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h�¬kj�w � ©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l wB|-r{��zB²
y/�
zT~"lowBu-y
zTj�wBy/r{³su�l � ©`wB~-~-vtr{�¯wBy/r{zT|®��¬k|�¬k��wBv{l�ÃñÌ0�FÊA�E��rt| � ¬k~�lk| � wB|sy
l � u � zTj�wBrt|�l � ©`wB~-~-vtr{�¯wA²
y/r{zT|	Ä?º � zT|�y.��h�wT�ku-|�l � l��.��zTjH~"z���wB|sy
l��.l��/y
rt| � ¬k~"lk| � wB|�y
l � l��}wBu-y/�
l��¯µ

Á,© r � ¬�l.~-�/rt|��krt~�wBv{l � u·�
�
h�¬kj�w��kvxwT�
�/r{³su�l � ©`w � wB~-y�wBy/r{zT| � l}j�wBrtvtvxwB��l���zT|��/r{�/y
l9°��
l��
h�lk�Ñ²
��h�lk�Vu-| ~"zTrt|�yV¿-�\l.~�zTu-�¨v{l}��zTu-~-v{l.ÐÞzT�/jm¬.~�wB�Vv{l.j�wBrtvtvxwB��l9lky½vxw��
zTvtu-y/r{zT|RµLÜ.u-y/�
lkjmlk|sy � rty¯º
zT|·�
h�lk�
��h�l�°���zT|s¼�lk�/��lk�.°�vxwoÐÍzTr{�V¼�lk�
�¨vxw��
zTvtu-y/r{zT|»ÃÍ�/y�wBy/r{zT|-|�wBrt�
l¾Ä � u ~-�
zT�-v{ikjml9lky�ÃÍlk| u-|
��lk�/y�wBrt|Î��lk|��DÄ(¼�lk�
�3v{l�j�wBrtvtvxwB��low � wB~-y
¬owT�
��zs�kr{¬�µ�§¨l�j�wBrtvtvxwB��l�l��/y3y
lkv=³�u�l�vª©Âlk�/�
lku-� � © rt|�y
lk�Ñ²
~"zTvxwBy/r{zT| � l�vxw��
zTvtu-y/r{zT| ��zT|s¼�lk�/��¬�l � u�~-�
zT�-v{ikjml9¬k¼TwBvtu�¬�l��/u-�¨��lkvtu-rÀ²¸�kr�l��/y¨¬�³�u-rt�
¬k~�wB�/y/r{l�µ.%ëv
�¾©`wB��rty � zT|�� � © u-|®wBvt��zT�/rty/h-jml9rty
¬k��wBy/rÀÐ � wB|��3v{l�³�u�lkv=��h�wT³�u�l9rty
¬k��wBy/r{zT| � ¬k�-u-y
low¯¼�l�����zTjHjml
��zTu-~-v{lort|-rty/rxwBvRv{l�j�wBrtvtvxwB��lolky�vxw*��zTvtu-y/r{zT|Îr{�
�/u�� � l9vª© rty
¬k��wBy/r{zT|f~-�
¬���¬ � lk|�y
l�µ

Ô9wB|��3|�zTy/�
lowB~-~-�
zL�
h�l�º�vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l��
lk~�z���l��
u-�¨v{l��¯wBv{�ku-v � l��3v{zT|-��u�lku-�
�
� ©`wB���ky
l�� � wB|��¹u-|�l¨jm¬ky/�/r{³su�l � r{�
�k�
iky
l � wB|��1v{lV�-u-y � ©Â¬�³su-rt�
¬k~�wB�/y/rt�(vª©Âlk�/�
lku-�,�/u-�¹v{l½j�wBrtvtvxwB��l�µ
�,vtu��.~-�
¬��kr{�
¬kjmlk|sy¯ºRwB~-�
i��.v{l��¯wBv{�ku-v � lovxw&�
zTvtu-y/r{zT|f|su-jm¬k�/r{³�u�l�º�rtv ÐÞwBu-y}y/��wB|��
�k�/rt�
l*��lkvtv{l?²¸�kr
lk|¤u-|�lmrt|\ÐÞzT�/j�wBy/r{zT|c~"lk�/y/rt|�lk|�y
l&~�zTu-��v{lH��¬k|�¬k��wBy
lku-� � l�j�wBrtvtvxwB��l�º�lk|¤y
lk�/jml�� � lHy�wBrtvtv{l��
lky � l � rt�
l��ky/r{zT|�� � l���¬kv{¬kjmlk|�y
�¯µ���zTu-����lkvxw\º=zT|Òl��/y/rtjml � wB|���u-|»~-�
lkjHr{lk�oy
lkjH~���vª©Âlk�/�
lku-�
�
u-�mv{l���¬kv{¬kjmlk|sy
� � u¦j�wBrtvtvxwB��l�µVÔ�wB|���|�zTy/�
l®�¯wT�¯º(|�zTu��&u-y/rtvtr{�
zT|��&vª©Âl��/y/rtj�wBy
lku-� � ©Âlk�/�
lku-�
Å·Æ\ÇBÈkÉ¸Ê?ËDÌÞÇTË?Ì�wB|-r{�
zTy/�
zT~�lÎ��¬�zTjm¬ky/�/r{³�u�l�º½��wT�
¬­�/u-�Hvª©Âlk�/�
lku-� � © rt|sy
lk�/~�zTvxwBy/r{zT|Rµ
	 ~�wB�/y/rt� � l
��lky/y
l�l��/y/rtj�wBy/r{zT| � l}vª©Âlk�/�
lku-�¯ºsu-|�l��¯wB�/y
l � l.y�wBrtvtv{l���ÃFu-|·�
h�wBjH~ � l.jm¬ky/�/r{³su�l��DÄVwB|-r{�
zTy/�
zT~"l
� l��
y/rt|�¬�l®°Ï��zTu-¼�lk�/|�lk��vxw±��¬k|�¬k��wBy/r{zT| � l·j�wBrtvtvxwB��lfw � wB~-y
¬Îl��
y���zT|��/y/�/u-rty
l�º � wB|���v{l·�-u-y
� ©Â¬�³su-rt�
¬k~�wB�/y/rt��vª©Âlk�/�
lku-���¯wBv{�ku-v{¬�l��/u-��v{lHj�wBrtvtvxwB��l�µ ß(|��/u-rty
l�ºRu-|»j�wBrtvtvxwB��l � ��ÌFÉ��HÃÞw � wB~-y
¬¾Ä
l��
y���¬k|�¬k�
¬ � wB|�����lky/y
l*jm¬ky/�/r{³�u�l�µ=ß(|\¿�|RºRvxw&��zTvtu-y/r{zT|Òl��/y�rt|�y
lk�/~"zTv{¬�l*vtrt|�¬¯wBrt�
lkjmlk|�y��/u-��v{l
|�zTu-¼�l¯wBucj�wBrtvtvxwB��l�µ¹§¨lm~-�
zs��l��
�
u���l��/yorty
¬k�
¬��ñu��
³suR©`°­��zT|s¼�lk�/��lk|���l � lmvxw­�
zTvtu-y/r{zT| ÃÍlky � u
j�wBrtvtvxwB��l¾Ä?µ"§¨l��
�
h�¬kj�w�l��/y
rtvtvtu��/y/�
¬o�
u-�
vxw ��rt��u-�
l���º�z$#ÎzT|fw�|�zTy
¬��
l��/~"l��ky/rt¼�lkjmlk|�y

T
º
S
º

S0 lky M v{l3j�wBrtvtvxwB��l�º�vxw9��zTvtu-y/r{zT|Rº�vxw9�
zTvtu-y/r{zT|mrt|-rty/rxwBv{l.°���h�wT³�u�l
rty
¬k��wBy/r{zT| lky(vxw�jm¬ky/�/r{³�u�l�µ
Ô9wB|��¨vxw��/u-rty
l�ºLzT|·��wB~-~�lkvtv{l��-�/r{ik¼�lkjmlk|�y
y
zTu-y
l��3v{l��3¬ky�wB~"l�� � l}vª©`wBvt��zT�/rty/h-jml � ©`w � wB~-y�wA²

y/r{zT| � l9j�wBrtvtvxwB��l�µ

F�G8C�F î



��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê
��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È �

���������	��

�������������

(Hi,Mi)

(H0,S
0
0 )

(Hi+1,Si,Hi)

(Hi,Si)

���������	���������������	 

Mi

Hi+1

S0
i+1

! ���� "��#$�����%�������&
��������������

'(���	�"�����������)������������*� 

Si

(Hi,S
0
i )

+-,/.-0 �214365�� ���mÅ75��ÀÅBÈDÈDÌ98H��Ê �;: Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ�� � Ê��HÅ�Ì	���ÀÅ�
�ÊA�

��� � < &�5 �=.<3 ��/ 1�3<&�4657> .�� � ��& ,7.0> * > 4�1

Ô9wB|�����lH��wB~-~�zT�/y¯ºR|�zTu���wBvtv{zT|���wB~-~-vtr{³su�lk��v{l���y
l���h-|-r{³�u�l�� � ©`w � wB~-y�wBy/r{zT| � l*j�wBrtvtvxwB��l
°Hvxw�jm¬��¯wB|-r{³�u�l � l��
´�u-r � l��¯º�lk|f�
l�vtrtjHrty�wB|�y � wB|���v{l��}�/rtj�u-vxwBy/r{zT|��9wBu\�Î¬���zTu-v{lkjmlk|�y
�}jmzB²
� ¬kvtr{��¬���~�wB��v{l��*¬�³�u�wBy/r{zT|�� � ©Âß,u-v{lk�¯µ1g�zTu-y
l?ÐÍzTr{�¾º�v{l��*�/rtj�u-vxwBy/r{zT|��m�
zT|sy�l� =l��ky/u�¬�l��H�/u-� � l��
��¬�zTjm¬ky/�/r{l��}��zTjH~-v{l?�\l���ÃF�
¬¯wBvtr{�/y
l��DÄ?µ

Ô9wB|��1v{l¨�¯w � �
l � l��1¬�³su�wBy/r{zT|�� � ©Âß(u-v{lk�¯ºBv{l¨��w��¨l��/y¹�/u-~-~"z��
¬,~�wB�ÑÐªwBrty¯ºBrtvLl��
y�|�zT|�¼sr{��³�u�lku\�
lky¹rtvL|R© ��w.~�wT� � l � rE �u��/r{zT|*y/h�lk�/jHr{³su�l�µ�¶}|*|�zTy
l

ρ
vxw � lk|��/rty
¬�º ~U = (u1, u2, u3)

v{lV¼�l��ky
lku-�
¼Lrty
l��
�
l�º

T
vxwHy
lkjH~"¬k��wBy/u-�
l�º

E = T + ‖~U‖2

2

vª©Â¬k|�lk�/��r{l�y
zTy�wBv{l�º
p = (γ − 1)ρT

vxwH~-�
l��
�
r{zT|
w¯¼�l��

γ = 1.4
lky

∇
vª©ÂzT~"¬k��wBy
lku-�
����w � r{lk|�y¯µ-ÁRl��3¬�³su�wBy/r{zT|�� � ©Âß(u-v{lk���¯©Â¬��k�/rt¼�lk|sy��
zTu��,ÐÞzT�/jml

��zT|���lk�/¼TwBy/rt¼�l � lovxw�j�wB|-r{ik�
l��/u-rt¼�wB|�y
l0/


























∂ρ

∂t
+ ∇. (ρ~U ) = 0 ,

∂(ρ~U)

∂t
+ ∇. (ρ~U ⊗ ~U) + ∇p = 0 ,

∂(ρE)

∂t
+ ∇. ((ρE + p)~U) = 0 ,

z$#fzT|®wH�/u�����l��
�/rt¼�lkjmlk|sy.v{l���¬�³su�wBy/r{zT|�� � l���zT|��
lk�/¼TwBy/r{zT| � l9vxw*j�wT�
�
l�º � u­jmzTjmlk|�y9lky � l
vª©Â¬k|�lk�/��r{l�l?�L~-�/rtjm¬�l��}�
zTu��3ÐÞzT�/jml�y
lk|��
zT�/r{lkvtv{l�µ

ÁRl��·¬�³�u�wBy/r{zT|�� � ©Âß(u-v{lk�­�
zT|sy&�
¬��
zTvtu�l��­°¤vª©`wBr � l � u �
zTvt¼�lku-�7=?>A@	BAC � ��1��HÃ � ¬k¼�lkv{zT~-~�¬
°®vª© % �}� %ëÜ.²¸�.zL��³�u�lk|���zTu-�/yDÄ?µ¹§�©Âl��/y*u-|«��zTvt¼�lku-�)D,zTvtu-jml�� �1rt|-r{��~�zTu-��v{l �¯wBv{�ku-v � ©Â¬���zTu-v{l?²
jmlk|sy,lk| � rtjmlk|��/r{zT| � lku\�*lky(y/�
zTr{�(u-y/rtvtr{��wB|�y � l��¹j�wBrtvtvxwB��l��,|�zT|\²¸�/y/�/u��ky/u-�
¬��¯µ�ÁRl��(¬�³�u�wBy/r{zT|��
� ©Âß,u-v{lk���
zT|sy}�
¬���zTvtu�l��9°mvª©`wBr � l � uf´�u\� � l��}zsl�µ"¶}|fu-y/rtvtr{��lou-|�l��
l���zT|��/y/�/u��ky/r{zT| � l�yë�s~"l
�ÏÓ�q-§¨Á lky � l��mvtrtjHrty
lku-�
� � lED½wB| Ü}vt��w � w±~"zTu-��zT�-y
lk|-rt�mu-|�l­~-�
¬��kr{�/r{zT| � ©ÂzT� � �
l � lku\�
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��
�"Ë
Ê��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

ÃFvtrtjHrty
¬¾Ä,lk|&l��/~�wT��l�µsÁ,©`wBvt��zT�/rty/h-jml�u-y/rtvtr{�
¬.l��
y½l?�L~-vtr{�krty
l�lk|�y
lkjH~��¾µ��1zTu-�½v{l�y/��wBrty
lkjmlk|sy � l��
~-�
zT�-v{ikjml��9rt|��
y�wBy/r{zT|-|�wBrt�
l��¯º"u-|Ï���
h�¬kj�w � l�yë�s~"l���u-|-��l?²��9u-y/y�w­°&³�u�wBy/�
l�~�wT�9l��/y}u-y/rtvtr{��¬
~"zTu-�
vª© rt|�y
¬k����wBy/r{zT|±lk|Îy
lkjH~��¯º�wA¿�| � ©`w�¼�zTrt�.u-|�lo~-�
¬��kr{�/r{zT| � ©ÂzT� � �
lo�/u-~"¬k�/r{lku-�¯µ
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Ô9wB|��·��lky/y
l±�
l��ky/r{zT|Rº¨|�zTu�� ��wB~-~�lkvtv{zT|��·�-�/r{ik¼�lkjmlk|sy¯º3vª©Â¬ky�wB~�l � lÏ��zT|��/y/�/u��ky/r{zT| � lÏvxw
jm¬ky/�/r{³su�l�µ½Ó}|�l � l����k�/rt~-y/r{zT|¦~-vtu��&~-�
¬��kr{�
l � lf��lky/y
l®��zT|��/y/�/u��ky/r{zT| l��/y � zT|-|�¬�l � wB|�� � � �¸µ
ß,|��/u-rty
l�º-|�zTu��
~-�
¬��kr{�
zT|���vxw�|�zT�/j�wBvtr{��wBy/r{zT| � l9vª©Âl��/y/rtj�wBy
lku-� � ©Âlk�/�
lku-�.lky
vª© rt|�y
lk�
�
l��ky/r{zT| � l
jm¬ky/�/r{³su�l�� � wB|���v{l��¯w � �
l � l9vxw*jm¬��¯wB|-r{³su�l � l��3´�u-r � l��¯µ

