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SUT0V�WYXYZ\[^]�_a`bXacedgfhX'i2`bjg`kilV�WYXa`
mJnloqpkX�i2r\jNnlotsuX�v

]wcqxyxCoenbiwzgX%nlXa{?TyXanl{?TyX}|�~��gZa����[��Fcenl`w�e�e�q��[�Za��x0cq��Xa`

�h���a���t�y�e�e�%� X�zgXa`l{'nl��v�X%cYxCX�X�nb��iboq��xCX�X�n�`bjg`kilX�W�`b��WY����cenUibo� %c�zgX�WY����c$v0ce`bXaz,o�|hilTyX�¡2X���¢unldtpk��|
iloexCoe��oe��j£s���ibT¤xynbot¥tcevy��X�{'o�|0`¦�§`¦ibX�|�{'j�cq|0z¨cq����ots���|y�hXa¥eXanbj,WYXa`l`bce�eX�X�fg{?T�cq|y��X%ibo,nbXa��|y©ªoen?{'X${�oe|g�
i?ce{'i(��|y©ªoenlWYcqib��oe|3«¤¬w��ib��WYcqibXa��j`b��WYxy��X�nloedgil��|y�Filcqv0��XM`(cqnlXhc�{?Ty��Xa¥eXMz¤v�j�W�cq��|Nilcq��|y��|y�Fo�|y��j¤iksuo
® vyd0{?¯�X'i?`±°Aoe©	|yXa����T�v�o�nl`�ce|0zhx0nbot¥��§zg��|0�$W�ctfg��W�cq�3ce{a{'dyn?ce{�j�oq©�nbo�dgib��|y��ilcevy��XM`�«
²�³N´�µl¶(· �t¸��e� xCX�Xan¦��iboe��xCX�Xana¹yzy��`¦ibnl��v0dgibXMz£T�ce`bT�i?cqvy��Xe¹g¡AX'�±¢unbdtpk��|
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SUT0��`Yx0cex�Xan�zgXa`l{'nl��v�XM`�¢/nlo�o�`bXe¹uc¤xCX�Xan¦��iboe��xCX�Xan�zg��`¦ibnl��vydgibXMz T0ce`bTNilcqv0��X�xynloqilo�{�oe��«6@�ihcq����otsw`$ibo
`¦ibo�nbX,¯eXaje¹/¥Æce��d0XFce`l`¦og{'�§ctil��o�|0`$��| c7��o�oN`¦X,sucÆj��| ibTyXF`bX�|�`¦X,ibT�cti�|yogzgXa`���|à{?T0cqnl�eX,oq© `kiloenl��|0�
ilTyX�¥tcq��dyXM`wce`l`¦og{���cqibXazhibo�cY����¥�X�|�¯eXaj£cenbX�zgX	A0|yXMz£��|FcY��oNoN`¦X%sUcÆjh{�oe|�¥eXanl`bX���jYibo�WYoN`kiwxynlX�¥���oed0`
zy��`¦ibnl��v0dgibXMz�T0c�`¦TNilcevy��Xa`Jx0nbo�x�oN`¦��ib��oe|0`a«�SUTy��` ©ªXacqibdynlX2�§`/W�oN`kil��jY��|0`bxy��nlXaz�©ªnbo�WÚ %cezgXaW����§cCB �&D�«�SUTyX
W�cqpkoen���W�x0nbot¥�X�WYX�|Ni�ot¥eXanw %cezgXaW����§cYnbXM`¦�§zgXa`w��|,ibT0X(d0`bX%oq©Jc�¡AX'�±¢/nldtpk��|FS�o�x�o���o��ej�©ªo�nwnlXazgd0{���|0�
ilTyX%nloedgil��|y�$ilcevy��X�`¦�FE�X%cq|�z£Xa|yT0ce|0{'��|y�Y� i?`�ce{a{'dyn?ce{�je«
¢unloNoN`¦XU©ªo�����otsw`�ilTyXwv0c�`¦�§{wcexyxynlo�ce{?TYoe©�W�ce|NjYzg�§`kilnb��vydgilXaz�T�ce`bT�i?cqvy��Xa`Js�TyX�nlXw¯eXajg` cqnlX%ZHG��t��vy��i

