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ur(x, y, z, t) e−st dt ;
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û(kx, ky, z, s) =
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∫ +∞

−∞
ũ(x, y, z, s) ei(kxx+kyy) dxdy.
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ûl(kx, ky, z, s) =

N∑
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, c
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Fl
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s/cl
 �  ��� �O�

1
>

Al

(
|k|2,

s

cl
, c

)
=
cl
s
Al

(
|k|2c2l
s2

, 1, c

) Z�g
Fl

(
|k|2,

s

cl
, z, c

)
=

s

cl
Fl

(
|k|2c2l
s2

, 1, z, c

)
.
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c̃li(q) =

ci√
1 +

c2i
c2

l

q2

��
c̃l(q) = (cli)i=1..N &

�(�����.
('
s

cl
Fl(p

2 + q2, 1, z, c) =
s

c̃ll(q)
Fl

(
p2

1 + q2
, 1, z, c̃l(q)

)
.
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l ∈ {1..N}
syjw�xXxX��nqpyk+Z�wu�¡symieV¥

ûl(kx, ky, z, s)
�qw gom}w�j+ez»¼sumiY%wOgin¡syj�{fZG]³I� �(^ ���
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!ZRµ
x
�@µ
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>

ũl(x, y, z, s) =
1

4π2

∫ +∞

−∞

∫ +∞

−∞
Al

(
|k|2,

s

cl
, c

)
e
Fl(|k|2, s

cl
,z,C)

e−i(kxx+kyy) dkx dky,
6 Eu¨ � 8

P+¨UTGj xIs@ezZ/w���sum}e
kx = pxs/cl

Z�g
ky = pys/cl

>

ũl(x, y, z, s) =
s

4π2cl

∫ +∞

−∞

∫ +∞

−∞
Al(ρ

2, 1, c) e
s
cl

(Fl(ρ
2,1,z,c)−ir(pxx+pyy)) dpx dpy,

6 Eu¨ P 8
wK�uZ�|

ρ2 = p2
x + p2

y

Z�g�Z�j�»¹w�nqeowuj@gV�<� w�±Xk+e�{XZ/jXs�g}wOgon�suj

Al(ρ
2, c) = Al(ρ

2, 1, c)
Z�g

Fl(ρ
2, z, c) = Fl(ρ

2, 1, z, c).
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�uZLmomisuj+e$x+wum���w[eokXn¡goZu�I|�Z��qw�jXZ�xIs@ezZ�x+wye�{fZ/xXmisu±X��W�Y[Z�x+wumzgin�|�kX�¡n�Z�m�¨

+#,�e-+/.
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 �

9�� l�giwuxIZ/eokXn¡�OwujygiZ/ZLezg���X��d·J^����¤� ���¿¸ 
  `^>� � Z�"^¹³�Z���>
�f¨�adsun¡g

(r, ψ, z)
��ZLe*|�s@symi{XsujXjXlLZLe[|�cd��n¡jI{fmonqp@kXZLe%{Xk x9sun�j@g

x
6
x = r cosψ

Z�g
y = r sinψ 8 �{Xw�jIe:A �(C<�+{XZ��^sdsuxw�xXmosyxIs@ezl�{¤� kfgon���n�eoZ�m���Z/|}U+w�j+�uZ�Y[ZLjyg�{fZ/�Owumonqw�±X��Z

px = p cosψ − q sinψ
Z�g

py = p sinψ + q cosψ.

�G� Z�ehg�k+jXZ��O³+µ 
fµ'^>³�Z§{¤� w�j+�u��Z
ψ
{+w�j+eV��Z/xX�qw�j

(px, py)
�XmiZ�Y%w�m}p@kXsujIe©p@kXZ2>

p2
x + p2

y = p2 + q2
Z�g

pxx+ pyy = r(px cosψ + py sinψ) = rp.

9F� n¡j@gil��um}w���Z�6 Eu¨ P 8 eoZ�molLlL|�mon¡g�w���sum}eR>

ũl(x, y, z, s) =
s

4π2cl

∫ +∞

−∞

∫ +∞

−∞
Al(p

2 + q2, c) e
s
cl

(Fl(p
2+q2,z,c)−irp) dp dq.

6*Eu¨ � 8
�X¨ 9F� n�{Xl�Z¢|�suj+eon�ezgoZ¢Z�j+eokXn¡goZ¢¥Z�«9Z�|¬gikXZ�m��x9suk+m�gosykfg

q
{fZ � v/� {fZLe |�wu��|�kX��e�{Xw�j+e��¡Z¢xX��wuj�|�syY �

xX��Z��fZ/ezn�Y[n¡�qw�n�moZ�e�¥ |�Z�kf� p@kXZ�jXsuk+e�wK�ysuj+e©Z��fxX��nq|�n¡golLeVZLj�{Xn¡Y[Z�jIezn�suj{fZLkf�¢x9sukXmVgimiwuj+eh»¼symoY[ZLm
�>� n�jygil��ymiwu�¡Z�ezk+n¡�Ow�j@g

p
Z�j kXj+Z¾n�j@golL�um}w���Z¾eokXm��qw �Owumonqw�±X��Z¾goZLY�x9sumiZ�����Z

t
¨Fv�ZLY%w�m}pyk+suj+eV|�ZLxIZLjf�

{Xw�j@g�pyk0� syjªjXZ�xIZLkfg¾xIwueGkfgon��¡nqeoZ�m�{fn¡miZL|�goZLY�ZLj@gG��ZLeGmol�ezkX�¡giw�gieGxXmilL|�l�{fZ�j@g}e�xXkXnqeipyk+Z ��Z�giZ�miY�Z
{Xw�jIeG�<� Z��fxIsyjXZ�j@gin¡ZL�¡��Z�j�� ZLezg�x+wue¾Z��Xwy|¬goZLY[Z�j@gG��Z Y�DLY�Z[p@k�� Z�j¦{Xn¡Y[Z�jIezn�suj¦�X¨�]�jXZ�xXmiZ�Y[n�W�miZ
n�{Xl�Zu�+xXmosyxIs@ezlLZGxIw�m��Ow�j {fZ�mG��n tz{fZ�j{Xwuj+e A � C|�suj+eonqehgiZ�¥�x9syeoZ�m

p = ρ cosφ
Z�g

q = ρ sinφ

xIsykXm�sy±fgoZLjXn¡m,>

ũ(x, y, z, s) =
s

4π2cl

∫ π

0

∫ +∞

−∞
Al(ρ

2, c) e
s
cl

(Fl(ρ
2,z,c)−irρ cosφ) ρ dρ dφ.

6*Eu¨ � 8
�©Z�x9Z�j+{+w�j@gL���qw¢»¼suj+|�gon�suj¦{+w�j+e¾�<� Z��dx9suj+Z�j@gon�Z����¡Z[{fn¡«9WLmoZ[ZLj+|�symoZ �¡lL�uW�miZ�Y[ZLjyg�{fZ%|�Z[p@kXZ j+suk+e
wK�usyj+e^�dk¦Z�j®{fn¡Y[ZLj+ezn�suj¿{fZ�kX�R¨ \�sukIeGx+mosyxIs@ezsyj+e^{fsyj+| xX�¡kXg	;�g�{¤� Z�«RZL|�gokXZLm/�¡Z[|}U+wujX�uZLY�ZLj@g
{fZ/�Ow�min�wu±X��Z

(p, q) → (p̃, q)
wK�yZL|

p̃ =
p√

1 + q2
.

=FjZ�«RZ�g��qw�xXmisuxXmin¡l�gol#Eu¨OE�xIZLkfgGeoZ¾mil�l�|�min¡miZ
s

cl
Fl(ρ

2, z, c) =
s

c̃ll(q)
Fl
(
p̃2, z, c̃l(q)

)

Z�g

s
irp

cl
= s

irp̃
√

1 + q2

cl
= s

irp̃

c̃ll(q)
.

9F� lLp@k+w�gon�sujH6 Eu¨ � 8 {fZL�dn¡ZLjyg^wu�¡symie >

ũ(x, y, z, s) =
s

4π2cl

∫ +∞

−∞

∫ +∞

−∞
Bl(p̃

2, q2, c) e
s

c̃ll(q) (Fl(p̃
2,z,c̃l(q))−irp̃) dp̃ dq,

6*Eu¨	� 8

e`egf(hji3k3l3i



� �G���������Y�(���

wK�uZ�|
Bl(p̃2, q2, c) = Al(p̃

2(1 + q2) + q2, c)).

½¾m��y|�Z�¥/|�Z^|}U+w�j+�uZ�Y[ZLjygF{fZ^�Kwumonqw�±+�¡Zy���¡Z�goZ�miY[Z^{Xwuj+e �<� Z��dx9suj+Z�j@gon�Z����¡Z�Z�ehg©�¡Z�Y�D�Y[Z^p@kXZG|�Z���kXn
p@k�� syj sy±fgon�Z�jI{fmiwun°g6Z�j�{fn�Y�ZLj+eon¡syj[�Geznd��ZVxIsyn¡j@gF{¤� su±+eoZ�mi�OwOgon�suj�l�giwun°g ��Z©x9sun�j@gF{fZ�|�sdsum}{fsuj+jXl�Z�e
(r, z)

Z�g^eon¤�¡Z�eV�dn°giZLeiezZ�e${XZLeVsujI{fZLe�{Xwuj+eV|}U+wup@kXZ�Y[n��¡n�Z�k�l�g}w�n�Z�j@g�{fsujXj+l�ZLeVxIw�mV�¡Z��yZL|¬giZ�kXm
cl
¨

T0sykfg%ezZ�x+wueiezZ�{fsuj+|�|�syY�Y[Z�ezn$suj§gimiwK�Owun¡����wun°g�wK�uZL|¢{fZLe�� 
fµ����(^ 
X� _ � ^  `^>� � Z�"^¹³�Z`Z �d¸¹�
 �[X�� Z  
jZRµ �

q
¨

�^Z/�qw[Y�D�Y[Z¾»¹w�I�suj pyk0� ZLj {Xn¡Y[Z�jIezn�suj {fZ�kX�R�+Z�j kfgon���n�eiw�j@g��¡Z�»¹wun°g^p@kXZ�>
∫ +∞

−∞
Al

(
p2, c

)
e

s
cl

(Fl(p
2,y,c)−ipx) dp =

∫

Γ

Al

(
p2, c

)
e

s
cl

(Fl(p
2,y,c)−ipx) dp.

6*Eu¨ � 8
Z�g

∫

Γ

Al

(
p2, c

)
e

s
cl

(Fl(p
2,y,c)−ipx) dp =

∫ +∞

t0l(x,y)

Al

(
γ2(t, x, y), c

) dγ

dt
(t, x, y) e−st dt.

6*Eu¨ � 8
suj x9Z�kfg^{fsyj+|¾Y[suj@gomiZ�m�p@kXZ�>��

∫ +∞

−∞
Bl(p̃

2, q2, c) e
s

c̃ll(q) (Fl(p̃
2,z,c̃l(q))−irp̃)dp̃ =

∫ +∞

t0l(q,x,y)

Bl
(
γ2(t, q, x, y), q2, c

)dγ
dt

(t, q, x, y)e−stdt,

s�L �qw�»¼syj+|¬gin¡syj
t0l(q) � �ulLmon �+Z

t0l(−q) = t0l(q), t0l(0) > 0
Z�g

t0l(q)
ZLezg^|�misunqeieowujygiZGeokXm � v

+.

=Fj®x+w�mogonq|�k+�¡n�Z�m���|�Z�gzgoZ�»¼syj+|¬gin¡syj�ZLezg/kXjXZ � ^ � �d·�µ'^>³�ZP{fZ � v
+
{Xwuj+e

[t0l(0),+∞]
Z�g/suj¦xIZLkfg

{fl��IjXn¡mGeow �O�d·�^ X �O³ �¤� �
q0l(t)
¨F\�sukIe�wK�usyj+e©{Xsuj+|�>

ũl(x, y, z, s) =
s

4π2cl

∫ +∞

−∞

∫ +∞

t0l(q)

Bl
(
γ2(t, q), q2, c

) dγ

dt
(t, q) e−stdt dq.

6*Eu¨OEL� 8
�d¨ � �j+suk+eGmoZ�ehgiZ�Y%w�n�j@goZ�jIw�j@gG¥¢·*� 
!Z � ���¸ c�³��� � �  c�^�ZRµ�������
fµ"^¹³�Z�x9sukXmGZ��fxXmin¡Y[Z�m

ũ
eosuk+e^��w

»¼sumiY[Z¢{¤� kXjXZ%gimiwuj+eh»¼symoY[lLZ[{XZ�90wuxX��wy|�Z?>���w �I�ukXmiZ?E*miZ�xXmilLeoZ�j@goZ[��Z¢ei|}UXl�Y%w{¤� n¡j@gil��um}wOgin¡syj
xIsykXm

q
{+w�j+e

[−∞ ; +∞]
xXk+n�e

t
{+w�j+e

[t0l(q) ; +∞]
Z�g0�qw �+�ykXmiZ©�VmiZ�x+mol�ezZLjygiZ6�>� sum}{fmiZ n¡jd�uZLmieoZu�

xIsykXm�g�{Xwuj+e
[t0l(0) ; +∞]

xXkXnqe
q
{+w�j+e

[−q0l(t) ; q0l(t)]
¨F\^suk+e�xIsykX�usyj+eV{fsuj+|¾l�|�min¡miZ

ũ(x, y, z, s) =
1

4π2cl

∫ +∞

t0l(0)

s

[∫ q0l(t)

−q0l(t)

Bl
(
γ2(t, q), q2, c

) dγ

dt
(t, q) dq

]
e−st dt.

6*Eu¨OE�E 8

���
	������ f���� �� f���� 	 f�� ����� f 	�� ��� ������	 � 	 f�������� � ���"!$# 	 f�� �
l
� �&% � f �
	 f�� � � �"' 	�!����� ( f 	�� � ' ��)*)&	 f��"� 	���� f+%

��, ! � ��!���)-!�� � 	 f�� � �.� � %&/0% � �1,.f�� !�� �-� � �0%�� 	 f��-� � � ' ,.f % � ��2354 ,.f�� ! ,.� � � % � � � � � %*% �.� , ) %&� � f 	�� � 	��� %*% )*	 f��6� �-��)&7 ����� ��)6! ,.� 7���� f���,.f�� � � �
t0l(q)

� %6� �
γ(t, q)

� , )6) , ���8	�) %
, ���9' , ) ��,;: !�� �.� # � � � ,;� �<�8	���) � � � ) ,;��� 	 f��.� ��! ������:�� ! � % 7 2
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 �

t

q

t0l(0)

t0l(q)

�
n¡�ykXmiZ#EJ> � j@gol��ymiw�gon�suj�ezkXm
q
xXkXnqe�eokXm

t

t

q

t0l(0)

q0l(t)−q0l(t)

�
n��ukXmiZ��Y> � j@golL�um}wOgon�suj�ezk+m
t
xXkXnqe�eokXm

q

�X¨�v�Z�Y%wumip@kXsyj+eVpyk+Z
q0l(t0l(0)) = 0

Z�g�p@kXZ

t 7→ Ξ(t) =

∫ q0l(t)

−q0l(t)

Bl
(
γ2(t, q), q2, c

) dγ

dt
(t, q) dq

ZLezg�kXjXZ*»¼suj+|�gon�suj�|�syj@gon�j@k+Z*ezn©jXsuk+e�xXmosy�¡syjX�uZLsuj+e
q0l
x+wum��ªeokXm��<� n�j@goZLmo�Ow�����Z

[0, t0l(0)]
�
suj

xIZLkfg�w���sum}e Y[suj@gomiZ�m$pyk+Z
Ξ(t)
ZLezg${flLmon��Ow�±X��Z�6>w�k¢eoZ�j+e${fZ�e�{fnqehgimon�±Xkfgin¡syj+e 8 �dZ�g$x+w�m©n¡jOthZ�|¬gin¡�dn¡gol{fZ/�qw�gimiwuj+ez»¼sumiY[w�gon�suj�{fZG90wuxX��wy|�Zy�@j+suk+eVx9sukX�ysuj+eVnq{fZLjygin �IZ�m��qw%ezsy�¡kfgin¡syj0>

ul(x, y, z, t) ≡
1

4π2cl

d

dt

[∫ q0l(t)

−q0l(t)

Bl
(
γ2(t, q), q2, c

) dγ

dt
(t, q) dq

]
.

6*Eu¨OE�� 8

� ' ��!��$��! ��� !�� �O��� �������� ��� � �
����� ������� ��� ����!������ ���¾)
����(������&����� ���

�©syY[Y�Z�w�k�|}U+w�xXn¡gomiZ¾xXmol�|�l�{fZ�j@g©j+suk+e$jXsyk+e�n�j@golLmoZ�eoeosuj+e${¤� w�±9sum}{*w�k�|�wye©{fZ¾�<� l�pykIwOgon�suj�{fZLe$syj+{fZLe
{+w�j+eVkXj Y[n��¡n�Z�k UXsyY�sy�uWLjXZGn�j �+j+n >

1

c2
∂2U

∂t2
−

[
∂2U

∂x2
+
∂2U

∂y2
+
∂2U

∂z2

]
= δ(x)δ(y)δ(z)f(t).

6*Eu¨OEL� 8
9w¦eosu��kfgin¡syj {fZ|�Z�gzgoZ�lLp@k+w�gon�suj£xIZLkfg%l��dn�{XZ�Y[Y[Z�j@g2D�gomiZ�su±fgiZ�jdkXZ��um;�u|�Z�¥�k+jXZ�|�sujd�usy�¡kXgon�suj�ZLj
giZ�Y[x+e�ZLj@gomiZ¾�qw[ezsykXm}|�Z

f
Z�g��qw�»¼sujI|¬gon�suj {fZ�½¾miZ�ZLj

u
eosu��kfgon�suj {fZ/�<� l�pykIwOgon�suj eokXn¡�OwujygiZ�>

1

c2
∂2u

∂t2
−

[
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

]
= δ(x)δ(y)δ(z)δ(t).

6*Eu¨OE�P 8
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9w xXmiZ�Y[n¡WLmoZ¢l�giwuxIZ�{fZ*�qwY[l�goU+sd{XZ¢ZLezg��qwxX��k+e�eon�Y�x+�¡ZB>[�<� kXgon��¡nqeow�gon�suj�{fZ�e/gimiwuj+eh»¼symoY%w�gon�suj+e/{fZ
9w�xX�qwu|�Z�Z�j[giZ�Y[x+eFZ�g${fZG�Xsuk+mon�Z�mFZLj

x
Z�g�Z�j

y
jXsuk+e©|�syj+{fkXn¡g©¥/�<� l�p@k+wOgin¡syj*{fn°«Rl�miZ�j@gin¡ZL�¡��Z�sum}{fn�j+w�n�miZ

eokXn��Ow�j@goZ�>

−
∂2û

∂z2
+

(
k2
x + k2

y +
s2

c2

)
û = δ(z),

6 Ey¨�EK� 8
{Xsuj@g���w[eosu��kfgon�suj e�� lL|�mon¡g,>

û(kx, ky, z, s) =
e
−|z|

“

k2
x+k2

y+ s2

c2

” 1
2

2
(
k2
x + k2

y + s2

c2

) 1
2

.
6*Eu¨OEL� 8

TGj�kfgin¡��n�eoZ�w���sum}e:6 gimosyn�eon¡WLY[Z¾l�giwuxIZ 8 ��w gom}w�jIeh»¼symoY[l�Z¾n�j@�yZ�m}ezZ�{fZ û Z�j x Z�g�Z�j y

ũ(x, y, z, s) =
1

4π2

∫ +∞

−∞

∫ +∞

−∞

e
−|z|

“

k2
x+k2

y+ s2

c2

” 1
2 −i(kxx+kyy)

2
(
k2
x + k2

y + s2

c2

) 1
2

dkxdky
6*Eu¨OE � 8

TGj�xIs@ezZ�Z�j+eokXn¡goZ 6¹p@k+w�gomin¡WLY�Z�l�g}w�x9Z 8 kx = pxs
c

�
ky =

pys

c

Z�g¾syjªkfgon���n�eoZ[�¡Z�eG|�s@symi{XsujXjXlLZLeG|�cd�¡n�jf�
{Xmonqp@kXZLe

r, ψ, z � >
x = r cosψ, y = r sinψ.9�� n�j@golL�um}w���Z#6*Eu¨OE � 8 {fZL�dn¡ZLjyg�wu�¡symie

ũ(x, y, z, s) =
s

4π2

∫ +∞

−∞

∫ +∞

−∞

e
− s

c

»

|z|(1+p2x+p2y)
1
2 +ir(px cosψ+py sinψ)

–

2
(
1 + p2

x + p2
y

) 1
2

dpxdpy.
6*Eu¨OEL� 8

�©syY[Y�Z�jXsuk+e��<� wK�ysuj+e%�dk��^��w�|�n¡jIpyk+n¡WLY�Z¦l�g}w�x9Zu�^eoxIl�|�n �Ip@kXZ¦¥���w£{fn¡Y[ZLj+ezn�sujPgimosyn�eL��|�syj+eon�ezgoZ�¥
wuxXxX��n�p@kXZLm��¡Z/|}U+wujX�uZLY[Z�j@g�{fZ��Kwumonqw�±+�¡Z�>

px = p cosψ − q sinψ
Z�g

py = p sinψ + q cosψ

p@kXn¤Z�ehg�giZ��0p@kXZ�>
p2
x + p2

y = p2 + q2
Z�g

px cosψ + py sinψ = p.
\^suk+e�wK�ysuj+eV{fsyj+|#>

ũ(x, y, z, s) =
s

4π2c

∫ +∞

−∞

∫ +∞

−∞

e
− s

c

»

|z|(1+p2+q2)
1
2 +ipr

–

2 (1 + p2 + q2)
1
2

dp dq.
6 Ey¨�E�� 8

\^suk+exXmisux9syeosuj+e�Z�j+eokXn¡goZR6>ezn¡�fn¡WLY[Z�l�g}w�x9Z 8 {¤� Z�«RZL|¬gikXZ�m
��Z©|}U+wujX�uZLY�ZLj@g{fZ$�Kwumonqw�±+�¡Z�eokXxXx+�¡lLY�ZLj@giw�n�miZ

p̃ =
p√

1 + q2
,

� 4 ,.f��"% 	�� % � � !�� �"� � �0%�� 	 f��
� � � � ���1, � � % )&�
r, ψ, z

� 7 �����3f ��)*	 f+% !�� �"� 	+	�) � 	 f f 7�� � ��� ! � f�� ) ��� ��� �
� � �8	 � f %
(x, y, z)

2

+#,�e-+/.
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 �

Z�g^{¤� kfgon��¡nqeoZ�m��qw�»¼syj+|¬gin¡syj
q 7→ c̃(q)

{fl��+j+n¡Z/x+wum,>

c̃(q) =
c√

1 + q2
.

9�� l�p@k+wOgin¡syj�6*Eu¨OEL� 8 {fZL�@n�Z�j@g^wu�¡symie >

ũ(x, y, z, s) =
s

4π2c

∫ +∞

−∞

∫ +∞

−∞

e
− s

c̃(q)

»

|z|(1+p̃2)
1
2 +ip̃r

–

2 (1 + p̃2)
1
2

dp̃ dq.
6 Ey¨ �u� 8

½¾m;�u|�Z�¥/|�Z�|}U+wujX�uZLY�ZLj@g {XZ��Kwumonqw�±+�¡Zy�u¥��>� Z��X|�Z�xfgin¡syj[{XZ���w��dn¡goZLeieoZ
c̃
�dp@kXn+{flLxIZLj+{%{fZ

q
�y�>� n¡j@gil��um}w�jI{

Z�ehg[Z��Xwy|¬goZLY[Z�j@g ��Z�Y�DLY�Z p@k�� Z�j£{Xn¡Y[Z�jIezn�suj£�b>*syj£wªY[syjygimoly��¥ª�qw¿ezZ�|¬gon�suj E�{fZ���w¦xXmiZ�Y[n�W�miZ
xIw�mogon�Zu�Xp@kXZ�>

∫ +∞

−∞

e
− s

c̃(q)

»

|z|(1+p̃2)
1
2 +ip̃r

–

2 (1 + p̃2)
1
2

dp̃ =

∫ +∞

t0(q)

e−st√
t2 − t20(q)

dt.
6*Eu¨ �YE 8

wK�yZL|
t0(q) =

R

c̃(q)
=
R

c

√
1 + q2

Z�g
R =

√
z2 + r2.

r�U@cfeon�p@kXZLY[Z�j@g��Z$|}UIw�jX�yZ�Y[Z�j@g{fZ$�Ow�min�wu±X��Z�p@kXZ�jXsyk+e
xXmisux9syeosuj+e¤j+suk+exIZLmoY[Z�g6{fZV|�syj+eon�{flLmoZLm�x9sukXm
|}UIwup@kXZ

q
{XZ � v kXj�x+mosy±X�¡WLY[Z©{fZ${fn¡Y[ZLj+ezn�suj�{fZ�kX�/{+w�j+e
kXj�Y[n��¡n�Z�k�{fZ$�@n¡goZ�eoeoZ©{XZ©xXmisuxIw��yw�gon�suj

c̃(q)
¨

TGjw[{fsujI|->

ũ(x, y, z, s) =
s

4π2c

∫ +∞

−∞

∫ +∞

t0(q)

e−st√
t2 − t20(q)

dt dq.
6*Eu¨ �u� 8

9w¾»¼suj+|�gon�suj
q 7→ t0(q)

w�±Xn�Z�j¢�¡Z^|�suY[x9sumogoZ�Y[ZLjygFx+mol�ezZLjygil�ezk+m��qw �+�uk+moZ,E^Z�j%n�jygimosf{fkI|¬gon�suj0¨
\^suk+e
x9suk+�usujIe${Xsuj+|/{fl	�+jXn�m�eow�milL|�n¡xXmisfp@kXZ

q0(t) =

√
c2t2

R2
− 1,

Z�g�n¡jd�yZ�m}ezZLm©�<� symi{XmoZ�{¤� n¡j@golL�um}wOgin¡syj�6¹�usun�m �+�uk+moZ�� 8 >

ũ(x, y, z, s) =
1

4π2c

∫ +∞

t0(0)

s

[∫ q0(t)

−q0(t)

dq√
t2 − t20(q)

]
e−st dt.

6*Eu¨ ��� 8
�©syY[Y�Z¢jXsuk+e��>� wK�usyj+e�{fn¡g ZLj§n¡j@gomisf{fk+|�gon�suj��
�>� lLp@k+w�gon�suj 6*Eu¨ ��� 8 j+suk+e�»¼sukXmijXn¡g��>� Z��fxXmiZLeieon¡syj®{XZ*��w{Xl�min¡�yl�ZGgoZ�Y[x9sumiZ����¡Z�{fZ

u
Z�g�jXsyk+e$xIsykX�usyj+e$jXsukIe�w�mim	D�goZ�m$nq|�n<¨F�©ZLxIZLj+{Xwujyg�{Xwuj+eV��Z�|Lwue$x+wumzgin�|�kX�¡n�Z�m

e`egf(hji3k3l3i
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{�� kXj£Y[n¡��n¡ZLk UXsyY[su�uWLjXZ*n��VZLezg x9syeiezn�±X��Z�{fZ ezn�Y[xX��n �+ZLm�|�Z�gogoZ�Z��fxXmiZLeiezn�suj >%miZ�Y%w�m}p@kXsujIe�{¤� w�±9sum}{
p@kXZ�>

√
t2 − t20(q) =

R

c

√
q20(t) − q2 =

R

c
q0(t)

√
1 −

q2

q20(t)
,

{Xsuj+|

ũ(x, y, z, s) =
s

4π2R

∫ +∞

t0(0)



∫ q0(t)

−q0(t)

dq√
1 − q2

q20(t)


 e−st

q0(t)
dt,

6*Eu¨ �(P 8

syj�x9Z�kXg^w���sum}e©Z�«9Z�|¬gikXZ�m���Z�|}U+wujX�uZLY�ZLj@gV{fZ/�Owumonqw�±X��Z
Q =

q

q0(t)

>

ũ(x, y, z, s) =
s

4π2R

∫ +∞

t0(0)

[∫ 1

−1

dQ√
1 −Q2

]
e−stdt

6*Eu¨ �u� 8

Z�g^|�syY�Y[Z ∫ 1

−1

dQ√
1 −Q2

= π
>

ũ(x, y, z, s) =
s

2πR

∫ +∞

R
c

e−stdt,
6*Eu¨ ��� 8

eosun¡g,>

ũ(x, y, z, s) =
s

2πR

∫ +∞

0

HR
c
(t)e−stdt.

6*Eu¨ � � 8
�GsujI|��fZ�j kfgin¡��nqeowujyg��<� n¡jOthZ�|¬gin¡�dn¡gol�{fZ/�qw gom}w�j+ez»¼sumiY[l�Z�{fZG90wuxX��wy|�Zy�@j+suk+e�{fl�{fkXnqezsyj+eV��Z2>

ũ(x, y, z, t) =
1

2πR

d

dt
HR

c
(t).

6*Eu¨ ��� 8
TGj�miZ�gomisuk+�uZ�{fsuj+|¾��Z/mol�ezk+�°g}wOg�±Xn�Z�j|�syjXjdk0>
� ��d³ �*�d� � ������� �2
��(� �Y ���(�H���#���4���������2� 6 Ey¨�E'P 8 
�� �
	��3�1 '

u(x, y, z, t) =
1

2πR
δR

c
(t).

� ' ��� ��h��� ����!���������������� �©��� �6����� � !�������� ��� ����(��������

\^suk+e%|�suj+eonq{fl�misuj+e Y%w�n�j@goZ�jIw�j@g%kXj {XsuY%w�n�jXZ n¡j �+jXn^|�suY[xIs@ezl {fZª���+kXnq{fZLe[U+suY[su�yW�jXZ�e�¨ 9�Z�e[�
Y[n��¡n�Z�kX�£ezsyj@g miZLeoxIZ�|¬gon��uZLY[Z�j@g[wyeoeosf|�n�lLe�w�kf� {XZ�Y[n°��ZLeox+wy|�ZLe

z > 0
Z�g
z < 0

Z�g%��ZLe��dn°giZLeiezZ�e[{fZ
x+mosyx+w��@wOgon�suj�{fZLe�syj+{fZ�e�{Xw�j+e�|�ZLeVY[n��¡n�Z�kf� ezsyj@gVmiZLeox9ZL|¬gin¡�yZ�Y[Z�j@g

c1
Z�g
c2
¨

+#,�e-+/.
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9�� l�p@k+wOgin¡syj�wukf��{flLmon��ulLZLe$x+w�mogon�Z�����ZLeVY[sf{fl���n�eiw�j@g�|�Z�xXmisu±+�¡WLY�Z�Z�ehgG>

1

µ(z)

∂2U

∂t2
−

1

ρ(z)

[
∂2U

∂x2
+
∂2U

∂y2
+

∂

∂z

(
1

ρ(z)

∂U

∂z

)]
= δ(x) δ(y) δ(z − h) f(t)

6>�f¨OE 8
wK�yZL|

{
µ(z) = µ1, ρ(z) = ρ1, z > 0,

µ(z) = µ2, ρ(z) = ρ2, z < 0

Z�g
c(z) =

√
µ(z)

ρ(z)

¨

9w »¼suj+|�gon�suj {fZ�½¾moZLZ�j wueiezsf|�n¡lLZ¾¥%|�Z¾x+mosy±X�¡WLY[Z¾Z�ehg�eosu��kfgon�suj {fZJ>

1

µ(z)

∂2u

∂t2
−

1

ρ(z)

[
∂2u

∂x2
+
∂2u

∂y2
+

∂

∂z

(
1

ρ(z)

∂u

∂z

)]
= δ(x) δ(y) δ(z − h) δ(t).

