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k�l dPdn�N�+q l]l WPghrU�a�AdYsY`a� k ��� �+ghX�q�Zb`1w��UrUgxi3jU`���d l sYdT��rUehd�q�sYgvru��^adfcugveh`£w#dYsY`�dfr&q��ud�X�Z+^Fqfw��ugvrU`
���ugveh`F`_ruXbj l gvru��Z]�uqTZ)Zb�U`«w_dPsU`«qfsY�U` l `1X�Zbd&Z]�U`F�Ud�X�Z<� X�Xb`<w_j l gvZ[W¶�Jdfehghw_Wf L² �u`FcuqfXbghwagxsY`1q&ghX,Z]�uqTZ
Z]�U`)w_dPsU`£� l dYsYjtw#` l X�`<rusUX Z]�U`)w#dYsY`£��gvZb�¶qa� l dPdn����ghr¶qFXbjUgªZ�qncUehW&w��Ud�Xb`_r�evd��fgxw<�AZ]�uqTZ�Z]�U`)w_dPsU`£ghX
Xb`<w_j l `f ����Jdfr l `<w_`_�YZ]gvd�r«dn�?Zb�u`�w_dPsU`fÂ�Zb�U`�w#dYsY`�w_dfruXbjU^a` l X�jucU^agªZ�XNZ]�U`�� l dPdn�?Z]d�q£� l dPdn�!w��U`1w�­f` l
��d l Zb�u`«evd��fgxwn L² �PjuX<Â�gvr Z]�U`«cuq�X�gxw k ��� q l w��UgvZb`<w#Zbj l `fÂzZb�U`«d�rUehW¢w#d�^a�td�rU`_r3Z]X£Zb�uqnZ)�uq|�f`:Z]d¶ct`
Z l jtX[Z]`<s q l `aZb�U`L� l d�� l qn^ ehdf��ghwfÂzZ]�U`«� l dPdn��w��U`<w�­�` l dn� Z]�U`«ehdf�fgxwaqnrus°Z]�U`F��d l ^FqnehgxXbqnZbghdfr°dn� Zb�U`
Xb`<w_j l gªZ[W�� l d��t` l Z[W�ghr:Zb�UgxX/ehdf��ghwf ��p`_gvZb�U` l Zb�U`�^ad�cUgveh`�w#dYsY`�rud l Zb�u`�� l df�Jd�Xb`<s:X�`1w#j l gªZ[W)� l dPdf�t�uq|��`
Z]dact`,Z l juX�Zb`1s' 

� r¼Z]�U`_g l Xb`_^aghruqne��Ad l ­?Âu�p`<w_jUehqLqnrus¼o!`_`��hy_~UÂ�y1����qTµYghdf^FqTZ]ghXb`<X�Zb�U`�� l d�� l qn^¤jtX�ghrU�Lq��pd�q l `_³
ehgh­f`pehdf��ghwf 
�ud l q���gv��`_rLXb`<w_j l gvZ[W:�td�evgxw#W�Â�Z]�UgxXAehdf��ghw�w#d�^:`1X/Z]df�f`_Zb�U` l ��gvZb��q���&4��� �1;<��9 � �� �;<�� %��!9 � �� 
" &8 &8����9 �������A�f`<r&Zb�uqnZp�f`<rU` l qTZ]`<X�eh`_^a^FqfXpgvr¢q«X�WPr3Z]qnµP³´sYg l `<w§Z]`<s��±qfXb�Ughdfr¼���Ugxw��¼� l dPdn�±Xpq l `�XbjY�¹³
¥Jw#gh`_r3Z�Z]d�`<ruXbj l `)Zb�U`:� l df�J` l Z[Wf ��Ud l `<qfw��8ev`<^:^FquÂ?q�^Fqfw��UghrU`_³´w��U`1w�­TqncUeh`�� l dPdn�/Zb` l ^ �tqfX�Zbd�ct`
��`_rU` l qnZb`1s8cPW¢Zb�U`Lw_dYsY`«� l dYsYjuw#` l  ��Ud l `1qfw�� k ����gvrtX[Z�qnruw_`fÂ�Zb�U`�� l dPdf�A��d l ^FqTZ�gxX)w_juX�Zbdf^ag��_`1s
��gvZb�¨qnµYgvd�^aXF�.&�� "��hÂ
��d l q l gªZ]�U^a`#Zbgxw_X��§ ! ¼d l `_dT��` l Â?Zb�U`�X�d�jUrusYrU`1XbX�dn�+Zb�U`«��` l gª¥Jw_qTZ]gvd�r°w_dfrusUgªZ]gvd�r
��`_rU` l qnZbd l gxXNrudnZ�� l dT�f`1s)cujYZ�Z�qn­f`<r:��d l � l qfr�Z]`<s'Âf�uq|�PgvrU��q�XNw#d�ruXb`<i3jU`_rtw#` Zb�tqTZ
"[Zb�U` l `��+` l `�` l]l d l X
ghr�Zb�uqnZ�w#dYsY`,Zb�tqTZ�`<X]w_qf�t`1s«Z]�U`,Zb�ud l dfjU���«Zb`1X[Z]gvru�Fdn�!Z]�U`£ghrY� l q�X[Z l jtw§Zbj l `$#%�vy'&��´ 

