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r�^�bedwmUs�r�jni�op§K�OmpjniUr¢v�iwj«r�x"mt  q�v�~�~�bSiUr¢�w~�m�q�bDx�x�mp~�xa¬
]�^�juxc�wst�ObS~cjni7r�~�m���vPq�baxcs�iwbS� r�st{�lnb�§¨{wspx�ba� x�q�^�ba`cb� ¡mp~Zq�m7`Z��v�r�jni�oJbSlnbS`ZbSiUr�sp~�y  ¡v�iPq¤r�jnmpiPxS¬

f ^wjklnb�r�^�bJ{wj«§Zmp~�` v�lkr�jk§K�Pst~�r�jkr�b `ZbSr�^�m���x�st~�b�{ws7xzbD� mpi s ¥ ~�x9r�§Km7~���ba~�st�w��~�m ¦ jn`©s�r�jnmpi+mp &r�^�b
 ¡vwiwq¤r�jkm7iGª,r�^�jux©x�q�^�ba`Zb�vwx�bax ¥  Ór�^�§¨mp~���bS~cr�bS~�`Zxcmp Vr�^wb�]Is£y0lkm7~�b ¦ �wstiwx�jnmpiGª��"^�jnq�^ xz^wmpv�lu� splklnm��
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�Vi�mtr�^�bS~Z`Zb�r�^�m�� jnxcopjn�pbai {0y f mpi�o stiP� f%mpr�m Wk�D��[Kª¢�"^�ba~�b�sp����j«r�jkm7iwxZst~�b��ObS~� ¡mp~�`Zba� {Ob� ¡m7~�b
spiw�Zs� Ór�bS~ r�^�b"r�sp{�lnblkm0m7®7§¨v��wxa¬��Vl«r�^�mpvwop^Zr�^wbax�b"r9��m(`Zb�r�^�m���x,qSmpiwx�ju��bS~?^wjko7^�bS~�§Km7~���bS~Ir�ba~�`©xaªtr�^wbSy
^Ps£�pb?{ObSbai xz^wm��"i(r�mV�w~�m���vwqSb,lust~�opba~�stiw� xzlnm���ba~�st~�q�^�jkr�bDq¤r�vw~�bDx r�^Psti�r�^�b,o7bSi�ba~�splkj�iSbD�(` v�lkr�jn�wst~�r�jkr�b
`ZbSr�^�m�� ªwspiw��r�^�bay�st~�b�q�jkr�bD�H ¡m7~~�bS ¡bS~�bSiwqSbm7i�lnyp¬

tMu�� � }�� �5� �����+�&�C� � ���Z{�C�h���
]�^wb�b ¦ �Pm7i�bSiUr�justl"x�j`iab�mt r�st{�lnb�§¨{wspx�ba� st~�q�^�jkr�baq�r�v�~�baxc~�bSiw��bS~�x&r�^�bS` jk`Z��~�spq�r�juqSstl¢ ¡m7~c�w~�bDq�juxzjnmpiwx
^wjko7^�bS~¢r�^Psti±d��Z{�jkr�xa¬ · ~�v�o7v�bS~�s�ªU}?j���bSjn~�m©spiw����v�lklnbS~"^Ps£�pbr�^�ba~�bS ¡mp~�b��~�bax�bSiUr�ba��spi�sp~�q�^wj«r�baq¤r�v�~�b
{Pspx�ba�+mpi s x�baqSmpiw��§Km7~���ba~Hst���w~�m ¦ jn`Zstr�jnmpi vwx�jki�o s ` v�lkr�jn��lnjkba~�spiw� s ��bD��juqSs�r�ba� x�|Uvwst~�bS~©v�iwj«r
W  �[¨¬�!Gju����juq�m7strVstiw� �Ilny0i�i W n�[Ix�jk`Zjnlnsp~�lny���~�mp�Om7x�b&sti±sp~�q�^�jkr�bDq¤r�v�~�b( ¡m7~Vq�m7`Z��v�r�jni�oZr�^�b ~�baqSjk��~�m�qSspl
\Ê�"^�m7x�b©]�s£y0lnmp~(b ¦ �wspiwx�jkm7i jniU�7mpln�pbDxm7i�lny�v�i�jkr�q�m0b#"©qSjkbaiUr�x�]VvPxzjni�o±xzba�pba~�spl

xk v�i�jkr�x�jni �wst~�stlnlkbal3ª
 ¡m7lklnm��¢ba�H{0y�s�`�v�lkr�jk§Km7�Pba~�spiw��s7����bS~D¬
]�^�bJ`Zb�r�^wm0� ��~�bDxzbaiUr�ba�+^wbS~�b�jnx�jkiUr�bS~�`cbD��jus�r�b {PbSr9��babSi+r�sp{�lnb�§¹stiw�0§¹sp�w��j«r�jkm7i+`cbSr�^�m���x�stiP�

