement.

2. Compute the parameters though the least-square criterion of equation (50) and calcu-
late the residual.

3. Generate a displacement, considering previous estimates so that the residual decreases
and repeat the previous step and this one until a minimum is attained.

We finally end up with a mechanism which tend to minimize conjointly two criterions,
but not considering the same degrees of freedom. Let us discuss one implementation now.
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