6>�f¨ � 8
����� ���	��
���������
� ������� ��
+�  dc��`Z ��L³9� �K·��ª��� �¢¸*c�^�ZRµ ����� 
+· �
\^suk+e�eokXxXx9syeosujIeVn�|�n�pyk+Z

h = 0
Z�g
c1 < c2

¨

�� W��d��� �K³�ZRµL�  c¡³�Z  ���V�©syY[Y�Z¾jXsyk+eV�¡Z¾�uZLmomisujIe���Z¾»¼mosyjyg�{¤� suj+{XZ¾Z�ehgVgimoW�e$eon�Y�n��qw�n�moZ�w�k¢»¼mosyjyg
{¤� suj+{fZ�Z�j{fn�Y�ZLj+eon¡syj�� >�n��eoZ�{flL|�suY[xIs@ezZ/ZLj gomisunqeV»¼misuj@gie�{¤� sujI{fZ�eoZL|�syj+{Xwun¡miZLe >�k+j »¼mosyjyg
{¤� suj+{fZ�{fZ%�usy�¡kXY[Z%Z�g�kXj®»¼misuj@g�{¤� suj+{fZ*{XZ%g	D�goZ¢{Xwuj+e/��Z*Y[n¡��n�Z�k E%Z�g kXj¿»¼mosyjyg�{�� syj+{fZ¢{fZ
�usy�¡kXY[Z�{Xwuj+e6�¡ZVY[n��¡n�Z�k*�f¨@90w�{fn¡«Rl�miZ�j+|�ZVwK�yZL|©��w�{fn�Y[Z�j+eon�suj%�^Z�ehgF�<� Z��fn�ezgoZLj+|�Z�{¤� kXj%{fsyY[wun¡j+Z
s�L ��ZLeVsujI{fZLe�{fZ/�ysu��kXY[Z�Z�g�{fZ�g	D�goZ�|�s@Z��fn�ezgoZLjyg�¨
\�syk+e�kfgin¡��n�eoZ�misujIe©xIw�m��qw�eokXn¡goZ2>

R =
√
x2 + y2 + z2,

√
x2 + y2 = R cos θ

Z�g
z = R sin θ.

] �O³�ZRµ  �¦¸*c¡³�Z  �  �0aI³9¸¹�
� �  
!Z
��¸ �¦�/^>¸�^ �@� ���"r
sykXm¾kXjªn�j+ehg}w�j@g
t
{XsujXjXl��¡Z�»¼mosyjyg

{fZ[�>� sujI{fZ�{XZ��ysu��kXY[Z�{+w�j+e¾��Z�Y[n��¡n�Z�k E�ZLezg�k+jXZ%{fZ�Y[n¡��eoxXUXWLmoZ�{fZ%|�Z�j@gimoZ
O = (0, 0)

Z�g�{fZ
miwKcysuj

c1t
6¹Z�j¿±X��Z�k®ezkXm/��ZLe �+�ykXmiZLe��X¨ w¢Z�g,P 8 ¨[\�syk+e�w�xXx9Z���sujIe ΩR(t)

�>� n¡j@gil�min¡ZLkXm/{fZ%|�Z�gogoZ
{fZ�Y[n¡��eoxXUXWLmoZy¨

ΩR(t)
xIZLkfg�l��@w���Z�Y[Z�j@g D�gimoZ/{fl	�+jXn�xIw�m,>

ΩR(t) =

{
(x, y, z) ∈

� v 3 | z > 0
Z�g R
c1
< t

}
.

] �O³�ZRµ  �£¸*c¡³�Z  �  � aI³9¸¹�
� �  
!Z
��¸ �P�/^¹¸�^ �d� � � �GZ*Y�D�Y[Z¢��Z*»¼misuj@g {XZ*�>� sujI{fZ�{fZ
�usy�¡kXY[Z�{+w�j+e^�¡Z Y�n���n¡ZLk¦�[ZLezgGk+jXZ {fZLY[n°� ezx+UXW�miZ�{fZ�|�Z�j@gomiZ

O = (0, 0)
Z�gG{fZ miwKcysuj

c2t
6¼ZLj

e`egf(hji3k3l3i



EK� �G���������Y�(���

mosykX�uZ¾ezk+m©��ZLe �+�ykXmoZ�e©�X¨ |GZ�g P 8 Z�gVjXsyk+e©wuxXx9Z���suj+e ΩT (t)
�<� n�j@golLmon�Z�kXm�{fZ¾|�Z�gzgoZ/{fZLY[n°� ezx+UXW�miZu¨

ΩT (t)
xIZLkfg�l��@w���Z�Y[Z�j@g D�gimoZ/{fl	�+jXn�x+wum,>

ΩT (t) =

{
(x, y, z) ∈

� v 3 | z < 0
Z�g R
c2
< t

}
.

] �O³�ZRµ  �£¸*c¡³�Z  �  � µ��@µ �  
!Z
�¦¸ �£�/^>¸�^ �@� ��� \�syk+e�jXsugosyj+e
A(t)
�<� n¡j@goZLmieoZL|�gon�suj�{fk

»¼mosyj@g�{�� syj+{fZ/{Xw�jIe©��Z/Y[n¡��n�Z�k� wK�yZL|^�>� wO�fZ
x = 0

¥�{fmosyn°giZ�Z�g
B(t)

� ��Z�xIsyn¡j@g�{fk xX�qw�j
(x, z)goZL�^p@kXZ �¡ZeoZ��uY[ZLjyg

[AB]
6¹Z�j Y%w��uZLj@giw¿ezkXm[�qw �+�ukXmiZ P 8	8 eosun¡g[giwujX�uZLjyg%¥ ΩR(t)

¨ \�syk+e
jXs�gisuj+e

ωte1(t)
��Z�gomisuj+|�{fZ%|�;yjXZ��ul�j+l�mil x+wum���w�mis�giw�gon�suj�{XZ[|�Z%ezZL�uY[Z�j@g/w�kfgisukXm/{fZ[�<� w��dZ

6 T�� 8 ¨�adsyn°g ωte2(t) ��w�x9sumogon�suj {fZ�ezx+UXW�miZ¾{XZ�|�Z�j@gimoZ

0,

t

2
√

1
c21

− 1
c22


 Z�g^{fZ/m}wKcusuj t

2
√

1
c21

− 1
c22

,

{fl���n�Y�n¡golLZ�x+wum���ZLe�x+��wuj+e^{fZ |�s�giZ
z = 0

Z�g
z = zB

6
zB
Z�ehg^�qw*|�s�goZ�{XkªxIsyn¡j@g

B 8 ¨ 90Z�»¼mosyjyg
{fZ/�<� syj+{fZ/{fZ�g	D�goZ�{Xwuj+eV��Z/Y�n���n¡ZLk�E�Z�ehg��qw�molLkXjXn�suj {fZ

ωte1(t)
Z�g
ωte2(t)

¨
W��d��� � � ��� � � ���[&����

θc = arccos( c1
c2

)
�3
3#� � �(� &��O� � �1�-�1<�H���Y)*����
.
�� 
B����� �j��� �1�R� � ���J�5
3��

��� � 
 � � �(�S���0��� 
	�<�����#�G��� � 

&

�j���Y�
t

�����j���
&

� � ���!
���� �����?����
G�j�(�1���
 ���
ωte1(t)

"(���3� �N�
� � ��� �j�������� '

t = R sin θ

√
1

c21
−

1

c22
+
R| cos θ|

c2
, θ ∈ [0, θc]

6>�f¨ � 8
��N� � ���!
���� ����������
N�!���1�j�
G�J�

ωte2(t)
"(���3� �N� '

t =
R

sin θ

√
1

c21
−

1

c22
, θ ∈ [0, θc].

6>�f¨ P 8
��d��³�Z
��µ � 
Xµ'^¹³�Z �
9�Z�e lLp@k+w�gon�suj+e 6<�f¨ � 8 Z�gU6<�f¨ P 8 l�g}w�j@gFn�j@�Owumonqw�j@goZ�e
x+w�m mis�g}wOgon�suj[w�kXgosuk+mF{fZ��>� wO�fZ (Oz) �yn¡�9ezkf¯[g{fZ¢{flLY[suj@gomiZ�m�|�Z%�¡ZLY�Y[Z¢{+w�j+e/��Z*|�wye

y = 0
Z�g
x > 0

¨ �©syY�Y[Z%ZLj�{fn¡Y[ZLj+ezn�suj§{fZLkf�¤���Z
gomin�wujX�u��Z

(OAB)
ZLezg�moZ�|¬g}w�jX�y�¡Z¾Z�j

B
Z�g
OA = c2t

Z�g
OB = c1t

>

cos θc =
OB

OA
=
c1
c2
.

�Gwuj+e$�¡Z�{fZLY�n¡��xX��wuj
y = 0

Z�g
x > 0
�d�>� lLp@k+w�gon�suj 6<�X¨ � 8 j�� ZLezg$min�Z�j�{�� wukfgomiZGp@kXZG�>� lLp@k+w�gon�suj�{XkezZL�uY[Z�j@g

AB
¨��^Z/Y�DLY�Z26<�f¨ P 8 Z�ehg��<� l�pykIwOgon�suj�x9su�qw�n�moZ/{fZ/�<� wumi|¾{fZ�|�Z�m}|���Z�{XZ�|�Z�j@gomiZ


0,

t

2
√

1
c21

− 1
c22


 Z�g^{fZ/m}wKcusuj t

2
√

1
c21

− 1
c22

,

����	���) ��!�� �-� ��! ���&��:�� ! � % 7 f 	�� � 	��� %&% )&	 f�� � , )-! , � � � % ��! , � 7��8� f��1,.f�� � � f % ���� � � �
A

� %5� �
B
2

+#,�e-+/.
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 E��

thsun��uj+wuj@gV��Z/x9sun�jyg
O
w�k�x9sun�jyg

B
¨

�

\�syk+e�jXsugoZLmosyj+e
Ωte(t)

�<� Z�j+eoZ�Y ±X�¡Z*{XZLe/x9sun�j@gie�eon¡gokXl�e/Z�j@gomiZ%��Z%»¼mosyj@g�{fZ*�<� syj+{fZ*{fZ%g4D�giZ*Z�g
�>� n�jygiZ�mo»¹wu|�ZG6¼Z�j[Y%w��yZ�j@giw�eokXmF��ZLe �I�ukXmiZLe �+¨ ±[Z�g\P 8 ¨ Ωte(t) x9Z�kfg©l��ywu�¡ZLY[Z�j@g%D�gomiZ�{fl	�+jXnXx+wum >

Ωte(t) =

{
(x, y, z) ∈

� v 3 | z > 0
Z�g
R sin θ

√
1

c21
−

1

c22
+
R| cos θ|

c2
< t <

R

sin θ

√
1

c21
−

1

c22

}
.

�
n¡j+wu�¡ZLY[Z�j@g�jXsukIeVjXs�gisuj+e
Ω(t) = ΩR(t) ∪ ΩT (t) ∪ Ωte(t).

�

z

(x, y)
T

�������K�X¨ w!> 9�� syj+{fZF{fZ �ysu��kXY[ZF{Xw�j+e��¡Z Y[n��¡n�Z�k2Ey¨

�
ωte2(t)

ωte1(t)
z

(x, y)
T

�������X�f¨ ± >%9F� suj+{XZG{fZ^g	D�giZG{Xwuj+e©�¡ZGY�n���n¡ZLkBEu¨

	

z

(x, y)T

�����
�9�X¨ |�> 9�� syj+{fZ/{fZ��usy�¡k+Y�Z/{Xwuj+eV��Z/Y�n���n¡ZLk�X¨

�
n��ukXmiZ/�!>%9F� Z�jIezZLY�±X��Z/{fZLe�syj+{fZ�e�{fk xXmosy±X��W�Y[Z/pykIw�j+{
h = 0

� ����³9¸¹�µ'^>³�Z
� 
jZ 
X¸ �¤µ'^ �¤� �d� �

TGj jXs�giZ�m}w

e`egf(hji3k3l3i
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T �

�

ΩT (t)

ΩR(t)

ωte1(t) Ωte(t)

ωte2(t)

�
n¡�ykXmoZ:P�>6v�Z�xXmilLeoZ�j@giw�gon�suj {fZLe$»¼misuj@g}e�{¤� syj+{fZ/p@k+w�jI{
h = 0





c̃11(q) =
c1√

1 + q2

Z�g
c̃12(q) =

c2√
1 +

c22
c21
q2
,

c̃21(q) =
c1√

1 +
c21
c22
q2

Z�g
c̃22(q) =

c2√
1 + q2

,

xXkXnqe




R̃(p, q) =
ρ2

(
1 + p2

) 1
2 − ρ1

(
c̃211(q)

c̃212(q)
+ p2

) 1
2

ρ2 (1 + p2)
1
2 + ρ2

(
c̃211(q)

c̃212(q)
+ p2

) 1
2

,

T̃ (p, q) =
2ρ2

(
1 + p2

) 1
2

ρ2

(
c̃222(q)

c̃221(q)
+ p2

) 1
2

+ ρ1 (1 + p2)
1
2

,

+#,�e-+/.
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 EK�

Z�g




γ+
1 (t, q) = −i

c̃11(q)t

R
cos θ + | sin θ|

√
c̃211(q)t

2

R2
− 1,

υ+
1 (t, q) = −i

(
c̃11(q)t

R
cos θ + | sin θ|

√
1 −

c̃11(q)2 t2

R2

)
,

γ+
2 (t, q) = −i

c̃22(q)t

R
cos θ + | sin θ|

√
c̃222(q)t

2

R2
− 1.

\�syk+e�{fl	�+jXnqeoeosuj+e$��ZLeV»¼syj+|¬gin¡syj+e
q01(t)

Z�g
q02(t)

x+wum

q01(t) =

√∣∣∣∣
c21t

2

R2
− 1

∣∣∣∣
Z�g

q02(t) =

√∣∣∣∣
c22t

2

R2
− 1

∣∣∣∣

=Fj �+j0�+x9sukXm���Z�|�wu��|�kX��{fZLeVsyj+{fZ�e�{fZ�g	D�goZ/jXsyk+eVxIs@ezsyj+e:>

q1(t) =

√√√√
(

c1t

R| cos θ|
−

| sin θ|

| cos θ|

√
1 −

c21
c22

)2

−
c21
c22

xIsykXm

R sin θ

√
1

c21
−

1

c22
+
R| cos θ|

c2
< t <

R

sin θ

√
1

c21
−

1

c22
.
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� ��d³ �*�d� � � ����� �2
��(� �Y ���(�	4��� 
��(�������-�S�	����������� 6<�f¨ � 8 ��" �
	
h = 0

�3
3N�J�(�����.���j�(�!'





.�
x 6∈ Ω(t) :

u(x, y, z, t) = 0 �


.�
x ∈ ΩR(t)\Ωte(t) :

u(x, y, z, t) =
1

2π2R

d

dt



∫ q01(t)

0

1 + <e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq


 ;


.�
x ∈ Ωte(t)\ΩR(t) :

u(x, y, z, t) =
1

2π2R

d

dt



∫ q1(t)

0

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 + q201(t)

dq


 ;


.�
x ∈ Ωte(t) ∩ ΩR(t) :

u(x, y, z, t) =
1

2π2R

d

dt



∫ q1(t)

q01(t)

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 − q201(t)

dq




+
1

2π2R

d

dt



∫ q01(t)

0

1 + <e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq


 ;


.�
x ∈ ΩT (t) :

u(x, y, z, t) =
1

2π2R

d

dt



∫ q02(t)

0

<e
(
T̃ (γ+

2 (t, q), q)
)

√
q202(t) − q2

dq


 .

� �d� 
 � �¤� � � �������"(���3� �N����� 	��1�����2���� � �j�!'
� ��� 	4�������1������

x ∈ ΩR(t)\Ωte(t)

����	�.� 	��3�1

t >
R

c1


.�
θ > θc

��
t >

R

sin θ

√
1

c21
−

1

c22


3�1�����
;

+#,�e-+/.
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 E �

� ��� 	4�������1������
x ∈ Ωte(t)\ΩR(t)


����	�.� 	��3�1

R sin θ

√
1

c21
−

1

c22
+
R| cos θ|

c2
< t <

R

c1

��
θ < θc ;

� ��� 	4�������1������
x ∈ Ωte(t) ∩ ΩR(t)


����	�.�
	��3�1

R

c1
< t <

R

sin θ

√
1

c21
−

1

c22

��
θ < θc.

TGj x9suk+mom}w§e�� n�j+ezx+n¡miZ�m���xIsykXm¢��Z�|Lw��q|�kX�¾jdkXY[l�min�p@kXZ�{XZ
U
�^{fZ��>� w����usymon¡goUXY[Zªx+mol�ezZLjygilª¥§�qw eoZL|¬�

gin¡syj PI¨�Ey¨ � 6>|�w��q|�k+��{fZ
P r 8 �+x+w��yZ �O�X¨

� ����� � ��
+�  dc��`Z ��L³9� �K·���
³��O�  �¸ c�^�ZRµ ����� 
X· �

�� W �d� � �O³�ZRµ��  c¡³�Z  ��� \^suk+e%{Xn�ezgon�jX�uk+Z�misuj+e%{fZLkf� |Lwue?>

c1 < c2
Z�g
c1 > c2

Z�g*j+suk+e
kfgon���n�eoZ�misuj+e:>

R =
√
x2 + y2 + (z + h)2,

√
x2 + y2 = R cos θ

Z�g
z + h = R sin θ.

Ey¨ � ^
c1 < c2.

�¾w�j+e�|�Z%|�wye���>� suj+{XZ[{+w�j+e���Z%Y[n¡��n¡ZLk E[wuxXx+wumiw�)�g�|�syY[Y�Z[�qwezsyY[Y�Z%{fZ
gimosyn�e�suj+{fZ�e,>$kXjXZ�syj+{fZ�n�j+|�nq{fZLjygiZu�IkXjXZ�syj+{fZ�mil �+l�|}UXn�Z/Z�g^kXj+Z�suj+{XZ�{fZ/g4D�goZy¨ 9F� suj+{fZ
{+w�j+eV��Z/Y[n¡��n¡ZLkª��Z�ehg�eoZ�kX��Z�Y[ZLjyg^|�suj+ezgon¡gok+l�Z/{¤� kXjXZ/sujI{fZ�gom}w�j+eoY[n�eoZu¨

] �O³�ZRµ  � ¸ c¡³�Z  � ^�Z
·�^  � ZRµ �  
!Z
�§¸ �P�/^>¸�^ �d� ��� r6sukXm�kXj£n¡j+ezgiwuj@g
t
{fsyjXjXl��¡Z

»¼misuj@g�{fZ��<� syj+{fZ n¡j+|�n�{XZ�j@goZ 6¼ZLjª�uZLmzg�ezkXm¾��ZLe �+�ukXmiZLe¾�f¨ w%Z�g/� 8 ZLezgG�<� n�j@goZLmieoZL|�gon�suj�{fZ ��weoxXUXWLmoZ�{fZ�|�Z�j@gomiZ
(0, h)

Z�gF{fZ�m}wKcusyj
c1t
wK�yZL|©�¡Z�{fZLY�n¡��ZLeox+wu|�ZVeokXx9l�min¡ZLkXm�¨TsukfgiZ$�<� suj+{fZ

n�j+|�n�{fZLj@goZ/ZLezg�|�syjygiZ�jdkXZ/{Xwuj+e�|�Z�gzgoZ/x9sumogon�suj {fZ�eoxXUXWLmoZ/p@kXZ�jXsukIeVjXs�gisuj+e
ΩI(t)
¨

] �O³�ZRµ  �¸ c¡³�Z  � �O���
�d·*�`^ �� 
jZ�[¸ ��b^¹¸�^ �d� ���K90ZG»¼misuj@g�{fZ/�<� syj+{fZ¾mol �+lL|}UXn�Z26¼ZLj
±+�¡ZLk�eokXmV�¡Z�e �+�ukXmiZLeV�f¨ |¾Z�g�� 8 ZLezgV�>� n¡j@giZ�m}ezZ�|¬gon�suj�{fZ���w�eoxXUXW�miZ�{fZ¾|�Z�j@gomiZ (0,−h)

Z�g�{fZ
m}wKcusyj

c1t
wK�yZL|���ZG{fZLY[n°��ZLeox+wu|�Z^eokXxIlLmon�Z�k+mL¨6\�syk+e©wuxXx9Z���suj+e

ΩR(t)
�<� n�j@golLmon�Z�kXmV{fZ¾|�Z�gogoZ

x9sumogon�suj {fZ�eoxXUXWLmoZy¨
ΩR(t)

xIZLkfg�l��@w���Z�Y[Z�j@g D�gimoZ/{fl	�+jXn�x+wum,>

ΩR(t) =

{
(x, y, z) ∈

� v 3 | z > 0
Z�g R
c1
< t

}
.

] �O³�ZRµ  �ª¸ c�³�Z  ��µ ��
!Z���/^>� �  
!Z�%¸ �ª�/^>¸�^ �d� � � �©suY[Y[Z�Z�j{fn�Y[Z�j+eon¡syjª��j+suk+e
{Xl��+jXnqeiezsyj+e

ξ02(r, z) �
�fY[n�jXn�Y�nqeiw�j@g���w »¼syj+|¬gin¡syj

t(ξ) =

√
ξ2 + h2

c1
+

√
(r − ξ)2 + z2

c2
,

6>�f¨ � 8
� e-, ���8��!�	 f��.� ���

r =
p

x2 + y2.

e`egf(hji3k3l3i



E�� �G���������Y�(���

Z�g¾j+suk+eGjXs�gisuj+e
t02(r, z) = t(ξ02(r, z))

eosujªY[n�jXn¡Y kXY ¨/\�sukIeGx9suk+�usujIe^w���sum}e^{Xl��+jXn�m
�<� Z�j+eoZ�Y ±X�¡Z

ΩT (t)
6¼miZ�x+mol�ezZLjygilGZLj mosykX�uZ�ezk+m��¡Z�e �+�ukXmiZLe^�f¨ ±�Z�g^� 8 x+wum >

ΩT (t) = {(x, y, z) | z ≤ 0
Z�g
t02(r, z) ≤ t} .

� Z  �  �%µ��@µ �  
jZ�/¸ �*�/^¹¸�^ �d� ��� \�syk+e jXsugosyj+e
A
�<� n�j@goZLmieoZL|�gon�suj%{fk[»¼misuj@g�{¤� suj+{fZ

gimiwuj+eoY�nqeVwK�uZ�|^�<� w��fZ
x = 0

¥�{fmisun¡goZ�Z�g
B
��Z¾x9sun�j@g�{fk�x+��wuj

(x, z)
goZ��pyk+Z¾��Z/ezZL�uY[Z�j@g

[AB]
6¼ZLj¦Y%w��yZ�j@giw�eokXm���w��+�uk+moZ%� 8 eosun¡g�giw�j+�uZ�j@g/¥ ΩR(t)

¨%\�syk+e�jXs�gisuj+e
ωte1(t)

�¡Z
gimosyj+|%{fZ¢|�;ujXZ¢�ul�j+l�mil�xIw�m��qwmis�giw�gon�suj§{fZ*|�Z¢ezZL�uY[Z�j@g�wukfgosykXm�{fZ*�<� wO�fZ

(Oz)
¨ªadsyn°g

ωte2(t)
��w�x9sumogon�suj {fZ�eoxXUXW�miZ/{fZ/|�ZLjygimoZ


0,

t

2
√

1
c21

− 1
c22

− h


 Z�g^{fZ/m}wKcusyj t

2
√

1
c21

− 1
c22

− h,

{Xl���n¡Y[n¡gol�Z�x+w�m���ZLe�x+��wuj+e�{fZ�|�s�giZ
z = 0

Z�g
z = zB

¨N9�Z/»¼misuj@g�{fZ��<� syj+{fZ�{fZ�g4D�giZ�ZLezg���w
mil�k+jXn¡syj�{XZ

ωte1(t)
Z�g^{fZ

ωte2(t)
¨

W �d��� � � � � � � �(�[&����
θc = arccos( c1

c2
)

��
3 � � �(� &��O��� �1�#�1�� ���Y)*����
.
 � 
������ �j��� �1�[� � ���J�5
3��
�S� � 
U� � �������:�J� 
	�<� � �#������� 


&
�!���Y�

t
���(�����

&
� � ���!
���� �����:����
��!���1�j�
 �J�

ωte1(t)
"(���3� �N�

� � ��� �j�( ���(��'

t = R sin θ

√
1

c21
−

1

c22
+
R| cos θ|

c2
, θ ∈ [0, θc]

6>�f¨ � 8
��d� � ���j
���� �������J�3
N�j�(�1�j�
����

ωte2(t)
" ���3� � ��'

t =
R

sin θ

√
1

c21
−

1

c22
, θ ∈ [0, θc].

6>�f¨	� 8
9w*{flLY�syj+ezgom}wOgon�suj{fZ�|�Z���Z�Y[Y[Z eoZ�m}w�»¹w�n¡goZ w�k�|�sukXm}e�{fZ��qw*{flLY[suj+ezgom}wOgin¡syjª{fk goUXlLs��
miW�Y[ZG�X¨ �/xXmol�ezZLj@gol�|�n¡� {fZLeiezsyk+e 6¹�usun�m�xIw��uZ�� � 8 ¨Fv�Z�Y%w�m}p@kXsuj+e�pyk+Zu�d{Xw�j+e��¡Z^xX��wuj (x, z)

�
6<�f¨	� 8 ZLezg��<� l�pykIwOgon�suj�x9su�qw�n�moZ�{¤� kXjªw�m}|G{XZ�|�Z�m}|���Z/{fZ/|�ZLjygimoZ


0,

t

2
√

1
c21

− 1
c22


 Z�g^{fZ/m}wKcusyj t

2
√

1
c21

− 1
c22

,

thsyn¡�yj+w�j@g���Z¾x9sun�j@g
O
wuk xIsyn¡j@g

B
¨

\^suk+eVj+s�goZLmosyj+e
Ωte(t)

�<� ZLj+eoZ�Y�±+�¡Z/{fZ�eVxIsyn¡j@gie^ezn¡gokXl�eVZ�j@gomiZ��¡Z¾»¼misuj@g�{fZ/�<� syj+{fZ/{fZ�g	D�goZ
Z�g �<� n�j@goZLmz»¹wy|�Z 6¹Z�j�Y%w��yZ�j@giweokXm �¡Z�e��+�ykXmiZLe��X¨ {§Z�g � 8 ¨ Ωte(t)

xIZLkfg[l��ywu�¡ZLY[Z�j@gGD�gimoZ
{Xl��+jXn0x+w�m,>

Ωte(t) =

{
(x, y, z) ∈

� v 3 | z > 0
Z�g
R sin θ

√
1

c21
−

1

c22
+
R| cos θ|

c2
< t <

R

sin θ

√
1

c21
−

1

c22

}
.

+#,�e-+/.
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 E��

�

z

(x, y)

�����
�¤�d¨ w!> 9�� syj+{fZ�n�j+|�nq{fZ�j@giZu¨

z

(x, y)

�������R�f¨ ± > 9F� suj+{XZ�{XZ/�usu��kXY[Z¾gom}w�j+eoY[n�eoZu¨

�

z

(x, y)

�����
�¤�d¨ |�> 9�� syj+{fZ�{fZ��ysu��kXY[Z¾mil �IlL|}UXn�Zu¨

ωte1(t)

ωte2(t)

�

z

(x, y)

�����
�¤�d¨ { > 9�� syj+{fZ/{fZ�g	D�goZy¨

�
n¡�ykXmoZ��!> 9F� Z�j+eoZ�Y ±X�¡Z/{fZ�eVsuj+{XZLe�{fk xXmisu±X��W�Y[Z/p@k+w�jI{
h 6= 0

Z�g
c1 < c2

¨

e`egf(hji3k3l3i



�u� �G���������Y�(���

�

�

�

�

ΩT (t)

ΩR(t)

ΩI(t)

ωte1(t) Ωte(t)

ωte2(t)

�
n��ukXmiZ/�!> v�ZLxXmol�ezZLj@giwOgin¡syj�{Xk�»¼misuj@g�{¤� suj+{XZ�p@k+wuj+{
c1 < c2

¨

�X¨ � ^
c1 > c2.

�¾w�j+e%|�Z�|Lwue��¡Z|�suj@gosykXm[ZLezg�±9ZLwuk+|�sykXx£x+�¡k+e%eon�Y�x+�¡Z|�wum n���j�� c w¿x+wue
{�� syj+{fZ�{fZVg4D�goZy¨ \�sukIeF{fl��IjXn�eieosuj+e6��ZLe6»¼misuj@g}e {¤� syj+{fZ�n�j+|�nq{fZLjygiZu�ymol �+lL|}UXn�Z�Z�g gimiwuj+eoY�nqeoZ
wun¡jIezn�p@kXZ¢�¡Z�e/Z�j+eoZ�Y ±X��ZLe

ΩI(t)
�
ΩR(t)

Z�g
ΩT (t)

{XZ%��wY�DLY�Z%Y%wujXn¡WLmoZ*p@kXZ�{Xw�j+e��¡Z
|Lwue

c1 < c2
6¹�usyn¡m �I�ukXmiZLe ��Z�g^� 8 ¨©r6suk+m�U+w�miY[sujXnqeoZ�m���ZLe�milLeokX�¡giwOg}e�{Xwuj+e���ZLe�{fZLkf�|�wuej+suk+eVjXsugosyj+e
Ωte = ∅

¨

�

z

(x, y)

������� �d¨ w!>%9F� suj+{XZ¾n�j+|�n�{fZLj@goZu¨

�

z

(x, y)

� ����� �@¨ ± >d9�� syj+{fZ�mol �+lL|}U+n¡Zy¨

z

(x, y)

�����
� �d¨ |�> 9F� suj+{fZ¾gimiwuj+ezY[nqezZy¨

�
n��ukXmiZ � >%9�Z�e�{fn¡«9lLmoZLj@goZLeVsyj+{fZ�e�{fk xXmosy±X��W�Y[Z/pykIw�j+{
h 6= 0

Z�g
c1 > c2

¨

+#,�e-+/.
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 �!E

�

�

ΩT (t)

ΩR(t)

ΩI(t)

�
n��ukXmiZ/�!> v�ZLxXmol�ezZLj@giwOgin¡syj�{Xk�»¼misuj@g�{¤� suj+{XZ�p@k+wuj+{
c1 > c2

¨

� � �0³I¸>�0µ"^¹³�Z� 
!Z 
X¸ �¤µ"^ �¤� �d� ��\�syk+e�{fl�|�suY[x9syeosuj+e$�qw%ezsy�¡kXgon�suj
u
Z�j�>

{
u = ui + ur z > 0,

u = ut z < 0.

6>�f¨ � 8
s�L

ui
Z�ehg �<� syj+{fZVn¡jI|�nq{fZ�j@goZy�y|u� Z�ehgo��¥���{fn�miZ��qwGmiZLezgominq|¬gon�suj w�k[{fZ�Y[n¡�<Z�ezx+wy|�Z

z > 0
{fZV�qw¾eosu��kfgin¡syj

p@k�� syjw�kXm}w�n¡g$sy±fgoZLjdkXZ/wK�uZL|
c1 = c2

>




eon
x 6∈ ΩI(t) : ui(x, y, z, t) = 0

eon
x ∈ ΩI(t) : ui(x, y, z, t) =

1

2πR?
δR

c
(t)

wK�uZ�|
R? =

√
x2 + y2 + (z − h)2

�X�qw�{Xn�ezgiwuj+|�Z/w�k�x9sun�jyg^eosuk+mi|�Zu¨

�©suY[Y[Z�{Xw�jIeV�¡Z/|�wye
h = 0

syj�jXsugoZLmiw >




c̃11(q) =
c1√

1 + q2
Z�g

c̃12(q) =
c2√

1 +
c22
c21
q2
,

c̃21(q) =
c1√

1 +
c21
c22
q2

Z�g
c̃22(q) =

c2√
1 + q2

,

e`egf(hji3k3l3i
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xXkXnqe




R̃(p, q) =
ρ2

(
1 + p2

) 1
2 − ρ1

(
c̃211(q)

c̃212(q)
+ p2

) 1
2

ρ2 (1 + p2)
1
2 + ρ2

(
c̃211(q)

c̃212(q)
+ p2

) 1
2

,

T̃ (p, q) =
2ρ2

(
1 + p2

) 1
2

ρ2

(
c̃222(q)

c̃221(q)
+ p2

) 1
2

+ ρ1 (1 + p2)
1
2

,

Z�g




γ+
1 (t, q) = −i

c̃11(q)t

R
cos θ + | sin θ|

√
c̃211(q)t

2

R2
− 1,

υ+
1 (t, q) = −i

(
c̃11(q)t

R
cos θ + | sin θ|

√
1 −

c̃11(q)2 t2

R2

)

\�syk+e�{fl	�+jXnqeoeosuj+e$�qw�»¼suj+|�gon�suj
q01(t)

x+w�m

q01(t) =

√∣∣∣∣1 −
c21t

2

R2

∣∣∣∣.

r6sukXm�{fl	�+jXn�m
γ+
2 (t, q)

Z�g
q02(t)

j+suk+eVkfgin¡��nqezZLmosyj+eV��w »¼syj+|¬gin¡syj

F(p, q, t) = −z
(
1 + p2

) 1
2 + h

(
c̃222(q)

c̃221(q)
+ p2

) 1
2

+ ipr − c̃22(q)t = 0,

�¡Z[giZ�Y[x+e�{�� wumomin¡�yl�Z�{fZ%�>� sujI{fZ[gom}w�j+eoY[n�eoZ[w�k¿xIsyn¡j@g
(x, y, z)

�
t02 = t02(r, y)

�Z�g���Z%�¡ZLY�Y[Z
ezk+n¡�Ow�j@gG>
W��d��� � � � � � ���Y�,<���Y

q > 0
�1�����J�5
.<�$�Y� �Y�j� � �j�

t̃02(q) > t02
<��� � �j� '

� t̃02(q)
�3
3 � � �Y��� � �j���4�4���[���� � �j�

F(p, q, t̃02(q))
�J�(�2�� �� �Y���N�	� 	��1�S� ����� �����

p = p̃02(q) &	.���<�,�4��	��1���#�3
3N�1���'&��1�S�(�1�	� ���Y�4�
&

�J� �S� � 


−m < =m(p̃02(q)) < 0,

��" �
	
m = min(1, c̃21(q)/c̃22(q)) �

� �j���Y�
t > t̃02(q) & F(p, q, t̃02(q))

���(�2�� �J� � � �4��	��1����
 	4��� �S�����[��

γ+
2 (t, q)

��
γ−2 (t, q)"(���3� � �(��

=m
[
γ+
2 (t, q)

]
= =m

[
γ−2 (t, q)

] ��
<e
[
γ+
2 (t, q)

]
= −<e

[
γ−2 (t, q)

]
> 0.

