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Abstract: A unifieda contrario detectionrmethodis proposedo solve threeclassicalproblemsin clustering
analysis. Thefirst oneis to evaluatethe validity of a clustercandidate. The secondproblemis that mean-
ingful clusterscan containor be containedin other meaningfulclusters. A rule is neededo definelocally

optimalclustersby inclusion. Thethird problemis thedefinitionof a correctmerging rule betweermeaningful
clusters permittingto decidewhetherthey shouldstayseparat®r unit. The motivation of this theoryis shape
recognition.Matchingalgorithmsusuallycomputecorrespondencdsetweermoreor lesslocal featureqcalled
shapeelementspetweerimageso becomparedThis paperintendsto form spatiallycoherengroupsbetween
matchingshapeelementsnto a shape.Eachpair of matchingshapeelementsndeedleadsto a uniquetrans-
formation(similarity or affine map.) As anapplication the presentheoryon the choiceof theright clustersis

usedto grouptheseshapeslementsnto shapedy detectingclustersin thetransformatiorspace.
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Une méthodede détectionde groupeset application ala reconnaissancee
formes

Résumé: Une méthodede détectiona contrario estproposéegpour résoudretrois problémesclassiquesle
clustering. Le premierestd’évaluerla validité d’un clustercandidat. Le secondproblemeestqu’un cluster
peuten contenirun autre,ou lui mémeétre contenudansun cluster Une régle estnécessairgour choisir
les clustersoptimauxlors de tellesinclusions. Le troisiemeproblémeestla définition d’'une régle de fusion
correcteentredeuxclusters permettantle décidersi ceux-cidoiventresterséparé®u au contrare étrefusion-
nés. Cetteétudeestmotivée par une applicationde reconnaissancdesformes. Les algorithmesde miseen
correspondancealculenten généraldescaractéristiquetocales(appelée€lémentsde forme dansle présent
article), qui sontensuitecomparées.Notre but estde montrerqu’on peutformer desgroupesspatialement
cohérentg’élémentsde formes. Chaquecorrespondancentreélémentde forme définit en effet une unique
transformatior(similitude ou transformatioraffine dansle casprésent) Le groupementie cestransformations
permetde détecteddesformesa partir desélémentsie formes.

Mots-clé: Validité d’'un cluster criteredefusion,nombrede fausseslarmesreconnaissanode formes
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1 Intr oduction

1.1 Problem statement

Clusteringaimsat discovering structurein a point dataset, by dividing it into its “natural” groups. Thereare
threeclassicaproblemsrelatedto the constructiorof theright clusters.(SeeFig. 1.)

1. Thefirst oneis to evaluatethevalidity of a clustercandidateln otherwords,is agroupof pointsreally a
clusteri.e. agroupwith alargeenoughdensity?
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4 Cao,Delon,DesolneuxMusé,Sur

2. Thesecondoroblemis thatmeaningfulclusterscancontainor becontainedn othermeaningfulclusters.
A rule is neededo definelocally optimal clustersby inclusion. This rule, however, is not enoughto
interpretcorrectlythedata.

3. Thethird problemis the definition of a correctmerging rule betweermrmeaningfulclusters permittingto
decidewhetherthey shouldstayseparater unit.

A unifieda contrario methodwill beproposedIt consistsn detectingegionsof thespaceawith anunexpectedly
high concentratiorof points, relatively to a statisticalbackgroundmodel. In continuation,somecompleity
issuesandheuristicgto find soundcandidateclusterswill beconsidered.

Figurel: Thisfigureillustratesthreeaspect®f thegroupingproblem.Thefigure presenta setof datapointsin
the planeandsometestregionswherean exceptionaldensitymay be obsered, or not. Intuitively, theregions
H and do not containclusters. So a first questionis to rule out suchnon meaningfulclusters. A second
guestionis the choiceof soundcandidateegions: for instance shouldnot R; be enlagedto includethe point
a? As alastquestionwhatis the bestdescriptionof the obsenred clusters?Theregion R is a possiblegood
candidate put it also containsthe pointsof regions R; and R, which also are soundcandidates.Thus, the
questionarisesof whetherR shouldbe choserasclusterregion, ratherthanthe pair (R1, Rs).

This theoryis then usedto addressa shaperecognitionproblem. Given two images,how to anwerthe
guestiort'do thesetwo imageshave shapesn common?”.This questioronly makessensef asetof invariance
propertiess alsogiven. For instanceit is soundto assumeéhatthe perceptiorof ashapas widely independent
from the viewpoint. Hence,the recognitionprocedureshouldbe projective invariant, or, at leastfor remote
planarshapesaffineinvariant.It shouldalso be quiteindependentrom illumination conditions.And finally, it
shouldresistto partialocclusionsThislastrequiremenimpliesthat,unlessn specificapplicationsrecognition
cannotbe the mereresearctof global templates.Instead,more simple andlocal partsof shapesave to be
analyzedandidentifiedin eachimageof theconsideregair. Suchlocal parts,or shapeelementganbedefined
in severalways. In [30], shapeelementsare piecesof level linesthathave beenencodedn anaffine invariant
way. Thisrepresentatiomwill be adoptedn the following, but is definitively not the main scopeof the paper
Moreover, the theorythat follows canbe appliedexactly in the sameway to othertypesof descriptors.For
instanceSIFT descriptorg24] arelocalhistogram®f directionsjn similarity or affineinvariantneighborhoods
of keypoints. The main point is that shapeelementgefinelocal, invariantframes. The next recognitionstep
is to matchsimilar shapeelementsWhenshapeslementsarepiecesof level lines, sucha matchingprocedure,
with an analysisof the detectionthresholdhasbeendecribedin [30] andwill not be detailedfurtherin this
paper Theresultof this proceduras a setof pairsof matchingshapeelements.

Now, recognitionis obviously not terminatedat this point, andthis is wherethe resultsof this papercomeinto
action. Indeed,the local matchingdoesnot detectthattwo shapeelemens belongto the samesingle shape.
For this purpose shapeclementshave to be groupedtogetheywheneer they form coherenwholes. It is then
naturalto definegroups,assetsof shapeelementghataretransformedrom thefirst imageto the secondone,
by the sametransformabn. (In the presensetting,a similarity or anaffine map.) Thus,the problemof finding
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groupsof shapeelementscan be formulatedasthe detectionof groupsof transformationsi.e. a clustering
problem.Thesegroupsof shapeslementsaremoreproperto defineshapes.

The plan of this paperis asfollows. Sect.1.2 givesa shortoverview of therelatedproblemsin clustering
analysisandgroupingin shapeecognition.Sect.2 is thetheoreticakcoreof the paperandproposesananswer
to the threequestionsof validity, stoppingrule andmerging. In Sect.3, this theoryis appliedto perceptual
grouping,illustratedby simple experiments.In Sect.4, the applicationis to group pointsthat are geometric
transformationsgorrespondindgo matchesbetweenpartsof images.Sect.5 containsnumericalexperiments,
shawing thevalidity of the proposedapproach.

1.2 Relatedwork

The problemof finding groupsin a datasetis an active researcHield. It is involved in data-mining pattern
recognitionandpatternclassification.Themainclusteringtechniquesrepresentedn [7, 9,16,17,18, 20, 34].
All thesemethodsfacethe threegeneralproblemsabove. Dubes[8] andMillig anand Cooper[28] proposed
solutionsto the choiceof thenumberof clugers,which arerelatedto the stoppingrulein hierarchicaimethods.
Bock [2] andGordon [11, 12] are particularlyinterestedn the validity assessmentTheir approachis close
to whatwe call ana contrario method they definea backgroundnodelin which they measurehelikelihood
of the concentratiorof points. A uniform modelmay not be the mostadaptedmethod,andit may be useful
to definea data-dependertackgroundnodelasshallbe donein the next section. The methodof the present
paperis directly inspiredby Desolneuxet al.’s methodfor detectinggroupsof dats in animage[6]. In this
method,a hierarchicalclassificationof the setof dotsis consideredand meaningfulclustersare detectedas
large deviationsfrom a standardPoissomull model. A maximality criterion wasalsodefinedbut hadseveral
flaws thataretakenin considerationn theapproactproposedn this paper
Groupingphenomenarealsoprobablyessentiain humanperceptionln vision,thegroupingphenomenon
wasthoroughlyexploredby the Gestaltschool,from the founding paperof Wertheime{36]. In ComputeVi-
sion,thefirst attempt4o modela computationaperceptuabrganizationdatebackto Marr [26]. More recently
Lowe [25] proposed detectionframevork basedon the computatiorof accidentabccurrencesEventhough
therelationwith perceptuabrganizationwasnot highlighted,ComputeVision alsousedspatialcoherencéor
shapeor objectdetection.Oneof thefirst andbestexampleis Ballard’s work on the generalizedHoughtrans-
form [1]. In his paper Ballard proposedch methodextendingthe Houghtransformto ary kind of planarshape,
not necessarilydescribedoy an analyticformula. Stockman[33] presentednotherearly work basedon the
sameprinciple (recognizeatamgetshapeby finding clustersn thetransformatiorspace)whereheintroduceda
coarsdo fine techniqueallowing to reducethe searclcomplexity. Othervoting schemedjke GeometridHash-
ing [21, 37], the Alignmentmethod[15], or tensofvoting [27], arefrequentlyusedin detectionor recognition
problems.They arecomputationallymore expansve andcanbe lessaccurate.An adwantageof thesevoting
proceduress thatthey aresystematicandcanin principlebegeneralizedn ary dimension(althoughthecom-
putationalburdenoften becomedoo heary). However, they do not solve the decisionproblem. In [13, 14],
GrimsonandHuttenlochempresented studyon the likelihood of falsepeaksin the Hough parametespace.
Theirwork inspiredthe detectionmethodadoptedn this paper They indeedproposeda detectionframework
whererecognitionthresholdsrederivedfrom anull model(“the corspiracyofrandom®). Previousrecognition
methodgenerallyassociated singlethresholdwith eachtargetimage independentlyf thescenecompleity.
In contrastto thesemethodsthe groupingthresholdslerivedin this papersatisfyanimportantproperty: they
arefunctionsof the scenecomplity andof the uncertaintyin featureextraction. The methodof the present
article shareghesefundamentaideaswith Grimsonand Huttenlochers work. The computationakwiftness
is obtainedby a hierarchicalrepresentatiornf the transformatiorpoints. The definition of a data-dependent
backgroundmodelis crucial for avoiding false clusters: Grimsonand Huttenlochers methodassumeghat
matchedeaturesareuniformly distributedin theimage. This assumptions usuallynot valid [31]. Oneof the
obsenationof this paperis thatanempiricaldistribution canbe usedto detectgroupsin arbitrarydatapoints.
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6 Cao,Delon,DesolneuxMusé,Sur