²�d l `_^a`<sUW8Z]�U`<Xb`L�+`<qf­3ru`<X]X�`1X_Â�(��U�J`_e)�Ó��� �uqfX)� l df�Jd�Xb`<s°Zb�u`�rUdfZbghdfr®df� �4�*�  %'��9 � �� �*+
� �.�
���
;<� �������! " ;<�=%�&��,� k ��� �#  kNl df� l qn^ X]qT��`#Z[W:gxX+sU`#¥urU`1sLsYg l `<w§Z]evWaghr«Z]` l ^aXAdn��qnr«d��t` l qnZbghdfruqfetXb`_^FqnrY³
Z]ghw<X_Â3Z]�U`,�f` l gv¥tw_qnZbghdfrLw_dfrusYgvZbghdfrtX+q l `��f`<rU` l qTZ]`<sa� l df^ Z]�U`,� l d�� l qn^ X�`<^Fqnr3Zbgxw_X l qTZb�u` l Zb�uqfr«� l df^
Xbdf^a`:� l df� l qn^¬ehdf��ghw:qnrus¶Zb�U`«X]qT��`_Z[W¼� l d3df��gxX£qL� l dPdn�NZ]` l ^ dn�AZb�U`ajUrtsY` l evWPghrU��evd��fgxwnÂ'�U` l `Fo-�+ 
² �ughX
ghruw l `<q�X�`1X�Zb�U`�w_dfrY¥tsU`_ruw_`�gvr�Zb�U`�w_d l]l `1w§Z]rU`<X]X�dn�JZb�U`���`_rU` l qnZb`<s)�f` l gv¥tw_qnZbghdfr:w#dfrtsYgªZ]gvd�ruX< �² �U`
sUdT��ruX�gxsY`�df�-� k ���IghXNZb�uqnZ�Zb�u`�w#d�ruX�Z l juw§Z]gvd�r:df�'Zb�U`p� l dPdf�±XNgxXN^FqfsY`�X�gh�frUgv¥tw<qnr3ZbehW�^ad l `�w_df^a�Ueh`#µ
cJ`<w<qnjuXb`�� l dPdf�±X:q l `&sYd�rU`�sUg l `<w#ZbehW®dfrIZb�U`¼Xb`_^Fqnr3Zbgxw_X l qTZ]�U` l Zb�uqfr¦Z]� l dfjU���IXbdf^a`�w_juX�Zbdf^ag��_`1s
ehdf��ghwf 