��¡�Ø��Í£ �\Ø� L¢ � &;+  � �� L¢ � #���×�£Ò��Ø�� ��(R¢  ��
	���
�����������������¶}|cw ÐªwBrty�vª© h��L~"zTy/h�i��
lm³suR© u-|
��zT|sy/�"!Tv{l � l�vª©Âlk�/�
lku-� � © rt|sy
lk�/~�zTvxwBy/r{zT| ~�lk�/jmlky � l·��zT|�y/�"!Tv{lk�Hvª©Âlk�/�
lku-� � ©`wB~-~-�
z��\rtj�wBy/r{zT|��Tµ
��zTy/�
l9l��/y/rtj�wBy
lku-� � ©Âlk�/�
lku-��Å�Æ\ÇTÈ?É¸Ê?Ë?ÌÍÇ�ËDÌ	wB|-r{��zTy/�
zT~�l�¼�w � zT|�� �ky/�
l���wT�
¬��/u-�¨vª©Âlk�/�
lku-� � © rt|\²
y
lk�/~"zTvxwBy/r{zT|Rµ-ÁRl��-u-y
l��/y � l}��¬k|�¬k�
lk�
u-|·j�wBrtvtvxwB��low � wB~-y
¬��/u-�¨v{l�³su�lkv�vª©Âlk�/�
lku-� � © rt|sy
lk�/~�zTvxwA²
y/r{zT|fl��/y�¬�³�u-rÀ²ª�
¬k~�wB�/y/r{l � wB|��
y
zTu-y
l���v{l�� � rt�
l��ky/r{zT|��¯µ

��zTu-�}y
zTu-y.¬kv{¬kjmlk|�y
K

� uÎj�wBrtvtvxwB��l � u � zTj�wBrt|�l�º�zT|fw�vxwHj�wA�ÑzT��wBy/r{zT|fwB|-r{��zTy/�
zT~�l � l
vª©Âlk�/�
lku-� � © rt|�y
lk�/~"zTvxwBy/r{zT|Rº���wT�
¬�l��/u-�
v{l�� � ¬k�/rt¼�¬�l�� � l��
l���zT| � zT� � �
l � l�vxw�¼�wB�/rxwB�-v{l�u�/

‖u − Πhu ‖∞,K ≤ c max
x∈K

max
e∈EK

〈~e , |Hu(x)|~e 〉 = εK ,
ÃÑ�¾Ä

z$#
c
l��
yHu-|�lÎ��zT|��/y�wB|�y
lÏ³su-r � ¬k~�lk| �¦� l­vxw � rtjmlk|��/r{zT|Rº

EK
vª©Âlk|��
lkj��-v{l � l���wB���ky
l�� � l

vª©Â¬kv{¬kjmlk|sy
K

lky
|Hu| = R|Λ|R−1 l��/y3vxw�¼�wBv{lku-�.wB���
zTvtu�l � u­h�l��
�/r{lk| � l9vxw�¼TwB�/rxwB�-v{l u

ºLz$#
R
l��/y}vxwmj�wBy/�/r{��l � l��.¼�l��ky
lku-�
��~-�
zT~-�
l��9lky

|Λ| = diag(|λi|)
vxwmj�wBy/�/r{��l­Ã � rxwB��zT|�wBv{l¾Ä � l��

¼�wBv{lku-�
�.wB���
zTvtu�l�� � l��
¼�wBv{lku-�
�
~-�
zT~-�
l��¯µ
�  s£ � ��(R¢   � � � : Ì � �
Ê � Ê 5�ÊkÉ3ÊDÈ?ÉÍÌ��mÅ�É¸Ê��LË � : ÊkËDË
Ê��LË�ÊDÈ?É � Ê9Ë
Ê 
�ÅTË � Ê?Ë
�ÀÅ�È�Ç�� �LÉÍÌÞÇ�� 5�Ç�� �mÊ
� ��Ê��0�+�DÆ-Ê?Ë��¾È��sË �kÅA5�Ê&Ê�É � Ê 5�Ç���ÉÍË"!��tÊkË6� : � 5
ÅTËkÉ$# 5DÊkÉÞÉ¸Ê*È��sË ��Å	5�ÊA�&%,ÊkÉÞÉ¸ÊmÊ?È?ÉÍÌ��HÅ�É¸Ê��sË�ÊDÈkÉ � Ç���5
Ì�� � �ëÆ-Ê�� � Å���É � ��Æ	ËÑÇ ��� �H�mÊHÉÍËÑÅTÌÍÉ���ÊkÉ½Ì���ÊDÈkÉ½Ë
Ê��öÌ ��Å�� �-ÊDÈ�È?ÌÞÊ�� � Ê��tÅmÈ�Ç�� �LÉÍÌÞÇ��2�

@ × � ¡¯Ø��B¢�Ú�Ø��F× � &   Û �f£¤��Ø�����(R¢  '� ¶}| u-y/rtvtr{�
l9wBv{zT�
�¨u-|�l�wB~-~-�
z¯�Lrtj�wBy/r{zT| � r{�
�k�
iky
l � l}vxw
jm¬ky/�/r{³su�lm³su-r(u-y/rtvtr{�
lm��zTjHjml&�/u-~-~�zT�/y�v{l��o�
zTjHjmlky
� � u»j�wBrtvtvxwB��l�µ¹¶}|Ò|�zTy
l

hmin
ÃF�
l��
~Rµ

hmax
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lk�V³su�l � wB|��¨v{l�� � lku\��~-�
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lk�/¼�¬�l��¯º wA¿�| � l*�
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u-�ÑÐÞwT��l������	�\º3��©Âl��/y·u-|
v{zT��r{�kr{lkv3wBu-y
zTj�wBy/r{³�u�l � lm�
lkj�wBrtvtvxwB��l·w � wB~-y�wBy/rÀÐ � lm�/u-�ÑÐªwT��l��¯µD%¸vVwÎ¬ky
¬&wBu��
�/r½u-y/rtvtr{�
¬m~"zTu-�
��¬k|�¬k�
lk�
v{l���j�wBrtvtvxwB��l��.w � wB~-y
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¬ � ¬k¼�lkv{zT~-~�¬�wBuÎ�
lkrt|
� u­~-�
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Á w»~-�
zL��¬ � u-�
l � lÎj�wBrtvtvxwB��lfl��/y&��zTu-¼�lk�/|�¬�l®~�wB�&v{l��m~-�
zT~-�/r{¬ky
¬�� ��¬�zTjm¬ky/�/r{³su�l�� � l®vxw
�
u-�ÑÐÞwT��l®ÃÍzT| � ¬?¿�|-rty�u-|�lm�¯wB�/y
l � lHy�wBrtvtv{l � lm��¬�zTjm¬ky/�/r{l�vtrxwB|sy�vxw·y�wBrtvtv{l � l���¬kv{¬kjmlk|�y
�HwBu\�
��zTu-�/�-u-�
l��1v{zL�¯wBv{l��DÄ=lky�~�lku-y�vª©��ky/�
l¨wBu����/r�~�wB��u-|�lV�¯wB�/y
l � l½jm¬ky/�/r{³su�l½~-�
z¾¼�lk|�wB|�y � © u-|*�¯wBv{�ku-v
Ã �¾ÌÍÅ9u-|fl��/y/rtj�wBy
lku-� � ©Âlk�/�
lku-�DÄ?º�y
zTu-y}lk|®��zT|�y/�"!TvxwB|sy}vxw*³su�wBvtrty
¬ � l���¬kv{¬kjmlk|sy
�¯µ

Á,©`wBvt��zT�/rty/h-jml � l.�
lkj�wBrtvtvxwB��l9�
l � rt¼sr{�
l}lk|�y/�
zTr{�3¬ky�wB~"l��¯µ��(�
lkjHr{ik�
lkjmlk|sy¯º\vxw��
u-�ÑÐÞwT��l}l��/y
wB|�wBvt�\�
¬�l�lkyVvxw��¯wB�/y
l � l.y�wBrtvtv{l���¬�zTjm¬ky/�/r{³su�l}~-�
z¾¼�lk|�wB|�y � l��¨~-�
zT~-�/r{¬ky
¬��3rt|�y/�/rt|���i�³�u�l�� � l}vxw
�
u-�ÑÐÞwT��l�l��/y���zT|��
y/�/u-rty
l�µ��(u-r{�¯º\vxw�y/�/rxwB|-��u-vxwBy/r{zT|Ïl��/y
jmz � rÀ¿�¬�l�lk|®wT����zT� � w�¼�l���vxw�~-�
l����k�/rt~\²
y/r{zT| � l*y�wBrtvtv{l�~�wB���
lkj�wBrtvtvxwB��lHv{zL�¯wBvªµ"��zTu-�o��lkvxw\º � l���zT~"¬k��wBy/r{zT|���y
zT~"zTv{zT��r{³�u�l��mÃF��wT�
�ku-v{l��
� ©`wB���ky
l��?Ä�lky � l���zT~"¬k��wBy/r{zT|�����¬�zTjm¬ky/�/r{³su�l���ÃFrt|��
lk�/y/r{zT| � l*~"zTrt|�y
�9~�wB�o�/u-� � rt¼Lr{�/r{zT| � © u-|�l
wB���ky
l�º��/u-~-~-�
l��
�
r{zT| � l�~�zTrt|sy
�.~�wB�9�/u-~-~-�
l��
�/r{zT| � © u-|�l�wB���ky
l�lk|fÐFu��/r{zT|-|�wB|sy���l�� � lku\�®l?�L²
y/�
¬kjHrty
¬��}lky��"zTu-��¬ � l�~"zTrt|�y
�DÄ3��zT|�y}l� =l��ky/u�¬�l���~"zTu-�.zT�-y
lk|-rt�}u-|Îj�wBrtvtvxwB��lo~"zTu-�
v{l�³�u�lkv�vxw
y�wBrtvtv{l
lky(vxw9³su�wBvtrty
¬ � l��(¬kv{¬kjmlk|sy
�½�
zT|sy½��zT|�y/�"!Tv{¬�l��¯µ ��rt|�wBv{lkjmlk|sy¯º � l��,zT~-y/rtjHr{�DwBy/r{zT|��,v{zL�¯wBv{l��
��zT|�y}ÐÞwBrty
l���~"zTu-�9wBjm¬kvtr{zT�
lk�9vxw&³�u�wBvtrty
¬�lk|®ÐÞzT�/jml � l���¬kv{¬kjmlk|sy
��lky}v{l��
l��/~"l��ky � l�vxw&�¯wB�/y
l
� l9y�wBrtvtv{l�µ

Ö����ÍÛÍÛ �"#� )�×	ÛÍ¢�£ ��(R¢  '� ��zTu��Hw�¼�zT|��*u-y/rtvtr{�
¬ v{l j�wBrtvtv{lku-�H¼�zTvtu-jHr{³su�l�
�����
��������	º¹��©Âl��/y
u-| v{zT��r{�kr{lkv wBu-y
zTj�wBy/r{³su�l � l���¬k|�¬k��wBy/r{zT| � l}j�wBrtvtvxwB��l9y
¬ky/��wT¬ � �/r{³�u�low � wB~-y�wBy/rÀÐ/µ�§¨l�v{zT��r{�kr{lkv
w*¬ky
¬ � ¬k¼�lkv{zT~-~�¬�wBuf�
lkrt| � uÎ~-�
zB�/lky}��wBjHj�wm°*vª© % �}� %ëÜ.²¸�.zL��³su�lk|���zTu-�/y � �¯���¸µ

Á w9~-�
zL��¬ � u-�
l � l
��¬k|�¬k��wBy/r{zT| � l�j�wBrtvtvxwB��l�y
¬ky/��wT¬ � �/r{³su�l�l��/y,��zTu-¼�lk�/|�¬�l�°�vxw�ÐÍzTr{�,~�wB�,v{l
j�wBrtvtvxwB��l � l��
u-�ÑÐÞwT��lHÃÍ��zTjH~"z��
¬ � l9y/�/rxwB|-��v{l��DÄ¨³�u-r � ¬��k�/rty
v{l � zTj�wBrt|�l�lky
~�wB�3u-|�l��¯wB�/y
l � l
jm¬ky/�/r{³su�lÎÃF~-�
z¯¼�lk|�wB|sy � © u-|Ò�¯wBv{�ku-výÄ�³su-r � zT|-|�l*vª© rt|\ÐÞzT�/j�wBy/r{zT|¤�/u-��vxw y�wBrtvtv{l � l���¬kv{¬kjmlk|�y
�
³su-r � zTrt¼�lk|�y �ky/�
lo��zT|��/y/�/u-rty
�¯µ