2 Hierarchical clustering and validity assessment

2.1 A contrario cluster validity

The first contrikution is to definea quantitatve measureof validity of a group of points. A groupwill be
consideredsmeaningfuwheneerit is containedn aregionin which only few pointsareexpectedf thedata
weredrawvn at random.Hence a probability modelhasto be defined,aswell asthe preciseeventthatwill be
sought.

2.1.1 The background model

In all whatfollows, E is agivensubsebf R?, endavedwith a probabilitymeasurer (whichwill bealsocalled
badkgroundlaw.) By definition,7(R) is the probability thata randompoint belongsto R. We do not mention
measurabilityissueshere.They arestraightforvardin this context.

Thedefinitionof 7 is problemspecific.In generalijt is givena priori, or canbe empirically estimatedver the
data.(Seenext section.)

Definition 2.1 A backgroundgrocesss a finite pointprocess X;);—1, ... i in £ madeof A/ mutuallyindepen-
dentvariables,identically distributedwith law 7.

Let us now consideran obsered datasetof M points(x1, ..., x) in EM . A subsetof the dataset
will form a meaningfulgroupif animportantpartof its pointsbelongto a“small” givenregion, whene&er the
probabilityof thiseventis small. In otherwords,it couldnotbeexplainedby thebackgroundnodel. Therefore,
thecornerstonef thea contrario methodis to contradictthe following assumption:

(A) TheobservedV-tuple (z;);c¢1 ... a1y is a realizationof the badkgroundprocess.

Beforegoingfurtherlet usmake thefollowing crucialremark.Let usassuméor instancehat £ = (0, 1), and
7 is theuniformlaw on E. Then,given M pointsin E = (0, 1)?, it is alwayspossibleto find aconnectedet R

of arbitrarysmallprobability = ( R) containingall thedatapointsOf coursejt would beanonsenseo conclude
thatary setof pointsform a group. It meansthatthe regionsthatareto be consideredcanrot be completely
givena posteriorito the obsenation. Specialcaremustbe broughtto the type of eventthatareto be studied.
In particular the definition of a meaningfulgroupwill involve the total numberof candidateregions,andthis

numberhasto befinite. This limits the compleity of thefamily of regions.

2.1.2 Meaningful groups

Consideraregion R C E containingtheorigin, typically a hyperrectangleenteredat the origin. Assumethat

k pointsamong(x1, ..., x) belongto aregion of thetypex; + R, for somej, 1 < j < M. If kis large

enoughandr (z; + R) smallenoughpnewill obseneaclusterof pointsin z; + R which canhardlyhave been
generatedy the backgroundnodel. This groupof pointswill thenbe detectedn z; + R, by contradicting
the hypothesisthat the pointsare dueto chance.Clusterscanbe groupedaroundary of the z; andcanhave

ary shape.A genericshapefor thetestedregionsmust,however, befixeda priori. Theregion R will have to

belongto afinite family R of regions,whichwill be detailedfurther. For thetime being,let ussimply assume
thatR hasfinite cardinality#R andthatforall R € R, 0 € R.

In thefollowing, for £ < M € Nand0 < p < 1, letusdenoteby

B(M, k,p) = ; (];4>p7(1 )M

thetail of thebinomiallaw. GivenabackgroundprocessXi, ..., X andaregion R of E with probability
m(R), onecaninterpret3(M, k, 7(R)) asthe probabilitythatat leastk outof the M pointsof the procesdall
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into R. A thoroughstudyof the binomialtail andits usein the detectionof geometricstructuresanbe found
in [4].
Fix1 <j< MandR' € R. Wenote:

e X = (X, ..., Xu),thebackgroundprocess.
e X/ =(Xy, ..., Xp) with X; omittedin thelist
e K(X’,X;,R"), numberof pointsin thelist X7 belongingto X; + R'.

Definition 2.2 Let R bearegion of thetype R = X; + R’ for somej € {1, ..., M} andR' € R. Wecall
numberof falsealarmsof R = X; + R/,

NFA,(X,j,R)=#R-M-B(M —1,K(X’, X;,R),x(X; + R)). (2.1)

Wesaythat R = X; + R’ is ans-meaningfuregionif NFA,(X,j, R') <e.
By a slightabuseof notation, N F A (X, j, R") will alsobedenotecby NFA,(R).

As a sanity checkof the above definition, our aim is to prove that the expectednumberof e-meaningful
regionsis lessthane.

Proposition2.1 If X1, ... X is a badkgroundprocessthe expectecnumberof e-meaningfulregionsis less
thane.

Theproofis givenin appendix.

Remark The key pointis that the expectationof the numberS of meaningfulregionsis easily controlled.
The probability law of S would insteadbe extremelydifficult to computebecausef the interactionbetween
regions.

Let ussummarizeithe numberof falsealarmsis a measureof how likely it is thata groupcontainedn a
region R centeredon a datapoint, containingat leastk of the otherdatapoints, wasgeneratedby chance”,
asarealizationof the backgroundorocess.The lower NF A,4(R), the lesslikely the obsered clusterin the
backgroundprocess.By Prop.2.1, the only parametercontrolling the detectionis . This providesa handy
way to controlfalsedetectionslf, ontheaverage pneis readyto tolerateone“non relevantregion” amongall
regions,thene canbesimply setto 1.

Thefollowing propositionshaws thatthe influenceof the parametegtR andof the decisionparametee
onthedetectiorresultsis very weak.

Proposition2.2( [4]) LetR bearegionin R andlet
k*(e) = min{k : #R - B(M — 1,k,n(R)) < ¢}.

Then

a(M,e)

a(M,e)y/2n(R)(1 - n(R)) < k*(e) — n(R)(M — 1) < oA

(2.2)

whee a(M,e) = /(M — 1) In(#R/e).

Notice that k*(¢) is the minimal numberof pointsin a e-meaningfulgroup. By the precedingresult, this
decisionthresholdonly hasalogarithmicdependancapon#R ande.

Figure2 shavs anexampleof clustering. The dataconsistsof 950 pointsuniformly distributedin the unit
sgquareand50 pointsmanuallyaddedaroundthepositions(0.4, 0.4) and(0.7,0.7). Thefigureshovstheresult
of a numericalmethodinvolving the abose NFA. The backgrounddistribution 7 is taken uniformin (0,1)2.
Both visible clustersarefound andhapperto belongto regionswhoseNFA's arerespectiely 10~7 and10~8.
Suchlow numberscanbarelybe the resultof chance.How to obtainexactly thesetwo clustersandno other
larger or smalleroneswhich would alsobe meaningful ?This will bethe objectof the next two sections.
RRN°5695
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Figure2: Clusteringof twice 25 pointsaround(0.4,0.4) and (0.7,0.7) surroundedy 950i.i.d. points,uni-
formly distributedin theunit square Theregionsof R arerectanglessdescribedn Sect.2.3.1.In thisexample
#R = 2500 (50 differentsizesin eachdirection). Exactlytwo maximalmeaningfulclustersaredetected(See
Sect.2.2for thedefinitionof maximality) TheNFA of thelower left oneis 10~® while the uppefright onehas
aNFA equalto 1077,

2.2 Optimal merging criterion

In Sect.2.1.2,it wasproposedo restrictthespaceof teststo regionsof theform x; + R, wherex; is anobsenred
datapointand R € R, afixedfinite setof regionscontainingthe origin in R”. While eachmeaningfulregion

is relevantby itself, thewhole setof meaningfulregionsexhibits, in generalahighredundang Indeedavery
meaningfulregion R usuallyremainsmeaningfulwhenit is slightly enlagedor shrunkinto aregion R'. (See
Fig.1.)