`�v�lkr�jn��lkjuqSstr�jnmpi�§¨{ws7xzbD�H`Zb�r�^�m���xS¬

$ � �I�����S�������&���"! ���¢��	��©! � )���	 �����&�S� � '��¤��)&%���)����
�

�Mu�v w �s{�C� ���s{}(' ��zT��~C~_��*)5} � �J{} ���
]�^w~�m7v�op^�m7v�r�r�^wjnx �wst�ObS~���bH��stiUr�r�m�bS��stlnvwstr�b

f(x)
¬Pf b�spx�x�v�`Zb

x ∈ [0, 1[
jnx�sti

n
§¨{�jkr ¥�¦ ba�

�OmpjniUr
 ¡mp~�`ZstrI�"jkr�^
n = 4k+p

¬ f b�qasti r�^0vwx
�"~�j«r�b
x = x0+x12

−k +x22
−2k +x32

−3k +x42
−4k ª

�"^wbS~�b&r�^wb
xi
� x(st~�b

k
§¨{�jkr%i0v�`�{Pba~�x%{ObSlnmpi�o7jkiwoHr�m

[0, 1[
ª;b ¦ qSbS��r% ¡mp~

x4
r�^ws�r�jux%s

p
§¨{�jkr(i0v�`�{Pba~�x

x�vwq�^�r�^wstr
p < k

¬
f b�^ws£�pb�j

x = x0 x1 x2 x3 x4

]�^�bV`cbSr�^�m��HqSmpiwx�jux9r�x jki��"~�jkr�jni�o&sti©m7~���bS~�§|n%]Is£yUlnmp~,b ¦ �wstiPxzjnmpiZmt 
f
s�r

x0
ª0stiP�Z®pbSba��jni�o�mpi�lny

r�^�b(r�ba~�`©x�~�bSlnbS��stiUr�r�mcr�^�b(r�sp~�o7b�rspqaq�v�~�spqSyZr�^wstr�jux
2−4k+p ¬ fJb�o7b�r j

Ñ,+J�GÑ.-
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f(x) = f(x0) (T0)
+ [x − x0]f

′(x0) (T1)
+ 1

2 [x − x0]
2f ′′(x0) (T2)

+ 1
6 [x − x0]

3f ′′′(x0) (T3)

+ 1
24 [x − x0]

4f (4)(x0) (T4)

+ 1
120 [x − x0]

5f (5)(x0) (T5)
+ ε1

\9��]

]�^�b bS~�~�m7~�q�m7`c`Zjkrzr�ba� jux
ε1 = 1

720 ([x12
−k + x22

−2k + x32
−3k + x42

−4k]6)f (6)(ζ1) <
1

7202−6k max |f (6)|c¹i�ba|Uvwstr�jnmpi \9��]¤ª��¢b(b ¦ �wstiP�Hr�^�b(r�ba~�`
(T1) = [x − x0]f

′(x0)
spx¢ ¡mplnlnm��7j

(T1) = [x − x0]f
′(x0)

= x12
−kf ′(x0)+

x22
−2kf ′(x0)+

x32
−3kf ′(x0)+

x42
−4kf ′(x0)

�Vm�� lnb�r&vwx� ¡m0qSvwx�m7i r�bS~�`Zx
(T2) = 1

2 [x − x0]
2f ′′(x0)

ª
(T3) = 1

6 [x − x0]
3f ′′′(x0)

ª
(T4) =

1
24 [x − x0]

4f (4)(x0)
spiw�

(T5) = 1
120 [x − x0]

5f (5)(x0)
 ¡~�mp` bD|7vPs�r�jnmpi \9��]¤¬ f b�^ws£�pb�j















































































































(T2) = 1
2x2

12
−2kf ′′(x0)+

x1x22
−3kf ′′(x0)+

x1x32
−4kf ′′(x0)+

1
2x2

22
−4kf ′′(x0)+

x2(1/2)2−5kf ′′(x0)+
1
2x1(1/2)2−5kf ′′(x0) + ε2

(T3) = 1
6x3

12
−3kf ′′′(x0)+

1
2x2

1x22
−4kf ′′′(x0)+

1
2x2

1x32
−5kf ′′′(x0)+

1
2x1x

2
22

−5kf ′′′(x0) + ε3

(T4) = 1
24x4

12
−4kf (4)(x0)+

1
6x3

1x22
−5kf (4)(x0) + ε4

(T5) = 1
120x5

12
−5kf (5)(x0) + ε5

�"jkr�^
ε2 < 1

22−5k max |f ′′|
ª
ε3 < 1

32−6k max |f ′′′|
ª
ε4 < 1

242−6k max |f (4)|
stiw�

ε5 < 1
1202−6k max |f (5)|

¬
f b%mp{�r�stjni©r�^�b  � �Ê���������3�p������� ° �a����� °7³ �I��� ° ¶�� µ �  ���Ê� {0yZ~�ba�"~�jkr�jni�o�º,|Uvws�r�jkm7iL\9��],s7x? ¡m7lklnm��x�j

�s� Ò#��
���
�



� � �#"�') � �(�
�#$,�������`��� �
�=�h �� � ' ����	�� ' � �#�� ��,� ���&���P')	�����	�P$,� �`���

f(x) = A(x0, x1) + B(x0, x2)+
C(x0, x3) + D(x0, x4)+
x2 × E(x0, x1)+
x32

−k × E(x0, x1) + εf

\3dG]

�"^wbS~�b
A(x0, x1) = f(x0) + x12

−kf ′(x0)+
1
2x2

12
−2kf ′′(x0)+

1
6x3

12
−3kf ′′′(x0)+

1
24x4

12
−4kf (4)(x0)+

1
120x5

12
−5kf (5)(x0)+

1
2x1(1/2)2−5kf ′′(x0)+

B(x0, x2) = x22
−2kf ′(x0)+

1
2x2

22
−4kf ′′(x0)+

(1/2)x22
−5kf ′′(x0)