Á,©`wBvt��zT�/rty/h-jml � l���¬k|�¬k��wBy/r{zT| � l.j�wBrtvtvxwB��l�l��/y¨��wT�
¬��/u-�¨u-|�l}jm¬ky/h�z � l � l�y¸�L~�l�Ô9lkvxwBu\²
|�w¯��º�rtv�l��/y � rt¼Lr{�
¬.lk|my/�
zTr{�¨¬ky�wB~"l��¯µ�g�zTu-y � ©`wB�"zT� � º�v{l��V~�zTrt|sy
� � zT|-|�¬��V~�wB�½vxw�ÐÍ�
zT|�y/r{ik�
l��
zT|sy
rt|���¬k�
¬��}~�wB��v{l��-rxwBr{� � © u-|�l�jm¬ky/h�z � l � l�Ô9lkvxwBu-|�w��Ï��zT|�y/��wBrt|sy
lmlky}vxwmÐÍ�
zT|�y/r{ik�
l*l��/y��
l���zTu\²
¼L�
¬�l9lk|·u-y/rtvtr{��wB|�y¯º-lk|sy/�
lowBu-y/�
l��¯ºLu-|�l9�
¬k~�¬ky/rty/r{zT| � l���wT�
�ku-v{l�� � l}ÐªwT��l��Ñ²ëwB���ky
l��oÃÍzT~�¬k��wBy/r{zT|��
v{zL�¯wBv{l��DÄ?µLß(|��/u-rty
l�ºsvxw��k�
¬¯wBy/r{zT| � l��V~�zTrt|sy
�¨rt|�y
lk�/|�l��
l��/y3l� "l��ky/u�¬�l9w�¼�wB|�y3v{lku-�¨rt|��
lk�/y/r{zT| �¯ÌÞÅ
v{l&|�z¯��wBu � l·Ô9lkvxwBu-|�w��®�ñu��
³suR©`°Î�DwBy/u-��wBy/r{zT| � l��*wB���ky
l��¾µ�ß(vtv{l·�¯©Âl� =l��ky/u�l lk| wT����zT� � w¯¼�l��
vxw¤~-�
l��
�k�/rt~-y/r{zT| � lfy�wBrtvtv{l � zT|-|�¬�lÏ~�wB� vxwÒjm¬ky/�/r{³su�l�º¨y
zTu-y lk| ��zT|�y/�"!TvxwB|syÎvxw»ÐÞzT�/jml � l��
¬kv{¬kjmlk|sy
�¯µ�ß(|\¿�|Rº � l���zT~-y/rtjHr{��wBy/r{zT|���v{zL�¯wBv{l��}�
zT|sy�wT����zTjH~-vtr{l���~"zTu-��wBjm¬kvtr{zT�
lk��vxwm³su�wBvtrty
¬
lk|¤ÐÍzT�/jml�� � l���¬kv{¬kjmlk|sy
��lky�v{lm�
l��/~"l��ky � lmvxwÎ�¯wB�/y
l � l�jm¬ky/�/r{³�u�l�º¹°·vª©`wBr � l � ©ÂzT~�¬k��wBy/r{zT|��
��¬�zTjm¬ky/�/r{³su�l���ÃF�"zTu-��¬ � l�~"zTrt|�y
�?Ä¨zTuÎy
zT~�zTv{zT��r{³su�l���ÃF��wT���ku-v{l � l�ÐÞwT��l��/²ëwB���ky
l��DÄ?µ
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Á,© rt|�y
lk�/~"zTvxwBy/r{zT| � l}vxw��
zTvtu-y/r{zT|­l��/y¨u-|·~�zTrt|sy
�kv{l?Ð � wB|��¨vª©`wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l�ºLrtv	ÐÞwBrtyVv{l.vtr{lk|·lk|�y/�
l�vxw���¬k|�¬k��wBy/r{zT| � l�j�wBrtvtvxwB��l9lky¨v{l}�
zTvt¼�lku-�¨|�u-jm¬k�/r{³su�l�µ-Ü}~-�
i��
w¯¼�zTrt��zT�-y
lk|�u u-|«|�zTu-¼�l¯wBu j�wBrtvtvxwB��l®w � wB~-y
¬ÒÃÞwB~-~�lkv{¬Îj�wBrtvtvxwB��l­��zTu-��wB|�yDÄ?º,vª©ÂzT�\�/l��ky/rÀÐ�l��/y
� l��
lky/�
zTu-¼�lk�}v{l��
h�wBjH~ � l��
zTvtu-y/r{zT|Ï�/u-�}��l�|�zTu-¼�l¯wBu®j�wBrtvtvxwB��l�~�zTu-����zT|�y/rt|�u�lk�9v{l��¯wBv{�ku-vªµ
§¨zTjHjml&v{l���h�wBjH~ � l&�
zTvtu-y/r{zT|«|R©Âl��/y���zT|-|su ³su�l � l&j�wB|-r{ik�
l � r{���k�
iky
l�ºRrtvVÐÞwBu-yo�
l���zTu-�/rt�

CDC ô�E.FHGJI�K



�kn ��� � �tÅ����¾ÊkÉ����	��
��
�"Ë
Ê��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

°�u-|­�
�
h�¬kj�w � © rt|sy
lk�/~�zTvxwBy/r{zT|Î~"zTu-�
l?�Ly/��wBrt�
l9��lky/y
l�rt|\ÐÞzT�/j�wBy/r{zT|Rµ-Á,©Â¬ky�wB~�l � © rt|sy
lk�/~�zTvxwBy/r{zT|
ÐªwBrty�wB~-~"lkvV°­vª©Âl��
~�wT��l � lm��zT|sy/�"!Tv{l�º���zT|sy
lk|�wB|�y*v{lHj�wBrtvtvxwB��l � l*ÐÍzT| � zTucwB|��kr{lk|¤j�wBrtvtvxwB��l
ÃFvxw � l��
�k�/rt~-y/r{zT|Î�
~�wBy/rxwBv{l¾Ä¨lky
vxw���zTvtu-y/r{zT|Î³�u-r�vtu-rRl��/y�wT�
�
zL�kr{¬�l�ÃFv{l���h�wBjH~Î��zT|��/r � ¬k�
¬9�
lkvxwBy/rÀÐ
°*��lky/y
l � l��
�k�/rt~-y/r{zT|	Ä?º�~"zTu-�
�
l���zTu-¼s�
lk�}vª© rt|\ÐÍzT�/j�wBy/r{zT|f~�zTu-�
v{l9j�wBrtvtvxwB��l���zTu-��wB|�y¯µ

Ô9wB|��Vvª©Â¬ky�wB~"l � © rt|sy
lk�/~�zTvxwBy/r{zT|Rº � lku\�m~-�
zT�-v{ikjml��
��zT|�y
°o~-�
lk| � �
l9lk|&��zTjH~-y
l�µ\Ô*©`wB�"zT� �
vxwÏv{zL�¯wBvtr{��wBy/r{zT| � l��H|�zTu-¼�l¯wBu\� �
zTjHjmlky
� � wB|���vª©Âl��/~�wT��l � lÎ��zT|sy/�"!Tv{l�º½lk| r � lk|sy/rÀ¿	wB|�y v{l��
¬kv{¬kjmlk|sy
� � u¦j�wBrtvtvxwB��l � l­ÐÞzT| � v{l��&��zT|sy
lk|�wB|�y¯µ
Ó}|�lfwB~-~-�
zL�
h�lÏ~�z����/rt�-v{l®l��/y&~-�
¬��
lk|�y
¬�l
� wB|�� � �¯���¸µ¯ß(vtv{lV��zT|��/r{�/y
l¨°
�
l � ¬k~-vxwT��lk� � wB|�� v{l,j�wBrtvtvxwB��l�ÃÍzT�/r{lk|sy
¬¾ÄRlk|�u-y/rtvtr{��wB|�y�vxw
y
zT~"zTv{zT��r{l
� lV��lkvtu-rÀ²¸�krªºLÌ@�FÊA�B�Tv{l��1¬kv{¬kjmlk|�y
�¹¼�zTr{�
rt|�� � lV�
h�wT³su�l¨¬kv{¬kjmlk|sy¯µ�¶}|��
l � ¬k~-vxwT��l � wB|���v{l,j�wBrtvtvxwB��l
� l�ÐÍzT| � ~�wB�.¼�zTr{�/rt|�wB��l�wA¿�| � l�y/�
zTu-¼�lk��vª©Â¬kv{¬kjmlk|�y9��zT|�y
lk|�wB|sy�v{l��
zTjHjmlky}lk|fu-y/rtvtr{��wB|�y}u-|
wBvt��zT�/rty/h-jml���wT�
¬��/u-�
v{l�����zLzT� � zT|-|�¬�l��}��wB�/�L��lk|sy/�/r{³�u�l��¯µ

Ó.|�lVÐÞzTr{��vxw}v{zL�¯wBvtr{��wBy/r{zT|H�
¬��
zTvtu�l�ºBu-|H�
�
h�¬kj�w � © rt|sy
lk�/~�zTvxwBy/r{zT|&l��/y¹u-y/rtvtr{�
¬¨~�zTu-�(l?�\y/��wBrt�
l
vª© rt|\ÐÞzT�/j�wBy/r{zT| � u��
h�wBjH~ � l,�
zTvtu-y/r{zT|Rµ
��zTu��=u-y/rtvtr{�
zT|�� v{l½�
��h�¬kj�w � © rt|�y
lk�/~"zTvxwBy/r{zT|H�kvxwT�
�/r{³su�l
� l�yë�s~"l

P 1 �¯wB��v{l���h�wBjH~ � l*�
zTvtu-y/r{zT|Ò³su-r¹l��
y�rt|sy
lk�/~�zTv{¬m|R©Âl��/yo��zT|-|�uÒ³suR©`wBu\�Ï�
zTjHjmlky
�
� l��3�/rtjH~-v{l?�-l�� � u&j�wBrtvtvxwB��lmÃÍ��©Âl��
yÑ²ë°A² � rt�
l�zT|·w � l��3¬kv{¬kjmlk|�y
�3¿�|-r{� � l9Á wB����wB|-��l

P 1 Ä?µ-qLzTrty
P
u-|±~"zTrt|�y � u»j�wBrtvtvxwB��lH��zTu-��wB|�y�lky

K = [P1, P2, P3, P4]
v{l*y
¬ky/��wTi � �
l � u»j�wBrtvtvxwB��l � l

ÐÞzT| � v{lo��zT|sy
lk|�wB|�y¯µ=¶}| � ¬?¿�|-rty
Ki

v{l�y
¬ky/��wTi � �
l�¼srt�/y/u�lkvRz$#®zT|Ïw��
lkjH~-vxwT��¬ov{l��
zTjHjmlky
Pi~�wB��v{l��
zTjHjmlky

P
~"zTu-�

i = 1, 4
lky�zT|c|�zTy
l

VK
v{l�¼�zTvtu-jml � lmvª©Â¬kv{¬kjmlk|sy

K
µRÜ}v{zT�
�¯º v{l

���
h�¬kj�w � © rt|sy
lk�/~�zTvxwBy/r{zT|±l��/y � zT|-|�¬�~�wB� /

u(P ) =

4
∑

i=1

ωi(P )u(Pi) ,
w¯¼�l��

ωi(P ) =
VKi

VK
.
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Ô9wB|�����lky/y
lH��l��ky/r{zT|Rº"|�zTu���¬ky/u � r{zT|���vxw ~-�
zT�-v{¬kj�wBy/r{³�u�lmvtr{¬�l*° vª© u-y/rtvtr{�DwBy/r{zT| � l*vª©`wBvt��zB²
�/rty/h-jml.�kvxwT�
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�� �A� %,Ê 8H�LÌ�È¯Ê±ÉÍË/Å � �LÌFÉ}Æ\Å�Ë � : Ì���É¸Ê?Ë �AÅ����{Ê � Ê±É¸Ê��}Æ�È
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5�Ç������ � �mÅTÌýÈ�Ì��,È : Ê��DÆ�ËDÌ���ÊoÆ\ÅTË
τ = f(ε, hgrad, hmin, ~U(t))
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Æ=� �AÈ?Ì 8��-Ê*Å��ÎÉ¸ÊH�.Æ	È
t
�

�(�
lkjHr{ik�
l­��zT|��/y�wBy�wBy/r{zT|Rº,�/r3��lkymwBvt��zT�/rty/h-jmlÎl��/yHwB~-~-vtr{³�u�¬­lk| l� =l��ky/u�wB|�yHu-| |�zTj��-�
l
� ©`w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l��}rt|��/u\Õ���wB|sy9wBv{zT�
�¾º�°H�
h�wT³su�l�rty
¬k��wBy/r{zT| � lovxwH��zTu��kv{l � ©`w � wB~\²
y�wBy/r{zT|Rº3vxw«�
zTvtu-y/r{zT| w¯¼TwB|���l»lk| y
lkjH~�� � l

∆t
³�u-r�l��/y·~-vtu��·����wB| � ³su�lfvª© rt|sy
lk�/¼TwBvtv{l � l

y
lkjH~����¯wB��wT�ky
¬k�/r{�/y/r{³su�l
τ
� u®j�wBrtvtvxwB��l�µ"Ô9zT|���º�v{l��}~-h�¬k|�zTjmik|�l���~-h��\�/r{³su�l���ÃF~�wB�9l?�\lkjH~-v{l

� l��.�
h�zL���DÄ?º�³su-rR�
l � ¬k~-vxwT��lk|sy � wB|��
v{l � zTj�wBrt|�l � lo�¯wBv{�ku-vªº	�
zT�/y
lk|�y � l����
¬k��r{zT|��}w � wB~-y
¬�l��
ÃFj�wBrtvtv{¬�l��
¿�|�lkjmlk|�yDÄ?º�lk|sy/��w��{|�wB|�y � l�ÐÞwBrty¯º\u-|�l9~"lk�/y
l � l9vxw�~-�
¬��kr{�/r{zT| � l9vxw��
zTvtu-y/r{zT|Rµ�§¨l��kr
��l9y/��w � u-rty�~�wB��u-|�l � rE "u��/r{zT| � l�vxw*�
zTvtu-y/r{zT|«Ã � l���~-h�¬k|�zTjmik|�l���~-hs�L�
r{³�u�l��DÄ?µ

��zTu-��¬k¼srty
lk�.��lo~-�
zT�-v{ikjml�º�zT|fw � wB~-y
l�v{l�j�wBrtvtvxwB��l�ÐÍ�
¬�³�u�lkjHjmlk|sy�ÃñÌ0�ýÊ �E�"y
zTu-y
l���v{l��
5
°

20
rty
¬k��wBy/r{zT|�� � l��
zTvt¼�lku-�3|�u-jm¬k�/r{³su�l¾Ä?µ-ÁRl.|�zTj��-�
l � ©`w � wB~-y�wBy/r{zT|�� � lk¼sr{lk|sy.wBv{zT�
�3�/u\Õ���wB|�y

~"zTu-�o³su�l*v{l*y
lkjH~��
∆t

lk|sy/�
l � lku\�Òw � wB~-y�wBy/r{zT|����
zTrty � lmvª©ÂzT� � �
l � l
τ
µ=ÁRlH~-�
zT�-v{ikjml � l

CDC ô�E.FHGJI�K



��1 ��� � �tÅ����¾ÊkÉ����	��
��
�"Ë
Ê��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

��lky/y
l*wB~-~-�
zL�
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l�º(|�zTu��&wBvtv{zT|�� wB|�wBvt�L��lk���/u-�Hv{l­~-�
zT�-v{ikjml®jmz � ikv{lÎlk| � rtjmlk|��/r{zT| � lku\�=º
v{l����
¬��/u-vty�wBy
�.zT�-y
lk|su���°*vª©`wBr � l � l�vª©`w � wB~-y�wBy/r{zT| � loj�wBrtvtvxwB��lo~�wB����wB~-~"zT�/y}°*u-|�lo��zTvtu-y/r{zT|
� l·�
¬?ÐÞ¬k�
lk|���l�µ½�1zTu-����lkvxw\º(rtv�ÐÞwBu-yH~-�
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lk��vª©Â¬k¼TwBvtu�wBy/r{zT| � l·vª©Âlk�/�
lku-�&��zTjHjHr{�
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� � © u-|
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�¯wBv{�ku-vªº=��©Âl��
yÑ²ë°A² � rt�
l*vª©Â¬k¼TwBvtu�wBy/r{zT| � l�vª©Â¬��¯wB�/y�lk|sy/�
l � lku\�Ï�
zTvtu-y/r{zT|���lky�vxw·��zT|��
y/�/u��ky/r{zT| � l
vxw*��zTvtu-y/r{zT| � l��
¬?ÐÞ¬k�
lk|���l�µ