v0��|0cenbjY`¦ibnl��|y�N`/ce|0z�s�TyXanbXAXac�{?T�|yogzgX2n?cq|�zgoeWY��jY{?T0oNoN`¦XM` ce|I@k¡���|hibTyX�ZHG��t��vy� i/¯eX�j�`bx0ce{�Xe«KJ2`u��|
 %c�zgX�WY����c0¹Cc£¯eXaje¹�¥tcq��dyXYce`l`¦og{'�§ctil��o�|���` `¦ibo�nbXMz�oe|�ilTyXY|yogzgXa`\{'��o�`bX�ilohilTyX�¯eX�j,©ªo�n `boeWYX$W�X�ibnl��{
��|0`¦ibXMcez oe©\`bxy��� ibib��|y��ibTyX�¯�X�j `bx0ce{�X,ceW�o�|y�7|yogzgXa`Y��| c¤nl������z W�cq|y|yXana« SUTy�§`�cq����otsw`$xynlot¥Æcevy��X
{�oe|0`b�§`kilX�|0{�j Xa¥eX�| ��|ÔcT0����Ty��j zgj�|0ceWY��{¤ce`bjN|�{?Tynbo�|yoed�`�{'oe|NilX'f�ia«L@±|�`kilXacezàoe©(`kiloenl��|0� {'o�|�i?ce{'i
��|g©ªo�nbW�ctil��o�| cqvCoedyi�|yogzgXM`���|à{?T0cqnl�eXhoq©\`bxCXa{'�(A�{£x0cqnbil`$oq©AibTyX,¯eXaj `¦x�ce{'X�¹Jvyd0{?¯�X'i?`(oe©2x�oN`b`b��vy��X
{�oe|Nilc�{�i?`AcenbX$WYce��|Ni?cq��|yXaz¨s�� ilTFibT0X���o�ce�	oe©/ce{?Ty��X�¥���|y�hvCXa`¦i%ce{�{�dyn?ce{'j�«"M/oe|Nibn?cqnl����j£ibo� %cezgXaW����§c
ilT0cti�W�cq��|�i?cq��|0`

O(log N)
vyd0{?¯eX�il`(©ªoen�Xac�{?T|yogzgX£s�T0X�nlX

N
�§`(ilTyXh|�dyW$v�Xan$oe©2|yogzgXM`�¹J¢unloNoN`¦X

W�ce��|Nilce��|�` o�|y��j�iksuo�vyd0{?¯�X'i?` xCX�nU|yogzgX\cq����ots���|y�%ilTyXAx0nboeibog{'o��yiboY{'o�|0{'Xa|Nibn?ctibX2oe|hc�{?Ty��Xa¥���|y�$v�XM`ki
c�{�{�dynlc�{'j�oe©�ibT0X�W�«
S	o�cq����ots ibTy�§`a¹qibT0Xwxynloqibog{�oe����`Jv0ce`bXaz�oe|$ibT0X2¡2X���¢unldtpk��|$iloexCoe��oe��je«NJ2� ilTyoed0�eT�ibTy�§`�iloexCoe��oe�ej(��`

��|Nibnl��`b�§{'��j�c�`¦j�WYWYX'ibnl�§{q¹qilTyX2x0nboeibog{'o���cq����otsw`�X�O�{'��X�|NiudyxCz0ctibXAoq©�ibT0X2vyd0{?¯�X'i?`Joq©�{�oe|Nilc�{�i ��|g©ªo�nbW�ct�
il��o�|�v�j�d0`b��|y��`¦��W(d0� i?cq|yXaoed0`b��j�ce|0z���|0zg�(PCXanbXa|�il��jYiksuo(nlX�¥�X�n?`¦X2��o�oe¯�dyx£`b{?TyXaWYXa`a«QJâ��o�o�¯Nd0xhcq����otsw`
ce|�j�|yogzgX iboY��o�{actilX\|0o�zyXa`�s���ibTR@k¡\`�{'��o�`bXAilo�c�zyXa`¦ib��|0ctil��o�|,¯�X�j�v�j�©ªo�����ots���|y��`b��W(dy��ilce|yX�o�d0`¦��j

αx�ctibT�`�«
S XM{�il��o�|Y�AzgXa`l{'nl��v�XM`�ibTyX�¡AX'�±¢/nldtpk��|(iloexCoe��oe��j ce|0z$WYce¯eXM`	ce|$ot¥�X�nl¥N��X�soe©0X'fg�§`kil��|0� zy��`¦ibnl��v0dgibXMz