C(x0, x3) = x32
−3kf ′(x0)

D(x0, x4) = x42
−4kf ′(x0)

E(x0, x1) = x12
−3kf ′′(x0)+

1
2x2

12
−4kf ′′′(x0)+

1
6x3

12
−5kf (4)(x0)+

1
2x1(1/2)2−5kf ′′′(x0)

εf ≤ ε1 + ε2 + ε3 + ε4 + ε5
≤ 1

7202−6k max |f (6)| + 1
22−5k max |f ′′|+

1
32−6k max |f ′′′| + 1

242−6k max |f (4)|
1

1202−6k max |f (5)|
≤ 2−5k

[

1
2 max |f ′′| + 1

3 max |f ′′′|+
1
24 max |f (4)| + 1

120 max |f (5)|+
1

720 max |f (6)|+
]

�VbSiwqSbpª
f(x)

qSsti�{Pb(m7{�r�spjki�bD��{0y©�ObS~� ¡mp~�`Zjki�o©d ` v�lkr�jn��lnjnqas�r�jnmpiPx"stiw��sp����jni�o©x�j ¦ r�bS~�`Zx¢�"jkr�^
spi ba~�~�mp~�lkbDx�x�r�^Psti

εf
¬
]�^�b¢x�j�iSb¢mt wr�^�b�r�st{wlkbDx
�"^�bS~�b�splkl0r�^�bax�b,r�bS~�`©xIsp~�b¢lnmUm7®pbD�0§Kvw�� ¡~�m7`�ªt��bS�ObSiw�

^wbas£�0jklny©mt Ir�^wb( ¡v�iwq¤r�jkm7i���b�q�m7iwx�jn��ba~a¬�f b��"jklnl���jux�q�vwx�x"st{Ompv�r"jkrjki�r�^�b k0baq�r�jnmpi��w¬¿d�¬
c¨r�` vwxzr�{Pb(i�mpr�juq�ba�©r�^wstr¢r�^�b%��~�m7�PmUxzbD�Z`Zb�r�^wm0��b ¦ ��lnmpjkr�x¢��ba~�jn��s�r�jn�pb��~�mp�ObS~�r�jnbax�mt G ¡v�iPq¤r�jnmpiPxS¬

]�^wb(x�vwqaq�bax�x�jk�7b(��bS~�jk��s�r�jk�7bax¢` vPx9rV��bDq�~�bas7xzbD�H~�st��ju��lnyHbSi�m7v�op^�r�mZ`©st®7b(~�ba`cm��7ba�Hr�bS~�`©x�jkiPxzjnopi�j ¥ §
qastiUrq�m7`c�Pst~�ba�©r�mZr�^�b�m7i�b(��b(®7bS��rD¬

� V � %�������"�����(�I)��&�

�Vi st{Px9r�~�s7q¤rVst~�q�^�jkr�bDq¤r�vw~�b( ¡m7~r�^wb ` vwl«r�jk��lnjuqSs�r�jk�7b&`Zb�r�^�m��±jnx��~�bax�bSiUr�bD��mpi �Ijnopv�~�bH�p¬Mc¨r%jnxV�pba~�y
x�jn`cjnlust~�r�mcr�^�b�` v�lkr�jn�wsp~zr�j«r�b&st~�q�^�j«r�baq�r�v�~�bmp  W �#[¨ª��"jkr�^�r�^�b�b ¦ q�bS��r�jnmpi�mt �r�^�b(r9�¢mc`�v�lkr�jn��lkjnbS~�xa¬

Ñ,+J�GÑ.-
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k k k k p

4k+
p+g

2k+
p+g

k+
p+g

k+
p+g p+g p+g

4k+p

x x x0 1 2 3x

C DBAETables

Multi−operand adder

Small multipliers

Input word

Rounding

x4

k+p+g

��jnopvw~�bZ�Gj?]�^wb(sp{wxzr�~�spq¤rsp~�q�^�jkr�bDq¤r�v�~�b ¡mp~�r�^�b���~�mp�Om7x�ba��x�q�^�ba`Zb

�Cu�v ����x��C�_} � ��� ��&�+� �
c¹i�sp����jkr�jnmpiHr�m&r�^�b(st����~�m ¦ jk`©str�jnmpiZbS~�~�m7~�x,q�mpiPxzju��bS~�ba�Zjni©r�^�b�w~�ba�UjnmpvPx,x�baq¤r�jkm7iGª7r�^�jux�sp~�q�^wj«r�baq¤r�v�~�b
jni0�pm7lk�7bax¢xzba�pbS~�stl x�mpv�~�q�bDx¢mt 
~�m7v�iw��jni�oZbS~�~�m7~ j

� ]�^�b r�st{�lnbax ^Ps£�pb
r�m"{Ob ¥ lnlnba�(�"jkr�^ ¥�¦ ba��§K�OmpjniUr���stlnv�bax �"^wjnq�^�st~�b
r�^wb?��~�bS�0jkm7vwx;`©s�r�^�bS`©s�r�jnqastl
��stlnv�bax�~�mpv�iP��ba��r�m©x�mp`Zb(��~�baq�jux�jkm7iG¬