If, eg. R C R/, thisquestioris easilyansweredy comparingV F A, (R) andN F' A,(R’). Theregionwith the
smalleshumberof falsealarmsmustof coursebe preferred Anothermoresubtlequestiorarisesvhenthreeor

moreregionsinteract.Let R; and R betwo testedregionsand R anotheitestedregion containingall thepoints
of Ry andR,. Letuscall R a“mergedregion” of R; and Ry. We thenfacetwo conflictinginterpretation®f

thedata:two clustersor justone?The melgedregion R is not necessarilya betterdatarepresentatiothanthe
two separatelusterregions R; and Ry. A first possibility is that R is lessmeaningfulthaneachone of the
meiging ones.In suchacase,R; and R, shouldbe kept,ratherthan R. The situationis lessobviouswhenR

is moremeaningfulthanboth R; andRy. In thatcase keepingR; and R, apartmay still be opportune.Soa
guantitatve meging criterionis required.We shallfirst definea numberof falsealarmsfor a pair of regions

This new valuewill becomparedo the NFA of themeigedregion. Let usintroducethetrinomial coeficient

() =)

M M-—kq

M(M’ klu k27 1, 7T2 Z Z ( >ﬂ'1ﬂ'2 1 — T — 7T2)M_i_j. (23)

i=ky j=ko

We note

This numbercanbe interpretedasfollows. Let Ry and Ry be two disjoint regionsof E andm; = w(R;),
w9 = 7(Ry) theirprobabilities.ThenM (M, ki, ko, 71, 2) is theprobabilitythatatleastk; amongthe M, and
thenat leastks pointsamongtheremainingM — ki, fall into R; and R, respectiely. Thus,this probability
measure$fiov exceptionala pair of concentratedlusterscanbein the backgroundnodel. We aim at defining
anew NFA for suchevents.As in the studyof e-meaningfulregions,somecaremustbe taken of notationand
abbreviations. Let1 < i # j < M andR’, R” € R. Now, two testedregionsz; + R’ andz; + R” may
intersectandwe have to dealwith this possibility We note

INRIA



GroupsDetectionand ShapeRecagnition 9

e X =(Xy, ..., Xy), backgroundprocess

X4 = (X1, ..., Xu) with X;, X, omittedin thelist
L4 Ri:XZ"FR/,Rj :Xj+RII
K(X,i,j, R', R") = numberof pointsamongX® belongingto R; \ R; = (X; + R') \ (X; + R").

K;=K(X,i,j,R,R"),andK; = K(X, j,i, R, R") obtainedby reversingtherole of i and;.

II; = n((Xs + R\ (X; + R")), II; = 7((X; + R") \ (Xi + R))
Definition 2.3 We call numberof falsealarmsof therandompair of regions(R;, R;) = (X; + R/, X; + R")

M(M —1)*(#R)?
2

NFAHH(X’i7j7R,7R//) = M(M - 27Ki7Kj,Hi7Hj)' (24)

We saythata randompair of regions(R;, R;) is e-meaningfuif NF Ay, (X, 14,7, R, R") < . Withoutambi-
guity, NF Ay (X, 4,5, R, R") will alsobedenotecby NF Ay (R;, R;).
Again,theaimis to prove thatthe expectednumberof e-meaningfulpairsof regionsis lessthane.

Proposition 2.3 Theexpectechumberof e-meaningfupairs of regionsis lessthane.

This propositionleadsto thefollowing heuristic. Two measuresf meaningfulnesareavailable:the N F A
of aregion andthe N F A of a pair of regions. Sincethe numberof e-meaningfulregionsor pairsof regions
is aboute in the backgroundnodel,we considerthatthey have the sameorderof magnitudeandthey canbe
comparedo definea megion criterion.

Definition 2.4 (Indi visible region) Let R; and R betworegionsand R aregioncontainingall thedatapoints
of Ry and Ry. We saythat R is indivisiblerelativelyto Ry and Ry if

NFAy(R) < NFAu(Ry, Ry). (2.5)

GivenasetR of testregionsand R anelemenbf R, R is saidto beindivisiblein R if it is indivisiblerelatively
to all pairs (R, R2) of regionsin R sud that R containsthedatapointsof R; and Rs.

Equation(2.5) represents crucialtestfor the coherencef a clusterregion. If it is notfulfilled, R will not
be consideredhsa valid region, asit canbe divided into a more meaningfulpair of clusterregions. The next
lemmawill prove usefulin speedingip the meiging decision.

Lemma 2.1 For everyk; andkz in {0, ..., M}, sudhthatk; + ko < M andfor everym; andms in [0, 1] sud
thatm; + m < 1,
M(M, kl, kQ,TFl,TFQ) < B(M, kl,ﬂ'l) . B(M, kQ,TFg). (26)

Thisresultof “negative dependencedf the binomialdistributionis not obviousandhasbeenprovedin [19] by
Joag-D& andProschanWe areactuallyinterestedn its consequenct follow.

Proposition2.4 If R isindivisiblewith respecto R; and R», then

NFAy(R) < % -NFAy(Ry)- NFA,(Ry)

RRn° 5695



10 Cao,Delon,DesolneuxMusé,Sur

Proof. From(2.4)andDef.2.4,onehas

M(M —1)*(#R)?

NFAgy(Ry, Ry) = ;

M(M - 2) kla kQ,Tl'l,TI'Q)

and
NFAg(Rl) = M(#R)B(M - 1,/@,7@), 1= 1,2.

By Lem.2.1,it follows
1
NFAy, (R, Ry) < 51\43(79&73)213’(z\4 — 2, k1, m1)B(M — 2, ko, o).

SinceB(M — 1,k,p) < B(M, k,p) for all M, k andp, theresultfollows. O
Proposition2.4 is usefulfrom the computational/iewpoint, sincein mary casesonecanavoid computing
thetail of thetrinomial distribution by “filtering” thoseclustershatdo not passthe necessargondition.

2.3 Computational issues
2.3.1 The choiceof testregions

Whatis the right setof testregionsR? This questionis obviously applicationdriven. To fix ideas,let us
just indicate a possiblechoice. For somereasonablyfixeda > 0, »r > 1 andn € N, let us considerall
hyperrectanglesvhoseedgelengthsbelongto the set{a, ar, ar?, ..., ar™}. This allows oneto consider
a tractablenumberof testregionswith very differentsizesand shapes.The choiceof the hyperrectangless
particularly opportunewhenthe probability distribution 7, definedon a hyperrectangle® of R”, is a tensor
productof one-dimensionatiensitiest;, ..., wp. We addresghe questionwith more detailsin the next
section.

Definition 2.2 permitsto computethe NFA of ary ted region centeredat a datapoint. Sincethe number
of scaless n in eachdimensionthereare MnP regionscenteredat a datapoint. In the next section,D = 4
or 6. Fromthe numericalfeasibility viewpoint, Mn” becomesgoo large whenn grows. This explainswhy
thetestingcannotgenerallybe performedthis way. It is betterto involve a tree structureof the point dataset
obtainedby a hierarchicalklusteringalgorithm.A hierarchicalorganizationof the datacanbe usedto limit the
numberof testedregions,by proceedingsfollows.

Onestartsby applyingto the datapoint seta so-calledhierarchical clusteringmethod. The hierarchical
clusteringmethodsprovide a family of nestedpartitionsof the point dataset. They yield a tree structurein
which eachnodeis a partof the setanda candidatecluster This treeis sometimegalleddendogram[17].

Many of themostcommonaggreyationprocedurgproceedoy arecursve binarymeiging procedure Thus,
they directlyyield binarytrees.In suchmethodstheinitial setof nodess thesetof datasingletons{z1}, ..., {zn}.
At eachstageof the constructionthetwo closestnodesareunitedto form their parentnode. The inter-cluster
distancemustbe choserad hoc In the caseof sparsedata,onecantake the minimal distanced(z;, z;) where
x; belongsto thefirst clusterandz; to the secondone. The nodesof thetreeareall meigedpartsatall levels
andthedaughterof anodearethetwo partsit wasmemgedfrom.

Let it be clearwhy sucha constructioncanbecomenecessaryThe setof all possiblepartitionsof a data
point setis huge. A treestructurepermitsto reducethe explorationto the searchof an optimal subtreeof the
initial treestructure.Thisreductionmakessenséf the setof nodesof theinitial treestructurecontainsroughly
all groupsof interest.Thechoicesof theright metriconthedatapointsetandof theright inter-clusterdistances
mustbe carefully specifiedfor the problemof interest.

Givenadendrogranof thedatapoint set,thefollowing algorithmpermitsto exploreall regionscenteredat
datapointsandcontaininga nodeof thedendrogram.

Grouping algorithm
For eachnodeG (candidategroup)in theclusteringtreeor dendrogram,
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GroupsDetectionand ShapeRecagnition 11

1. for eachpoint z of thenode:

(a) Find the smallestregion = + R centeredat this point, and containingthe otherdatapoints of the
node.Call k£ 4+ 1 thenumberof datapointsit contains.

(b) ComputetheNFA of theregionasM - #R - B(M — 1,k,w(x + R)).

2. Associatewnith thenodeG theregion R(G) with lowestNFA thuscomputedijt containghe pointsof the
nodeG, but mayalsocontainotherdatapoints.

Oncethis algorithm hasbeenperformed,a candidateclusterregion is associatedvith eachnode. By a
harmlessabuseof notation,letusnote NF A, (G) = NFA,(R(G)) . Inthesameway, if G; andG, area pair
of nodesandR(G1) andR(G>) theirregions,note N F' Ay, (G1,G2) = NF Ay, (R(G1), R(G2)). In thatway,
theclusteringtreeis endavedwith NFA's for nodesandfor pairsof nodes.Corversely thesetR of regionsof
theform R(G) inheritsthetreestructure.

2.3.2 Indivisibility and maximality

We arenow facedwith Question®2 and3 mentionedat the beginning of the presentarticle: we cangetmary
meaningfulclustersby the precedingmethod. Their NFA is known. Onecanalsocomputethe NFA of a pair
of clustersandcomparet roughlyto the NFA of their union. The next definition proposes way to selectthe
right clusterspy usingthe clusterdendrogram.

Definition 2.5(Maximal e-meaningful group) A noderegion R = R(G) in R is maximale-meaningfulif
andonlyif

1. NFAy(R) <e,
2. Risindivisiblewith respecto all its pairs of descent.
3. for all indivisibledescent?’, NFA,(R') > NFA,(R),

4. for all indivisibleascentR’, either NF A (R') > NF A,4(R) or there existsan indivisible descent?” of
R suhthat NFA,(R") < NFA,(R').

