
HAL Id: inria-00070301
https://inria.hal.science/inria-00070301v1

Submitted on 19 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Proving Correctness of Highly-Concurrent Linearisable
Objects

Viktor Vafeiadis, Maurice Herlihy, Tony Hoare, Marc Shapiro

To cite this version:
Viktor Vafeiadis, Maurice Herlihy, Tony Hoare, Marc Shapiro. Proving Correctness of Highly-
Concurrent Linearisable Objects. [Research Report] RR-5716, INRIA. 2005, pp.20. �inria-00070301�

https://inria.hal.science/inria-00070301v1
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
57

16
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

Thème COM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Proving Correctness of Highly-Concurrent
Linearisable Objects

Viktor Vafeiadis — Maurice Herlihy — Tony Hoare — Marc Shapiro

N° 5716

11 octobre 2005





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	����������������	������������ �!�#"�$&%(')���	��+*�������	(�-,.�!	���/����!��/�0�$!�
1 0324�������

57698):<;>=�5#?A@CBD69?FE�6HG
∗ IKJ ?FL�=<69MNBPO�BN=<Q96HR)S † I�T ;>U)SVO�;)?F=WB ‡ I�J ?F=WMYX�RZ?F[�6H=<; §
\^]`_Wacb(d�egfihkjmlonqpr_Wacb<n�s!tNaca(u`v`wxs
yzvNp{n

|�}~t��Cb
p���b
�Nyz�
��yz�`�Ftz}rp��`bg}~bWs{]�b
}{s{]`b�vF���D�m�W��h��z�gtNs&p~t��`}~b��z�z�D��hk�z�#�Ay��zb<n

�����W�
���`�z�z��� b�nCp~u��ol y#¡¢y�a�w£�¤l3t�¡�w£a��`�¤b
a�b
vDp{y�prw¤tzvAnK¡¥tN}^�£w¤v`¦zb<� �¤w¤nqp~n§u�nrw¤v`�©¨KªF«
¬¢�®r¯�°±ª7²&³�ªF´{µm®r¶�¬
ªA°x²
¯�·9°¢¶�ª�¸�\^]`wxn�yz�`�`}~tNyzs{]�b
vAy��`�¤bWn��N}rb<y�p~b
}�s!tNv�s!u�}r}~b
v�s
lz¹o�`u`pgs!tN}r}~bWs!prv`b<nrn§wxn�y��N}rb<y�prbW}�s{]�y��¤�¤b
v`�Nb
p~]�y�v.¡¥tN}(s
�¤yNnrnrw¤sWy��9¹�s
tNy�}{nrb!º»�z}{y�w¤v�nrlDvAs{]`}rtNv`wxnry�prw¤tzv4¸¼e©u`}#b
½oyza��`�£b<n�y�}~b��obWa�tzv�nqpr}{y�p~w£¾Nbctz¡�s!tNa(º
a�tNv7�`bWnrw£�Nv¼��y�prprb
}~v�n�nru�s{]¼yzn��£tos{¦�s
tzu`���£w¤v`��¹Atz�op~w£a�wxnCp~w¤sz¹Ayzv��7�¤yz¿
l�nqlmv�s{]`}~tzv�w¤n~y�p~w£tNv4¸KÀ��£pr]�tzu`�N]
p~]`b
l�y�}~bgyz}rb�]`w¤�z]`�¤l�s
tzv�s
u`}r}~b
vDp<¹DÁ§bg�`}rt�¾Nb�p~]�y�p�p~]`b
l�y�}~b©�¤w£v�bWy�}~wxnryz�`�£bN¹onry�¡¥bz¹`y�vA� p~]`b
l�s!tz}~}~bWs&p~�£l
w¤a��`�¤b
a�b
vDpKyg]`w¤�z]oº»�£bW¾zbW�myz��nqpr}{yzs&p~w£tNv4¸�e©u�}Z�`}rtmtz¡¢n�w¤�¤�£u�nqpr}{y�p~b§pr]`b��Ft�Á+bW}Zy�v��cy��`���£wxs
yz�`w£�¤w£pCl�t�¡�®r«
ÂÃ³�¬
zÄ�¯�®~¯�ª�·Å«{«�}~bWyznrtzv�w£v`�A¹DyNn§Á+bW�£�)tz¡�nrtza�b©tz¡�w£p~n^�¤w£a�w£p~y�prw¤tzv�nW¸�\^]`b�b!½`y�a��`�¤bWn§tz¡�pr]�bg�Ay��Fb
}^bWnqp~yz�`�£wxnr]
yc�Fb
v�s{]�a�yz}r¦�s{]�y��¤�£bWv`�zb©¡¥tz}�tzpr]`bW}�}rb<yznrtzv`w¤v`�(prb<s{]`v`wxÆNu�bWnW¸
Ç¼ÈDÉ>Ê~Ë#Ì ��Í��z� s!tzvAs!u`}~}rbWvDp���}rtN�z}{y�a�a�w£v`�A¹�nr]�y�}~bW�mº»a�b
a�tz}~lPs!tNv�s!u�}r}~b
v�s
lz¹�¡¥tz}~a�yz�Z¾zbW}rw£ÎAs
y�prw¤tzv4¹
�¤w¤v`bWyz}rwxnryz�`w¤�£w£pClz¹o��bW�£lDºCÏgu�y�}{y�vDprbWb©}~bWyNnqtNv`w¤v`�

∗ Ð)Ñ&Ò�Ó<Ô<Õ9ÖC×�ØoÙ{Ú�Ñ&×9Ù~ÕHÑ&×¥Û
ÜNÝ�Þàß á!ÖC×HâHß Õ±Û©Ñ{ãAÐ)Ù{Ò+Úà×Hßåä<æ&Ö
† Ð)Ñ&Ò�Ó<Ô<Õ9ÖC×�çWèCßåÖCÞàèCÖ�é�ÖCÓ<ÕrêåÜ�ë>×HÑqì�ÞgÝ�Þàß á!ÖC×¢â9ß Õ±Û
‡ í ßåèq×¢Ñ&â9Ñ{ãîÕ�ï�ÖCâHÖrÙ{×¢è»ð#Ð)Ù{Ò§Ú<×Hßåäàæ&Ö
§ ñ¥ò�ï4ñ±óYï4ÑWèCô
ÔàÖCÞàèCÑ&Ôà×¥Õ�õ�Ømñ¥öA÷



�����#*����^�-$!� �+/���/��K� � ��� �+���������������C��0324�§��� "�/#* ����� ��	(�
�+�#	��§*�������	#����$!�
		��/����!��/�0�$
���


	� ���� � ��� tzuAn��!p~u��ow¤tzv�n�u`v`b�¡¢yza�w£�¤�£bc�ob�a�wxnqb<n�b
v���u�¾D}~b��ob(�£wxnCp~bWn©s{]�y��±v��
b<n�uop~w£�¤w¤n~y�vDp©�`b��¤y
²&³�ª>´~µo®r¶�ªA°x²!¯�·H°¢¶�ª���z®r¯�°±ª7¨�ªA¸¼d+b
pqp~b�y����`}rtos{]`b��Fb
}~a�b!p(���£u�n(�ob ��yz}~yz�£���
�¤wxnqa�bz¹�a3y�wxn�w¤�KbWnqp#�`�¤u�n
�`w�� s!w¤�¤b��ob��`}~tzu`¾Nb
}ZnqtNvcsWy�}{yzs!pr_
}~b^s!tz}~}~bWs&pZÆDu�� yà¾zbWs^�ob��xy�nqlmv�s{]�}rtNv`w¤n~y�p~w£tNv(s
�¤yNnrnrw¤ÆDu`b �g�z}~tNn��N}~yzw£v4¸
� tNn�b
½ob
a��`�¤bWn�uop~w£�¤wxnqbWvNpc�obWn(nrs{]��Wa3yzn��ob�s
tzv�s
b
�op~w£tNv s!tza�a�b3�¤bWn�¾Nb
}~}rtNu�n�s!tNu`�`���WnW¹��xy¼nqlmv�s{]�}rtzº
v�w¤n~y�p~w£tNvPtz�op~w£a�wxnCp~bz¹)b
pg�xy�nrlmv�s{]`}~tzv`wxnry�prw¤tzv7��yz}rb<nrnrb
u�nrbz¸"!§w£bWv ÆDu�� w£�xng�AbW}ra�b!prprbWvNp�u`v�]�y�uop��obW�z}#�
�`b s!tzvAs!u`}~}rbWv�s!bN¹4v`tNu�n��`}~tzu`¾Ntzv�n�ÆDu�� w£�xn�nrtzvDp��£w¤v��<y�}~w¤n~y��`�¤bWn�b
p#n%$�}~nW¹�b
p#ÆNu&� w¤�¤n�acb
pqp~b
vDp(s!tN}r}~bWs!prb
º
a�bWvNp©b
v���u`¾m}~b�u`v`b#yz��nCp~}~yNs&p~w£tNv7�`b�]�y�u`p�v`w¤¾zbWyzu4¸�d+bWn���}rbWu`¾zb<n�w£�¤�¤u�nCp~}rbWvDp��`w¤b
v¼�xy��`u`wxnrn~y�v�s
b�b!p
�'� y��`�`�¤wxs
y���w£�¤wîp#���ou3}{y�wxnqtNv`v`bWacbWvDp)(���b
�¤lDºÅÏguAy�}{y�vDprbWb+*(y�w¤v�nqwFÆDu`b�s!bW}qp{y�w¤v`bWn��`b�nqb<n��¤w£a�w£p~y�prw¤tzv�nW¸�,�bWn
b
½ob
a��`�¤bWn��ob�s
bg�Ay��`w¤b
}��Fb
u`¾Nb
vDp�-!p~}rb�¾mu�n�s
tza�a�bgu�v7���!ÎPy�uo½�y�uop~}rb<n§prbWs{]�v`w¤ÆDu`b<n��ob��`}~b
u`¾Nbz¸
.�Ì �<� Ê �0/ � ��� �`}~tz�N}~yzaca3y�prw¤tzv��Ay�}{y��¤�£_W�£bN¹o��y�}{y��¤�1�W�£wxnracb�bWv¼a2�Wa�tzw¤}rb���yz}qp{y��3�
bz¹o¾3�
}~wîÎFs
y�p~w£tNv�¡¥tN}qº
a�bW�£�¤bz¹`�¤w¤v��Wyz}rwxnryz�`w¤�£w£p4�N¹D}{y�wxnrtzv`v`bWa�b
vDp5(���b
�¤lDºÅÏgu�yz}~yzvDprb
b�*



�^®r¶��<°±ªD���¶�®&®r«{´
·Hª>«&²{²#¶�����°î<µoÂÃ³�¬	��¶�ª>´!Äo®&®r«
ª�·�
�°±ª>«{¯�®&°x²
¯�
Â£«������
«{´
·¢² �

� � 	(����� ��*��K���!��	

À ´{¶�ª>´!Äo®&®r«
ª�·�¶����
«{´
·©wxn�y��`y�p~y�nqpr}~u�s!pru`}~b��Hnqu�s{]Yyzngy��¤wxnCp�tz}�y ]�yNnq]Pp~y����£b���nr]�y�}~bW�P�Dl7a(u`�îp~w£���£b
p~]`}~bWyz��n�w¤v�y#nr]�yz}rb<�mº9a�bWactN}rl(a#u`�£prw¤�`}~tos!bWn~nrtz}<¸�d+�xyzn~nqwxs
yz��w¤ac���£bWacbWvDp~y�p~w£tNv�n+u�ng´{¶<¯�®{²
«
¬¢�®r¯�°±ªPnqlmvoº
s{]�}rtNv`w¤n~y�p~w£tNv4¸ !+l pr]`wxn^Á+b�a�bWyzv�p~]�y�p�p~]`b�tz�`�CbWs&p{n^a3y�v`w¤�`u`�xy�p~bW���Dl pr]`b��`}~tz�N}~yza y�}~bgs
tzvDpr}~tz�¤�£b<�
�ml#y�nrw¤v`�z�¤b^t�Á�v`b
}�p~]`}rb<yz�#¡¥tz}KyNn��£tNv`��yzn�p~]`b��`}~tz�N}~yza�p~y�¦NbWnZyNs&prw¤tzvAn�pr]�y�p�acw¤�z]Dp�w¤a���yzs!pZpr]`b��`}~t�º
�N}~yza � n�tz}©pr]`bctz�o�Cb<s&p+� ngw¤vD¾�yz}rwxy�vDp~nW¸�\Klm�`wxs
yz���ob<nqw¤�zv ��y�prprb
}~v�n©¡¥tz}�s!tDy�}{nqb
º9�N}~yzw£v7nrlDvAs{]`}rtNv`wxnry�prw¤tzv
w¤v�s
�£u��`b#a�tzv`w£prtN}~n��£�N�	��tz}�y nqb
p©tz¡���� �"!�#%$'&�)( �* +cacb
pr]`to�`n©w¤v-,Dyà¾ày�.�¹�Á�]`wxs{]PbWv�nqu�}rb�p~]�y�pgtzv`�¤l
tNv`b�a�b!pr]�tm�¼sWy��¤��y�p�y(p~w£a�b#sWy�v¼yzsWs!bWn~n§pr]�b��`y�p{y3nCp~}ru�s!pru`}~bz¸+\^]`w¤n�y��`�`}~tNyNs{]�a3y�¦NbWn^w£p�}rbW�¤y�prw¤¾zbW�£l
b<yznrl�p~t�}rb<yznrtzv�y��Ftzuop+s
tz}~}rb<s&p~v`bWn~n
¹z�`uopKw£p+�¤w£a�w£p~n+s!tzvAs!u`}~}rbWv�s!lN¹�v`bW�Ny�p~w£v���nqtNacb�tz¡>pr]`b�yN�o¾�y�vDp~yz�zb<n
tz¡�a�to�ob
}~v7a#u`�£prw£ºÅs!tz}~bgtz}�a#u��îp~wîº»�`}~tms
bWn~nqtN}§yz}~s{]�wîp~bWs&p~u`}~bWnW¸
À ¨KªF«
¬¢�®r¯�°±ª w£a��`�¤b
a�bWvNp{y�p~w£tNv��Fb
}~a�wîp{n�actN}rb�s!tNv�s!u�}r}~b
v�s
l)/)¡¥tz}�w¤v�nCp{y�v�s
b�wîp�a3yàl y��¤�¤t�Á �AbW}qº

a�w£pga(u`�£prw¤�`�£b(pr]�}rb<yz�`n�prt�yNs
s
bWn~n�w¤v�nrw¤�obcy�n~y�a�b#tN�o�CbWs!pgnrw£a(u`�£p~y�v�b
tzuAnq�¤lz¸g��bWyNnqtNv`w£v���y��Ftzuop�nquAs{]
yz�£�Ntz}~wîp~]`a3n�wxn©y��z}~bWy�prb
}gs{]�y��¤�¤b
v`�Nbz¸�e©u`}gs
tzvDpr}~w¤�`uoprw¤tzv¼wxn©prt�nq]`t�Á�¹>�ml7b!½mprbWv��ob<�Pb!½`yzac���£bN¹Ap~]�y�p
®~«!ÂÃ³�¬¢zÄ�¯�®~¯�ª�·Å«{«+}rb<yznrtzv`w¤v`�0�¤�1���os
yzv��Fb§yz�`�`�¤w£b<��nquAs
s!b<nrnq¡¥u`�¤�£lgp~t©nrb
¾zbW}~yz��}{y�pr]�b
}�s{]Ay��¤�£bWv`�zw¤v`��s
tzv�s
u`}qº
}~b
vDp^tz�o�Cb<s&p^w£a��`�¤b
a�bWvNp{y�p~w£tNv4¸ � b��`}~t�¾mw¤�ob�pr]`bgÎ�}{nqp+¡¥tN}ra3y��F�`}~tmt�¡�tz¡4pr]`b<nqb�yz�£�Ntz}~wîp~]`a3n
¹DÁ�]`b
}~b
�ml
Á§b3nq]�t�Á�pr]Ay�pW¹��obWnr�`w£prb3]`w¤�z].s!tNv�s!u�}r}~b
v�s
l)23�q°4��bWyzs{]Ytz�Fb
}{y�p~w£tNv�yz�`�Ab<y�}{ngprt�p~yz¦zb�b65>bWs!p�w£vAnCp{y�voº
p{y�v`bWtzu�nr�¤l7�¢yP�`}rtN�AbW}qpClYs
yz�£�¤bW� ÂÃ°±ª>«{¯�®&°x²
¯�
°±ÂÃ°±·9³8�¤�W���9�6/��C°±°:��p~]`b �¤t�Á^º9�¤b
¾Nb
���¤wxnCp(s
to�ob w¤ac���£bWacbWvDp~n#y
]�w£�N]oº9�¤b
¾Nb
�`nr�Ab<s!w£ÎAs
y�prw¤tzv4¹�pr]�y�pKt�¡)y�nqb
p1/my�v��;�C°±°±°:��p~]`b�s
tm�`b�w¤n^²
¯<�!«!¹DwH¸ bz¸¤¹zb<yzs{]ctz�Fb
}{y�p~w£tNvcn~y�p~w¤nqÎ�bWnZy
nr�FbWs!w£Î�b<�3�AtDnCprº»s
tzv��`wîp~w£tNv�y�v�� a�yzw£vDp{y�w¤v�n�p~]`b©nqpr}~u�s!pru`}{y��Fw£vm¾�y�}~wxy�vDp~nKt�¡)pr]�b©tN�o�CbWs!pW¸ZÀ�v`tzpr]`bW}§s
tzvoº
p~}rw¤�`uop~w£tNv�w¤nKtzu`}K�`b
¾zbW�£tN�`a�b
vDp�t�¡)y�¾zbW}~nrw¤tzvct�¡Z®r«
ÂÃ³�¬¢�Ä�¯�®r¯�ªA·»«{«�}rb<yznrtzv`w¤v`��nqu�wîp{y��`�¤b^¡¥tz}��¤w¤v`bWyz}rwxnryz�`�¤b
nr�FbWs!w£ÎAsWy�prw¤tzvAn
¸
\^]`bW}rb�w¤n§y��xy�}~�zb��Ftm�`lctz¡)}rb<nqb<y�}{s{](w¤vm¾zbWnqprw¤�Ny�prw¤v`��Î�v`b
º9�N}~yzw£v�bW��nqlmv�s{]�}rtNv`w¤n~y�p~w£tNv;� �m¹`�D¹F�1=o¹F�1>��9¸