� k0jn`cjnlust~�lky7ª0r�^�b�m7v�r���v�rmt Ir�^�b�`�v�l«r�jk�wlkjnbS~�x�^ws£�pb%r�mc{Ob�~�mpv�iw��ba��r�mZr�^wb(r�st~�opbSr¢�w~�bDq�juxzjnmpiG¬
� ]�^�bax�bsp����~�m ¦ jk`©s�r�jkm7i©bS~�~�m7~�xaªpspiw�Zr�^wb%sp����~�m ¦ jn`©s�r�jkm7i©bS~�~�m7~aªt~�ba|Uv�jn~�bVvwx,r�mcq�mp`Z��v�r�bV�"jkr�^
sti�jniUr�ba~�iwspl���~�baqSjnx�jnmpi��"^�juq�^�jnxV^�jnop^�ba~r�^Psti±r�^�b ¥ iPstlI~�bD|7vwjk~�ba����~�baqSjnx�jkm7iG¬5f b�qSlns7x�x�jnqastlnlky
vwx�b

g
sp����jkr�jnmpiPstl {�jkr�x"mp ���~�baqSjnx�jnmpi \¡mp~�� $&�#�  ���' �)� ]�¬

� ]�^�bSi�r�^�bc~�bDxzvwl«rV^PspxVr�m�{Ob ~�mpvwiw��ba��r�mHr�^�b ¥ iPstlI��~�bDq�juxzjnmpi�st ¡bS~Vr�^�b ¥ iwspl�sp�w��j«r�jkm7il\¡�"jkr�^
sti�bS~�~�mp~�s�r�¢mp~�x9r�mt  sti�^wstlk  !Jk · ]¤¬

]�^�ba~�bS ¡mp~�bpª0r�^�b(r�sp{�lkb�x�j`iabax�i�baba��bD��st~�b%x�vwq�^�r�^wstr j

Size(A[x0, x1]) ≤ 22∗k(4k + p + g)
Size(B[x0, x2]) ≤ 22∗k(2k + p + g)
Size(C[x0, x3]) ≤ 22∗k(k + p + g)
Size(D[x0, x4]) ≤ 2p+k(p + g)
Size(E[x0, x5]) ≤ 22∗k(k + p + g)

]�^wbV` vwl«r�jk��lnjnbS~�vwx�ba�©r�m `�v�l«r�jk�wlky
E
�"j«r�^

x2
jux�s

(k)× (k + p + g)
` v�lkr�jn��lnjkba~�spiw�©r�^�b%mpi�bvwxzbD�

r�mZ` v�lkr�jn��lny
E
�"j«r�^

x3
juxs

(k) × (p + g)
mpiwbp¬

]�^�b�i0v�` {ObS~mt  opvwsp~���{�jkr�xVjnx%��bSr�bS~�`Zjkiwba�±spx"r�^�bcxz`©stlnlnbaxzrV��stlnv�b x�vwq�^�r�^wstrr�^wb�x�v�`¸mp  r�^�b
sp����~�m ¦ jk`©s�r�jkm7iJba~�~�mp~&spiw� stlnl?r�^�b�~�mpvwiw��jni�o±bS~�~�m7~�x(juxcxz`©stlnlnbS~�r�^wsti s !Jk · mt �r�^�b ¥ iwspl,~�bax�v�l«r
\¡ Êstjkr�^� ¡vwl�~�mpv�iw��jki�o ]¤¬

�s� Ò#��
���
�



 � �#"�') � �(�
�#$,�������`��� �
�=�h �� � ' ����	�� ' � �#�� ��,� ���&���P')	�����	�P$,� �`���

�Vmtr�bcr�^ws�r(r�^wbc~�mpvwiw��jni�o�mp ,r�^�bZ` v�lkr�jn��lnjkba~�~�bDxzv�lkr�xaªGspx%�¢bSlnl?spxr�^wb ¥ iwstl ~�mpv�iP��jkiwowª `©s£y±{Pb
�ObS~� ¡mp~�`Zba� {0y x�jk`Z��lnb�r�~�vwiwqSstr�jnmpiF\3s�rZi�m ^wsp~����¢sp~�b�qSm7xzr�]�ª?j« %q�mp~�~�bax��Pm7iw��jni�o�q�m7~�~�baq�r�jni�o±r�ba~�`©x
^Ps£�pb%{PbabSi±sp����ba��r�mcr�^wb��£splkvwb%vPxzbD��r�m ¥ lklGr�^�b

A
r�st{�lnbp¬

�Cu(t �0�*�C� �� zI��*� xCz { �
]�^wb�`Zb�r�^�m�� ��~�bax�bSiUr�ba� sp{Pm��7bH^ws7x�{ObSbai jn`Z��lkba`ZbSiUr�bD� jni s � ��~�mpo7~�sp`�¬ ]�^�juxc��~�m7op~�st` ¥ lnlnx
r�^�bcr�sp{�lkbZstiP� ��bSr�bS~�`Zjkiwbaxr�^�bcr�mtr�spl
bS~�~�m7~T\¡{0y�bai0v�`ZbS~�s�r�jnmpi�]� ¡mp~(jniwq�~�bas7xzjni�o��£splkvwbax%mt 

g
ªGv�iUr�jkl

 Êspj«r�^� ¡v�lG~�mpvwiw��jni�oZjnx"s7q�^�jkba�pbD� ¬
]�^�b,r�sp{�lkb�xzj�iSbDx  ¡mp~���st~�jkm7vwx; ¡v�iwq�r�jnmpiwx�opbai�bS~�s�r�ba�%{0yVr�^�b,�w~�m7op~�st`Tsp~�b �w~�bDxzbai7r�ba�(jni�r�sp{�lnb�p¬sc¹i

s7����jkr�jnmpiGª7��bqSmp`Z�wsp~�bD� m7v�~?~�bax�v�l«r�x �"jkr�^Zr�^wb"{PbDx9r,®0i�m��"icr�st{�lnbxzj�iSbVmt ;opbSiwbS~�stlnj`iaba��` v�lkr�jn�wst~�r�jkr�b
`ZbSr�^�m���x7W ��[¨¬