We saythat G is a maximale-meaningfulf R(G) is.

Condition4 impliesthat R canbe abandonedor alargerregion only if this region hasnot beenbeaterby one
of its descentslmposingcondtions 3 and4 ensureshattwo differentmaximalmeaningfulgroupsaredisjoint.
Let usalsoremarkthatthe indivisibility is requiredonly with respecto pairsof descent.Indeed,Def. 2.4is
theoreticallysatisfyingbut not pratically tractable. Hence a slightly wealer conditionis imposed.

Let usillustratethecritical importanceof the meging conditionwith two simpleexamples.Figure3 shavs
a configuation of 100 points, distributedon [0, 1]2, and naturally groupedin two clustersG; andGs, for a
backgroundmodelwhich is uniform in [0, 1]2. In the hierarchicalstructure,GG; and G5 arethe children of
G = G1 U Ga. All threenodesare obviously meaningful,sincetheir NF A, is muchlower than1. Their
NFA, alsois lower thanthe N F'A, of the othergroupsin the dendrogramIt hasbeenchecledthatfor this
particularconfiguration,

NFAy(Gy) < NFAy(G) < NFA,(Gh).

It is clearthat G, representsininformative partof the datathatshouldbe kept. This will bethe case.Notice
that G5 is more meaningfulthan G andis containedin G. Thus, G would be eliminatedif only the most
meaningfulgroupsby inclusionwerekept. On the otherhand,G is moremeaningfulthanG,, sothatG; is
not alocal maximumof meaningfulnessyith respecto inclusion. So, without the notion of indivisibility and
maximality, troublewould arise:G would eliminateGG; andGs would eliminateGG. Onewould getthesolution
indicatedin the middle columnof Fig. 3. In fact, G is notindivisible sinceit is lessmeaningfulthanthe pair
RRN°5695
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(G1, G2). Thus,theresultof the groupingprocedureyields,in accordancavith therule of Def. 2.5, the pair
(G1,G2).

In [6], theabore mentionednaximality definitionwasproposedit consistf takingthelowestNFA in all the
brancheof the tree. As hasbeenjust seen,this definition is not suitablehere. By this definition, G2 would
have beenconsideredsthe only maximalmeaningfulclusterof thetree.

Fig. 4 illustratesanothersituationwheretheindivisibility checkyieldstheintuitively right solution.In this
example,the union G of two clustersG; and G4 is moremeaningfulthaneachseparateluster Without the
indivisibility requirement(G would be the only maximalmeaningfulgroup. This would have beencoherent,
hadG; andG, beenintricateenough.In the presenteadase theindivisibility conditionyieldstwo clustersG
andGy, sinceN F A,y (G1,G2) < NFAH(G).

=
s

Ry

N & et
05 R »

i~

Figure3: Indivisibility preventscollateralelimination. Eachsubfigureshavs a configurationof points,anda
pieceof thecorrespondinglendrogramyith theselectiorof maximalmeaningfulgroups depictedn grey. The
numbersn eachnodecorrespond$o — log (N F'A,) of its associatedluster sothattheclusteris meaningful
whenthis numberis large. The numberplacedbetweentwo nodesis the N F'A,, of the correspondingpair.
Left: original configuration. Middle: the nodeselectedby taking only the most meaningfulgroupin each
branch. The right-mostgroup G- is eliminated. It is, however, very meaningfulsince N F A, (G2) = 10718,
Right: by combiningindivisibility andmaximality criteria,bothclustersG; andG; areselected.

3 Experimental validation: object grouping basedon elementaryfeatures

Grouping phenomenare essentiain humanperception,sincethey are responsibl€for the organizationof
information. In vision, groupinghasbeenespeciallystudied by Gestaltpsychologistdik e Wertheimer[36].
The aim of theseexperimentsis to extract the groupsof objectsin an image, that sharesomeelementary
geometricaproperties The objectsboundariesreextractedassomecortrastedevel linesin theimage,called
meaningfulevellines(see[5] for afull descriptionof this extractionprocess)Oncetheseobjectsaredetected,
sayO1,...Oyr, we cancomputefor eachof themalist of D featureqgrey level, position, orientation,etc...).
If & objectsamongM have oneor seseralfeaturesin common,we wonderif it is happeningyy chanceor if it
is enoughto groupthem. Eachdatapointis a pointin aboundedsubsebf R” andthe methoddescribedibore
is applied.(Actually, somecoordinatesasanglespelongto the unit circle, sinceperiodicitymustbetakeninto
account.This canbedoneall thesame.)
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Figure4: Indivisibility preventsfaulty union. Eachsub-figureshavs a configurationof points,anda piece
of the correspondinglendrogramwith the selectionof maximal meaningfulgroups,depictedin grey. The
numberin eachnodecorrespond$o the N F'A, of its associatedluster Thenumberbetweertwo nodesss the
NFA,, of thecorrespondingpair. Left: original configuration.Middle: the nodeselectedf oneonly checks
maximality by inclusionandnot indivisibility. The largestgroupG' hasthe lowest N F'A, andwould be the
only onekept. Notethatthe optimal region is not symmetric,sinceit mustbe centeredn a datapoint. Right:

selectednodesobtainedby combiningthe indivisibility and maximality criteria. Since NF Ay, (G1,G2) =

10740 < 107127 = NFA,(G), thepair (G1, Gs) is preferredto G.

3.1 Dotsin noise

The first experimentis Fig. 2, which containstwo groupsof 25 pointsin additionto 950i.i.d uniformly in
the unit square.Two groupsandtwo groupsonly aredetectedwith very good NF A, (lessthan10~7). The
experimenton Fig. 5 shows the importanceof the a priori distributions on the datapoints. Two different
distributionsleadto two differentmaximalmeaningfulgroups.Both interpretationsarecorrectbut dependon
thecontext.

CRNHAL 8 G/ N e
“";J!j:‘\ RN

0
AR

Figure5: Importanceof the distribution of the backgroundmodel. The original datais the left-mostfigure. It
is the superpositiorof 500i.i.d pointsin (0, 1), of 500i.i.d pointsin (0, 0.5) x (0,1) and25 pointsaround
(0.2,0.3). In themiddleplot, thea priori distributionin thebackgroundnodelis takenuniform. Then,asingle
largemaximalmeaningfulgroupis detectedgcontaining793points,and— log,, (N F A,) = 44.9. Ontheright-
mostplot, thedistribution is definedasthe productof the maginal empiricaldistributionsin the horizontaland
vertical directions. Thereis still a single maximal meaningfulgroup (—log,o(NFA,) = 1.6), but it now
corresponds$o the smallestgroup.
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14 Cao,Delon,DesolneuxMusé,Sur

3.2 Segments

In the secondexample,groupsare perceved asa resultof the collaborationbetweentwo differentfeatures.
Figure6 shaws 71 straightsegmentswith differentorientations almostuniformly distributedin position. As

expected,no meaningfulclusteris detectedn the spaceof positioncoordinatef the barycentersin all the

experimentsthe numberof rectanglesizesin eachdirectionis 50. Thus#R = 50°.

ﬂ/\
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Figure6: An imageof a scannediraving of sggmentsandits 71 maximalmeaningfullevel lines[5].

If orientationis choserastheonly feature(D = 1), 8 maximalmeaningfulgroupsaredetectedcorrespond-
ing to the mostrepresentedrientations Noneof theseclustersexhibits avery low N F'A,. Only oneof those
groupis conspicuougthe centralone), but orientationis obviously not the only factor Note thatthis group
doesnot containall the centralsegments.Indeed their orientationslightly differ, andthegroupof 11 segments
is notmaximal.All theothergroupsareactuallynot perceved,becaus¢hey aremasledby thecluttermadeof
all the otherobjects.However, onecannotobjectthatthey have a coherendirection.

—

~

/1 P

Figure 7: Groupingwith respectto orientation: thereare 8 maximal meaningfulgrous. NF A, rangeis
betweenl0~! and10~°. Thecentralgroupdoesnotcontainall theverticalsegments pecauseheorientationis
notvery accurateHence themaximalgroupcontainingtheseverticalsggmentsdoesnotincludeall thecentral
objects. This meansthat orientationaloneis not sufiicient to detectthis group On the contrary it allows to
detectgoodgroups but their positionis not coherenenoughto make themconspicuous.

Now, let us seewhat happensvhen consideringtwo features(D = 2, #R = 2500). In the space(z-
coordinateprientation) two maximalmeaningfulclustersarefound(Fig. 8). As expectedthemostmeaningful
is thegroupG of 11 centralverticalsgments.lts N F' A, is equalto 1015, whichis notthatlow. The second
oneis correct, but hardly meaningfulVF A, = 0.3. In the space(y-coordinateprientation) the centralgroup
G is splittedinto two maximal meaningfulclusters.They correspondo the two rows of sggmentscomposing
G. Therole of thememing criterionis decisve here.In the spacgy-coordinate prientation) the combination
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of the maximality andthe meging criterionyieldsthatit is moremeaningfulto obsere at the sametime the

two rows of sggmentsthanthe whole G. This is coherentwith the visual perception sincewe actually see
two lines of sggmentshere. On the contrary in the (x-coordinate orientation)space the memging criterion

indicatesthat observingG is more meaningfulthanobservingsimultaneouslyits childrenin the dendrogram.
This decisionis still conformwith obsenation: no particulargroupwithin G canbedistinguishedwith regards

to the z-coordinate.The samegroupis obtainedin the space(z-coordinatey-coordinate prientation),with a

lower NF A, = 10734,

P

Figure8: Groupingin the space(z-coordinate,orientation)Therearetwo maximalmeaningfulgroups. This
time, the whole centralgroupis detected N F' A, = 10~1%), but thereis still anothergroup (which is a part
of the 7th groupin the orientationgrouping(seeFig. 7)). However, its NF'A, = 0.3, which meansthatit is
hardly meaningful.If groupingis donewith respecto full 2D-positionandorientation,only the centralgroup
is detectedvith NF A, = 10734,

3.3 DNA image

The80objectsin Fig. 9 aremorecomple, in thesenseghatmorefeaturesareneededn orderto representhem
(diametey elongation, orientation,etc). It is clearthata projectionon a singlefeatureis not really enoughto
differentiatethe objects.Globally, we seethreegroupsof objects:the DNA marks,which sharethe sameform,
sizeandorientationithenumbersall onthesamdine, almostof the samesize;finally theelementf theruler,
alsoon the sameline andof similar diametersThe positionappeargo be decisie in the perceptve formation
of thesegroups.

