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hyperbolique-parabolique avec une diffusion anisotrope dégénérée. Ce systéme se rencontre
dans la modélisation de I’évolution d’un traceur chimique ou biologique dans un milieu
poreux. Nous étudions ce probléme avec une théorie L', puis nous établissons la limite
quand la constante de réaction devient grande. Nous montrons que le systéme converge vers
une équation non linéaire parabolique-hyperbolique qui généralise le probléme de Stefan.
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A multiscale colloid transport model with anistropic
degenerate diffusion

Abstract: We consider a weakly coupled semilinear parabolic-hyperbolic system with a
degenerate and anisotropic diffusion. It arises to model the evolution of a chemical or
biological tracer in a porous medium. We study the well-posedness of the system using a L*
theory. Then, we establish the relaxation limit as the reaction constant becomes large. We
prove that the system converges to a nonlinear parabolic-hyperbolic equation that generalizes
the Stefan problem. Two specificities of this paper are (i) to deal with ill-prepared initial
data and (ii) with unique entropy solutions based on a precise entropy inequality.

Key-words: Transport and reaction in porous media, Degenerate parabolic-hyperbolic
system, generalized Stefan problem.
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1 Introduction

This note deals with the following problem: find the solution ¢ and s defined on R? x
(0,T) (with T'> 0 and d < 3), to the weakly coupled semilinear and degenerate parabolic-
hyperbolic system

0°¢; .
Oic + divA(c Z 6;5:5% = —kcs inD'((0,T) x RY),
(Pr) 0s = —kcs inD'((0,T) x RY), 1)
c(0,z) = co(z) >0 ae. in R,
5(0,z) = so(xz) >0 a.e. in R,

where k is a given positive constant. The assumptions on the data A : R — R?, the d x d
matrix ¢(c) = (¢i;(c)), co and so will be made precise later (Section 2), but let us just
say that they cover the cases of completely degenerated diffusion (we only assume (¢;;)
is a nonnegative matrix) and ill-prepared initial data (the product ¢y s¢ does not vanish).
Our purpose is to prove a global well-posedness theory for this system and to study the
relaxation limit as kK — 00, and especially to characterize this limit through the generalized

Stefan equation

0? $ij(wy) .
Oyw + divA( § — T = 9 D'((0,T) x RY),
(Re) t vA(w) ig=1 0z;0z; n D(( ) ) (2)
w(0,2) = co(z) —so(z) a.e. in RY.

One of the difficulties is that the parabolic degeneracy leads to singular solutions (possibly
shock waves in the purely hyperbolic case). In order to cover this generality, we therefore
use methods based on S. Kruzhkov’s style L' contraction property [12].
The Figure 1 shows the values of ¢ and s obtained numerically in 1D, with A(¢) = uc and
#(c) = pe. The numerical values used for this simulation are: k = 10*, p =410 3 andu =
0.1. We notice the presence of propagation front across which s presents a discontinuity.
This kind of system describes the evolution of a tracer (typically a chemical or a biological
species) in a porous medium. This tracer is assumed to adhere to the surface of the solid
skeleton. The places where this adhesion process occurs are named the adsorption sites.
Denoting by C' the mobile tracer, by S the adsorption sites on the immobile porous medium,
and CS the product of the reaction between the tracer and the skeleton, this process can
be represented as a formal chemical reaction:

C+S8=CS.

We let ¢ and s denote the concentration of C' and S respectively. The concentrations ¢ and
s are classically assumed to satisfy the following system:

Osc + divA(c Z %jgm = —R(c,s),
i0%;

s = —R(cs),

3,j=1
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4 M. Belhadj, J.-F. Gerbeau, B. Perthame

Where the function R is a reaction term. In this work, we assume that the above pseudo-
chemical reaction is governed by the law of mass action and we neglect the backward reaction
(namely the desorption). Thus, we have

R(e,8) =kes, (3)

where k is the forward rate constant.