]Ist{�lnb �vw` {ObS~mp  ~�b� 
f k

� x�j`iab q�mp~�~�baq¤r�{�jkr�x xzj�iSb
sin

� d dU���  �a� �0�0�Dd
[0, π/4[

� � ��np�t�U� ��Y d�Yp�p�7�
n � �t��npd  dp� �a�  p�7dt�

exp
� d �Udt�7d �a� �7dU�td

[0, 1[
� � �a�UdGnp� ��Y nt�7�7dt�
n �  Ud��7�Ud dt� �p�7�p�  7�

2x − 1
� d �7�GY7d �a� �0�D�  

[0, 1[
� � �  7�t�  ��Y nt�7�7dt�
n �  �Yp�p�7� dt� dGnGY�n  p�

]Ist{�lnbZ�Gj ]�sp{�lnb&xzj�iSbDx"stiw��spqaq�v�~�spqSyZ ¡mp~���n�§K{wj«rDªwdt��§¨{�jkrstiw��dGn�§K{�jkr"jkiw��v�rmp�ObS~�stiP��x

a i�r�baxzr�bD�Z ¡v�iwq�r�jnmpiwx¢�¢bV~�bS`©st~�®�r�^wstr�r�^�bVr�st{�lnbx�j�iSbV~�ba|Uv�jn~�ba�©{0yZ` v�lkr�jn��lnjnqas�r�jk�7br�sp{�lnb{ws7xzbD�
`ZbSr�^�m���jnx�lnbax�x¢r�^Psti�r�^�b�m7i�b(~�bD|7vwjk~�ba��{0yHopbai�bS~�stlnj`iaba��` v�lkr�jn�wst~�r�jkr�b(`Zb�r�^�m�� ¬?]�^�b(r�st{�lnbax

A
ª
B
ª

C
ª
E
^ws£�7b

2k
jni���v�r¢{�jkr�xaª0�"^�bS~�bas7x r�st{�lnb

D
^ws£�pb

p + k
jni���v�r�{�jkr�xa¬ ��m7~¢splklOmt  r�^�bS` r�^�bVi0v�`�{Pba~

mp  mpv�r���v�rV{�jkr�xVjnxV��st~�jnsp{�lkb&spiw�±��ba�Pbaiw��xm7i�r�^�b&r�st{wlkb7ªP{�v�rstluxzm©m7i�r�^�b& ¡v�iwq¤r�jkm7iG¬]�^�bDxzb(r�st{�lnbax
sp~�bHr�^0vwxcxz`©stlnlnbS~&r�^wsti r�^�mUxzb�jki r�^�b�` v�lkr�jn�wsp~zr�j«r�b�`Zb�r�^�m��F\

22n/5 ��m7~��wx&�pba~�x�vwx 2n/2 ]�ª �"^�juq�^
qSmp`Z�ObSiwx�s�r�bax¢ ¡mp~�r�^�b�` vwl«r�jk��lnjnbS~�xS¬

�Cu�� �I��� �+� { {}(� ��������� �
]�^wjnx¢`Zb�r�^�m��H~�bS��~�bax�bSiUr�x�sti�jk`Z�Omp~�r�stiUr�jk`Z��~�m��pba`ZbSiUr,m��pba~?r�^�b`�v�lkr�jn�wst~�r�jkr�b%`Zb�r�^wm0���"^�baiHr�sp~z§
o7b�r�r�jni�o©lns7x9r�§Ko7bSi�ba~�str�jnmpi ��}¢f(�Vx \
	Vjn~zr�b ¦ c�c"stiw��	jk~�r�b ¦ }?~�m ]�ª��"^�juq�^�ba` {Oba�±sclust~�opb(i0v�` {ObS~mp 
x�`©stlnl+\

18× 18 → 35
{�jkr�x�]¢` v�lkr�jn��lnjkba~�xa¬?]�^�bSjn~"��~�baqSjnx�jkm7i�jux"`Zmp~�bVr�^wsti�bai�mpv�o7^� ¡m7~�r�^�jux"x�q�^�bS`Zbpª

spiw��r�^�bay�splklnm��Ts�r�~�bSbS§3 ¡m7ln��~�ba��vPq¤r�jnmpi�mpi�r�^�b�r�sp{�lnb&xzj�iSb�s�riwmHq�m7xzrxzjniwqSb(r�^�bay�sp~�b�s£��stjnlnsp{�lnbm7i
r�^�b(q�^�jk��¬��wmp~�xz`©splkl

k
jkr¢`©s£yZbS�7bSiH{Ob(�PmUx�x�jn{�lkbVr�m�vwxzb%mpiwlkyZmpi�b%` vwl«r�jk��lnjnbS~�r�mZq�mp`Z��v�r�br�^�br9��m