À-vmu`a(�AbW}ctz¡gnqp~yzv��`y�}{� �`bWnrw£�Nv ��y�pqprbW}rvAn�]�yà¾zb�b
a�b
}~�zb<�)¸7?�tz}�b!½`y�a��`�¤bz¹+w£v Â£¶<´A@ ´{¶�ÄCBFÂî°±ªDD� ���9¹
�¤tos{¦on�y�}~b3yzs
ÆDu`w¤}~bW�.y�v��.}~b
�¤bWyNnqb<� w¤v yFEq]�y�vA�mº9t�¾Nb
}rº9]Ay�v�� G#tN}~�`b
}<¹�yzsWÆDu`w£}~w¤v`��pr]`b v�b!½mp#�¤tms{¦�w£v y
nrbWÆDu`bWv�s!b��Fb!¡¥tN}rb�}~b
�¤bWyznrw¤v`� p~]`b3�`}~b
¾mw£tNu�nW¸IHÅv ¶AB>·H°9Jc°x²&·H°¢´�nqlmv�s{]�}rtNv`w¤n~y�p~w£tNv4¹)y�pr]`}~bWyN��nrbWyz}~s{]`b<n©y
��y�p~ygnqpr}~u�s&p~u`}rb§Á�w£pr]`tNuop�yzs
ÆDu`w¤}~w£v`�©�£tos{¦onW¹��£tos{¦on�pr]`b�nrtzu`�N]Nprº»y�¡±prbW}�s
tza��AtNv`b
vDp<¹zy�v���pr]`bWv�¾àyz�£wx�`y�prbWn
y�¡±prbW}Kp~]`b�¡¢yNs&pK�¥�`u`p^�Fb!¡¥tN}rb©u`�>�`y�p~w£v`�cw£pL�Kpr]�y�p+p~]`bg�£tos{¦zb<� s!tNa��AtNv`b
vDp+wxn+pr]`b�s!tN}r}~bWs!pKtzv�bz¸MHÅv Â£¯CN
³
nrlmv�s{]`}~tzv`wxn~y�prw¤tzv�¹`pr]�b(p{yznr¦7t�¡K}~b
a�t�¾mw£v���y�s
tza��Ftzv`bWvNp©¡¥}rtNaiy��`y�p~y�nCp~}ruAs&pru�}rb(w¤n�nr�`�£w£p�w£vDprt�pCÁ§t
��]�yznrbWn12>pr]`b§s!tNac�Ftzv�b
vDp�wxn�Â£¶~�°¢´{¯�Â±ÂÃ³�®r«OJ�¶P�à«LQ�nrw£a��`�¤l��Dl�nrb!pqp~w£v���ySRAyz��¹�y�v����xy�p~b
}<¹
p~]`b+s
tza��Ftzv`bWvNp
sWy�v �FbTB�µm³à²&°¢´{¯�Â±ÂÃ³.®r«OJ�¶P�à«LQ yNn�yFEq�AbWv`b
¾Ntz�¤b
vDp(nrw¤�`b!º»b65>bWs&p<G t�¡�y¼�xy�prbW}��¢tz}(s
tzv�s
u`}~}rbWvNp	�ga�b!pr]�tm�
sWy��¤�H¸�À Â£¶W´L@�¬U�{®r«{«cw£a��`�¤b
a�b
vDp{y�prw¤tzv¼bWv�nru`}rb<n�p~]�y�p©nrtza�b�p~]`}~bWyz�¼yz�£Á^yàlon�s!tNa��`�£b
prb<n�y3a�b!p~]`to�¼s
yz�£�
w¤v3ygÎ�v`w£prb�vmu`a(�AbW}�t�¡4nqprbW��n
¹Nb
¾Nb
vcw£v�p~]`b��`}~bWnrb
v�s
b^t�¡>¡¢y�w¤�£u�}rb<n�tz}K�obW�¤yàlon��ml#tzpr]`bW}Zpr]�}rb<yz�`nW¸�\^]`b<nqb
p~bWs{]`v�w¤ÆDu`b<n�y�}~b�w£a��Ftz}rp~yzvNp©w£v¼�`}{yzs!prwxs!b�2�¡¥tz}�b!½`y�a��`�¤bz¹�pr]`b�Á�wx�obW�£lDº»u�nqb<�V,Nyà¾�yIW%X)(PY�ZL!&�"!�W%$[$'*P�%X
�¤w¤�`}~yz}rl�w¤v�s!�¤u��ob<n�Î�v`b
º9�N}~yzw£v4¹à�¤tos{¦Nº9¡¥}~b
b§w£a��`�¤b
a�b
vDp{y�prw¤tzvAn�tz¡��¤w¤nqp~nZyzv��#]Ayznr]#a3y���n\�¤�W���»¸ � b�nru`�z�NbWnqp
p~]�y�p^p~]`b�b!½`y�a��`�¤bWn^s
tzv�nrw¤�`b
}~bW��]`b
}~b©�Fb�u�nrbW��yzn�y(¦mw£v���tz¡��Fb
v�s{]`a3yz}r¦�s{]Ay��¤�£bWv`�zb©¡¥tz}§prb<s{]`v`wxÆDu`bWn
¡¥tN}�}rb<yznrtzv`w¤v`�cy��Ftzuop�]`w¤�z]��£lDºÅs!tzvAs!u`}~}rbWvDp§�`y�p~y�nCp~}ruAs&pru�}rb<n
¸
� b�s
tzv�nrw¤�`b
}#b
½`y�a��`�¤bWn�tz¡��£wxnCpcw£a��`�¤b
a�bWvNp{y�p~w£tNv�n�p~]�y�pcb
a��`�¤t�l a3y�vmlYt�¡�pr]�bWnrb3Î�v`b
º9�N}~yzw£v`b<�

nrlmv�s{]`}~tzv`wxn~y�prw¤tzvcp~bWs{]`v`wxÆDu`bWnW¸ � b©�zt(w£v�nqtNacb©�ob!p{y�w¤�Fw¤vDprtcy�]`w¤�z]`�¤lDº»s
tzv�s
u`}~}rbWvNp��¤w¤v`¦zb<�mº9�¤wxnCp§w£a��`�¤b!º
a�bWvNp{y�p~w£tNv�tz¡�y�nrb!pK� =P�4pr]Ay�p�u�nrbWn�y�s!tNa#�`w¤v�y�prw¤tzv�tz¡�tN�oprw¤a�w¤nqprwxs�y�vA���xy�¿Wl�nqlmv�s{]�}rtNv`w¤n~y�p~w£tNv4¸

ï�ï-Þ�]_^6`1aq÷



� � ¯��!«
°¢¯Q�°x²����#«
®&ÂÃ°£µo³�� �#¶<¯�®r«c¯�ª)Q��`µ`¯AB>°±®r¶

� � �§�����!	�� ��"�� ���+��	��

e©�Fb
}{y�p~w£tNv�y��¤�¤lz¹`y3s!tNv�s!u�}r}~b
vDp�nqlonqprbWa�s!tNv�nrw¤nqp~n�tz¡�y3s
tz�¤�£b<s&p~w£tNv�tz¡�nrbWÆDu`bWvDprwxy��)p~]`}rb<yz�`n�pr]�y�p�y��`�`�¤l
y�prtNacwxs �¥w9¸ bN¸£¹+w¤nrtz�xy�p~bW�_�#}rb<yz� yzv�� Á�}rw£prb7yzs!prw¤tzv�n(prt.nr]�y�}~bW� a�bWactN}rlN¸
	-\^]�}rb<yz�`n�s
yzv �Fb7w£vDprbW}qº
�¤bWyà¾NbW�.y�}~�`w£pr}{y�}~w£�¤l)2�bWyNs{] nqu�sWs!b<nrnrw£¾Nb���y�w¤}#tz¡�yNs&p~w£tNv�n�wxnrnru`bW�.�ml�tzv`b3p~]`}~bWyz�.a3yàl��Ab�nrb
�Ay�}{y�prb<�
�ml y�v yz}r��wîp~}~yz}rlYnqb<ÆNu�b
v�s
b�t�¡�yNs&p~w£tNv�n�w¤vm¾ztz¦NbW�.�ml s!tNv�s!u`}~}~b
vDp�pr]�}rb<yz�`nW¹ZyP�`]`bWv`tza�bWv`tzv sWy��¤�£b<�
°±ªA·»«
®��!«
®r«!ª>´{«!¸
À§p¼y ]`w¤�z]�b
}��¤b
¾Nb
�gt�¡#yz��nCp~}~yNs&p~w£tNv4¹^pr]`}~bWyN�`n�s
tza�a#u�v`w¤sWy�p~b �ml s
y��¤�¤w£v`� acb
pr]`to�`n�tz¡#nq]�yz}rb<�

tN�o�CbWs!p~nW¸��Kyzs{]Ynq]Ay�}~bW�¼tN�o�CbWs!p©]�yNngy�·9³AB`«
¹)Á�]`wxs{]��ob
Î�v`bWn�y�nqb
pgtz¡K�FtNn~nqw¤�`�¤b(¾�y��¤u`b<n©yzv�� y�nqb
pgtz¡
J3«
·±µ�¶1Q�²�prt�a�to�ow£¡¥l�yzv��7tz�AnqbW}r¾Nb�pr]`b�tN�o�CbWs!p� n�nqp~y�prbz¸�À�vPtz�o�Cb<s&p+� n�acb
pr]`to�`n©s
yzv¼�Ab(w£vm¾ztN¦zb<���ml
s
tzv�s
u`}~}rbWvNp§pr]�}rb<yz�`nW¸

���� �����������������! #"��$�!%'&(�)����*
H»pZwxn�u�nrb!¡¥u`�op~t��ow¤nqprw¤v`�Nu`w¤nr]c�Ab
pCÁ+bWb
v(pr]`b�¯�!²&·H®~¯z´
·�pClm�Fb��AbWw£v`��w¤a��`�£bWa�b
vDprb<� �¥¡¥tz}�b!½`yzac���£bN¹zy�nqb
p�tz¡
w¤vDprbW�zb
}{nL�&¹ày�v���p~]`b§u`v��obW}r�¤lmw£v`�c´~¶�ªF´
®r«
·»«+pClm�Fb �±¡¥tN}�b
½`y�a��`�¤bz¹�y��¤w£v�¦zbW���£wxnCp	�&¸ HÅv�pr]�b+nqp~y�vA�`y�}{���`}~tmt�¡
a�b
pr]`to�otN�£tN�zl(¡¥tz}^nqb<ÆNu�b
vDprwxy��Ftz�o�Cb<s&p{n�� ���»¹oy ÂÃ°±ª%@�°±ªm3°±ª_��¯�®&°¢¯�ª�· �¢nrtza�b!p~w£a�bWn^sWy��¤�£b<� y�v�yz��nqpr}{yzs&p~w£tNv
tN}�}~b!Î�v�b
a�b
vDp�a3yz� � �ob<nrs
}rw¤�FbWn ]�t�Áis!tzvAs!}~b!prb ¾àyz�£u�bWn }~b
��}rb<nqbWvNp�y���nqpr}{yzs!p�¾�y��¤u`bWnW¸ � t�p�bW¾zbW}rl
s
tzv�s
}rb
prbc¾�y��¤u`b(v�bWs!b<nrn~y�}~w¤�£l7}~b
�`}~bWnrb
vDp~n�yzv�y��AnCp~}~yNs&p�¾àyz�£u�b2gtzv`�¤l¼¾�y��¤u`bWn�n~y�p~w¤nq¡¥lmw£v`�7y���y�}rprwxs!u`�xy�}
®~«4B>®r«&²
«
ª�·Å¯�·9°¢¶�ª °±ª �à¯�®&°¢¯�ª�·�yz}rb(¾àyz�£wx��}rbW�`}rb<nqbWvDp~y�p~w£tNv�nW¸��Kyzs{]�t�¡Kp~]`b�tz�o�Cb<s&p+� nga�b!p~]`to�`n�a3yàl¼}rbW�£l
tNvYpr]`wxn�w¤vm¾àyz}rwxy�vDp�Á�]`bWv s
y��¤�¤bW�)¹�y�v��Yw£p#a#uAnCp#�Nu�y�}{y�vDp~b
b(pr]`b w¤vm¾�y�}~w¤yzvNp�]�tz�x�`n�Á�]`bWv wîp#}~b!p~u`}~v�n
¹
��uop wîp wxn�¡¥}~b
b�prt ¾mw¤tz�xy�p~b�p~]`b¼w¤vD¾�yz}rwxy�vDp3Á�]`w¤�£b7p~]`b¼a�b!pr]�tm� sWy��¤��w¤n3w¤v �`}~tz�z}~bWn~nW¸ !§bWsWy�u�nrb�pr]`b
}~b
��}rb<nqbWvNp{y�p~w£tNv y�v����¤w£v`¦mw¤v`�7w£vm¾�y�}~wxy�vDp~ngs
yz�opru`}~b�Á�]�y�p�b<yzs{] a�b
pr]`to�Yv`b
b<�`n©prt7¦mv`t�Á yz�AtNuop�pr]`b
tzpr]`bW}~nW¹�y�v tN�o�CbWs!p� n a�b!p~]`to�`n�sWy�v �Fb w¤ac���£bWacbWvDprbW�Vy�v�� ¾Nb
}~wîÎ�b<��w£v��`b
�Fb
v��obWvDpr�¤lz¹�y ��}rtN�AbW}qpCl
nrtza�b
prw¤acb<n�s
yz�£�¤bW�.´{¶�J�B`¶�²{°±·9°¢¶�ª>¯�ÂÃ°±·9³�¸
d+�xyzn~nqwxs
yz�£�¤lz¹§y.nqw¤v`�z�¤b¼y�p~tza�w¤s7yNs&prw¤tzv wxn3nq�FbWs
wîÎAbW���ml yY��y�w¤}3t�¡��`}~bW�owxs
y�prbWn

(p, q)
¹^Á�]`bW}rb

pwxn#pr]`b��`}~b!ºÅs!tzvA�owîp~w£tNv yzn~nru`a�bW�.p~t�]`tN�¤� Á�]`b
v pr]`b7yzs!prw¤tzv nqp~yz}qp{n
¹�yzv��
q
wxn(pr]`b��FtNnqpqºÅs!tzvA�owîp~w£tNv

b<nCp{y��`�¤wxnq]`b<�¼w£¡Ky�v��¼Á�]�b
vPp~]`b(yNs&p~w£tNv¼prbW}ra�w¤v�y�p~bWnW¸©À�n�pr]�b(�FtNnqpqºÅs!tNv��ow£prw¤tzvP�ob<nrs
}rw¤�Ab<n©yzv¼u`�>�`y�p~bz¹
Á§b�Á�}rw£prb�w£p(yzn�yTECpCÁ+tzº»nqp~y�prb6G#�`}rb<�owxs
y�p~bz¹�}rbW�¤y�prw¤v`��p~]`b nqp~y�p~b3t�¡+pr]`b nqprtN}rb3y�p�p~]`b nCp{y�}rpF�¥Á�}~wîprprbWv
↼−σ

�+Á�wîp~] pr]�b�nqp~y�prb
σ
Á�]`wxs{]�w£p��£b<yà¾zbWn+tzv�prbW}ra�w¤v�y�p~w£tNv4¸ HÅv�wîp~w¤yz�4y�v�� Î�v�y��>¾�y��¤u`b<n+tz¡�bWyNs{] ¾�y�}~w¤yz�`�¤b

x
yz}rb�nrw£a�w¤�¤yz}r�¤l��obWv`t�p~bW���ml ↼−x

y�v��
x
¸

��+ ,.-/�0�$"1%320��4�5�60�!%'��798:�;��2�&�7�&� �&<*(����%
e©Á�v�b
}{nq]`w¤�oº»��yznrbW�©a�b!p~]`to�otz�¤tz�Nw£b<nM�£�à�m¹<�z���N�Nb
v`bW}~yz�£wxnqbZnrbWÆDu`bWvNp~w¤yz��}~bWyznrtzv�w£v`�§p~t�s!tzvAs!u`}~}rbWvDp>tN�o�CbWs!p~n
p~]�y�p�nrlDvAs{]`}rtNv`wxnqb©¾Dwxy#s
tNyz}~nrb!º»�z}{y�w¤v`bW��nrlmv�s{]`}~tzv`wxnry�prw¤tzv4¸�À§p�actDnCp^tzv�b�p~]`}rb<yz� y�p^y#prw¤a�b�s
y�v�t�Á�v
yzv7tz�o�Cb<s&pW¸ � ]`w¤�£b�p~]`b�tN�o�CbWs!p�w¤n�u`v`t�Á�v`b<�)¹`w£p�a#u�nqp©n~y�p~w¤nq¡¥l�w£p~n�}~b
��}rb<nqbWvNp{y�p~w£tNv�w¤vm¾àyz}rwxy�vDp<¸ � ]`w¤�£b
w£p#wxn#t�Á�v�bW�)¹�]`t�Á§b
¾zbW}W¹�pr]`b�t�Á�v`b
}�wxn#¡¥}rbWb3prtP¾mw¤tz�xy�p~b�pr]`b�w£vm¾�y�}~w¤yzvDpW¹�yzn��¤tzv`��yzn�w£p(}~bWnqprtN}rb<n�pr]`b
w¤vm¾�y�}~w¤yzvNp^�Fb!¡¥tz}~b�wîp�}~b
�¤w¤v�ÆDu`w¤nr]`b<n^t�Á�v`b
}{nq]�w£�4¸
=�> Ñ&×>âHßåÒ�Ó�?åßåèCß Õ±Û!Ü&Ñ&Ôà×>Óà×¢Ñ
Ñ{ã¤â)Ù{âHâ9ÔàÒ�Ö4âHÖqô
ÔàÖCÞ!Õ9ßÃÙ@?zèCÑ&Þàâ9ßåâ¢Õ9ÖCÞàèÅÛ�AxçàÐ$BÅêDC4ðàÖ�Ñ&ÞE? Û^Ó�?ÃÙ{èCÖ�ì�ðàÖC×¢Ö�Ñ&Ôà×FÓà×HÑ&æ&×HÙ{Ò�â>èCÑ&Ô�?åäÖqÞ<èqÑ&Ô<Þ
ÕHÖC×^ÞàÑ&ÞEF¢ç<Ð Ú�ÖCð�ÙqáWßåÑ&×§ßåâKßåÞcÕHðàÖ�?ÃÙ@GÅÛIH@JLKNMNOEPQKER�Ò�ÖÅÕHðàÑ
ä�Ñ{ã�çWÖCèCÕHßåÑ&ÞF`TSFÕHðàßåâ+èrÙ{Þ3Ú�Ö�Ùqá!Ñ&ßåä<Öqä3ßåÞ#U!Ùqá&Ù�Ú!ÛäàÖCè�?ÃÙ{×¢ßåÞàæ^ÕHðàÖ

.next Ù{Þ<ä .marked V Ö�?åäàâ�Ù{â�WDJYX@O@M�PLX@Z<ê

ñ¥ò�ï4ñ±ó



�^®r¶��<°±ªD���¶�®&®r«{´
·Hª>«&²{²#¶�����°î<µoÂÃ³�¬	��¶�ª>´!Äo®&®r«
ª�·�
�°±ª>«{¯�®&°x²
¯�
Â£«������
«{´
·¢² �

d+tNv�s!u`}~}~b
vDp#tz�`�CbWs&p{n�p~]�y�pc}rbW�£lYtzv.Î�v�b!º»�z}{y�w¤v`bW�.nrlDvAs{]`}rtNv`wxnry�prw¤tzv �otPv`tzp(�`}~t�¾mw¤�`b�pr]`b7nryza�b
s
�£b<y�}rº»s
uop§�`w¤nqprw¤v�s&p~w£tNv��Fb!pCÁ§b
bWv Eqt�Á�v`bW� G�yzv��IEqu`v`t�Á�v`b<� G©nqp~y�p~bWnW¸ !+b<s
yzu�nqb©a#u`�£prw¤�`�¤b�p~]`}~bWyz��n+a3yàl
yNs
s
bWn~nZy�v�tz�o�Cb<s&p+s
tzv�s
u`}~}rbWvNp~�£lN¹��Fb
}~]�y���n�w£vDprbW}r�¤bWyà¾mw¤v`��y�p~tza�w¤s^tN�AbW}~y�prw¤tzv�n�w¤v s!tNa��`�£b
½(Á^yàlon
¹�ÎAv`b!º
�N}~yzw£v�bW��nrlmv�s{]`}~tzv`wxnry�prw¤tzv�}~bWÆDu`w¤}~bWn�w¤�`b
vDprw£¡¥lmw£v`��w¤vm¾àyz}rwxy�vDp{n4p~]�y�pZ]`tN�¤�cy��¤�Dpr]`b^p~w£a�bz¹zv`t�p>�Cu�nqp��ou`}~w£v`�
s
tNyz}~nrb!º»�z}{y�w¤v`bW�©w¤vNp~b
}~¾�y��xn
¸���t�Á§b
¾zbW}�w¤vm¾àyz}rwxy�vDp{n�yz}rb+v`t�p�b
v`tNu`�z]�¸�\^]`b§u`�>�`y�p~bWn�prt�nq]Ay�}~bW��a�b
a�tN}rl
yz}rb©s!tzvAnCp~}~yzw£v`b<�cprt#n~y�p~w¤nq¡¥l3s!bW}qp{y�w¤v3�`}rb<�owxs
y�p~bWn1/Dyzv��3�FbWsWy�u�nrb�pr]�b
l �ob<nrs
}rw¤�Ab�u`�F��y�prb<n
¹Dp~]`bWnrb�a(u�nCp
�Fb��`}~bW�owxs
y�prb<n+t�¾Nb
}§pCÁ§t�nqp~y�prb<n
¸