This model is encountered in various applications. For example, it was proposed in can-
cer research to study the penetration of antibodies in tumurous tissue and their attachment
to antigens (K. Fenmori et al. [7]). It is also used to study the transport and attachment
of colloids, bacteria or viruses, in sandy aquifers. In these later cases the function R(c,s)
generally takes the form ¢B(s), where B, the so-called blocking function, is typically poly-
nomial (see for example N. Sun et al. [17], C.H. Bolster et al. [2]). These equations can
also be viewed as a simple model of colloid filtration, when the retained particules are small
enough to consider that their adhesion on the filter do not modify the size of the pores (see
M. Belhadj [1] for an application to blood filtration).

Concerning the mathematical theory, D. Hilhorst, R. van der Hout and L.A. Peletier
proposed various mathematical studies on systems of this kind. In [8], they considered the
large time behaviour and the limiting behaviour as ¥ — oo of a 1D version of this problem
with A = 0 and ¢(c) = ¢. In [9], they considered also the 1D case with A =0 and ¢(c) = ¢,
but they took more general reaction terms. In [10], they kept A = 0 but they extended their
works to the multidimensional cases and nonlinear diffusions. More precisely they assume
that ¢(c) = [; D(€) d¢ with D(€) > 0 for £ > 0. On the other hand, the purely hyperbolic
case ¢(c) = 0 has been widely studied and we refer to the survey paper of R. Natalini [15]
for further references and analysis. We would like also to point out that a possible approach
is to use the nonlinear semigroup theory which provides easily a partial answer (uniqueness
in a restricted sense) to the problem in the isotropic case at least.

In the present work, we restrict ourselves to the mass action kinetics (3), which is just one
of the two kinds of reactions investigated in [10], but we consider a more general equation
since we treat a completely degenerated and non-isotropic diffusions. Moreover, we also
add the nonlinear convection term divA(c), thus dealing with the complete hyperbolic-
parabolic case. Finally, we do not assume that initial data are well-prepared i.e. cgso = 0
and thus we implicitely treat the initial layer problem: a non-equilibrium initial data (an
equilibrium is defined by a state (¢, s) such that ¢s = 0) is immediately relaxed to an
equilibrium in the limit ¥ — co. As mentioned earlier, we consider a purely L' well posedness
theory. This requires to use a precise definition of entropy solutions, an issue solved in the
purely hyperbolic case by S. Kruzhkov [12]. The parabolic case is much more involved and
the entropy dissipation has to be controlled precisely in the relaxation process and in the
construction of the solution. The main issue then is uniqueness of solutions satisfying these
entropy inequalities, a result proved recently for isotropic matrices (¢;; =0 Vi # j) by J.
Carrillo [4] (see also R. Eymard et al. [6] for improved assumptions and K. H. Karlsen and
N. H. Risebro [11] for numerical analysis of the problem). The recent improvment in this
uniqueness proof by G. Q. Chen and B. Perthame [5] allows to treat non-isotropic degenerate
diffusions to the expense of more precise entropy inequalities.

INRIA



A multiscale colloid transport model with anistropic degenerate diffusion 5

The paper is organized as follows. In Section 2, we prove an existence result for the
above system based on the L! contraction property. We study the behaviour of the solution
as k tends to infinity in Section 3.

Remarks on notations We use the standard notations for the Sobolev spaces, but for
simplicity, we will sometimes denote the spaces L!((0,T) x R?) by L} ., L*(0,T; H'(R%))

t,z>
by L?(H}), and so on. Moreover, in the sequel C' will denote various constants.

2 Existence result

We make the following assumptions on the data:

(¢i;) € C*(R)is symmetric, (¢i;)is a nonnegative matrix, 4)

A= (Ala"'aAd) € (CI(R))daA(O) =0, (5)

co € LY(R?) N L®(R?),co > 0 a.e. in RY, and / |z|2co dz < oo, (6)

Rd
so € LY (R?Y) N L>®(R?), and s > 0 a.e. in R%. (7)
We denote by (¢')'/? a symmetric square root of ¢' and ¢ its antiderivative,
d

D@ (@) = 8y, Win(e) = (62D (8)

k=1

The main result of this Section is the following existence result which states the main
properties that will be used for the relaxation limit.