�w~�m���vwq�r�xa¬

Ñ,+J�GÑ.-
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c¨r�x�^�m7v�ln�c{Ob"i�mtr�ba��r�^Ps�r?r�^�b�r�sp{�lkbDx?qSspiZ{Pb" ¡vw~zr�^�bS~,qSmp`Z��~�bax�xzbD�&{0y {Pspq�®U§Kbaiw��lkm7opjuq�mp��r�jk`Zj�ias�§
r�jkm7i�r�mUm7lnxa¬%}?~�ba�0jkm7vwxV�¢mp~�®*W d#[
^Pspx%xz^�m��"i�r�^wstr(s�dt����jn`Z��~�m��7bS`ZbSiUr%mpi±r�^�b r�st{�lnbZxzj�iSbcqSstiJ{Pb
b ¦ �PbDq¤r�bD� ¬n¬

�Ijniwstlnlky7ª�jkr&jnx&v�iwq�lnbasp~�^�m�� r�^�jux�`Zb�r�^wm0� �¢mpv�lu� q�m7`c�Pst~�b r�m�s*\Ê`Zmp~�bZxzr�~�stjnop^Ur� ¡mp~��¢sp~��&]jk`c§
�wlkba`cbaiUr�s�r�jkm7i�mp Is  ¡v�iwq¤r�jkm7i�vPxzjni�oZs��wjkbDq�bS�"jux�b%��baop~�bSb(d m7~¢�c�Omplny0i�mp`Zjustl;bS��stlnvwstr�jnmpiHb ¦ �wlkm7j«r�jki�o
r�^�b�x�sp`Zb%`�v�lkr�jn��lkjnbS~�xa¬?]�mcmpv�~"®0i�m��"lnba��opbpª�x�vwq�^�sti�st����~�m7s7q�^H^ws7x�i�mtr"ypbSr"{PbabSi���v�{�lnjnx�^�bD� ªwstiP�
jkrjux¢r�^�b&x�v�{��9bDq¤rmt 
q�v�~�~�bSiUr"��m7~�®;¬

�Cu � �I��� �+� { {}(� �������	�
f ^wbSi r�st~�opb�r�r�jni�o 	�!Jk c¤ª�r�^�b�q�mp`Z�wsp~�jux�mpi �"j«r�^ ` v�lkr�jn�wsp~zr�j«r�bHr�sp{�lnbax&~�bax�v�`Zbax�r�m±r�~�s7��jkiwo�lkm0m7®7§
vw�Jr�st{�lnbHx�jklnjnqSmpi  ¡mp~�`�v�lkr�jn��lkjnbS~�xzjnlkjuq�m7iG¬�]�m�{Pb© Êspjk~Dª�jkr x�^�mpv�lu� {Pb©iwmtr�bD�Jr�^wstr�sti spq�r�vwspl 	�!Jk c
jn`Z��lnbS`ZbSiUr�str�jnmpi��"jklnlG{Ob&xzm7`ZbS�"^wstr"��j g;bS~�bSiUr� ¡~�m7`��"^wstrst���Obasp~�x�m7i �Ijnopv�~�bZ�Gj

� �W`�v�lkr�jn��lkjnbS~�q�luspx�x�jnqastlnlkycq�mpiPxzjux9r�x?mp �s��wst~�r�justlP��~�m0��vwq¤r�st~�~�s£y7ªps qast~�~�yU§¹x�s£�7b�~�ba��vPq¤r�jnmpiZr�~�babpª
stiw��s ¥ iPstl�s7����bS~D¬+c¹i�mpvw~Vst~�q�^�jkr�baq�r�v�~�br�^�ba~�b��"jnlkl�{Pb�m7i�lny�mpiwb ¥ iwstl�sp����ba~s�r"r�^�b&bSiP��mp 
r�^�b©`�v�lkr�jk§Km7�Pba~�spiw� s7����bS~D¬ · bDxzju��bDxSª  ¡m7~&s

k × k
mp~�s

2k × k
` v�lkr�jn��lnjnqas�r�jkm7iGªGr�^�b©��bS��r�^

mt "r�^�b�~�ba��vwq¤r�jkm7i r�~�bSbH�"jnlnl¢{Ob��7bS~�y x�`©stlnl�jni r�^�b�m��7bS~�stlnl,q�~�jkr�juqSstl��ws�r�^G¬ �lkr�mpo7b�r�^�bS~�r�^�b
sp����j«r�jkm7iwstl lus�r�bSiwqSy���v�b(r�mZr�^�b�`�v�l«r�jk�wlkjnbS~�x"xz^wmpv�lu��{Ob��pba~�y�xz`©stlnlK¬