���� � �� �� 5E*(�0� "1� ��� �$� "��$�!%'&(�)����*
HÅv�®r«
ÂÃ³�¬¢�Ä�¯�®r¯�ªA·»«{«K�H�^ºCÏK�4}~bWyNnqtNv`w£v���¹àbWyNs{]�pr]`}~bWyN��wxn�yzn~nqw¤�zv`b<��y(®r«!Âî³�s
tzv��`wîp~w£tNv�pr]Ay�p�s{]�y�}{yzs!prbW}rwxnqb<n
p~]`b3w¤vNp~b
}r¡¥b
}~b
v�s
b�pr]�y�p�pr]`}~bWyN��sWy�vYprtN�£bW}~y�prbc¡¥}~tzaip~]`b tzpr]`bW}�pr]`}~bWyN�`n
¸FHÅvY}~b!p~u`}~v4¹4p~]`b�pr]`}~bWyN�Yw¤n
yNnrnrw¤�zv`b<� yYzÄ�¯�®r¯�ª�·Å«{«7s!tzvA�owîp~w£tNv pr]Ay�p3s{]�y�}{yzs!prb
}~wxnqb<n�]`t�Á pr]Ay�pcpr]`}~bWyN� s
yzv w¤vNp~b
}r¡¥b
}~b�Á�w£pr] pr]`b
tzpr]`bW}~nW¸ |�}~t�¾mw£v`� pr]`bYnry�¡¥b!pCl�t�¡�y �`}~tz�N}~yza }~bWÆDu`w¤}rb<n �`}~t�¾mw£v`�.p~]�y�p �C���3w£¡�bWyzs{] p~]`}~bWyz��� n�}rbW�£l
s
tzv��`wîp~w£tNv#wxn�n~y�p~w¤nqÎ�b<�)¹àpr]`bWv#p~]�y�p�p~]`}rb<yz�(nry�prwxnCÎ�b<n�wîp{n��Nu�y�}{y�vDp~b
b+s
tzv��`wîp~w£tNv4¹�y�v����H����b<yzs{]#pr]`}~bWyN� � n
�Nu�y�}{y�vDp~b
b©s
tzv��`wîp~w£tNv�w¤a��`�¤w£b<n§pr]`b�tzpr]`bW}~n�o}rbW�£l�s!tzvA�owîp~w£tNv�nW¸
jm�FbWs
wîÎFs
y�p~w£tNv.t�¡�y�Î�v`b
º9�N}~yzw£vYs!tzvAs!u`}~}rbWvDp���}rtN�z}{y�a�}~bWÆDu`w¤}rb<ng¡¥tzu`}���}rb<�ow¤sWy�p~bWn12

(p, R, G, q)
¸

\^]�bc��}rb<�ow¤sWy�p~bWn
p
y�v��

q
yz}rbcpr]�bc��}rb
º»s
tzv��ow£prw¤tzvYy�v����FtNnqpqºÅs!tzvA�owîp~w£tNv4¹�yNn��obWn~s!}~w£�FbW�Yy��Ft�¾zbN¹4y�v��

p~]`b
l��obWn~s!}~w¤�Ab�p~]`b��AbW]�yà¾mw£tNu`}�t�¡�pr]�b�pr]`}~bWyN��yNn�y�Á�]`tz�¤bz¹`¡¥}rtNa pr]�b�prw¤acb#wîp�nqp~yz}qp{n^prtcpr]�b�prw¤a�b�wîp
p~b
}~a�w£v�y�prb<nK�¥w£¡�w£p©�otmb<nA�!¸

R
yzv��

G
nru`a�a3y�}~w¤nrbgpr]`b��`}~tz�Fb
}rprw¤bWn^tz¡�p~]`b�w¤v��ow¤¾mw¤�ouAy���y�prtza�wxs�yzs!prw¤tzv�n

w¤vm¾ztN¦zbW�c�ml(pr]`b©b
vm¾mw£}~tzv`a�bWvNp �¥w¤v3pr]`bgs
yNnqb�tz¡
R
�Ky�v��cp~]`b�p~]`}~bWyz��w£p~nrb
�£¡ �¥w¤v3p~]`b©sWyznrb�t�¡

G
�&¸Z\^]`bWl

yz}rb pCÁ+tzº»nqp~y�prb �`}~bW�`w¤sWy�prb<n
¹�}~b
�xy�p~w£v`�Ppr]`b�nCp{y�prb ↼−σ
�Fb!¡¥tN}rb�bWyNs{] w£v��`w£¾mwx�ou�y��^y�p~tza�wxs�yzs!prw¤tzv.p~t

σ
¹

p~]`b tNv`b w¤aca�b<�ow¤y�prbW�£l.y�¡±p~b
}�p~]�y�pcyzs&p~w£tNv4¸P\^]`bP®~«!ÂÃ³Y´~¶�ª"Q�°±·H°¢¶�ª
R
�AtNu`v��`n#pr]�b w£vDp~b
}r¡¥b
}~b
v�s
b3pr]`b

p~]`}~bWyz��s
yzv p~tz�¤b
}{y�prb#¡¥}rtNa�pr]�bcbWvm¾Dw¤}~tzv`a�b
vDp<¹)Á�]`b
}~bWyNn�p~]`b �Ä�¯�®r¯�ªA·»«{« ´{¶�ª"Q�°±·9°¢¶�ª
G
�Ftzu`v���ngpr]`b

w¤vDprbW}q¡¥bW}rbWv�s!bgpr]Ay�p�wîp�sWy�v7w¤ac�FtNnrb�tzv�pr]`b�tzpr]`bW}^pr]`}~bWyN�`nW¸

���� 	 &!� � ����&(�
� b�nq]Ay��¤�)u�nqb�}~b
�xy�p~w£tNv�y��Fv`t�p{y�p~w£tNv�p~t�yz�`�`}~b
¾mwxy�prbgtz�Fb
}{y�p~w£tNv�n+tzv��`}rb<�owxs
y�p~bWn§t�¡�pCÁ+t�nqp~y�p~bWnW¸���b
�xy�º
p~w£tNv�y���s!tza��FtNnrwîp~w£tNv¼t�¡Z�`}~bW�owxs
y�prb<n��obWn~s!}~w¤�Ab<n�b!½`yzs!pr�¤l�p~]`b�w¤vDprb
vA�obW�¼�Fb
]Ayà¾Dw¤tzu�}�t�¡�pr]`bcnqb<ÆDu`b
vDprwxy��
s
tza��FtNnrwîp~w£tNv�tz¡�nrbWÆDu`b
vDp~w¤yz�)�`}rtN�z}{y�a3n12

(P ; Q)(↼−σ , σ)
def
= ∃τ. P (↼−σ , τ) ∧ Q(τ, σ)

\^]�bg��}rtN�z}{y�a pr]Ay�p�a3y�¦NbWn§v`t3s{]�y�v��zbgprtcpr]�b�nCp{y�prb�wxn��ob<nrs
}rw¤�Ab<��b
½`yzs&p~�£l��Dl

ID(↼−σ , σ)
def
= (↼−σ = σ).

\^]�b�¡¢y�a�w¤�£wxy�}§v`tzp~y�p~w£tNv
R∗
�ob<nrs
}rw¤�FbWn§y�vml#ÎAv`wîp~b©vmu`a(�AbW}+tz¡4wîp~b
}{y�p~w£tNv�n�tz¡4pr]`b©�`}~tz�z}{y�a �obWn~s!}~w¤�Ab<�

�ml
R
¸ H»p�wxn��ob!ÎAv`bW�

R∗ def
= ID ∨ R ∨ (R; R) ∨ (R; R; R) ∨ · · ·

H»p��`bWn~s!}~w£�FbWn^w¤vDprb
}r¡¥b
}~b
vAs!bg�Dl�y�v�u`v`¦mv`t�Á�v�vmu`a#�Fb
}�tz¡�y�prtza�wxs�yzs&p~w£tNv�n§¡¥}~tza tzpr]`bW}^pr]`}~bWyN�`n
¸
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p1; R1 ⇒ p1 R1; q1; R1 ⇒ q1 G1 ⇒ R2

p2; R2 ⇒ p2 R2; q2; R2 ⇒ q2 G2 ⇒ R1

(p1, R1, G1, q1) ‖ (p2, R2, G2, q2) = (p1∧p2, R1∧R2, G1∨G2, q1∧q2)

?�w¤�zu`}~b��2�|Zy�}{y��¤�£bW�>s
tza��FtNnrwîp~w£tNv�}~u`�¤b

|�}~tz�N}~yza3n�y�vA�#nr�Ab<s!w£ÎAs
y�prw¤tzv�n�s
yzv��Ab^s!tNa���y�}~bW��Á�w£pr](bWyNs{]�t�p~]`b
}��ml©p~]`b�nCp{y�v���y�}{��}rb
Î�v`b
a�bWvNp
tN}~�`b
}~w£v`�A¸3\^]`b3v`t�p{y�p~w£tNv

A w B
a�b<y�v�ngp~]�y�p

A
wxn�y7nCp~}rtNv`�zbW}�nq�FbWs
wîÎAsWy�p~w£tNv�p~]�y�v

B
¹��FtNn~nqw¤�`�¤l

a�tN}rb§�obWnrw£}{y����£b+�`uop�actN}rb§�ow1�3s
u`�£p�p~t©a�bWb!pW¸ � ]`b
v��obW¾zb
�¤tz��w£v`�gy��`}~tz�N}~yzaV¡¥}~tza�w£p~n�nr�Ab<s!w£ÎAs
y�prw¤tzv4¹
w£p�w¤n�yz�£Á^yàlonK¾�yz�£wx� p~t�}rbW�`�¤yNs!b©pr]`b�nr�FbWs!w£ÎAsWy�prw¤tzv��ml�y�nCp~}rtNv`�zbW}+tNv`bz¸ZÀ nr�Ab<s!w£ÎAs
y�prw¤tzv�wxn^Á§bWy�¦Nb
v`b<�
�mlPÁ§bWyz¦zbWv`w£v���w£p~n��FtNnqpqºÅs!tNv��ow£prw¤tzvYtz}�w£p~n��Nu�y�}{y�vDprbWbcs
tzv��`wîp~w£tNv4¸�d+tzvm¾zbW}~nrb
�¤lz¹)w£p�w¤n�nqpr}~b
v���pr]�b
v`b<�
�ml Á§bWyz¦zbWv`w£v��(w£p~n�yNnrnru`a��op~w£tNv�n
¸

p′ ⇒ p R′ ⇒ R
G ⇒ G′ q ⇒ q′

(p, R, G, q) w (p′, R′, G′, q′)

���������	�
���

HÅvYpr]�bc}~b
�¤lPs!tNv��ow£prw¤tzv4¹�Á+b�t�¡±p~b
vYÁ§yzvDp©p~t7nr�FbWs!w£¡¥lPp~]�y�p�p~]`b
}~b3y�}~bcs
b
}rp~y�w¤v ¾�yz}rwxy��`�¤bWn©p~]`b�b
voº
¾mw¤}rtNv`a�b
vDpg�`tDb<n�v�t�p�u`�F��y�prbN¹)tz}©pr]�y�pgw£¡+nrtza�b�s!tzvA�owîp~w£tNvPwxngn~y�p~w¤nqÎ�b<�)¹Fpr]`bcb
vm¾mw£}~tzv�acbWvDpgyzs!prw¤tzv�n
��}rb<nqbW}r¾Nb�w£p0� �P�9¸ � b�w£vDp~}rto�ou�s
bgpr]`b�¡¥tN�£�¤t�Á�w£v��cv�t�p~y�prw¤tzv�¡¥tz}^p~]`bWnrb�nq�FbWs
wîÎAsWy�p~w£tNv�n
¸

ID(x)
def
= (↼−x = x)

ID(P )
def
= (

↼−
P = P )

Preserve(P )
def
= (

↼−
P ⇒ P )

?�tz}�s
tzvm¾zbWv`w£bWv�s!b�w¤v�pr]`b��FtNnqpqºÅs!tNv��ow£prw¤tzv7y�v����zuAy�}{y�vDprbWbgs
tzv��ow£prw¤tzv�¹`Á+b��ob
Î�v`b
Mod(X)

p~t3acb<y�v
p~]�y�pgtzv`�¤l7¾�y�}~w¤yz�`�£b<n�w¤v¼pr]�bcnrb!p

X
y�}~b�a�to�owîÎAbW�P�ml�pr]�b(yzs!prw¤tzv4¸ � bcb!½mp~b
v��7p~]`bWnrbcv`t�p{y�prw¤tzvAn�prt

a(u`�£prw¤�`�£b�¾�yz}rwxy��`�¤bWn^yzv���s
tzv��`wîp~w£tNv�n
¸

� �� �
� � �

HÅv(pr]�w¤nZnrbWs!prw¤tzv4¹�Á§b§Á�w£�¤�`�ob!ÎAv`b§pr]`b�nrb
a3y�vDp~w¤sWn�tz¡Fygnqw¤a��`�¤b^s
tzv�s
u`}~}rbWvNp��`}~tz�z}{y�a�a�w¤v`���xy�v`�Nu�y��NbK�ml
a�b<y�v�n�t�¡�y�½mw¤tza3n�y�v��#�`}rtmtz¡`}ru`�¤bWnW¸ � b+Á�w¤�¤�myN�otz�`p�pr]�b§s
tzvm¾zbWvNp~w£tNv�pr]�y�p�y©�`}~tz�z}{y�a w¤n�}~b
�`}~bWnrb
vDprb<�
�ml3p~]`b�nqpr}~tzv`�NbWnqp^nr�Ab<s!w£ÎAs
y�prw¤tzv�pr]�y�p�wîp�sWy�v��Ab���}rt�¾NbW�3p~t3a�b
b!p<¸
À§p~tza�w¤s yzs&p~w£tNv�n yz}rbP�obWv`t�p~bW���ml bWv�s!�¤tNnrw¤v`� y.�`}~tz�z}{y�a w£v �owxy�a�tNv����`}~yNs{¦zb
p~n

〈C〉
¸�À�n y

nrbWÆDu`bWvDprwxy����`}rtN�z}{y�a7¹
C
s
yzvP�Abca�to�ob
�¤�£b<� yNn©y��`}~bW�owxs
y�prb#�Ay�w¤}

(p, q)
¸�À©ngyzv y�p~tza�wxs#yzs!prw¤tzv4¹)w£p

�FbWs
tza�bWn12
〈(p, q)〉

def
= (p, true, q, q)

\^]�bc��}rb
º»s
tzv��ow£prw¤tzvYy�v����FtNnqpqºÅs!tzvA�owîp~w£tNv�yz}rbcu`v�s{]�yzv`�zb<�)¸�\^]`b��zu�yz}~yzvNp~b
bcs!tzvA�owîp~w£tNv�wxn§�Cu�nqp�pr]`b
�FtNnqpqºÅs!tNv��ow£prw¤tzv4¹ày�vA�gpr]`b+}rbW�£l�s!tNv��ow£prw¤tzv�y��¤�¤t�Á�n4y�}~�`w£pr}{y�}~l�s!tNv�s!u`}~}~b
vDp4�AbW]�yà¾mw£tNu`}<¸4\^]`bKw¤a��`�£bWa�b
voº
p{y�p~w£tNv t�¡�y�prtza�wxs!w£pCl(a(u�nqp+b
vAnqu`}~b�p~]�y�p§pr]`wxn+w£vDprbW}q¡¥bW}rbWv�s!b©s
y�v�v`t�p�p{y�¦Nb��`�xyzs
b�Á�wîp~]`w¤v pr]�b©�owxy�a�tzvA�
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��}~yNs{¦zb!p{n
¹Dnqt�pr]`bg�`}~tDtz¡4t�¡�s
tz}~}rb<s&prv�bWn~nZt�¡)p~]`bgy�prtNacwxs�}~b
�Nw£tNv y�}~b�u`v�yP5Fb<s&p~bW�3�ml�w£vDp~b
}r¡¥b
}~b
v�s
bz¸ � b
Á�w¤�¤�Fnr]`t�Á �¤y�prbW}+]`t�Á�p~]`b��`}~tz�N}~yza�acbW}�wxnK}~bWnr�AtNv�nrw£�`�¤b�¡¥tN}Kb
vAnqu`}~w¤v`��p~]�y�p§w£vDprbW}q¡¥bW}rbWv�s!b�w¤n+]�y�}~a��£b<nrn
w¤voº»�Ab
pCÁ+bWb
v�pr]`b�y�prtNacwxs�yzs!prw¤tzv�nW¸
� b�p~yz¦zbcpr]`b s
tzvm¾zbWvDprw¤tzv w¤v�pr]`wxn���yz�AbW}�pr]`b3tNv`�£l�y�prtNa�w¤s�nqp~y�p~b
a�b
vDp{n�y�}~b(w¤v��ow¤¾mw¤�ouAy���a�b
acº

tN}rl¼}~bWyN�`n�y�v���Á�}~wîp~bWn1/�y�p~tza�wxs!w£pCl¼w¤n��Nu�y�}{y�vDp~b
bW�P�DlPpr]`b�]�yz}~�oÁ^y�}~b#Á�w£pr].v`t7t�¾Nb
}~]`bWyN�)¸ � b y�}~b
p~]`b
}~b!¡¥tN}rb+�Cu�nqprw£Î�bW�4¹�w¤v�p~]`b�w¤vNp~b
}~bWnqp~n§t�¡��¤b
�zw¤�`w¤�£w£pClz¹mp~t3tza�w£p��`w¤yzactNv����`}{yzs{¦zb
p~nW¸

����� �����������������! �� &(8:4�&(%3�Q����&(�
?�tz}�nrw¤ac���£wxs!w£pClz¹FÁ+b(�ob!Î�v�b#nqb<ÆDu`b
vDprwxy���s!tNac�FtNnrw£prw¤tzv�¡¥tz}©�`}rtN�z}{y�a3n^Á�w£pr]¼wx�ob
vDprwxs
yz��}~b
�¤l�yzv��7�zuAy�}rº
yzvDprb
b�s!tNv��ow£prw¤tzv�nW¸��H\^]`bWnrb3s!tNv��ow£prw¤tzv�n�sWy�v�yz�£Á^yàlon��Fb�Á+b<y�¦Nb
v`b<�Ptz}�nqpr}~b
v`�zpr]`bWv`bW��yzn��owxnrs
u�n~nqb<�
yz�At�¾Nbz¸ �

q1; R
∗ ⇒ p2

(p1, R, G, q1); (p2, R, G, q2) = (p1, R, G, (q1; R
∗; q2))