Theorem 1
Under assumptions (4)-(7), problem (P,) admits a unique solution (c,s) € C(Rt; L'(R?%))2.
Moreover the following properties hold:

(i) Maximum principle:

0<c(t,z) < |lcol|roo(raey, ae in RY x R?, 9)
0 < s(t,z) <|lsollpe(ray, a-e. in RT x R%. (10)

(ii) Contraction property: let (¢, s) and (¢,3) be two solutions corresponding respectively
to the initial data (co, so) and (¢o,30). Then for any t > 0,

lle() — ()|l may+s(t) —5(t) |21 ray < llco — CollL1(ray+ |50 — ol 1 (r4)- (11)

(iii) Comparison property: let (c, s) and (¢,3) be two solutions corresponding respectively
to the initial data (cg, so) and (¢g,30). If co < ¢y and sg < 3y then for any t > 0,

c(t) <et) and s(t) <35(t) a.e. inRY. (12)

RR n° 4468



6 M. Belhadj, J.-F. Gerbeau, B. Perthame

(iv) Entropy inequality: for any two smooth increasing functions S and ¥ , with S
convex, and with the notations (AS)' = A'S', (¢5)' = ¢}; S', (V)" = (S")'/2 (¢"/*) sk, we
haveVk=1,...d,

d /2
6(¢ (;w(c))zk € L2(R+ x Rd),
d "1/2(¢)); 4505 (¢
sy, A =y 00D o (v g,
=1 v =1 g
d 62 S ) d
O[S (c) + B(s)] + divAS(c) = Y o 8$ + ) IV-45(e) <0. (13)

3,j=1

Before recalling the proof of this Theorem, let us point out that, even though we did not
see a complete statement and proof for a coupled system, the principles behind are not new
(see for instance [4], [5], [6] or the earlier work by P. Marcati [14]). Also some assumptions
can be slightly improved; the space quadratic moment in (6) is not needed, and a purely L!
assumption on c is enough (see [16], [5]).

Lemma 1
We assume there is an o > 0 such that

(¢') > ald. (14)
Then any solution (c,s) € C*°(R*;S(R?)) to equations (1) i.e. with data in S(R?), satisfies
properties (9)—(13). In addition we have for any t > 0,

8% (c
10l ey + 105Dl e < BllVeolloey +||2 ol °)||L1(Rd)

4,j=1
+2k||CoSo||L1(Rd) (15)
where § = SUp|¢|<|icol| oo . ay 1A (E)]-
Proof of Lemma 1. We first notice that
¢
s(t.9) = sy exp (1 [ ele. ) (16
0

thus, in view of (7), s > 0 almost everywhere. Multiplying the first equation of (1) by
¢_ = max(0, —c) and integrating, we obtain:

Sdt / / |¢11/2(C) Ve > =— ks(c ) — A'(c)-Ve c .
R4 Rd R4 R4

INRIA



A multiscale colloid transport model with anistropic degenerate diffusion 7

For the time being, we assume there exists 8 > 0 such that

|4}l Lo (=) < B, (17)
fori=1,...,d. Thus,
d 2
—/ 02,+a/ |Vc_|2gﬁ—/ .
dt R4 Rd a Jrd
Gronwall’s lemma thus gives ¢ = 0 since ¢y is supposed to be nonnegative. Next, intro-

ducing the function v = ¢ — ||co|| pee(r4) and using analogous argument with the function
vy = max(0,v), we finally obtain (9). Notice that relation (10) is obvious in view of (16).
Next, we relax assumption (17) by a standard argument that we just sketch: we introduce
a cut-off function ¢ € C*(R) satisfying ((§) = 1 if £ < ||col|po(ra) and ((§) = 0 if & >
llcol| oo R4y +1, and we let A = (A. The function A clearly satisfies a relation like (17), thus

we can use the above arguments. In particular we can prove (9), which implies A(c) = A(c).
We now turn to the proof of properties (11) and (12). Let S5 be a C?(R) convex real

function, and let (¢, s) and (¢,3) be two regular solutions to (1) corresponding to the initial

regular data (co, so) and (¢, 30). A substraction and a multiplication by S§(c —¢) yields:

%Sa(c —¢) +div(S5(c — ©)(A(c) — A(0))) — S§(c —E)V(c —¢) - (A(c) — A(e))
d 9 _
AR 9 (‘z’“'(a(;)_(;x“z”'f ©) _ g1(c—o)(—k(c— d)s + ke(s —5).  (18)

4,J=1

The integral over R? of the second term of (18) vanishes. We estimate the third one as
follows:

(c—72)Sj(c—2)V(c—e) - ———~|.