Á,©Â¬��¯wB�/y}lk|sy/�
l � lku\�Î�
zTvtu-y/r{zT|��
u
lky

v
l��/y � zT|-|�¬o~�wB�
vxw*ÐÍzT�/j�u-v{lo�/u-rt¼�wB|�y
l0/

ferr(u, v) =
‖u − v‖Ω

‖u‖Ω
,

ÃÞ��Ä

z$#
‖.‖Ω

l��/y(u-|�l
|�zT�/jml�w � ¬�³�u�wBy
l�Ã
L2 zTu H1 Ä1�/u-�,v{l � zTj�wBrt|�l Ω

µ�Á,©Âlk�/�
lku-�¨wBrt|��
r�zT�-y
lk|�u�l
l��
y
u-|�lolk�/�
lku-���
lkvxwBy/rt¼�l�µ

¶}| � ¬?¿�|-rty�vxw*�
zTvtu-y/r{zT| � lo�
¬?ÐÍ¬k�
lk|���l � lovxw�j�wB|-r{ik�
l��/u-rt¼�wB|�y
l0/
= ��5 � �ýØ��F× � & �  � � � ÌÍÉ � : � � �mÅTÌ��	�tÅ�
�Ê �	Ç��»ÈkÉÍËJ� 5�É<�LË �A� ��Ì ��ÇTË��mÊ � Ê*ÉªÅTÌ��	�{Ê

h
�xrªµÂl�µtº � Ç��	É

ÉªÇ��LÉ¸ÊDÈ �{ÊDÈ�ÅTË��kÉ¸ÊDÈHÈkÇ���É � Ê�ÉªÅTÌ��	�{Ê 5
Ç��-ÈkÉªÅ���É¸Ê � 
�Å��{Ê�#
h
� 8H� : Ì	�VÊDÈkÉ � Êo�
¬?ÐÞ¬k�
lk|���lÎÈ?Ì �tÇTËDÈ 8H��Ê

� : Ç��mÆ�Ë/Ê�� � �{Ê��mÅTÌ	���tÅ�
�Ê��	Ç��fÈ?ÉÍË��?5�É<�LË �
� ��Ì ��ÇTËJ��Ê � Ê�ÉªÅTÌ��	�{Ê
h/2

�
Ç��»Å��

ferr(uh/2, uh) ≤ ε ,

Ç��
uh/2

�¸Ë/Ê?ÈªÆ
�
uh

� � �DÈDÌ 
���Ê �tÅ�ÈkÇ�� �\ÉÍÌÍÇ��®Ç��kÉ¸Ê�����Ê�È��sË.ÈJ�LË �{Ê �mÅTÌ��	�tÅ�
�Ê � Ê9ÉªÅTÌ��	�{Ê
h/2

�ªË
ÊDÈªÆ)�
h
�ÎÊkÉ

ε
� ��Ê 5�Ç��-È?ÉªÅ���É¸Ê}Æ-Ê�ÉÍÌFÉ¸Ê � Ê �AÅ���É

1
�&% : ÊDÈkÉ�� #�� � ÌFË/Ê 8H�-ÊA�tÅ·ÈkÇ�� �\ÉÍÌÍÇ��«ÊDÈ?É�Ì	� � �¸Æ-Ê�� � Å���É¸Ê

� � �mÅTÌ��	�tÅ�
�ÊA� �RÅ�È�Ç�� �\ÉÍÌÞÇ�� ��� � �kËDÌ98H��ÊoÇ��kÉ¸ÊH���-Ê�ÈJ�LË � �ÎÉ¸Ê��4�HÅ�Ì	���ÀÅ�
�Ê�ÊDÈ?É � ÌÍÉ¸Ê � ÊV�
¬?ÐÞ¬k�
lk|���l+�
	�

����������
����������� �!#"�$&%' )(
*&+,�.-/$0-213�54.176869-2:�;< = �68$>(� @?813�A69-2(�*�%B C%)D�",E "��GFH!#-/;/;I!CJK = �69$�(
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eh =
‖u−uh‖

;�E *8?'!#%9$` C�.$0%B Z;I!a6C13;b"�$&-21#�c(3"d4P%B1�:�;IeCF) d C$f;I!�6C13;Y"�$0-213�c?8!#;I?�"�;<*' g68"�%^;I gF)!3-/;/;I!VJ� �(
 h$�!#-/;/;I 
h
\a!3;<13%86i;I!j?'1#�.O3 �%0J� C�P?8 c!369Q3F>4�$�1#$&-2DC". k 969$�!#$&$T C-/�.$T R69-

e2h/eh = eh/eh/2 = c
1#l

c
 969$a"��P 

?81#�A69$�!#�.$T VU�m�!3�A6H�P1#$&%' @!'4�4P%B1�?'n. 9\^�P13"�6)!3O313�.6@?8nA1#-[69-];I!�4�%B �F�-2eC%B =(�*2+o�.-/$0-213�R4.13"�%@(
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Ô9wB|���|�zTy/�
l��¯wT�¾ºRv{lmj�wBrtvtvxwB��l � l��
¬?ÐÍ¬k�
lk|���l&u-y/rtvtr{�
¬�l��
y � lmy�wBrtvtv{l
h = 15 cm

º ��l&³�u-r
��zT| � u-rty
°�u-|&j�wBrtvtvxwB��l � l

1 345 824
�
zTjHjmlky
�Pp�µsÔ�wB|��Vv{l�g�wB�-v{l¯wBu»��ºLzT|�y/�
zTu-¼�l�vª©Â¬k¼�wBvtu�wA²

y/r{zT| � l3vª©Âlk�/�
lku-��ÃÍ¬��¯wB�/y � l � lk|��
rty
¬¾Ä¹lk|�y/�
l.vxw9�
zTvtu-y/r{zT| � l3�
¬?ÐÞ¬k�
lk|���l.lky(v{l��,��zTvtu-y/r{zT|��,~-�
z¯¼�l?²
|�wB|sy � l��½j�wBrtvtvxwB��l��½u-|-rÀÐÞzT�/jml��½|�zT| �/y/�/u��ky/u-�
¬�� � l.y�wBrtvtv{l

h1 = 4/3href
lky

h2 = 2href
µ

§¨lk~"lk| � wB|�y¯º�vª©Â¬���zTu-v{lkjmlk|sy � wB|��}vxwH�
¬k��r{zT|Rº�³su-r rt|-rty/rxwBv{lkjmlk|�yo¬ky�wBrty � loh�wBu-y
l � lk|��/rty
¬�º�l��/y
ÐÞzT�/y
lkjmlk|�y¨|�zT|\²ªvtrt|�¬¯wBrt�
l�µLÁ,©Â¬���zTu-v{lkjmlk|�y � wB|��¨��lky/y
l��
¬k��r{zT|&l��
y � zT|��.y/�
i�� � ¬k~�lk| � wB|sy � l.vxw
� r{���k�
¬ky/r{��wBy/r{zT|Rº=��l��kr(l��/y � �ÒwBu±y
lk�/jml � l�¼sr{�
��z��
rty
¬�|su-jm¬k�/r{³�u�l*rt|sy/�
z � u-rty � wB|��9v{l��9¬�³su�wA²
y/r{zT|���³su-r � lk¼sr{lk|sy}~-�
¬k~"zT| � ¬k��wB|�y¯µ"Á w��
zTvtu-y/r{zT|fzT�-y
lk|su�l�~�lku-y
ÐÞzT�/y
lkjmlk|�y9¼�wB�/r{lk�¯º	°*jmzTrt|��
� ©`w¯¼�zTrt�3u-|�l � r{���k�
¬ky/�/r{��wBy/r{zT|­r � lk|�y/r{³su�l�µ\Á w��
zTvtu-y/r{zT| � l.�
¬?ÐÞ¬k�
lk|���l�|�l � zT|-|�l � zT|��}~�wT�¨|�¬?²
��l�����wBrt�
lkjmlk|�y�vxw*�"zT|-|�l��
zTvtu-y/r{zT|Rº�vª©Âlk�/�
lku-� � wB|��}��lky/y
lo�
¬k��r{zT|fl��
y.lk|®j�wA�/lku-�
lo~�wB�/y/r{l � u�l
°�vxw��
¬���zTvtu-y/r{zT|­|�u-jm¬k�/r{³su�l&ÃÍ�
zTvt¼�lku-�DÄ3lky.°�vxw�jmz � ¬kvtr{��wBy/r{zT|Rµ��¹wB�.��zT|��
¬�³su�lk|�y¯º�~�zTu-��w�¼�zTrt�
u-|�l�lk�/�
lku-�¨~-vtu��V�
lk~-�
¬���lk|�y�wBy/rt¼�lmÃÍlky¨u-|&j�wBrtvtvxwB��l � l}�
¬?ÐÍ¬k�
lk|���l¾Ä?º\³su-r�~"lk�/jmlky � l}¼�¬k�/rÀ¿�lk�
�/r
vª©Â¬k¼�zTvtu-y/r{zT| � l��
~-h�¬k|�zTjmik|�l���~-hs�L�/r{³su�l���l��/y���zT�/�
l��ky
lkjmlk|sy.~-�
¬ � rty
lolky��¾© rtv{�
�
zT|�y.�¯wB~-y/u-�
¬��
� lVj�wB|-r{ik�
l3~-�
¬��kr{�
l�ºA|�zTu��(�¯wBv{�ku-v{zT|��¹vª©Âlk�/�
lku-�(�/u-�

Ω? = Ω\D
z$#

D
l��/y�vxw.�
¬k��r{zT| � ¬kvtrtjHrty
¬�l

~�wB�
[5, 9] × [0, 2.5]

µ�ß(|Îl� "lky¯º\zT|·�
lkj�wB�
³su�l�³�u�l9��lky/y
l9�
¬k��r{zT| ÐÍzT�/y
lkjmlk|sy�|�zT|\²ªvtrt|�¬¯wBrt�
lol��/y
��í�q¤òªã`òÞèªé�êAr é's¾éÑá 
Bä`é�t�ïBô�á�âDã`ä`äåâ �?é�ïAôBãÂõÀþ�èªá
é
êAï�êAþ?á�â�ã`ôBé�êAé¨ì/âDä`ìÑïAä"êAé
ä/r é's¾éÑá 
AäåéVòÞèªãúê¾ã`á
éÑôBøÞã`þ?ôAôBéÑä


Aè�(ÑøÞéÑô�ò�((êAâDôAø äåâSu¯éÑìñòªã`þ?ô)vVøÞéñè¸âDãÂò1êAé(ä/r þDè¸ê¯èªé,êAé
1.8 10

7 øÞþ?á
á
éñòªø"éñô 
AèªéÑôBâDô�ò 
�þ?ï¾è äúâ½ò¸âDã`ä`äåé½ê¾éÑø â�èxwñòªéÑø
h = 30 cm øªâDì �Tâ�ô¯ò/*�ïAé¨äåâ}ò¸âDã`ä`ä`é�êAï�êAþDá�âDã`ôBéHy ,�þDãÂòªé3éÑô��Dä`þ2,Tâ�ô�òªé�z1éÑøÍò

85m × 85m × 70m í�{�é)*�ïBã
á
þ?ô�òÞèªé ,Aãåéñô *�ïBé¹ä/r âDôBâDäÂù¾øÞéVê¾éÑø"è�(ÑøÞïAä`ò¸â
òªø�ô.r éÑøÍò 
TâDøRâ�ìÑìÑéÑøÞøÞã3,Aäåé½éÑô�êAã`á
éÑôBøÞã`þDô}òÞèªþ?ã`øÑí
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�¯� ��� � �tÅ����¾ÊkÉ����	��
��
�"Ë
Ê��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

vxwH~-�/rt|��krt~�wBv{l��
zTu-�
��l � ©Âlk�/�
lku-� � l�vxwH�
zTvtu-y/r{zT|���º-~�wB�}l?�-lkjH~-v{l�º�~"zTu-�.v{loj�wBrtvtvxwB��l � l�y�wBrtvtv{l
h1

lk|s¼srt�
zT|
90
� � lmvª©Âlk�/�
lku-�Hlk|c|�zT�/jml

L2 �
zT|sy*��zTjHjHr{� � wB|���vxw­�
¬k��r{zT|
D � Ô9l�y
zTu-y
lj�wB|-r{ik�
l�ºBvxw � lk|��/rty
¬ � l��1j�wBrtvtvxwB��l��,zT�-y
lk|�u��,w¯¼�l��3vª©`w � wB~-y�wBy/r{zT| � l¨j�wBrtvtvxwB��l¨l��
y¹³su�wT�/rtjmlk|sy

j�wA�\rtj�wBv{l � wB|�����lky/y
lo�
¬k��r{zT|Rµ
�}zTu�����zT|��
r � ¬k�
zT|��.³suR© u-|�lo�
zTvtu-y/r{zT|

u
l��/y 	¸~-�
zs��h�l�C � l9vxwH��zTvtu-y/r{zT| � l��
¬?ÐÞ¬k�
lk|���l

uref�
rRlkvtv{l9¼�¬k�/rÀ¿�l0/

‖uref − u‖L2(Ω)

‖uref‖L2(Ω)
≤ 0.008

lky ‖uref − u‖H1(Ω)

‖uref‖H1(Ω)
≤ 0.34 ,

lky��
rRlkvtv{l�¼�¬k�/rÀ¿�l0/

‖uref − u‖L2(Ω\D)

‖uref‖L2(Ω\D)
≤ 0.002

lky ‖uref − u‖H1(Ω\D)

‖uref‖H1(Ω\D)
≤ 0.1 ,

z$# v{l��­��zT|��/y�wB|sy
l��cÃÍ³su-rowB~-~�wB��wBr{�
�
lk|�y � wB|��­��l��·�
lkvxwBy/r{zT|��DÄ·�
zT|sy � ¬?¿�|-r{l��f°«~�wB�/y/rt� � l��
�
¬��
u-vty�wBy
�,zT�-y
lk|�u��V�/u-�¹v{l�� � lku\��j�wBrtvtvxwB��l��,u-|-rÀÐÍzT�/jml��,³su-r��
zT|sy � zT|-|�¬�� � wB|��(v{l
g�wB�-v{l¯wBuÏ��µ
�±wBrtvtvxwB��l qLzTjHjmlky
� �,v{¬kjmlk|�y
�

‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)

2href 332 763 662 848 0.0083 0.345 0.0024 0.119

4/3href 749 696 1 495 310 0.0088 0.356 0.0010 0.062
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h1 = 4/3href