.�rU` l `<q�X�d�r«��d l cujUgvexsYghrU�aZb�u`)� k ��� q l w��UgvZb`1w§Zbj l `,sYg l `1w§ZbehWLju�td�rLZ]�U`£df�J` l qTZ]gvd�ruqne'Xb`_^Fqnr3Zbgxw_X
gxX)Zb�uqnZ<ÂAi3jUdfZbghrU�/(p�U�J`_eQÂ
"bw#dfrtX[Z l juw#ZbghrU�8q¢^a`<w��uqfrUghw<qnehevW3³Øw��U`<w�­TqfcUev`«w_d l]l `1w§Z]rU`<X]X�� l dPdn��df��q¼��jUehe
���A��`_rF�+dfjUexsacJ`�q�suqnjUr3ZbghrU�£Z�qfXb­?  #�² �UgxXA�uqfX�rU`_��` l Zb�U`<ev`1XbX�ct`<`_rLq�w_w#d�^a�UevgxXb�U`<sacPWa��gh�U­fdT� qnrts
¡ ghexsY^ad�Xb` l � ���PÂP�n~*�'���UduÂ3��d l q l `1qfXbdfruqfcUev`�XbjUcuXb`#Z dn�-03q|�Tq£cPW3Zb`,w#dYsY`fÂP� l dT�f` Z]�U`,X�d�jUrusYrU`1XbXAdn�!q
1 &<�'2�&$��9-� ��&<;<�� % �!9 � �  �w<qnexw#jUehjuX���gvZb� l `<Xb�J`<w§Z�Z]dFZb�u`�cPW�Z]`)w#dYsY`�Xb`_^Fqfr�Z]ghw<X_  ²�dF� l dT��`,� l d�� l qn^FX<Â
Z]�U`_WF� l d��td3X�`�q��PWPc l gxs«qf�U� l d�qfw��aZ]�uqTZ�qfevehdT��X/Z]d�juXb`�ctdfZb�«Z l jtX[Z]`<sLqfrus«jur�Z l jtX[Z]`<sLw_df^a�JdfrU`<r�Z�X_ 
(pr¢`_µUqn^a�Ueh`:df�+qLZ l juX�Zb`<s°w#d�^a�td�rU`_r3Z£ghX�Z]�U`acPW�Z]`Fw#dYsY`a�f` l gv¥u` l Zb�tqTZ43,ev`<gvr qnrts¢�pgv�U­�dT� �uq|��`
��d l ^FqfevgxX�`1s®qnrus¦� l dT�f`<s®w_d l]l `1w§Z)ghr � X]qncJ`_eheh`5�hy<�*�´ 6��r3Z l juX�Zb`1s¦w#d�^a�td�rU`_r3Z]X:q l `«`_µ3Z]` l ruqne X�Z]qTZ]ghw
qfruqnehWYX�` l X�Zb�uqnZ�XbjU�f��`<X�Zp�tdfZb`<r�Z]ghqfe+�±gvrtsYjuw§Z]gv��`1��gvrP�Tq l ghqfr3Z]X< p² �U`<Xb`�ghrP�|q l gxqnr3Z�Xpq l `£Z]�U`_r l `_� l dT��`<s
ghruXbghsU` � X]qncJ`_eheh`£gvr�d l sY` l Z]dadfcYZ�qnghr�q�Z l qnrtX�^agvZ�Z]qfcUeh`£� l d�� l qn^�w#` l Z]gª¥Jw_qTZ]`f 

� r�Zb�UgxX+�uqn�J` l ÂY�+`�� l `<Xb`_r3Z q k ��� gvrU� l q�X[Z l juw#Zbj l `pctqfXb`<s«d�r ;<&8��9 � �1&.% ��7$�<9 ���';49 �! /9 &4��� ��&49 ��9 � �� 
� ~*�´ A�A` l Zbgv¥u`<s�qncuX�Z l qfw#Z+ghr3Zb` l � l `#Z�qTZ]gvd�r«ghX q)Zb`1w��UrUgxi�ju`p��d l `_µPZ l qfw§Z]gvru�:q:X[Z�qTZ]ghw�qnruqfevWYXb` l � l d�^ Zb�U`
w_dfruX�Z l juw#Zbgh�f` � l d3df�Jdf�'gªZ�X�Xb`_^Fqnr3Zbgxw�w#d lbl `<w#ZbrU`1XbX<ÂT� l dYsYjuw#ghrU��qnZNZb�U`�Xbqf^:` Z]gv^a`pqfrFqnruqfevWYXb` l qnrts:q
� l dPdn�/d�cYm[`<w#Z�w#` l Z]gª��WPghrU�«gvZ]X�X�`<^Fqnr3Zbgxw)w_d l]l `1w§Zbru`<X]X_ 7��X�ghrU�Lw_` l Zbgv¥u`<s¶qfcuX�Z l qfw§Z�gvr3Zb` l � l `_Z]qTZ]gvd�r¼�uqfX
Z]�U`,��dfehehdT��gvrU��Zb� l `<`�qfsY�Tqnr3Z�qn�f`1X98

•
Zb�U` k ��� ghrY� l qfX�Z l juw§Z]j l `,�uq�X�X�`<^Fqnr3Zbgxw���dfjUrusuqTZbghdfrtX�qfX�X�Z l dfrU�aqfX+Z]�Ud�Xb`,dn�:� k ����Â

; Ï?Ö�<>=@?@A
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•
w#dYsY`�w#` l Zbgv¥tw<qTZb`1X)w<qnr¨cJ`LcUjugvevZ�� l df^ l `<XbjUeªZ�X)df��jUr3Z l juX�Zb`<s¦X[Z�qTZbgxw«qfruqnehWYX�` l X£��gvZb�udfjYZ:Zb�U`
rU`_`1s�dn� l `_³Q� l dT�Pgvru��Zb�u`<Xb` l `<XbjUevZ]X ghruXbghsY`�q�Z]�U`_d l `<^¤� l dT�f` l Â