� a v�~�sp����~�m7spq�^%mt 0r�~�v�iPqSs�r�jkiwo�r�^�b?~�bax�v�lkr�mt �s¢ ¡v�lnlp`�v�lkr�jn��lkjnbS~�jnx�q�ba~zr�stjni�lky,�9vwxzr�j ¥ ba��m7i ��}¢f(�Vx
�"^�bS~�b�r�^�bax�b& ¡v�lnlI` v�lkr�jn��lnjkba~�x%st~�b���~�bax�bSiUra¬ �Vm���ba�pbS~Dª�jni 	�!Jk c¤ªOj«r%jnx��~�mp{wsp{�lky�`Zmp~�b st~�bast§
stiw�J��bSlus£yU§Kb#"Hq�jnbSiUrVr�m�r�~�v�iPqSs�r�b r�^�bc�wst~�r�justl
��~�m���vwq¤r�st~�~�s£yp¬(]�^�b�~�mpvwiw��jni�o�ba~�~�mp~�"jklnl {Pb
^�jnop^�ba~aª
`©s£y0{Pb�~�bD|7vwjk~�jkiwo±`cm7~�b�opvwsp~�� {�jkr�xaª {�v�rcr�^�b�m��pba~�splkl?x��Pbaba� spiw� sp~�bDs±xz^�m7v�lu� {Pb
~�bD��vwqSba� ¬?]�^�b�xzr�vw��y�mt Ir�^wjnx�r�~�s7��b�§¨m�g±~�bS`©stjniwx¢r�mc{Ob&��m7i�bp¬
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a iwbqSspi�~�bS`©st~�®�r�^wstr�r�st{�lnbax
C[x0, x3] = x3 ∗ 2−3k ∗ f ′(x0)

spiw�
D[x0, x4] = x4 ∗ 2−4k ∗ f ′(x0)xzr�m7~�b�r�^wbZx�st`ZbZ��stlnv�baxa¬Z]�^�bS~�b� ¡m7~�b7ª ��bZqSspiJ~�ba��vPq�b�r�^�b©m��7bS~�stlnl�r�st{�lnb©xzj�iSbc~�bD|Uv�jk~�ba� {0y x9r�mp~�jkiwo

m7i�lny r�^�b
C
r�sp{�lnbp¬�c¹iZr�^�jux¢x�q�^�ba`ZbpªU�£splkvwbax?�w~�ba�UjnmpvPxzlny�xzr�m7~�bD��jni

D
�"jnlklO{ObVlnmUm7®U§Kv��c ¡~�mp` r�sp{�lkb

Cs7����~�bax�x"�"jkr�^
(x0, x4)

 ¡m7lklnm��¢ba��{0y±s
k
§K{wj«r(xz^�jk Óra¬%]�^�b�x�s£�0jkiwo©jki x��ws7q�b&juxx�`©stlnl \3st{Ompv�rc���0�D��r�^

mp �r�^�b(r�sp{�lkb&x�j�iSb�]¢spiw���"jklnl ��~�mp{wsp{�lky�i�mtr"{Ob��9vwx9r�j ¥ ba� ¬
]�^�b±`�v�lkr�jn��lkjuqSstr�jn�pb�`Zb�r�^�m���xZ��~�bax�bSiUr�bD� jni0k�baq¤r�jkm7i � juxZ{wspx�ba� mpi+sti mp~���bS~�§

5
]Is£yUlnmp~cb ¦ §

�Pstiwx�jkm7iJ�"jkr�^ spiJjni���v�r ��m7~��Jba|Uvwsplklny x���lnj«r jniUr�mLn�x�v�{�§¨��m7~�� ¬H]�^wjnx�`ZbSr�^�m�� qSspiJ{Ob©r�v�i�ba� {0y
jniwqS~�bDspx�jki�o r�^�b(m7~���ba~�mt �r�^�b�]�s£y0lnmp~¢b ¦ �wspiwxzjnmpi�ªU{0yH~�bSlus ¦ jni�o&r�^�b&xzr�~�jnq�r

4k + p
xz�wlkjkrzr�jki�o©�¢b%^ws£�pb

vPxzbD� ª;mp~%{Uy�qSbSiUr�ba~�jni�o�st����~�m ¦ jk`©str�jnmpiwxa¬Cc¨r��"jnlkl
lnbasp�±r�m�sti jn`Z��~�m��pbS`Zbai7rjki r�st{wlkbZxzj�iSbZstiP���£m7~
jni spqaq�v�~�spqSy�xzjn`Zjklust~%r�m�r�^ws�r&m7{�r�spjkiwba�J{UyJopbai�bS~�stlnj`iaba� ` v�lkr�jn�wst~�r�jkr�bZ`Zb�r�^�m���x�W �#[�qSmp`Z�wsp~�bD�±r�m
�w~�ba�UjnmpvPx ` v�lkr�jn�wsp~zr�j«r�bV`Zb�r�^�m���xCWn�tª��0ª Y�[¨¬
]�^wb��~�s£�"{wspq�® jnx,r�^wstr,r�^�bVi�juq�b%]�s£y0lnmp~  ¡m7~�`�v�lustb"^ws£�7b
r�mZ{Pb�~�bS��luspqSba���"j«r�^�`cm7~�b(o7bSi�ba~�splO�Omplny0i�mp`ZjustlGsp����~�m ¦ jn`©s�r�jkm7iwx_\Ê`Zjki�jn`©s ¦ mp~"xzjn`Zjklust~�]¤¬