ÊkÉ
h2 = 2href
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Ω
ÊkÉ

Ω? = Ω \ D
Æ\Ç��LË 5�ÊDÈ � ÊH� � �mÅTÌ��	�tÅ�
�ÊDÈA�

����� � � �$,�.@1 /21 � 4�,�* �=(+3���,'> �
�}zTu��.wBvtv{zT|��}wB~-~-vtr{³�u�lk�}v{l��
�
h�¬kj�wH�kvxwT���/r{³�u�l � ©`w � wB~-y�wBy/r{zT| � l9j�wBrtvtvxwB��l�wBu­~-�
zT�-v{ikjml

jmz � ikv{l�lk| � rtjmlk|��/r{zT| � lku\�"º ~-�
l��
lk|�y
¬ � wB|���vxwfqLl��ky/r{zT| �\µ`�\µ ÁRl&�-u-y�l��
y � ©`wBy/y
lkrt| � �
l vxw
��zTvtu-y/r{zT| wBumy
lkjH~��½~-h��\�/r{³�u�l

tmax = 0.2
��l���zT| � l�µ �}zTu��¨wBvtv{zT|��Vl� =l��ky/u�lk�,~-vtu��/r{lku-�
�¨�
¬k�/r{l��

� l��¯wBv{�ku-v{�.lk|­jmz � rÀ¿	wB|sy.v{l9|�zTj��-�
l � © rty
¬k��wBy/r{zT|�� � ©`w � wB~-y�wBy/r{zT|fl� =l��ky/u�¬�l��
~"zTu-�.wB|�wBvt�L��lk�
vª© rtjH~�wT�ky � l½��lkvtv{l��/²¸�krªµ���zTu�� ��zTjH~�wB�
lk�
zT|��¹v{l����
zTvtu-y/r{zT|��
ÃÞw � wB~-y
¬�l��DÄRzT�-y
lk|su�l��(°
vxw���zTvtu-y/r{zT|
� l9�
¬?ÐÞ¬k�
lk|���l�µ

Ô9wB|����
h�wT³su�l��¯wBv{�ku-vªºRvxw � lk|��/rty
¬ml��/yo��h�zTr{�/r{l���zTjHjmlH¼�wB�/rxwB�-v{lm~"zTu-�ovxw � ¬?¿�|-rty/r{zT| � l
vxw�jm¬ky/�/r{³su�l�º���©Âl��/yÑ²ë°A² � rt�
l�³suR©ÂzT| � ¬��/rt�
l�¬�³su-rÀ²ª�
¬k~�wB�/y/rt�
vª©Âlk�/�
lku-� � © rt|�y
lk�/~"zTvxwBy/r{zT| � u­�
h�wBjH~
� l � lk|��/rty
¬�µ\ÁRl��3~�wB��wBjmiky/�
l�� � ©`w � wB~-y�wBy/r{zT| � l.j�wBrtvtvxwB��l���zT|��
r � ¬k�
¬����
zT|�y3v{l��¨j �kjml��
~"zTu-�
��h�wT³�u�l��¯wBv{�ku-v�wA¿�| � ©`w�¼�zTrt�}vxw�j �kjmlo��zTjH~-v{l?�\rty
¬0/

ε = 0.001, hmin = 0.15 m, hmax = 20 m
lky

hgrad = 4 ,

z$#
ε
l��/y9v{l*�
lku-rtv � ©Âlk�/�
lku-��~-�
l��
�k�/rty¯º

hmin
ÃF�
l��/~Rµ

hmax
Ä.vxw&y�wBrtvtv{l*jHrt|-rtj�wBv{lÎÃF�
l��/~Rµ�j�wA�\rÀ²

j�wBv{l¾Ä9wBu-y
zT�/r{��¬�lmlky
hgrad

vxw ����w � wBy/r{zT|¦ÃñÌ@�FÊA�B��v{l*��wB~-~"zT�/y � l*y�wBrtvtv{l*j�wA�Lrtj�wBvVlk|�y/�
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1¦vxwHy�wBrtvtv{l � u®j�wBrtvtvxwB��l�¿�|�wBv*/
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�
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j �kjmlo~�zTu-�
v{l9y
lkjH~�� � l��¯wBv{�ku-vªµ��¹wB�.��zT|�y/�
l�º � wB|�����l��¯wT�
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zTvtu-y/r{zT|fzT�-y
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+-,/.-0¹�71�� 
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�Ê � Ê 5
Å�� 5H� �¨Ì���ÌFÉÍÌÞÅ�� � � � Ç��mÅTÌ���Ê �9Ê�É # � ËÑÇTÌÍÉ¸Ê ���tÅfÈkÇ�� �\ÉÍÌÍÇ��
Ì���ÌÍÉÍÌÍÅ��tÊ � �{ÊDÈ)5
Ç�� � ÌFÉÍÌÞÇ��-È�Ì���ÌFÉÍÌÞÅ��{ÊDÈ�� � � 5�Å���5�� ���

nadap np ne t cpu ‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)

20 14 399 28 291 10
jH|

0.0138 0.415 0.0064 0.171

40 19 052 37 592 18
jH|

0.0114 0.395 0.0043 0.156

60 22 384 44 285 25
jH|

0.0122 0.437 0.0044 0.142

100 26 476 52 441 35
jH|

0.0139 0.459 0.0086 0.210

200 29 203 57 905 59
jH|

0.0189 0.428 0.0152 0.228

Href 1 345 824 2 686 286 37
h
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l
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§¨l��kr	l��/y � � wBu�|�zTj��-�
l�rt|��/u\Õ���wB|�y � ©`w � wB~-y�wBy/r{zT|��
l� =l��ky/u�¬�l��¯º�³su-r�y/��w � u-rty¨v{l
ÐªwBrtyV³su�l

v{l9y
lkjH~��
∆t

º\lk|�y/�
l � lku\�­w � wB~-y�wBy/r{zT|��¯º	l��/y
~-vtu��3����wB| � ³su�l9vª© rt|�y
lk�/¼�wBvtv{l � l9y
lkjH~����¯wB��wT�?²
y
¬k�/r{�
y/r{³�u�l � uÏj�wBrtvtvxwB��l

τ
µ�Á w �1rt��u-�
lH�mjmzT|sy/�
l*vª©Â¬k¼�zTvtu-y/r{zT| � l�vxw&�
zTvtu-y/r{zT| � l��
¬?ÐÍ¬k�
lk|���l
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w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l�µ�Á�w���zTvtu-y/r{zT|®w � wB~-y
¬�lol��/y � rE �u���¬�l
°Î�¯wBu��
l � uÒ�
lky�wB� �¤� u¤j�wBrtvtvxwB��lm~�wB�o��wB~-~"zT�/y�° vxw­��zTvtu-y/r{zT|Rµ1§¨lky/y
l � rE "u��/r{zT|¤�
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l � © rt|�y
lk|��/rty
¬ � l��9�
h�zL����j �kjml��
r�rtv{���
zT|�y��-r{lk|±�/rty/u�¬�� � wB|��}v{l � zTj�wBrt|�l � l
�¯wBv{�ku-vªºVzT| ��zTjHjmlky � zT|��®u-|�lÎlk�/�
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¬ � l*vxw �
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zTrty
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y = 3.07692x−17.4615
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l��fÃÍlk|®h�wBu-yDÄ�jmzT|�y/�
l�v{loj�wBrtvtvxwB��l�¿�|�wBv¹lky.vxwm��zTvtu-y/r{zT|
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zT|�� � ©`w � wB~-y
lk�.v{loj�wBrtvtvxwB��loÐF�
¬�³su�lkjHjmlk|�y¯µ=¶}|®l� =l��ky/u�l
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zTvtu-y/r{zT| � l9�
¬?ÐÞ¬k�
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�}zTu��
wBvtv{zT|��3jmzT|�y/�
lk�}³�u�l�v{zT�
� � l�vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l�º�°���h�wT³�u�l9rt|sy
lk�/~�zTvxwBy/r{zT|
u-|�l lk�/�
lku-�H�/u-�*v{l�� � ¬k�/rt¼�¬�l���lk| y
lkjH~��*l��/y�rt|�y/�
z � u-rty
l�µ(��zTu-�Hrtvtvtu��
y/�
lk�*��l&~-�
zT~"z��¯º1|�zTu��
��zT|��
r � ¬k�
zT|��·vª©Â¬�³�u�wBy/r{zT| � lfy/��wB|��/~�zT�/y»Ã � ©`w � ¼�l��ky/r{zT|	Ä?º
~-�
zT�-v{ikjmlÏh��L~"lk�/��zTvtr{³su�lÏvtrt|�¬¯wBrt�
l
� u­~-�
lkjHr{lk��zT� � �
l�º�lk| � rtjmlk|��/r{zT|®u-|�/

ut + c ux = 0 .
ÃFnsÄ

¶}|¦�/u-~-~�z���l­³�u�l­vª©ÂzT| w±u-|�l � r{�
�k�
¬ky/r{�DwBy/r{zT| u-|-rÀÐÞzT�/jmlÎlk| l��/~�wT��lflky�lk| y
lkjH~�� � lÎ~�wT�
�
l��
~�l��ky/rt¼�lkjmlk|sy

∆x
lky

∆t
µ=ß(|»u-y/rtvtr{��wB|sy�u-|Ò�
��h�¬kj�w­ß(u-v{lk��l?�\~-vtr{�krty
lm��lk|�y/�
¬fÃÍ��lk|�y/�
¬mlk|

l��
~�wT��lolky�l?�L~-vtr{�krty
l�lk|Îy
lkjH~��DÄ?º�zT|ÎzT�-y/r{lk|sy.vª©Â¬�³su�wBy/r{zT| � r{�
�k�
¬ky/r{�
¬�lo�
u-rt¼TwB|sy
l0/

un+1
j − un

j

∆t
+ c

un
j+1 − un

j−1

2∆x
= 0 ,

ÃÞ��Ä

³su-r � zT|-|�l�vª©Âl?�\~-�
l��
�/r{zT| � l9vxw � ¬k�/rt¼�¬�l�y
lkjH~�zT�
lkvtv{l � r{�
�k�
iky
l0/

un+1
j − un

j

∆t
= −c

un
j+1 − un

j−1

2∆x
.
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Ê?Ë � : Ì��}Æ\Å	5�É � Ê � : Ì���É¸Ê?Ë¸Æ\Ç��tÅ�ÉÍÌÞÇ��ÒÈ��sË �{ÊDÈ � �?ËDÌ � �
Ê?È Ê��cÉ¸Ê��}Æ�È
� Ê��tÅmÈkÇ�� �LÉÍÌÞÇ��2�

�}zTu��9wBvtv{zT|�� � ©`wB�"zT� �Ï� ¬kjmzT|�y/�
lk�o³su�l�ÐªwBrt�
lou-|�l�rt|�y
lk�/~"zTvxwBy/r{zT|Ïvtrt|�¬¯wBrt�
l�~"lku-y �ky/�
l��
l?²
~-�
¬���lk|�y
¬m~�wB��v{lm�
�
h�¬kj�w � lmÁ wA�L² �-�/r{l � �/r{�
h��¯µ1�1zTu-��vª©Â¬�³su�wBy/r{zT| � lHy/��wB|��/~"zT�/y&ÃFnsÄ?º=vxw­jm¬?²
y/h�z � l � l��¨�¯wB��wT�ky
¬k�/r{�/y/r{³su�l���ÃF~"zTu-�½vxwT³su�lkvtv{l.zT|���zT|-|�wBrty¨vxw��
zTvtu-y/r{zT|·l?��wT�ky
l � l��½~-�
zT�-v{ikjml��
hs�s~"lk�/�"zTvtr{³�u�l���vtrt|�¬¯wBrt�
l����
zTu��o��lk�/y�wBrt|�l�����zT| � rty/r{zT|��DÄ�|�zTu���wB~-~-�
lk| � ³su�lHvxw­�
zTvtu-y/r{zT|cl��/y
��zT|��
y�wB|�y
lo�/u-�
y
zTu-y
l � �
zTrty
l � ©Â¬�³�u�wBy/r{zT|

x − ct = K
º-w�¼�l��

K
��zT|��/y�wB|sy
l�µ�ß(|®~�wB�/y/r{�ku-vtr{lk�¯º

zT|®w � zT|���º-~�zTu-�
vxwm�
zTvtu-y/r{zT|®l?��wT�ky
l
u
� u­~-�
zT�-v{ikjml&ÃFnsÄ4/

u(xj , t
n+1) = u(xj − c∆t, tn) , ∀j ∈ N

lky
n ∈ N .

Á�w¤jm¬ky/h�z � l ÃF|�u-jm¬k�/r{³su�l¾Ä � l��­�¯wB��wT�ky
¬k�/r{�/y/r{³su�l��­��zT|��/r{�/y
l � zT|��Ò°¤u-y/rtvtr{�
lk�­vª©Â¬k��wBvtrty
¬±�krÀ²
� l����/u��¯µ�qsrRv{l�|�zTj��-�
l � l�§¨zTu-��wB|�y c∆t

∆x

l��/y�lk|sy/r{lk�9wBv{zT�
�.v{l�~"zTrt|�y
xj − c∆t

l��/y�u-|Î~"zTrt|�y
� u*j�wBrtvtvxwB��l�lky(v{l3�
��h�¬kj�w9|�u-jm¬k�/r{³su�l�l��/y(l?��wT�ky¯µ �ÏwBr{�(lk|H��¬k|�¬k��wBvªº�v{lV|�zTj��-�
l � l.§¨zTu-��wB|�y
|R©Âl��
y(~�wT�,lk|�y/r{lk�¯º�~�wB�,��zT|��
¬�³�u�lk|sy½v{l3~"zTrt|�y

xj −c∆t
|R©`wB~-~�wB�/y/r{lk|syV~�wT�V°�vxw � r{�
�k�
¬ky/r{��wBy/r{zT|Rµ

%ëv,ÐªwBu-y � zT|��&rt|sy
lk�/~�zTv{lk�*vxwf�
zTvtu-y/r{zT| wBuc~"zTrt|�y
xj − c∆t

°Îvª© rt|��/y�wB|sy
tn
µ(qsr¨zT| �/u-~-~"z��
l

c∆t

∆x
≤ 1

ÃÍ³�u-rL|R©Âl��/y(wBu-y/�
lV³su�l½vxw}��zT| � rty/r{zT|�§��¹ÁÒÃª§¨zTu-��wB|�yÑ² �-�/r{l � �/r{��h��Ñ²¸ÁRlk¼L�-Ä � lV�/y�wB�-rtvtrty
¬
� u­�
��h�¬kj�w � l9Á wA�s² ���/r{l � �/r{�
h��DÄ
wBv{zT�
�
zT|Îw

xj−1 ≤ xj − c∆t ≤ xj+1
µ�¶}|·rt|�y
lk�/~"zTv{l � zT|��

vxw��
zTvtu-y/r{zT|­wBu�~"zTrt|�y
xj − c∆t

vtrt|�¬¯wBrt�
lkjmlk|sy�lk|�y/�
l
xj−1

lky
xj+1

lkyVzT|&zT�-y/r{lk|sy3v{l.�
��h�¬kj�w
|su-jm¬k�/r{³�u�l0/

un+1
j =

1

2

(

(1 +
c∆t

∆x
)un

j−1 + (1 −
c∆t

∆x
)un

j+1

)