•
� l d3df�Nw_q l]l W3ghrU�a� l dPdn�/w��U`<w�­�` l X�w_qfr�cJ`)cujUgvevZ�ghr¶Xbjuw��¶qF� q|WFZb�uqnZpZ]�U`)w#dYsY`�w#dfrtX�jU^a` l w_qfr
w��U`<w�­«Zb�U`<g l w_d l]l `1w§Zbru`<X]X+qfjYZbd�^FqTZbgxw_qfevehWFjuXbgvru�aZb�U`��AdYiaZ[WP�J`�w��U`<w�­PghrU��^a`1w��uqnrUgxXb^� 

² �u`)Z]�Ug l s¢�td�gvr3Z,df�J`_ruX�jU�¢��d l Zb�u`:�Jd�X]XbgvcUghehgªZ[W¼df�AXbqn��`_ehW¶sYdT��rY³´evd3qfsYghrU�«� l dPdn�+w��U`<w�­�` l X_Â?qfsUsUgvrU�
�t`#µYgvcugvehgªZ[W«ZbdaZb�u` k ��� ghrY� l qfX�Z l juw§Z]j l `f 

� r8Zb�U`:rU`#µPZ,X�`1w§Zbghdfr8�A`��fgh�f`)qfr¶dT�f` l �Pgh`_� dn�/Z]�U` k ��� q l w��UgªZ]`<w#Zbj l `)cuq�X�`1s&dfr8w_` l Zbgv¥u`<s¢qncY³
X�Z l qfw#Z�gvr3Z]` l � l `_Z]qnZbghdfrz �VP`<w#Zbghdfr¶�Fw_dfr3Z]qfgvruX�Zb�U`:X�WPr3Z]qnµ�qnrts�Xb`_^Fqfr�Z]ghw<X�df�/qacPW3Zb`�w#dYsY`�exqnrU��juqn��`
Z]�uqTZ+��gvehe?X�` l ��` Zbd)`_µY`_^a�Uehgª��WFqnrtsa`#µY�t` l gh^a`_r3Z�Z]�U`�q l w��ugªZ]`<w§Z]j l `f  � r�VP`<w#ZbghdfruX�~�qfrus«�,�+`pdfjUZbehgvrU`
Z]�U`�� l qf^:`<�Ad l ­°dn��w#` l Zbgv¥u`1s¦qnctX[Z l q�w§Z�ghr3Zb` l � l `#Z�qTZ]gvd�r¨gvr �AdYi®qnrus¦gvruX�Z]qfr3ZbgxqTZb`1X�Z]�UgxX:��d l q8rU`<�
X�Z]qnZbgxwpqfruqnehWYX�gxX/��d l ghr3Zb` l �TqneJqnruqfevWYXbghX�dfr«cPW3Zb`,w#dYsY`�� l d�� l qn^FX< !² �U`�`_rus l `<XbjUevZAgxXAZb�U`£�AdPiaXbgv��ruqT³
Z]j l `£dn�NqFX[Z�qTZ]ghw£qfruqnehWYX�` l w#` l Zbgv¥u`1s���gvZb� l `<Xb�J`<w§Z�Z]d«qFX�`1w#j l gvZ[WL�Jdfehghw_Wf +VY`<w§Z]gvd�r¶}FsY`<X]w l ghct`1X��UdT�
� l dPdn�!w<q l]l WPghrU�£� l dPdn�!w��U`1w�­f` l XNw<qnr«cJ`�cujUgvevZ+� l d�^ w_` l Zbgv¥u`<sLX[Z�qTZbgxwpqfruqnehWYX�`1X_ �¡°`�¥ l X[Z � l `<Xb`_r3ZAqfr
jurUdf�YZ]gv^agxX�`1s¶� l dPdn�Aw��u`<w�­f` l qfrus¼Z]�U`_r sY`_��`_ehdf�°q«� l dPdn�Aw��U`1w�­f` l ���Ugxw��¢w_` l Zbgv¥tw_qnZb`1X�q l ` ���$�+� �! /9
�.&.;<�  ��9 ���/;89 � �� ��9 ����9 &:" � &$�§ ¶VP`<w#ZbghdfrI{�`_µP�uehqfgvruX)�UdT� Zbd¶��`_rU` l qnZb`F`��«w_gv`<r�Z:X[Z l qnZb`_��gv`1X,Zb�tqTZ)eh`<q�s