- | ISt =2)V(e-2)- (A -A@) = [ | -

Thus, we can choose S5 such that Ss5(c) = |c¢| in L>®(R) as 6 = 0, and (¢ — ¢)Sj(c —¢)
bounded and vanishing as § — 0 uniformly away from 0. Therefore the third term of (18)
also vanishes in L'(R?) for all times because ¢, ¢ are smooth and decaying here. For the
fourth term, we notice that:

RR n° 4468
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_ Z/S(s 3 <¢zja(x) agjij (E)) _ i /R;ggl(c — )8, (c—?) (qj:] (¢)0a;¢ — &5 (E)awjé)

7]1

Z (¢ = ©)0s;(c — )9} (c)Dr; (c — T)+

3,j=1
d

> RdS{;’(c—E)aw,-(C—E)( (5(0) = 65(9)) 052
d’Fl

S [ 8= )0 (c— D)6} ()0, (c — )+

d
i,]lR

Z/ (¢ —72)S§(c — )0y, (c C)M@wf.

c—¢C
3,j=1

The first term is nonnegative. Passing to the limit as & — 0 in the second, it vanishes as in
the third term.
Finally, we deduce from (18)

d
—/ |c—E|§—k/ |c—E|s+k/ ols —3].
dt Rd Rd Rd

Similarly, we easily obtain:

— s—3| <k c—cls—k cls — 3|.
G| stk [ le—dls—k [ cls—s

By summing these last two inequalities, we deduce

d
G | Ge=cl+ls=sh <0
which gives the contraction property (11). Choosing S5 such that Ss(c) = ¢y as § = 0
gives, by the same arguments, the comparison property (12).

Finally, let us prove (15). We denote d;c (resp. 0;s) by u (resp. v), we differentiate the
first two equations of (1) with respect to ¢ and we multiply them respectively by sgn(u) and

sgn(v):

d d 62 z]( )’LL
B D, (A0) o) 3 % = ~Huls —senwken, )

i,j=1

O¢lv| = —sgn(v)kus — kc|v|.

INRIA



A multiscale colloid transport model with anistropic degenerate diffusion 9

Thanks to the decay assumption, (c,s) € S(R?), the integral of 9, (A;(c)|u|) over R?
102 (gf(c)u)
ishes. Let us check that the integral of —sgn(u) Z —_—
vanis P 92:07,;
denote by Hs a monotone C* function such that Hs(u) — sgn(u) in L'(R) as § — 0, we
have:

is nonnegative. We

—/Rdﬂa(u)% = [ im0, 002,u+ 01, ()
> [ g Hs(w)uds; 0

0% (c)
— _ %
- ‘/Rdlca(U) 8.’1],6.@1 '

With Kj(u) = H(u)u and Ks5(u) =+ 0 as 6 = 0. Therefore letting § — 0, this inequality
becomes

_/Rdsgn(u)w >0

8.732'6.Z'j

Thus, we deduce from (19),

< — <
dt/||+dt/ |v] k/ |u|s+k/ c|v|+k/ |uls k/ clv] <0,

and therefore

/ 1Bsc| + |Bss|
Rd

IN

| @hcol + @51
o? ¢z] Co
/ |divA (co |+/ |Z B0 ‘+2/ kcosg.-

It remains to show (13), which simply follows from the chain rule and space-time integra-
tion (we may always assume that S(0) = X(0) = 0 and therefore S and ¥ are nonnegative
on the range of interest for (c, s)), thus we skip the calculations. This achieves the proof of
Lemma 1.