À nqb<ÆDu`b
vDprwxy���s!tNac�FtNnrw£prw¤tzvP]�yNn�p~]`bcn~y�a�b���}rb
º»s
tzv��ow£prw¤tzv
p1
yNn�w£p~n©Î�}{nCp�tN�AbW}~yzv��)¹>y�v��¼pr]`b�nryza�b

�Nu�y�}{y�vDp~b
b#s
tzv��ow£prw¤tzvAn©yNn©�Ft�p~] w£p~ngtz�Fb
}{y�vA�`n
¸ �Z½`s
b
�op�y�pgpr]�b(¾Nb
}~l�p~}~yzv�nrwîp~w£tNvP�Ab
pCÁ+bWb
v pr]`bcpCÁ§t
tN�AbW}~yzv��`nW¹�w£p#Á�w¤�£�KprtN�£bW}~y�prb3p~]`b�n~y�a�b w¤vNp~b
}r¡¥b
}~b
v�s
b

R
yNn��Ft�pr] wîp{n�tz�Fb
}{y�vA�`n
¸¼\�t �ob<y���Á�w£pr] w¤voº

p~b
}r¡¥b
}~b
v�s
b�y�p©pr]`b�p~}~yzv�nrwîp~w£tNv¼�AtNw£vDpW¹>y�v¼b
½mpr}{y��`}rtmtz¡�tN�`�¤w£�Dy�prw¤tzv7wxn�w¤a��AtDnqb<� 2Kp~]`b�ÎA}~nqp�tz�Fb
}{y�vA� � n
�FtNnqpqºÅs!tNv��ow£prw¤tzv.a#uAnCpcw£a��`�¤l p~]`b�nrbWs
tzv��YtN�AbW}~yzv�� � n��`}~b!ºÅs!tNv��ow£prw¤tzv �obWnr�`w£prb w¤vDprbW}q¡¥bW}rbWv�s!b �ml�pr]`b
bWvm¾Dw¤}~tzv`a�b
vDp

R∗
pr]�y�p�a3yàlPtos
s!u�}��Ab
pCÁ+bWb
v�pr]`bWa7¸�?`tN}�pr]`b n~y�a�b�}~bWyznrtzv�¹)pr]`b3�Ft�p~b
vDprwxy��Kw£vDprbW}qº

a�b<�ow¤y�prb�w¤vDprb
}r¡¥b
}~b
vAs!b�]�yzn§p~t3�Ab�w¤v�nrb
}rprb<���Fb!pCÁ§b
bWv�pr]`b��FtNnqpqºÅs!tNv��ow£prw¤tzv�n^tz¡�p~]`b�pCÁ+t�tN�AbW}~yzv��`n§prt
�Nw£¾Nb�p~]`b��FtNnqpqºÅs!tzvA�owîp~w£tNv�tz¡�p~]`b�b
vDp~w£}~b�nqb<ÆNu�b
vDprwxy��4s
tza��AtDnqw£prw¤tzv�¸

���+ � � "��! � ��� �� &�8 4�&�%'������&(�
� ]�b
v pr]`}~bWyN�`nc}ru`v s!tNv�s!u�}r}~b
vDpr�¤lz¹Zb<yzs{] pr]`}~bWyN� a#uAnCp3b
vAnqu`}~b�pr]�y�p�w£p~n3y�prtNacwxs7yzs!prw¤tzv�n��otYv`t�p
w¤vDprbW}q¡¥bW}rbcÁ�wîp~] p~]`b�t�p~]`b
}gpr]�}rb<yz�`n©b!½`s!bW�op�yzngb!½o�FbWs!prbW�4¸�H»p�w¤n©p~]`b
}~b!¡¥tN}rbcbWn~nqbWvDprwxy���prt7�`}~t�¾zb�p~]�y�p
p~]`b��Nu�y�}{y�vDp~b
b s!tNv��ow£prw¤tzv tz¡�bWyNs{] pr]`}~bWyN�.w£a��`�¤w¤bWn#pr]`b�}rbW�£l.s!tNv��ow£prw¤tzv tz¡�pr]`b�t�p~]`b
}{nW¸ !§bWs
yzu�nrb
yzvml#p~]`}rb<yz� s
tzu`�x��p{y�¦zb�pr]`b©Î�}{nCp§tz}§�¤yNnCp^y�p~tza�w¤s©yzs!prw¤tzv4¹Npr]`bg�`}~b!ºÅs!tNv��ow£prw¤tzv�n+y�v��3�FtNnqpqºÅs!tNv��ow£prw¤tzv�n
tz¡Ky��¤��p~]`}~bWyz��n�a#uAnCp©prtz�¤b
}{y�p~b�w¤vNp~b
}r¡¥b
}~b
v�s
b�¡¥}~tza-pr]`bct�p~]`b
}{nW¸���v��`b
}©pr]`b<nqbcs!tzvA�owîp~w£tNv�nW¹Ap~]`b�ÎAv�y��
nqp~y�prb Á�w¤�¤�^n~y�p~w¤nq¡¥lY�Atzpr] �FtNnqpqºÅs!tNv��ow£prw¤tzv�nW¸ À��£�§�`}~b!ºÅs!tzvA�owîp~w£tNv�n#yzv��.}~b
�¤l.s
tzv��`wîp~w£tNv�n�a(u�nCpc]`tz�x�)¹
��uop(s!tNv�s!u�}r}~b
vDp�s!tNa#�`w¤v�y�p~w£tNv s
y�v.�Nu�y�}{y�vDprbWb(tNv`�¤l p~]`b �owxn¥�Cu`vAs&prw¤tzv tz¡^pr]`b�nrb
�Ay�}{y�prb��Nu�y�}{y�vDprbWb
s
tzv��`wîp~w£tNv�n
¸
\^]`b s
tz}~}rb<nq�FtzvA�ow£v����`}~tmt�¡K}~u`�¤bcwxn�w¤v ?�w¤�zu`}~b7�z¸ HÅv����¤yzw£v ��v`�N�£wxnr]4¹�y�vA� �Nb
v`bW}~yz�£wxnqw¤v`��prt¼y�vml

vmu`a(�AbW}�t�¡+pr]`}~bWyN�`n
¹)w£p�a�bWyzv�n©pr]�y�p��`}rt�¾mw¤v`� p~]`b n~y�¡¥b!pCl¼tz¡§y���yz}~yz�£�¤b
���`}~tz�N}~yza-}~bW�`u�s!b<ngprt_23�C°:�
y3nrbWÆDu`bWvDprwxy��4�`}~tmt�¡�t�¡�pr]�b��AtDnCprº»s
tzv��`wîp~w£tNv7yzv����zu�yz}~yzvDprb
b�s
tzv��ow£prw¤tzv7tz¡�b<yzs{]7w¤v��ow¤¾Dwx�ou�yz�)pr]�}rb<yz�)¹
yNnrnru`a�w¤v`�Pw£p~nc}rbW�£l.s!tNv��ow£prw¤tzv wxn(pr}~u`bz¹�s
tza(�`w£v�bW� Á�w£pr] �C°±°:�(y ��y�w¤}~Á�w¤nrb �`}~tmt�¡�pr]Ay�p�b
¾zbW}rlYt�p~]`b
}
p~]`}~bWyz��� n^�Nu�y�}{y�vDprbWb©s
tzv��ow£prw¤tzv7w¤a��`�£w¤bWn§p~]`wxn^pr]`}~bWyN� � n^}rbW�£l�s
tzv��`wîp~w£tNv4¸
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w¤}��`}~bWs
bW�ow¤v`�ctz}^¡¥tN�£�¤t�Á�w£v��
y�prtNacwxs�nCp{y�p~b
a�b
vDp�w£v�p~]`b�s!tNvNp~}rtN�"R�t�Á�¸
� ]`bWv¼y(v�b
ÁVtN�o�CbWs!p�w¤n§Î�}{nqp^yz�£�¤tos
y�p~bW�)¹otNv`�¤l3pr]`b�yz�£�¤tos
y�p~w£v��#p~]`}rb<yz��s
yzv�yzsWs!b<nrn+pr]Ay�p�tz�o�Cb<s&p+� n

ÎAb
�x�`nO/+Á+b7n~yàl p~]`b�tN�o�CbWs!p(wxn�BF®&°9��¯�·Å«!¸ e©v�s
b p~]`b�}~b!¡¥bW}rbWv�s!b�w¤nc�`�xyzs
bW� w¤v y�nq]�yz}rb<� �¤tmsWy�p~w£tNv4¹Zwîp
�FbWs
tza�bWn B>Ä_�!Âî°¢´!¸ � jmw£vAs!b�}rbW�£lPyzv����zu�yz}~yzvNp~b
b�s!tNv��ow£prw¤tzv�n�nr]`tzu`�x��v`t�p�a�b
vDprw¤tzv.�`}~w¤¾ày�prbctz�o�Cb<s&p{n
¹
Á§b�w£vDp~}rto�ou�s
bgpr]`b�¡¥tN�£�¤t�Á�w£v��(v`tzp~y�prw¤tzv�prt3ÆDu�y�vDp~wî¡¥l t�¾Nb
}�y��¤�)�`u`���£wxs�tz�o�Cb<s&p{n^t�¡�pClD�Fb

T
¸

∀T x. P (x)
def
= ∀x. (x : T ∧ Public(x)) ⇒ P (x)

H»p�wxn�t�¡±p~b
v.u�nrb!¡¥u`��prtPyzn~nru`a�b(p~]�y�p�b<yzs{]�pr]`}~bWyN� ]Ayzn�y�u`v`wxÆDu`b3w¤�`b
vDprw£Î�b
}<¸ � w£pr]`w¤v y�pr]`}~bWyN�
nr�FbWs!w£ÎAsWy�prw¤tzvPpr]`b(v`t�p{y�prw¤tzv

self
}~b!¡¥bW}~n�prt�pr]`bcw¤�`b
vDprw£Î�b
}gt�¡Zp~]`b(s
u`}~}rbWvNp©pr]`}~bWyN�)¸I�»e©v`b(yNnq�FbWs!p©tz¡

s
tza��FtNnrwîp~w£tNv�y��¤wîpClct�¡��^ºÅÏ w¤n+pr]Ay�p§pr]`}~bWyN�3w¤�`b
vDprw£Î�b
}{n^y�}~b©yz��nCp~}~yNs&p<¹Dyzv��3p~]`b©tNv`�¤lctNv`bWn§tz¡4w£vDprbW}rb<nCp
yz}rb

self
y�v��#v`tzvoº

self
¸ �#\^]`bK��yz}~yz�£�¤b
�ms!tNa��AtDnqw£prw¤tzv�}~u`�¤bz¹�]`t�Á§b
¾Nb
}<¹<�`tDb<n�v�t�p�¦Dv�t�Á y�vmlDpr]`w¤v`�©yz�AtNuop

p~]`b�nr�Ab<s!wxy��4a�bWyzv`w¤v`��t�¡
self
¸+\^]`b
}~b!¡¥tN}rb��Fb!¡¥tz}~b�y����`�£lmw¤v`�cpr]`b#}ru`�¤bz¹otNv`b�v`bWbW�`n^p~t nqu���nCp~wîp~uoprb�pr]`b

yNs&p~u�y��mp~]`}rb<yz�cwx�ob
vDprw£Î�bW}�y�pKy��¤�`tos
s
u`}~}rbWv�s!b<n�tz¡
self
w£vcp~]`b�nr�Ab<s!w£ÎAs
y�prw¤tzv�nW¸�Ïgw¤¾zbWv�nrtza�b�b
½m��}rb<nrnrw£tNv

P
¹DÁ§b©�obWv`t�p~b��ml

P[self := t]
pr]`wxn§nqu`�AnCp~wîp~uoprw¤tzv tz¡

self
�Dlcp~]`b©yNs&pruAy��`p~]`}~bWyz� w¤�obWvDprw£Î�b
}

t
w£v

P
¸M?�tz}

b
½`y�a��`�¤b©p~]`b�w¤ac���£wxs
y�prw¤tzv
G1 ⇒ R2

Á�w£�¤�4�FbWs!tNa�b2

G1 [self := 1] ⇒ R2 [self := 2]

� � * ��*�/�$ �  �§$!*����!��	�$!�3���3�

\^]�w¤n4nrbWs!prw¤tzv�nr�Ab<s!w£Î�bWn�y�v��gw¤ac���£bWacbWvDp~n�y^�¤tos{¦mw£v`�^�`}~w¤acw£prw¤¾zb��¢a#uop~b!½_�)uAnqb<�©w¤v�pr]�b��¤y�prbW}4s!tzvAs!u`}~}rbWvDp
�¤wxnCp�yz�£�Ntz}~wîp~]`a3n
¸ H»p�w¤n�y�nrw£a��`�¤b�b!½`yzac���£b�t�¡�pr]�b�pr]`bWtz}~l��obWn~s!}~w¤�Ab<��w¤v�pr]`b��`}~b
¾mw¤tzu�n^nrbWs!prw¤tzv4¸

?�tz}~a�yz�£�¤lz¹Ny�a#uop~b!½
L
wxn>�Cu�nqp+y�¾�y�}~wxy��`�¤b§pr]�y�pK]`tz�x�`n�p~]`b�pr]�}rb<yz�cw¤�`b
vDprw£Î�b
}Kt�¡>wîp{nZt�Á�v`b
}<¹�tN}

nullÁ�]�b
v�u`v`t�Á�v`b<�)¸�À a#uop~b!½���}rt�¾mwx�obWn+pCÁ§t(tN�AbW}~y�prw¤tzv�n§Á�w£pr] �¢yz��nCp~}~yNs&p	�Kw¤a��`�¤b
a�b
vDp~y�prw¤tzv�n12 �¥Á�]`bW}rb
〈b → C〉

w¤n�y�s
tzv��ow£prw¤tzvAy��4s!}~w£prwxs
y��>}~b
�Nw£tNv �

L.lock()
def
= 〈L.owner = null → L.owner := self〉

L.unlock()
def
= 〈L.owner := null〉

!§l�yz�`�`�¤lmw£v`�cp~]`b�s!}~wîp~w¤sWy��)}~b
�Nw£tNv�y�½ow¤tza yzv���}rb
Î�v`b
a�bWvNp<¹`Á§b�sWy�v7�obW�`u�s!b�2

L.lock() w (L.owner 6= self, R, G, L.owner = self)
L.unlock() w (L.owner = self, R, G, L.owner 6= self)

Á�]�b
}~b
R = LockRely = ID(L.owner = self)

G = LockGuar = (L↼−−−−.owner /∈ {self, null} ⇒ ID(L.owner))
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jow£v�s
bgpr]`b<nqb�y�}~b�p~]`b�tzv��£l�pCÁ§t(tN�AbW}~y�prw¤tzv�nKpr]Ay�p�s
yzv�a�to�ow£¡¥l
L.owner

¹�yz�£�Fp~]`}rb<yz�`n^yzuoprtNa�y�prwxs
yz�£�¤l
�Nu�y�}{y�vDp~b
b

LockGuar
¸ � tzprbgpr]�b©�Nu�y�}{y�vDprbWb©s
tzv��ow£prw¤tzv�t�¡�tNv`b©pr]`}~bWyN�3w£a��`�¤w¤bWn§pr]�bg}~b
�¤l3s!tNv��ow£prw¤tzv

tz¡�yzv`t�p~]`b
}^p~]`}rb<yz�)¸Zf¼tN}rbg¡¥tN}ra3y��¤�¤lz¹m¡¥tz}�yz�£�
i 6= j

LockGuar [self := i] ⇒ LockRely [self := j]

À�s
tza�a�tzv�u�nqb�¡¥tN}�pr]`b<nqb¼y�½ow¤tza3ncw¤ncp~t.bWnqp~y����£wxnq] �^ºCÏis
tzv��ow£prw¤tzvAn�t�¡�p~]`b7¡¥tz�¤�¤t�Á�w£v`��¡¥tz}~a
�¢Á�]`b
}~b

P
wxn�nrtza�b¼�`}~tz�Fb
}rpCl p~]�y�p�Á+bPÁ^y�vDp p~t ]`tN�¤� Á�]�b
v Á§bP]`tz�x� p~]`b �¤tos{¦"2 ¡¥tz}�b!½`y�a��`�¤bz¹

nqp~y�prw¤v`�cpr]�y�p�nqtNa�bg¾�yz}rwxy��`�¤bWn���s
tzv��`wîp~w£tNv�n+yz}rbg�`}~bWnrb
}~¾zb<�_�&¸

R = LockRely ∧ (L↼−−−−.owner = self ⇒ P )
y�v��

G = LockGuar ∧ (L↼−−−−.owner 6= self ⇒ P )

\^]�w¤n^a3y�¦NbWn§p~]`b�EC�¤tos{¦mw£v`���owxnrs
w£���£w¤v`b	G�b!½o�`�¤w¤s
wîp<¸

� ,.�!	���/����!��/����!�#	��Y���!	(���

À a�tm�`u`�£b�w£a��`�¤b
a�bWvNp~w£v���y�v yz��nqpr}{yzs&p#��y�p~yPpClm�Ab�s!tzvDp{y�w¤v�n�y¼�¤tos
y��§nq]Ay�}~bW� nqp~y�p~b�yzv�� yPnrb!p(tz¡
a�b
pr]`to�`n�tN�AbW}~y�prw¤v`�7tzv�pr]�y�p�nqp~y�prbN¸ \^]`b�b!½mprbW}rv�yz��nq�FbWs
wîÎFs
y�p~w£tNv�tz¡Kp~]`b3a�tm�`u`�£b�a�b
vDp~w£tNv�n�tzv`�¤l
yz��nqpr}{yzs&p�nqp~y�p~b�¾�y�}~w¤yz�`�£b<n
¹mÁ�]`wxs{]¼y�}~b��ow¤n¢�Ctzw¤vDp^¡¥}rtNa pr]�b�s!tzvAs!}~b!prb�nqp~y�p~bz¸�À��¤w£v�¦Dw¤v`�3w¤vm¾àyz}rwxy�vDp�s
yzv
�Fb��ob
Î�v`bW��Á�]`wxs{]�}rbW�¤y�prbWn§p~]`b�pCÁ§t�¸

HÅv(pr]`b^nrbWÆDu`b
vDp~w¤yz�DsWyznrbz¹àprtg�`}~t�¾zbZp~]�y�p�pr]�b^s
tzv�s
}rb
prb+acb
pr]`to�`n�yz}rb+bWÆDu`w¤¾àyz�£bWvDp�p~t�p~]`b
w¤}Zy���nqpr}{yzs!p
s
tzu`vDp~b
}~��y�}rp~nW¹>wîp�w¤n�nru � s!w¤b
vDpgprt7b
a(�Ab<�Pp~]`b�y���nqpr}{yzs!pgtN�AbW}~y�prw¤tzv�n©Á�wîp~]`w¤v p~]`b3s!tzvAs!}~b!prb(a�b!pr]�tm�
w¤a��`�¤b
a�b
vDp~y�prw¤tzv�n�yzv���nq]`t�ÁVpr]�y�p�pr]`b��¤w¤v`¦mw£v`��w¤vm¾àyz}rwxy�vDp