c¹i�opbai�bS~�stlKª7r�^�ba~�b�st~�b%`Zspi0y©r�~�sp��bam�g x¢�"^�jnq�^�qSspi�{Ob(mp{�r�stjni�ba��{0yHjniwq�~�bas7xzjni�o�r�^�b(i0v�` {ObS~"mp 
x�`©stlnl ` v�lkr�jn��lnjkba~�xa¬ c¨rjux��wst~�r"mt 
mpv�~¢ ¡v�r�v�~�b�jni0�pbDx9r�jkoUs�r�jnmpi�¬
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f bc^ws£�pb���~�bDxzbaiUr�ba��ypb�r(sti�mpr�^�ba~`ZbSr�^�m��  ¡mp~(st����~�m ¦ jk`©str�jni�o�st~�{�jkr�~�st~�yH ¡v�iPq¤r�jnmpiPx(v���r�m�x�jkiwoplnb
�w~�bDq�juxzjnmpi \
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§¨{�j«r�]¢vwx�jki�o�`cm���ba~�str�b(r�st{�lnb x�j`iabp¬�]�^�b�r�sp{�lnb xzj�iSb�jux~�ba��vwq�bD��vw�±r�mZr�~�bab�§K ¡mplu�±q�mp`c§

�Pst~�ba�±r�m�r�^�bZ{PbDx9r&�w~�ba�UjnmpvPxzlny���v�{�lnjnx�^�bD��r�st{�lnb�§¹stiw��§¨s7����jkr�jnmpi `ZbSr�^�m���xaª�s�r%r�^wbcb ¦ �PbaiwxzbZmp ,r9�¢m
�7bS~�y©xz`©stlnl;` v�lkr�jn��lnjkba~�xa¬ ]�^�jux�`cbSr�^�m���^wspx¢{ObSbSi�jn`c�wlkba`cbaiUr�ba��jni�s � ��~�mpo7~�sp` �"^�ba~�br�^wb ¡vwiwq¤§
r�jkm7iGª£r�^wb,jni���v�r stiw�&mpv�r���v�r spqSqSv�~�spq�y(qSspi&{Ob�x��PbDq�j ¥ ba� ¬
]�^�jux�`ZbSr�^�m��&juxIq�lnbast~�lny�¢bSlnlUx�v�jkr�bD�&�"^�bai
r�st~�opbSrzr�jni�o �I}�f(�VxVbS` {Oba�w��jkiwoZx�`©stlnlG` vwl«r�jk��lnjnbS~�xSª�spiw���w~�m7{wst{�lnyHmGgOba~�x�o7mUm�� 	�!sk,c��Omtr�bSiUr�justlK¬

�wv�r�v�~�bc��m7~�®�jkiwqSlkvP��b �I}�f(� stiw� 	�!sk,cxzy0iUr�^�bDxzjux%stiw�±s7q¤r�vPstlI^wst~�����st~�b&q�mp`Z�wsp~�jux�mpiwxaªwstiP�
r�^�b��¢mp~�®H��bax�q�~�jk{Oba��jni�x�baq�r�jnmpiPn�¬
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Wk��[7b�¬ b%spx k�sp~�`©sWspiw��b ¬ f ¬���s�r�v�lus�¬ �Pstjkr�^� ¡v�l©{wjk�wsp~zr�j«r�b � a � ~�bDq�jn��~�m0qastl�r�sp{�lkbDxS¬ c¹i
k ¬ 
(i�m��"lnbaxstiw�mf ¬ �&¬Z��qa�lnlkjuxzr�bS~DªOba��jkr�m7~�xaª���� � ���
	�	�	���#���&����' $,� �#���+�#����$,�|�
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�����(')	 ª��wspopbax(������d  �ª · s�r�^Gª���
ZªG��YGY n�¬ c¹º?º?º � m7`c�wv�r�ba~Ck0m�q�jnb�r9yH}?~�bax�xa¬
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W ��[ �¢¬;��b bjkiwbaq�^�jni�stiw�±� ¬O]�jux�xzba~�spiw� ¬Mk0mp`Zb�jn`c�w~�m��7bS`ZbSiUr�xmpi±` vwl«r�jk�wsp~zr�j«r�b�r�sp{�lnb&`Zb�r�^wm0�wxS¬
c¹i4�bajkl · v�~�opbax�x�spiw� !�v�jnopj � jk`Zjni�jkba~�swªba��j«r�mp~�xSª��&% � ���
	�	�	'�(�#�)�&����' $,� ���*�+�#����$,�|���
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~�bS�Omp~�rVdt�7�p��§¹�  w¬

W �G[ � ¬��Vspx�x�lkba~�stiw�W�&¬�]�sp®£spopjK¬ ��v�iPq¤r�jnmpiWbS��stlnvws�r�jkm7i {0y r�st{�lnb�lnm0mp®U§Kvw� stiw� s7����jkr�jnmpiG¬ c¹i
k ¬ 
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W¿��[.�P¬ � ¬,�±v�lnlkba~a¬I�  ¡ba� ~�bDxzvwl«r�x�m7i©r�sp{�lnb�§¨{wspx�ba�©`ZbSr�^�m���xa¬ �_�
�%')���
���0�+�#����$,� ' � �pª&n\3��]
j dU�#Y+��d   �ª
��YGY�Y�¬

W  �[.�P¬ �&¬G}?j���bajk~�mwª��w¬ b ¬ · ~�v�o7v�bS~�s�ªGspiw�1�P¬ §�� ¬ ��v�lklnbS~D¬ �wspj«r�^� ¡v�l?�Om��¢bS~�jki�o�q�m7`Z��v�r�str�jnmpi vwx�jki�o
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