IN

Lemma 2

We assume ¢y € L?(RY)NL>®(R?), and we assume that the diffusion does not degenerate, i.e.
(14) is satisfied. Then, for all T > 0, problem (1) has a solution (c,s) € L?(0,T; H*(R¢)) N
C([0,T); L*(R%)). If we assume moreover that co,s0 € S(R?) and A,¢ € C*®(R), then
c,s € C®((0,T); S(R?)).

Proof of Lemma 2.

RR n° 4468



10 M. Belhadj, J.-F. Gerbeau, B. Perthame

Step 1. We first assume there exists § > 0 such that
l¢'|lLe@y < B and ||AfllL~w) < B, (20)

fori = 1,...,d. We restrict problem (1) to Qg = {z € R%,|z| < R}, R being a given
nonnegative real, and we complement it with Dirichlet homogenous boundary conditions on
00 g for c. We thus consider the system

Oic + divA(c) — div(¢'(c)Ve) = —kecs, (21)
0is = —kcs, (22)

c(t,z) = O0on0,T] x O0g, (23)

¢(0,-) = coxr onQg, (24)

s(0,:) = soxr on Qpg, (25)

where x g denotes the characteristic function of 5. We introduce the following convex set
of the Banach space L2(0,7T; L2(QR)):

C = {v e L*0,T; L*(R)), ||v||%2(0,T;L2(QR)) <m, and v > 0 a.e. in (0,7) x Qr},

m being a nonnegative constant that will be fixed later. For ¢ € C, we define s by

5(2,1) = s0(z) exp (—k /0 “ez.6) d§> , (26)

which is the solution to 8;5 = —k¢ 3 satisfying 8|;—o = sp. Notice that in particular, for all ¢ €
[0, 7], [I5(t)|| Lo (2r) < lISollze(ar)- Then, we define ¢ as the solution in L*(0,T; Hg(2g)) N
L*>(0,T; L*(R)) to:

Orc + div (%ﬁ)c) —div(¢'(€)Ve) = —kc5.

Notice that the existence of ¢ comes from standard theory on non-degenerate linear parabolic
problems. We denote by 7 the application ¢ — 7¢ = ¢. Our purpose is to prove that,
for ¢ € C, Te € C (for a suitable m), and to prove that 7¢ lies in a compact set of
L?(0,T; L?(QR)) in order to apply Schauder fixed point theorem.

It is well-known that O;c € L2(0,T;H-'(2g)), which yields in particular ¢ €
C([0,T]; L*(Qr)) and which makes rigorous all the manipulations we are going to do now.
Multiplying by ¢ and integrating we obtain:

d _
ld/ ) / o 2 /A(C)
—— [ ec +E ¢;:(¢)Vic-Vjc=—-k [ cs+ [ —%c- Vg,
2dt Jo, = Jog i) ! n ©

Qr

which gives, using (14), (20) and the fact that 3> 0,

d . . 2 .
—/cZ—Fa |Ve|*+ < ﬂ—/cz.
dt Qr Qr (6] Qr

INRIA
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In particular,
2
tSEtép lle(t )||2L2(QR) < [leollz2(an)€” e,
€

Thus, choosing m = T||Co||L2(Rd)662T/a, we have ||c||z2(0,7522(05)) < m. Next, multiplying
(21) by ¢_ = max(0, —c) and integrating, we obtain:

] ;l 9 AI( ) /
- Z = — k —
/C / -Ve_c_ + E ¢U iC - JC sc

i,j=1 Qr

< _
2dt/c—{—oz/|Vc| ﬂ/|Vc|c

Young inequality and Gronwall’s lemma thus give ¢ = 0, since ¢y is supposed to be non-
negative. Thus ¢ € C.
We now check that d;c is bounded in L?(0,T; H='(Qg)). Let v € L*>(0,T; H} (R)):

T
/<8tc,v> //( ¢)Vic- VU+A()c Vv—kscv)
0

< ﬂ||C||L2 (mzy + Bllell Lz i)”U”Lf(H;) + Ellsollzge llell ez, lIvllzz
< Clllrz ).

which gives:

Thus, d;c is bounded in L?(0,T; H 1(2g)), and since c is also bounded in L?(0,T; H(Qr)),
this proves that c is compact in L?(0,T; L?(2g)), and therefore the application 7 has a fixed
point which is a solution to (21)-(25). Notice that we can finally relax assumption (20) as
in the proof of Lemma 1.