Inv
wxn��`}~bWnrb
}~¾zb<�3�ml�b<yzs{]�a�b
pr]`to�)¸

HÅvYpr]�b s!tzvAs!u`}~}rbWvDp�sWyznrbz¹4Á§b3a#u�nqp�y��xnqt7b<nCp{y��`�¤w¤nr]�pr]�y�p�pr]`b3b
½Dp~b
}~v�y��¤�¤lP¾mw¤nrw£���£bV�¥w9¸ bz¸¤¹�p~]`b y��oº
nqpr}{yzs!pL�^bO5Fb<s&pgt�¡ZbWyNs{]¼acb
pr]`to�7p{y�¦NbWn����¤yNs!b#y�prtza�wxs
yz�£�¤l�y�pgnrtza�b�w¤v�nCp{y�vDp��Fb!pCÁ§b
bWv¼pr]`b(a�b!pr]�tm��� n
w¤vm¾ztos
y�prw¤tzv7y�v��7}~b!p~u`}~v4¸+\^]`wxn���}rtN�AbW}qpCl�w¤n�¦mv`t�Á�v¼yNn�ÂÃ°±ªF«{¯�®&°x²!¯��!°±Âî°±·H³ �¤�W���»¸ H»p©b
v�nru`}~bWn^p~]�y�p�bW¾zbW}rl
s
tzv�s
u`}~}rbWvNpgb!½obWs
uoprw¤tzv�]`wxnCp~tz}~l¼w¤ngbWÆDu`w¤¾�y��¤b
vDpgprt¼nqtNa�b(nrbWÆDu`b
vDp~w¤yz��tNv`b(pr]�y�p���}rb<nqbW}r¾NbWn�p~]`b�tz}{�ob
}
tz¡�v`tNvoº»t�¾zb
}~�xy��`�`w¤v`�(tz�Fb
}{y�prw¤tzvAn
¸
�©nqu�yz�£�¤lz¹�pr]`b^�¤w£v`b<y�}~w¤n~y���w£�¤wîpCl�tz¡Ay�vcy��¤�ztz}~w£pr]`a�wxnZnq]`t�Á�v#�Dl#w¤�obWvDprw£¡¥lDw¤v`��y#Âî°±ªF«{¯�®&°x²
¯�·9°¢¶�ª�B�¶�°±ª�·�w¤v

p~]`b�s!to�obz¸�À§p§pr]Ay�p��AtNw£vDp<¹oÁ+bgb
a(�Ab<�3pr]�b�yz��nqpr}{yzs&p§w£a��`�¤b
a�bWvNp{y�p~w£tNv�t�¡�pr]`b�y��¤�ztN}rw£pr]�a y�v����`}rt�¾Nb
p~]�y�p�p~]`b��¤w£v�¦Dw¤v`�3w¤vm¾àyz}rwxy�vDp�wxn��`}~bWnrb
}~¾zbW���ml�y��¤��y�prtza�wxs�yzs!prw¤tzv�n�tz¡�p~]`b�s!to�ob �¢wH¸ bz¸¤¹`p~]`b��Nu�y�}{y�vDprbWb
s
tzv��`wîp~w£tNv�s
tzvDp~yzw£v�n

Preserve(Inv)
�&¸

jmtNa�b!prw¤a�bWn�]`t�Á§b
¾zbW}W¹
pr]`b+�AtDnqw£prw¤tzv#t�¡mpr]`b+�£w¤v`b<y�}~w¤n~y�p~w£tNvg�Ftzw¤vDp�sWy�v`v`tzp��Fb+wx�ob
vDp~wîÎ�b<�)¹à�Ab<s
yzu�nqb+wîp
�`b
�Fb
v��`n+tzv�¡¥u`pru`}~b©�Fb
]Ayà¾Dw¤tzu�}W¸�\^]`b
}~b�y�}~b�pCÁ§t#s
yNnqb<nZp~t#s!tNv�nqwx�obW}12�pr]`b©�£w¤v`b<y�}~w¤n~y�p~w£tNvc�Ftzw¤vDp+bWwîp~]`b
}
nrw¤ac���£l3�obW�AbWv��`n§tzv3p~]`b�¡¥u`pru`}~b©b
½obWs!u`prw¤tzv tz¡)pr]`bgnryzacb�pr]`}~bWyN�)¹Dtz}§wîp^y��xnqt#�`b
�Fb
v��`n§tNv3pr]`b©¡¥uop~u`}rb
b
½obWs!u`prw¤tzv3t�¡)tzpr]`bW}+s!tNv�s!u�}r}~b
vDp�tz�Fb
}{y�p~w£tNv�nW¸�\^]`b�Î�}~nqp+sWyznrb�y�}~w¤nrbWnKÆNu�wîp~b�s!tNaca�tNv`�£lcw¤v tz�op~w£a�wxnCp~w¤s
yz�£�Ntz}~wîp~]`a3n
¹z�`uop+wxn+}rbW�¤y�prw¤¾zb
�¤l(nrw¤ac���£b�p~t(�ob<y��AÁ�wîp~]4¸ � b©w¤�obWvDprw£¡¥l�y#nqb
pKt�¡�sWy�v��owx�`y�prb��¤w£v`b<y�}~w¤n~y�p~w£tNv
�Ftzw¤vDp~n©nqu�s{]Ppr]�y�p�pr]�b#�¤w£v`b<y�}~w¤n~y�p~w£tNv7�AtNw£vDp©tz¡Zpr]`bcy��¤�ztN}rw£pr]`a�w¤n�pr]�b#�xyznqp�tzv`b(b
v�s
tzu`vDp~b
}~bW�7w¤v¼pr]`b
s
tzvDpr}~tz�"R�t�Á�¸
\^]`b nrbWs
tzv��Ys
yNnqb�wxn�a#u�s{] nru`�op~�£bW}12��obW�AbWv��ow¤v`�¼tzv�pr]`b n~s{]`b<�ou`�¤w£v`�A¹4p~]`b3�£w¤v`b<y�}~w¤n~y�p~w£tNv �Ftzw¤vNp

a3yàl.w¤v ¡¢yNs&p��Ab7�Fb!pCÁ§b
b
v�yzs!prw¤tzv�n(t�¡�tzpr]`bW}cpr]`}~bWyN�`n
¸ d+�¤bWyz}r�¤lz¹Z}~bWyNnqtNv`w¤v`��yz�AtNuop(p~]`b�b!½ow¤nqprbWv�s!b
tz¡�nqu�s{] �£w¤v`bWyz}rwxn~y�prw¤tzv7�Ftzw¤vDp~n�}~bWÆDu`w¤}~bWn�nrtza�b�¦mv`t�Á��¤bW�o�Nb#y��Ftzu`p�pr]`bcyzs!prw¤tzv�n�t�¡Zt�p~]`b
}gs!tzvAs!u`}~}rbWvDp
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AbsContains(e) : < AbsResult := e ∈ Abs >
AbsAdd(e) : < AbsResult := e /∈ Abs ;

Abs := Abs ∪ {e} >
AbsRemove(e) : < AbsResult := e ∈ Abs ;

Abs := Abs \ {e} >

?�w£�Nu`}rb��'2�À���nqpr}{yzs&p��¤w¤nqp�tz�Fb
}{y�p~w£tNv�n

p~]`}~bWyz��n
¸ � wîp~]�tNu`}^y��`�`}~tNyNs{]4¹�p~]`b��`}~bWs!wxnrb©yzn~nru`a��oprw¤tzv�n§y�}~b©�`tms
u`a�b
vDprb<� w¤v p~]`b©}~b
�¤l3s!tNv��ow£prw¤tzv4¹
yzv���y�}~b©p~]`b
}~b!¡¥tN}rbgb
v`¡¥tz}{s!bW���ml p~]`b���y�}{y��¤�£bW�4s!tNac�FtNnrw£prw¤tzv�}ru`�¤bz¸
jmw¤v�s
b y�vml s{]�y�v`�NbWnPy�¡±prbW}¼pr]`b �£w¤v`b<y�}~w¤n~y�p~w£tNv �Ftzw¤vDp�y�}~b v`tzp ¾mw¤nrw£���£b b
½mprb
}~v�yz�£�¤lz¹�p~]`b �FtNnqpqº

s
tzv��`wîp~w£tNv�sWy�v��AbFEq�£w£¡±prb<� G7prt.Á�]`tz�¤b�¡¥u`v�s!prw¤tzv4¸ d+tNv�nqwx�obW}�¡¥tz}3w¤v�nCp{y�v�s
b¼y�v y���nqpr}{yzs!p�w¤vDprbW�zb
}
xp~]�y�p�wxn(w¤a��`�¤b
a�b
vDprb<� w¤v nrtza�b7s!tza��`�¤b!½ Á^yàl)/�¡¥tz}cw¤v�nCp{y�v�s
b

x
a3y�w¤vDp~yzw£v�ncy�v y�u��ow£p�pr}{y�w¤�H¸ \^]`b

w¤v�s
}rbWacbWvDp©¡¥u`vAs&prw¤tzv
inc
y��`�FbWyz}~n�y�p~tza�wxs�¹)�`uop�w¤vDprbW}rv�yz��tz�Fb
}~y�prw¤tzv�nga�w¤�z]Dp�nqprw¤�¤��tos
s!u�}�y�¡±prbW}�pr]`b

�¤w¤v`bWyz}rwxnry�prw¤tzv �Ftzw¤vDp1/m¡¥tN}�w£v�nqp~yzv�s!b©pr]�b�yzu��ow£p�pr}{y�w¤�>w¤n§p~}rw¤a�acb<��w£¡�w£p�}rb<yzs{]`b<n^y(s
b
}rp~y�w¤v�nrw¤¿
bz¸+e�p~]`b
}
a�b
pr]`to�`n�acw¤�z]Dp p{y�¦NbPb65>bWs!p�w¤v pr]`b�w£vDprbW}r¾�yz���Ab
pCÁ+bWb
v p~]`b �¤w£v�bWy�}~wxnry�prw¤tzv �AtNw£vDp�yzv�� Á�]`bWv pr]`b
inc
tN�AbW}~y�prw¤tzv.}rb
pru`}~v�nW¹Zy�v��.a�to�ow£¡¥l�p~]`b�¾�yz�£u`b�t�¡

x
¸ H»pcÁ+tNu`�¤� yz�`�FbWy�}�pr]�y�p#pr]�w¤n#¾Dw¤tz�xy�p~bWn�pr]`b

�FtNnqpqºÅs!tNv��ow£prw¤tzv(t�¡
inc

/N�`uop�nqw¤v�s
bKp~]`b^w£vDprbW}rvAy��mtz�Fb
}{y�p~w£tzvAn�]�yà¾Nb+v�t©¾mwxnqw¤�`�¤b+bO5Fb<s&pW¹NwîpZwxn�yzn�wî¡Apr]`b^w¤voº
p~b
}r¡¥b
}~b
v�s
b�tos
s!u�}r}~bW��w¤a�acb<�owxy�prbW�£l¼¯��{·Å«
®

inc
}~b!pru�}rv`b<�)¸Z\^]mu�n�Á§b�a3yàl(y�pqp~yNs{]�pr]`b©�AtDnCprº»s
tzv��`wîp~w£tNv

x = ↼−x + 1
p~tcpr]`b�Á�]`tN�£b

inc
¡¥u`v�s!prw¤tzv4¸

� � �
	��+'�����/��!	�� � $!�
�)��/�$
�������{��" � �

HÅv7p~]`b�}~bWnqp�t�¡�pr]�b���y��Fb
}<¹`Á§b#s!tNv�nrw¤�obW}�y�¡¥b
Á Î�v�b!º»�z}{y�w¤v�yz�£�Ntz}~wîp~]`a3n§¡¥tz}�Á�]�w¤s{]7Á§b�]�yà¾zb�yz�`�`�¤w£b<�
��ºÅÏ }rb<yznrtzv`w¤v`��¸cÀ��¤�Zpr]�b�yz�£�Ntz}~wîp~]`a3n�y�}~bcs
tzv�s
u`}r}~b
vDp<¹)�£w¤v`bWyz}rwxn~y��`�¤b(w¤a��`�¤b
a�b
vDp~y�prw¤tzv�n�tz¡+p~]`b�²
«!·
yz��nqpr}{yzs&p �`y�p~yYpClm�FbP�`}~bWnrb
vDprb<� w¤v ?�w£�A¸§�o¸ H»p�s!tNv�nqwxnqp~n3tz¡gp~]`b¼tz�Fb
}{y�p~w£tNv�n

contains
¹
add
yzv��

remove
2
add
yz�`��n�pr]�b#w£prb
a�prt�pr]`b(nqb
pgy�vA�7}rb
pru`}~v�n

true
wî¡�pr]�b#w£prb
a Á^yzn�yz��nrb
vDpW¹At�pr]�b
}~Á�w¤nrb�w£p

�¤bWyà¾NbWn+pr]�b�nqb
p^u�v�s{]�y�v��zbW��y�vA��}~b!p~u`}rvAn
false
¸�\^]`b

remove
�AbW]�yà¾zb<n�nqlma�a�b!p~}rwxs
yz�£�¤lz¸

\^]`b�s
tzv�s
}rb
prb�}~b
�`}~bWnrb
vDp~y�prw¤tzv uAnqb<��w¤v¼y��¤�>pr]`b�yz�£�Ntz}~wîp~]`a3n§w¤n�y�nrtz}rprb<���¤w£v�¦zbW���¤w¤nqp�}rbW�`}~bWnrb
vDp~y�º
p~w£tNv4¸(\^]�b(�¤w¤nqp�]�yzn©pCÁ§t�nrb
vDp~w£v`bW��v`to�obWn12

Head
Á�w£pr]Y¾àyz�£u�b

−∞
y�v��

Tail
Á�w£pr]Y¾�y��¤u`b

+∞
¸0HÅvoº

p~b
}~a�bW�owxy�p~b�v`to�ob<n§yz}rbgnqtN}qp~bW�3w¤v7y#nqpr}~w¤s!pr�¤l3w£v�s
}rb<yznrw£v���tz}{�ob
}C/Dpr]mu�nW¹Dpr]`bW}rb�y�}~b�v`tc�ou`�`�¤wxs
y�p~bWnW¸ � b
yNnrnru`a�b�y��¤��bW�£bWacbWvDp~n

e
prt��FbKyz���obW�©prt�tz})}~b
a�t�¾zb<��¡¥}~tzaVpr]`b��¤wxnCp�yz}rbZw¤vgpr]`bK}~yzv`�zb

−∞ < e < +∞
¸

�+yzs{] v`to�obgw¤v pr]�bg�¤wxnCp^w¤n^yNnrnrtos!wxy�prb<��Á�wîp~]�y(�£tos{¦)/oy��`}~w¤¾ày�prbga�b!pr]�tm�
locate(e)

�£tos{¦on+yzv�� }~b!p~u`}~v�n
p~]`b©pCÁ+tcyz�à�qyNs!b
vDp§�£wxnCp^v`to�ob<nKÁ�]`tDnqb©¾�y��¤u`bWn+b
v�s
�£tDnqb

e
¸M?�tz}§�`}~b
¾mwîpClN¹NÁ§b©yNnrnru`a�b�p~]`b
}~bgw¤n+tzv`�¤l�tzv`b

nrb!p©w£v¼b
½mwxnqprb
vAs!bz¸�\^]`wxn�nrbWs!prw¤tzv¼wxnZ�Cu�nqpgyzv7t�¾zb
}~¾mw£bWÁK/opr]�b�¡¥tz�¤�¤t�Á�w£v`�3tNv`b�b!½`yzacw¤v`b<n�y3s{]�yz�£�¤b
v`�Nw£v��
yz�£�Ntz}~wîp~]`a w¤v7�`b!p~yzw£�9¸

ñ¥ò�ï4ñ±ó
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locate(e) :
pred := Head ;
pred.lock() ;
curr := pred.next ;
curr.lock() ;
while (curr.val < e) {

pred.unlock() ;
pred := curr ;
curr := curr.next ;
curr.lock()

} ;
return pred, curr

add (e) :
n1, n3 := locate(e) ;
if n3.val 6= e then

n2 := new Node(e) ;
n2.next := n3 ;
n1.next := n2 ������� ;
Result := true

else

Result := false �����	�
endif ;
n1.unlock() ;
n3.unlock() ;
return Result

remove(e) :
n1, n2 := locate(e) ;
if n2.val = e then

n3 := n2.next �
���� ;
n1.next := n3 ;
Result := true

else

Result := false �
�����
endif ;
n1.unlock() ;
n2.unlock() ;
return Result

?�w¤�zu`}~bK�'2 ,4tos{¦DºÅs!tzu��`�£w¤v`�c�£wxnqp�y��¤�ztz}~w£pr]`a

����� � ��%3%3��8 �L% ��� �  L��% �
\^]�b+ÎA}~nqp�y��¤�ztz}~w£pr]`a �¢nrb
b ?�w¤��¸P����wxn��Ab<nrnrw¤acwxnqprwxs+w¤v�wîp{nZs!tNv�s!u`}~}~b
v�s
lga3yzv�y��Nb
a�b
vDp12�wîpKyz�£Á^yàlon��¤tos{¦mn
y�v`to�obc�Ab
¡¥tz}~bcyNs
s!b<nrnrw¤v`� w£pW¸ �

locate
pr}{yà¾zbW}~nrbWn�pr]`b��¤w¤nqpguAnqw¤v`�YÂ£¶W´L@¼´{¶�ÄCB>ÂÃ°±ªD"2©pr]�bc�¤tos{¦7tzv�nrtza�b

v�tm�`b3w¤n�v`tzp�}rbW�£b<yznrbW��u`vDprw¤�Zpr]�b3v`b!½mp�tzv�b3w¤n��¤tos{¦zbW�4¹�nrtza�b
Á�]�y�p��£w¤¦zb3y��AbW}~nrtzv s
�£w¤a#�`w¤v`�¼y7}~tz�Fb
Eq]�yzv��mº»t�¾zb
}rº»]�y�v��4¸ G � tzprb�pr]Ay�p��£tos{¦ tN�AbW}~y�prw¤tzv�n�yz}rbgv`tzp�v`bWnqprb<�)¸
À�v�bW�£bWacbWvDp^wxn�yz���obW� prtcpr]`b�nrb!p��ml3w£vAnqbW}qp~w£v`�cw£p^w¤v�pr]`b�y����`}rtN�`}~w¤y�prb��FtNnrw£prw¤tzv4¹oÁ�]`w¤�¤b©]`tN�¤�`w£v`�

p~]`b��¤tos{¦mn�t�¡)wîp{nZpCÁ§t�yz�à�qyNs!bWvNp+v`to�obWnW¸ H»p§w¤n�}rbWact�¾NbW�c�ml(}~bW�`w£}~bWs!prw¤v`�gpr]`b©�`}rbW¾mw£tNu�nZv`to�ob3� nZ�Ftzw¤vDprbW}W¹
Á�]�w£�¤b(�Ft�p~] p~]`b��`}~b
¾mw£tNu�ngy�v�� pr]`b�s!u�}r}~b
vDp�v`to�obcyz}rbc�¤tms{¦NbW�)¸�\^]�w¤n�bWv�nqu�}rb<n�p~]�y�p��obW�£b
prw¤tzv�n�y�vA�
w¤v�nrb
}rprw¤tzv�n^sWy�v7]�y����AbWv�s
tzv�s
u`}r}~b
vDp~�£l3w¤v�pr]`b�n~y�a�b��£wxnqpW¸