Figure9: An imageof DNA andits 80 maximalmeaningfullevel lines[5].

In the space(diameter y-coordinate) 6 maximal meaningfulgroyps are detectedFig. 10). Four of them
correspondo thelinesof DNA marks(from left to right andtop-davn), —log,o(NFA,) = 2.6, 7.6, 6.4, 5.6.
The group of numberscontains23 objects(a group of two digits sometimesontainsthreeobjects: the two
RRN°5695
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digits anda level line surroundingooth of them)and—log, (N F'A,) = 43. Thelastgroup,composedf the
verticalgraduatiorof theruler contains31 objectsandis evenmoremeaningful,— log, (N FA,) = 54.

000 00
000 00 0
00 0 00 0

00 000 0
i T
37 0 WA ?m on

Figure10: Groupingwith respecto diameterandy coordinate.Six groupsare detected4 of which arerows
of DNA marks.Thelasttwo onescorrespondo theruler. —log,o (/N F'A,) rangefrom 2.6 to 7.6 for the DNA.
Thelasttwo groupsarelargerandareobviously moremeaningful:— log; (N F A,) = 43 and54.

Now, let usgive up consideringhe positioninformation. Do we still seethe DNA marksasa group?By
taking several otherfeaturesnto account(seeFig. 11), the DNA marksform anisolatedandvery meaningful
group: the combinationof featureqorientation,diameter elongation, corvexity coeficient) revealsthe DNA
marksas a very good maximal meaningfulcluster(NF A, = 10~1°). However, to our surprise,two other
groupsarealsodetectedthoughnot very meaningfulsincetheir N F 4, is about10~1): the 1’s andthe 2’s of
theruler. Let usdetailhow 7, thelaw of the backgroundnodelwasestimatecbn the dataitself: the maginal
distribution of eachcharacteristiés approximatedy the empiricalhistogram.Thenall the characteristicare
assumedo beindependentlLet uspoint outthatthe obtaineddistributionis notuniformatall.

000 00

000 00
00 0 00 0
00 000

Figure 11: Groupingwith respecto orientation,elongation, diameter anda corvexity coeficient. The DNA
marksarethe mostmeaningfulgroup N F A, = 10710, but the 1 and2’s alsoform groupswith N F A4, close
to 1.
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4 Grouping spatially coherent matchesfor planar shaperecognition

4.1 Why spatial coherencedetection?

Looking at Fig. 12, everybodycan obviously recognizeon the bottomleft imagea detail of Picassa paint-
ing Guernicashavn on the top left image. However, the paintingis incompleteandpatrtially occludedin the
bottomimage. It is alsodeformedby the perspectie view. Moreover, the compressiorratesare also dif-
ferent. Recognizingshapesvhich are obsered from differentviewpointsandare partially occludedrequires
shapeadescriptorgo be discriminatve enoughJocal or semi-local,andinvariantto subgroup®f the projective
group[23, 24, 32]. Shapedescriptordaving this propertieswill becalledshapeelementsn the sequel.

Assumenow thatinstancef a queryshapeare presentn a scene andthata methodto identify similar
shapeclementss available. It will certainlyprovide several correctpairings,but alsosomefalseones;indeed,
sinceshapeelementsonly provide local information, two differentobjectshaving similar partsmay present
someshapeeclementghatmatch.Thus,recognitionrequiresfinding a consistensetof pairings,thatis, a setof
pairingin a particulargeometricatonfiguration.

In this framework, onepossiblestratgy consistdn associatingvith eachpairing betweernshapeelements
theunderlyingtransformationandthendetectingsetsof pairingsfor which theunderlyingtransformationgre
“close” in acertainsense.

4.2 Matching shapeelements

In a sale of completenessye briefly review the main stepsof the shapeelementsextraction and matching
algorithmsdescribedn [30] andthatfeedthe groupingproceduredescribedelon. However, let us point out
thatthe groupingproceduras appliedindependentlfrom this particularprocedure A first obsenrationis that
the contoursof objectsin grey level imagesvery well coincide,at leastlocally, with piecesof level lines (or
isophotes).The corverseis not alwaystrue: indeed,level lines provide a completerepresentationf a grey
level image[29], andthereare mary of themin textures. Thus, a first stepis to selecta small subsetof all
thelevel lines of animage. In [5], ana contrario methodis proposedandthe selectedevel lines arecalled
meaningfuboundaries It allows to selectabout1% of the level lines of animage,without perceptualossof
shapecontent.Thesdevel linesaresimplecurvesthatareclosedor meettheimageborderattheir endpoints.

Shaperecognitionshouldbe robust to partial occlusion. Hence,meaningfulboundarieshouldbe cut in
smallerpieces,called shapeelementghat areto be recognized.Sincegeometricinvarianceis alsorequired,
the encodingof shape elementsalso hasto be invariant. In [23, 30], an affine invariantencodingmethodis
proposed.Let us remarkthat, in somecasesa similarity invariantmethodmay be accurateenough. Along
eachmeaningfulline, local affine invariantframesare computed basedon affine invariantrobust directions,
asbitangentlines. Eachlocal frameuniquelydefinesa systemof coordinates.The coordinatef the points
of acunein this systemof coordinatess affine invariant. In otherterms,two curvesdiffering from an affine
transformatiordefinedifferentlocalframes.However, whendescribedn theirrespectre systenof coordinates,
they arelocatedat the sameposition. Hencethey definea pieceof normalizedcurve, anaffineinvariant shape
elementA singlemeaningfulboundaryusuallycontainsseveralshapeslements.

Now, giventwo imagesandthe setsof their shapeslementshow to find shapeslementsn common?Since
shapeelementsarenormalized this recognitionis naturallyaffine invariant. In [30], ana contrario dedicated
methodis proposedo matchshapeslementsA numberof falsealarmsof a matchis defined,andthe matches
with alow numberof falsealarmsarekept.

Let I andI’ betwo images referredto asthetargetimageandthe sceneémage. For eachmatchbetween
a shapeelementS in I anda shapeelementS’ in I’, a geometrictransformation(a similarity or an affine
transform)canbe computed.In whatfollows, the parameterinvolvedin thesetransformationaredescribed,
aswell astheway they canbe estimatedbothfor the similarity andthe affine transformatiorcases.

The objectve of this partis twofold: first, to prove that shapeelementscorrespondingo a single shape
canbe accuratelygroupedtogether Secondhatthis groupingprocedurds robustenoughto discardall false
matchesThegroupNFAs’ areusuallyvery small. This makesthe detectionvery reliable.
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The overall stratgyy is asfollows. In Section4.3, the parameterizatiorf similarities or generalaffine
transformationss described. Section4.4 appliesthe generalclusteringideaspresentedn Sect.2, first by
definingadissimilarity measurdetweertransformationsthenby defininga suitablebackgroundnodelonthe
setsof transformations.

Fig. 13displaystheshapeslementcommonto thesetwo images.Sinceno restrictionis madeon theaffine
distortion, a lot of normalizedcorvex shapeelementdook quite the same. A uniqueaffine transformation
correspond$o eachmatchbetweershapeslements.

Figure12: “Guernica” experiment. Original imagesand maximalmeaningfullevel lines[5]. All theselevel
linesareencodednto normalizedaffine invariantshapeslementg30], basedon robustdirectionsasbitangent
andflat parts. Top: targetimage,bottom: scendmage.