Step 2. We denote by (cg,sg) the solution on Qg built above. For R; > Ry, we have
obviously coXr, > coXr, and soXRr; > SoXR,- Thus, for all £ > 0, (cgr(t),sr(t))r is an
increasing sequence, bounded in (L?(R?))? (in step 1, the definition of the bound m was
independent of Qg). Letting R — oo and applying the monotone convergence theorem, this
proves the existence of the solution on R?. The regularity result is a consequence of classical
theory of non-degenerate parabolic problems (see [13] and [18] for example). ¢

Proof of Theorem 1. We proceed in two steps.

Step 1. In this step, we assume that ¢g € S(R?) and so € S(R?). We denote by ¢. (resp.
A.) a suitable regularization of ¢ (resp. A), in particular, we assume that ¢. > eId. We
consider the system

{ 8o + divA,(c.) — div (¢; (cs)Vcs)

Ose = —keces..

-k € 9¢€)
Ce S (27)

RR n° 4468



12 M. Belhadj, J.-F. Gerbeau, B. Perthame

We now aim at showing that the set {(cc, s:)}e>o is compact in C(0,T; L}(R?)).

Let h = (hi,...,hq) € R, with h; > 0fori =1,...,d. We define mc.(t,z) = c.(t,z+h)
and 7,8¢(t,2) = sc(t,x + h). Clearly, Thc. and 75,8, satisfies (27) with initial data defined
by Theo(x) = co(z + h) and 1,50(x) = so(x + h). Thus, the contraction property (11) gives
for all t € [0, T:

I7hce (t) — ce(t)l|L1may +|Tnse(t) — 5 ()| L1 (R4 (28)
< l7aco = collpr ey + [I7a80 — soll L1 (ma)-
The right-hand side of this inequality tends to zero as h — 0, thus, the Riez-Fréchet-
Kolmogorov theorem (see [3] for example) implies the local relative compactness of
(ce(t,+),8:(t,+)) in (LY(R4))? for all ¢ € [0,T]. To show the global relative compactness,
we multiply

Osce + divA,(c.) — div (¢IE(CE)VC) = —kc.s.

by |z|?/2 and we integrate by parts. We obtain, using c¢. > 0 and s. > 0,

d |33|2
— . dr — z-Ac(c)dr —d | Tré.(c)dr <0.
dt 2 R4 R4

Now, denoting [, @ce dz by R(t), and using (9),

dR( <C(/ |w|c€da:+/ ceda:>,
dt R4 Rd

where, here and in the sequel, C' denotes various constants independent of . Thus

d
dt
with M(t) = [yace do. Since M(t) < M(0), Gronwall lemma implies that R(t) is bounded
by a value independent of £ as soon as R(0) is finite, which was assumed in (6). This yields
the equiintegrability of {c.}.. Therefore, using analogous arguments for {s.}., we deduce
the relative compactness of {(c.,s.)} in (L'(R%))2 for all ¢ € [0, T].
Finally, we obtain from (15), for 0 < t; <ty <T — 1,

R(t) < C(R(t) + M (),

sup |lez(t + ) — ce(t)l|lL1me) + sup IISE(t+n)—se()IIL1(Rd>
tE[t1,ta] tE[t1,t2]

/ Drca(t + €) de

sup
tE [t1,t2]

< BnllVeollprmay + nlldiv (¢'E(CO)V00) |21 (may + 2kn|lco soll 1 (r4)-

+ sup
L1(R4)  t€[t1,t2]

/ Dyse (t + €) d

L'(R%)

Thus, by Ascoli theorem, {(c.,s:)}c is relatively compact in C(0,T; L'(R?))2. Therefore,
up to an extraction, (c.,s.) converges in C(0,T; L'(R?))? and a.e. to (c, s). Passing to the
limit in (27), we deduce that (¢, s) is a solution to (1). Moreover passing to the limit in the
relations established in Lemma 1, this solution satisfies (9)— (13).