+#,�e-+/.
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��������������������������� �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(����4�(�5
 �u�

� �j���Y�
h(−m, q)/c̃22(q) ≤ t ≤ t̃02(q) F(p, t, q) &

�J�(�2�� ��� � � �	��	��1����


p = υ−2 (t, q) ∈ [−im p̃02(q)]
��

p = υ+
2 (t) ∈ [p̃02(q) ; im],

�1�2��&��1�����1�	��
����Y�	��

&

��"(� 	

h(w, q) = −z
(
1 − w2

) 1
2 + h

(
c̃222(q)

c̃221(q)
− w2

) 1
2

− wx.

�#� ��� � 
:��� ���(� 	� ���(�
q 7→ t̃02(q)

��
. 	��4�(�5
.
��(�j<��
��Y��� � +

��d��³�Z
��µ � 
Xµ'^¹³�Z �
90w[Y%wOthZLkXmiZ¾xIw�mogon�Z�{fZ�|�Z/��Z�Y[Y[Z�ZLezg�kXjXZ/mil�l�|�min°gikXmiZ�{Xk���Z�Y[Y[Z �X¨ �[{fZ/�qw[xXmiZ�Y[n¡WLmoZ/xIw�mogon�Z
6¼ZLjmoZLY�x+��wJI�w�j@g

c1
Z�g
c2
x+wum

c̃21(q)
Z�g
c̃22(q) 8�� ¨ � ��jXZ�miZLezgoZ/ZLj�»¹w�n¡gGp@k�� ¥%{Xl�Y[suj@gomiZ�m�p@kXZ

t̃02(q) > t02
xIsykXmVgosykfg

q
{XZ � v + Z�g^p@kXZ q 7→ t̃02(q)

ZLezg^|�misunqeoeiw�j@giZ¾eokXm � v + ¨

adsun¡g
q > 0

¨ �©suj+eon�{Xl�misuj+e Y%w�n�jygiZ�j+wuj@g%p@kXZ���ZLe%{fZLkf��Y[n¡��n¡ZLkf�£eosuj@g*{fZ {fn¡Y[ZLj+ezn�suj �f�©Z�g
p@kXZ���ZLe¢�@n¡goZ�eoeoZLe�{Xw�jIe*��ZLe¢{XZ�kf� Y[n¡��n�Z�kf� jXZ�eosuj@g¢x+�¡k+e

c1
Z�g
c2
Y%w�nqe

c̃21(q)
Z�g
c̃22(q)

¨
T0sykOthsuk+mie�{�� wuxXmoW�e/��Z¢��Z�Y[Y[Z��f¨ �{fZ*�qwxXmiZ�Y[n�W�miZ%x+w�mogon�Zu�
�¡Z*goZ�Y[x+e

t̃02(q)
ZLezg��¡Z¢jXsukX�yZLwuk

goZLY�xIe Y[n�jXn�Y�kXY Y[nqe xIw�m�kXj�m}wKcusuj§x9suk+m�wu�¡��Z�m[{fZ¢�qw�eosuk+mi|�Z�{fZ�|�sdsum}{fsuj+jXl�Z�e
(0, h)

w�k
xIsyn¡j@g

(r, z)
�XsumVn���ZLezg�l��dnq{fZ�j@g�p@kXZ

c̃21(q) < c1
Z�g
c̃22(q) < c2

> ��Z/jXsykX�uZ�w�k¢Y[n��¡n�Z�k �dn�mzgikXZ��
ZLezg�xX��k+e���Z�j@g�pyk+Z/�¡Z�Y[n¡��n�Z�k molLZ���{fsyj+|

t̃02(q) > t0
¨F�^Z/Y�D�Y[Zy�f�¡Z�eV»¼suj+|�gon�suj+e

q 7→ c̃21(q)
Z�g

q 7→ c̃22(q)
eosuj@gG{fl�|�misunqeoeiw�j@goZ�e:>V�¡Z�Y[n��¡n�Z�k��@n�mogokXZL�
{fZL�dn¡ZLjyg¾{fZ�xX��k+eGZ�jxX��k+eG�¡ZLj@g¾p@k+w�jI{

qw�kX�yY[Z�j@goZy�X{fsuj+|
t̃02(q)

ZLezg�±Xn¡ZLj�k+jXZ�»¼suj+|�gon�suj|�misunqeieowujygiZu¨
�

� ³��O³9¸¹¸ 
j^ ��� � ��� $ ���-�2�-��� ����� 	�������
q 7→ t̃02(q)

�3
3 �Y��� ��� ���
	� ���(�\���
� � + �J�(�!


[t02; +∞],

�(�7�!� �YN�J���d�j�1�:
��2�	�
	�� ���	� � �j�
& t 7→ q02(t) &

�j���Y�
t > t02

�

r6sykXm��¡Z/|Lw��q|�kX�0{XZ¾�<� suj+{fZ�{XZGg4D�giZ�{Xw�j+eV��Z/Y[n¡��n�Z�kHE�jXsuk+eVkXgon��¡nqezZLmosyj+eV�qw�»¼syj+|¬gin¡syj

q1(t) =

√√√√
(

c1t

R| cos θ|
−

| sin θ|

| cos θ|

√
1 −

c21
c22

)2

−
c21
c22

{Xl��+jXn�Z/x9sukXm

R sin θ

√
1

c21
−

1

c22
+
R| cos θ|

c2
< t <

R

sin θ

√
1

c21
−

1

c22
.

\^suk+eVx9suk+�usujIeVY[wun¡j@giZ�j+wujyg�lLjXsuj+|�Z�mV��Z
� + ! f ��� , � % � ����� f���,.f+% � ,;� 	�� : ! � ��) � ���

r
� �&% �8	 ��� %&� � , !�	�) �6� ��� �1,.f�� ! , � , ) %�� ��( � 	 f 7 � � � ' , !�� f+% (

x
( 7 %�,;� %"� ������	 � 7f 7 � ,�%�� � 2 � # � �*% �8	���) � � %&% ��) ,;��� 	 f � ���

p̃02(q)
,<��� � � f ��� , ) %�� � � � , ��� f1,;� )*� �8	 ��� %&� ' � 2
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��P �G���������Y�(���

� ��d³ �*�d� � � � � � � �������-�	��� �
	4�Y���#��
3N�J�(�j�S�.���j�(� '





3�
x 6∈ ΩR(t) ∪ Ωte(t) :

ur(x, y, z, t) = 0 �


3�
x ∈ ΩR(t)\Ωte(t) :

ur(x, y, z, t) =
1

2π2R

d

dt



∫ q01(t)

0

<e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq


 ;


3�
x ∈ Ωte(t)\ΩR(t) :

ur(x, y, z, t) =
1

2π2R

d

dt



∫ q1(t)

0

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 + q201(t)

dq


 ;


3�
x ∈ Ωte(t) ∩ ΩR(t) :

ur(x, y, z, t) =
1

2π2R

d

dt



∫ q1(t)

q01(t)

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 − q201(t)

dq




+
1

2π2R

d

dt



∫ q01(t)

0

<e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq


 ,

+#,�e-+/.
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 �y�
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3�#�5
��#��
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.�
x 6∈ ΩT (t) :

ut(x, y, z, t) = 0,


.�
x ∈ ΩT (t) :

ut(x, y, z, t) =
1

2π2c2

d

dt



∫ q02(t)

0

<e




c̃22(q)T (γ+
2 (t, q), q)

(
1 + γ+

2 (t, q)2
) 1

2
∂F

∂p
(γ+

2 (t, q), t, q)


 dq


 .

� �d� 
 � �¤� � � � � ���"(���3� �N����� 	��1�����2���� � �j�!'

� ��� 	4�������1������
x ∈ ΩR(t)\Ωte(t)


����	�.� 	��3�1

t >
R

c1


.�
θ > θc

��
t >

R

sin θ

√
1

c21
−

1

c22


3�1�����
;

� ��� 	4�������1������
x ∈ Ωte(t)\ΩR(t)


����	�.� 	��3�1

R sin θ

√
1

c21
−

1

c22
+
R| cos θ|

c2
< t <

R

c1

��
θ < θc ;

� ��� 	4�������1������
x ∈ Ωte(t) ∩ ΩR(t)


����	�.�
	��3�1

R

c1
< t <

R

sin θ

√
1

c21
−

1

c22

��
θ < θc.

TGj x9sukXmimiw¦e�� n�j+ezx+n¡miZ�m��Fx9sukXm%��Z|�w��q|�k+��j@k+Y�lLmonqp@kXZ {fZ
Ur
�${fZ �>� w����usymon¡goUXY[Z�xXmilLeoZ�j@gol ¥¿��w®eoZL|¬�

gin¡syj0PI¨�Ey¨ ��6>|�w��q|�k+�F{fZ
P r 8 � x+wu�uZ ���f�0Z�gL�xIsykXm�|�ZL�¡kXn©{fZ

U t
�{fZ[�<� wu�¡�ysumin°giUXY[Z[xXmol�ezZLj@gol[¥��qweoZL|¬�

gin¡syj PI¨ �X¨�E26>|�w��q|�k+��{fZ
V Psx 8 �Xx+w��yZ´�u�X¨

e`egf(hji3k3l3i



�u� �G���������Y�(���

��� � � ������� � ��� ���
	�����
afn¤jXsuk+eV{fl�|�syY�x9syeosujIe

u
eokXn¡�OwujygG6<�f¨ � 8 �f��ZLe�|�suj+{fn¡gon�sujIe${XZ^gimiwuj+ezY[nqeoeon�suj+e©xXUdcfeznqp@kXZLe$n�Y�x9syeiw�j@gV��w|�suj@gon�jdkXn¡gol/{fZ

u
Z�g^{XZ 1

ρ
∂u
∂z

�X�<� l�p@k+wOgin¡syj�6<�f¨ � 8 {fZ��dn�Z�j@g^w���sum}e >

1

c21

∂2ui

∂t2
−

[
∂2ui

∂x2
+
∂2ui

∂y2
+
∂2ui

∂z2

]
= δ(x) δ(y) δ(z − h) δ(t), z > 0

6<�f¨ �uw 8

1

c21

∂2ur

∂t2
−

[
∂2ur

∂x2
+
∂2ur

∂y2
+
∂2ur

∂z2

]
= 0, z > 0

6>�X¨ �u± 8

1

c22

∂2ut

∂t2
−

[
∂2ut

∂x2
+
∂2ut

∂y2
+
∂2ur

∂z2

]
= 0, z < 0

6>�X¨ �y| 8

ui + ur = ut, z = 0
6<�f¨ �u{ 8

ρ2

(
∂ui

∂z
+
∂ur

∂z

)
= ρ1

∂ut

∂z
, z = 0

6>�X¨ �uZ 8





9�� kXgon��¡nqeow�gon�sujª{fZ�e�gimiwuj+eh»¼symoY[lLZLe�{fZ#90w�x+��wy|�Z/Z�j giZ�Y[x+eGZ�gG{XZ �XsykXmin¡ZLm�Z�j
x
Z�gGZLj

y
jXsyk+e�x9Z�miY[Z�g

{�� sy±fgoZLjXn¡m���Z�eocdezgoWLY[Z�{Xn°«Rl�miZ�j@gon�Z��¤symi{Xn¡j+wun¡miZ�ezkXn��Ow�j@gG>

−
∂2ûi

∂z2
+

(
k2
x + k2

y +
s2

c21

)
ûi = δ(z − h), z > 0,

6<�f¨OEL�yw 8

−
∂2ûr

∂z2
+

(
k2
x + k2

y +
s2

c21

)
ûr = 0, z > 0,

6>�X¨�E���± 8

−
∂2ût

∂z2
+

(
k2
x + k2

y +
s2

c22

)
ût = 0, z < 0,

6>�f¨OEL�y| 8

ûi + ûr = ût, z = 0,
6>�X¨�E��u{ 8

ρ2

(
∂ûi

∂z
+
∂ûr

∂z

)
= ρ1

∂ût

∂z
, z = 0,

6>�X¨�E���Z 8
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{fsuj@g���ZLe�eosu��kfgon�sujIe�ezsyjyg

ûi =
1

2
(
k2
x + k2

y + s2

c21

) 1
2

e
−|z−h|

„

k2
x+k2

y+ s2

c21

« 1
2

,

ûr =
R(kx, ky, s)

2
(
k2
x + k2

y + s2

c21

) 1
2

e
−(z+h)

„

k2
x+k2

y+ s2

c21

« 1
2

,

ût =
T (kx, ky, s)

2
(
k2
x + k2

y + s2

c22

) 1
2

e
z

„

k2
x+k2

y+ s2

c22

« 1
2 −h

„

k2
x+k2

y+ s2

c21

« 1
2

.

��uZ�|
R
�X�¡Z/|�s@Z�¯*|�n�Z�j@g^{fZ�mol �+Z��fn�suj�Z�g

T
�+�¡Z/|�sdZ�¯%|�n¡ZLj@g^{fZ�gom}w�j+eoY[n�eieon¡syj��f{fl��+j+n�eVx+wum

R(kx, ky, s) =
ρ2

(
k2
x + k2

y + s2

c21

) 1
2

− ρ1

(
k2
x + k2

y + s2

c22

) 1
2

ρ2

(
k2
x + k2

y + s2

c21

) 1
2

+ ρ1

(
k2
x + k2

y + s2

c22

) 1
2

,
6<�f¨OE�E 8

T (kx, ky, s) =
2ρ2

(
k2
x + k2

y + s2

c22

) 1
2

ρ2

(
k2
x + k2

y + s2

c21

) 1
2

+ ρ1

(
k2
x + k2

y + s2

c22

) 1
2

.
6<�f¨OE�� 8

� � � ��� ��
+�  dc��`Z ��L³9� �K·��ª��� �¢¸*c�^�ZRµ ����� 
+· ���  
�d��³�Z�Lµ	��
fµ"^¹³�Z  
�Pµ �
�d³����d� � � ���
�¾w�jIeV�¡Z�|Lwue

h = 0
�qw%ezsy�¡kXgon�suj

û
eL� lL|�min¡g

û(kx, ky, z, s) =
1 + R(kx, ky, s)

2
(
k2
x + k2

y + s2

c21

) 1
2

e
−|z|

„

k2
x+k2

y+ s2

c2
1

« 1
2 6<�f¨OEL� 8

x9suk+m
z > 0

Z�g

û(kx, ky, z, s) =
T (kx, ky, s)

2
(
k2
x + k2

y + s2

c22

) 1
2

e
−|z|

„

k2
x+k2

y+ s2

c22

« 1
2 6<�f¨OE�P 8

x9suk+m
z < 0
¨
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� ¸ �®�/^>¸�^ �d� � �K=Fj�kXgon��¡nqeowuj@g¾�qw*gimiwuj+ez»¼sumiY[w�gon�sujª{fZ[�XsykXmin¡ZLmGsyj
sy±fgon�Z�j@g,>

ũ(x, y, z, s) =
1

4π2

∫ +∞

−∞

∫ +∞

−∞

T (kx, ky, s)

2
(
k2
x + k2

y + s2

c22

) 1
2

e
− s

c2

»

|z|
“

k2
x+k2

y+ s2

c2

” 1
2 +i(kxx+kyy)

–

dkx dky

TGj¿x9syeoZ�{¤� w�±9sum}{
kx = pxs

c2

Z�g
ky =

pys

c2

�0syj�kfgin¡��nqezZ*¥�jXsykX�uZ�w�k���ZLe�|�s@symi{XsujXjXlLZLe�|�cd��n¡jI{fmonqp@kXZLe
r, ψ, z

Z�g�suj�xIs@ezZ
p
Z�g
q
goZL��e�p@kXZ�>

px = p cosψ − q sinψ

py = p sinψ + q cosψ
x9suk+m�su±fgiZ�jXn�m

ũ(x, y, z, s) =
s

4π2c2

∫ +∞

−∞

∫ +∞

−∞

T (p, q)

2 (1 + p2 + q2)
1
2

e
− s

c2

»

|z|(1+p2+q2)
1
2 +ipr

–

dp dq
6>�X¨�EK� 8

wK�yZL|G�>� w�±+k+e�{fZ/jXsugiwOgin¡syj

T (p, q) = T (
p

c2
,
q

c2
, 1) =

2
(
1 + p2 + q2

) 1
2

(
c22
c21

+ p2 + q2
) 1

2

+ (1 + p2 + q2)
1
2

.
6<�f¨OEL� 8

�©syY[Y�Z�¥ ��w ezZ�|¬gon�suj�xXmilL|�l�{fZ�j@giZGjXsyk+e$w����¡syj+e©gom}w�j+ez»¼sumiY[Z�m©|�ZGx+mosy±X�¡WLY[Z^gimonq{fn�Y�ZLj+eon¡syjXjXZ��9Z�j�kXjXZ
n�j �+j+n°gilV{XZ$x+mosy±X�¡WLY[ZLe
±Xnq{fn¡Y[ZLj+ezn�suj+jXZ��qe wK�uZ�|�{fZ�e6�@n¡goZ�eoeoZLe6{fZVxXmisuxIw��yw�gon�suj�{flLxIZLj+{Xwujyg�{XZ

q
¨6r6sukXm

|�Z��qw�jXsuk+eVZ�«9Z�|¬gikXsuj+eVY%wun¡j@goZLj+w�j@g���Z�|}U+w�jX�yZ�Y[Z�j@g�{fZ��Ow�min�wu±X��Z

p̃ =
p√

1 + q2

Z�g�jXsukIe�{fl��+j+n�eiezsyj+eV�qw�»¼syj+|¬gin¡syj
q 7→ c̃22(q)

x+w�m

c̃22(q) =
c2√

1 + q2
.

v�Z�Y%w�m}p@kXsuj+eVwu�¡symieVp@kXZ�>

c22
c21

+ p2 + q2 = (1 + q2)

(
c22 + c21q

2

(1 + q2)c21
+ p̃2

)
= (1 + q2)


c̃22(q)

1 +
c21
c22
q2

c21
+ p̃2


 .

afn�jXsukIe�{fl��+j+n�eiezsyj+eV��ZLe$»¼sujI|¬gon�sujIe
q 7→ c̃11(q)

Z�g
(p̃, q) 7→ T̃ (p̃, q)

x+wum

c̃21(q) =
c1√

1 +
c21
c22
q2

Z�g
T̃ (p̃, q) =

2
(
1 + p̃2

) 1
2

(
c̃222(q)

c̃221(q)
+ p̃2

) 1
2

+ (1 + p̃2)
1
2

,

+#,�e-+/.
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syj�wukXm}w
T (p, q) = T̃ (p̃, q)

Z�gG>

ũ(x, y, z, s) =
s

4π2c2

∫ +∞

−∞

∫ +∞

−∞

T̃ (p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃22(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ dq.
6>�X¨�E � 8

TGmVsyj�w��dk��f�¡symieV{fk |�wu��|�kX�¤{fZ��>� sujI{fZ¾gom}w�j+eoY[n�eoZGZLj�{Xn¡Y[Z�jIezn�suj��6¹�usyn¡mV�qw�xXmiZ�Y[n�W�miZGxIw�mogon�Z 8 �Xp@kXZ
∫ +∞

−∞

T̃ (p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃22(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ =

∫ +∞

t02(q)

<e
[
T̃ (γ+

2 (t, q), q)
]

√
t2 − t202(q)

e−stdt.

wK�yZL|->
t02(q) =

R

c̃22(q)
=
R

c2

√
1 + q2,

γ+
2 (t, q) = −i

c̃22(q)t

R
cos θ + | sin θ|

√
c̃222(q)t

2

R2
− 1

Z�g
r = R cos θ, z = R sin θ.TGj w[{fsujI|�>

ũ(x, y, z, s) =
s

4π2c2

∫ +∞

−∞

∫ +∞

t02(q)

<e
[
T̃ (γ+

2 (t, q), q)
]

√
t2 − t202(q)

e−st dt dq.
6<�f¨OEL� 8

TGj�x9Z�kfg�Y%w�n�j@goZLj+w�j@g�lL|}UIw�jX�yZ�m$�>� sum}{fmiZ�{�� n�j@gol��ymiw�gon�suj��f|�suY[Y[Z�¥��qw%ezZ�|¬gin¡syj0E��+Z�g�Y[suj@gomiZ�m�p@kXZ

ũ(x, y, z, s) =
s

4π2R

∫ +∞

t02(0)



∫ q02(t)

−q02(t)

<e
(
T̃ (γ+

2 (t, q), q)
)

√
q202(t) − q2

dq


 e−stdt, 6<�f¨OEL� 8

wK�yZL|

q02(t) =

√
c22t

2

R2
− 1.

v�Z�Y%w�m}p@kXsuj+eVp@kXZy�X|�suY[Y[Z/�<� n�j@gol��ymiwuj+{*Z�ehg�xIw�n�mL�

∫ q02(t)

−q02(t)

<e
[
T̃ (γ+

2 (t, q), q)
)

√
q202(t) − q2

dq = 2

∫ q02(t)

0

<e
[
T̃ (γ+

2 (t, q), q)
]

√
q202(t) − q2

dq.
6<�f¨ ��� 8

u(x, y, z, t) = 0
eon
t < t02(0) =

R

c2

u(x, y, z, t) =
1

2π2R

d

dt



∫ q02(t)

0

<e
(
T̃ (γ+

2 (t, q), q)
)

√
q202(t) − q2

dq


 , ezn

t > t02(0)

� �d� 
 � �¤� � � � � �`� 	.�(�S�(�1 ���(�
t < t02(0) = R/c2

�3
3 ����������� �Y�/" ������������
x ∈ ΩT (t).

e`egf(hji3k3l3i
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X¸>·u�
¸  � ¸ 
¦�L³9¸¹�µ'^>³�Z  
jZ�[¸ � �/^>¸�^ �@����� ��uZL|�{fZ�eV|}U+w�jX�yZ�Y[Z�j@g}e${XZ¾�Owumonqw�±X��Z�ezn�Y[n¡�qw�n�moZ�e©¥
|�Z�kf��pyk+Z/jXsuk+eV�yZ�jXsyj+eV{¤� kfgon��¡nqeoZ�m�x9sukXm���Z�|�wu��|�kX��{Xwuj+eV�¡Z�Y[n��¡n�Z�kª� 6¼syj�x9syeoZ/|�Z�gzgoZ�»¼syn�e

kx = pxs
c1

�
ky =

pys

c1
8 �Xsuj�su±Xgon�Z�j@g

ũ(x, y, z, s) =
s

4π2c1

∫ +∞

−∞

∫ +∞

−∞

1 + R(p, q)

2 (1 + p2 + q2)
1
2

e
− s

c1

»

|z|(1+p2+q2)
1
2 +ipr

–

dp dq

wK�yZL|G�>� w�±+k+e�{fZ/jXsugiwOgin¡syj

R(p, q) = R(
p

c1
,
q

c1
, 1) =

(
1 + p2 + q2

) 1
2 −

(
c21
c22

+ p2 + q2
) 1

2

(1 + p2 + q2)
1
2 +

(
c21
c22

+ p2 + q2
) 1

2

.
6<�f¨ �YE 8

TGj�Z�«RZL|�gokXZ/ZLj+eokXn°giZ/�¡Z�|}UIw�jX�yZ�Y[Z�j@g�{fZ/�Ow�min�wu±X�¡Z

p̃ =
p√

1 + q2

Z�g�suj {fl��IjXn°g���ZLe$»¼syj+|¬gin¡syj+e
q 7→ c̃11(q)

Z�g
q 7→ c̃12(q)

xIw�m

c̃11(q) =
c1√

1 + q2
Z�g

c̃22(q) =
c2√

1 +
c22
c21
q2

Z�g
(p̃, q) 7→ R̃(p̃, q)

x+wum

R̃(p̃, q) =

(
1 + p̃2

) 1
2 −

(
c̃211(q)

c̃212(q)
+ p̃2

) 1
2

(1 + p̃2)
1
2 +

(
c̃211(q)

c̃212(q)
+ p̃2

) 1
2

.

TGj w[w���sum}e
R(p, q) = R̃(p̃, q)

Z�gG>

ũ(x, y, z, s) =
s

4π2c2

∫ +∞

−∞

∫ +∞

−∞

1 + R̃(p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃11(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ dq.
6>�X¨ �y� 8

TGj�kfgin¡��n�eoZ�m}w�l��@w���Z�Y[Z�j@g��¡Z�e�|�sdsum}{fsyjXjXl�Z�e
(R, θ)

giZ����¡Z�e�pyk+Z�>
r = R cos θ

Z�g
z = R sin θ.

TGj w��dk��X��sum}e${Xk |Lw��q|�kX��{XZ/�>� suj+{XZ/mol �+lL|}UXn�Z¾Z�j{fn�Y�ZLj+eon¡syj �X�+p@kXZ

V ezn | cos θ| ≤
c̃11(q)

c̃12(q)

w���sum}e

∫ +∞

−∞

1 + R̃(p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃11(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ =

∫ +∞

t01(q)

1 + <e
[
R̃(γ+

1 (t, q), q)
]

√
t2 − t201(q)

e−stdt

+#,�e-+/.
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wK�uZ�|�>
t01(q) =

R

c̃11(q)
=
R

c1

√
1 + q2

Z�g

γ+
1 (t, q) = −i

c̃11(q)t

R
cos θ + | sin θ|

√
c̃211(q)t

2

R2
− 1.

V ezn | cos θ| >
c̃11(q)

c̃12(q)

w���sum}e��f{¤� w�xXmiWLeV��ZLeVmilLeokX�¡giw�gie�{fZ/�qw�xXmoZLY[n¡WLmoZ�x+wumzgin¡Z�>

∫ +∞

−∞

1 + R̃(p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃11(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ =

∫ +∞

t01(q)

1 + <e
[
R̃(γ+

1 (t, q), q)
]

√
t2 − t201(q)

e−stdt

+

∫ t01(q)

t1(q)

=m
[
R̃(υ+

1 (t), q)
]

2π
√
t201(q) − t2

e−stdt

wK�uZ�|

υ+
1 (t, q) = −i

(
c̃11(q)t

R
cos θ + | sin θ|

√
1 −

c̃211(q) t
2

R2

)

Z�g

t1(q) = R| sin θ|

√
1

c̃211(q)
−

1

c̃212(q)
−
R cos θ

c̃12(q)
.

� j@gil�miZLeiezsyj+eh��jXsyk+e©{Xsuj+|�¥���w[|�suj+{fn¡gon�suj
| cos θ| ≤

c̃11(q)

c̃12(q)

p@kXn0eL� lL|�min¡gVlL�ywu�¡ZLY�ZLj@g >

| cos θ| ≤
c1
c2

√
1 +

c22
c21
q2

√
1 + q2

=
c1
c2
g(q).

6<�f¨ ��� 8
�©syY[Y�Z

c2 > c1
n¡�RZ�ehg�l��dnq{fZ�j@g�p@kXZ

g(q) > 1
¨%90w�|�syj+{fn¡gon�suj�6>�X¨ �u� 8 ezZLmiw {fsujI|^�yl�min �+lLZGx9suk+m©gisukfg

q
mil�Z��©ezn

cos θ ≤ c1
c2

¨ adkXxXx9syeosuj+e�Y[wun¡j@giZ�j+wujyg�p@kXZ
cos θ > c1

c2

�
suj®x9Z�kfg wu�¡symie�Y[syjygimoZLm�p@kXZ%��w
|�suj+{Xn°gin¡syj�6<�f¨ ��� 8 Z�ehg�lLp@kXn��Ow���Z�j@goZ�¥ >

q2 ≥ q22 =
1

sin2 θ

[
cos2 θ −

c21
c22

]
.

6<�f¨ �(P 8
\^suk+e$gimiwun°giZ�misuj+eV{fsyj+|�ezlLx+w�mil�Y[ZLjyg���ZLe�|Lwue

cos θ ≤ c1
c2

Z�g
cos θ > c1

c2

¨


����'^
| cos θ| ≤

c1

c2

.
�Gwuj+e�|�Z�|LwueL�Xp@kXZ���p@kXZ�eosun¡g

q
>

∫ +∞

−∞

1 + R̃(p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃11(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ =

∫ +∞

t01(q)

1 + <e
[
R̃(γ+

1 (t, q), q)
]

√
t2 − t201(q)

e−stdt

e`egf(hji3k3l3i
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TGj xIZLkfg^{fsujI|GY[syjygimoZLmL�X|�suY[Y[Z�xIsykXm
z < 0

p@kXZ2>

u(x, y, z, t) = 0
eon
t < t01(0) =

R

c1

u(x, y, z, t) =
1

2π2R

d

dt



∫ q01(t)

0

1 + <e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq


 ,

wK�uZ�|

q01(t) =

√
c21t

2

R2
− 1.

� � �"^
| cos θ| >

c1

c2

.
�¾w�j+e�|�Z/|�wueVsyj �ul�min �+Z¾p@kXZ2>

V eon q > q2
>

∫ +∞

−∞

1 + R̃(p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃11(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ =

∫ +∞

t01(q)

1 + <e
[
R̃(γ+

1 (t, q), q)
]

√
t2 − t201(q)

e−stdt ;

V eon q ≤ q2
>

∫ +∞

−∞

1 + R̃(p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃11(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ =

∫ +∞

t01(q)

1 + <e
[
R̃(γ+

1 (t, q), q)
]

√
t2 − t201(q)

e−stdt

+

∫ t01(q)

t1(q)

=m
[
R̃(υ+

1 (t, q))
]

2π
√
t201(q) − t2

e−stdt

{fsujI|�>
ũ(x, y, z, s) =

s

4π2c1
[ũ1 + ũ2]

wK�uZ�|

ũ1 = −

∫ q2

−q2

∫ t01(q)

t1(q)

=m
[
R̃(υ+

1 (t, q), q)
]

√
t201(q) − t2

e−stdt dq

Z�g

ũ2 =

∫ +∞

−∞

∫ +∞

t01(q)

<e
[
1 + R̃(γ+

1 (t, q), q)
]

√
t2 − t201(q)

e−st dt dq.

+#,�e-+/.
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= gokI{fn¡syj+e�{¤� w�±9sum}{
ũ1
�Xsuj�moZLY%w�m}pyk+Z¾p@kXZ

q 7−→

∫ t01(q)

t1(q)

=m
[
R̃(υ+

1 (t, q), q)
]

√
t201(q) − t2

e−stdt

ZLezg�kXjXZ�»¼syj+|¬gin¡syj�x+wun¡miZ�>

ũ1 = −2

∫ q2

0

∫ t01(q)

t1(q)

=m
[
R̃(υ+

1 (t, q), q)
]

√
t201(q) − t2

e−stdt dq.