,
Ã ��Ä
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wB~-~"lkv{¬»�
��h�¬kj�w wBu\���¯wB��wT�ky
¬k�/r{�/y/r{³�u�l��Ïw�¼�l��»rt|sy
lk�/~�zTvxwBy/r{zT|'vtrt|�¬¯wBrt�
l¤�/u-�­j�wBrtvtv{l�µ�¶}�¯º
lk|
� ¬k¼�lkv{zT~-~�wB|sy.vxwH�}lkvxwBy/r{zT|cÃ ��Ä?º�zT|­y/�
zTu-¼�l�v{l��
�
h�¬kj�w*|su-jm¬k�/r{³�u�l0/

un+1
j − (

un
j+1+un

j−1

2 )

∆t
+ c

un
j+1 − un

j−1

2∆x
= 0 ,

ÃÞ��Ä
³su-r=|R©Âl��/y.wBu-y/�
lo³su�l�v{l��
��h�¬kj�w � l�Á wA�L² �-�/r{l � �/r{��h��¯µ

ÁRl.�
��h�¬kj�w � l}Á wA�s² ���/r{l � �/r{�
h��3l��/y½u-|&�
�
h�¬kj�w � l��¯wB��wT�ky
¬k�/r{�/y/r{³su�l��3lky,~�lku-y �ky/�
l
rt|�y
lk�Ñ²
~-�
¬ky
¬���zTjHjml�v{l9�
¬��/u-vty�wBy � © u-|�l9rt|sy
lk�/~�zTvxwBy/r{zT|±�/u-�
vxw � r{�
�k�
¬ky/r{��wBy/r{zT|®v{zT�
� � © u-|�l�jm¬ky/h�z � l
� l��¯wB��wT�ky
¬k�/r{�/y/r{³su�l��¯µ\ß(| � ©`wBu-y/�
l��3y
lk�/jml��¯ºsv{l����
h�¬kj�w � l}Á�wA�s² �-�/r{l � �/r{��h��
�
lk~-�
¬��
lk|sy
l9vª© rtj*²
~�wT�ky � © u-|�l�rt|�y
lk�/~"zTvxwBy/r{zT|Òvtrt|�¬¯wBrt�
l � l�vxw&�
zTvtu-y/r{zT|ÒwB~-�
i��ow�¼�zTrt�9rt|��
¬k�
¬�u-|±|�zTu-¼�l¯wBu±~�zTrt|sy
xj

wBu·jHrtvtr{lku � l�vª© rt|�y
lk�/¼�wBvtv{l
[xj−1, xj+1]

µLÁ½© rt|�y
lk�/~"zTvxwBy/r{zT|fvtrt|�¬¯wBrt�
l � l9vxw*�
zTvtu-y/r{zT| � zT|-|�l

un
j =

un
j+1 + un

j−1

2

lky�lk|Î�
lkjH~-vxw��¯wB|sy � wB|���ÃÞ��Ä?º-zT|Îy/�
zTu-¼�l��-r{lk|cÃÞ��Ä?µ
¶}|Î~�lku-y
�
¬�¬��k�/rt�
lov{lo�
�
h�¬kj�w � loÁ wA�L² �-�/r{l � �/r{�
h����
zTu��
vxw�ÐÞzT�/jml0/

un+1
j − un

j

∆t
+ c

un
j+1 − un

j−1

2∆x
−

un
j+1 − 2un

j + un
j−1

2∆t
= 0 ,

zTuÎlk|���zT�
l�º

un+1
j − un

j

∆t
+ c

un
j+1 − un

j−1

2∆x
− ν

un
j+1 − 2un

j + un
j−1

∆x2 = 0 ,

w¯¼�l��
ν =

∆x2

2∆t

µ
¶}| ~�lku-y·rt|�y
lk�/~-�
¬ky
lk�Î��lky/y
lÏ�
lkvxwBy/r{zT|���zTjHjmlÏvª©`wA�ÑzTu-y � © u-| y
lk�/jml � l
� rE "u��/r{zT| Ã � r{�
�/rt~�wBy/r{zT|	Ä � wB|���v{l��
��h�¬kj�w±ÃÞ��Ä?µ	ß� =l��ky/rt¼�lkjmlk|�y¯º"rtv¹l��/y}�-r{lk|±��zT|-|su»³�u�l�vª© rt|\²
y
lk�/~"zTvxwBy/r{zT| rt|�y/�
z � u-rty � l}vxw � rE "u��/r{zT|Rµ ��zTy
zT|��¨³�u�l}�
lku-v{lkjmlk|�y � wB|��Vv{l.�¯wT�¨z$#�vxwo��zTvtu-y/r{zT|
l��
y
vtrt|�¬¯wBrt�
l�º-rtvR|R© �­w�~�wT� � ©Âlk�/�
lku-� � u�l�°�vª© rt|sy
lk�/~�zTvxwBy/r{zT|Rµ

Ô�l3��lky/y
l � lk�/|-r{ik�
l3�
lkvxwBy/r{zT|Rº�zT| � ¬ � u-rty(vª©Âl?�L~-�
l��
�
r{zT| � l3vxw � ¬k�/rt¼�¬�l3y
lkjH~�zT�
lkvtv{l � r{���k�
iky
l
lk|

xj
/

un+1
j − un

j

∆t
= −c

un
j+1 − un

j−1

2∆x
+ ν

un
j+1 − 2un

j + un
j−1

∆x2 .
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lk�/~"zTvxwBy/r{zT| � lmvxw®�
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lkjH~�zT�
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|�zTu-¼�l¯wBu®y
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Ô9wB|��}|�z����/rtj�u-vxwBy/r{zT|��¯º���lky/y
l�jmz � rÀ¿��¯wBy/r{zT| � lovxw � ¬k�/rt¼�¬�l�y
lkjH~"zT�
lkvtv{l��
l�y/��w � u-rty�~�wB�
u-| � ¬��¯wBvxwB��l � l�vxwf�
zTvtu-y/r{zT| � wB|���v{l�y
lkjH~��¾µ¹§¨lky/y
l·lk�/�
lku-�Hl?�Lr{�
y
l wBu��
�
r½~"zTu-��v{l��*�/rtj�u\²
vxwBy/r{zT|����
y�wBy/r{zT|-|�wBrt�
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l*~�wT�9vxw·��zTvtu-y/r{zT|±¿�|�wBv{lH�¯wB��vxw �
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¬�l
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Á wÒ�
¬��
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~-�
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lk| � �
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È�Ç�� �LÉÍÌÞÇ��-È � Ê��tÅ
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Ê�Æ-ÅTË �{Ê�È�ÊH�sÌ��=Æ	Ë
ÊDÈ%5kËDÌÍÉ
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l���l��ky/r{zT|RºR|�zTu��*wBvtv{zT|���wB~-~-vtr{³su�lk��v{l�|�zTu-¼�lkv¨wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l�~�zTu-��v{l����/rtj�u-vxwBy/r{zT|���rt|��
y�wBy/r{zT|-|�wBrt�
l����
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Ω = [−1, 1] × [0, 1]
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r = 0.05
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Ω\R��zT|�y /
ρ = 0.125

º
p = 0.1
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u = v = 0
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/
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º
p = 1

lky
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ρ
º
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zTvtu-y/r{zT| ¿�|�wBv{l � l vxwÏ~"¬k�/r{z � l�º¹~"zTu-�Hvxw
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l­�/rÀ�
��zTvtu-y/r{zT|��
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ε = 0.0022, hmin = 0.005, hmax = 0.5
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¬ � l��
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� rtvtu-y/r{zT| � u¤j�wBrtvtvxwB��l&v{zT�
�
³suR©ÂzT|Ò|�l���zT|��/r � ik�
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l��ky/r{zT| � l¨jm¬ky/�/r{³su�l��,lk|*y
lkjH~��,�/u-�1vxw ��rt��u-�
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¬
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lÏv{l��­�/y�wBy/r{�/y/r{³su�l�� � l��·j�wBrtvtvxwB��l��·¿�|�wBu\� w � wB~-y
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l � lm�
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¬k�/r{l��¨�Vlky
�\µAÔ�wB|�� v{lV�¯wT� � l½vxw��
¬k�/r{l¨�\º¯vxw � rtvtu-y/r{zT| � u�j�wBrtvtvxwB��l3w�lku�~�zTu-�1l� "lky � l½j�u-vty/rt~-vtr{lk�¹vª©Âlk�/�
lku-�
~�wB���krt|�³�µR¶}|Ò��zT|��/y�wBy
l�º=lk|»zTu-y/�
l�º=³�u�l�vª©Âlk�/�
lku-�o�/u-�9v{l�� � ¬k�/rt¼�¬�l��ol��/yowBu��
�/r¹��zT|�y/�"!Tv{¬�l�º���l
³su-rV��lmy/��w � u-rty�~�wB��u-|�l&|�zT�/jml

H1 |�lky/y
lkjmlk|syHrt|\ÐÍ¬k�/r{lku-�
l&~�zTu-��vxw®��¬k�/r{lmn®~�wB����wB~-~"zT�/y
wBu\�ÎwBu-y/�
l��.��¬k�/r{l��¯µ
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ns ne ‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)qLzTvtu-y/r{zT|Îrt|-rty/rxwBv{l
5 597 11 034 0.2261 0.9685 0.2030 0.8776qLzTvtu-y/r{zT|­¿�|�wBv{l
5 967 11 782 0.1212 0.7881 0.1125 0.7491�*rt|sy
lk�
�
l��ky/r{zT|��

16 031 31 855 0.0673 0.5838 0.0601 0.5929
1*rt|sy
lk�
�
l��ky/r{zT|��

30 650 61 052 0.0398 0.3671 0.0120 0.1987

���	��03� 1 3	ÉªÅ�ÉÍÌýÈ?ÉÍÌ98H��ÊDÈ � ÊDÈ �mÅTÌ����ÀÅ�
sÊDÈ 
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6
� Å���È �{Ê)5
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6
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� ��� � 8�8�. 3 ��/21�30&�4 / ,98�(�&):�.0;=*?> *?&�5'; .0>

ÁRl¤�-u-y � l«��lky/y
l �
l��ky/r{zT| l��/y � l«¼�wBvtr � lk�fvxw¦|�zTu-¼�lkvtv{l wB~-~-�
zs��h�l � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l*��wT��¬�lH�/u-�9u-|Ï~"zTrt|�y9¿-�-l�y/��wB|��/rty
zTrt�
lH�/u-�9v{l�~-�
zT�-v{ikjmlHjmz � ikv{l � l*~-�
zT~�wB��wBy/r{zT|
� ©ÂzT| � l��}|�zT|\²ªvtrt|�¬¯wBrt�
l��}rt|�y/�
z � u-rty � wB|��.vxw�qLl��ky/r{zT|±�\µ`�\µ�§¨zTjHjml � wB|��}v{lo�¯wT� � l�vª©`w � wB~-y�wA²
y/r{zT|Ï�kvxwT�
�/r{³su�l&ÃÍ�?Ð/µ�qLl��ky/r{zT|»�\µ nsÄ?º�v{l��-u-y}l��/y � ©`wBy/y
lkrt| � �
l�vxwm�
zTvtu-y/r{zT|»wBu®y
lkjH~��}~-h��\�/r{³su�l
tmax = 0.2

�
l���zT| � l�µ ��zTu��o��zTjH~�wB�
lk�
zT|��ov{l��o��zTvtu-y/r{zT|���ÃÞw � wB~-y
¬�l��DÄ9zT�-y
lk|su�l���°&vxw­�
zTvtu\²
y/r{zT| � rty
l � l9�
¬?ÐÞ¬k�
lk|���lo��zT|��/r � ¬k�
¬�l � wB|��3vxwmqLl��ky/r{zT|f�\µ`�\º\vª©Â¬��¯wB�/y.lk|�y/�
lov{l��
�
zTvtu-y/r{zT|���¬ky�wB|�y
y
zTuT�/zTu-�
���¯wBv{�ku-v{¬�°�vª©`wBr � l � l�vxw*�.lkvxwBy/r{zT|«ÃÞ��Ä?µ

��zTu-��vxw3�/rtj�u-vxwBy/r{zT|Rº¾v{l��=j �kjml��R~�wB��wBjmiky/�
l��1lky=v{l��=j �kjml��R¼�wB�/rxwB�-v{l�� ³su�l � wB|��Rv{l(�¯wT� � l
vª©`w � wB~-y�wBy/r{zT|H�kvxwT�
�
r{³�u�lV�
zT|�y1u-y/rtvtr{�
¬��¹wA¿�| � ©`w¯¼�zTrt�1vxw�j �kjmlV��zTjH~-v{l?�\rty
¬�µT�(vtu��1~-�
¬��kr{�
¬kjmlk|�y¯º
zT|�u-y/rtvtr{�
l,vxw � lk|��
rty
¬½��zTjHjml,¼�wB�/rxwB�-v{l,~"zTu-�Rvxw � ¬?¿�|-rty/r{zT| � l,vxw
jm¬ky/�/r{³�u�lVlkyRv{l��R~�wB��wBjmiky/�
l��
~"zTu-�
vª©`w � wB~-y�wBy/r{zT| � loj�wBrtvtvxwB��l��/u-rt¼�wB|�y
� /

ε = 0.001, hmin = 0.15 m, hmax = 20 m
lky

hgrad = 4 ,

z$#
ε
l��/y9v{l*�
lku-rtv � ©Âlk�/�
lku-��~-�
l��
�k�/rty¯º

hmin
ÃF�
l��/~Rµ

hmax
Ä.vxw&y�wBrtvtv{l*jHrt|-rtj�wBv{lÎÃF�
l��/~Rµ�j�wA�\rÀ²

j�wBv{l¾Ä9wBu-y
zT�/r{��¬�lmlky
hgrad

vxw ����w � wBy/r{zT|¦ÃñÌ@�FÊA�B��v{l*��wB~-~"zT�/y � l*y�wBrtvtv{l*j�wA�Lrtj�wBvVlk|�y/�
l � lku\�
¬kv{¬kjmlk|sy
�*¼�zTr{�/rt|��DÄ?µ�Á wÏ�/rtj�u-vxwBy/r{zT| � ¬k�-u-y
l·w�¼�l�� v{l�j �kjml&j�wBrtvtvxwB��l rt|-rty/rxwBvªº1w � wB~-y
¬­wBu\�
��zT| � rty/r{zT|��Vrt|-rty/rxwBv{l��¯º�ÃÍ�?ÐÑµ ��rt��u-�
l���Ä?µ�Á,© rt|sy
lk�/¼TwBvtv{l � l
y
lkjH~�� � l
vxwo�
rtj�u-vxwBy/r{zT|·l��/y � ¬���zTu-~"¬
lk|

16
~"¬k�/r{z � l��¾º���©Âl��/yÑ²ë°A² � rt�
l*³�uR©`°m�
h�wT³su�l�~"¬k�/r{z � l�zT|±w¯¼TwB|���l � l