T�ce`bT�i?cqvy��Xa` `¦o���dgil��o�|0`Jv�ce`bXaz�o�|�� iM« S Xa{'ib��oe|I=(zyXa`l{'nl��vCXa`JibTyXAvynbXMcq¯NibT0nbo�dy�eTYxynloexCo�`bXaz�v�j� %cezgXaW$�
���§cy« S Xa{'ib��oe|F�,zgXa`l{'nl��vCXa`2ibT0X$W�cq��|¨zgX�ilce���§`2oe©/¢unbo�oN`¦X ©ªo�n\c�zycqxgil��|0��ibT0X�¡AX'�±¢unbdtpk��|�iloexCoe��oe�ej£ibo
ilTyX�cqW$vy��ib��oed0`U��o�cq�§`uoq©� %cezgXaW����§c�zyXa`b����|3«
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o0oen�cq|�j

n
��vy� i�vy��|0cenbj�`¦ibnl��|y�

u
¹g��X�i

u[i, j]
zgXa|yoqilX2ilTyX%`¦dyv�`kilnb��|y�$©ªnbo�W ibTyX

i
ibT£vy� iUilo$ilTyXup

th
vy� iM«

o0oen X'fyceW�x0��X�¹
u = u[1, n]

«�SUTyX�¡2X���¢unldtpk��|
Bn
��nlcexyTqpQ`¦XaX+B =�D�©ªo�n ce|¤ot¥�X�nl¥���Xas*r�ot¥eXan

N = 2n|0o�zyXa`\��`\zgX	A0|yXaz7ce`2©ªoe����otsw`�«tsJ¥�X�nlj,|0o�zyX
u
T0c�`2iksuo£`bd0{a{'Xa`l`boen?`	u

u[2, n]0
cq|0z

u[2, n]1
póoe|yX�oq©

ilTyXa`bX£`bd0{a{'Xa`l`boen?`%W�cÆj7vCX
u
��il`bX���©9r�«SUTy�§`�`¦��WYxy��jzgX	A0|yXMz �en?cqx0TT0ce`(ibTyX,xynloexCX�nbikj¤oe©wT0cÆ¥���|0�

{�oe|0`¦ilce|Ni���|g�±zgX���nbXaX�cq|0zYo�dgi¦�±zgX���nbXaXw� cq|0z���oe��cenb��ibT0W��§{Uzg�§cqWYX'ilX�n
n
«wvA|yXw{�ce|YXace`b����j"A0|0z�c nloedgilX

©ªnloeW
u
ibo�cq|�jF|yogzgX

v = v1 · · · vn
u

u[2, n]v1 → u[3, n]v1v2 → · · · → u[n, n]v1 · · · vn−1 → v
«

x2oqilXYibT0cqi(cq|yoeibTyXan%nbo�dgibX�{�ce|¤vCX�`b��WY����cenb��j�©ªoed0|0z7vNj¨©ªoe����ots���|y��Xazy�eXa` v�ce{?¯�sucenlz3«�SUTy�§`%��nlcexyT
{acq|,v�X%XMce`b����j���X�|yXanlce���FE�XMz�ibo�c

∆ = 2b zgX���nbXaXA��nlcexyT£s���ibT log N/ log∆
zy��ceW�X�ibXana«
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S X�¥eXanlce��xynloexCo�`b��ib��oe|0`"B�Zq¹3��¹3�#D�T0cÆ¥�X�vCX�X�|¤W�cezgX(ibo�cezycexgi2ilTyX�¡AX'�±¢unbdqpk��|�iloexCoe��oe��j£��|FilTyX�{�oe|g�
ilX'f�i oq©/zg�§`¦ibnl��vydyibXaz¤T0c�`¦TNilcevy��Xa`a« SUT0X�jFcez0zgnbXM`b`2ibT0X�x0nbo�vy��XaW oq©/{�oe|0`¦ibnld0{�il��|0�£c,¡2X���¢unldtpk��|¤����¯eX
iloexCoe��oe��jFs�� ilTc�¥Æcenb�§cqv0��XY|�dyW(vCX�n(oq©U|yogzgXa`

N
«hSUTyX�j7`¦T�cqnlXY`boeWYX�`b��WY����cenb��ib��Xa`Hu�Xac�{?T¤|0o�zyX���`

`bdyxyxCo�`bXaz�ibo�v�X\��zyX�|Nib�(A0Xazhv�jYce|
n
��vy� iUvy��|0cqnlj�`kilnb��|y�

u
pªikjNx0��{acq����j

n = 160
rJce|0z��§`u`bdyxyxCo�`bXaz�ibo

`¦ibo�nbX�ce���	¯eXaje¹0¥tce��dyXM`2c�`b`bog{'�§ctib��oe|�`u©ªoen2`boeWYX�n?cq|y��X%oq©�¯eXajg`
Iu
«