TGj xIZLkfg�lL|}U+wujX�uZLmV�>� sum}{fmiZ¾{¤� n�jygil��ymiw�gon�suj06¹�usyn¡m �+�ykXmiZLeV�[Z�g,EL� 8 >

ũ1 = −2
c1
R

∫ t01(0)

t1(0)

∫ q1(t)

0

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 + q201(t)

e−st dq dt

−2
c1
R

∫ t01(q2)

t01(0)

∫ q1(t)

q01(t)

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 − q201(t)

e−stdq dt

wK�uZ�|

q1(t) =

√√√√
(

c1t

R| cos θ|
−

| sin θ|

| cos θ|

√
1 −

c21
c22

)2

−
c21
c22

= t−1
1 (t)

Z�g

q01(t) =

√
1 −

c21t
2

R2

ezn
t <

R

c1

Z�g
q01(t) =

√
c21t

2

R2
− 1 = t−1

01 (t)
ezn
t >

R

c1
.

e`egf(hji3k3l3i
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t

qq2

t01(0)

t1(0)

t01(q)

t1(q)

�n��uk+moZ/�!> � j@gil��um}wOgin¡syj�eokXm
q
xXkXnqe�ezkXm

t

t

q

t01(0)

t1(0)

q01(t) q1(t)

t01(q2)
=
t1(q2)

�n��uk+moZ�EL�j> � j@gil��um}wOgin¡syj�eokXm
t
xXkXnqe�ezk+m

q

+#,�e-+/.
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�
n¡j+wu�¡ZLY[Z�j@gG>

u(x, y, z, t) = 0,
ezn
t < t1(0)

u(x, y, z, t) =
1

2π2R

d

dt



∫ q1(t)

0

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 + q201(t)

dq


 , eon t1(0) < t < t01(0)

u(x, y, z, t) =
1

2π2R

d

dt



∫ q1(t)

q01(t)

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 − q201(t)

dq




+
1

2π2R

d

dt



∫ q01(t)

0

1 + <e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq




eon
t01(0) < t < t01(q2)

u(x, y, z, t) =
1

2π2R

d

dt



∫ q01(t)

0

1 + <e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq


 , eon t01(q2) < t.

� �d� 
 � �¤� � � ��� �3���3
3N� ""�������j � �j�
t1(0) = R/c1

��

t1(0) = R| sin θ|

√
1

c21
−

1

c22
−
R cos θ

c2
,


����j ������� ���3
 <��� ��
 � �1�-�1<��
 �Y��1� �5
���
@�!���Y� ���� ��� �1� ����
 	.�(�����1������!
 
��Y�
t
�����-�	������� � �j��� ��� ��� �j�(�j

�
t01(q2) &

�(� "(���3� � � � �j� '

t201(q2) =
R2

c21
(1 + q22) =

R2

c21

(
1 +

1

sin2 θ

[
cos2 θ −

c21
c22

])
=

R2

sin2 θ

(
1

c21
−

1

c22

)
.

� � � � � ��
+�  dc��`Z ��L³9� �K·���
³��O�  �¸ c�^�ZRµ ����� 
X· ���  �d��³�Z�Lµ	��
fµ"^¹³�Z  
�Pµ �
�d³����d� � � � �

� 
X¸>·u�
¸  �
ur
� TGj�xIs@ezZ

R =
√
x2 + y2 + (z + h)2

�
cos θ =

√
x2 + y2

R

�
sin θ =

z + h

R
.

TGj {fl	�+jXn¡g�l��ywu�¡ZLY[Z�j@g��¡Z�e$»¼suj+|�gon�suj+e
q 7→ c̃1(q)

Z�g
q 7→ c̃2(q)

xIw�m

c̃11(q) =
c1√

1 + q2

Z�g
c̃12(q) =

c2√
1 +

c22
c21
q2

e`egf(hji3k3l3i



�y� �G���������Y�(���

Z�g
(p, q) 7→ R̃(p, q)

x+wum

R̃(p, q) =
ρ2

(
1 + p2

) 1
2 − ρ1

(
c̃211(q)

c̃212(q)
+ p2

) 1
2

ρ2 (1 + p2)
1
2 + ρ2

(
c̃211(q)

c̃212(q)
+ p2

) 1
2

.

�©syY[Y�Z/{Xwuj+eV��Z�|�wue
h = 0

suj Y[suj@gomiZ¾p@kXZ2>

ũr(x, y, z, s) =
s

4π2c2

∫ +∞

−∞

∫ +∞

−∞

R̃(p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃11(q)

»

|z|(1+p̃2)
1
2 +ipr

–

dp̃ dq,
6>�X¨ �y� 8

x+kXn�e�p@kXZ2>

����'^

c1 > c2
³I�P�"^

| cos θ| ≤
c1

c2

� ����sum}eVn¡��j0� c¢w�x+wye�{¤� suj+{fZ�{XZ�g	D�giZ/Z�g

ur(x, y, z, t) = 0
eon
t < t01(0) =

R

c1

ur(x, y, z, t) =
1

2π2R

d

dt



∫ q01(t)

0

<e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq


 , eon

t > t01(0).

wK�uZ�|

γ+
1 (t, q) = −i

c̃11(q)t

R
cos θ + sin θ

√
c̃211(q)t

2

R2
− 1

Z�g

q01(t) =

√
c21t

2

R2
− 1.

� � �"^
| cos θ| >

c1

c2

.
� �R»¹wukfg^|�wu��|�kX�¡ZLm���w[|�suj@gomin¡±+kfgon�suj {fZ/�<� syj+{fZ/{fZ�g	D�goZ2>

+#,�e-+/.



���������	��
��������������������������� �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(����4�(�5
 � �

ur(x, y, z, t) = 0,
eon
t < t1(0)

ur(x, y, z, t) =
1

2π2R

d

dt



∫ q1(t)

0

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 + q201(t)

dq


 eon t1(0) < t < t01(0)

ur(x, y, z, t) =
1

2π2R

d

dt



∫ q1(t)

q01(t)

=m
[
R̃(υ+

1 (t, q), q)
]

√
q2 − q201(t)

dq




+
1

2π2R

d

dt



∫ q01(t)

0

<e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq




eon
t01(0) < t < t01(q2)

ur(x, y, z, t) =
1

2π2R

d

dt



∫ q01(t)

0

<e
(
R̃(γ+

1 (t, q), q)
)

√
q201(t) − q2

dq


 , ezn t01(q2) < t.

wK�uZ�|

t1(q) = R| sin θ|

√
1

c̃211(q)
−

1

c̃212(q)
−
R cos θ

c̃2(q)
,

q1(t) =

√√√√
(

c1t

R| cos θ|
−

| sin θ|

| cos θ|

√
1 −

c21
c22

)2

−
c21
c22

= t−1
1 (t)

Z�g

υ+
1 (t, q) = −i

(
c̃11(q)t

R
cos θ + | sin θ|

√
1 −

c̃211(q) t
2

R2

)
.

90ZLe�|Lw��q|�kX�qe�ezsyj@g�eon�Y�n��qw�n�moZ�e$wuk|�wue$sJL��qw[ezsykXm}|�Z¾ZLezg^ezkXm��<� n¡j@goZLmz»¹wy|�Zy¨
� �d� 
 � �¤� � � ��� ���,�j� �Y%�(�O�(�.
 �J���2�(����	��� ���R�����-�2� � � �7��� �	���2�(� � �j�(�� � �j�R��� �.�	�(��@�J� � � �(�S���
�J�G
	���-�3
3N� � ���j
���� ���O�-�J�3
��j�(�1���
$"(���3� �N�(�jd
��(�1

t = t01(q2) =
R2

sin2 θ

(
1

c21
−

1

c22

)
,


����1
t = t1(0) = R| sin θ|

√
1

c21
−

1

c22
−
R cos θ

c2
.

e`egf(hji3k3l3i



�y� �G���������Y�(���

� 
X¸>·u�
¸  �
ut
� �^xXmiWLe�wK�usyn¡m¾kfgon���n�eol[��w¢gom}w�j+ez»¼sumiY%wOgin¡syj�{fZ%�XsykXmon�Z�m�n�jd�uZ�m}eoZ eokXn¡�Owujyg

x
Z�g
y
suj

sy±fgon�Z�j@g,>
ũt(x, y, z, s) =

1

4π2

∫ +∞

−∞

∫ +∞

−∞

T (kx, ky, s)

2
(
k2
x + k2

y + s2

c22

) 1
2

e
y

„

k2
x+k2

y+ s2

c22

« 1
2 −h

„

k2
x+k2

y+ s2

c21

« 1
2 −ikxxi−kyy

dkxdky

TGj�Z�«RZL|�gokXZ�wu�¡symieVeok+|�|�ZLeiezn��uZLY[Z�j@g$��ZLe^|}U+w�jX�yZ�Y[Z�j@g}e${XZ/�Kwumonqw�±+�¡Z

kx =
pxs

c2
, ky =

pys

c2
x+kXn�e

px = p cosψ − q sinψ, py = p sinψ + q cosψ
x9suk+m�su±fgiZ�jXn�m

ũt(x, y, z, s) =

s

4π2c2

∫ +∞

−∞

∫ +∞

−∞

T (p, q)

2 (1 + p2 + q2)
1
2

e
− s

c2

"

−z(1+p2+q2)
1
2 +h

„

c22
c2
1
+p2+q2

« 1
2
+ipr

#

dp dq

wK�yZL|G�>� w�±+k+e�{fZ/jXsugiwOgin¡syj

T (p, q) = T (
p

c2
,
q

c2
, 1) =

2ρ2

(
p2 + q2 + 1

) 1
2

ρ2

(
p2 + q2 +

c22
c21

) 1
2

+ ρ1 (p2 + q2 + 1)
1
2

.
6<�f¨ ��� 8

=�j�kXgon��¡nqeowuj@g��¡Z/|}U+wujX�uZLY�ZLj@g�{XZ¾�Owumonqw�±X��Z

p̃ =
p√

1 + q2

Z�g��¡Z�e$»¼suj+|�gon�suj+e
q 7→ c̃1(q)

�
q 7→ c̃2(q)

Z�g
(p, q) 7→ T̃ (p, q)

{fl��IjXn¡Z�eVx+w�m

c̃22(q) =
c2√

1 + q2

Z�g
c̃21(q) =

c1√
1 +

c21
c22
q2
,

Z�g

T̃ (p̃, q) =
2ρ2

(
1 + p̃2

) 1
2

ρ2

(
c̃222(q)

c̃221(q)
+ p̃2

) 1
2

+ ρ1 (1 + p̃2)
1
2

,

+#,�e-+/.



���������	��
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3���(����4�(�5
 �y�

syj�x9Z�kXg�molLlL|�min�moZ
ũ
ezsyk+eV��w »¼symoY[Z2>

ũt(x, y, z, s) =

s

4π2c2

∫ +∞

−∞

∫ +∞

−∞

T̃ (p̃, q)

2 (1 + p̃2)
1
2

e
− s

c̃22(q)

"

−z(1+p̃2)
1
2 +h

„

c̃222(q)

c̃2
21

(q)
+p̃2

« 1
2
+ip̃r

#

dp̃ dq.

� � w�xXmiWLe$��ZLe�|�wu��|�kX�qe©Z�«9Z�|¬gikXlLeV��sum}eV{fk�|Lw��q|�kX��{XZ¾�<� suj+{fZGgom}w�jIezY[nqezZ�{Xw�jIeV��w xXmiZ�Y[n¡WLmoZ¾x+wumzgin¡Z�Z�g�ZLj
kXgon��¡nqeowuj@gV��Z/��Z�Y[Y[Z��f¨ � syj�w >

ũt(x, y, z, s) =

s

4π2c2

∫ +∞

−∞

∫ +∞

t02(q)

<e




c̃22(q)T (γ+
2 (t, q), q)

(
1 + γ+

2 (t, q)2
) 1

2
∂F

∂p
(γ+

2 (t, q), t, q)


 e

−stdt dq.

wK�yZL|
γ+(t, q)

�
F(p, t, q)

Z�g
t02(q)

{fl��+j+n�e�xIw��uZ/�y�d¨

v�Z�Y%w�m}p@kXsuj+e$Y%w�n�j@goZLj+w�j@g�p@kXZ

q 7→

∫ +∞

t02(q)

<e




c̃22(q)T (γ+
2 (t, q), q)

(
1 + γ+

2 (t, q)2
) 1

2
∂F

∂p
(γ+

2 (t, q), t, q)


 e

−stdt

Z�ehg�kXj+Z�»¼suj+|�gon�suj x+w�n�miZ->

ũt(x, y, z, s) =

s

2π2c2

∫ +∞

0

∫ +∞

t02(q)

<e




c̃22(q)T (γ+
2 (t, q), q)

(
1 + γ+

2 (t, q)2
) 1

2
∂F

∂p
(γ+

2 (t, q), t, q)


 e

−stdt dq.

=�j�kXgon��¡nqeowuj@g���w »¼sujI|¬gon�suj
q02(t) = t−1

02 (t)
suj xIZLkfg�n�j@�yZ�m}ezZLm©�<� sum}{fmoZ/{¤� n�jygil��ymiw�gon�suj >

ũt(x, y, z, s) =

s

2π2c2

∫ +∞

t02(0)

∫ q02(t)

0

<e




c̃22(q)T (γ+
2 (t, q), q)

(
1 + γ+

2 (t, q)2
) 1

2
∂F

∂p
(γ+

2 (t, q), t, q)


 dq e

−st dt.

�
n�j+w���Z�Y[ZLjyg,>

e`egf(hji3k3l3i



P@� �G���������Y�(���

ut(x, y, z, t) = 0,
ezn
t < t02(0)

ut(x, y, z, t) =
1

2π2c2

d

dt



∫ q02(t)

0

<e




c̃22(q)T (γ+
2 (t, q), q)

(
1 + γ+

2 (t, q)2
) 1

2
∂F

∂p
(γ+

2 (t, q), t, q)


 dq


 ,

ezn
t> t02(0).

9wª|�syj+{fn¡gon�suj
t > t02(0)

ZLezg�±Xn�Z�j lLp@kXn��Kwu�¡ZLj@goZ¢¥�qw�|�suj+{Xn°gin¡syj
x ∈ ΩT

kfgin¡��n�eol�Z�{Xw�jIe���Z%goUXlLs��
miW�Y[Z��f¨ � 6¼x+wum�{fl��IjXn°gin¡syj{fZ

ΩT 8 ¨

� 19� ��V�6������������ �������©)+�0��!������

�©syj+eon�{flLmosyj+e©Y[wun¡j@giZ�j+wujygVkXj�Y[n¡��n¡ZLk�n�j �+j+n0|�syY�x9syeol�{¤� k+j�{fZLY[n°��ZLeox+wu|�Z �IkXn�{XZ
Ωf
Z�g�{¤� k+j�{fZLY[n°�

Z�ezxIwu|�Z eosu��n�{fZ�nqezsugomisux9Z
Ωs
ezlLx+w�milLe x+wum�k+jXZ n¡j@goZLmz»¹wy|�Z�UXsumin ��suj@g}w���Z

Γ
¨P�©suY[Y[Z Z�jP{fn�Y�ZLj+eon¡syj

{XZ�kf�¤�XjXsyk+eVjXsyk+eVn¡j@gil�miZLeiezsyj+eV¥ �qw�»¼sumiY�k+��w�gon�suj¢ZLj xXmoZ�eoeon�suj {Xw�j+eV��Z �+kXnq{fZ/Z�g�Z�j��@n¡goZ�eoeoZ�{Xwuj+eV�¡Z
eosu��nq{fZu�f�qw[ezsykXmi|�ZGZ�ehg�k+jXZ/ezsykXmi|�ZGx9sujI|¬gok+Z����¡Z�{fZ/x+moZ�eoeon¡syj�eon°gikXl�Z/{Xwuj+e���Z �+kXnq{fZ�¥�kXjXZ�{fnqehg}w�j+|�Z�U
{XZ¾�<� n¡j@goZLmz»¹wy|�Zy¨ 9�ZLeVl�p@k+wOgin¡syj+e�¥�mol�ezsyk+{fmiZ¾eosuj@g

1

c2f

∂2P

∂t2
− ∆P = δ(x) δ(y) δ(z − h) f(t) (Ωf ),

6>�X¨OELw 8

ρs
∂2V s

∂t2
− (λ+ 2µ)

 �^ a
(∇V s) + µ

�O³Iµ
(
�K³Iµ

V s) = 0 (Ωs).
6>�X¨OE�± 8





90ZLe%{fZLkf�£Y[n��¡n�Z�kX�£ezsyj@g[��n�lLe%x+wum%�¡Z�e%|�syj+{fn¡gon�suj+e%{fZ gimiwuj+eoY�nqeiezn�suj ezkXn��Ow�j@goZ�e%p@kXnVgom}wu{fk+n�eoZ�j@g%��w
|�suj@gon�jdkXn¡gol/{fZLe��@n¡goZ�eoeoZLe$jXsymoY%wu�¡Z�e�¥ �<� n¡j@goZLmz»¹wy|�Z�Z�g��<� l��ywu�¡n¡gol�ZLjygimoZ���ZLe�|�suj@gom}w�n�j@goZLe$jXsymoY%wu�¡Z�e©Z�g���w
x+moZ�eoeon¡syj >

∂Vsy
∂t

= −
1

ρs

∂P

∂y
(Γ),

6¹�+¨�E�| 8

(λ+ 2µ)
∂Vsy
∂y

+ λ
∂Vsx
∂x

= −
∂P

∂t
(Γ),

6>�X¨OEL{ 8
∂Vsx
∂y

+
∂Vsy
∂x

= 0. (Γ),
6¹�+¨�ELZ 8





\^suk+e^xIsykX�usyj+e^eon�Y�x+�¡n �+Z�m¾|�Z�e�lLp@k+w�gon�suj+e^Z�jª{fl�|�syY�x9syeiw�j@g^��Z�|}U+wuY[xª{fZ��dn¡goZLeieoZ
V s

ZLjsuj+{XZLe�r
Z�gVaR�@Z�j%x9syeiw�j@g

V s = ∇Φ+
�O³+µ

Ψ
¨ �¾w�j+e©|�ZG|Lwue��¡Z��yZL|�goZ�k+m

Ψ
ezZLmiw�{fl��+j+n�	o¥/kXj*�ymiwy{fn�Z�j@gFxXmiWLe 


+#,�e-+/.
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 P�E

x+kXn�eip@kXZ
�O³+µ

(Ψ + ∇A) =
�K³Iµ

Ψ
x9suk+m�gosykfg|}U+wuY[x

A
¨
r
sykXm{Xl��+jXn�m

Φ
{fZ©Y[wujXn�W�miZ kXjXnqpyk+Z�jXsyk+e�n�Y[xIs@ezZLmosyj+e¤�qw�|�syj+{fn¡gon�suj�eokXn¡�OwujygiZu�

{Xn°giZ�|�sujI{fn°gin¡syj�{XZVtzw�kX�yZ#>
{Xn¡�

Ψ = 0.
9�� ZLj+eoZ�Y�±+�¡Z/{fZ�e�|}U+w�Y[x+e

Ψ
�ul�min �Iw�j@g�|�Z�gogoZ�{fZLmoj+n¡WLmoZ/|�syj+{fn¡gon�suj e�� lL|�mon¡g�ezsyk+eV�qw�»¼symoY[Z�>

Ψ =




−
∂

∂y

∂

∂x

0




Ψ1 −




∂2

∂x∂z

∂2

∂y∂z

−
∂2

∂x2
−

∂2

∂y2




Ψ2.

90Z/|}U+w�Y[x
V s

e�� lL|�mon¡g�{fsujI|->

V s = ∇Φ −




∂2

∂x∂z

∂2

∂y∂z

−
∂2

∂x2
−

∂2

∂y2




Ψ1 +




−
∂

∂y

∂

∂x

0




Ψ2

Z�g��¡Z/eocfehgiW�Y[Z/¥[mol�ezsyk+{fmiZG{fZL�@n�Z�j@gG>

1

c2f

∂2P

∂t2
− ∆P = δ(x) δ(y) δ(z − h) f(t) (Ωf ),

6>�X¨ ��w 8

1

c2P

∂2Φ

∂t2
− ∆Φ = 0 (Ωs),

6>�X¨ �O± 8

1

c2S

∂2Ψ1

∂t2
− ∆Ψ1 = 0 (Ωs),

6>�X¨ ��| 8

1

c2S

∂2Ψ2

∂t2
− ∆Ψ2 = 0 (Ωs),

6>�X¨ ��{ 8





wK�yZL|
cP =

√
λ+2µ
ρs

Z�g
cS =

√
µ
ρs

¨

e`egf(hji3k3l3i



Pd� �G���������Y�(���

90ZLe�|�suj+{fn¡gon�sujIe�{fZ�gom}w�j+eoY[n�eieon¡syj�eoZ¾mil�l�|�min¡�yZ�j@g�w���sum}eR>
∂Vsz
∂t

= −
1

ρf

∂P

∂z
(Γ),

6¹�+¨ ��Z 8

(λ+ 2µ)
∂Vsz
∂z

+ λ
∂Vsx
∂x

+ λ
∂Vsy
∂y

= −
∂P

∂t
(Γ),

6¹�+¨ �O» 8
∂Vsx
∂z

+
∂Vsz
∂x

= 0. (Γ),
6¹�+¨ ��� 8

∂Vsy
∂z

+
∂Vsz
∂y

= 0. (Γ).
6¹�+¨ ��U 8





\^suk+e/wu�¡��sujIeGY%wun¡j@goZLj+w�j@g/|�wu��|�kX�¡ZLm��¡Z�e¾»¼suj+|�gon�suj+e/{fZ*½¾miZ�ZLj¿wyeoeosf|�n�l�ZLe¾¥ |�Z[xXmisu±X��W�Y[Zy��Z����¡Z�e/ezsyj@g
eosu��kfgin¡syj+e�{fZ�>

1

c2f

∂2p

∂t2
−

[
∂2p

∂x2
+
∂2p

∂y2
+
∂2p

∂z2

]
= δ(x)δ(y − h)δ(t) (Ωf ),

6>�X¨ �uw 8

1

c2P

∂2φ

∂t2
−

[
∂2φ

∂x2
+
∂2φ

∂y2
+
∂2φ

∂z2

]
= 0 (Ωs),

6>�X¨ ��± 8

1

c2S

∂2ψ1

∂t2
−

[
∂2ψ1

∂x2
+
∂2ψ1

∂y2
+
∂2ψ1

∂z2

]
= 0 (Ωs),

6>�X¨ �u| 8

1

c2S

∂2ψ2

∂t2
−

[
∂2ψ2

∂x2
+
∂2ψ2

∂y2
+
∂2ψ2

∂z2

]
= 0 (Ωs),

6>�X¨ �u{ 8





wK�yZL|

∂vsz
∂t

= −
1

ρf

∂p

∂z
(Γ),

6¹�+¨ �uZ 8

(λ+ 2µ)
∂vsz
∂z

+ λ
∂vsx
∂x

+ λ
∂vsy
∂y

= −
∂p

∂t
(Γ),

6¹�+¨ ��» 8
∂vsx
∂z

+
∂vsz
∂x

= 0 (Γ),
6¹�+¨ �u� 8

∂vsy
∂z

+
∂vsz
∂y

= 0 (Γ),
6¹�+¨ �uU 8
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��������������������������� �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(����4�(�5
 P@�

Z�g

vs = ∇φ−




∂2

∂x∂z

∂2

∂y∂z

−
∂2

∂x2
−

∂2

∂y2




ψ1 +




−
∂

∂y

∂

∂x

0



ψ2.

����� ���	��
���������
�©syY[Y�Z�ZLj {Xn¡Y[Z�jIezn�suj� jXsuk+e�eokXxXx9syeoZ�misujIe�pyk+Z

cf < cS < cP
¨

� ������� W��d� � �K³�ZRµL�  c¡³�Z  ���
�¾w�jIe%�¡Z¦|�wue%{�� kXj+Zªn¡j@giZ�m}wu|¬gin¡syj �+kXnq{fZ�� ehgimokI|¬gok+moZy�$�<� suj+{fZª{XZxXmoZ�eoeon�suj {Xw�jIe%�¡Z �IkXn�{XZ�w�xXxIw�m}w*)qg
|�suY[Y[Z*�qw�eosuY[Y[Z¢{¤� kXjXZ¢syj+{fZ�n¡j+|�n�{XZ�j@goZy�F{¤� k+jXZ¢syj+{fZ�{XZ¢�usy�¡k+Y�Z¢mol �+lL|}UXn�Z*Z�g�{fZ�{fZ�kf�§syj+{fZLe
{XZ/g	D�goZu¨�9F� sujI{fZ�eoZ/xXmosyx+w��yZLwujyg�{Xwuj+e���Z�ezsy�¡nq{fZ�eoZ�{fl�|�suY[x9syeoZ/Z�jkXj+Z�suj+{XZ�{fZ��usy�¡k+Y�Z�{XZ�|�syY �
x+moZ�eoeon¡syj��y{XZGmis�g}wOgon�suj+jXZ��Ij@k+�@6>{fn¡goZ¾suj+{fZGr 8 �dkXj+ZGsyj+{fZG{XZ^�usy�¡k+Y�Z¾{fZG|�n�eiw�n����¡ZLY�ZLj@gL�f¥�{fn��uZLmo�yZ�j+|�ZjdkX����Z�6>{fn¡goZ�suj+{XZ�a 8 �XZ�g�kXj+Z¾syj+{fZ�{fZ¾g	D�goZ/{fZ/|�nqeowun¡����Z�Y[Z�j@gL¨%9w {fl	�+jXn¡gon�suj�xXmilL|�nqeoZ¾{fZ/|}U+wy|�kXj+Z¾{fZ
|�ZLeVsyj+{fZLeVZ�ehg^{XsujXjXlLZ/¥ �qw[ezZ�|¬gin¡syj��+¨�Ey¨ �d¨F\^suk+eVkXgon��¡nqezZLmosyj+e:>

R =
√
x2 + y2 + (z + h)2,

√
x2 + y2 = R cos θ

Z�g
z + h = R sin θ.

] �O³�ZRµ� ��¸*c¡³�Z  �B^�Z·J^  �[ZRµ �  
!Z
�¢¸ � �
��^  ����r6sykXm^kXjn�j+ezgiwujyg
t
{XsujXjXly�+��Z/»¼misuj@gG{fZ��<� suj+{fZ

n�j+|�n�{fZLj@goZ¢{fZ�xXmiZLeiezn�suj 6¼ZLj��uZLmzg eokXm���ZLe��+�uk+moZ�e2E�E�¨ wZ�g E�� 8 ZLezg �<� n�j@goZLmieoZL|�gon�suj§{fZ*�qwªeoxXUXW�miZ¢{fZ|�Z�j@gomiZ
(0, h)

Z�g�{fZ�miwKcysuj
cf t
wK�uZ�|$�¡Z�{fZLY�n¡��xX��wuj%ezkXx9l�min�Z�kXm�¨TsukfgiZ��>� sujI{fZVn¡j+|�n�{XZ�j@goZ�Z�ehg�|�suj@goZLj@k+Z

{+w�j+e�|�Z�gzgiZ/xIsymzgin¡syj�{XZ�ezxXU+W�miZ¾p@kXZ/jXsyk+eVjXsugosujIe
ΩI(t)
¨

] �O³�ZRµ  �§¸*c¡³�Z  � �K���6�d·���^ �  
!Z
��¸ � �
��^  ��� 90Z�»¼misuj@g�{fZ �<� suj+{fZ�mil �+l�|}UXn¡Z 6¼ZLj¦±X��Z�k¿ezk+mG��ZLe
�I�ukXmiZLe#E�Eu¨ ±®Z�g7EK� 8 ZLezg��<� n�j@goZ�m}eoZL|¬gin¡syj¦{fZ%�qw ezx+UXW�miZ%{fZ*|�ZLjygimoZ (0,−h)

Z�g�{fZ%m}wKcusyj
cf t
wK�yZL| �¡Z

{XZ�Y[n°��ZLeox+wy|�Z eokXx9l�min¡ZLkXm�¨ \�syk+e�w�xXx9Z���sujIe
ΩR(t)

�<� n¡j@golLmon�Z�k+m�{XZ[|�Z�gogoZ[xIsymzgin¡syj¦{fZ[eoxXUXW�miZu¨
ΩR(t)x9Z�kXg�l��ywu�¡ZLY[Z�j@g D�gomiZ/{fl��IjXn�x+wum,>

ΩR(t) =

{
(x, y, z) ∈

� v 3 | z > 0
Z�g R
cf

< t

}
.

] �O³�ZRµ��  �d��³�Z  �d� � �@µ �~µ	��
!Z
�L�b^¹� �@�  
!Z
�¿¸ � �L³9¸�^  ��� �©suY[Y[Z*Z�j {Xn¡Y[Z�jIezn�suj � j+suk+e
{Xl��+jXnqeiezsyj+e

ξ0P (r, z)
Z�g
ξ0S(r, z)

Y[n¡j+n¡Y[nqeowujyg�miZLeoxIZ�|¬gin¡�yZ�Y[Z�j@g��¡Z�eV»¼sujI|¬gon�sujIe

tP (ξ) =

√
ξ2 + h2

cf
+

√
(r − ξ)2 + z2

cP
,

6¹�X¨ P 8

e`egf(hji3k3l3i



PJP �G���������Y�(���

Z�g

tS(ξ) =

√
ξ2 + h2

cf
+

√
(r − ξ)2 + z2

cS
.

6¹�X¨ � 8
Z�g�jXsukIeVjXs�gisuj+e

t0P (r, z) = tP (ξ0P (r, z))
Z�g
t0S(r, z) = tS(ξ0S(r, z))

��Z�k+m�Y�n�jXn�Y�kXY ¨ 90Z�»¼mosyjyg�{fZ/�<� suj+{fZ¾gimiwuj+ezY[nqezZ�r 6¼miZLeox�¨Fa 8 Z�ehg��<� ZLj+eoZ�Y�±+�¡Z/{fZ�e�xIsyn¡j@g}e$goZ��qe�p@kXZ�>

t0P (r, z) = t (
moZ�ezx0¨

t0S(r, z) = t).

�©Z�»¼mosyj@gG{¤� suj+{fZ ZLezgGmiZ�xXmilLeoZ�j@gil�Z�jª±+�¡ZLk�|�n�Z���6¼miZLeox�¨^ZLjªmisukX�yZ 8 eokXm¾�¡Z�e �+�ykXmoZ�eGEJE�¨ » 6¼miZLeox E�E�¨ | 8Z�gGE��d¨F\^suk+e�{Xl��+jXnqeiezsyj+eVl��@w���Z�Y[Z�j@gV�>� Z�j+eoZ�Y ±X��Z
ΩP (t)

6¼miZLeox�¨
ΩS(t) 8 xIw�m,>

ΩP (t) = {(x, y, z) | z ≤ 0
Z�g
t0P (r, z) ≤ t}

(
miZLeox�¨

ΩS(t) = {(x, y, z) | z ≤ 0
Z�g
t0S(x, r) ≤ t}).