∆t = 0.0125
�
l���zT| � l�µ

¶}|&u-y/rtvtr{�
l
7
�
zTvtu-y/r{zT|��½rt|sy
lk�/jm¬ � rxwBrt�
l��oÃ � zT|�y¨vª© rt|-rty/rxwBv{l}lkyVvxw�¿�|�wBv{l¾Ä,u-|-rÀÐÍzT�/jm¬kjmlk|sy¨�
¬k~�wB�Ñ²

y/r{l��¨~"zTu-�3vª© rt|�y
lk�
�
l��ky/r{zT| � l�jm¬ky/�/r{³su�l��¨lk|·y
lkjH~��¯µ�¶}|·l� "l��ky/u�l�wBu �mÅ��TÌ�� � �
5
rty
¬k��wBy/r{zT|��

rt|sy
lk�/|�l���lky�zT|Òu-y/rtvtr{�
lm��zTjHjml&�
lku-rtv � lHy
zTv{¬k��wB|���l&~�zTu-��vxw­��zT|s¼�lk�/��lk|���l � wB|���vxw·�"zTu��kv{l
rt|sy
lk�/|�l0/

ε1 = ε2 = 0.03
µ

Á w �1rt��u-�
lo�¯��jmzT|�y/�
l.vª©Â¬k¼�zTvtu-y/r{zT| � l
vxw9��zTvtu-y/r{zT| � l
�
¬?ÐÞ¬k�
lk|���l�lky,vxw9�
zTvtu-y/r{zT|&w � wB~-y
¬�l�µ
¶}|·��zT|��/y�wBy
l�³�u�l}vª© rt|�y
lk|��
rty
¬ � l}vxw��
zTvtu-y/r{zT|Îwo¬ky
¬}~-�
¬��
lk�/¼�¬�l9lky¨³su�l.v{l��V~-h�¬k|�zTjmik|�l��
�
zT|sy
�-r{lk|»�/rty/u�¬�� � wB|��9v{l � zTj�wBrt|�l � l*�¯wBv{�ku-vªµ ¶}|fv{l�¼�zTrty9~-vtu��9~-�
¬��kr{�
¬kjmlk|�yo�
u-��vxw��1rt��u-�
l·�¯�
ÃÍlk|±h�wBu-yDÄ?º=z$#ÒzT|Òw&vxw � lk|��/rty
¬ � l*vxw �
zTvtu-y/r{zT|»v{l�v{zT|-� � l�� � �
zTrty
l�� � ©Â¬�³�u�wBy/r{zT|

y = 4
lky

y = 3.07692x−17.4615
y/��w¯¼�lk�
��wB|�y¹v{l � zTj�wBrt|�l�µ�¶}|��
lkj�wB�
³�u�l3³su�l,vxw.|�zTu-¼�lkvtv{l¨wB~-~-�
zL�
h�l

� zT|-|�lfu-|�lÏ�
zTvtu-y/r{zT|¦�"l¯wBu���zTu-~ ~-vtu���~-�
¬��kr{�
lf~�wB� ��wB~-~�zT�/y­°»vª©`wB~-~-�
zL�
h�l±�kvxwT�
�/r{³su�l�µ½Á�w
�1rt��u-�
l}�kn�º�jmzT|�y/�
lVvª© rtjH~�wT�ky � l,vª© rt|�y
lk�
�
l��ky/r{zT| � l(jm¬ky/�/r{³su�l���lk|�y
lkjH~��¯º¾z$#�zT|�w
vxw
��zTvtu-y/r{zT|
rt|-rty/rxwBv{l&ÃÍlk|Îh�wBu-yDÄ3lky�vxw*�
zTvtu-y/r{zT|Î¿�|�wBv{l�ÃÍlk|Î��wT�DÄ � l9vxw � lk�/|-r{ik�
l�~�¬k�/r{z � lo�/u-�
v{l9j�wBrtvtvxwB��l
¿�|�wBv-w � wB~-y
¬
wBu�y
lkjH~��

tmax = 0.2
�
l���zT| � l�µ�¶}|*��zT|��/y�wBy
l3³�u�l½v{l����
¬k��r{zT|�� � ©Â¬k¼�zTvtu-y/r{zT| � l��

~-h�¬k|�zTjmik|�l��3zT|sy¨¬ky
¬}j�wBrtvtv{¬�l��¨u-|-rÀÐÍzT�/jm¬kjmlk|sy¨~"zTu-�½~-�
¬���lk�/¼�lk�Vvxwo~-�
¬��kr{�/r{zT| � l}vxwo��zTvtu-y/r{zT|
lky�³su�l9v{l��
~-h�¬k|�zTjmik|�l��}�
l��/y
lk|�y � wB|��
v{l��
�
¬k��r{zT|��.w � wB~-y
¬�l�� � uÎj�wBrtvtvxwB��l�µ�Á,© rt|sy
lk�/¼TwBvtv{l � l
y
lkjH~��.�¯wB��wT�ky
¬k�/r{�/y/r{³�u�l � uÎj�wBrtvtvxwB��lol��/y � lovª©ÂzT� � �
l � uÎ~�wT� � l�vxw�~"¬k�/r{z � l0/

τ ≈ ∆t
µ

Ô9wB|��*v{l g�wB�-v{l¯wBu n�º1zT| ~"lku-y*¼�zTrt��vª© rtjH~�wT�ky � l vxwfjm¬ky/h�z � l �
u-��vª©Âlk�/�
lku-�m��zTjHjHr{��l�µ
�,vtu��·~-�
¬��kr{�
¬kjmlk|�y¯º
vª©Âlk�/�
lku-�­�/u-�

L2(Ω)
ÃF�
l��/~Rµ

H1(Ω)
Ä&l��/y � l

0.0071 ≤ 0.008
ÃF�
l��/~Rµ

0.335 ≤ 0.34
Ä?º,lkvtv{l­l��
y � zT|��·rt|\ÐÍ¬k�/r{lku-�
lÎwBu\� �
lku-rtv{� � zT|-|�¬�� � wB|��Hvxw»qLl��ky/r{zT|¦�\µ`�\µ(ß(vtv{l

l��
y�j �kjmlmrt|\ÐÞ¬k�/r{lku-�
l�wBu\�Òlk�/�
lku-�
����zTjHjHr{�
l���w�¼�l��mv{l��oj�wBrtvtvxwB��l���u-|-rÀÐÞzT�/jml���°
2hmin

lky
4/3hmin

µ�Ô9loj �kjml�º�vª©Âlk�/�
lku-���/u-�
L2(Ω \ D)

ÃF�
l��/~Rµ
H1(Ω \ D)

Ä3l��
y � l
0.0018 ≤ 0.002ÃF�
l��
~Rµ

0.084 ≤ 0.1
Ä9��lH³�u-r,l��
yolk|���zT�
lHrt|\ÐÍ¬k�/r{lku-��wBu\�±�
lku-rtv{��¿-�\¬��¯µ=Á�w·�
zTvtu-y/r{zT|¤zT�-y
lk|�u�l

l��
y � zT|�� 	¸~-�
zs��h�l�C � l�vxw*�
zTvtu-y/r{zT| � l9�
¬?ÐÍ¬k�
lk|���l�º	wBu®�
lk|�� � zT|-|�¬ � wB|���vxw�qLl��ky/r{zT|f�\µ`�\µ
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ÁRl.|�zTj��-�
l � © rty
¬k��wBy/r{zT|��3rt|sy
lk�/|�l��3l� "l��ky/u�¬�l��
wBu·��zTu-�
� � l��
h�wT³su�l.~"¬k�/r{z � l�ÃF~"zTu-�½ÐªwBrt�
l
��zT|s¼�lk�/��lk��v{l���zTu-~-v{lmj�wBrtvtvxwB��l?²¸�
zTvtu-y/r{zT| ¼�lk�
�ov{l�~�zTrt|syo¿-�-lHy/��wB|��/rty
zTrt�
l¾Ä�¼TwB�/r{l&lk|�y/�
l

3
lky

5
w�¼�wB|�y�³�u�l�vª©Â¬��¯wB�/yolk|�y/�
l � lku\�Ï�
zTvtu-y/r{zT|��o�
u�����l��
�/rt¼�l��9|�l*�
zTrtyo��wBy/r{�ÑÐªwBrtymÃFrtv(l��/y9y
zTuT�ÑzTu-�
�

�DwBy/r{�ÑÐÞwBrtyDÄ?µ��9¬k|�¬k��wBv{lkjmlk|sy
3
rty
¬k��wBy/r{zT|��½�
u\Õ��
lk|�y(~"zTu-�,��zT|�¼�lk�/��lk�}Ã � wB|��½��lky,l?�\lkjH~-v{l�º���©Âl��
y

v{l��¯wT� � wB|��
80
� � l��V~"¬k�/r{z � l��V~"zTu-�
�
h�wT³su�l9�/rtj�u-vxwBy/r{zT|	Ä?µ�Á l.j�wBrtvtvxwB��l�¿�|�wBvRw � wB~-y
¬ow�¼�l��

��lky/y
l�|�zTu-¼�lkvtv{lowB~-~-�
zL�
h�l���zTjH~"zT�/y
l
99 275

�
zTjHjmlky
�¾ºL��©Âl��
yÑ²ë°A² � rt�
l���w�y�wBrtvtv{l9w�¬ky
¬��
¬ � u-rty
l
� © u-|HzT� � �
l � l3����wB| � lku-�(~�wB�(��wB~-~"zT�/y,°9��lkvtv{l � uHj�wBrtvtvxwB��l � l¨�
¬?ÐÞ¬k�
lk|���l�µ�§¨l��kr�w}u-|HrtjH~�wT�ky
� rt�
l��ky}�/u-�
v{l�y
lkjH~�� � lo�¯wBv{�ku-v�³�u-r w*¬ky
¬ � rt¼Lr{�
¬9~�wB��~-vtu�� � l

11
µ

Ô�lku\�Ï�
¬k�/r{l�� � l��¯wBv{�ku-v(�/u-~-~-v{¬kjmlk|sy�wBrt�
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�Lµ�Á�w �/rtj�u-vxwBy/r{zT|2��l±y¸�L~�l � l±~-�
zT�-v{ikjml«w�¼�l��»~-�
¬��kr{�/r{zT|'l��/y
�¯wB~-rty�wBv{l­¬ky�wB|sy � zT|-|�¬­³�uR© rtv3|R©Âl��/y*~�wT�*~"z��
�/rt�-v{l � l �
¬¯wBvtr{�
lk�H��l��H�/rtj�u-vxwBy/r{zT|���lk| �
¬¯wBvtrty
¬�µ
Ü}uT�/zTu-� � © h�u-rªº�rtvVl?�\r{�/y
lHu-|�l � lkj�wB| � l � wB|���vxw­�
¬¯wBvtr{��wBy/r{zT| � lHy
lkvtv{l����/rtj�u-vxwBy/r{zT|���|�u-jm¬?²
�/r{³su�l��¯ºTzT|H�krty
lk��w}~�wB�,l?�\lkjH~-v{l¨vª©Â¬ky/u � l � l¨vª© rtjH~�wT�ky � © u-|�l
l?�L~-v{z��
r{zT| � wB|��¹v{l��ÒzT�/v � gR��w � l
§¨lk|sy
lk� � n��¸µ

§¨lky/y
l �
rtj�u-vxwBy/r{zT| l��/y*vª©Âl?�\y
lk|��/r{zT| � u«~-�
zT�-v{ikjml·jmz � ikv{l·lk| � rtjmlk|��/r{zT| y/�
zTr{�¯º,qLl��kyÑ²
r{zT|«�\µ`�\µ �1zTu-��v{l�����zT| � rty/r{zT|���rt|-rty/rxwBv{l���lk| � rtjmlk|��/r{zT|cy/�
zTr{�¯º=vª©`wBrt��wBj��-rxwB|�yHw·v{l��oj �kjml��
~-�
zT~-�/r{¬ky
¬��·³suR©Âlk| � rtjmlk|��/r{zT| � lku\�=º,~�wB�&��zT|sy/�
lÏvxw»�
¬k��r{zT| rt|-rty/rxwBv{l � lfh�wBu-y
l � lk|��/rty
¬±w
~"zTu-� � zTj�wBrt|�l·vxw � lkjHrÀ²¸�/~-h�ik�
l � l·��lk|sy/�
l

(42, 54, 0)
lky � l���w¯��zT|

2.5
jmiky/�
l��¯º¹lky*~�zTu-�

��zT| � rty/r{zT|���rt|-rty/rxwBv{l��
ρ = 1

º
p = 1

lky
u = v = w = 0

º1z$#
ρ
º
p
lky ~U = (u, v, w)

³su-r
�
lk~-�
¬���lk|�y
lk|�y��
l��/~"l��ky/rt¼�lkjmlk|�y}vxw � lk|��/rty
¬�º-vxw*~-�
l��
�
r{zT|Îlky�v{l9¼�l��ky
lku-�.¼Lrty
l��
�
l�µ

Ô9wB|��V��lky½l?�-lkjH~-v{l�º�v{l
�-u-y¨l��/y � ©ÂzT�-y
lk|-rt�½vxwo�
zTvtu-y/r{zT| wBumy
lkjH~��V~-h��\�/r{³su�l
0.1

�
l���zT| � l�µ
¶}| � ¬���zTjH~"z��
l�vxwf�/rtj�u-vxwBy/r{zT| lk|

30
~�¬k�/r{z � l��¯º½Ì@�FÊA�B�

30
rty
¬k��wBy/r{zT|��*~-�/rt|��krt~�wBv{l�� � ©`w � wB~\²

y�wBy/r{zT|Rº½��©Âl��/yÑ²ë°A² � rt�
lÎ³su�l­~�zTu-�m��h�wT³�u�lÎ~�¬k�/r{z � l­zT|¦w�¼�wB|���lÎlk| y
lkjH~�� � l
∆t = 0.0033��l���zT| � l�µ 	'��h�wT³�u�l�rty
¬k��wBy/r{zT| � l9vxw*��zTu��kv{l9~-�/rt|��krt~�wBv{l�º	zT|Îl� "l��ky/u�l

4
rty
¬k��wBy/r{zT|���rt|�y
lk�/|�l��

~"zTu-���
¬��
zTu � �
l�v{l�~-�
zT�-v{ikjml � l�~"zTrt|�y}¿-�-l�y/��wB|��/rty
zTrt�
l�µR¶}|±��zT|��/r � ik�
l�u-|�l�jm¬ky/�/r{³su�l�r{�
zB²
y/�
zT~"l±��wT�
¬�l±�/u-�­vxw«¼�wB�/rxwB�-v{l � l � lk|��/rty
¬�º3¼�wB�/rxwB�-v{l±~�zTu-�­vxwT³su�lkvtv{l»zT| � ¬��/rt�
l»��zT|�y/�"!Tv{lk�
vª©Âlk�/�
lku-�¯µ�¶}|®w�u-y/rtvtr{�
¬

5
�
zTvtu-y/r{zT|��3rt|sy
lk�/jm¬ � rxwBrt�
l���Ã � zT|sy�vª© rt|-rty/rxwBv{l�lky
vxw�¿�|�wBv{l¾Ä¨~"zTu-�¨vª© rt|\²

y
lk�
��l��ky/r{zT| � l��
jm¬ky/�/r{³su�l��.lk|Îy
lkjH~���lky.v{l��
~�wB��wBjmiky/�
l�� � ©`w � wB~-y�wBy/r{zT|±�/u-rt¼�wB|�y
� /