��¾Nb
v�¡¥tz}©pr]`wxn�}~b
�xy�prw¤¾zbW�£l7nrw£a��`�¤b3y��¤�ztz}~w£pr]`a7¹)y v�y��H¾Nb#t�Á�v`bW}~nr]`w¤� y����`}rtDyzs{]Pwxngw¤ngw¤v�nru � s!w¤b
vDpW¸
� ]�w£�¤b3y�v�tm�`bcwxn��¤tms{¦NbW�)¹)w£p~n�t�Á�v�b
}�s
yzv�a�to�ow£¡¥lPwîp#yz}r��wîp~}~yz}rw¤�£l¼yNn©�¤tzv���yNn�wîp�}~b!º»bWnqp~y����£wxnq]�bWn©pr]`b
�¤wxnCp�nCp~}ru�s!pru`}~b#�Fb!¡¥tN}rb(u`v`�¤tos{¦Dw¤v`�A¸ !§uop<¹>yN�`�ow£prw¤tzv�yz�£�¤lz¹>v`to�ob<n�p~]�y�p�y�}~b#}~bWyNs{]�y��`�¤b�¡¥}~tza-pr]`bc]`b<yz�)¹
tzpr]`bW}�pr]�yzvYpr]`b3tNv`b��AbWw£v`�¼a�to�ow£Î�bW�4¹�a#uAnCp�}~b
a3y�w¤vY}rb<yzs{]�yz�`�£b;�¢nrb
b�p~]`b3�xyznqp�s
�¤yzu�nrbcw¤vYpr]`b�}rbW�£l
s
tzv��`wîp~w£tNv�]`bW}rb<y�¡±p~b
}	�&¸

HÅv¼p~]`b�¡¥tN�£�¤t�Á�w¤v`� }~b
�`}~bWnrb
vDp~y�prw¤tzv7w¤vD¾�yz}rwxy�vDp
ListInv

¹�p~]`b#��}rb<�ow¤sWy�p~b
noOwn(n)

wxn�w¤vDpr}~to�ou�s!b<�
p~tcyz�£�¤t�Á prbWa��AtN}~yz}rl�¾mw£tN�¤y�prw¤tzv tz¡4pr]�bg�¤wxnCp�nCp~}ruAs&pru�}rbN¸�\^]�bgw¤vm¾�y�}~w¤yzvNp^nq�FbWs
wîÎAbWn+pr]�y�p �q°4�

Head
y�v��

Tail
s!tzvDp{y�w¤vPpr]�bcw¤voÎ�v�wîpCl¼¾�y��¤u`b<n
¹��q°±°4��w£¡§y��`u`���£wxscv`to�ob(tzpr]`bW}gpr]�yzv

Tail
wxngu`v`�¤tos{¦zbW�4¹)wîp��Ftzw¤vNp{n

p~t�y¼¾�yz�£wx� v`b
½Dp�v`to�obN¹��C°±°±°:�#w£¡�pCÁ§tPu`v`�¤tos{¦zb<� v`to�obWn�¡¥tz�¤�£t�Á b<yzs{] tzpr]`bW}#w¤v pr]�b��¤w¤nqpW¹�p~]`b
v pr]`bWw£}
¾�yz�£u`b<n�y�}~b(w¤v yzn~s!bWv��ow¤v`�7tz}{�ob
}C/�y�vA�7�q°9� �gp~]`b y���nqpr}{yzs!p�nrb!p

Abs
yzv�� pr]`b nrb!p�tz¡+¾�y��¤u`bWn�tz¡+v`tNvoº

nrb
vDp~w£v`bW��v`to�ob<n�}~bWyNs{]�y��`�¤b�¡¥}~tza
Head

y�}~b�bWÆDu�yz�H¸�\^]`b(�¤y�pqprbW}©s
�¤yzu�nqb��¤w¤v`¦on�p~]`b(yz��nCp~}~yNs&p~w£tNv�Á�w£pr]
p~]`b�w£a��`�¤b
a�bWvNp{y�p~w£tNv4¸2,�tos{¦zbW� v`to�obWnga3yàl¼�Fb y�}~�`wîp~}~yz}rw¤�¤l�a�to�ow£Î�bW���ml7pr]`b�p~]`}~bWyz� ]`tz�x�ow¤v`��pr]`b
�¤tos{¦>¹NyznK�£tNv`��yznKwîp§a3y�w¤vNp{y�w¤v�n�p~]`b©yz��nCp~}~yNs&p~w£tNv�yzv���}~b!º»bWnqp~y����£wxnq]�bWn�p~]`b�w¤vD¾�yz}rwxy�vDp�Á�]`bWv wîp§u`v`�¤tos{¦mn

��� Ôà×AÓàâ9ÖCÔàä<ÑWèCÑ
äàÖ�ÔàâHÖqâ>Ù�U!Ùqá{Ù�F ?åß��&Ö�ÞàÑ{Õ»Ù~ÕHßåÑ&ÞDÜWì�ß ÕHðàÑ&Ô<Õ>ß Õ9â>Ò�Ñ&×¢Ö4èCÑ&Ò�Ó�?åÖ��§ã£ÖrÙ~ÕHÔà×¢ÖCâ�âHÔàè»ð�Ù{â>Ñ&Ú��HÖCèÅÕ)Ñ&×¢ßåÖCÞ
Õ9Ù~Õ9ßåÑ&ÞNÜßåÞ
ÕHÖC×H×¢ÔàÓ<ÕHârÜ�è�?ÃÙ{â9â�?åÑ!Ù{äàÖC×¢ârÜ�ÖÅÕHè!ê

ï�ï-Þ�]_^6`1aq÷
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p~]`b�v`to�obN¸
noOwn(n)

def
= n.owner = null

ListInv
def
= Node(Head)

∧ Head.val = −∞ ∧ Tail.val = +∞
∧ ∀Node n. (noOwn(n) ∧ n.val < +∞) ⇒ Node(n.next)
∧ ∀Node n m. (noOwn(n, m) ∧ n → m) ⇒ n.val < m.val
∧ Abs = {n.val | Head →∗ n ∧ n.val 6= ±∞}

� t�prb�pr]Ay�p�pr]`bYv`to�ob.y��¤�£tos
y�prb<� w£v
add
wxn��`}~w¤¾ày�prbYu`vDprw¤�gpr]`b.yzn~nqw¤�zv�acbWvDp

n1.next := n2
/

p~]`b
}~b!¡¥tN}rbN¹�yzncb!½o�`�xy�w¤v`b<� bWyz}r�¤w¤b
}<¹�pr]`bW}rb7s
yzv �Fb�v`tYw¤vNp~b
}r¡¥b
}~b
v�s
b�w¤v p~]`b�Î�b
�x�`nct�¡
n2
u`vDp~w£�^p~]�y�p

�Ftzw¤vDpW¸ � b�Á�}~wîp~b
Node(n)

¡¥tz}gpr]�b�yNnrnrb
}rprw¤tzvPpr]�y�p
n
wxngy�¾�y��¤w¤���`u`���£wxscv`to�obz¸ ?`u`}rpr]`bW}ra�tN}rbN¹FÁ§b

Á�}~w£prb
n → m

¡¥tz}
Node(n.next) ∧ n.next = m

¹oy�v��
→∗
¡¥tz}�p~]`b�}~b6RAb!½ow£¾Nb�y�v��3pr}{y�v�nrwîp~w£¾Nb�s!�¤tNnru`}~b

tz¡
→
¸
\�t �`}~t�¾zb��£w¤v`bWyz}rwxn~y��`w¤�£w£pClz¹�Á§b�bWa#�FbW� p~]`b�yz��nqpr}{yzs&pcw£a��`�¤b
a�bWvNp{y�p~w£tNv�n

AbsAdd
¹
AbsRemovey�p�p~]`b �Ftzw¤vDp~n�a�yz}r¦NbW� ����� ����� ����� ��� w¤vD?�w£�A¸\� y�v�� nr]`t�Á-pr]Ay�p �q°4��p~]`b �¤w¤nqp�w¤vm¾�y�}~w¤yzvNp�w¤n

��}rb<nqbW}r¾NbW�©�Dl�y��¤�zy�prtza�wxs�nqp~y�p~b
a�b
vDp{n
¹ày�v��T�q°±°4�4pr]�b��AtDnCprº»s
tzv��`wîp~w£tNvgtz¡
add
yzv��

remove
w¤n

Result =
AbsResult

¸�\^]`wxn��`}~t�¾zb<n�p~]�y�p�p~]`b�a3y�}~¦zbW���AtNw£vDp{n�y�}~b©w¤v��obWbW���¤w£v`b<y�}~w¤n~y�p~w£tNv��Ftzw¤vDp~nW¸
\�t �otcpr]`b���}rtmt�¡C¹mp~]`b�¡¥tz�¤�¤t�Á�w£v`���^ºCÏ�s
tzv��`wîp~w£tNv�n�y�}~b©a3yzw£vDp~yzw£v�bW���Dl�b
¾Nb
}~l�pr]`}~bWyN� 2

R
def
= ∀Node n. Preserve(ListInv ) ∧ n.LockRely

∧ n↼−−−−.owner = self ⇒ ID(n.val, n.next, Head →∗ n)

G
def
= ∀Node n. Preserve(ListInv) ∧ n.LockGuar

∧ n↼−−−−.owner 6= self ⇒ ID(n.val, n.next, Head →∗ n)

\^]�b�}~b
�¤l�s
tzv��`wîp~w£tNv�nr�Ab<s!w£Î�bWnKpr]�y�p+p~]`bgb
vm¾mw£}~tzv`a�bWvNp§yzs&p~w£tNv�n+�`}rb<nqbW}r¾Nb�pr]�b©�¤w¤nqp+w¤vm¾�y�}~w¤yzvNp^y�v�� u�nqb
�¤tos{¦on��`}~tz�Fb
}~�£lN¸ ?�u`}rpr]`bW}ra�tz}~bz¹Nwî¡�y�pr]�}rb<yz���¤tms{¦on+y�v`to�obN¹Dtzpr]`bW}�p~]`}rb<yz�`n§s
yzv`v`tzpKu`�>�`y�p~b©w£p~nKÎ�b
�x�`n
tN}^}rbWact�¾Nb©w£p�¡¥}~tza p~]`b��£wxnqpW¸

���+ , 40� �L8 ��% ��� �  ��L% �
� t�Á s
tzv�nrw¤�`b
}�pr]�b�nryza�b�y��¤�ztz}~w£pr]`a7¹��`uop+Á�wîp~] y��ow 5>b
}~b
vDp�w¤a��`�£bWa�b
vDp~y�prw¤tzvc¡¥tz}

locate(e)
�¢nrb
b

addyzv��
remove

w£v ?�w£�A¸P�`¹
locate

w£v3?�w£�A¸��`¹�y�v��
validate

w£v ?�w¤��¸ � �&¸�\^]`b^v`b
Á
locate

wxn�tN�oprw¤a�w¤nqprwxsP2�w£p
p~}~yà¾Nb
}{nqb<n�pr]`bg�¤w¤nqp+Á�w£pr]`tNuopKp{y�¦mw¤v`�(yzvDlc�¤tms{¦onW¹zp~]`b
v��£tos{¦onZpCÁ§t(sWy�v��owx�`y�prb�v`to�ob<n
¹oyzv��3}~b!º9pr}{yà¾zb
}{nrbWn
p~]`bc�£wxnCpgprt�s{]`bWs{¦7Á�]`b
pr]`bW}gpr]`bcv`to�obWngy�}~b(nqprw¤�¤����}rb<nqbWvNpgw£v pr]`bc�¤w¤nqp�yzv��PyN�à�qyzs
b
vDpW¸ H»¡KbWwîp~]`b
}gprb<nCp
¡¢yzw£�xnW¹mpr]`b�v`to�ob<n�y�}~b�u`v`�¤tms{¦NbW��y�v���pr]�b�y��¤�ztz}~w£pr]`a wxn^}~bWnqp~y�}rprb<�)¸

HÅv(pr]`wxn�s
yNnqbN¹�Á+b^s
yzv`v`t�pZy����`�£l�yzv#t�Á�v`bW}~nr]`w¤�oº»��yznrbW��yz}r�Nu`a�b
vDpW¸ � ]`w£�¤b§tzv`b+pr]`}~bWyN��]�yNn��£tos{¦zb<�
�Ay�}rp�tz¡�p~]`b��£wxnqpKy�v��(w¤n�u��F�`y�prw¤v`��w£pW¹Nyzv`t�p~]`b
}�p~]`}rb<yz�(a3yàl�tz�op~w£a�wxnCp~w¤sWy��¤�£l�pr}{yà¾zb
}{nrbKw£pW¸�\^]`b�nquAs
s!b<nrn
tz¡`pr]�b§tN�oprw¤a�w¤nqprwxsKpr}{yà¾zb
}{n~y��Ns
�£b<y�}~�£l��obW�AbWv��`n�tNv(nrtza�b+��}rtN�AbW}qp~w£b<n�tz¡��£tos{¦NbW��v�tm�`bWnS�¥bN¸ �A¸£¹àp~]�y�p�pr]�b
l
�Ftzw¤vDp^prt3¾�y��¤w¤��v`b
½mp^v�tm�`bWnL�&¸
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validate(pred, curr) {
succ := Head ;
while (succ.val < e)

succ := succ.next ;
return succ = curr and pred.next = curr

}

?�w£�Nu`}rb � 2+e©�`prw¤acwxnqprwxs
validate

¡¥u�v�s&p~w£tNv

\^]`bg}~b
�`}~bWnrb
vDp~y�prw¤tzv3w¤vm¾àyz}rwxy�vDpKwxn§nqw¤a�w£�xy�}+prt#pr]`bgtzv`b�¡¥tz}+pr]`bg�FbWn~nqw¤a�w¤nqprwxs©yz�£�Ntz}~wîp~]`a7¹NÁ�w£pr]�pr]`b
b
½`s!b
�`prw¤tzv�pr]�y�p�pr]`b��`}~tz�Fb
}rprw¤bWn§]`tN�¤�7yz�AtNuop�y��¤�4v`to�obWnW¹ov`tzp^tNv`�¤l�u`v`�¤tos{¦zb<� tzv�bWn12

ListInv
def
= Node(Head) ∧ Head.val = −∞

∧ ∀Node n. n.val < +∞ ⇒ Node(n.next)
∧ ∀Node n m. n → m ⇒ n.val < m.val
∧ Abs = {n.val | Head →∗ n ∧ n.val 6= ±∞}

\^]`b(�^ºÅÏ s!tNv��ow£prw¤tzv�n�nq�FbWs
wî¡¥l�pr]�y�p�y��¤��y�prtza�wxs�yzs&p~w£tNv�n��`}~bWnrb
}~¾zbgp~]`b��£wxnqp�w£vm¾�y�}~wxy�vDpW¹`uAnqb��¤tos{¦mn
��}rtN�AbW}r�¤l y�v�� �ot�v�t�p3s{]�y�v`�Nb p~]`b7¾àyz�£u�b�tz¡��`u`�`�¤wxs�v�tm�`bWnW¸ ?`u`}rpr]`bW}ra�tN}rbN¹�wî¡gyPp~]`}rb<yz� �£tos{¦on(y
v�tm�`bz¹�t�p~]`b
}(pr]`}~bWyN�`n#sWy�v`v�t�p#u`�>�`y�prb�w£p~n

.next
�Ftzw¤vDprb
}(tz}(a�yz¦zb w£p(u�v`}rb<yzs{]�yz�`�¤b3�Dl yzvDlYv`to�ob

¡¥}~tza Á�]`wxs{] wîp#Á^yzn��`}rbW¾mw£tNu�nq�¤lP}~bWyNs{]�y��`�¤bz¸�\^]`wxn��xyznqp#s!tzvA�owîp~w£tNv w¤n�v`bWs
bWn~nryz}rl¼¡¥tN}#�`}~t�¾mw£v���p~]�y�p
p~]`b�}~b!º9pr}{yà¾zb
}{n~y��As
tz}~}rb<nq�FtzvA�`n+prt3¾�y��¤w¤��y�prw¤v`�cpr]Ay�p�pr]�b�b
�¤b
a�b
vDp�wxn�nCp~w£�¤�4w¤v�pr]`b��¤w¤nqpW¸ � t�p~b�pr]�y�p�pr]`b
tN}~�`b
}�t�¡�p~]`b�pCÁ§t3�AtNw£vDp~b
}©yNnrnrw¤�zv`a�b
vDp{n^w£v¼p~]`b#yN�`��¡¥u`v�s!prw¤tzv¼wxn�w¤ac�Ftz}rp~yzvDpI�¥Á�]`bW}rb<yzn^p~]`b
l7s!tNu`�x�
�Fb�nrÁ§yz�`�Ab<��w¤v�pr]`b��FbWn~nrw£a�wxnCp~w¤sg¾zbW}~nrw¤tzv �!¸

R
def
= ∀Node n m. Preserve(ListInv)
∧ n.LockRely ∧ ID(n.val)

∧ n↼−−−−.owner = self ⇒ ID(n.next) ∧ Preserve(m →∗ n)

G
def
= ∀Node n m. Preserve(ListInv)
∧ n.LockGuar ∧ ID(n.val)

∧ n↼−−−−.owner 6= self ⇒ ID(n.next) ∧ Preserve(m →∗ n)

� ,./��K%k$!�!�4�

HÅv pr]`wxn�nrbWs!prw¤tzv4¹�Á+bYnCp~u��ol y ]`w¤�z]`�¤l s!tNv�s!u`}~}~b
vDp�w¤ac���£bWacbWvDp~y�p~w£tNv u�nrw£v�� tz�`prw¤acwxnqprwxs y�vA� �¤yz¿
l
p~bWs{]`v�w¤ÆDu`b<n
¹>�ou`b(prt ��b
�¤�¤b
}gb!p�y��9¸ � =��»¹F��}rb<nqbWvNp~bW�¼w¤v-?�w¤��¸)�o¸g\^]`bcs
tzv�s
}rb
prb�}~b
��}rb<nqbWvNp{y�p~w£tNv�wxn©pr]`b
n~y�a�b�yNnZp~]`b�tNv`b�u�nrbW� �Dl(pr]�bgyz�£�Ntz}~wîp~]`a3nZw£v pr]`b©�`}rbW¾mw£tNu�nKnrbWs!prw¤tzv4¸MHÅv�yN�`�ow£prw¤tzv4¹D]`t�Á§b
¾zbW}W¹zv`to�obWn
]Ayà¾zb�y

.marked
RAy��A¹NÁ�]`wxs{]�wxn§nqb
p§Á�]`bWv p~]`b�v`to�obgwxn§�`b
�¤b!prb<�)¸Z\^]`bgw£a��`�¤b
a�b
vDp{y�prw¤tzv�t�¡

containsp{y�¦NbWn§v`t3�¤tms{¦onW¸
À�v b
�¤b
a�bWvNpgw¤ngyz���obW�PyNn��Fb!¡¥tN}rbN¸©À�v�b
�¤b
a�b
vDpgw¤n©}rbWa�t�¾zbW��w¤v¼pCÁ§t�nqp~y��NbWn12KÎA}~nqpW¹Fpr]�b#v`to�ob(w¤n

Â¤¶rz°¢´{¯�Â±ÂÃ³P}~b
a�t�¾NbW�¼�ml nrb!prprw¤v`��p~]`b
.marked

RAyz�_/)p~]`b
vYwîp�wxn B`µo³à²{°¢´{¯�Â±ÂÃ³ }~b
a�t�¾zb<�¼�ml¼}rb<�ow¤}rb<s&prw¤v`�
}~b!¡¥bW}rbWv�s!b+Î�bW�¤�`nW¸�d+tzv�s
u`}r}~b
vDp�a�b
a#�Fb
}{nr]`w£�(prb<nCp{n�pr}{yà¾zbW}~nrbZp~]`b��£wxnqp�Á�wîp~]`tzuop�s{]`b<s{¦mw£v`�©pr]�b