] �O³�ZRµ��� �d�³�Z  �d�  �§µ �yµ �  
!Z�¸ � �
��^  ��� \�sukIe�jXs�gisuj+e
A

6¼miZLeox�¨
E 8 �>� n�jygiZ�m}ezZ�|¬gin¡syj¿{fk»¼misuj@gV{¤� syj+{fZ¾r 6¹moZ�ezx0¨ a 8 wK�yZL|^�>� wO�fZ x = 0

¥�{fmisun¡goZGZ�g
B

6¹moZ�ezx0¨
F 8 �¡Z�x9sun�j@g©giZ��¤p@kXZG��Z/ezZL�uY[Z�j@g

[AB]
6¹Z�j sum}w�jX�yZ¢eokXm �qw �+�ukXmiZ0E�� 8 6¼miZLeox�¨

[EF ]
��Z�j Y%wu�uZ�j@g}w 8 eosun¡g�giw�j+�uZ�j@g[¥ ΩR(t)

¨ \�syk+e
j+s�gosyj+e

ωteP1(t)
6¼miZLeox�¨

ωteS1(t) 8 �¡Z*gomisuj+|%{fZ�|�;uj+Z%�ul�j+l�mil�xIw�m��qwmis�giw�gon�suj®{fk�eoZ��uY[ZLjyg [AB]6¹moZ�ezx0¨
[EF ] 8 w�kfgisukXm�{fZ/�<� wO�fZ (Oz)

¨�adsun¡g
ωteP2(t)

�qw x9sumogon�suj {fZ�eoxXUXWLmoZ�{fZ�|�ZLj@gomiZ

0,

t

2
√

1
c2

f

− 1
c2

P

− h


 Z�g^{fZ/m}wKcusyj t

2
√

1
c2

f

− 1
c2

P

− h,

{Xl���n¡Y[n¡gol�Z/xIw�m���ZLeVxX�qw�j+e�{XZ�|�s�giZ
z = 0

Z�g
z = zB

¨

afsun¡g
ωteS2(t)

��w�x9sumogon�suj {fZ�ezx+UXW�miZ/{fZ�|�ZLjygimoZ

0,

t

2
√

1
c2

f

− 1
c2

S

− h


 Z�g^{fZ/m}wKcusyj t

2
√

1
c2

f

− 1
c2

S

− h,

{Xl���n¡Y[n¡gol�Z/xIw�m���ZLe�x+��wuj+e�{fZ�|�s�goZ
z = 0

Z�g
z = zF

¨ 9�Z�»¼misuj@g^{fZ/�<� suj+{fZ�{XZ/g	D�goZ
P
ZLezg^��w[mil�k+jXn¡syj

{XZ
ωteP1(t)

Z�g[{fZ
ωteP2(t)

Z�g ��Z*»¼misuj@g {fZ��>� sujI{fZ¢{fZ¢g	D�giZ�a®Z�ehg ��w�molLkXjXn�suj�{fZ
ωteS1(t)

Z�g�{fZ
ωteS2(t)

¨
W �d��� � �-��� � � �(�[&����

θcP = arccos(
cf

cP
)

�3
3,� � ���[&���� � �1�#�1<�B���Y)*�J�3
.
�� 
 ����� �j��� �1�N� � � �J�5
3����S� � 

� � �(�S���,���R
	�<� � ���#�%�S� � 


&
�j���Y�

t
�J�(�����

&
� � ���!
���� �����,����
@�j�(�1�j�
R���

ωteP1(t)
"(���3� � �R� � ��� �j�������� '

t = R sin θ

√
1

c2f
−

1

c2P
+
R| cos θ|

cP
, θ ∈ [0, θcP ]

6¹�X¨ � 8
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���������	��
��������������������������� �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(����4�(�5
 Pd�

��d� � ���j
���� �������J�3
N�j�(�1�j�
����
ωteP2(t)

" ���3� � ��'

t =
R

sin θ

√
1

c2f
−

1

c2P
, θ ∈ [0, θcP ].

6¹�X¨	� 8
� � �(� &����

θcS = arccos(
cf

cS
)

��
.%� � �(�[&����:� �1�-�1<�G���Y)*�J�3
.
�� 
R����� �j�����1�S� � � �J�5
3<�%�S� � 
 � � �(���J���J�  	����� �
�#�N�S� � 


&
�j���Y�

t
�����j���

&
� � ���!
���� �����#����
��!���1�j�
����

ωteS1(t)
"(���3� �N�G� � ��� �j�( ���(� '

t = R sin θ

√
1

c2f
−

1

c2S
+
R| cos θ|

cS
, θ ∈ [0, θcS]

6¹�X¨ � 8
��d� � ���j
���� �������J�3
N�j�(�1�j�
����

ωteS2(t)
"(���3� � ��'

t =
R

sin θ

√
1

c2f
−

1

c2S
, θ ∈ [0, θcS].

6¹�X¨ � 8
9w%{fl�Y[syj+ehgimiw�gon�suj{fZ�|�Z���Z�Y[Y[Z eoZ�»¼Z�m}w%�¡symie^{fZ��qw*{fl�Y[syj+ehgimiw�gon�suj {fkgiUXl�symoWLY�Z��+¨�E�|�n°� {fZ�eoeosuk+e
6¹�usyn¡mVx+wu�uZ/�y� 8 ¨!�h|�n0Z�j+|�sumiZu�X{Xwuj+eV�¡Z/x+��wuj (x, z)

��6¹�+¨ � 8 Z�ehg��<� lLp@k+wOgin¡syj�x9su�qw�n�miZ�{�� kXjwumi|�{fZ�|�Z�m}|���Z{XZ�|�Z�j@gomiZ

0,

t

2
√

1
c2

f

− 1
c2P


 Z�g^{fZ/m}wKcusyj t

2
√

1
c2

f

− 1
c2P

,

thsyn¡�yj+w�j@g���Z¾x9sun�j@g
O
wuk�x9sun�j@g

B
Z�g�6>�X¨ � 8 ZLezg��>� lLp@k+w�gon�suj�xIsy��wun¡miZ�{¤� k+j wumi|�{fZ�|�Z�m}|���Z¾{XZ�|�Z�j@gimoZ


0,

t

2
√

1
c2

f

− 1
c2

S


 Z�g^{fZ/m}wKcusyj t

2
√

1
c2

f

− 1
c2

S

,

thsyn¡�yj+w�j@g���Z¾x9sun�j@g
O
wuk�x9sun�j@g

F
¨

\^suk+e�jXs�giZ�misuj+e
ΩtefP (t)

6¼ZLj§sum}w�jX�yZ%ezkXm��¡Z�e��+�ykXmoZ�e�E�Eu¨ |%Z�g�E�� 8 �>� Z�jIezZLY�±X��Z¢{fZ�e/xIsyn¡j@g}e�eon°gikXlLeZLj@gomiZ��¡Z�»¼mosyj@gG{fZ��<� suj+{fZ {fZ�g4D�goZ r3Z�g¾�>� n�jygiZ�mo»¹wu|�Z�Z�g
ΩtefS(t)

6¼ZLjªY%w��yZ�j@giw%eokXm¾�¡Z�e �+�ykXmoZ�eGEJE�¨ {
Z�g�E�� 8 �>� Z�jIezZLY�±X��Z�{fZLe^xIsyn¡j@g}e�ezn¡gok+lLe�ZLj@gomiZ/�¡Z/»¼misuj@g^{fZ��>� suj+{XZ�{fZ/g	D�goZ a�Z�g^�<� n�j@goZ�mo»¹wu|�Zu¨ ΩtefP (t)x9Z�kXg�l��ywu�¡ZLY[Z�j@g D�gomiZ/{fl��IjXn�x+wum,>

ΩtefP (t) =

{
(x, y, z) ∈

� v 3 | z > 0
Z�g
R sin θ

√
1

c2f
−

1

c2P
+
R| cos θ|

cP
< t <

R

sin θ

√
1

c2f
−

1

c2P

}

Z�g
ΩtefS(t)

x+w�m,>

ΩtefS(t) =

{
(x, y, z) ∈

� v 3 | z > 0
Z�g
R sin θ

√
1

c2f
−

1

c2S
+
R| cos θ|

cS
< t <

R

sin θ

√
1

c2f
−

1

c2S

}
.

e`egf(hji3k3l3i
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] �O³�ZRµ� ��¸ c¡³�Z  �  ��µ��@µ �  
!Z� ¸ ���L³9¸�^  ���"\�sukIe�jXsugosyj+e
I
��Z^x9sun�jyg©goZL�Rp@kXZG�¡Z¾ezZL�uY[Z�j@g

[AI ]6¹Z�j��dn�su��Z�g eokXm��qw �+�ykXmiZBE�� 8 ezsyn°g�giw�j+�uZ�j@g ¥ ΩS(t)
¨ª\�syk+e�jXsugosyj+e

ωteSP1(t)
��Z%gomisujI|*{fZ¢|�;ujXZ

�yl�jXlLmol¾x+wum���w�mis�giw�gon�suj {fZ/|�Z�eoZ��yY�ZLj@g�wukfgosykXm�{fZ/�<� w��dZ
(Oz)
¨ r6s@ezsyj+eVY%w�n�jygiZ�j+wuj@g

α =

√
1

c2S
−

1

c2P

Z�g
β =

√
1

c2f
−

1

c2P
x+kXn�e

zte =
1

2

(
h

(
α

β
+
β

α

)
−
t

α

) Z�g
rte =

√
th

β
− h2 +

1

4

(
t

α
− h

(
α

β
+
β

α

))2

.

\^suk+e©jXsugosujIe
ωteSP2(t)

�qw xIsymzgin¡syj¢{fZ�ezxXU+W�miZ¾{fZ�|�ZLj@gomiZ
(0, zte)

�X{fZGm}wKcusyj
rte
�f{flL�¡n�Y[n°gil�Z�x+wum©��ZLe

x+��wuj+eV{fZ¾|�s�giZ
z = 0

Z�g
z = zI

¨@90Z^»¼misuj@g�{fZ��>� sujI{fZ¾{XZGg4D�giZ
SP
{Xw�j+e$��Z/ezsy�¡nq{fZ¾ZLezg$�qw�mil�k+jXn¡syj�{fZ

ωteSP1(t)
Z�g�{fZ

ωteSP2(t)
¨

W �d��� � �-� � � ���Y�
t

�����j���
&

� � ���!
���� ����������
N�!���1�j�
G�J�
ωteSP1(t)

"(���3� �N�-� � ��� �j�������� '

t = −y

(
1

c2P
−

1

c2S

) 1
2

+ h

(
1

c2f
−

1

c2S

) 1
2

+
r

cS

6>�X¨OEL� 8
��d� � ���j
���� �������J�3
N�j�(�1�j�
����

ωteSP2(t)
" ���3� � ��'

t =
h2 + z2 − hz

(
β
α

+ α
β

)
+ r2

h
β
− z

α

.
6>�X¨OE�E 8

�©syY[Y�Z¦�¡Z¿��Z�Y[Y[Z¦xXmilL|�lL{fZLj@gL�^|�Z¦��Z�Y[Y[Z¿eoZ�m}w�{flLY[suj@gomil¦wuk |�sykXm}e¢{fZ¿��w£{fl�Y[syj+ehgimiw�gon�suj.{Xk
giUXl�symoWLY[Z��X¨OE06¹�usyn¡m x+w��yZ �O� 8 ¨�v�ZLY[wumip@kXsyj+e�p@k�� Z�j£l���Z��Ow�j@g%w�k |Lw�mimol¢�¡Z�e�giZ�miY[ZLe�{fZ�6>�X¨OE�E 8 Z�gwuxXmiWLeFp@kXZL��p@kXZ�e©|Lw��q|�kX�qe�eon¡Y[xX��ZLe�jXsukIeFsu±XgoZ�j+suj+e�±Xn¡ZLj*�<� l�pykIwOgon�suj�{fZ��qw�eoxXUXW�miZ^{fZ¾|�ZLjygimoZ

zte
Z�g${fZ

m}wKcusyj
rte
¨

\^suk+e6j+s�goZLmosyj+e
ΩteSP (t)

�<� Z�j+eoZ�Y ±X�¡Z�{fZ�e x9sun�jyg}e ezn¡gok+lLe ZLjygimoZV��Z$»¼mosyjyg�{XZ$�<� suj+{fZ�{XZVg	D�giZ�Z�gF�<� n�j@goZLmz�
»¹wy|�Z26¼ZLj �@n�su��Z�g�eokXm���ZLe �+�ykXmiZLe E�E�¨ »6Z�gGE�� 8 ¨ ΩteSP (t)

x9Z�kXg^l��@w���Z�Y[Z�j@g�D�gomiZ�{fl	�+jXn�x+wum:>
ΩteSP (t) =

{
(x, y, z) ∈

� v 3 | z > 0
Z�g
t?1(x, y, z) < t < t?2(x, y, z)

}
.

wK�yZL|

t?1(x, y, z) = −y

(
1

c2P
−

1

c2S

) 1
2

+ h

(
1

c2f
−

1

c2S

) 1
2

+
r

cS
Z�g

t?2(x, y, z) =
h2 + z2 − hz

(
β
α

+ α
β

)
+ r2

h
β
− z

α

.

+#,�e-+/.
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��������������������������� �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
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 P �

z

(x, y)

�

�����
�`E�Eu¨ wj> 9F� suj+{fZ�n�j+|�nq{fZLjygiZu¨

z

(x, y)
�

��������E�E�¨ ± > 9F� sujI{fZ�mol �+lL|}UXn�Zu¨

z

(x, y)

ωteP1

ωteP2

�

�����
��EJE�¨ |�> 9F� sujI{fZ/{fZ�g	D�goZ/r6¨

z

(x, y)

ωteS1

ωteS2

�

��������E�E�¨ { > 9F� sujI{fZ/{fZ�g	D�goZ�aR¨

z

(x, y)

�����
��EJE�¨ Z�> 9F� sujI{fZ�aR¨

ωteSP1 ωteSP2

z

(x, y)

��������E�E�¨ » > 9F� sujI{fZ/{fZ�g	D�goZ�adr6¨

z

(x, y)

��������E�E�¨ » > 9F� suj+{XZ¾r6¨

�
n¡�ykXmoZ�EJE�>%9�Z�e�{fn°«Rl�miZ�j@giZLe�syj+{fZLe�{Xk�xXmisu±+�¡WLY�Z

e`egf(hji3k3l3i



P@� �G���������Y�(���

�

�

ΩS(t) ΩP (t)

ΩtefS(t)ΩtefP (t)

ΩteSP (t)

ΩI(t)
ΩR(t)

T
=

� �

�

�

�
n��ukXmiZ�E��Y> v�ZLxXmilLeoZ�j@giw�gon�suj�{Xk�»¼misuj@g�{¤� suj+{XZ

+#,�e-+/.
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3���(����4�(�5
 P@�

� ����� � ��³9¸¹�µ'^>³�Z
�
!Z 
+¸ �¤µ'^ �¤� �d� �
\^suk+eG{flL|�suY[x9syeosuj+e��qw¢eosu��kfgin¡syj

p
Z�j

p = pi + pr,
wK�yZL|

pi
�<� syj+{fZ�n�j+|�n�{fZLj@goZ {XZ�xXmiZLeiezn�suj��9|�� ZLezgz�

¥���{Xn¡miZ���w*eosu��kfgin¡syj p@k�� sujsy±fgon�Z�jI{fmiwun°g�ZLjmoZLY[xX��wJI�wujyg���Z�eosu��n�{fZ�x+w�m�k+j �+kXnq{fZ�{fZ��dn¡goZ�eoeoZ�{fZ�xXmis��
xIw��yw�gon�suj

cf
>





eon
x 6∈ ΩI(t) : pi(x, y, t) = 0 ;

eon
x ∈ ΩI(t) : pi(x, y, t) =

1

2πR?
δR?

c
(t).

sJL
R? =

√
x2 + y2 + (z − h)2

¨

\^suk+e�{XlL|�syY[xIs@ezsyj+e$l��ywu�¡ZLY[Z�j@g
vs
ZLj

vs = vPs + vS1
s + vS2

s

�+wK�uZ�|�>

vPs = ∇φ, vS1
s = −




∂2

∂x∂z

∂2

∂y∂z

−
∂2

∂x2
−

∂2

∂y2




ψ1
Z�g

vS2
s =




−
∂

∂y

∂

∂x

0



ψ2.

�³Iµ 
Xµ'^¹³�Z
� �"\�syk+e�x9syeosuj+e$Y%w�n�j@goZ�jIw�j@g,>




c̃ff (q) =
cf√

1 + q2
,

c̃Pf (q) =
cf

s

1+
c2
f

c2
P

q2

, c̃PP (q) =
cP√
1 + q2

,

c̃Sf (q) =
cf

s

1+
c2
f

c2
S

q2

, c̃SP (q) =
cP√

1 +
c2

P

c2S
q2
, c̃SS(q) =

cS√
1 + q2

e`egf(hji3k3l3i



�u� �G���������Y�(���

Z�g




k̃ff (p, q) =
√

1 + p2 + q2, k̃fP (p, q) =

√
c2f
c2P

+ p2 + q2, k̃fS(p, q) =

√
c2f
c2S

+ p2 + q2,

k̃Pf (p, q) =

√
c2P
c2f

+ p2 + q2, k̃PP (p, q) =
√

1 + p2 + q2, k̃PS(p, q) =

√
c2P
c2S

+ p2 + q2

k̃Sf (p, q) =

√
c2S
c2f

+ p2 + q2, k̃SP (p, q) =

√
c2S
c2P

+ p2 + q2, k̃SS(p, q) =
√

1 + p2 + q2

Z�g�jXsukIe�{fl��+j+n�eiezsyj+eV��ZLe$»¼sujI|¬gon�sujIe�{fZLe��Owumonqw�±X��ZLeV|�suY[xX��Z��fZLe
p
Z�g
q
{fl��+j+n¡Z�e�x+w�m,>





R(p, q) =

[
(λ(z̃2

fP−p
2−q2)+2µk̃2

fP )(k̃2
fS+p2+q2)−4µp2k̃fS k̃fP

]
k̃ff−c2fρf k̃fP (k̃2

fS−p
2−q2)

[
(λ(z̃2

fP−p
2−q2)+2µk̃2

fP )(k̃2
fS+p2+q2)−4µp2k̃fS k̃fP

]
k̃ff+c2fρf k̃fP (k̃2

fS−p
2−q2)

,

TP (p, q) =

2k̃PP (k̃2
PS + p2 + q2)[

(λ(z̃2
PP−p

2−q2)+2µekPP
2)(k̃2

PS+p2+q2)−4µp2k̃PS k̃PP

]
k̃Pf−c2P ρf k̃PP (k̃2

PS−p
2−q2)

,

TS(p, q) =

−4ipk̃SP k̃SS[
(λ(z̃2

SP−p
2−q2)+2µk̃2

SP )(k̃2
SS+p2+q2)−4µp2k̃SS k̃SP

]
k̃Sf−c2Sρf k̃SP (k̃2

SS−p
2−q2)

Z�g




R̃(p, q) = R(p
√

1 + q2, q)

T̃P (p, q) = TP (p
√

1 + q2, q)

T̃S(p, q) = TS(p
√

1 + q2, q).

+#,�e-+/.
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 �!E

\^suk+e�{Xl��+jXnqeiezsyj+e:>




γ+
f (t, q) = −i

c̃ff (q)t

R
cos θ + | sin θ|

√
c̃2ff (q)t

2

R2
− 1,

υ+
f (t, q) = −i


 c̃ff (q)t

R
cos θ + | sin θ|

√

1 −
c̃2ff (q) t

2

R2




wun¡jIezn�p@kXZ��qw�»¼suj+|�gon�suj�>

q0f (t) =





√

1−
c2f t

2

R2

eon
t <

R

cf

√
c2f t

2

R2
− 1

eon
t >

R

cf
.

r6sykXm�{fl��IjXn¡m
γ+
P (t, q)

Z�g
q0P (t)

jXsuk+eVkXgon��¡nqezZLmosyj+e$��w�»¼syj+|¬gin¡syj

FP (p, q, t) = −z
(
1 + p2

) 1
2 + h

(
c̃2PP (q)

c̃2Pf (q)
+ p2

) 1
2

+ ipr − c̃PP (q)t

Z�g��¡Z¾giZ�Y[x+e�{¤� w�mimin¡�yl�Z�{fZ��>� suj+{XZ/r£gimiwuj+eoY�nqeoZ�wuk�x9sun�j@g
(x, y)
�
t0P = t0P (x, y)

>
V xIsykXm/gisukfg q ≥ 0

suj®{fl��+j+n°g
t̃0P (q)

�¡Z*eoZ�kX� mil�ZL� goZL��p@kXZ%�<� l�pykIwOgon�suj
FP (p, q, t̃0P (q)) = 0wu{fY[Z�gzgoZ�kXjXZ miwy|�n�jXZ {XsukX±X��Z

p
6
t̃0P (q)

|�symomiZLeoxIsyj+{ w�kgiZ�Y[x+e�{¤� w�mimon��ulLZ�{fZ��>� suj+{XZ�a{Xwuj+e
kXj Y[n¡��n¡ZLkª��{��dn¡mogokXZL��{fZ/�dn°giZLeiezZ

c2Sf (q)
Z�g
c̃SP (q) 8��

V xIsykXm�gosukIe q ≥ 0
Z�g
t > t̃0P (q)

�^syj.{fl��IjXn°g
γ+
P (t, q)

�qw eoZ�kX��Z¦eosu��kfgon�suj3{XZ��<� l�pykIwOgon�suj
FP (p, q, t) = 0

¥[xIw�mogon�Z¾mil�ZL�¡��Z�xIs@ezn¡gon��uZ
�

V xIsykXm�gisukfg t ≥ t0P
suj�{Xl��+jXn¡g

q0P (t)
goZL�©p@kXZ

t̃0P (q0P (t)) = t
>
q0P
ZLezg��<� n�jd�uZ�m}eoZ*{fZ%��w

»¼suj+|�gon�suj
t̃0P
�+|�� ZLezg��¡Z�eoZ�kX�0molLZ��RgoZL��p@kXZ

FP (p, q̃0P (t), t)
wy{fY[Z�gzgiZ/kXjXZ�m}wu|�n�jXZ/{fsykX±X��Zu¨

�GZ/Y�D�Y[Zu�+xIsykXm�{fl��IjXn¡m
γ+
S (t, q)

�
q0S(t)

Z�g
υ+(t)

jXsukIeVkfgon��¡nqeoZ�misuj+e$�qw�»¼suj+|�gon�suj

FS(p, q, t) = −z
(
1 + p2

) 1
2 + h

(
c̃2SS(q)

c̃2Sf (q)
+ p2

) 1
2

+ ipr − c̃SS(q)t

Z�g��¡Z¾giZ�Y[x+e�{¤� w�mimin¡�yl�Z�{fZ��>� suj+{XZ�a*gimiwuj+eoY�nqeoZ¾wuk�x9sun�j@g
(x, y)
�
t0S = t0S(x, y)

>
V xIsykXm�gisukfg q ≥ 0

suj�{Xl��+jXn¡g
t̃0S(q)

��Z¢eoZ�kX�©molLZ��FgiZ��$pyk+Z*�>� lLp@k+w�gon�suj
FS(p, q, t̃0S(q)) = 0wu{fY[Z�gzgoZ/k+jXZ/miwy|�n�jXZ/{fsuk+±X�¡Z

p = p̃0S(q) �

e`egf(hji3k3l3i



�y� �G���������Y�(���

V xIsykXm�gisuk+e q ≥ 0
Z�g
t > t̃0S(q)

syjª{fl��IjXn°g
γ+
S (t, q)

�qw%eoZ�kX��Z�m}wu|�n�jXZ�{fZ
FS(p, q, t)

¥%x+wumzgin¡Z
molLZ����¡Z�x9syeon°gin¡�yZ

�

V xIsykXmGgosukXg t ≥ t0S
suj�{fl	�+jXn¡g

q0S(t)
goZL� pyk+Z

t̃0S(q0S(t)) = t
>
q0S(t)

ZLezg¾��Z eoZ�kX�6mil�ZL�0giZ��
p@kXZ

FS(p, q̃0S(t), t)
wy{fY[Z�gzgiZ/kXjXZ/m}wu|�n¡jXZ�{fsykX±X��Zu¨

V xIsykXm gisuk+e q ≥ 0
Z�g
t < t̃0S(q)

syj�{Xl��+jXn¡g
υ+
S (t, q)

�u�qw/eoZ�kX��ZVmiwy|�n�jXZ�{fZ
FS(p, q, t)

goZL�¡��Z�p@kXZ,>

=(p̃0S(q)) ≤ =m(υ+
S (t, q)) ≤ =m

(
c̃SS(q)

c̃SP (q)

)
.

r6sykXm��¡Z/|Lw��q|�kX�0{XZLeVsujI{fZLe�{fZ�g4D�giZ�{Xw�j+eV��Z �+kXnq{fZu�+jXsuk+e�kfgon��¡nqeoZ�misuj+e$�qw�»¼syj+|¬gin¡syj

qf (t) =

√√√√√

 cf t

R| cos θ|
−

| sin θ|

| cos θ|

√

1 −
c2f
c2P




2

−
c2f
c2P
,

{Xl��+jXn�Z/x9sukXm

R sin θ

√
1

c2f
−

1

c2P
+
R| cos θ|

cP
< t <

R

sin θ

√
1

c2f
−

1

c2P
.

r6sykXm��¡Z/|Lw��q|�kX�0{XZLeVsujI{fZLe�{fZ�g4D�giZ�{Xw�j+eV��Z/ezsy�¡nq{fZy�fjXsuk+e�kfgon��¡nqeoZ�misuj+e$�qw�»¼suj+|�gon�suj

qSP (t) = cS

√√√√√ 1

r2


t+ z

(
1

c2S
−

1

c2P

) 1
2

− h

(
1

c2f
−

1

c̃2P

) 1
2




2

−
1

c2P
,

{Xl��+jXn�Z/x9sukXm

t?1(x, y, z) < t < t?2(x, y, z).

\^suk+eVx9suk+�usujIeVY[wun¡j@giZ�j+wujyg�lLjXsuj+|�Z�mV��Z
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3�
x 6∈ ΩR(t) ∪ ΩtefP (t) :

pr(x, y, z, t) = 0 �


3�
x ∈ ΩR(t)\ΩtefP (t) :

pr(x, y, z, t) =
1

2π2R

d

dt



∫ q0f (t)

0

<e
(
R̃(γ+

f (t, q), q)
)

√
q20f (t) − q2

dq


 ;


3�
x ∈ ΩtefP (t)\ΩR(t) :

pr(x, y, z, t) =
1

2π2R

d

dt



∫ qf (t)

0

=m
[
R̃(υ+

f (t, q), q)
]

√
q2 + q20f (t)

dq


 ;


3�
x ∈ ΩtefP (t) ∩ ΩR(t) :

pr(x, y, z, t) =
1

2π2R

d

dt



∫ qf (t)

q0f (t)

=m
[
R̃(υ+

f (t, q), q)
]

√
q2 − q20f (t)

dq




+
1

2π2R

d

dt



∫ q0f (t)

0

<e
(
R̃(γ+

f (t, q), q)
)

√
q20f (t) − q2

dq


 .

e`egf(hji3k3l3i
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3��J�(�j�S�.���j�(�






3�
x 6∈ ΩP (t) :

∣∣∣∣∣∣∣∣∣

vPsx(x, y, z, t) = 0,

vPsy(x, y, z, t) = 0,

vPsz(x, y, z, t) = 0,


3�
x ∈ ΩP (t) :

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

vPsx(x, y, z, t) =
1

2π2cP

d

dt



∫ q0P (t)

0

<e




iγ+
P (t, q)TP (γ+

P (t, q), q)
(
1 + γ+

P (t, q)2
) 1

2
∂FP
∂p

(γ+
P (t, q), t, q)


 dq


 ,

vPsy(x, y, z, t) =
1

2π2cP

d

dt



∫ q0P (t)

0

<e




iqTP (γ+
P (t, q), q)

(
1 + γ+

P (t, q)2
) 1

2
∂FP
∂p

(γ+
P (t, q), t, q)


 dq


 ,

vPsz(x, y, z, t) =
1

2π2cP

d

dt



∫ q0P (t)

0

<e




TP (γ+
P (t, q), q)

∂FP
∂p

(γ+
P (t, q), t, q)


 dq


 .

+#,�e-+/.
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� � �(���J�
S2

��
3G� �Y�1�O� �����!
 ����Y,� � ��
��j��	.�
&

�S��� 
��!�(
����	���!
B���(� 	
vSs = vS1

s

��G� � � �����4�3
.
3���(� ���
� � �����J� �\�3
3����(�����.� �!��� '






3�
x 6∈ ΩS(t) ∪ ΩteSP (t) :

∣∣∣∣∣∣∣∣∣

vSsx(x, y, z, t) = 0,

vSsy(x, y, z, t) = 0,

vSsz(x, y, z, t) = 0,


3�
x ∈ ΩS(t)\ΩteSP (t) :

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

vSsx(x, y, z, t) = −
1

2π2cS

d

dt



∫ q0S(t)

0

<e




iγ+
S (t, q)TS(γ+

S (t, q), q)
(
1 + γ+

S (t, q)2
) 1

2
∂FS
∂p

(γ+
S (t, q), t, q)


 dq


 ,

vSsy(x, y, z, t) = −
1

2π2cS

d

dt



∫ q0S(t)

0

<e




iqTS(γ+
S (t, q), q)

(
1 + γ+

S (t, q)2
) 1

2
∂FS
∂p

(γ+
S (t, q), t, q)


 dq


 ,

vSsz(x, y, z, t) = −
1

2π2cS

d

dt



∫ q0S(t)

0

<e




(γ+
S

2
(t, q) + q2)TS(γ+

S (t, q), q)

∂FS
∂p

(γ+
S (t, q), t, q)


 dq


 ,

e`egf(hji3k3l3i
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3�
x ∈ ΩteSP (t)\ΩS(t) :

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

vSsx(x, y, z, t) = −
1

2π2cS

d

dt



∫ qSP (t)

0

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq


 ,

vSsy(x, y, z, t) = −
1

2π2cS

d

dt



∫ qSP (t)

0

<e



iqT̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq


 ,

vSsz(x, y, z, t) = −
1

2π2cS

d

dt



∫ qSP (t)

0

<e




(υ+
S

2
(t, q) + q2)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq


 ,

+#,�e-+/.
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3�
x ∈ ΩS(t) ∩ ΩteSP (t) :

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

vSsx(x, y, z, t) = −
1

2π2cS

d

dt



∫ qSP (t)

q0S(t)

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq




−
1

2π2cS

d

dt



∫ q0S(t)

0

<e




iγ+
S (t, q)TS(γ+

S (t, q))
(
1 + γ+

S (t, q)2
) 1

2
∂FS
∂p

(γ+
S (t, q), t, q)


 dq


 ,

vSsy(x, y, z, t) = −
1

2π2cS

d

dt



∫ qSP (t)

q0S(t)

<e



iqT̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq




−
1

2π2cS

d

dt



∫ q0S(t)

0

<e




iqTS(γ+
S (t, q))

(
1 + γ+

S (t, q)2
) 1

2
∂FS
∂p

(γ+
S (t, q), t, q)


 dq




vSsz(x, y, z, t) = −
1

2π2cS

d

dt



∫ qSP (t)

q0S(t)

<e




(
υ+
S

2
(t, q) + q2

)
T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq

−
1

2π2cS

d

dt



∫ q0S(t)

0

<e




(γ+
S

2
(t, q) + q2)TS(γ+

S (t, q))

∂FS
∂p

(γ+
S (t, q), t, q)


 dq


 ,
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� �d� 
 � �¤� ��� �������"(���3� �N����� 	��1�����2���� � �j�!'
� ��� 	4�������1������

x ∈ ΩR(t)\ΩtefP (t)

����	�.� 	��3�1

t >
R

cf


3�
θ > θcf

��
t >

R

sin θ

√
1

c2f
−

1

c2P


3�1�����
;

� ��� 	4�������1������
x ∈ ΩtefP (t)\ΩR(t)


����	�.� 	��3�1

R sin θ

√
1

c2f
−

1

c2P
+
R| cos θ|

cP
< t <

R

cf

��
θ < θcf ;

� ��� 	4�������1������
x ∈ ΩtefP (t) ∩ ΩR(t)


����	�.�
	��3�1

R

cf
< t <

R

sin θ

√
1

c2f
−

1

c2P

��
θ < θc.

� ��� 	4�������1������
x ∈ ΩS(t)\ΩteSP (t)


��G�4�4�
	��3�1

t > t0S

3�

=m(p0S) < =m

(
cf
cS

) ��
t > t?2


3�1�����
,

��"(�
	
p0S = p̃0S(0)

���2�	� 	��1�S������� �����#���
FS(p, 0, t0S) �

� ��� 	4�������1������
x ∈ ΩtefP (t)\ΩR(t)


����	�.� 	��3�1

t?1 < t < t0S
��

=m(p0S) < =m

(
cf
cS

)
;

� ��� 	4�������1������
x ∈ ΩtefP (t) ∩ ΩR(t)


����	�.�
	��3�1

t0S < t < t?2
��

=m(p0S) < =m

(
cf
cS

)
.