Figure 13: “Guernica” experiment: affine invariantmeaningfulmatcheq30]. Sinceall parallelogramdgliffer
from anaffine transformation(idemfor trianglesor ellipses) therearemary casuamatches.
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4.3 Describingtransformations
4.3.1 The similarity case

Let S andS’ be two matchingshapeelements Recallthata shapeslementis a normalizedpieceof level line
describedn alocal frame(SeeFig. 14). A similarity invariantframeis completelydetermineddy two points,
or equvalentlya pointanda vector This lastrepresentatiomwill be chosen.A local frameis thengivenby a
couple(p, v) wherep givestheorigin of theframeandwv givesits scaleandorientation.Let usassumehatsS is
relatedto (p, v) andS’ to (p’,v’). SinceS andS’ match,they differ by a similarity transformationNow, there
exists a uniquesimilarity mappingthe local frame (p, v) onto (p/,v’). By usingcomplex numbersnotations,
this similarity canbe uniquelyexpresseds

/

Vz e C, T(z) =az+b, witha = 2 andb = p' — ap, 4.1)
v
with (a,b) € C2,

Ry

Figure 14: Two piecesof level lines and their correspondingdocal similarity frames. The similarity T
mapsR; into R} and R, into R,. Equialently the local frame, (R;, R2) may be representedby (p,v) =
(R1+R2 Ro— R )

2 s 412 1)-

4.3.2 The affine transformation case

Let us now considerthe caseof affine invariantnormalization. Threenon-alignedpointsare now necessary
to definea local frame. Affine normalizationof a pieceof curve is performedby mappingthesethreepoints
{R1, R2, R3} ontothetriplet {(0,0), (1, 0), (0,1)}. Givenanothertriplet { R}, R}, R} of nonalignedpoints,
thereis auniqueaffine transformmapping{ R:, Rz, R3} on{ R}, R}, R;}, againdenotedby T. Thereexistsa
unique2 x 2 matrix M anda unique(t,, t,) € R? suchthat

e =M (5 )+ ()

CalculatingM boils down to the solutionof a2 x 2 linearsystem.By the Q R decompositioj10], M canbe

written
_ f(cosf —sinf\ (1 ¢\ [(sz O
M_<sin9 cos 6 ) <0 1) <O sy>' (4.2)

This decompositioris uniqueand completelydetermines(f, ¢, s;, s,) in [0,27) x R x Ry x Ry. Letus
denoteby (xr,, yr,) andby (2 ,yp, ) thepairof coordinateof R, and R respectiely. Thetransformation
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parameterd’ = (0, ¢, s., sy, t, t,) aredeterminedy elementaryalgebraiccalculations Again, the vector?’
characterizethetransformatiorl.

Without risk of ambiguity one canadoptthe samenotationfor similaritiesor affine transformations.In
addition,sinceT characterizeT, bothof themcanbeidentified. Thuswe write, for X € R?, T'(X) insteadof
T(X).

Figure15 shavs three2-D projectionsof the transformatiorpointsTy, correspondingo the “Guernica”affine
invariantmeaningfulmatchesf Fig. 13).

-600)

Figure 15: “Guernicaexperiment: Eath point represents transformatiorassociatedvith an affine invariant
meaningfulmatch, describedby 6 parameters.Eachfigure represents two-dimenstionalprojectionof the
points,respectiely ¢, vs. t, (translationcoordinates)d (rotation)vs. ¢ (shear)andln(s,) vs.In(s,) (zooms
in the x andy) directions. The noiseis mainly dueto global shapeelementghat are very muchalike up to
affine transformationsandwhich do notbelongto the samerealshape The mainclusteris alsospreadecause
of the effect of perspectie.

4.4 Meaningful clustersof transformations

The problemof planarshapedetectionis by now reducedo a clusteringproblemin the transformatiorspace.
Accordingto Sect.2, it is necessaryo define

1. adissimilaritymeasurédetweerpointsin thetransformatiorspace,
2. aprobabilityonthe spaceof transformations,

3. agroupingstratey.

4.4.1 A dissimilarity measure betweentransformations

Definingadistancebetweertransformationss nottrivial, for two reasonsFirst, the magnitudeof the param-

etersof atransformatiorarenot directly comparableThis problemis not specificto transformatiorclustering

but generato clusteringof ary kind of data.Secondpur representationf similaritiesor affine transformations
doesnotbehae well in avectorspace A sounddistances not necessarilyerivedfrom anorm.

Definition 4.1 (similarity case) Let (P, Q1) (resp.(Py, Q})) bethepointsdeterminingthelocal frameof S;
in image I (resp.S; in image I'). LetT; the uniquesimilarity determinedby (P, Q1) and (P}, Q}). In the
sameway, let T, bethe similarity determinedroma matd betweerthe shapeelementswith frames(P,, Q2)
and (P, Q%) in I andI’. We call dissimilarity measue betweerll’; and 75,

ds (T, T2) = max {[|T1(F;) — To(R) ||, [|T1(Q:) — T2(Q4)ll, i € {1,2}}. (4.3)
For completenesdet usdefinea dissimilarity betweeraffine transforms.
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Definition 4.2 (affine case) Let T} (resp. T5) be an affine transformdeterminedby two shapeselements
(81, 8]) (resp. (S2,S5)) matding from I to I'. Letalso (P1,Q1, R1) and (P}, Q}, R)) (resp. (P2, Q2, R2)
and(Py, Q%, RY)) thepointsdeterminingthelocal frameof S; andS; (resp.S: andS5). We set

da(Ty, Tz) = max {||Tv(F) — Ta(P)l, [Th(Q:) — T2(Qi)ll, [IT2(Rs) — To(Ri)|l, @ € {1,2,3}}.  (4.4)

4.4.2 Background model: the similarity case

In orderto apply the detectionframawork of Sect.2, a backgroundaw is first needed. A datapoint hereis a
similarity transformatiorrepresentedy a pair of complex numbers(a, b) € C2. The purposeof this section
is to devise a soundbackgroundaw 7 on the setof similarity transformations.To this aim, recall that (a, b)
is determinedby two local framesin the imagesto be matchedrespectiely (p,v) and(p’,v'). Let us now
assumehat theseobsenrationsare the realizationof a randomvariable (P, V, P', V') € C*. It is natura to
assumehatthe position,the sizeandthe orientationof an objectareindependentThis is certainlysound,up
to somebordereffects. In addition, two imageswhich do not containcommonshapesalsocanbe assumed
independentThis leadsusto thefollowing independencassumptiorior the backgroundnodel.

(A") Considera randommodelimage Z and a randomsceneimage Z'. Thenthe randomvariablesP, |V,
argV, P', |V'|, arg V' associatedvith mathesbetweerbothimagesare mutuallyindependent.

Themaiginallaws of the six previousrandomvariablescaneasilybelearnedfrom thetwo images.Hence,
thelaw of (P, V, P’, V') is assumedo beknown. By (4.1),sucha4-tupleuniquelydefinesarandomsimilarity
patterndenotedby (A, B), where A representsherotation andzoom,and B thetranslation.The background
law 7 is nothing but the distribution of (A, B). The expressionof (A, B) asa functionof (P,V, P, V') is
explicit andgivenby

Vv |4

Thebackgroundaw 7 is theimageof thelaw (P, V, P’, V') by this application.|t is alsoclearthat A and B
arenotindependentNeverthelessby definitionof the conditionallaw,

!/ !
(A,B): (P,V,P'. V') <V,P’ - VP> .

dr(a,b) = drB(b|A = a) dr(a), (4.5)

wherer is themaginal of A and7?(-|A = a) is thelaw of B knowing A = a. Since|A| = |V'|/|V| and
arg A = arg V' — argV mod (27), thesetwo variablesareindependentinderAssumption(A’) . Thus,the
distribution 74 caneasilybe computed.Moreover, it turnsoutthat A is independenfrom P and P’. Hence,
thelaw of B = P’ — AP, conditionallyto A = a is thelaw of P’ — a P, which canalsobe easilycomputed
under(A’). Thebackgroundaw 7 follows from (4.5).

In practice thecomputatiorof = betweertwo imagesis asfollows:
1. Computeall theshapeslementof modelandtargetimages.

2. Computetheempiricallaws of P, V, P’ V' giving the position,the scaleandthe orientationof thelocal
framesrelatedto shapeslementsn thetwo images.UndertheindependencassumptiorfA’), thisyields
thelaw of thebackgroundnodel(P, V, P’, V).

3. Underthe sameassumptioncomputethe empiricallaws of |A| = ‘I“//Ill andarg A = argV’ — argV
mod (27).

4. For eachvaluea of A with nonnull frequeng, computethe empiricaldistribution of P’ — aP.

Theprobability of aregion R is thengivenby approximatingheintegral

m(R) = / drB(b|A = a) dn’(a).
R
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A few wordsabouttheestimatiorof thebackgroundnodel:onewould expectarg A to beuniformly distributed
in [—7, 7), andthis belief wasexperimentallyconfirmed,althoughthe horizontalandvertical directionsmay
sometimede privileged. (SeeFig. 17 andexperiments.)The distribution of the zoomfactor| A| is insteadfar
from beinguniform. Thereis noway to figureoutarealistica priori distributionfor | A|, or for B given A. The
backgroundnodeldistributionsmustbe learnedrom the sceneandtargetimages.

Remark Theideaspresentederealsohold for the affine transformatiorclustering. For this case g, ¢, s,
ands, areconsideredo be mutually independent.Their distributions canbe learnedempirically, aswell as
the joint probability of (¢,,t,) given (6, ¢, s», s,). This condruction, experimentallysatisfyingthoughit is
(seethe experiments) hasno righteoustheoreticajjustification. The problemof finding theright independent
maiginal variablesin theaffine caseis left open.

4.4.3 Grouping strategy

Thereareseveralmethodsto build a binarytreefrom a datasetinda dissimilarity measureln this paper the
minimal spanningreeis used. Its constructionusesa classicalsinglelinkage algorithm working asfollows.
The dissimilarity d betweentwo datapointds extendedto ary pair of disjoint setsof datapointsA and B by
setting
d(A,B) = min d(a,b).
(a,b)E(A,B)

A binarytreeis constructedy the following iterative process:eachdatapointis taken asa leaf-node. Then
meige the closestpair of nodesinto a singlenode. Repeathis until all nodeshave beenmermed in the whole
dataset.By replacingthe “min” by a “max” in the above formula, a maximal spanningtreeis obtainedin-
stead.Choosingonetreeor the othermaybevery applicationdependenbut noneis universallybetterthanthe
other[17].

5 Experimental results

Theconsisteng of the previous definitionsis now empirically checled. All the experimentswill be performed
with a pair of images. It is worth summarizingthe stepsleadinga completeexperimentalsettingfor shape
recognition.