ε = 0.003, hmin = 0.3 m, hmax = 10 m
lky

hgrad = 3 ,

z$#
ε
l��/y9v{l*�
lku-rtv � ©Âlk�/�
lku-��~-�
l��
�k�/rty¯º

hmin
ÃF�
l��/~Rµ

hmax
Ä.vxw&y�wBrtvtv{l*jHrt|-rtj�wBv{lÎÃF�
l��/~Rµ�j�wA�\rÀ²

j�wBv{l¾Ä�wBu-y
zT�/r{�
¬�l¨lky
hgrad

vxw
����w � wBy/r{zT|ÎÃñÌ0�ýÊ �E��v{l½��wB~-~�zT�/y � l,y�wBrtvtv{l¨j�wA�\rtj�wBvLlk|sy/�
l � lku\��¬kv{¬?²
jmlk|sy
�1¼�zTr{�/rt|��DÄ?µ %¸v�l��
y¹°�|�zTy
lk�1³su�l,vxw.y�wBrtvtv{l � u � zTj�wBrt|�l � l½�¯wBv{�ku-v-l��/y � l

85× 85× 70 m3 º� zT|��9u-|­j�wBrtvtvxwB��l�u-|-rÀÐÍzT�/jmlow¯¼�l���y
zTu����
l��
¬kv{¬kjmlk|sy
���
¬k��u-vtr{lk�
� � l�� !Ty
¬
h = hmin

º�wBu-��wBrty
u-|�lmy�wBrtvtv{l � l*vª©ÂzT� � �
l � l

1.8 107 �
zTjHjmlky
�¯µRÓ}|»j�wBrtvtvxwB��l � lm�¯wBv{�ku-v½rt|-rty/rxwBv,�
lkvxwBy/rt¼�lkjmlk|�y
���
z����/r{lk� � l

40 230
�
zTjHjmlky
��w&¬ky
¬���¬k|�¬k�
¬�º �1rt��u-�
l �
�®ÃÞ° � �
zTrty
l¾Ä?µ"Á w �1rt��u-�
l �¯�mjmzT|sy/�
l

vxw&~-�
zT~�wB��wBy/r{zT| � l��9zT| � l��o° � rE =¬k�
lk|�y
��rt|��/y�wB|sy
��ÃFr{�
zB²¸�/u-�ÑÐªwT��l�� � l � lk|��/rty
¬¾Ä � wB|��9vxw&��¬�zB²
jm¬ky/�/r{l�µ

ÁRlmg�wB�-v{l¯wBu � � zT|-|�lHv{l��o�¯wB��wT�ky
¬k�/r{�/y/r{³su�l�� � l���j�wBrtvtvxwB��l���w � wB~-y
¬���wBu\�Ïrty
¬k��wBy/r{zT|��
8
º

15
º
23

lky
30
º���©Âl��/yÑ²ë°A² � rt�
l��
l��/~�l��ky/rt¼�lkjmlk|syowBu®y
lkjH~��

0.027
º
0.05

º
0.077

lky
0.1

�
l���zT| � l�µ
Á l�� �1rt��u-�
l����¯�Hlky����A²ë�\�ojmzT|�y/�
lk|sy9�
l��/~�l��ky/rt¼�lkjmlk|sy.vª©Â¬k¼�zTvtu-y/r{zT| � l���j�wBrtvtvxwB��l��}r{�
zTy/�
zT~"l��
� l��/u-�ÑÐÞwT��l�lky � l�¼�zTvtu-jml*w � wB~-y
¬��*Ã � wB|��.u-|Î~-vxwB| � l���zTu-~"l�z$#Îv{l��}y
¬ky/��wTi � �
l����
zT|�y���zTu\²
~"¬��
lk|Îh�¬k�/r{�
��zT|	Ä3w�¼�l���v{l�� � r{�
y/�/rt�-u-y/r{zT|�� � © r{�
z � lk|��/rty
¬�����zT�/�
l��
~�zT| � wB|sy
l���wBuÎ��zTu-�
� � l���l��
rty
¬k��wBy/r{zT|��¾µBqsu-� ��l��R¿���u-�
l��¯º¯vxw � lk|��
rty
¬ � u�j�wBrtvtvxwB��l½rt| � r{³�u�l,�kvxwBrt�
lkjmlk|sy¹v{l��=�
¬k��r{zT|���z$#�¬k¼�zB²
vtu�lk|sy�v{l��
~-h�¬k|�zTjmik|�l��*ÃFv{l���zT| � l�� � l���h�zs�¾Ä3~�lk| � wB|sy.v{l��
~"¬k�/r{z � l��.��zT�/�
l��/~�zT| � wB|sy
l��¯µ�Á l��
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��wAÕm|�lkjmlk|sy
� � u­j�wBrtvtvxwB��l�zT|�y�¬ky
¬9~-�
l��
�k�/rty
�
~�wB�
vª© rt|sy
lk�
�
l��ky/r{zT| � l���jm¬ky/�/r{³�u�l���lk|­y
lkjH~��¾º
³su-r
l��/yHu-| ~"zTrt|�y��kv{l?Ð � l­��lky�wBvt��zT�/rty/h-jml�µ½ß(vtv{l­~"lk�/jmlky � ©`w�¼�zTrt��u-|�l � lk|��/rty
¬­u-|-rÀÐÞzT�/jml
� wB|��¨vxw��
¬k��r{zT| � ©Â¬k¼�zTvtu-y/r{zT| � l��V~-h�¬k|�zTjmik|�l���wBu·��zTu-�
� � l�vxwo~"¬k�/r{z � l�º � zT|�� � l.~-�
¬���lk�/¼�lk�
vxw­~-�
¬��kr{�/r{zT| � lHvxw®�
zTvtu-y/r{zT|«wBuc��zTu-�
� � uc�¯wBv{�ku-vªº�lkyo�-r{lk|c� �-� � lm�/u-rt¼L�
lHvª©Â¬k¼�zTvtu-y/r{zT| � l��
~-h�¬k|�zTjmik|�l��¾µ

Á w ��rt��u-�
l
���.rtvtvtu��/y/�
l¨vª© rt|�y
lk�
�
l��ky/r{zT| � lVjm¬ky/�/r{³su�l��¹lk|*y
lkjH~��¯ºTzT|�~"lku-y1¼�zTrt�1vª©Â¬k¼�zTvtu-y/r{zT|
� l®vxwÒ�
zTvtu-y/r{zT| wBu¦��zTu-�
� � lÎvxwÒ~�¬k�/r{z � l�ºV°Ò��wBu��
h�lÏvxwÒ�
zTvtu-y/r{zT|¦rt|-rty/rxwBv{lflky·° � �
zTrty
lfvxw
��zTvtu-y/r{zT|m¿�|�wBv{l�µ-¶}|&��zT|��/y�wBy
l�³�u�l.vxw��
¬k��r{zT|­w � wB~-y
¬�l}l��
y�	ëzT~-y/rtj�wBv{l�C9wBu&�
lk|��Vz$#�v{l�y
lkjH~��
�¯wB��wT�ky
¬k�/r{�
y/r{³�u�l � u j�wBrtvtvxwB��l

τ
l��/y � l}vª©ÂzT� � �
l � u·y
lkjH~��

∆t
lk|�y/�
l � lku\�·w � wB~-y�wBy/r{zT|��¾µ-Ô�l

~-vtu��¾º	zT|Ï�
lkj�wB�
³�u�l*³suR©Âlkvtv{l�l��
y9°mvxwHÐÞzTr{� � ¬?¿�|-r{l�~"zTu-��v{l�j�wBrtvtvxwB��l � l��/u-�ÑÐÞwT��l�lky�~�zTu-��v{l
j�wBrtvtvxwB��l � l&¼�zTvtu-jml�µ½qsu-��vxw �1rt��u-�
l·���\º1zT|«¼�zTrtyH�kvxwBrt�
lkjmlk|�yHv{l �¯wB��wT�ky
ik�
l·rtjH~-�
¬k¼sr{�
rt�-v{l
� l��m~-h�¬k|�zTjmik|�l��m~-h��\�/r{³su�l��¯º,w�¼�l��Î|�zTy�wBjHjmlk|�y u-| ����wB| � |�zTj��-�
l � l·�
lk��zT| � �m�
u-�Hv{l��
���By/rtjmlk|sy
�¯µ

§¨lky/y
l
�/rtj�u-vxwBy/r{zT|�w�¬ky
¬
l� =l��ky/u�¬�l¨�
u-�1u-|�l
�
y�wBy/r{zT| � l¨y/��w¯¼TwBrtv ���½��������°}n���� �®h ��w¯¼�l��
1
�9z � l�jm¬kjmzTrt�
l�µ 	 vª© rty
¬k��wBy/r{zT|

23
º�vxw���¬k|�¬k��wBy/r{zT| � u�j�wBrtvtvxwB��l.¿�|�wBv1Ã

739 854
�
zTjHjmlky
�?Ä

w � u-�
¬
10

��l���zT| � l��o~"zTu-��vxwÎ�
u-�ÑÐÞwT��lmlky
310

�
l���zT| � l���~�zTu-��v{lm¼�zTvtu-jml�µ �1zTu-��v{l��¯wBv{�ku-v
� l vª©Â¬���zTu-v{lkjmlk|sy¯º,v{l­�
zTvt¼�lku-�®ÃÍl?�\~-vtr{�krty
l¾Ä�jmlky�°Ï~�lku ~-�
i��

4
h�lku-�
l��H~"zTu-�Hl� "l��ky/u�lk�

100rty
¬k��wBy/r{zT|��&�/u-�*u-| j�wBrtvtvxwB��l � l
750 000

�
zTjHjmlky
�¯µ(Á l­|�zTj��-�
l � © rty
¬k��wBy/r{zT|�� � l­�
zTvt¼�lku-�
l� =l��ky/u�¬�l��olk|sy/�
l � lku\�»w � wB~-y�wBy/r{zT|�� � ¬k~"lk| �»� l����¯wB��wT�ky
¬k�/r{�/y
³su�l�� � l�vª©Â¬���zTu-v{lkjmlk|�y�lky � l
vxw}y�wBrtvtv{l � l��(¬kv{¬kjmlk|�y
� � u�j�wBrtvtvxwB��l�ºTrtv-l��/y � zT|���wT�
�
l �¨¼�wB�/rxwB�-v{l�µ��1wB�,l?�-lkjH~-v{l�º�°.vª© rty
¬k��wBy/r{zT|
23

v{l��
zTvt¼�lku-�HwÎl� =l��ky/u�¬�lk|s¼srt�
zT|
200

rty
¬k��wBy/r{zT|��HwBuc��zTu-�
� � lmvxw � lk�/|-r{ik�
l�~"¬k�/r{z � l�µ1¶}|
��zT|��
y�wBy
l�³su�l�v{l��
zTvt¼�lku-�9|�u-jm¬k�/r{³su�l*��zT|�y/�/rt�-u�lm°�h�wBu-y
lku-� � l

95
� � u±y
lkjH~�� � l��¯wBv{�ku-v

��v{zT��wBvªµ�Á wH�/rtj�u-vxwBy/r{zT| � wB|����
zT|®rt|�y
¬k����wBvtrty
¬�w � u-�
¬�lou-|�l � r �¾wBrt|�l � l3�/zTu-�
�¯µ
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n�1 ��� � �tÅ����¾ÊkÉ����	��
��
�"Ë
Ê��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

%¸y
¬k��wBy/r{zT| g�lkjH~��.~-hs�L�/r{³su�l qLzTjHjmlky
� g
¬ky/��wTi � �
l�� gR�/rxwB|-��v{l��
�

0.027 280 525 1 630 619 40 736�¯�
0.05 603 644 3 541 268 63 526���

0.077 739 854 4 326 861 78 816���
0.1 743 735 4 328 741 87 322

���	��0(�E1 � �AÇ�� �\ÉÍÌÍÇ�� � Ê �ÀÅ±ÉªÅ�Ì	���tÊ � ÊDÈ �mÅTÌ��	�tÅ�
�Ê?È Å � ÅDÆ"É��DÈ·Å�� 
 � � ÊDÈ�ÌÍÉ��?ËÑÅ�ÉÍÌÍÇ���È �ëÇ�� � �
É¸ÊH�.Æ	È�� � � �cÆ	Ë � 5kÌýÈ�Ê �{Ê �	Ç�� �?Ë
Ê � Ê®ÈkÇ��6��ÊkÉFÈ � � ÊÏÉ��kÉÍË/Å�� � Ë
ÊDÈÒÊkÉ �;: ��� ����Ê���ÉFÈ � ÊÎÈJ�LË���Å	5�Ê
�ëÉÍËDÌÞÅ�� 
��tÊDÈ�� � Ê&5��LÅ	8H��Ê
�mÅTÌ��	�tÅ�
�ÊA�

+-,/.-0½�
�71�� 
�Å�� 5��\Ê�� �mÅTÌ��	�tÅ�
�Ê6
 �
Ç�� �kÉÍËDÌ98H��Ê � Ê �tÅ®ÈJ�LË���Å	5�Ê � � � Ç��HÅ�Ì	��Ê � � � Ë/ÇTÌFÉ¸Ê����tÊ
�mÅTÌ����ÀÅ�
sÊ � Ê&5
Å���5H� � � Ê9È��sË ��Å	5�Ê�Ì���ÌFÉÍÌÞÅ����
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+-,/.-0��¯� 1 � �BÇ�� �\ÉÍÌÞÇ�� � ÊDÈ�ÌxÈ�Ç��ªÈ��sË �kÅA5�ÊDÈ � Ê � Ê��-È?ÌFÉ�� � Å��-È��{Ê � Ç��mÅTÌ���Ê � Ê 5
Å�� 5H� �RÅ�� �HÉ¸Ê��}Æ�È
� � � ��� � � � � ��� � � � ���HÊkÉ � ���HÈ�Ê�5
Ç�� � Ê � � Ê 
�Å�� 5��\Ê # � Ë/ÇTÌÍÉ¸Ê�Ê�É � Ê �LÅ��\É
Ê�� �/ÅBÈ����
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n�� ��� � �tÅ����¾ÊkÉ����	��
��
�"Ë
Ê��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

+-,/.-0R�¯�)1 �ÏÅ�Ì	���ÀÅ�
�ÊDÈoÌýÈkÇ�ÉÍË/ÇDÆ-ÊDÈ�Å � ÅDÆ�É��DÈ � ÊoÈJ�LË���Å	5�ÊHÊkÉ � ÌýÈ?ÉÍË?Ì �H�LÉÍÌÞÇ��-È � : ÌxÈ�Ç�� � Ê��-ÈDÌÍÉ��DÈ)5
Ç�ËV�
Ë
ÊDÈ¸Æ\Ç�� � Å���É¸ÊDÈ �3Å�� � É¸Ê��}Æ�È � � � ��� � � � � ��� � � � ���HÊkÉ � ���HÈ�Ê�5
Ç�� � Ê �
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+-,/.-0����)1 �ÏÅTÌ����ÀÅ�
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