90ZLe�wu�¡�ysumin°giUXY[ZLeV{fZ�|�wu��|�kX��{fZ
P r
�
V P
Z�g
V S
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3���(����4�(�5
 �u�

��� � � ������� � ��� ���
	�����
� � � ��� ��
+¸¹·u�
¸¹��X �O�d¸�^¹�b^�Z 
!^ ���d�� 
!Z�%¸ �� ³9� 
!^�Z �  �B]0³9� � ^ ���
�^xXxX��n�p@kXsyj+e0|�suY[Y[Z©{¤� U+wu±Xn°gik+{fZ©��wVgimiwuj+ez»¼sumiY[w�gon�suj/{fZN90w�x+��wy|�Z Z�j�goZ�Y[x+eZ�g
��w�gom}w�j+ez»¼sumiY%wOgon�suj/{fZ
�+sukXmin�Z�m©eokXn��Ow�j@g

x
Z�g
y
¥ |�ZLe�lLp@k+w�gon�suj+e©xIsykXm�sy±fgoZLjXn¡m$��ZGeocdezgoWLY[ZG{fn¡«9lLmoZLj@gon�Z��9sum}{fn¡jIw�n�moZ�eokXn��Kwuj@gR>
[
s2

c2f
+ k2

x + k2
y

]
p̂−

∂2p̂

∂z2
= δ(z − h) z > 0,

6>�X¨OE��uw 8
[
s2

c2P
+ k2

x + k2
y

]
φ̂−

∂2φ̂

∂y2
= 0 z < 0,

6¹�+¨�EK�O± 8
[
s2

c2S
+ k2

x + k2
y

]
ψ̂1 −

∂2ψ̂1

∂y2
= 0 z < 0,

6¹�X¨OE��u| 8
[
s2

c2S
+ k2

x + k2
y

]
ψ̂2 −

∂2ψ̂2

∂y2
= 0 z < 0,

6¹�+¨�EK��{ 8





wK�uZ�|G��ZLe�p@k+w�gomiZ/|�sujI{fn°gin¡syj+e�{fZ¾gom}w�jIezY[nqeoeon¡syj0>

sv̂sz = −
1

ρf

∂p̂

∂z
z = 0,

6¹�+¨�EK�OZ 8

(λ + 2µ)
∂v̂sz
∂z

+ λikxv̂sx + λikyv̂sx = −sp z = 0,
6>�X¨OE��O» 8

∂v̂sx
∂z

+ ikxv̂sz = 0. z = 0,
6>�X¨OE���� 8

∂v̂sy
∂z

+ ikyv̂sz = 0. z = 0,
6¹�+¨�EK�OU 8





Z�g

v̂sx = ikxφ̂− ikx
∂ψ̂1

∂z
− ikyψ2 z < 0,

6¹�X¨OE���n 8

v̂sy = ikyφ̂− iky
∂ψ̂1

∂z
+ ikxψ2 z < 0,

6¹�+¨�EK�}t 8

v̂sz =
∂φ̂

∂z
− (k2

x + k2
y)ψ̂1 z < 0.

6>�X¨OE�� � 8
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TGj Z�jª{fl�{fkXn¡g�»¹wu|�n¡��Z�Y[Z�j@g^�qw�»¼sumiY[Z/{fZLe�eosu��kfgin¡syj+eG6¼ZLjn¡j@gimosf{fkXnqeiw�j@g��¡Z�e�suj+{XZLe�{fZ/x+moZ�eoeon¡syj�n�j+|�n°�
{XZ�j@goZy�

pi
�XZ�g�mil �+l�|}UXn¡Zy�

pr 8 >

p̂ = p̂i + p̂r
6¹�+¨�E��uw 8

p̂i =
1

2kf
e−|z−h|kf

6>�X¨OEL��± 8

p̂r = AR e
−zkf

6¹�+¨�E��u| 8
φ̂ = AP ezkP

6>�X¨OEL�u{ 8
ψ̂1 = AS1 e

zkS
6¹�+¨�E���Z 8

ψ̂2 = AS2 e
zkS

6¹�+¨�E��O» 8
v̂sx = ikxAP e

zkP − ikxkSAS1e
zkS − ikyAS2e

zkS
6¹�+¨�E���� 8

v̂sy = ikyAP e
zkP − ikykSAS1e

zkS + ikxAS2e
zkS

6>�X¨OEL��U 8
v̂sz = kPAP e

zkP − (k2
x + k2

y)AS1 e
zkS ,

6¹�+¨�E���n 8





wK�uZ�|
kf =

(
k2
x + k2

y + s2

c2
f

) 1
2 �
kP =

(
k2
x + k2

y + s2

c2P

) 1
2 Z�g

kS =
(
k2
x + k2

y + s2

c2S

) 1
2 ¨

90ZLe�|�sdZ�¯%|�n¡ZLj@gie
AR
�
AP
Z�g
AS
ezsyjyg�Z�jIezkXn¡goZ%{fl�goZLmoY[n�jXlLe�¥��>� w�nq{fZ%{fZLe¾l�pykIwOgon�sujIeG{fZ�gimiwuj+ezY[nqeh�

eon�sujH6¹�X¨OE���Z 8 �`6¹�X¨OE��O» 8 � 6>�X¨OE��O� 8 Z�g�6¹�+¨�EK�OU 8 >

skPAP − (k2
x + k2

y)sAS1 = −
1

2ρf
e−hkf +

kf
ρf
AR,

6¹�+¨�E'Pyw 8

(λ+ 2µ)
[
z2
PAP − (k2

x + k2
y)kSAS1

]
+ λikx [ikxAP − ikxAS1kS − ikyAS2kS ]

+λiky [ikyAP − ikyAS1kS + ikxAS2kS ] = −s

[
1

2kf
e−hkf +AR

]
,

6>�X¨OE�Pu± 8

ikxkPAP − ikxz
2
SAS1 − ikyz

2
SAS2 + ikx

[
kPAP − (k2

x + k2
y)AS1

]
= 0,

6¹�+¨�E'Py| 8
ikykPAP − ikyz

2
SAS1 + ikxz

2
SAS2 + iky

[
kPAP − (k2

x + k2
y)AS1

]
= 0.

6¹�+¨�E'Py{ 8
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 �jE

TGj �ul�min �+Z*»¹wy|�n��¡ZLY�ZLj@g 6¹Z�j Z�«RZL|¬gik+w�j@g?6¹�+¨�E'Py{ 8 ×ikx− 6>�X¨OE�Py| 8 ×iky 8 p@kXZ AS2 = 0
Z�g���Z�eocfehgiW��

Y[Z26¹�+¨�E'P 8 {fZL�@n�Z�j@g�6¹Z�j xIs@eowuj@g
AS = AS1 8 >





kf
ρf
AR − skPAP + s(k2

x + k2
y)AS =

1

2ρf
e−hkf ,

sAR +
[
(λ+ 2µ)z2

P − λ(k2
x + k2

y)
]
AP − 2i(k2

x + k2
y)µkSAS = −

s

2kf
e−hkf ,

2kPAP −
[
z2
S + k2

x + k2
y

]
AS = 0.

90ZLe�eosu��kfgon�sujIe�{fZ/|�Z�eocdezgoWLY[Z�eL� lL|�min��uZ�j@g:>

AR = R(kx, ky)
e−hkf

2kf
, AP = TP (kx, ky)

e−hkf

2kP
,
Z�g

AS = TS(kx, ky)
e−hkf

2kS
,

wK�yZL|

R(kx, ky) =

[
(λ(k2

P−k
2
x−k

2
y) + 2µk2

P )(k2
S + k2

x + k2
y)−4µkSkP (k2

x + k2
y)
]
kf−ρfs2kP (k2

S−k
2
x−k

2
y)[

(λ(k2
P−k

2
x−k

2
y) + 2µk2

P )(k2
S + k2

x + k2
y)−4µkSkP (k2

x + k2
y)
]
kf+ρfs2kP (k2

S−k
2
x−k

2
y)
,

TP (kx, ky) =

2skP (k2
S + k2

x + k2
y)[

(λ(k2
P−k

2
x−k

2
y) + 2µk2

P )(k2
S + k2

x + k2
y)−4µkSkP (k2

x + k2
y)
]
kf+ρfs2kP (k2

S−k
2
x−k

2
y)
,

TS(kx, ky) =

−4skSkP[
(λ(k2

P−k
2
x−k

2
y) + 2µk2

P )(k2
S + k2

x + k2
y)−4µkSkP (k2

x + k2
y)
]
kf+ρfs2kP (k2

S−k
2
x−k

2
y)
.

�GsujI|->

p̂r =
R(kx, ky, s)

2kf
e−(z+h)kf

Z�g
v̂s = v̂

P
s + v̂

S
s

wK�yZL|

e`egf(hji3k3l3i
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vPsx =
ikxTP (kx, ky, s)

2kP
e zkP −hkf ,

vPsy =
ikyTP (kx, ky , s)

2kP
e zkP −hkf ,

vPsz =
TP (kx, ky, s)

2
e zkP −hkf

Z�g




vSsx = −
ikxTS(kx, ky, s)

2
e zkS−hkf ,

vSsy = −
ikyTS(kx, ky, s)

2
e zkS−hkf ,

vSsz = −
(k2
x + k2

y)TS(kx, ky, s)

2kS
e zkS−hkf .

\^suk+e^jXsukIe�n�jygil�miZLeiezZLmosyj+eVkXjXnqp@kXZ�Y[ZLjyg¾w�kª|�wu��|�kX�{XZ
pr
Z�g
vsx
�+��Z |Lw��q|�kX�
{fZ

vsy
Z�gG{fZ

vsz
l�giwujyg

gimoW�e�ezn�Y[n¡�qw�n�miZu¨

� � � � � ��d��³�Z�Lµ	��
fµ"^¹³�Z  
�Pµ �
�d³����d� ��� ���
� 
X¸>·u�
¸  �

pr
� TGj�w

p̃r(x, y, z, s) =
1

4π2

∫ +∞

−∞

∫ +∞

−∞

R(kx, ky, s)

2kf
e−(z+h)kf−i(kxx+kyy)dky dkx.

6>�X¨OE�� 8
\^suk+eVZ�«9Z�|¬gikXsuj+e^ezk+|L|�Z�eoeon¡�yZ�Y[Z�j@gV�¡Z�e�|}U+w�j+�uZ�Y[ZLjyg}eV{fZ/�Ow�min�wu±X�¡Z�e

kx = pxs
cf

�
ky =

pys

cf

�fxXkXnqe

px = p cosψ − q sinψ, py = p sinψ + q cosψ

x9suk+m�su±fgiZ�jXn�m

p̃r(x, y, z, s) =
s

4π2cf

∫ +∞

−∞

∫ +∞

−∞

R(p, q)

2(1 + p2 + q2)
1
2

e
− s

cf

h

(z+h)(1+p2+q2)
1
2 +ipr

i

dp dq.

wK�yZL|

R(p, q) = R(
p

cf
,
q

cf
, 1) =

[
(λ(k̃2

fP−p
2−q2) + 2µk̃2

fP )(k̃2
fS+p2+q2) − 4µk̃fS k̃fP (p2+q2)

]
k̃ff−c2fρf k̃fP (k̃2

fS−p
2−q2)

[
(λ(k̃2

fP−p
2−q2) + 2µk̃2

fP )(k̃2
fS+p2+q2) − 4µk̃fS k̃fP (p2+q2)

]
k̃ff+c2fρf k̃fP (k̃2

fS−p
2−q2)

+#,�e-+/.
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Z�g

k̃ff (p, q) =
√

1 + p2 + q2, k̃fP (p, q) =

√
c2f
c2P

+ p2 + q2, k̃fS(p, q) =

√
c2f
c2S

+ p2 + q2.

r6s@ezsyj+e$Y[wun¡j@giZ�j+wujyg
p̃ =

p√
1 + q2

x+kXn�e�{Xl��+jXnqeiezsyj+eV�¡Z�eV»¼sujI|¬gon�sujIe
q 7→ c̃ff (q)

Z�g
(p̃, q) 7→ R̃(p̃, q)

x+w�m

c̃f (q) =
cf√

1 + q2

Z�g
R̃(p̃, q) = R(p̃

√
1 + q2, q).

TGj w[w���sum}e

p̃r(x, y, z, s) =
s

4π2cf

∫ +∞

−∞

∫ +∞

−∞

R̃(p̃, q)

2(1 + p̃2)
1
2

e
− s

c̃ff (q)

h

(z+h)(1+p̃2)
1
2 +ip̃r

i

dp̃ dq.

�©syY[Y�Z/{Xwuj+eV��Z�|�wue�{XZ�{XZ�kf��Y�n���n¡ZLkf��wy|�sukIehgin�p@kXZ�e©syj�x9Z�kXgG{fsujI|GY[syjygimoZLm�pyk+Z2>

�� �'^

| cos θ| <
cf

cP

� � ��j0� c�w xIwue�{¤� suj+{XZ�{XZ�g	D�giZ/Z�g

pr(x, y, z, t) = 0
ezn
t < t0f (0) =

R

cf

pr(x, y, z, t) =
1

2π2R

d

dt



∫ q0f (t)

0

<e
(
R̃(γ+

f (t, q), q)
)

√
q20f (t) − q2

dq


 , eon

t > t0f (0).

wK�uZ�|

γ+
f (t, q) = −i

c̃f (q)t

R
cos θ + sin θ

√
c̃2f (q)t

2

R2
− 1.

� � �"^
| cos θ| >

cf

cP

� ����sum}e$n¡��»¹w�kfg�giZ�jXn�m^|�syY[xfgoZ/{fZ�e�suj+{XZLe�{fZ¾g	D�goZ2>
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pr(x, y, z, t) = 0,
eon
t < tf (0)

pr(x, y, z, t) =
1

2π2R

d

dt



∫ qf (t)

0

=m
[
R̃(υ+

f (t, q), q)
]

√
q2 + q20f (t)

dq


 , eon tf (0) < t < t0f (0)

pr(x, y, z, t) =
1

2π2R

d

dt



∫ qf (t)

q0f (t)

=m
[
R̃(υ+

f (t, q), q)
]

√
q2 − q20f (t)

dq




+
1

2π2R

d

dt



∫ q0f (t)

0

<e
(
R̃(γ+

f (t, q), q)
)

√
q20f (t) − q2

dq




eon
t0f (0) < t < t2f

pr(x, y, z, t) =
1

2π2R

d

dt



∫ q0f (t)

0

<e
(
R̃(γ+

f (t, q), q)
)

√
q20f (t) − q2

dq


 , eon

t2f < t.

wK�uZ�|

q0f (t) =

√∣∣∣∣
c21t

2

R2
− 1

∣∣∣∣, tf (q) = R| sin θ|

√
1

c̃2f (q)
−

1

c̃2P (q)
−
R cos θ

c̃P (q)
,

q22f =
1

sin2 θ

[
cos2 θ −

c2f
c2P

]
, t2f = t0f (q2f )

Z�g

υ+
f (t, q) = −i


 c̃f (q)t

R
cos θ + | sin θ|

√

1 −
c̃2f (q) t

2

R2


 .

���d� 
 � �¤� � �-� � $ ���-�2�-��� �(�1�2���!
3���(� �
&

�����2��1�j�'�J�-�J�2$ ��&��j�����	�()*�J� +-�'�.�0�����!���3�2��
�!�(
 �J�U��� �U���4��� 	����������3
 �(�S����
 �J� 
	�<� � �� � �����.�(�������1�!


&
�(� �j� �Y �2�(����4��� � �j� ��� 
��(� �Y ���(�

pr
� � ��
3 �j� 
,�	��& �Y� � ���4�-��� �7<���U��


tfP = tf (0) = R| sin θ|

√
1

c2f
−

1

c2P
−
R cos θ

cP
,

tfS = R| sin θ|

√
1

c2f
−

1

c2S
−
R cos θ

cS
,

+#,�e-+/.
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tf (q2fP )
��

tf (q2fS)
��"(�
	

q2fP = q22f =
1

sin2 θ

[
cos2 θ −

c2f
c2P

] ��
q2fS =

1

sin2 θ

[
cos2 θ −

c2f
c2S

]
.

�3�`��
3������(�.
 ��� 	��1���2�J�-�J���2�(����4���,���������-�2��� ���
� 
X¸>·u�
¸  �

vPsx
TGjw

ṽPsx(x, y, z, s) =
1

4π2

∫ +∞

−∞

∫ +∞

−∞

ikxTP (kx, ky, s)

2kP
ezkP −hkf−i(kxx+kyy)dky dkx.

6>�X¨OEL� 8
\^suk+eVZ�«9Z�|¬gikXsuj+e^ezk+|L|�Z�eoeon¡�yZ�Y[Z�j@gV�¡Z�e�|}U+w�j+�uZ�Y[ZLjyg}eV{fZ/�Ow�min�wu±X�¡Z

kx = pxs
cP

�
ky =

pys

cP

�fxXkXnqe

px = p cosψ − q sinψ, py = p sinψ + q cosψ

x9suk+m�su±fgiZ�jXn�m

ṽPsx(x, y, z, s)=
s

4π2cP

∫ +∞

−∞

∫ +∞

−∞

ip TP (p, q)

2cP (1 + p2 + q2)
1
2

e
s

cP

»

−z(1+p2+q2)
1
2 +h(

c2
P

c2
f

+p2+q2)
1
2 +ipr

–

dpdq

wK�yZL|

TP (p, q) = TP (
p

cP
,
q

cP
, 1) =

2c2P k̃PP (k̃2
PS + p2 + q2)[

(λ(k̃2
PP −p

2−q2)+2µk̃2
PP )(k̃2

PS+p2+q2)−4µk̃PSk̃PP (p2+q2)
]
k̃Pf+c2Pρf k̃PP (k̃2

PS−p
2−q2)

Z�g

k̃Pf (p, q) =

√
c2P
c2f

+ p2 + q2, k̃PP (p, q) =
√

1 + p2 + q2, k̃PS(p, q) =

√
c2P
c2S

+ p2 + q2.

r6s@ezsyj+e$Y[wun¡j@giZ�j+wujyg
p̃ =

p√
1 + q2

x+kXn�e�{Xl��+jXnqeiezsyj+eV�¡Z�eV»¼sujI|¬gon�sujIe
q 7→ c̃PP (q)

�
q 7→ c̃Pf (q)

Z�g
(p̃, q) 7→ T̃P (p̃, q)

x+wum

c̃PP (q) =
cP√
1 + q2

, c̃Pf (q) =
cf√

1 +
c2

f

c2
P

q2

Z�g
T̃P (p̃, q) = TP (p̃

√
1 + q2, q).

e`egf(hji3k3l3i



�y� �G���������Y�(���

TGj w[w���sum}e

ṽPsx(x, y, z, s)=
s

4π2cP

∫ +∞

−∞

∫ +∞

−∞

ip̃ T̃P (p̃, q)

2c̃PP (q)(1 + p̃2)
1
2

e
s

c̃P P (q)

»

−z(1+p̃2)
1
2 +h(

c̃P P (q)

c̃2
P f

(q)
+p̃2)

1
2 +ip̃r

–

dp̃dq

�©syY[Y�Z
cP > cS > cf

�R��Z�|�suj@gosykXm^{¤� n�jygil��ymiw�gon�sujjXZ gom}wK�uZLmieoZ/x+wue^�¡Z�eG|�sukXx+kXmoZ�e��Reonsyj�ezk+xXxIs@ezZ
{XZ/xX�¡kIe�pyk+Z/�¡Z�eVx�;y�¡Z�e�{fZ

TP
ezsyjyg�n�Y%w��un�j+wun¡miZLe$xXkXm}eVZ�g^¥[�<� Z��dgolLmon�Z�kXm�{fZ�|�Z�|�syjygisukXm��dsuj Y[suj@gomiZu�

{XZ��qw¦Y#DLY[ZY[wujXn�W�miZ�p@kXZ x9sukXm[��Z |Lw��q|�kX��{XZ��<� suj+{fZ�gimiwuj+ezY[nqezZ {Xwuj+e��¡Z|�wye%{fZ{fZ�kX� Y[n¡��n¡ZLkf�
wy|�syk+ehgin�p@kXZ�e��fp@kXZ2>

vPsx(x, y, z, t) = 0,
ezn
t < t0P (0)

vPsx(x, y, z, t) =
1

2π2cP

d

dt



∫ q0P (t)

0

<e




iγ+
P (t, q)TP (γ+

P (t, q))
(
1 + γ+

P (t, q)2
) 1

2
∂FP
∂p

(γ+
P (t, q), t, q)


 dq




ezn
t > t0P (0).

wK�yZL|
γ+
P (t, q)

�
FP (p, t, q)

�
t0P (0)

Z�g
q0P (t)

{fl��IjXn�e^moZ�ezx9ZL|�gon��uZLY�ZLj@g^|�suY[Y[Z
γ+
2 (t, q)

�
F(p, t, q)

�
t02(0)

Z�g
q02(t)

{Xwuj+e$�¡Z�|�wye©{XZ¾{fZLkf�*Y[n¡��n�Z�kf�¢wy|�sukIehgin�p@kXZ�e��@Z�j�moZLY�x+��wJI�w�j@g$moZ�ezx9ZL|�gon��uZ�Y[ZLjyg
c1
Z�g

c2
x+w�m

cf
Z�g
cP
¨

� 
X¸>·u�
¸  �
vSsx

TGjw

ṽSsx(x, y, z, s) = −
1

4π2

∫ +∞

−∞

∫ +∞

−∞

ikxTS(kx, ky, s)

2
ezkS−hkf−i(kxx+kyy)dky dkx.

6>�X¨OE � 8
\^suk+eVZ�«9Z�|¬gikXsuj+e^ezk+|L|�Z�eoeon¡�yZ�Y[Z�j@gV�¡Z�e�|}U+w�j+�uZ�Y[ZLjyg}eV{fZ/�Ow�min�wu±X�¡Z

kx = pxs
cS

�
ky =

pys

cS

�fxXkXnqe

px = p cosψ − q sinψ, py = p sinψ + q cosψ

x9suk+m�su±fgiZ�jXn�m

ṽSsx(x, y, z, s)=−
s

4π2cS

∫ +∞

−∞

∫ +∞

−∞

ipTS(p, q)

2cS
e

s
cS

»

−z(1+p2+q2)
1
2 +h(

c2
S

c2
f

+p2+q2)
1
2 +ipr

–

dpdq

wK�yZL|

TS(p, q) = TS(
p

cS
,
q

cS
, 1) =

−4c3S k̃SS k̃SP[
(λ(k̃2

SP−p
2−q2)+2µk̃2

SP )(k̃2
SS+p2+q2)−4µk̃SSk̃SP (p2+q2)

]
k̃Sf+c2Sρf k̃SP (k̃2

SS−p
2−q2)

+#,�e-+/.



���������	��
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Z�g

k̃Pf (p, q) =

√
c2P
c2f

+ p2 + q2, k̃PP (p, q) =
√

1 + p2 + q2, k̃PS(p, q) =

√
c2P
c2S

+ p2 + q2.

r6s@ezsyj+e$Y[wun¡j@giZ�j+wujyg
p̃ =

p√
1 + q2

x+kXn�e�{Xl��+jXnqeiezsyj+eV�¡Z�eV»¼sujI|¬gon�sujIe
q 7→ c̃SS(q)

�
q 7→ c̃SP (q)

�
q 7→ c̃Sf (q)

Z�g
(p̃, q) 7→ T̃S(p̃, q)

x+wum

c̃SS(q) =
cS√
1 + q2

, c̃SP (q) =
cP√

1 +
c2

P

c2S
q2
, c̃Sf (q) =

cf√
1 +

c2
f

c2
S

q2

Z�g
T̃S(p̃, q) = TS(p̃

√
1 + q2, q).

TGj w[w���sum}e

ṽSsx(x, y, z, s)=−
s

4π2cS

∫ +∞

−∞

∫ +∞

−∞

ip̃TS(p̃, q)

2c̃SS(q)
e

s
c̃SS(q)

»

−z(1+p̃2)
1
2 +h(

c̃2SS(q)

c̃2
Sf

(q)
+p̃2)

1
2 +ip̃r

–

dp̃ dq.

\^suk+eVj+s�gosyj+e

FS(p, q, t) = −z
(
1 + p2

) 1
2 + h

(
c̃2SS(q)

c̃2Sf (q)
+ p2

) 1
2

+ ipr − c̃SS(q)t = 0

Z�g¾j+suk+e�w�x+xIZL�¡syj+e
t0S(q)

�¡Z%eoZ�kX�6mil�ZL�giZ��Fp@kXZ
FS(p, q, t0S(q))

wu{fY[Z�gzgoZ[kXj+Z m}wu|�n¡jXZ[{fsykX±X��Z�p@kXZ
j+suk+e�j+s�goZLmosyj+e

p = p̃0S(q)
¨��©suY[Y[Z/��sum}e�{fk|�wu��|�kX�0{fZ��<� suj+{fZ/mil �IlL|}UXn�Z/jXsukIe�{fZ��ysuj+e�{Xn�ezgon�jX�uk+Z�m

{XZ�kf��|Lwue:>

��¾�'^

|p̃0S(q)| ≤ c̃SS(q)
c̃SP (q)

� ����sum}e

∫ +∞

−∞

ip TS(p̃, q)

2c̃SS(q)
e

s
c̃SS(q)

»

−z(1+p̃2)
1
2 +h(

c̃2SS(q)

c̃2
Sf

(q)
+p̃2)

1
2 +ip̃r

–

dp̃

=

∫ +∞

t0S(q)

<e



iγ+
S (t, q)TS(γ+

S (t, q), q)

∂FS
∂p

(γ+
S (t, q), t, q)


 e

−stdt

wK�uZ�|
γ+
S (t, q)

�qw%eoZ�kX��Z�miwy|�n�jXZ/{fZ
FS(p, q, t)

¥�x+w�mogon�Z�molLZ����¡Z�x9syeon°gin¡�yZu¨

e`egf(hji3k3l3i



�y� �G���������Y�(���

� �¾�"^
|p̃0S(q)| >

c̃SS(q)
c̃SP (q)

.
r6s@ezsyj+eVw���sum}e

tSP (q) = −z

(
1

c̃2SS(q)
−

1

c̃2SP (q)

) 1
2

+ h

(
1

c̃2Sf (q)
−

1

c̃2SP (q)

) 1
2

+
r

c̃SP (q)
.

��� w�x+moW�e*��Zª�¡ZLY[Y�Z¿�f¨ �f��xIsykXm
tSP (q) ≤ t < t0S(q)

��n¡�GZ��fnqehgiZªkXj3kXj+n�p@kXZ
p
��miwy|�n�jXZª{fZ

FS(p, q, t)
Z�g^wuxXx+w�mogoZLj+w�j@g�¥

[
p̃0S(q) ; −i

c̃SS(q)

c̃SP (q)

]
.

\�syk+e�jXsugoZ�misujIe
υ+
S (t, q)

|�Z�gogoZ/m}wu|�n¡jXZy¨dTGj�x9Z�kfg¾w���sum}e�l�|�min¡miZ�>
∫ +∞

−∞

ip TS(p̃, q)

2c̃SS(q)
e

s
c̃SS(q)

»

−z(1+p̃2)
1
2 +h(

c̃2
SS

(q)

c̃2
Sf

(q)
+p̃2)

1
2 +ip̃r

–

dp̃

=

∫ t0S(q)

tSP (q)

<e



iυ+
S (t, q)TS(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 e

−stdt

+

∫ +∞

t0S(q)

<e



iγ+
S (t, q)TS(γ+

S (t, q), q)

∂FS
∂p

(γ+
S (t, q), t, q)


 e

−stdt.

\^suk+eVkXgon��¡nqezZLmosyj+eVx+wum���w[eokXn°giZ/�¡Z
W �d��� � �-� � �`� ����� 	�������

I : q 7→ =m[p0S(q)]
��
3d
3 �3� 	�<�������j 	��	���5
4
����j<���

��d��³�Z�Lµ	��
fµ"^¹³�Z.�
�©syY[Y�Z

p̃0S(q)
ZLezg�m}wu|�n�jXZ/{fsykX±X��Z�{XZ

FS(p, q, t)
sujeowun°g�p@kXZ

∂FS
∂p̃

(p̃0S(q), q, t) = −
zp̃0S(q)

(1 + p̃0S(q)2)
1
2

+
hp̃0S(q)

(
c̃2

SS
(q)

c̃2
Sf

(q)
+ p̃0S(q)2

) 1
2

+ ir = 0,

eosun¡g

−
zI(q)

(1 − I2(q))
1
2

+
hI(q)

(
c̃2

SS
(q)

c̃2
Sf

(q)
− I2(q)

) 1
2

+ r = 0.
6¹�+¨�E�� 8

afkXxXx9syeosuj+e©Y%w�n�jygiZ�j+wuj@gVp@kXZ
I(q)
eosun¡g�{flL|�mosyn�eieowuj@goZu¨ ����sum}e��f|�suY[Y[Z

=m[p̃0S(q)] < 0
6¹{¤� w�x+moW�e©��Z

��Z�Y[Y[Z��f¨ � 8 � I2(q)
Z�g

q 7→
1

(1 − I2(q))
1
2

+#,�e-+/.



���������	��
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 �y�

eosuj@g�|�misunqeieowujygiZLeL¨v�ZLY%w�m}pyk+suj+e$Y%w�n�j@goZ�jIw�j@g^p@kXZ

q 7→
c̃2SS(q)

c̃2Sf (q)
=
cS
cf

1 +
c2f
c2

S

q2

1 + q2

Z�ehg�kXj+Z�»¼suj+|�gon�sujehgimonq|¬giZ�Y[Z�j@g�{fl�|�misunqeoeiw�j@goZ¾x9sukXm
q > 0
¨6�GsujI|�>

q 7→
1

(
c̃2SS(q)

c̃2
Sf

(q)
− I2(q)

) 1
2

Z�ehg�ezgomin�|�goZLY�ZLj@g^|�misunqeoeiw�j@goZy¨ �©syY[Y�Z
z < 0

Z�g
h > 0

�qw »¼suj+|�gon�suj

G : q 7→ −
z

(1− I2(q))
1
2

+
h

(
c̃2

SS
(q)

c̃2
Sf

(q)
+ I2(q)

) 1
2

Z�ehg�ehgimonq|¬giZ�Y[Z�j@g�|�misunqeieowujygiZu�sum��{¤� w�xXmiWLe�6¹�X¨OEL� 8 � I(q) = −r/G(q)
�6{Xsuj+|

I(q)
Z�ehg kXjXZ%»¼syj+|¬gin¡syj

ezgominq|¬goZLY[Z�j@g�|�misunqeoeiw�j@goZy�f|�Z/p@kXn0|�syj@gomiZL{fn¡g��>� Udc@x9s�giUXWLeoZ/{fZ�{flLx+w�mogL¨
�

\^suk+eVZLj{flL{fk+n�eosuj+eV��Z
� ³ �O³I¸>¸ 
!^ � ��� ��� ���

|p̃0S(0)| ≤ cS/cP
�(�����.


|p̃0S(q)| ≤ c̃SS(q)/c̃SP (q)
�j���Y�,<���Y

q
�J� � � + �

��d��³�Z�Lµ	��
fµ"^¹³�Z.�

I(q)
l�giwuj@g�kXjXZ^»¼suj+|�gon�suj*ezgomin�|�goZ�Y[ZLjygV|�misunqeoeiw�j@giZ

|p̃0S(q)| = −I(q)
Z�ehgVehgimonq|¬giZ�Y[Z�j@g©{fl�|�misunqeoeiw�j@giZu¨

v�Z�Y%w�m}p@kXsuj+e$Y%w�n�j@goZLj+w�j@g�p@kXZ

q 7→
c̃2SS(q)

c̃2SP (q)
=
cP
cf

1 +
c2P
c2

S

q2

1 + q2

Z�ehg�kXj+Z�»¼suj+|�gon�sujehgimonq|¬giZ�Y[Z�j@g�|�misunqeieowujygiZGx9suk+m
q > 0
¨ � ��ZLezg�{fsujI|�l��dn�{XZ�j@g�pyk+Z

|p̃0S(0)| ≤
cS
cP

=
c̃SS(0)

cSP (0)
=⇒ |p̃0S(q)| ≤

c̃SS(q)

cSP (q)
.