1. Extractionof all theimagedevel lines. An efficientalgorithmdueto MonasseandGuichardis used29].
Therearetypically 10° level linesin a512 x 512 image.

2. Selectiorof themostmeaningfulevel lines[3, 5]. This stepcanbeviewedasacompressionf theshape
informationof theimage.Only a smallsetof level lines (betweerl00and1000)is selectedy this fully
automatigprocedure.

3. Encodingof shapeelements:robustdirections(bitangentor flat parts)arecomputedon the level lines.
Basedon all thosedirections,local framesare computed,and piecesof level lines are describedin
normalizedrames typically afew thousandgerimage[22, 30].

4. The methodof [30] is thenappliedandyields a setof M pairsof matchingshapeelementspnein the
taigetimageand onein the sceneimage. A fundamentahypothesisfor the a contrario detectionof
groupsis that, underthe badkgroundmode] transformatiorpointsaremutuallyindependentln orderto
complywith this hypothesisa greedyalgorithmthat eliminatesmatthedshapeelementsvhich sharea
large pieceof curve with otherpairsof matchingshapeelements.

5. A backgroundnodelr onthe setof similaritiesor on the setof affine transformsE is built accordingio
Sect4.4.2.

6. ThetransformsTy, ..., Tjs associateavith the matchingpairsform a point datasetin E. Fromthis
set,aclusteringtreeis built accordingthe dissimilarity measuresf Definitions4.1or 4.2.
INRIA
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7. Maximal meaningfulgroupsarecomputecby Def. 2.5.

Thefinal outcomeof the shapddentificationmethodof this paperis, for eachpair of imagesa setof maximal

meaningfulclusters. Eachclusteris likely to correspondo an identified shape. One can display for each
clusterits associatedhapeelements.If the growping is correct,this setof shapeelementsmustcorrespond
to a matding shapein both the target image and the sceneimage. In practice,the identified shapeshave

dramaticallylow NFA's. Thus,they yield an overwhelmingcertaintyaboutidentification. This certaintyis,

however, not fully unambiguoudecauseof the Strobeeffect. Indeed,shapesften have self-similar parts:
windows, or rows of windows in a building are a good example. Otherexamplesare given by symmetries.
For instancethe letter N is self-similarby a 7 rotation. In thesecasesfwo or morevery meaningfulgroups
canbefound, eachonecorrespondingo a shapeself-similarity Suchself-similaritiescan,however, easilybe

anticipatedoy a previous comparisorof the targetimagewith itself. This comparisorcanbe performedby the

above algorithm. Themaingroupwill thencorrespondo theglobalmatchof the shapewith itself andthe other
groupsto Strobeeffectsbetweerpartsof the shape.

5.1 A singlegroup

Figure16 depictsthe maximalmeaningfulgroupsfor the“Guernica” experiment.Thereis onesinglemaximal

meaningfulgroup,with —log,, (N F'A,) = 196.23. Hencegroupinggivesa dramaticconfidencen detections,
while all the falsematchesareeliminated.Figure17 shows the learneddistribution of the zoomfactorsin the

x andy directionsaswell asthe shearandrotationangle. This lastoneis not perfectlyuniform in this case,
becausé¢he verticalandhorizontaldirectionsareprivilegedin thesegeometricaimages.Figure 18 shawvs the

meaningfulcluster

Figurel6: “Guernica”experiment:a singlemaximalmeaningfulgroupwasdetected Zoom on the matcheof
thegroupfor thetargetimage(left) andthe scenamage(right). The groupis composedy 117 goodmatches,
andits —log,o(NF'A,) is 196.23.

5.2 Two different groups

Thesimilarity invariantprocedures appliedin thesamewayto theimagesf Fig. 19. Two maximalmeaningful
groupsaredetectedthefacesandthetitle. The correspondingpointsin the similarity spacearedisplayedon
Fig. 20. Thetwo groupswith their differenttranslatiorandtheir differentscalingareclearlyvisible thistime.

The indivisibility criterion (2.4) decidesthat two separategroups(the actors’faceson the one handand
theword “Casablanca’dn the otherhand)area betterrepresentatiothana singlelarge groupcontainingboth
groups. Indeed,while the large groupin Fig. 21 hasalower N F'A, thanoneof its children(10~7), it is not
indivisible. Indeed the N F' A, of its two childrenare10~7-6 and10~%¢. By Prop.2.4thelargestgroupis not
indivisible, andthuscannotbe maximal.

Theexaminationof thetransformatiorhistogramgFig. 22) shovsthattherotationangleis nearlyuniformly
distributed. Thezoomingfactor ontheotherhand,doesnothave anintuitive distribution. Thetranslatiorhasto
belearnedconditionnallyto therotationandthe zoom. Thelasttwo plots arethe two-dimensionadistribution
RRN°5695
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Figure17: Empirical histogramdor affine invariantmatchingfor the experimentof Fig. 12. On the first row,
theempiricalzoomfactorsin thex andy direction(logscale)which areimagedependentOn the secondow,
the distribution of the shearandthe rotationangle. The shearis basicallyuniform, but the rotation exhibits
somepeaksaround—3 and3 becausef thenumeroudinesin theimage.

“foo s0 600 400 200 0 200 400 600 800 1000 o ) ) Y o 1 2 3 4 % =2 ) o 1 2 3 2

Figure 18: “Guernicaexperiment: datapoints of Fig. 15, wherethe points correspondingo the only affine
invariantgrouparerepresentedith diamonds.Theboundarie®f thecorrespondindpyperrectanglaredrawn.

INRIA



GroupsDetectionand ShapeReca@nition 25

g

(b) Secondmaximalmeaningfulgroup: 7 meaningfulmatches;- log,, (N FA4,) = 6.62

Figure19: “Casablanca®xperiment:thereareexactly two maximalmeaningfulgroups,correspondingo the
facesandthetitle. Therelative scaleof theimagespresentedbove is the sameastheoriginal one.Oneshould
notethatthefacesandthetitle actuallylie in differentrelative positionsandscales.
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Figure20: Casablancaxperiment. Meaningfulclustersin the similarity space.Left: projectionin thetrans-
lation dimensions.Right: projectionon the rotationandzoom (log scale)axes. In this case two clustersare
clearlyvisible. Their positionbut alsotheir scaleis different.
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Figure21: “Casablanca’experiment. Meaningfulgroup correspondingo the meging of groupsin Fig. 19.
This group contains23 meaningfulmatchesandits — log,o(NF'A,) is 7.0. It is more meaningfulthanthe
facesgroup,but it is notmaximal.Notethe“Strobe” effect of thelower partof “cASablanca’in thefirstimage
thatmatcheswith “casABlanca’in thesecondne.

INRIA



GroupsDetectionand ShapeRecagnition 27

of the translation,corditionedby the rotationandzoomof the two detectednaximalmeaningfulgroups. As
canbeseenthesedistributionsarenot simpleandcannotbe deducedrom oneanotherby a singlescaling.
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Figure22: Empirical histogramdor similarity invariantmatchingfor the experimentof Fig. 19. On the first
row, thelog-empiricalzoomfactorin(|a|) andtherotationanglearg a. Thislastoneis nearlyuniformin this
case.On the bottomrow, the distribution of the translationvector, conditionedby two differentvaluesof the
couple(In(|a|), arg a). Thesevaluescorrespondo thetwo maximalgroupsthataredepictedon Fig. 19. Since
thescalesaredifferent,soarethedistributions.

5.3 Detectingmultiple groups

The next exampleillustratesthe performancenf the proposedmethodologyin detectingmultiple groupsin an

image. Two imagescontainingmultiple occurrence®f partsof the Coca-Colalogo are comparedFig. 23).

Figure24 shaws the affine invariantmeaningfulmatches Five groupsaredetected.The correspondinghape
elementsaredisplayedfor eachgroupin Fig. (25) and(26). The NF A, of maximalmeaningfulgroupsare
reportedin Tah 1. Thethreefirst groupsarevery meaningful while the two other NV F'A, aremuchcloserto

1: about10—%.

Groupnb. 1 2 3 4 5
nb. of matches 15 7 5 6 4
—log,o(NFA,) [ 206 16.7 58 4.0 3.0

Tablel: “Coca-Cola”experiment: N F'A, for themaximalmeaningfulgroupsin Fig. 25 and26.

Maximal meaningfulgroupscanbe usedfor registration.Sincea groupcontainsseveral points(i.e. several
affine transforms),a standardeastsquaregprocedureallows to computethe bestplaneprojective transform
describingthe group. As canbe seenon theleft partsof Fig. 27 and28, this registrationis very accuratesince
no blur is visible whenthe two registeredimagesare superposedAnotherway to checkthe accurag of the
registrationis to find all the piecesof level linesin commonin the two images,asmadeasfollows. The two
imagesarefirst registered.All piecesof meaningfullevel lineswith alengthi/ areparameterizetby their arc-
length.If for two piecesC; andCs, belongingto thefirst andsecondmagesatisfy|C1 (s) — Ca(s)| < § for all
RRN°5695
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Figure23: “Coca-Cola’experiment:originalimagesandmaximalmeaningfulevel lines. Top: imagespottom:
meaningfullevel lines[5].