INRIA



A multiscale colloid transport model with anistropic degenerate diffusion 13

Step 2. We now relax the regularity assumptions on (cp,s0). Let ¢§ and s} be two
sequences of S(R?) converging to co and so in L'(R?). According to step 1, there exists a
solution (cp, sn) to system (1) corresponding to the initial data (cf,sg) which satisfies the
contraction property (11). This last point implies in particular that (c,,s,) is a Cauchy
sequence in the Banach space C(0,T; L'(R?)). Thus, (cn,s,) converges in C(0,T; L' (R?))
to (¢,s) which is solution to (1) and which satisfies properties (9)—(12). As for (13), we
have a uniform L?(Rt x R?) bound on V - ¢'*/2(c"). Therefore, following [5] the strong
limit 4 (c) of ¥°(c™) satisfies the chain rule by strong-weak convergence, and |V -1 (c)| <
limy o0 |V - 95 (c™)| as a weak L? limit. Hence we deduce the inequality (13) for (c,s). ¢

3 Asymptotic behaviour

Theorem 2
We make the assumptions (4)-(7). As k tends to infinity, the solution (cg, sx) to (Py), has
a limit in L'((0,T) x R?)? denoted by (c,s) € L (R*; L'(R?))? that satisfies

6 ¢zg . d
di(c — 8) + divA(c Z 6%6% = 0, inD'((0,T)x R%),
(POO) i,j=1 J
¢c>0,8>0,¢s = 0, a.e inQx(0,T),
c(0,z) — s(0,2) = co(x) —se(z) a.e. in .

Moreover, (c,s) is the unique entropy solution to (Py,) i.e. for any two smooth increasing
functions S and ¥, with S convex, and with the notations (AS)' = A'S', (¢%) = ¢'S’,
(3) = (S")1/2¢"1 /2 it satisfies

V- §0) € (LR xR, V-pS(e) = (S)2612(0)
A[S(c) + X(s)] + divAS(c i 93, iw S (e))? <0. (29)
= O0x;0x; = -

Finally, w = ¢ — s € C(R*; L*(R?)) is the unique entropy solution to the generalized Stefan
equation (2).

Proof.

Relation with the generalized Stefan equation, uniqueness Before proving the hard
core of this theorem, let us explain the relation between its limit (Py) and (@) in (2).
From the sign condition on (¢, s), and ¢s = 0, we can invert (¢,s) = w = ¢ — s as follows:

w>0c=w,s=0, and w<0& s=-w,c=0.

RR n° 4468



14 M. Belhadj, J.-F. Gerbeau, B. Perthame

This defines a lipschitz continuous inverse for ¢: ¢ = w4 and the two problems are thus
equivalent. Also the entropy inequalities can be translated in terms of w. We firstly restrict
our choice to S(0) = X(0) = 0 and extend S to negative values by S(w) = S(w4) + X(w_);
thus we reach all smooth functions S(w) such that S is convex for w > 0 and sgnS’(w) =
sgnw, and we have V - 45 (w) € L2(Rt x R?) and

d 25()

8,8 (w) + divAS(w) — 4

S 2
NERAY At . <
Sege IV WP <0, (30

i,j=1
with A%, ¢%, 42 extended by 0 to negative values of their argument. Endowed with its
initial value, this hyperbolic-parabolic admits a unique entropy solution in C(R*; L!(R?))

(see the references in the introduction). Therefore we have obtained the relation between
the two problems and the uniqueness of the limit.