�

�GsujI|���eon
p̃0S(0)| ≤ cS/cP

�On��yj0� c�w^x+wue
{¤� suj+{fZ${fZ©g	D�giZu¨6�Gwuj+e�¡Z$|�wue
|�syj@gom}w�n�moZFsyj�w�k+miw�lL�ywu�¡ZLY�ZLj@g
±9ZLeosun�j {fk �¡ZLY�Y[Z�eokXn��Kwuj@g:>
W �d��� � �-� � ���

|p̃0S(0)| ≤ cS/cP
�(�O�(�.


q2S =

√√√√√√√√√

r2

 h

s

c2
S

c2
f

− c2
S

c2
P

− z
s

1− c2
S

c2
P




2 −
c2S
c2P

6>�X¨OEL� 8
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��� �G���������Y�(���

��
3d<��� � �j�
p̃0S(q2S) = −i

c̃SS(q2S)

c̃SP (q2S)
.

�#�N�S� � 

& 




|p̃0S(q)| >
c̃S(q)

c̃P (q)


3�
q < q2S ;

|p̃0S(q)| ≤
c̃S(q)

c̃P (q)


3�
q ≥ q2S .

��d��³�Z�Lµ	��
fµ"^¹³�Z.�
�Gl�min �Isuj+e�{¤� w�±9sum}{¢p@kXZ

q2S ∈
� v + �+|�� ZLezgz� ¥O� {fn�moZ�p@kXZ�>

|p̃0S(0)| ≤ cS/cP =⇒




r
z

s

1− c2
S

c2
P

− h
s

c2
S

c2
f

− c2
S

c2
P




2

≥
c2S
c2P
.

r6sykXm�|�ZL��w�m}w�xXx9Z���suj+eVp@kXZ
p̃0S(0)

Z�ehg�giZ��0p@kXZ ∂fS

∂p̃
(p̃0S(0), 0, t0S) = 0

�+eosun¡g,>

−
zp̃0S(0)√
1 + p̃2

0S(0)
+

hp̃0S(0)√
c2

S

c2
f

+ p̃2
0S(0)

+ ir = 0.

=�j�x9syeiw�j@g
p̃0S(0) = −iw0S

|�Z�gzgiZ/lLp@k+w�gon�suj {fZ��dn�Z�j@g,>

zw0S√
1 − w2

0S

−
hw0S√
c2

S

c2
f

− w2
0S

+ r = 0.

�Gl��IjXn�eieosuj+eVY%w�n�j@goZLj+w�j@g���w »¼syj+|¬gin¡syj

K(w) =
r

h
s

c2
S

c2
f

−w2

− z√
1−w2

− w,

|�Z�gogoZ�»¼sujI|¬gon�suj�ZLezg^ezgomin�|�goZ�Y[ZLjyg�{fl�|�misunqeoeiw�j@giZGx9sukXm
w > 0

Z�g
K(w0S) = 0

¨��©syY�Y[Z

0 < w0S ≤
cS
cPsyj�w >

K(0) > K(w0S) ≥ 0

+#,�e-+/.
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eosun¡g,>
r

h
s

c2
S

c2
f

− c2
S

c2
P

− z
s

1− c2
S

c2
P

≥
cS
cP
.

q2S
w�xXx+wumzgin¡ZLj@gV{fsyj+|�±Xn�Z�j¥ � v + ¨

r6s@ezsyj+e$Y[wun¡j@giZ�j+wujyg
p̃2S = −ic̃SS(q2S)/c̃SP (q2S)

Z�g

t2S =
1

c̃SS(q2S)


h

(
c̃2SS(q2S)

c̃2Sf (q2S)
+ p̃2

2S

) 1
2

− z
(
1 + p̃2

2S

) 1
2 + ip̃2Sr


 ,

eosun¡g

t2S =


h

(
1

c̃2Sf (q2S)
−

1

c̃2SP (q2S)

) 1
2

− z

(
1

c̃2SS(q2S)
−

1

c̃2SP (q2S)

) 1
2

+
r

c̃SP (q2S)


 .

=�j�kXgon��¡nqeowuj@g���w[{fl	�+jXn¡gon�suj{fZLe$»¼syj+|¬gin¡syj+e
c̃Sf (q)

�
c̃SP (q)

Z�g
c̃SS(q)

syj��yl�min �IZG»¹wy|�n��¡ZLY[Z�j@g^p@kXZ�>

t2S =


h

(
1

c2f
−

1

c2P

) 1
2

− z

(
1

c2S
−

1

c2P

) 1
2

+
r

cP

√
1 +

c2P
c2S

q22S


 .

�Gl�min �Isuj+e�p@kXZ
p̃2S
Z�ehg�m}wu|�n�jXZ/{fZ ∂fS

∂p̃
(p̃, q2S , t2S)

>

iz

c̃SS(q2S)
c̃SP (q2S)√

1 −
c̃2

SS
(q2S)

c̃2SP (q2S)

− ih

c̃SS(q2S)
c̃SP (q2S)√

c̃2
SS

(q2S)

c̃2
Sf

(q2S)
−

c̃2
SS

(q2S)

c̃2
SP

(q2S)

+ ir = 0,
6¹�+¨ �u� 8

gisukOthsykXm}eVZ�j�kfgon��¡nqeiw�j@g��¡Z�e�{fl��IjXn°gin¡syj+e�{fZ�e$»¼suj+|�gon�suj+e
c̃Sf (q)

�
c̃SP (q)

Z�g
c̃SS(q)

suj �ulLmon �+Z�p@kXZ2>

z

√√√√√
c2S
c2

P

+ q22S

1 −
c2S
c2

P

− h

√√√√√
c2S
c2

P

+ q22S
c2S
c2

f

−
c2S
c2

P

+ r = 0,
6¹�+¨ �!E 8

�GsujI|
q2S
�X{fl	�+jXn�xIw�mG6¹�+¨�E�� 8 �+ZLezgV±+n¡ZLj eosu��kfgin¡syj�{fZ�|�Z�gogoZ/lLp@k+w�gon�suj�¨

r wum�{fl��+j+n°gin¡syj {XZ
t2S
�
FS(p̃2S , q2S , t2S) = 0

{fsyj+|

FS(p̃2S , q2S , t2S) = 0
Z�g ∂FS

∂p̃
(p̃2S , q2S , t2S) = 0.

TGj w[{fsujI|�±Xn¡ZLj
p̃2S = p̃02(q2S).

� �6jXZ�miZLezgoZ�x+�¡k+e�p@k�� ¥¢kXgon��¡nqezZLm��¡Z »¹w�n¡g�p@kXZ
p0S(q)

ZLezg�{fl�|�misunqeoeiw�j@giZ�Z�g
c̃SS(q)/c̃SP (q)

|�misunqeoeiw�j@giZ
x9suk+m�{fl�Y[suj@gimoZLm$�qw%eoZL|�syj+{fZ¾x+w�mogon�Z/{fk �¡ZLY[Y�Zy¨

�

e`egf(hji3k3l3i



�u� �G���������Y�(���

� ³ �O³I¸>¸ 
!^ � ��� � �
q2S

��
37���� � �j�
t2S(= t02(q2S)) = tSP (q2S)

� $ � ��
3�) � �(�1�	� � �j�����/����U��

� � �(�3�3�/"(�.�2����� � �(�S�������� 	�<����
. ��&J���`���?<��� ��
G� � �(�3�3�/"(�.�#�J�-� � �(�S������� " ��� �Y�2���
��d��³�Z�Lµ	��
fµ"^¹³�Z.�
� ��eokf¯[g^{fZ/m}w�xXx9Z���Z�m�p@kXZ

tSP (q)
Z�ehgVgiZ��0p@kXZ

FS

(
−i

c̃SS(q)

c̃SP (q)
, q, tSP (q)

)
= 0,

sym

FS

(
−i

c̃SS(q2S)

c̃SP (q2S)
, q2S , t2S

)
= 0,

syj�w[{fsyj+|�±Xn�Z�j
t2S = tSP (q2). �

\^suk+e�{XZ��usyj+e�{fsyj+|¾l�gokI{fn¡ZLm�ezlLx+w�mil�Y[ZLjyg���Z/|�wue
|p0S(0)| ≤ cS

cP

Z�g���Z�|Lwue
|p0S(0)| > cS

cP

>

����'^

|p0(0)| ≤ cS

cP

� �^�¡symieVn���j�� c¢w[x+wye�{¤� suj+{fZ/{fZ�g4D�giZ/Z�g�suj��ulLmon �+ZG»¹wu|�n¡��Z�Y[Z�j@g^p@kXZ2>

vSsx(x, y, z, t) = 0
eon
t < t0P (0)

vSsx(x, y, z, t) = −
1

2π2cS

d

dt



∫ q0S(t)

0

<e




iγ+
S (t, q)TS(γ+

S (t, q))
(
1 + γ+

S (t, q)2
) 1

2
∂FS
∂p

(γ+
S (t, q), t, q)


 dq


 ,

ezn
t > t0S(0).

� � �"^
|p0(0)| > cS

cP

� ����sum}e

∫ +∞

−∞

∫ +∞

−∞

ipTS(p̃, q)

2c̃SS(q)
e

s
c̃S(q)

»

−z(1+p̃2)
1
2 +h(

c̃2S(q)

c̃2
f
(q)

+p̃2)
1
2 +ip̃r

–

dp̃ dq

=

∫ +q2S

−q2S

∫ t0S(q)

tSP (q)

<e



iυ+
S (t, q)TS(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 e

−stdt dq

+

∫ +∞

−∞

∫ +∞

t0S(q)

<e



iγ+
S (t, q)TS(γ+

S (t, q), q)

∂FS
∂p

(γ+
S (t, q), t, q)


 e

−stdt dq.

+#,�e-+/.



���������	��
��������������������������� �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(����4�(�5
 ���

9�Z�|�w��q|�k+�{fZ�e�sujI{fZLeG{fZ��usy�¡k+Y�Z�l�giwuj@g^l��dnq{fZ�j@gL�9sujªeL� n¡j@golLmoZ�eoeoZ/kXjXnqp@kXZ�Y[ZLjyg�w�kª|Lw��q|�kX�
{fZLe
suj+{XZLe�{fZ�g4D�goZy�+|�� ZLezgz� ¥O� {fn�moZ�{fZ

ũ1(q) =

∫ +q2S

−q2S

∫ t0S(q)

tSP (q)

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 e

−stdt dq.

��� w�x+moW�e���Z��¡ZLY[Y�Z��f¨ �f�I�qw�»¼sujI|¬gon�suj
t0S(q)

Z�ehgG|�mosyn�eieiw�j@goZy¨ TGjx9Z�kfgGY�syj@gomiZ�m��I{fZ�Y%wujXn¡WLmoZ
gomiWLeFeon�Y�n��qw�n�moZy��pyk+Z�|�� ZLezg6lL�ywu�¡ZLY�ZLj@g6��Z�|�wye {fZ��qw^»¼syj+|¬gin¡syj

tSP (q)
¨ �^Z�x+�¡k+e

tSP (q) < t0S(q)xIsykXm
q < q2S

Z�g�suj®w��@k®p@kXZ
tSP (q2S) = t0S(q2S)

¨290ZLe¾»¼sujI|¬gon�sujIe
tSP (q)

Z�g
t0S(q)

ezZ
|�syY�x9sumogoZLj@g¾{fsyj+|�|�suY[Y[Z��¡Z�e�»¼syj+|¬gin¡syj+e

t1(q)
Z�g
t01(q)

p@kXZ�jXsyk+e¾wK�usujIe�moZLj+|�syj@gomil�ZLe��¡symie
{fk |�w��q|�k+��{fZLe$sujI{fZLeV{fZ¾g	D�goZ/{Xwuj+e$�¡Z/|�wyeV{fZ/{fZ�kf�*Y[n��¡n�Z�kX��wu|�suk+ezgonqp@kXZLe:6¼�ysun�m��I�ukXmiZ-E�� 8 ¨TGj xIs@ezZ

qSP (t) = t−1
SP (t)
�Xsuj w[w���sum}e$�¡Z

W��d��� � � ��� � � �������	��
.
.�������J�
qSP (t)

��
3��J�(�j�S�.���j�(�

qSP (t) = cS

√√√√√ 1

r2


t+ z

(
1

c2S
−

1

c2P

) 1
2

− h

(
1

c2f
−

1

c̃2P

) 1
2




2

−
1

c2P
.

��d��³�Z
��µ � 
Xµ'^¹³�Z �
9�Z/|�wu��|�kX��{fZ

qSP (t)
Z�ehgVgimoW�e�ezn�Y[n¡�qw�n�moZ�¥[|�ZL�¡kXn�{XZ

q2S
p@kXZ�jXsuk+eV�yZ�jXsyj+eV{¤� Z��fxX��n�|�n°giZ�m,> ezsyn°g

t
|�suY[xXmin�e�{+w�j+e

[tSP ; t0S ]
Z�g^ezsyn°g

p̃ = υ+
S (q, t)

�9w���sum}eR>
Ey¨

FS(p̃, qSP (t), t) = 0
6¼x+wum�{fl��IjXn°gin¡syj{fZ

υ+
S (q, t) 8 �

�X¨
p̃ = −i c̃S(qSP (t))

c̃P (qSP (t))

6
p
ZLezg�ezkXm^�¡Z�x9sun�jyg^{XZ/±Xmiwuj+|}UXZLY�ZLj@gV{fZ

z 7→ (
c̃2S(qSP (t))

c̃2
P

(qSP (t))
+ p2)

1
2 8 ¨

�^syj+|�>
∣∣∣∣∣∣∣∣∣∣∣

−z

(
1 −

c̃2SS(qSP (t))

c̃2SP (qSP (t))

) 1
2

+ h

(
c̃2SS(qSP (t))

c̃2Sf (qSP (t))
−
c̃2SS(qSP (t))

c̃2SP (qSP (t))

) 1
2

+
c̃SS(qSP (t))

c̃SP (qSP (t))
r − c̃SS(qSP (t))t = 0.

=Fjkfgin¡��n�eiw�j@g��qw�{Xl��+jXn¡gon�suj{fZ�eV»¼sujI|¬gon�sujIe
c̃Sf (q)

�
c̃SP (q)

Z�g
c̃SS(q)

�Isuj�su±fgin¡ZLjyg

−z

(
1 −

c2S
c2P

) 1
2

+ h

(
c2S
c2f

−
c2S
c2P

) 1
2

+ r

√
c2S
c2P

+ q2SP (t) − cSt = 0,

e`egf(hji3k3l3i
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t

qq2S

t0S(0)

tSP (0)

t0S(q)

tSP (q)

�n��uk+moZ�EL�j> � j@gil��um}wOgin¡syj�eokXm
q
xXkXnqe�ezk+m

t

t

q

t0S(0)

tSP (0)

q0S(t)
qSP (t)

t0S(q2)
=

tSP (q2)

�n��uk+moZ�E�P�> � j@gil��um}wOgin¡syj�eokXm
t
xXkXnqe�ezk+m

q

+#,�e-+/.
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ezsyn°gG>

qSP (t) = cS

√√√√√ 1

r2


t+ z

(
1

c2S
−

1

c2P

) 1
2

− h

(
1

c2f
−

1

c̃2P

) 1
2




2

−
1

c2P
.

�

TGj%xIZLkfg${Xsuj+|VY%w�n�j@goZLj+w�j@g�n�jd�uZ�m}eoZ�m �<� symi{fmiZ�{¤� n¡j@golL�um}wOgin¡syj 6¹�usyn¡m �I�ukXmiZ,E�P 8 xIsykXm�sy±fgoZLjXn¡m��,>

ũ1(q) = 2

∫ t0S(0)

tSP (0)

∫ qSP (t)

0

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 e

−stdq dt

+ 2

∫ t2S

t0S(0)

∫ qSP (t)

q0S(t)

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 e

−stdq dt

\^suk+eVsy±fgoZLjXsujIe �+j+w���Z�Y[ZLjyg,>
� . ��)�� � , ' 	 � ) � %&� ! ��� 75!�� � ,;� % � ���

ũ1(q)
� �*% � f � � 	 f��0%�� 	 f � ,;� )&�
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vSsx(x, y, z, t) = 0,
ezn
t < tSP (0)

vSsx(x, y, z, t) = −
1

2π2cS

d

dt



∫ qSP (t)

0

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq


 ,

ezn
tSP (0) < t < t0S(0),

vSsx(x, y, z, t) = −
1

2π2cS

d

dt



∫ qSP (t)

q0S(t)

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq




−
1

2π2cS

d

dt



∫ q0S(t)

0

<e




iγ+
S (t, q)TS(γ+

S (t, q))
(
1 + γ+

S (t, q)2
) 1

2
∂FS
∂p

(γ+
S (t, q), t, q)


 dq


 ,

ezn
t0S(0) < t < t2S ,

vSsx(x, y, z, t) = −
1

2π2cS

d

dt



∫ q0S(t)

0

<e




iγ+
S (t, q)TS(γ+

S (t, q))
(
1 + γ+

S (t, q)2
) 1

2
∂FS
∂p

(γ+
S (t, q), t, q)


 dq


 ,

ezn
t2S < t.

] �O³�ZRµ  �P¸ c�³�Z  � � ¨
r w�m {Xl��+jXn¡gon�suj�{XZ
ΩS(t)

� �qwª|�syj+{fn¡gon�suj
t > t0S(0)

Z�ehg lLp@kXn��Kwu�¡ZLj@goZ¢¥
x ∈ ΩS(t).

v�ZLY[wumip@kXsyj+e$Y%w�n�jygiZ�j+wuj@g�p@kXZ2>

tSP (0) = −z

√
1

c2P
−

1

c2P
+ h

√
1

c2f
−

1

c2P
+

r

cP
,

|�Z�p@kXnVZLezg ±+n¡ZLj �<� l�pykIwOgon�suj£{fZ��<� Z�j+eoZ�Y ±X�¡Z
ωteSP1(t)

{fl��IjXn�{Xw�j+e ��Z¢��Z�Y[Y[Z�6>�X¨ � 8 ¨¿v�wuxXx9Z���suj+elL�ywu�¡ZLY�ZLj@gVp@kXZ

t2S = h

√
1

c2f
−

1

c2P
− z

√
1

c2S
−

1

c2P
+

r

cP

√
1 +

c2P
c2S

q22S

+#,�e-+/.
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Z�g^p@kXZ

q2S =

√√√√√√√√√




r
h

s

c2
S

c2
f

− c2
S

c2
P

− z
s

1− c2
S

c2
P




2

−
c2S
c2P
.

TGj w[{fsujI|�>
t2S = h

√
1

c2f
−

1

c2P
− z

√
1

c2S
−

1

c2P
+

r2

h
r

1

c2
f

− 1

c2
P

− z
r

1

c2
S

− 1

c2
P

,

|�Z/pyk+n0ezZ�mil�l�|�min°g��fZ�j xIs@eowuj@g

α =

√
1

c2S
−

1

c2P

Z�g
β =

√
1

c2f
−

1

c2P
:

(
h

β
−
z

α

)
t2S = h2 + z2 − hz

(
β

α
+
α

β

)
+ r2,

Z�g�suj��ulLmon �+Zu�XwuxXmiWLeVp@kXZ��qp@kXZLe�|Lw��q|�kX�qe�ezn�Y[xX��ZLe�p@kXZ�|�Z�gzgiZ/lLp@k+wOgin¡syj�Z�ehg�l�pyk+n¡�Ow���Z�j@giZ�¥ >
(
z −

1

2

(
h

(
β

α
+
α

β

)
−
t2S
α

))2

+ r2 =
h t2S
β

− h2 +
1

4

(
h

(
β

α
+
α

β

)
−
t2S
α

)2

,

|�Z�p@kXn�ZLezg�±Xn�Z�j�<� l�pykIwOgon�suj {fZ/�qw%ezx+UXW�miZ/{fZ�|�ZLjygimoZ
(0, zte)

Z�g^{fZ/m}wKcusuj
rte
kfgin¡��n�eol�Z/x9suk+m�l�giwu±X��n¡m

��Z��¡ZLY[Y�Z��+¨ �f¨

� ' �����0����	V�
�/�������� ���
���
���[����� �¦����� !�� �$��!��$��! ��� ��	V�6���[�����

=�j {fn�Y�ZLj+eon¡syj®gomisunqe���Z¢|�wu��|�kX��jdkXY[l�minqpyk+Z¢{fZ¢�qwª|�sujd�usy�¡kfgin¡syj¦ZLj§goZLY[x+e�ZLj@gomiZ*�¡Z�e/»¼syj+|¬gin¡syj+e�{fZ
½¾miZ�ZLj p@kXZ jXsyk+e[�uZLjXsujIe�{XZ {XlL|�min�moZ�Z�g*kXj£goZLmoY[ZeosukXm}|�Z�jXlL|�ZLeiezn¡goZ �<� wuxXxXmisK�fn¡Y%wOgin¡syj£{fZ{fZLkf�
n�j@golL�um}w���ZLe->¾k+jXZ%ezkXn��Ow�j@g/��w��Ow�minqw�±X��Z�giZ�Y[xIsymoZL�¡��Z

t
Z�g�kXjXZ%ezk+n¡�Ow�j@g/�qw¢�Ow�minqw�±X��Z

q
¨�9�Z%|�wu��|�kX�F{fZ

�qw%xXmiZ�Y[n�W�miZ�l�g}w�j@g^gimoW�e^eon¡Y[n���wun¡miZ�wukª|�wue^±Xnq{fn¡Y[ZLj+ezn�suj+jXZ��<�RjXsuk+e^jXsukIe�n�jygil�miZLeiezZLmosyj+e�xX��k+eGx+w�mogonq|¬�
k+�¡n�W�miZ�Y[Z�j@g^{Xwuj+e�|�Z�gzgiZ�ezZ�|¬gon�suj¥[�qw[{fZ�kf�fn�W�Y[Zu¨ � �+jª{¤� n��¡��k+ezgomiZ�m�jXsugomiZ/xXmosyxIs@eVjXsukIe�{fl�g}w�n��¡��Z�misuj+e
��Z/|�wu��|�kX��jdkXY[l�min�p@kXZ/{fZ��qw[ezsy�¡kfgin¡syj�{Xk�x+mosy±X�¡WLY[Z�{XZ�|�suk+xX��wu�uZ �+kXnq{fZ�� ezgomik+|¬gikXmoZ26>�X¨OE 8 ¨
� ��� � � ��� 
 ���
	

P

90ZG|}U+wuY[x
p
l�g}w�j@g©�qw/»¼syj+|¬gin¡syj¢{fZ�½¾moZLZ�j*{fk�xXmosy±X��W�Y[Z�6¹�+¨ � 8 syj%�ul�min �+Z�»¹wu|�n¡��Z�Y[ZLjygVp@kXZ^��ZG|}U+wuY[x{XZ¾x+moZ�eoeon¡syj�rPZ�ehg�{fsyjXjXl/x+wum,>

P (x, y, z, t) =

∫ t

0

p(x, y, z, τ)f(t− τ) dτ
6 P+¨OE 8
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�©syY[Y�Z
p
eoZ/{flL|�suY[xIs@ezZ�ZLj

pi + pr
�fsyj�x9Z�kXg�l��ywu�¡ZLY[Z�j@g�{flL|�suY[xIs@ezZLm

P
ZLj

P i + P r
wK�uZ�|->

P i(x, y, z, t) =

∫ t

0

pi(x, y, z, τ)f(t− τ) dτ
Z�g

P r(x, y, z, t) =

∫ t

0

pr(x, y, z, τ)f(t− τ) dτ

� ������� ��
+¸¹·u�
¸  �
P i

�©syY[Y�Z
pi =

1

2πR
δR

c
(t)

n���Z�ehg�l��dnq{fZ�j@g^p@kXZ

P i(x, y, z, t) =
f(t− R

c
)

2πR
.

9�� wu�¡�ysumin°giUXY[Z¾{XZ�|�w��q|�k+��{fZ
P i
l�g}w�j@gVgomin¡�dnqw��¤jXsyk+eVjXZ/��Z�{XlL|�min��usujIe©xIwueVnq|�n<¨

� ����� � ��
+¸¹·u�
¸  �
P r

\^suk+e
w�x+xIZL�¡syj+e
C
�¡Z$�uZ�|¬goZLkXm6|�suj@giZ�j+wujyg�¡Z�e
{XsujXjXlLZLexXUdcfeznqp@kXZLe
{fZ��<� Z��fxIlLmon�Z�jI|�ZU>

cf
�
cS
�
cP
�
ρf
¨�¨¡¨

afkXxXx9syeosuj+e p@kXZ�j+suk+eF{Xn�eoxIs@ezn�sujIe {¤� k+jXZ�»¼sujI|¬gon�suj
coor(x, y, z, h)

j+suk+e x9Z�miY[Z�gogiw�j@g©{�� sy±fgoZLjXn¡m
r
�
θZ�g

R
Z�g�{¤� kXjXZ^»¼suj+|�gon�suj

temps(x, y, z, h, C)
jXsyk+eFx9Z�miY[Z�gzg}w�j@g�{¤� sy±fgoZLjXn�m

t0f
�
tf
Z�g
t2f
¨
r6s@ezsyj+e >

p̃v(x, y, z, t) =





0
eon
t < t0f ,

1

2π2R



∫ q0f (t)

0

<e
(
R̃(γ+

f (t, q), q)
)

√
q20f (t) − q2

dq


 eon

t0f < t

Z�g

p̃t(x, y, z, t) =





0
eon
t < tf

syk eon
t2f < t,

1

2π2R



∫ qf (t)

0

=m
[
R̃(υ+

f (t, q), q)
]

√
q2 + q20f (t)

dq


 , ezn tf < t < t0f ,

1

2π2R



∫ qf (t)

q0f (t)

=m
[
R̃(υ+

f (t, q), q)
]

√
q2 − q20f (t)

dq


 , eon t0f < t < t2f .

TGj�x9Z�kfg^wu�¡symieV{fl�|�suY[x9syeoZ�m
P r
Z�j kXj+Z¾syj+{fZ�{fZ¾g4D�goZ

P rt
Z�g�kXjXZ/sujI{fZ�{fZ��usy�¡kXY[Z

P rv
wK�uZ�|->





P rv (x, y, z, t) = 0,
ezn
t ≤ t0f ,

P rv (x, y, z, t) =

∫ t

t0f

dp̃v
dt

(x, y, z, τ)f(t− τ) dτ,
eon
t > t0f

+#,�e-+/.
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 ���

Z�g




P rt (x, y, z, t) = 0,
ezn
t ≤ tf

syk
cos θ ≤ cf

cP
,

P rt (x, y, z, t) =

∫ t

tf

dp̃t
dt

(x, y, z, τ)f(t− τ) dτ,
eon
tf < t < t2f

Z�g
cos θ >

cf

cP
,

P rt (x, y, z, t) =

∫ t2f

tf

dp̃t
dt

(x, y, z, τ)f(t− τ) dτ
eon
t2f ≤ t

Z�g
cos θ >

cf

cP
.

� 
X¸>·u�
¸  �
P r

v (x, y, z, t)
� � � wuxXmiWLeV��ZLeVxXmisuxXmin�l�gol�eV{fZ

p̃v
�+suj��ul�min �+Z/pyk+Z#>

P rv (x, y, z, t) =

∫ t

t0f

p̃v(x, y, z, τ)f
′(t− τ) dτ.

9w$»¼suj+|�gon�suj
p̃v
eoZF|�w��q|�k+�¡Z ¥V�<� wun�{fZF{�� kXj+ZFn¡j@gil��um}w���Z ezk+m��>� n�jygiZ�mi�Ow����¡ZF{flLxIZLj+{Xwujyg0{Xk�goZ�Y[x+e

[0 ; q0f (t)]p@kXnygoZLj+{��yZ�m}e � v + p@k+w�j+{ t goZLj+{��yZ�m}e +∞
¨
��� kXj xIsyn¡j@g {fZ��dkXZ©j@k+Y�lLmonqp@kXZu�On��@ZLezg
xX��k+en¡j@gil�miZLeieowujyg

{XZ�|Lw��q|�kX��Z�mV{fZ�eVn¡j@golL�um}w���ZLe$ezk+mV{XZLeVn�jygiZ�mi�Ow����¡Z�e$|�suj+ezgiwuj@gieL¨
\^suk+eVZ�«9Z�|¬gok+suj+e�{fsyj+|G�¡Z/|}U+wujX�uZLY�ZLj@g
{XZ¾�Owumonqw�±X��Z

q = Qq0f (t)
>

p̃v(x, y, z, t) =





0
ezn
t < t0f ,

1

2π2R



∫ 1

0

<e
(
R̃(γ+

f (t, Qq0f (t)), Qq0f (t))
)

√
1 −Q2

dQ


 ezn

t0f < t.

9w {XZ�kf�fn�W�Y[Z¾{Xn°¯*|�k+�°gil/j@k+Y�lLmonqp@kXZ¾ZLezgV{fk+Z�¥ �qw�xXmilLeoZ�jI|�Z�{fZ���w miwy|�n�jXZ�|�w�mimil�Z^wuk�{flLjXsuY[n�j+wOgiZ�kXm
p@kXn0moZLj+{¢�<� n¡j@golL�um}w�j+{�eon¡jX�ykX��n¡ZLm�xIsykXm

Q = 1 �
j+suk+e�kXgon��¡nqezZLmosyj+e�{fsyj+|¾�¡Z�|}U+wujX�uZLY[Z�j@g�{fZ/�Ow�min�wu±X�¡Z

Q = sin η
>

p̃v(x, y, z, t) =





0
ezn
t < t0f ,

1

2π2R

∫ π
2

0

<e
[
R̃(γ+

f (t, q0f (t) sin η), q0f (t) sin η)
]
dη
ezn
t0f < t.

\^suk+eVx9suk+�usujIeVY[wun¡j@giZ�j+wujyg�{fl�|�min¡miZ¾�¡Z�|Lw��q|�kX��{fZ
P rv (x, y, z, t)

¨

TGj¿ezk+xXxIs@ezZ[p@kXZ��>� n¡j@giZ�mi�Kwu�¡��Z
[t0f ; t]

ezZ[{flL|�suY[x9syeoZ ZLj
Nt
n¡j@goZLmo�Owu�¡��ZLe¾{fZ[Y�D�Y[Z ��suj+�ukXZLkXm

dt
¨

�©syY[Y�Z��qw »¼suj+|�gon�suj
p̃v
j�� Z�ehg�x+wye�ezn�jX�ykX�¡n�W�miZu�fsyj�x9suk+mom}w�kfgon��¡nqeoZ�m��<� wuxXxXmisK�dn�Y%wOgin¡syj >

P rv (x, y, z, t) '
Nt∑

i=1

p̃v(x, y, z, t0f + (i− 1)dt)f ′(t− (t0f + (i− 1)dt)) dt.

e`egf(hji3k3l3i



�y� �G���������Y�(���

���
(x, y, z, h, t, deta, C)E

(r, theta,R) = coor (x, y, z, h)�
Pv = 0�
N = (pi/2)/detaP X�³9� �

i
 �

1
�
N
� 
j^ ���

�
eta = (i− 1) ∗ deta�
q = sqrt(cf2 ∗ t2/R2 − 1) ∗ sin(eta)

�
p = gamma(R, theta, t, q, cf)�
Pv = Pv + reel(R(p, q, C))/(2 ∗ pi ∗R) ∗ deta� �@Z X�³I� �

EL� ���@µL³9� �(Z �
Pv

T
w�±+�¡Z2EJ> �^�¡�ysumin°giUXY[Z/{fZ�|�wu��|�kX��{fZ
p̃v

��� �
(x, y, z, h, t, dt, deta, C)E
(r, theta,R) = coor (x, y, z, h)�
t0 = R/cf�
Prv = 0P �'^
t > t0


X¸¹³ �O�
�

Nt = (t− t0)/dt� X�³9� �
i
 �

1
�
Nt

� 
j^ ���
�

tau = t0 + (i− 1) ∗ dt�
Prv = Prv + df(t− tau) ∗ pv(x, y, z, h, tau, deta, C)� �@Z X�³I� �

EL� ��Z �"^

T
w�±X��Z��Y>!�^�¡�ysumin°giUXY[Z�{XZ�|�w��q|�k+��{fZ
P rv

�GZ�Y�DLY�Zy�¤ezn6�<� n�j@goZ�mi�Ow����¡Z
[0, π/2]

ZLezg/{flL|�suY[xIs@ezl�Z�j
Nη
n�jygiZ�mi�Ow����¡Z�e^{fZ Y#DLY[Z ��sujX�ykXZ�k+m

dη
�Rsuj

|Lw��q|�kX��Z�m}w

p̃v(x, y, z, t) '

Ntη∑

i=1

<e
[
R̃(γ+

f (t, q0f (t) sin(i− 1)dη), q0f (t) sin(i− 1)dη)
]

2π2R
dη.