.marked

ï�ï-Þ�]_^6`1aq÷
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locate(e) :
while (true) {

pred := Head ;
curr := pred.next ;
while (curr.val < e) {

pred := curr ;
curr := curr.next

} ;
pred.lock() ;
curr.lock() ;
if validate(pred, curr) then

return pred, curr
else

pred.unlock() ;
curr.unlock()

}

contains(e) :
curr := Head ;
while (curr.val < e)

curr := curr.next ;
if curr.marked then

return false

else

return curr.val = e

validate(pred, curr) :
if ¬pred.marked

and ¬curr.marked
and pred.next = curr then

return true

else

return false

add (e) :n~y�a�b�yzn^�¤tos{¦Dº»s
tzu`�`�¤w¤v`�

remove(e) :
n1, n2 := locate(e) ;
if n2.val = e then

n2.marked := true �
���� ;
n3 := n2.next ;
n1.next := n3 ;
Result := true

else

Result := false �
�����
endif ;
n1.unlock() ;
n2.unlock() ;
return Result

?�w¤�zu�}rb��%2 ,�y�¿
l��£wxnCp�yz�£�Ntz}~wîp~]`a

RFy���¸Z\^]`wxn RAy��cwxn§s{]�bWs{¦zb<� tNv`�£l3Á�]�b
v7y(sWy�v��owx�`y�prbgv`to�ob©wxn§¡¥tzu�v��)¸Kjmw¤a�w£�xy�}~�£lN¹
locate

w¤�zv`tN}rb<n�p~]`b
RFy��cÁ�]`w£�¤b�pr}{yà¾zbW}~nrw¤v`��p~]`b��£wxnqpW¸ � ]`bWv�p~]`b�a�b!pr]�tm���¤tos
y�p~bWn�yzv����¤tos{¦on§pr]`b�pCÁ§tcsWy�v��`w¤�`y�prb�v`to�ob<n
¹
w£p ��¯�Âî° Qz¯�·Å«!²�pr]�b
a �mlcs{]�bWs{¦mw£v���pr]`bWl�yz}rb©yz�à�qyNs!b
vDp+yzv��3u`v�a�yz}r¦NbW�)¸ H»¡4¾�y��¤w¤��y�prw¤tzv�¡¢yzw£�xnW¹zp~]`b

locatetN�AbW}~y�prw¤tzv�w¤n�}~bWnqp~yz}qp~bW�)¸
!§bWsWy�u�nrb

contains
wxn7s!tNac���£b
prb
�¤l Á^y�w£pqº9¡¥}rbWbz¹�p~]`wxn�yz�£�Ntz}~wîp~]`a s!}~u�s!wxy��¤�¤l �`b
�Fb
v��`n�tNvV�z�¤tz�Ay��

w¤vm¾�y�}~w¤yzvNp{n
¹DnquAs{]�yzn�pr]`b©�£wxnCp§�AbWw£v��(nrtz}rprbW�4¹NÁ�]`wxs{] JcÄm²&·4µ�¶�Â Q�¯�·K¯�Â±Â)·9°9J3«&²&¹mb
¾Nb
v3Á�]`bWv ��y�}rp+tz¡)pr]`b
�¤wxnCp�wxn^�£tos{¦NbW��y�v����£tosWy��)u`�>�`y�p~bWn�yz}rbg�Fb
}r¡¥tz}~acb<�)¸
� b��`}~t�¾zb3n~y�¡¥b
pCl��`}~tz�Fb
}rprw¤bWn�t�¡^pr]`b�y��¤�ztN}rw£pr]`a u�nrw£v`�Ppr]`b�y�½ow£tNa�nW¹�pr]`b��^ºÅÏ-s
tzv��ow£prw¤tzvAn�¡¥tz}

a(uopruAy��)b!½`s
�£u�nrw¤tzv��£tos{¦on
¹`yzv���}rb<yznrtzv`w¤v`�c��yznrbW��tzv��£w¤v`b<y�}~w¤n~y�p~w£tNv��Ftzw¤vNp{n
¸
� t�prbcp~]�y�p�t�Á�v`bW}~nr]`w¤�oº9�AyznrbW�7}~bWyznrtzv�w£v`��w¤ngw¤v�yz�`bWÆDu�y�p~b#¡¥tN}gpr]`wxn�b!½`y�a��`�¤bz¸ � ]`b
v.y�}rb<nqtNu`}~s
b

wxn��¤tos{¦zbW��¡¥tz}�Á�}rw£prw¤v`�3�ml�tNv`b�pr]`}~bWyN�)¹`w£p~n�}~b
�¤l�s
tzv��`wîp~w£tNv��Fb
}~a�wîp{n�t�p~]`b
}�pr]`}~bWyN�`n§prt3u`�>�`y�prb�w£p�w¤v
s
b
}rp~yzw£v3}~bWnqpr}~w¤s!prb<��Á§yàlonW¸ ?�tz}Kb
½`y�a��`�¤bz¹Npr]`}~bWyN�`nKsWy�v n~s
y�v pr]`}~tzu`�N]3tz}+}rbWact�¾Nb��£wxnqp+b
�¤b
a�bWvNp{n�p~]�y�p
yz}rb�s!u�}r}~b
vDpr�¤l �¤tos{¦zbW��tz}�a3y�}~¦zb<� ¡¥tN}�}rbWa�t�¾àyz�H¸

� ��� � �$4)"���%'����� � � ��&(��� ��� � " ���!���
\^]�b
}~b�yz}rbgpCÁ§t nqbWvDprw¤v`b
�4v�tm�`bWn

Head
y�v��

Tail
Á�wîp~]7¾àyz�£u�bWn

±∞
¹`Á�]`wxs{]7sWy�v`v�t�p��Ab(�ob
�¤b!p~bW�)¸KÀ��£�

v�tm�`bWn�w¤v(p~]`b��¤w¤nqpKy�}~b�B>Ä_�!Âî°¢´!¹my�v��(�`u`���£wxs^v`to�obWn�t�pr]�b
}�pr]�yzv
Tail
�Ftzw¤vNpZp~t�t�p~]`b
}Z�`u��`�£wxs^v`to�ob<nO/zpr]`b

v�tm�`bWn§y�}~b�nqtN}qp~bW�)¸ HÅv�yN�`�ow£prw¤tzv4¹m�`u`���£wxs�v`to�ob<nKv�tm�`bWnKpr]�y�p§y�}~b�v`tzp+w¤v p~]`b��¤w¤nqpK�¥w9¸ bN¸£¹mv`tzp+}~bWyzs{]Ay��`�¤b
¡¥}~tza p~]`b�]`bWyN��tz¡�p~]`b��£wxnCp	�&¹`yz}rbgv`bWs
bWn~nryz}rw¤�¤lca3yz}r¦NbW� �FbWsWy�u�nrb©pr]`b

remove
a�b
pr]`to��Î�}~nqp�a3y�}~¦mn§y

ñ¥ò�ï4ñ±ó
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v�tm�`bg�Fb!¡¥tN}rb�}~b
a�t�¾mw¤v`�(w£p��`]mlonqwxs
yz�£�¤lz¸

ListInv
def
=

Node(Head) ∧ Head.val = −∞ ∧ ¬Head.marked
∧ Node(Tail) ∧ Tail.val = +∞ ∧ ¬Tail.marked
∧ ∀Node n. n.val < +∞ ⇒ Node(n.next)
∧ ∀Node n m. n → m ⇒ n.val < m.val
∧ ∀Node n. Head →∗ n ∨ n.marked
∧ Abs = {n.val | Node(n) ∧ ¬n.marked ∧ n.val 6= ±∞}

\^]�b��xyznqp��¤w¤v`b�tz¡#p~]`b�w¤vm¾�y�}~w¤yzvNp7�ob!ÎAv`bWn�p~]`bYyz��nqpr}{yzs&p�¾�y�}~w¤yz�`�£b
Abs
prt �Ab�pr]�b.nrb!p7t�¡(¾àyz�£u�bWn

s
tzvDp~yzw£v�bW� w¤v7v`tzv`º9a3y�}~¦zb<�3�`u`���£wxsgv`to�obWn^tzpr]`bW}^pr]�yzv
Head

y�v��
Tail
¸ �¼\^]`wxn^�£w¤v`b�w¤n§p~]`b�s!tNu`�`�¤w£v��

w¤vm¾�y�}~w¤yzvNp§pr]Ay�p�}~b
�xy�prb<n§pr]`b�yz��nCp~}~yNs&p�y�vA� p~]`b�s!tNv�s!}~b!p~b�nqp~y�prb<n
¸
HÅv�s!tzvDp~}~yNnCp�p~t a�b!p~]`to�`nc��yznrbW�.tNv s
tNy�}{nrb!º»�z}{y�w¤v`bW� t�Á�v`b
}{nq]�w£�4¹�p~]`b��¤wxnCp�w£vm¾�y�}~wxy�vDp#]`tN�¤�`ncy�p

yz�£�+�AtNw£vDp{n#�ou`}~w¤v`�Pb!½ob<s!uop~w£tNv 2#w£p(]`tN�¤��n�w¤v`wîp~w¤yz�£�¤lz¹Zyzv��.w¤n#�`}~bWnrb
}~¾zbW�Y�ml�pr]`b }~b
�¤l.y�v��.�Nu�y�}{y�vDprbWb
s
tzv��`wîp~w£tNv�n
¸

� �+ � "�� 5 � &(�07)�Q����&(�)% �!�07 4�&(% �'5 � &(�)70��� ��&(�0%
À��£�4pr]`b�a�b!p~]`to�`n�nr]�y�}~b©pr]`b�n~y�a�b��`}~b!ºÅs!tzvA�owîp~w£tNv 2

Pre
def
= ListInv ∧ −∞ < e < +∞

\^]�b��AtDnCprº»s
tzv��`wîp~w£tNv�n4tz¡Dp~]`bKb
½mprb
}~v�yz��a�b!pr]�tm��n
contains

¹
add
y�v��

remove
yz}rb)�CuAnCp�pr]`bWw£}�y���nqpr}{yzs!p

w¤a��`�¤b
a�b
vDp~y�prw¤tzv�n �zw¤¾zb
v�w¤v ?�w¤��¸+� �Hs!tNv��Ctzw¤v`bW��Á�w£pr]
ListInv

�&¹^Á�]`bW}rb<yzncpr]�bP�AtDnCprº»s
tzv��`wîp~w£tNv tz¡
(pred, curr) := locate(e)

wxn��zw¤¾zbWv��Fb
�¤t�Á�¸

locate .P ost
def
= ListInv ∧ Head →∗ pred → curr
∧ pred.val < e ≤ curr.val
∧ pred.owner = curr.owner = self

∧ ¬pred.marked ∧ ¬curr.marked

� ��� � �� �� �!�07 *(�0� "��!�(� �$� � &(�)70��� ��&(�0%
�+yzs{]�pr]`}~bWyN��}~b
�¤w¤bWn�tzv�pr]�b�¡¢yzs&p�p~]�y�p�w£p~n�b
vm¾mw£}~tzv`a�bWvNp��`}~bWnrb
}~¾zb<n�p~]`b3�¤w¤nqp�w£vm¾�y�}~wxy�vDpW¹4tN�AbWlon�pr]`b
�¤tos{¦mw£v`�©}rbW�£l�s
tzv��ow£prw¤tzv�¹z�otmbWn�v`t�pZu`�>�`y�prb+Î�b
�x�`n�t�¡�v�tm�`bWn��£tos{¦NbW���ml�pr]�b+p~]`}~bWyz�4¹��otmbWn�v`t�p�u`v`a3yz}r¦
�`b
�¤b!prb<��v`to�obWnW¹`y�v����otmbWn�v`t�p�s{]�yzv`�zbgpr]�b�¾àyz�£u�bWn^t�¡��`u`�`�¤wxs�v`to�obWnW¸

R
def
= ∀Node n. Preserve(ListInv ) ∧ n.LockRely

∧ n↼−−−−.owner = self ⇒ ID(n.next, n.marked)

∧ n↼−−−−.owner = self ⇒ Preserve(Head →∗ n)
∧ Preserve(n.marked) ∧ ID(n.val)

�@> ×¢Ñ&Ò ÕHðàÖZÓà×¢ÖÅá<ßåÑ&Ôàâ ?åßåÞàÖ&Ü<ÕHðàÖCâ9Ö�ÞàÑ
äàÖCâ�Ù{×¢Ö�×HÖqÙ{è»ðàÙ{Ú�?åÖZã¤×¢Ñ&Ò Head ê

ï�ï-Þ�]_^6`1aq÷
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��b
v�s
bz¹FbWyNs{]7pr]`}~bWyN�¼y��xnqt ��}rtNacwxnrbWn�p~t �`}~bWnrb
}~¾zb�p~]`b#�¤w¤nqp©w¤vm¾�y�}~w¤yzvNp<¹�v`tzp�p~t�u`�>�`y�p~b�Î�bW�¤��n
n.nextyzv��

n.marked
u`v`�¤bWn~n^wîp��¤tos{¦mn

n
¹�v`t�p^prtcu`v`a3yz}r¦3a3y�}~¦zb<� v`to�ob<n
¹`yzv���v`t�p^prt�s{]�yzv`�zb

n.val
¡¥tz}�y

��u`�`�¤w¤s�v`to�ob
n
¸

G
def
= ∀Node n. Preserve(ListInv) ∧ n.LockGuar

∧ n↼−−−−.owner 6= self ⇒ ID(n.next, n.marked)

∧ n↼−−−−.owner 6= self ⇒ Preserve(Head →∗ n)
∧ Preserve(n.marked) ∧ ID(n.val)

� ��� � "�&�&�� &�� %'���@�;� �
,�tos{¦Dw¤v`��b
v�nru`}~bWn�pr]Ay�p7pr]`b.}~b
�¤l s!tNv��ow£prw¤tzv w¤n7w¤a��`�£w¤bW� �ml pr]�bY�Nu�y�}{y�vDp~b
b�s
tzv��`wîp~w£tNv tz¡(t�p~]`b
}
p~]`}~bWyz��n
¸

G[self := i] ⇒ R[self := j]
¡¥tN}�y��¤�

i 6= j
� b v�t�Á-v�b
bW� prt �`}~t�¾zb7p~]�y�p�pr]`b��zu�yz}~yzvDprb
bPs
tzv��`wîp~w£tNv ]`tz�x�`n3¡¥tN}�yz�£�gy�p~tza�w¤s yzs&p~w£tNv�n tz¡�pr]`b
yz�£�Ntz}~wîp~]`a7¸ �C�C�

LockGuar
]`tz�x�`nW¹o�Ab<s
yzu�nqb��¤tos{¦Dw¤v`��wxn��AbW}q¡¥tN}ra�b<��u�nrw¤v`��wîp{n��`}~bWn~s!}~w£�FbW��w£vDp~b
}r¡¢yzs!bN¸

�9��
n.next

y�v��
n.marked

yz}rb§u`�>�`y�p~bW�ctzv��£l�¡¥tN}Z�`}rw¤¾�y�p~b+tN}Z�£tos{¦zb<��v`to�ob<n
¸\� � ��e©v`�£l��¤tos{¦zb<��v`to�ob<n
yz}rb�}~b
a�t�¾NbW��¡¥}rtNa-pr]`b��¤wxnCp3�

n2
w£v7QN«!Â£«
·Å«C�!¸I� � ��?�tz}gy3�`u`�`�¤wxs�v`to�ob

n
¹
n.marked

wxn©v`b
¾Nb
}�nrb!p©prt
false
y�vA��pr]`bW}rb©y�}~b�v`t(yNnrnrw¤�zv`a�b
vDp{nZprt

n.val
¸ ?�w£vAy��¤�£lN¹Na�tNnqp§nqp~y�prbWacbWvDp~n+�`t#v`tzp+u`�>�`y�p~b�p~]`b©�¤wxnCp<¹

p~}rw¤¾mw¤yz�£�¤l �`}~bWnrb
}~¾mw£v���pr]�b��£wxnCp�w¤vm¾�y�}~w¤yzvNp
ListInv

¸ ��bW}rb�yz}rb©pr]`b�w¤vDprbW}rb<nCp~w£v`��b
½os
b
�op~w£tNv�n12
� HÅv

add
¹
n1.next := n2

¸g\^]`b#v`bWÁ��£l¼s
}rb<y�prb<�7v`to�ob
n2
]�yNn�y��¤}~bWyz�`l��Fb
bWv¼¡¥u`�¤�£l¼w¤v`w£prwxy��¤w¤nrbW�)¹

n1.val < n2.val = e
¹`y�vA�

e
wxn�y��xnrt�yN�`�ob<� p~t

Abs
¸

� HÅv
remove

¹
n2.marked := false

¸�\^]`b�bW�£bWacbWvDp
e
w¤n�}rbWact�¾NbW� ¡¥}rtNa pr]`b�yz��nqpr}{yzs&p�nrb!p

Abs
¸

� HÅv
remove

¹
n1.next := n3

¸ � to�ob
n2
Á§yNnKyz�£}~bWyN�ol(a3yz}r¦NbW�)¹Dy�v���p~]`bga�yz}r¦mw¤v`��wxnK��}rb<nqbW}r¾NbW�

�ml p~]`b3�zu�yz}~yzvDprb
b3s
tzv��ow£prw¤tzv�¸�\^]`wxn�v`to�ob�a�yàlPpr]`bW}rb
¡¥tz}~b3�Ab<s!tza�b3u`v�}rb<yzs{]�yz�`�£bc¡¥}~tza pr]`b
]`bWyN��t�¡�p~]`b��¤w¤nqpW¸
\^]`b�nrbWÆDu`b
vDp~w¤yz����}rtmt�¡�tz¡

locate
wxn�nCp~}~yzw£�N]Dpq¡¥tz}~Á^y�}{� �Hy�v�� }rbW�£bW�Ny�prbW�¼prt p~]`bc¡¥u`�¤�Z��y��Fb
}	�&¸0?�tz}

p~]`b���u`�`�¤w¤s�acb
pr]`to�`nW¹Dwîp§w¤n+nCp~}~yzw£�N]Npr¡¥tz}~Á§yz}~�#prt#�`}rt�¾Nb^pr]`b©�AtDnCprº»s
tzv��`wîp~w£tNv
ListInv

¹m�`uop+pr]`wxn+w¤nKv`t�p
bWv`tzu��z]4¹>�FbWs
yzu�nrb#Á§b(a(u�nCp�nr]`t�Á�pr]�y�p

e
Á^yzngyz���obW�Pprt�tz}g}rbWact�¾NbW��¡¥}~tza p~]`b(�¤wxnCp<¸ !+l¼w¤v`�¤w£v�w£v`�

p~]`b�y���nqpr}{yzs!p©w¤ac���£bWacbWvDp~y�p~w£tNv
AbsAdd

yzv��
AbsRemove

y�pgpr]`bc�Ftzw¤vNp{n�a3yz}r¦NbW�¼w¤vPp~]`bcs
to�ob(tz¡
add
yzv��

remove
¹FÁ+bcs
yzv nq]�t�Á p~]�y�pg�AtDnCprº»s
tzv��`wîp~w£tNv

Result = AbsResult
¸�H»p©¡¥tz�¤�£t�Á�n�pr]�y�p©p~]`b

�Ftzw¤vDp~n(a3y�}~¦zbW� ����� ����� ��� � ��� w£v add
yzv��

remove
yz}rb�¾àyz�£wx� �¤w¤v`bWyz}rwxnry�prw¤tzv.�Ftzw¤vNp{n
¹�yzv�� nrt

p~]`b(yz��nqpr}{yzs&p©�AtDnCprº»s
tzv��ow£prw¤tzvAn�s
yzvP�Fb(�¤wî¡±p~bW�Pprt��FbWs
tza�b#�FtNnqpqºÅs!tNv��ow£prw¤tzv�n�t�¡Zp~]`b#Á�]`tN�£b
add
y�v��

remove
a�b!pr]�tm��n
¸

� ��� � ���0�$� "1��%'� 6)�L ��Q� �:&�� � &(��� � �L�0%��T�
	
\^]�bg�¤w¤v`bWyz}rwxnryz�`w¤�£w£pCl3t�¡

contains
wxn�a#u�s{]7nru`�opr�¤b
}C/mpr]�b�nqw¤a��`�£b�a�b
pr]`to�7y��Ft�¾zb�s
yzv`v`t�p��`}~t�¾zb©pr]Ay�p

contains
w¤n��£w¤v`bWyz}rwxn~y��`�¤bz¸MHÅv�¡¢yzs!pW¹`p~]`b�}~b
�¤l�s!tNv��ow£prw¤tzv7�zw¤¾zbWv�w¤vPjmbWs!prw¤tzv �m¸ ��y��¤�£t�Á�n�s
b
}rp~y�w¤v��`}rtN�oº