Existence of a limit For h € R?, we denote by 7¢;, (resp. 7xs;) the function (¢,z) —
Ther(t, ) = cp(t,x + h) (resp. (t,x) — Thsk(t, ) = sk(t,z + h)). For n € R, we denote
by Tpcr the function (t,z) = Ther(t,z) = ¢ (t + n,z)). We denote by w(-) the initial L'
modulus of continuity

w(h) = sup [|°( +h) = C)llpr may + 18°C + 1) = 8* ()l £1(ra).-

We begin by proving the compactness of si. Integrating 0;s; = —kcysy and using sg > 0,
we obtain for all T' > 0,

T
k// cksk dr dt = —/ (sk(T,m) - sk(O,m)) dx < / sodz = mo. (31)
0 Jre R4 R4

Thus we have
Ellex skllprm+xra) < mo, cxsr — 0in LY(RY x RY) as k — oc. (32)

Notice that this also shows that [|0;s|| 1 < mo, and since

ITnsk — skllLirixrey < TllTaco — collzray + T'l|Thso — SollL1(r4)
< Tw(|h]),

we deduce the local compactness of (s); in L((0,T) x R?).

Let us now prove the compactness of (cg) relying on an improvment by A. E. Tzavaras
[19] of a classical regularization argument. First of all, we have space compactness because
using (11),

T”ThCO — CO||L1(Rd) + T”ThSO - 30||L1(Rd)
T w(|h]). (33)

||Tth - Ck”Ll((o,T)de)

VANVAN
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A multiscale colloid transport model with anistropic degenerate diffusion 15

Let ¢ be a positive constant that will be fixed later, and let p. € C*®(R?) be a mollifier
kernel vanishing outside the ball of radius £ centered in 0. Let t; and ¢2 be such that
0<t1 <ty <T —n, we have

ta
/ /|7;,ck—ck| < / / \Tck—T(ck*pE|+/ /|ck*p5—ck\
t1 R4
ta
[ ] s —axpl
41 JRd

The first and the second terms of the right hand side are treated by the same way:

ta
/ / ek * pe — cil </ / Rd|ck (t,z —y) —cx(t,z)| < Twle).
<e

For the third term of the right hand side, we first notice that

d

6/)5 3205
('3t(ck * pE) = — ZA (Ck —I— Z (b” Ck axax — k‘(cksk) * Pe,
10T

i=1 3,j=1

f:aédA;J@&%*th+¢xn

n n
DiA(n)llzy, + o)l +ullkeesilzy

noon
< C( n —)
< Cn+o+ 3

thus, using (31),

INA

to
[ [ msp)—axp
t1 R4

IN

where C is a constant independent of e,  and k. Thus, choosing ¢ = n'/3, there exists a
constant C' > 0, independent of k, such that

I Tner — Ck||L1((t1,t2)><Rd) <C (771/3 + w(n1/3)) . (34)

We deduce from (33) and (34) the local compactness of (cg)r in L1((0,7) x R?). We can
check the equiintegrability of (cx ) and (sg)x as in the proof of Theorem 1. We deduce that
the set (¢, 8 ) is compact in L' ((0,T) x R?), and thus, up to an extraction, (cx, sx) — (¢, s)
in L1((0,T) x R?) as k — oco. Passing to the limit in (1) and using (32), we finally obtain
(Puo).

Time continuity of w=c-s The above proof uses compactnes in L*((0,T) x R?) in order
to be compatible with the generic initial layer (and possibly shock layer) which leads to
the fact that d;c and O;s are only bounded measures in time. Nevertheless an additional

RR n° 4468



16 M. Belhadj, J.-F. Gerbeau, B. Perthame

cancellation arises on ¢ — s which allows to prove time continuity. We argue as in previous

subsection.
n
/m<ck—sk>*pg—<ck—sk>*pg| < / /|at<ck—sk)<s,-)*pg|
Rd £=0 JR4
< DjA) iz + ol
n n
< o(Z+3)

Also, we have
/ ek — 8) % pe — (cx — 51)| < w(e).
Rd

Therefore, we obtain choosing again £ = 5'/3, that, for some constant C independent of k
and 7, we have

/Rd | Tn(ex = sk) = (cr —si)| < C (01/3 + w(n”g)) .

which proves time continuity uniformly in & and achieves the proof of the asymptotic The-
orem. <

Acknowledgements: The authors wish to thank Francois Bouchut for fruitful discus-
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