9�� wu�¡�ysumin°giUXY[ZG{fZ/|Lw��q|�kX�¤{fZ
p̃v(x, y, z, t)

ZLezg�{flL|�mon¡gVeokXm���Z^g}w�±X��ZLwuk0E¾Z�g�|�Z���kXn¤{fZ
P rv (x, y, z, t)

ZLezg
{XlL|�min¡gVeokXm$�¡Z¾giwu±X��ZLw�k �76¹suj w�xXx9Z����¡Z

df(t)
��w�»¼suj+|�gon�suj pyk+nI»¼sykXmijXn°gV�qw {flLmon��ulLZG{fZ

f
wuk*goZLY[x+e$g 8 ¨

� 
X¸>·u�
¸  �
P r

t (x, y, z, t)
� �©syY�Y[Z�x9sukXm���Z�|�wu��|�kX��{fZ/�<� syj+{fZ/{fZ/�usy�¡k+Y�Z�syj�w >

+#,�e-+/.
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P rt (x, y, z, t) =

∫ t

tf

p̃t(x, y, z, τ)f
′(t− τ) dτ,

p̃t
ezZ[|�wu��|�kX��Z lL�yw���Z�Y[ZLjyg��um;�u|�Z�¥�{fZLe¾n�jygil��ymiwu�¡Z�eGeokXm/{fZLe¾n�j@goZ�mi�Ow����¡Z�e�{fl�x9Z�j+{+w�j@g�{Xk�giZ�Y[x+eL¨G= » �

»¼Z�|¬gikXsuj+e�{Xsuj+|/{Xwuj+eVkXj xXmiZ�Y[n�Z�m$goZLY�xIe��¡Z�|}UIw�jX�yZ�Y[Z�j@g�{fZ/�Ow�min�wu±X�¡Z
q = Qq0f (t)

>

p̃t(x, y, z, t) =





0
eon
t < tf

sukeon
t2f < t,

1

2π2R

∫ qf (t)

q0f (t)

0

=m
[
R̃
(
υ+
f (t, Qq0f (t)), Qq0f (t)

)]

√
Q2 + 1

dQ

eon
tf < t < t0f ,

1

2π2R

∫ qf (t)

q0f (t)

1

=m
[
R̃
(
υ+
f (t, Qq0f (t)), Qq0f (t)

)]

√
Q2 − 1

dQ

eon
t0f < t < t2f .

\^suk+eGkfgin¡��n�eosujIe^��ZLe�|}U+wujX�uZLY�ZLj@gie^{XZ �Ow�minqw�±X��Z
Q = sinh η

Z�g
Q = cosh η

�RmiZLeoxIZ�|¬gon��uZLY[Z�j@gGx9sukXm
tf < t < t0f

Z�g�x9suk+m
t0f < t < t2f

>

p̃t(x, y, z, t) =





0
ezn
t < tf

suk ezn
t2f < t,

1

2π2R

∫ argsh
qf (t)

q0f (t)

0

=m
[
R̃
(
υ+
f (t, q0f (t) sinh η), q0f (t) sinh η

)]
dQ

ezn
tf < t < t0f ,

1

2π2R

∫ argch
qf (t)

q0f (t)

1

=m
[
R̃
(
υ+
f (t, q0f (t) cosh η), q0f (t) cosh η

)]
dη

ezn
t0f < t < t2f .

�
n�j+w���Z�Y[ZLjyg�jXsyk+e�x9syeosuj+e

η = ζ
wumo�@ezU q1(t)

q01(t)
,
Z�g

η(t) = ζ
w�mi�y|}U q1(t)

q01(t)

e`egf(hji3k3l3i



�@� �G���������Y�(���

miZLeox9ZL|¬gin¡�yZ�Y[Z�j@g�x9sukXm
tf < t < t0f

Z�g�x9sukXm
t0f < t < t2f

xIsykXm�su±XgoZ�j+n¡m,>

p̃t(x, y, z, t) =





0
ezn
t < tf

sukeon
t2f < t,

wumo�@ezU qf (t)
q0f (t)

∫ 1

0

=m
[
R̃
(
υ+
f (t, q̃(t, ζ)), q̃(t, ζ)

)]
dζ

eon
tf < t < t0f ,

wumo�@|}U qf (t)
q0f (t)

∫ 1

0

=m
[
R̃
(
υ+
f (t, q̂(t, ζ)), q̂(t, ζ)

)]
dζ

eon
t0f < t < t2f ,

wK�yZL|

q̃(t, ζ) = cosh

[
argch

(
qf (t)

q0f (t)

)
ζ

]
q0f (t),

Z�g
q̂(t, ζ) = cosh

[
argch

(
qf (t)

q0f (t)

)
ζ

]
q0f (t).

v�Z�xXmiZ�jXsyj+e$Y%w�n�jygiZ�j+wuj@gV��Z�|�wu��|�kX��{fZ
P rv (x, y, z, t)

¨

\^suk+eVl�gok+{Xn¡ZLmosyj+e�{fZ�kX�¢xIs@eoeon�±Xn¡��n¡golLeG>
Eu¨�ezn

tf < t < t0f .
TGj3{flL|�suY[xIs@ezZ�<� n¡j@goZLmo�Owu�¡��Z

[tf ; t0f ]
ZLj

Nt1
n�j@goZ�mi�Ow����¡Z�e*{fZªY�DLY�Z

�¡syjX�uk+Z�kXm
dt1
Z�g�syj�|Lw��q|�kX��Z

P rt (x, y, z, t) '
Nt1∑

i=1

p̃t(x, y, z, tf + (i− 1)dt1)f
′(t− (tf + (i− 1)dt1)) dt1

�f¨�ezn
t0f < t < t2f .

TGjP{fl�|�suY[x9syeoZ�>� n�jygiZ�mi�Ow����¡Z
[tf ; t0f ]

ZLj
Nt1
n¡j@goZLmo�Owu�¡��ZLe%{fZY�DLY�Z

�¡syjX�uk+Z�kXm
dt1
Z�gV�<� n�j@goZ�mi�Ow����¡Z

[t0f ; min(t, t2f )]
ZLj
Nt2
n¡j@goZLmo�Owu�¡��ZLe${fZ¾Y#DLY[ZG��sujX�ykXZ�k+m

dt2
¨

90w[{fn¡¯*|�kX�¡gol�milLeonq{fZ¾{+w�j+e���Z¾»¹w�n¡g^p@kXZ/�¡Z�e$»¼suj+|�gon�suj+e
wumo�@ezU qf (t)

q0f (t)

Z�g w�mi�y|}U qf (t)
q0f (t)

ezsyj@g�ezn�jX�ykX�¡n�W�miZLe*Z�j
t0f
¨ TGj3x9Z�kXg�Y[suj@gomiZ�m�pyk0� ZL�¡��ZLe�ezsyjyg*n�j@golL�um}w�±X��ZLe%Y%wun�e¢n¡�GZLezg*gomiWLe

{fn¡¯%|�n¡��Z�{fZ�|Lw��q|�kX��Z�m
∫ t0f

t0f−dt1

w�mi�yeoU qf (t)
q0f (t)

Z�g ∫ t0f +dt2

t0f

wumo�@|}U qf (t)
q0f (t)

.

�G� Z�ehg�x9sukXm�|�Z�gogoZ�miwun�eosuj�pyk+Z¾j+suk+eVw�x+xXmosf|}UXZLmosyj+eFmiZLeox9ZL|¬gin¡�yZ�Y[Z�j@g�|�Z�e�{fZ�kf��n¡j@golL�um}w���ZLe©x+w�m

wumo�@ezU qf (t0f − dt1)

q0f (t0f − dt1)
dt1

Z�g w�mi�y|}U qf (t0f + dt2)

q0f (t0f + dt2)
dt2

+#,�e-+/.
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gosykfg%Z�j �yw�m}{Xwujyg[¥��<� ZLeoxXmon¡g%pyk+Z |�Z�gogoZ w�xXxXmisK�fn¡Y%w�gon�suj�j�� ZLezg%x+wue »¼symi|�l�Y[Z�j@g�gomiWLe�xXmilL|�nqeoZ
Z�g%p@k�� ZL�¡��Z¢j+lL|�Z�eoeon¡goZ�m}w�{XZ�|}UXsyn�eon¡m kXj xIwue�{fZ*giZ�Y[x+e�xX��k+e�xIZ�gon¡g[p@k�� Z�j {fn¡Y[ZLj+ezn�suj �f¨/TGj
|�wu��|�kX�¡ZLmiw�{fsyj+|�>

P rt (x, y, z, t) '
Nt1∑

i=1

p̃t(x, y, z, tf + (i− 1)dt1)f
′(t− (tf + (i− 1)dt1)) dt1

+

Nt2∑

i=1

p̃t(x, y, z, t0f + idt2)f
′(t− (t0f + idt2)) dt2.

afn��>� n�jygiZ�mi�Ow����¡Z
[0 ; 1]

ZLezg^{flL|�suY[xIs@ezl�ZLj
Nζ
n�jygiZ�mi�Ow����¡Z�e�{fZ�Y#DLY[Z/�¡syjX�ukXZLkXm

dζ
�Xsuj |�wu��|�kX��Z�m}w

p̃t(x, y, z, t) '

Nζ∑

i=1

w�mi�yeoU qf (t)
q0f (t)

=m
[
R̃
(
υ+
f (t, q̃(t, (i− 1)dζ)), q̃(t, (i− 1)dζ)

)]
dζ

eon
t < t0f

Z�g

p̃t(x, y, z, t) '

Nζ∑

i=1

wumo�@|}U qf (t)
q0f (t)

=m
[
R̃
(
υ+
f (t, q̂(t, (i− 1)dζ)), q̂(t, (i− 1)dζ)

)]
dζ

eon
t > t0f

¨

9�� wu�¡�ysumin°giUXY[Z¾{XZ�|Lw��q|�kX��{XZ
p̃t(x, y, z, t)

Z�ehg^{XlL|�min¡g�eokXm���Z¾giw�±+�¡Z�w�k ��Z�g�|�ZL�¡k+n0{fZ
P rt (x, y, z, t)

ZLezg
{XlL|�min¡g�eokXm���Z�giwu±X�¡Z�w�k PX¨
� � � � � ��� 
 ���
	

V s

� � � ��� ��
+¸¹·u�
¸  �
V Psx

� 
X¸>·u�
¸  �
t0P (q)

�  �
γ+
P (t)

�@µ� �
q0P (t)

� r
sykXm©|Lw��q|�kX��Z�m
t0P (q)

Z�g
γ+
P (t, q)

j+suk+e�kfgon��¡nqeoZ�misuj+e
��ZLe$»¼syj+|¬gin¡syj+e�{fl	�+jXn�ZLe�ZLj {Xn¡Y[Z�jIezn�suj� >

t0P (q) = t(r, z, h, cf(q), cP (q))
Z�g

γ+
P (t, q) = gamma(r, z, h, t, cf(q), cP (q)).

90Z^|�wu��|�kX�I{XZ
q0P (t)

ZLezg�xX��k+e©|�suY[xX��n�p@kXly¨ �©syj@gom}w�n�moZLY�ZLj@g�w�k*|�wu��|�kX�I{XZ
p
n��IZ�ehg©{Xn°¯*|�n���ZG{fZ^{Xl��+jXn�m

q0P (t)
|�syY[Y�Z/�qw[m}wu|�n�jXZ�{¤� kXjx9su��cdj!;uY[Zu¨N=FjªZ�«9Z�g

q0P (t)
ZLezg�goZL�p@kXZ

FS(p, q0P (t), t)
wu{fY[Z�gogoZ

k+jXZ/miwy|�n�jXZ�{fsukX±+�¡Zy�+|�� ZLezgz� ¥O� {fn�moZJ>




FS(γ+
P (t, q), q0P (t), t) = 0

∂FS
∂p

(γ+
P (t, q), q0P (t), t) = 0,

9w¢{fn¡¯*|�kX�¡gol�ZLezg¾p@k�� n��»¹wukfg¾{Xl�goZLmoY[n�jXZ�m¾Z�j¦Y�D�Y[Z�giZ�Y[x+e
γ+
P (t)
Z�g
q0P (t)

¨�r6sukXm�|�syjygisukXmijXZLm^|�Z
x+mosy±X�¡WLY[Zu�fjXsyk+e�wK�usyj+eV|}UXsunqezn¤{fZ�{Xl�goZLmoY[n�jXZ�m

q0P (t)
x+w�mVg;�OgisujXjXZLY[Z�j@g,>

e`egf(hji3k3l3i



��P �G���������Y�(���

���
(x, y, z, h, t, deta, C, t0f)E

(r, theta,R) = coor (x, y, z, h)�
Pt = 0�
N = 1/dzetaP
qf = qf(theta,R, cf, cp, t)� �"^
t < t0f


X¸¹³ �O�
�

q0f = sqrt(1 − cf2 ∗ t2/R2)
� X�³9� �

i
 �

1
�
N
� 
!^ ���

�
zeta = (i− 1) ∗ dzeta�
q = sinh(argsh(qf/q0f) ∗ zeta) ∗ q0fEL�
p = upsilon(R, theta, t, q, cf)E�E
Pt = Pt+ imag(R(p, q, C))/(2 ∗ pi ∗R) ∗ detaE�� �@Z X�³9� �

EL� �"^�Z
³�Z
E�P

q0f = sqrt(cf2 ∗ t2/R2 − 1)E�� X�³9� �
i
 �

1
�
N
� 
!^ ���

EL�
zeta = (i− 1) ∗ dzetaE �
q = cosh(argch(qf/q0f) ∗ zeta) ∗ q0fEL�
p = upsilon(R, theta, t, q, cf)EL�
Pt = Pt+ imag(R(p, q, C))/(2 ∗ pi ∗R) ∗ deta��� �@Z X�³9� �

�YE �@Z �'^
�u� ���@µL³9� �(Z �

Pt

Twu±X��Z��j> �����usumin¡goUXY[Z/{fZ�|�wu��|�kX��{fZ
p̃t

+#,�e-+/.
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 �@�

��� �
(x, y, z, h, t, dt1, dt2, dzeta, C, t0f)E
(r, theta,R) = coor (x, y, z, h)�
t0 = R/cf�
tf = tf(x, y, z, h, C)P
t2f = t2f(x, y, z, h, C)�
Prt = 0� �"^
t > tf


X¸¹³ �O�
�

Nt = (min(t, t0f) − tf)/dt1� X�³9� �
i
 �

1
�
Nt

� 
j^ ���
�

tau = tf + (i− 1) ∗ dt1EL�
Prt = Prt+ df(t− tau) ∗ pt(x, y, z, h, tau, dzeta, C, t0f)E�E �@Z X�³9� �

E�� �"^
t > t0f


X¸>³��O�
EL�

Nt = (min(t, t2f) − t0f)/dt2E�P X©³I� �
i
 �

1
�
Nt

� 
!^ ���
E��

tau = t2f + i ∗ dt2EL�
Prt = Prt+ df(t− tau) ∗ pt(x, y, z, h, tau, dzeta, C)E � �@Z X�³9� �

EL� �@Z �'^
EL� �@Z �'^

T
w�±+�¡Z:Pj> �^�¡�ysumin°giUXY[Z�{XZ�|�w��q|�k+��{fZ
P rv

e`egf(hji3k3l3i



�y� �G���������Y�(���

Eu¨Vsuj§{fl�goZ�miY[n¡j+Z%kXjXZ*�Ow���Z�k+m�w�xXxXmisf|}UXl�Z%{fZ
q0P (t)

�#�S�3���(�3� x+wum�w�jIw���su�un�Z[wK�uZL|���Z*|�wu��|�kX��{fZ
�>� sujI{fZ/mol �+lL|}U+n¡Z#>

q̃0P (t) =

√
c2P t

2

R2
− 1;

�f¨Vsuj x9syeoZ
q = 0;

�X¨UTGj{fn¡�dnqezZ��<� n�j@goZLmo�Ow�����Z
[0 ; q̃0P (t)]

Z�j\ n�jygiZ�mi�Ow����¡Z�e�{fZ��¡syjX�ukXZLkXm
dq �

P+¨UTGj xIs@ezZ
q = q + dq

Z�g�suj {fl�giZ�miY�n�jXZ
γ+
P (t, q)

Z�g
γ−P (t, q)

w���sum}eR>
6¹w 8 afn <e(γ+

P (t, q)) > 0
� > suj j�� w xIwueVZ�jI|�sumiZGgomisukX�ylu�fsuj�miZ�x+wumzg�w�k�x9sun�jyg^�+¨

6¼± 8 eon <e(γ+
P (t, q)) ' 0

Z�g
γ+
P (t, q) ' γ−P (t, q)

� > TGj¦w*gimosykX�ul
q0P (t) = q

�Rsyj�e�� w�mim4D�goZ
nq|�n<¨

6¹| 8 afn <e(γ+
P (t, q)) ' 0

Z�g
γ+
P (t, q) 6= γ−P (t, q)

>^suj¦w¢l�gil�gimosyxª�¡syn¡j0�9n��
»¹w�kfg�miZ��uZLjXn�mGw�k
m}w�j+��xXmilL|�lL{fZLjyg:>

q = q− dq
Z�g�|}UXsyn�eon¡m$kXj�x+wue$xX��k+e$x9Z�gon¡gL�+x+w�mVZ��fZLY�x+�¡Z

dq = dq/N
¨

TGj�x9Z�kfgGwu�¡symie$miZ�x+wumzgin¡m�wuk�x9sun�j@gG�f¨
TGj w�x+xIZL�¡��Z�m}w

q0(r, z, h, t, cf, cP )
��w »¼sujI|¬gon�suj�jXsyk+eVxIZLmoY[Z�gzgiwuj@g^{fZ�{fl�giZ�miY[n¡jXZLm

q0P (t)
¨

� 
X¸>·u�
¸  �
V Psx

� adsun¡g

ṽPsx(x, y, z, t) =





0
eon
t < t0f ,

1

2π2cP

d

dt



∫ q0P (t)

0

<e




iγ+
P (t, q)TP (γ+

P (t, q), q)
(
1 + γ+

P (t, q)2
) 1

2
∂FP
∂p

(γ+
P (t, q), t, q)


 dq


 ,
eon
t0P < t.

r wumGw�jIw���su�un�Z�wK�yZL|/��Z |Lw��q|�kX�6{fZ��>� suj+{XZ {fZ xXmoZ�eoeon�sujªmil �+l�|}UXn�Z�jXsukIe^kfgin¡��nqezsyj+eGeok+|L|�ZLeieon¡�yZ�Y[Z�j@g^��ZLe
|}UIw�jX�yZ�Y[Z�j@gieV{fZ/�Owumonqw�±X��Z

q = Qq0P (t)
xXk+n�e

Q = sin η
x9sukXm�sy±fgoZLjXn¡m,>

ṽPsx(x, y, z, t) =





0
ezn
t < t0f ,

q0P (t)

2π2cP

∫ π
2

0

<e




iγ+
P (t, q0P (t) sin η)T̃P (γ+

P (t, q0P (t) sin η), q0P (t) sin η) cos η
(
1 + γ+

P (t, q0P (t) sin η)2
) 1

2
∂FP
∂p

(γ+
P (t, q0P (t) sin η), t, q0P (t) sin η)


dη

eon
t0P < t.

��� f � ,;� % � ����7�) � ����)��<� f � � � ) %�,;� f � % 	�!�7�) ,.f�� �
ε
2

� � # � �*%	� � �$��� )&� � ����! , ��� 
 7�)*� f�� � � ��!�� ��) � � , ) %�� � � )*7���!�!�� � � �&%-� f � 7�) � ����)*��� ! ,<% 	�!�7�) ,.f�� �
ε
2

+#,�e-+/.



���������	��
��������������������������� �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(����4�(�5
 � �

TGj��ulLmon �+Z/w���sum}e©»¹wu|�n¡��Z�Y[Z�j@g�p@kXZ2>




V Psx(x, y, z, t) = 0,
eon
t ≤ t0S ,

V Psx(x, y, z, t) =

∫ t

t0P

ṽPsx(x, y, z, τ)f
′(t− τ) dτ,

eon
t > t0P .

�©syY[Y�Z ��w%»¼suj+|�gon�suj
p̃v
�R�qw%»¼syj+|¬gin¡syj

ṽPsx
j0� Z�ehg¾x+wueGezn�jX�uk+�¡n�W�miZ�eokXm

[t0P ,∞]
¨R=F�¡��Z�ZLezg¾|�ZLxIZLj+{Xwujyg

��Z�xXmisd{XkXn°g^{�� kXj+Z�»¼suj+|�gon�suj ezn�jX�uk+�¡n�W�miZ�Z�j
t0P

>

∫ π
2

0

<e




iγ+
P (t, q0P (t) sin η)T̃P (γ+

P (t, q0P (t) sin η), q0P (t) sin η) cos η
(
1 + γ+

P (t, q0P (t) sin η)2
) 1

2
∂FP
∂p

(γ+
P (t, q0P (t) sin η), t, q0P (t) sin η)


dη,

xIw�m�kXj+Z*»¼sujI|¬gon�suj�p@kXn$e�� w�j+j@k+�¡Z*ZLj
t0P

>
q0P (t)

¨¿�©Z��qwjXZ¢xIs@ezZ*xIwue�{XZ*xXmisu±X��W�Y[Z¢eokXm���Z*xX�qw�j
Y%w�goUXlLY[w�gonqp@kXZ^Y%w�nqe©n¡�RjXZ¾ezZLmiw/xIwue©xIs@eoeon¡±+�¡Z¾{fZ¾|Lw��q|�kX��Z�m©jdkXY[l�min�p@kXZLY�ZLj@g$|�Z�gzgiZ^»¼syj+|¬gin¡syj*Z�j

t0P .�G� ZLezg�xIsykXm}pyk+sun¤jXsyk+e�w�xXx+mosK�fn�Y�ZLmosyj+e©xX�¡kXg	;�g
V Psx(x, y, z, t)

x+w�m:>

V Psx(x, y, z, t) '
Nt∑

i=1

ṽPsx(x, y, z, t0f + idt)f ′(t− (t0f + idt)) dt

Z�g
ṽPsx
eoZ�m}w |Lw��q|�kX��l�Z�x+wum

ṽPsx(x, y, z, t) '

q0P (t)

2π2cP

N∑

i=1

<e




iγ+
P (t, q0P (t) sin ηi)T̃P (γ+

P (t, q0P (t) sin ηi), q0P (t) sin ηi) cos ηi
(
1 + γ+

P (t, q0P (t) sin ηi)
2
) 1

2
∂FP
∂p

(γ+
P (t, q0P (t) sin ηi), t, q0P (t) sin ηi)


dη

wK�yZL|
ηi = (i − 1)dη

Z�g
Ndη = π/2

¨ 9F� w����usymon¡goUXY[Z�{fZ�|�wu��|�kX�0{fZ
ṽPsx(x, y, z, t)

Z�ehg�{flL|�mon¡gGeokXm^��Z
g}w�±X��ZLwuk � Z�g^|�Z���kXn0{XZ

V Psx(x, y, z, t)
ZLezg�{flL|�mon¡g^ezk+m��¡Z¾giwu±X��ZLw�k��d¨

� 
X¸>·u�
¸  �
V Ssx

� 90ZF|�w��q|�k+�u{fZ �<� syj+{fZ©a¾{fZF�ysu��kXY[Z ezZ6»¹wun°geiw�jIe�{fn¡¯%|�kX�¡golu��Z�j/kXgon��¡nqeowuj@g��>� w����usymon¡goUXY[Z
{Xk£|�wu��|�kX��{fZ �>� sujI{fZ�r Z�g[Z�j miZ�Y[xX�qw�I�wuj@g

cP
x+w�m

cS
Z�g

TP
xIw�m

TS
¨ TGj e�� n¡j@gil�miZLeiezZLmiwª{Xsuj+|

e`egf(hji3k3l3i



�y� �G���������Y�(���

����� �
(x, y, z, h, t, deta, C)E
vsxp = 0�
N = (pi/2)/deta�
q0 = q0(r, z, h, t, cf, cP )P X�³9� �

i
 �

1
�
N
� 
!^ ���

�
eta = (i− 1) ∗ deta�
q = q0 ∗ sin(eta)

�
p = gamma(r, z, h, t, cf(q), cP (q))�
dfp = deriveef(x, z, h, cf(q), cP (q), tau, p)�
a = i ∗ p ∗ TP(p, q, C)/(sqrt(1 + p2) ∗ dfp)EL�
vsxp = vsxp+ reel(a) ∗ cos(eta)/(2 ∗ pi2 ∗ cP ) ∗ detaE�E ��Z X©³I� �

E��
vsxp = q0 ∗ vsxpEL� ���yµ�³I� �(Z �

vsxp

T
w�±X��Z��Y>!�����usymon¡goU+Y�Z/{fZ/|Lw��q|�kX�0{XZ
ṽPsx

� �����
(x, y, z, h, t, dt, deta, C)E
t0 = t(r, z, h, cf, cP )�
V psx = 0� �"^
t > t0


X¸¹³ �O�
P

Nt = (t− t0)/dt� X�³I� �
i
 �

1
�
Nt

� 
!^ � �
�

tau = t0 + (i− 1) ∗ dt
�

V psx = V psx+ df(t− tau) ∗ vsxp(x, y, z, h, tau, deta, C)� ��Z X�³9� �
� �@Z �"^

T
w�±X��Z/�!> �����usymon¡goU+Y�Z/{fZ�|Lw��q|�kX��{XZ
V Psx

+#,�e-+/.
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k+jXn�p@kXZLY[Z�j@g^w�k |�wu��|�kX��{fZ/�<� syj+{fZ/{fZ�g	D�goZy�Xsuj�xIs@ezZ�>

ṽSsxt(x, y, z, t) =





0
eon
t < tS

syk�eon
t2S < t,

1

2π2cS

∫ qSP (t)

0

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq

eon
tS < t < t0S ,

1

2π2cS

∫ qSP (t)

q0S(t)

<e



iυ+
S (t, q)T̃S(υ+

S (t, q), q)

∂FS
∂p

(υ+
S (t, q), t, q)


 dq

eon
t0S < t < t2S .

TGj w[w���sum}e >
V Ssxt(x, y, z, t) =

∫ t

tf

ṽSsxt(x, y, z, τ)f
′(t− τ) dτ.

�©syY[Y�Z�x9sukXm���Z�|�wu��|�kX��{fZ/�<� syj+{fZ�mil �+l�|}UXn¡Zy�fjXsukIeVl�gokI{fn¡ZLmosyj+e�{fZLkf��|Lwue$xIs@eoeon�±X�¡Z�e:>
Eu¨�adn

tS < t < t0S .
�^�¡symieVsyj�{XlL|�syY[xIs@ezZ¾�>� n�jygiZ�mi�Ow����¡Z

[tS ; t0S]
Z�j

Nt1
n¡j@giZ�mi�Kwu�¡��ZLeV{fZ/Y�DLY�Z

�¡syjX�uk+Z�kXm
dt1
Z�g�syj�|Lw��q|�kX��Z

V Ssxt(x, y, z, t) '
Nt1∑

i=1

ṽSsxt(x, y, z, tS + (i− 1)dt1)f
′(t− (tS + (i− 1)dt1)) dt1.

�f¨�adn
t0S < t < t2S .

�^�¡symie©suj¢{XlL|�syY[xIs@ezZG�>� n¡j@giZ�mi�Kwu�¡��Z
[tS ; t0S ]

ZLj
Nt1
n¡j@goZLmo�Owu�¡��ZLe©{fZGY�DLY�Z

�¡syjX�uk+Z�kXm
dt1
Z�g*�<� n�j@goZ�mi�Ow����¡Z

[t0S ; min(t, t2S)]
ZLj

Nt2
n¡j@goZLmo�Owu�¡��ZLe[{fZY�D�Y[Z ��sujX�ykXZ�kXm

dt2
¨©�©suY[Y[Z/��sum}e�{fk|�w��q|�k+��{fZ/�>� sujI{fZ/mol �+lL|}U+n¡Zy�fxIsykXm�l��dn¡goZLm��¡Z�e�xXmisu±X��W�Y[ZLeV|Lw�k+eolLeVx+wum���w

ezn�jX�ykX��wumon¡gol/{fZ
ṽSsxt
Z�j

t0S
j+suk+e�|Lw��q|�kX��Z�misuj+e >

V Ssxt(x, y, z, t) '
Nt1∑

i=1

ṽSsxt(x, y, z, tS + (i− 1)dt1)f
′(t− (tS + (i− 1)dt1)) dt1

+

Nt2∑

i=1

ṽSsxt(x, y, z, t0S + idt2)f
′(t− (t0S + idt2)) dt2.

afn
tS < t < t0S

�Isuj{fl�|�suY[x9syeoZ/�>� n�jygiZ�mi�Ow����¡Z
[0 ; qSP (t)]

Z�j
Nq1
n¡j@giZ�mi�Kwu�¡��ZLe^{fZ/Y�D�Y[Z���sujX�ykXZ�kXm

dq1
�XZ�g�syj�|Lw��q|�kX��Z

ṽSsxt(x, y, z, t) '

Nq1∑

i=1

1

2π2cS
<e



iυ+
S (t, qi) T̃S(υ+

S (t, qi), qi)

∂FS
∂p

(υ+
S (t, qi), t, qi)


 dq1
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wK�yZL|
qi = (i− 1)dq1.

afn
t0S < t < t2S

suj {flL|�suY[xIs@ezZ��<� n�j@goZ�mi�Ow����¡Z
[q0S(t) ; qSP (t)]

Z�j
Nq1
n�jygiZ�mi�Ow����¡Z�e�{XZ�Y�DLY�Z

��suj+�ukXZLkXm
dq1
Z�g�suj|Lw��q|�kX��Z

ṽSsxt(x, y, z, t) '

Nq1∑

i=1

1

2π2cS
<e



iυ+
S (t, qi) T̃S(υ+

S (t, qi), qi)

∂FS
∂p

(υ+
S (t, qi), t, qi)


 dq1

wK�yZL|
qi = q0S(t) + (i− 1)dq1

¨

9�� wu�¡�ysumin°giUXY[Z/{fZ�|�wu��|�kX�0{fZ
ṽSsxt(x, y, z, t)

Z�ehg^{fl�|�min°g¾ezkXm^�¡Z�g}w�±X��ZLwuk ��Z�g^|�Z���kXn{XZ
V Ssxt(x, y, z, t)Z�ehg�{fl�|�min°g^eokXm���Z¾giw�±+�¡Z�w�k� ���u¨

� � �O�V�6��� �$���

AOE�C �G¨ �$ZLei|�syj+{�wuj+{�_§¨O�GZLei|}U+w�Y[x+eL¨f�^cdj+wuY[n�|Lw��fezk+mz»¹wy|�Z�miZLeox9suj+eoZ�su»IwGeoZ�Y[n¡�<n�j �+j+n°giZVwujXnqezsugomisuxXnq|
ZL��wyehgin�|¾Y[ZL{fn�kXY gos*w�j�n�Y�x+kX��eon��uZ¾»¼sum}|�Zy¨ � ��� 	.��� 
3 � � � 	 ���R� ��� EL�u��6 E 8 >OE�E�P��f��P+�¬tzwuj@kIw�m,EL�y�u�+¨

A � C���¨+T�¨+{fZ/��sdsyx�¨FTVUXZ/ezk+mz»¹wy|�Z��¡n�jXZ�eosukXm}|�Z¾xXmisu±X��Z�Y ¨�� �J��� � � 	�� ���U��
 �	���+�j> ��Py�
�f�y�u�X�jE��y�u�X¨
A �(C-Q ¨+½¾min¡Y%wu�>¨��N �j�����J�(�j
 ���#���������1���-<���U�!���	��� �������R���4�4�j��&[�( ���(�/� � ��������
����O� 
3�� � �j��
G���B�#�1)

� ��� � �G
. �	���� �N�3

�
�2�'� ��� �5
���������B���U���,�	�<�j�(�!
�� ���2 �!���	� � �$�Y���1� �j��	�>¨+rFU+�PgiUXZLeon�eL�y]^jXn��uZ�m}eon°gil
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