�¤b
a3y�prwxs�b
vm¾mw¤}rtNv`a�b
vDp~nKw£v�Á�]`w¤s{]
contains

wxn§v`t�p§�£w¤v`b<y�}~w¤n~y��`�¤bz¸�\^]`bg�ow�� s
u`�îpCl yz}rwxnrbWn��FbWsWy�u�nrb�p~]`b

ñ¥ò�ï4ñ±ó
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¯�
Â£«������
«{´
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�FtNnqpqºÅs!tNv��ow£prw¤tzv
Result = AbsResult

w¤n�w£vm¾�y��¤w¤��¡¥tN}�y��¤�)�`�¤yNs!bWacbWvDp~n�tz¡
AbsContains

w£v7p~]`b��Ato�ol
tz¡

contains
¸ � bgÁ�w£�¤�)nq]`t�Á�¹mnrtza�b
Á�]�y�pKw¤vo¡¥tz}~a3y��¤�£lN¹zp~]�y�p^u`v��obW}§yzv�yz���owîp~w£tNv�y��>s!tNv�nqpr}{y�w¤vNp �¥w9¸ bN¸£¹oy

s
tzv��`wîp~w£tNv�s
tzv��CtNw£v`b<� p~t
R
y�vA�

G
�
contains

wxn��¤w£v�bWy�}~wxnryz�`�£bN¸
d+�¤bWyz}r�¤lz¹�pr]`b��¤w¤v`bWyz}rwxnry�prw¤tzv7�Ftzw¤vNp©�£w¤bWn��Ab
pCÁ+bWb
v¼p~]`b��xyznqp©yzn~nqw¤�zv�acbWvDp�prt

curr
w¤v¼p~]`b��¤tDtN�Py�v��

p~]`b�prb<nCp(t�¡§pr]`b
.marked

RAy��A¸ H»¡
contains

}~b!p~u`}rvAn
true
¹�p~]`b
v

e
Á§yNn�y7acbWa#�Fb
}�tz¡+p~]`b �¤w¤nqp#y�p

p~]`bc�¤yNnCp�yzn~nqw¤�zv�acbWvDp�prt
curr
y�v��¼Á�]�b
v�pr]`b

.marked
RAyz��Á^yzngs{]`bWs{¦NbW�)¸ H»¡C¹)]`t�Á§b
¾Nb
}<¹

contains}~b!p~u`}~v�n
false
pr]`bWv7Á+b�s!tNu`�x��]Ayà¾zb©pCÁ+t3s
yNnqb<nO2

� e
Á§yNngv`t�p�w£v pr]`b��¤w¤nqp�Á�]`b
v�pr]`bc�xyznqpg�Ftzw¤vDprb
}�w¤vPp~]`b��£wxnCp�Á^yzn©¡¥tz�¤�£t�Á§bW�4¸ HÅv�pr]�w¤n�s
yNnqbN¹>pr]`b
�£w¤v`b<y�}~w¤n~y�p~w£tNv��Ftzw¤vNp�wxn^p~]`b��¤yNnCp�yNnrnrw£�Nv`a�b
vDp§prt

curr
¸

� e
Á^yzn�w£v(pr]�b��£wxnCp��

curr.val = e
�&¹z�`uop�nqu���nqb<ÆDu`b
vDpr�¤l�a3y�}~¦zb<�)¸ HÅv(pr]�w¤nZsWyznrbz¹àpr]�b§�¤w¤v`bWyz}rwxnry�prw¤tzv

�AtNw£vDp�wxn�v`tzp�v`bWs
bWn~nryz}rw¤�¤l3pr]`b�p~bWnqp�t�¡�pr]�b
.marked

RAyz��¹`�FbWsWy�u�nrb�y�v`tzpr]`bW}�v`to�ob�s
tzvDp~yzw£v`w¤v`�
e
s
tzu`�x��]Ayà¾zbg�AbWb
v¼yz�`�`bW��prtcpr]�b��£wxnCp�w¤v�pr]`b�a�b<y�vDprw¤a�bz¸

HÅv7p~]`b(nrbWs
tzv��7sWyznrbz¹�]�t�Á+bW¾zb
}<¹op~]`b
}~b#y��¤Á^yàlmn^b
½ow¤nqp~n©y3�AtNw£vDp�Á�]�b
v
e
w¤n�v`t�p©w£v7p~]`b#�¤w¤nqpW¹F�`}~t�¾mw¤�ob<�

p~]`b7b
vm¾mw£}~tzv�acbWvDp�sWy�v`v`tzp y�prtNa�w¤sWy��¤�£l.a3y�}~¦.pr]`b¼v�tm�`b7s
tzvDp~yzw£v�w£v`�
e
y�vA� w¤v�nrb
}rp3yzv`t�p~]`b
}�v`to�ob

s
tzvDp~yzw£v�w£v`�
e
w£v�pr]`bg�£wxnqpW¸�\^]`wxn+s
tzv�nqpr}{y�w¤vDp+wxn+sWy��op~u`}~bW� �ml3s!tNv��Ctzw¤v`w¤v`��p~]`b©¡¥tz�¤�£t�Á�w¤v`�#��}rb<�ow¤sWy�p~b�prt

p~]`b�}~b
�¤l�y�v����zuAy�}{y�vDprbWbgs
tzv��ow£prw¤tzvAnO2

N
def
= ∀Node n. (¬n

↼−−−−−
.marked ∧ n.marked) ⇒ n.val /∈ Abs

\^]�w¤ngwxn�y��Nb
vmu`w¤v`b#pCÁ§t�ºÅnqp~y�p~b#�`}~bW�`w¤sWy�prb�2�w¤a�acb<�owxy�prbW�£l�y�¡±prbW}gpr]`b3nqprb
�YÁ�]`bWv p~]`b
.marked

�`wîp�wxn
nrb!p<¹

n
w¤n�v`tzp�w¤v(pr]`b�y��AnCp~}~yNs&pZnqb
pW¸�\^]`w¤n��Nu�y�}{y�vDprbWbWn�pr]�y�p�y��¤w£v�bWy�}~wxnry�prw¤tzv#�Ftzw¤vDp�b
½ow¤nqp~n1/zw£pZw¤n�b
½oyNs&p~�£l

y�¡±prbW}�pr]`b
.marked

�`w£p#Á§yNn�nqb
pW¸ ?`u`}rpr]`bW}W¹�v`t�p~b�pr]�y�p
N
w¤n#v`t�p�p~}~yzv�nqw£prw¤¾zb3yzv��Y]`b
v�s
b

R 6= R∗
¸

\^]�bg��}rtmt�¡�pr]�y�p�y��¤�4y�p~tza�w¤s�yNs&p~w£tNv�n^nry�prwxnC¡¥l
N
wxn�nqw¤a��`�¤bz¸

� �����^�3�!�#*���� ��� �

fPu�s{]�}rb<s!b
vDp4}~bWnrbWyz}~s{]©tzv�v`tzv`º9w¤vDprb
}r¡¥b
}~b
vAs!b�w£v�nr]�yz}rb<�mº9a�bWactN}rl�s
tzv�s
u`}~}rbWvNp)�`}~tz�N}~yza3nA]Ayzn>¡¥tos!uAnqb<�
tNv }~u`voº9prw¤a�bc�ob
prb<s&prw¤tzv7� � ¹4�z�C�»¸cjmuAs{]PprtmtN�¤n�yz���o}rb<nrngy�nqw¤v`�z�¤b(s
�¤yNnrngtz¡Kb
}~}rtN}~n©y�v���y�}~b#��yNnqb<�PtNv
p~bWnqp~n^y�vA��]`bWu`}~w¤nqprwxs
nW¸Z\^]`b
l3]�yà¾Nb©��}rt�¾NbW��p~]`b
w¤}�a�b
}~wîp{n+w¤v7�ob!p~bWs&p~w£v��ca3yzvDl3bW}r}~tz}{nKyzuoprtNa3y�prwxs
yz�£�¤lz¹
��uop+s
yzv`v`tzpK�ow¤nqprw¤v`�Nu`w¤nr]��AbWv`b!ÎFs!wxy��`w¤vDprb
}r¡¥b
}~b
vAs!b^¡¥}~tza�}{yzs
b�s!tzvA�owîp~w£tNv�nW¹Nnrt�pr]`bWl(y�}~b��¤w¤yz�`�£b^p~t�¡¢y��xnqb
yz�¤yz}ra3n+Á�]`b
v7y����`�£w¤bW��prt(Î�v`b
º9�N}~yzw£v�y��¤�ztz}~w£pr]`a3nW¸ ?�u`}qp~]`b
}~a�tz}~b�p~]`b
l�s
y�v�v`t�p^�zw¤¾zb�y#�Nu�y�}{y�vDp~b
b�tz¡
s
tz}~}rb<s&p~v`bWn~n
¸
� b^}rbW�£l�tzv(y�v`v`tzp~y�prw¤v`��p~]`b^tz}~w£�Nw£v�yz��,Dyà¾�y��`}~tz�z}{y�a Á�w£pr](ygnr�Ab<s!w£ÎAs
y�prw¤tzv4¸ � b§b!½o�FbWs&p�pr]Ay�p�pr]`b

tNu`}�a�b
pr]`to�otN�£tN�zl�s
y�v(y��xnqt��Fb^y��`�`�¤w¤bW��Á�w£pr]`w¤v#�xy�v��zu�yz�zbWn�nqu�s{](yzn�\ ,�À �¤� � �otN} Hre�À�u`prtza3y�p~y0�¤�à�C�9¸
\^]�bWnrb3]�yà¾zb3�Fb
bWv �obWnrw£�Nv`bW��¡¥tN}�}rb<yznrtzv`w¤v`�¼y��Ftzu`p#s!tzvAs!u`}~}rbWvDp#y��¤�ztz}~w£pr]`a3n�y�vA��]Ayà¾zb3�Fb
b
v uAnqb<�
nru�sWs!bWn~nq¡¥u`�£�¤l�w£v#�`}rt�¾mw¤v`���`}~tz�Fb
}rprw¤bWn�nru�s{]#yzn�n~y�¡¥b!pClN¹à�£w¤¾zbWv`bWn~n
¹àtN}�s
tza��`�¤w¤yzv�s!b�tz¡�w¤ac���£bWacbWvDp~y�p~w£tNv�prt
nr�FbWs!w£ÎAsWy�prw¤tzv�¸�\^]�yàlg]�yà¾zbZ�Fb
bWv#u�nrbW��a3yzw£v`�¤lg¡¥tz}�Á�]`tz�¤b!ºÅnrlmnqprbWaV�`}~tmt�¡¢n�t�¡��owxnCp~}rw¤�`uop~bW��yz�£�Ntz}~wîp~]`a3n
¸
e©Á�wxs{¦mw�yzv���Ïg}~w£b<n�tN}rw¤�zw¤v�yz�£�¤l�wx�obWvNp~wîÎAbW�¼p~]`b3s!tNv�s!bW�op©tz¡Kv`tzv`º9w¤vDprb
}r¡¥b
}~b
vAs!b �å�o�	�»¸�\^]`bWw£}��`}~tmt�¡

a�b
pr]`to��Á^yzn�b!½mprbWv��obW���Dl�d+�¤w 5 ,Ntzv`b<n
¹<Á�]`t�w¤vm¾zb
vDp~bW��p~]`b+��bW�£lDºCÏgu�y�}{y�vDp~b
b�f¼b
pr]`to�otN�£tN�zl��¤�1���9¸�À�n
p~]`b���yz}~yz�£�¤b
�As!tza��FtNnrwîp~w£tNv�}ru`�¤b�y����Ab<y�}{n�prt��Fb���yNnqb<�ctzv s!w¤}{s!u`�xy�}Z}~bWyNnqtNv`w£v���¹zÀ���yz�owFy�v�� ,�y�a��Ftz}rp
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�¤�	�+nqpruA�ow£b<�YÁ�]`b!p~]`b
}�w£p�w¤n�nrtzu�v��)¸3\^]`b
l�s!tzvAs!�¤u��obcpr]�y�p�wîp�wxn�nrtzu`v�� ¡¥tz}�n~y�¡¥b
pCl s!tNv��ow£prw¤tzv�nW¹�y�vA�
��}rt�¾mwx�ob(y�s!tzvA�owîp~w£tNv7�¢Á�]`w¤s{]Yy��`�FbWyz}~n�prt��Fbcs
tza�a�tzv`�¤l7pr}~u`b�¡¥tN}��`}~yNs&p~w¤sWy����`}rtN�z}{y�a3nL�^b
v�nru`}~w£v��
nrtzu�v��ov`b<nrn§w¤v�p~]`b�s
yNnqb�tz¡��¤w£¾Nb
v`b<nrn�yNn^Á+bW�£�9¸+e©u`}^Á+tN}r¦�]�yzn^tNv`�£l�s!tzvAnqwx�ob
}~bW��nry�¡¥b!pClN¸

���xnrb
Á�]`bW}rb �£�à�C� ,�yzac�Ftz}rp�y�}~�zu`b<n�pr]Ay�p��^ºCÏ tzv`�¤l7a3y�¦zb<n���}rtmt�¡¢ng]�yz}~�`b
}��ml¼w¤a��AtDnqw¤v`�7y��`}~b!º
�`b!Î�v`b<�¼a�to�ou`�xy�}©nqpr}~u�s!pru`}~b�prt�y �`}~tmt�¡�pr]Ay�p©wxn©v`bWs
bWn~nryz}rw¤�£l��z�¤tz��yz�H¸ � bcy�}~�zu`b�p~]�y�p©pr]`b�s!tNac�Ft�º
nrw£prw¤tzv�yz�£w£pCl t�¡Z�^ºCÏ�]Ayzn^p~]`b#y�prpr}{yzs!prw¤tzv4¹m¡¥}~tza-y�v7b
v`�Nw£v�b
b
}~w¤v`�(�Ftzw¤vDp�t�¡�¾mw£bWÁ�¹oprt yz�£�¤t�ÁV}~bWyNnqtNv`w¤v`�
yz�AtNuop�y�nqw¤v`�z�¤b�tz�o�Cb<s&p�tz}^p~]`}~bWyz��w¤v�wxnrtz�xy�prw¤tzv�¡¥}rtNa pr]�b�t�pr]�b
}{n
¸ ��t�Á§b
¾Nb
}<¹onqtNacb��`}~tz���£bWa�nW¹onquAs{]
yNn©pr]`b�wx�ob
vDprw£ÎAsWy�prw¤tzv�t�¡+pr]`b��¤w£v`b<y�}~w¤n~y�p~w£tNvP�Ftzw¤vNp�w¤v.jobWs&p~w£tNv �o¸ �`¹4s
yzv �Fb(p{yzs{¦m�¤bW�Pa�tN}rb��ow¤}rb<s&pr�¤l
�ml��z�¤tz��yz��}~bWyNnqtNv`w£v���¸�?`u�}qp~]`b
}©}rb<nqb<y�}{s{]�Á§tzu��¤�7�Fb(v�b
bW�`bW��prt�s!tNa#�`w¤v`b�p~]`b(yN�o¾�y�vDp~yz�zb<n�t�¡��Ft�p~]
p~bWs{]`v�w¤ÆDu`b<n
¸

HÅv���w¤v`�zbW� � n�v`t�p{y�p~w£tNv � ���m}~b
�¤lT�¥}~bWnr�4¸à�zu�yz}~yzvDprb
b��)s!tNv��ow£prw¤tzv�n�y�}~b��`}~bW�`w¤sWy�prb<n4p~]�y�pZy�}~bK��}rb<nqbW}r¾NbW�
�ml�pr]�b(bWvD¾mw¤}rtNv`a�b
vDp� n �¥}~bWnr�4¸�p~]`bc�`}rtN�z}{y�a � nA��y�prtNacwxs#yNs&p~w£tNv�n
¸�\^]`wxngw¤n�y �Ft�Á§b
}r¡¥u`��wx�ob<y`¹>Á�]`wxs{]
Á§bc}rb
º9u�nrbcw£vYtzu`}

ID(p)
yzv��

Preserve(p)
v`t�p{y�p~w£tNv�n
¸ ?`tN}��©w¤v`�zbW�Ky�s
tzv��`wîp~w£tNv�wxn�y�nrw¤v`�z�¤b!ºÅnCp{y�p~b

��}rb<�ow¤sWy�p~b/m]`t�Á§b
¾zbW}�p~]`b�yz�`�ow£prw¤tzvAy��>b!½o�`}~bWn~nqw¤¾mwîpCl�tz¡4pCÁ+tzº»nqp~y�prb©�`}rb<�owxs
y�p~bWn+w¤n^w¤a��AtN}qp{y�vDp§¡¥tz}�nqtNa�b
b
½`y�a��`�¤bWnW¹obz¸ ��¸¤¹�jmbWs!prw¤tzvP�m¸å�o¸
\^]`b��^ºCÏ�yz�`�`}~tNyNs{]Ywxn�Á�wx�obW�£l.u�nrbW�.w¤v ]�yz}~�oÁ^y�}~b�¾zbW}rw£ÎAs
y�prw¤tzv �¥Á�]�b
}~b�w£p(wxn#s
yz�£�¤bW� yNnrnru`a�b!º

�Nu�y�}{y�vDp~b
bC�!¸�?�tz}#w¤v�nqp~yzv�s!bN¹���b
v`¿Ww£v`�Nb
}(b!p(yz�H¸ � >��§¾zbW}rw£¡¥l p~]�y�pcyPs!tNac���£b
½��`w¤�Ab
º9�¤w¤v`b�w¤a��`�£bWa�b
vDp~n
y�]`w¤�z]`º9�¤b
¾Nb
�Z�`}~tos!bWn~nrtz}�nq�FbWs
wîÎFs
y�p~w£tNv4¸ !§t�p~]Yyz}rb�b
½m��}rb<nrnrbW��w£v y7}~bWyNs&prw¤¾zbc�xy�v`�Nu�y��Nb/�Á�}~w£prbWn#y�}~b
nrlmv�s{]`}~tzv`tNu�n�yzv��.��y�}{y��¤�¤b
�¤w¤nra tosWs!u`}{n#yNn�v`tNvoº»�`b!prbW}ra�w¤v`wxnCp~w¤s�s{]`tzwxs!bN¸¼|�}rtmtz¡¢n(yz}rb�yNnrnrwxnCp~bW�.�mlYy
¡¥tN}ra3yz�)¾zb
}~w£ÎAs
y�prw¤tzv p~tmtz�9¸
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