Iu
��`Acq��W�oN`ki2ce��sUcÆjg`wcq|���|NibXanb¥tcq�

{�oe|Nilce��|0��|y�
u
«woyoenUilTyX�`lcq¯eX\oq©�`¦��WYxy����{�� ikj�¹ys/X s���������zgXa|Nib��©ªj£c�|yogzgX

u
cq|�z£��il`�@k¡$«

 Ao�oen?zgX�BÏ��D3zgX�A�|yXa`
Iu
c�` ilTyX\¯eX�jg`u`¦W�ce����X�n/ibT0ce|

u
cq|�z��enlXacqibXanJibT�cq|�ilTyX\xynbXM{'XMzg��|0� @k¡$«bp�Jw���

@k¡\`�cenbXYoen?zgXanbXMz¤ce��o�|y�,ibTyX�{�j�{���X�oe©ud0|0`¦���e|0Xaz¤��|NibXa�eXanl` oe©
n
vy��il`�WYogzgdy��o

2n « r`oyo�n�x2ceoen�cq|�z
� ��XazyX�n+B �#D�¹�|yogzgX

u
W(d0`¦i�`¦ibo�nbXhibTyX£¯eX�jg`$v�X�iks/XaX�|

u
cq|�z�ibTyX,|yX�fNi @k¡$«�SUT0X�j�¥���Xas ibTyX,¯eXaj�`

ce|0z¤ibTyX @k¡A`$ce`%ilTyX�vy��|0cenbj¤nbXaxynbXM`¦Xa|Nilctil��o�|0`\oq©�nlXacq�§`%��|
[0, 1)

p
u
�§`(ce`l`bo�{���cqibXMzFilo

0.u1 · · ·un
r

v0dgi%oevgi?cq��|7c,¥eXanbj�`b��WY����cen%zgX�A0|0� il��o�|7oe©
Iu
«RpóSUTy�§` ® {'oe|Nil��|�dyo�d0`Acexyxynlo�c�{?T�°$cq����otsw` c£¥eXanbj�|y�§{'X

��|NibXanbxynlX'i?ctil��o�|,oe©�ibTyX�¡2X���¢unldtpk��|��en?cqxyT�s�TyXanbX�ibTyX(iks/o�x0nbXMzgXa{�Xa`l`¦o�nl`Uoe©�ch|yogzgX�s���ibTFnlXace��@k¡
rcenbX

r/2
cq|0z

r/2 + 1/2
« r\@±|¤¡ �q¢ B�Z	D�¹�Xace{?T¨|yogzgX

u
T�ce` ch�§cqvCX��

u[1, l]
s�Ty�§{?T¤�§` chx0nbX	AyfFoq©

u
«

l
��`AilTyX�`¦W�cq����Xa`¦i\��|0zgX�f¨`¦d0{?T¨ibT0cqiAilTyXY��cev�Xa��oq©

u
�§`Ad0|y���NdyX�«

Iu
�§`AibTyXa|¤zgX	A0|yXaz7ce`2ibT0X�¯�X�jg`

kc�zgWY� ibib��|y�YibT0��`U�§cqvCX���c�`UxynlX�Ayf p
k[1, l] = u[1, l]

r�«
� X�{�ce|£zgX	A0|yX

Iu << 1
c�`/ibTyX%`bX'i�oq©�¯eX�jg`

k
`bd0{?T£ibT0cqi

0k[1, n− 1]
oen

1k[1, n− 1]
�§`U��|

Iu
«

SUT0X(v0c�`¦�§{%�§zgXac���|�ilTyX�ilTynbXaX(xynloexCo�`b��ib��oe|0`w{�oe|0`b�§`ki\��|F����|y¯���|y�h|yogzgX
u
ibo£ce���	|yogzgXa`A��|¨{?T0cqnl�eX%oe©

ce|�j�¯eX�j���|
Iu << 1

«0xwoqilX(ilT0cti
u
W�cÆj�T0cÆ¥eX$WYoenlX(ilT0cq|�h`bd0{a{'Xa`l`boen?`ws�TyXa|¨ilTyX @k¡A` cqnlX�|yoqi

`bWYo�oqibT0��j£v0cq�§cq|0{�Xaz�« x2cqo�nwcq|0z � ��XazgXan2��|Nibnlo�zyd0{'X ilTyX ® `bWYo�oqibT0|yXa`l`±°
ρ
oq©�ibT0X @k¡A`Azg��`¦ibnl��vydgib��oe|

c�`
ρ = maxu,v

|Iu|
|Iv |

« J2���U|yogzgXM`$T�cÆ¥eX�ilTNd�`�zyX��enlX�X
O(ρ)
¹ TyotsuX�¥�X�n$� i�{�ce| v�X�`bTyots�|ibT�cti�ibTyX
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