@) (b)

Figure24: “Coca-Cola’experiment.(a) meaningfulmatcheswith local encoding(top) andglobally encoding
(down). Numberof tests:1.57 107 (591 shapeelementsn the targetimage,26, 621 in the scenemage). (b)
As acomparisonmatcheswith Lowe’s SIFT featured24], codecourtesyof D. Lowe; 23 matchesrepresented
by white sggmentsjoining the matchinglocationsbetweenthe two images. The algorithmis lessaccuratdn
this case but muchfaster Sinceboth matchingalgorithmswork on partsof theimages(which is mandatoryif
robustnesgo occlusionandability to detectmultiple groupsarerequired),casuaimatchesareinevitable. The
groupingphaseattemptdo build a moreglobalcontext, andto discardthosefalsematchesContraryto Lowe’s
groupingalgorithm(not presentedn this figure)which is basedon a HoughTransformclustering the method
proposedn this paperdoesnot dependon bins quantizatiorandhasautomatiodetectiorthresholds.
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Figure25: “Coca-Cola”experiment:first threemaximalmeaningfulgroups(among5). Their — log,o(N F A)
arerespectiely 20.6,16.7,5.8, shaving thatthey areindeedvery meaningful.

A

9

Figure26: “Coca-Cola’experiment:maximalmeaningfulgroups(lasttwo amondfive). Their — log,o (N F A)
arerespectiely 4.0 and3.0.
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s € (0,1) then,keepCy andC,. In theexperiments] = 40 andd = 4. All thesepiecesof level linesthatare
closeto eachotherareplottedon theright partof Fig. 27 and28.

Figure27: “Coca-Cola” experiment: registrationwith respectto the meaningfulgroups. Becausehereare

several affine matchesper group, one can computethe bestprojective mappingby a standardeastsquares
method. The projective transformatiornis usedto superposéehe two images(on the left). On the right side,

piecesof level linesthatarecloseto eachotherin theregisteredmages(seetext).

6 Conclusion

This paperpresentsa generalsettingof detectionand selectionof groupsin a collectionof datapoints. The
meaningfulgroupsarethosethat cannotbe generatedy chance.As such,they canbe definedaslarge de-
viations from an independencéypothesisof the points they contain. This allows to definea measureof
meaningfulnesshe numberof falsealarms. Among all the meaningfulgroups,only thosewhich cannotbe
split into two smallergroupsarerelevant. The samekind of methodologycanleadto the selectionof these
maximalmeaningfulgroups.This framework is thenappliedto the groupingof transformationsesultingfrom
a preliminarylocal matchingalgorithm. The methodis lesssensitve to quantizationthan Hough Transform
type algorithms,becausehe size of theregion leadingto the mostmeaningfuleventis automaticallychosen.
Let us point out that the presentmethodintendsto detectclusterwith “no shape”,i.e. groupsof pointsthat
shouldbeequalbut differ becaus@f noise.In particular it needgurtherwork to dealwith cluserswith holes,
or nested Becausef thepreliminaryclusteringstep,it alsomuchdepend®ntheuseddistanceput theredoes
not seemto be a choicewhich is completelyindependenbf the application. However, the NFA calculation
shouldbe adaptedo moregenerakypesof groups.
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Figure28: “Coca-Cola’experiment:maximalmeaningfulgroups(lasttwo amongfive). Their — log, (N F A)
is respectrely 3.39 and 4.60. Both of them correspondo a Strobeeffect, sincethe lower part of “oca” is
identicalto thelower partof “ola”. Left: theregisteredmages.Right: registeredpiecesof level lines.

The methodcould be usedto find out the characteristicshatarereally relevantto form perceptualroupsin
a setof objects.How to selectthe characteristicso obtainthe mostmeaningfulgroups?Anotherapplication
wheretheseclusteringproceduresre proposeds the analysisof visual motion [38], wherethe purposes to
detectspatio-temporatoherence Elementarytypesof motions(ideal zooming,purerotation,rectiinear mo-
tion) areparameterizedandlocal obsenationsaregroupedwith respecto thesecriterions.Worksin progress
areexposedn [35].

AdknowledgmentsT his work waspartially financedby the CentreNationald’EtudesSpatialesthe Centre
National de la Recherchescientifique,the Office of Naval researchundergrantN00014-97-1-083%nd the
Ministeredela RecherchéprojectISII-RNRT).

A Proofs

A.1 Proofof Prop.2.1

A carefulnotationis neededFix 1 < j < M andR’ € R. We note:

e X = (X, ..., Xu),thebackgroungprocesandd Pr(z1, ..., zp) = dr(xq) - - - dw(x ) its distribu-
tion.

o z = (x1, ... zpr) asetof M pointsin £

e X/ =(Xy, ..., Xpy) with X; omittedin thelist

e 1/ = (z1, ..., ) with z; omittedin thelist

dmi(29) = dn(x1) ... dr(zpr) with dr(z;) omittedin the product

Pr/ thejoint maginal of Pr with respecto X’
e K(X’,X;,R'), numberof pointsin thelist X7 belongingto X; + R’.
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LemmaA.l Foreveryz; € E,

€ >< €
4R - M) S H#R-M

Pr/ (B(M ~1,K(X?,2j,R)),n(x; + R)) <

Proof.  Sincez; and R’ arefixed, K (X7,z;, R’) is a randomvariablewhosesurvival function is exactly
k— F(k)=B(M —1,k,m(z; + R')). HencePr / (F (K (X7,z;, R') < t) < t, proving theresult. O
Proof. [of Prop.2.1] Let usnote

e TheBernoullivariable

Y;

1 i #R-M-B(M - 1,K(X7, X;, R, n(X; + R)) <e,
70 otherwise.

o 5=) g Yjr thenumberof e-meaningfulregions.
We thenhave by Fubinitheorem
PI‘(}/}’R/ = 1) = E(}/j,R/)

= [Edﬂ(l‘j)[m{l L 4RM B 1K (29 0, ) om (R ))<e} 47 (27)

= /Pr j <B(M—1,K(Xj,mj,R’),7r(xj+R’)) < #RE.M> dr(z;)
3
AR M’

whereLemmaA.1 hasbeenusedin thelastinequality A region R is e-meaningfulif andonly if R = X; + R’
for somepoint X; andsomeregion R’ € R andif Y; p» = 1. Hence,

E(S) =Y EYjr) <Y #RL.M —e. O

R R

A.2 Proofof Prop.2.3

Letl <i# j < M andR', R” € R. Now, two testedregionsz; + R’ andz; + R” mayintersectandwe
have to dealwith this possibility We note

e X = (X, ..., Xu), backgroungrocess

e z = (x1, ... xp7) asetof M dotsin E

o X =(Xy, ..., Xpn)with X;, X, omittedin thelist

o 1 = (21, ..., xp) With z;, z; omittedin thelist

o X;i = (X1, ..., Xu)with X; andX; replacedy z; andz;

o drd(x¥) = dr(z1)...dn(xp) With dr(z;) anddr(z;) omittedin the product
e Pr' thejoint maginal of Pr with respecto z*/
° Ri:XZ"FR/,Rj :Xj+R”

e K(X,i,j, R, R") = numberof pointsamongX® belongingto R; \ R; = (X; + R') \ (X, + R").
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o K;

K(X,i,j,R,R"),K; = K(X,j,i,R",R)
o K; = K(Xy,i,j,R,R"), K; = K(X;;,4,i, R", R').
o ki =K(x,i,j,R,R"), kj = K(z,j,i,R", R')
o m=7((xi+ R)\ (z; + R")), mj =n((z;+R')\ (2 + 1))
o Ili = 7((Xi + R\ (X; + R")), II; = n((X; + R")\ (Xi + R'))
€= MO R
LemmaA.2 Foreveryz;,z; € E,
Pr % [M(M — 2, K;, Kj,mi,m;) < 6} < (M —1)e.
Proof. Theproof extendstheagumentausedfor LemmaA.1. We have

Pr¥ |:M(M — Q,f(i,Kj,Wi,’iTj) < €:|

= > Pr(K; = ki, Kj = k)
(ki,k:j)l./\/l(]\/ffzki,k:j,7T¢,7Tj)<€
M =2\ 4 & M—2—k;—k;
B Z (k’i,kj> iy (1= m — ;) g

(ki sk j ) IM(M =2,k; kg ,mi,m5) <e

Let
ki(é,kj) = inf{O <k < MlM(M — Q,k,kj,ﬂi,ﬂ'j) < 6},

with the useful corventionsM (M — 2,k, kj, m;,7;) = 0 and (/ ;J?) =0ifk > M —1— k;j. Themap
k— M(M —2,k, k;,m;, ;) beingmonotonepnehas
M(M—Q,k‘,kj,ﬂ'i,ﬂ'j) <€<:>]€2]€i(6,k‘j). (Al)

Summarizingandusingthe definitionof ; (e, k;),

pr i [M(M 2, Ky, Kj,mimj) < }
M-2 M-2
_ B (1 =y — ) M=27khy
k]_Ok:LZ(ekJ)< >
M-2 M-2 M-2
<X ¥ (%

) mim (1= — my) M2

Proof. Letusnotefor R’ # R”,

e TheBernoullivariable

. 1 if MOIZVPERE (M - 2, Ky, K, T, T) < e
WL 0 otherwise.
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o S=>r.r Yijr, r thenumberof e-meaningfulpairsof differentregions.

By Fubinitheorem,
E(}/;’j’R/’RN) = Pr(Yi’ij,yR,, = 1)
= / dﬂ'(xi)dﬂ'(x]‘)/ ]I{M(M72,ki,kj77rimj)<€}dﬂ.ij(xij)
E?2 EM—2

- dr(x;)dn(z;) Pr Y(M(M — 2,K;, Kj, mi,7;) <€)
E2
< (M - 1)67

whereLemmaA.2 hasbeenusedin thelastinequalityande = €53 . Finally,

2e
#FREM(M-1)2
E(S) = Z E()/;"]’7R/7RN)
i,j,{R/,R//}

< > (M -1

i.3,{R',R"}

2¢e
= 2 gmpagion - °

i,5,R'#R"
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