Z]dL��` l W�w_df^a�uqfw#Z�� l df� l qf^%w_` l Zbgv¥tw_qnZb`<X< £VP`<w#Zbghdfr5&L`#µY�UexqnghruXp�udT� Zb�U`«�AdYi�� l d�� l qn^ `_µPZ l qfw§Z]gvd�r
^a`1w��uqnrUgxXb^�gxXNjuXb`<s:Z]d£gv^a�Ueh`_^a`_r3Z+`��«w#gh`_r3Z�� l dPdn�'w��U`<w�­�` l X/qnrusFsU`<X]w l gvcJ`<XNqfra`#µY�t` l gh^a`_r3Z]qfeu`<�|qfeª³
jtqTZbghdfr¼df�
Zb�U`�ghrY� l qfX�Z l juw§Z]j l `£gvr¼���Ugxw��8qFw_dfehev`1w§Zbghdfr¼df�Nq l]l q|W3³´gvr3Zb`<ruXbgv��`�qneh�fd l gvZb�u^aXpq l `�w#` l Zbgv¥u`1s
Z]da�fjuq l qfr�Z]`_`�Zb�uqnZ�Zb�U`�w_dYsY`,��gvehezrUdfZ ^Fqf­f`£q l]l q|WFq�w_w#`1XbXb`<XAZ]�uqTZpq l `,dfjUZ df��cJdfjurus' 
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² �u`«� l d3df� w��u`<w�­f` l ghX�Zb�U`�w#d l rU` l X�Zbd�rU`adn��q k ��� ghrY� l q�X[Z l jtw§Zbj l `�  kNl `_�PghdfjuX�� l qf^:`<�Ad l ­YX��uq|��`
q�sY�fdYw<qTZb`1sLXb^Fqnehe6ÂU�+`_ehev³´X�ZbjusUgv`1s'Â%�u`#µYghcUeh`£� l dPdf��w��U`1w�­f` l X'&3ghr&�uq l Zbgxw#juehq l Zb�U`£� l dPdn�¹³Øw��U`<w�­�` l dn��Zb�U`
( �." � ;<�*+%� ����
3& 1 ���>2��6o-�/�§ n² �u` o �&� l d3df�tw��U`1w�­f` l ghX
Xb^Fqnehe3��gvZb�aXbdfjUrus�Zb�U`<d l `#Z]ghw<qne���dfjUrusuqTZbghdfrtXØ�
Z]�UgxX�ghruw l `<q�X�`1X�w#dfrU¥tsY`_rtw#`£ghr¼gªZ�X�w#d lbl `<w#ZbrU`1XbX< �² �U`��t`#µYgvcugvehgªZ[W�dn�No-�I^a`<qfruX Zb�tqTZ�qfr3WL�uq l Zbgxw#jUexq l
k ��� ghruX�Z]qfruw#`«w<qnr ct`�w_qfX�Z�ghr�Z]d&Zb�U`«� l qf^:`<�Ad l ­?  �pdT�A`<�f` l Âzghr Zb�ughX�X�`_Z�ZbghrU�tÂ�cUjugvexsYghrU�¶q¼� l dPdn�
�6qnr®o-�·Zb` l ^«��gxX£qTZ�cJ`<X�Z�rUdfrY³QZ l gh�3gxqne��6qfX£ghr®��`1w#jUexqU� X,cuqfXbgxw k ��� � l qn^a`<�Ad l ­U��qnrus°X�d�^a`#Zbgh^a`<X
ghrY��`1qfXbgvcUeh`f 

(+Z�Z]�U`LdfZb�U` l `_rts dn�+Zb�U` k ����X��J`<w#Z l jU^&Â!Z]�U` 03q|�|q&cPW3Zb`«w_dYsY`«�f` l gv¥u` l juX�`1s gvr Z]�U` 3)�  
�Ó�n�*� l `<evgh`<X�dfr®q¼X��tq l X�`:Z[WP�t`�qnrUrUdfZ]qnZbghdfr°Zbd¶q�XbXb`<X]X�Z[WP�t`_³´X]qT��`_Z[Wf �² �ughX£� l dPdn��w��U`1w�­f` l �tqfX£cJ`_`<r
sU`<Xbgv��rU`<s)��d l Z]�U`�X��J`<w_gª¥tw+Z�qfXb­�dn�JcPW�Z]`�w#dYsY`�w��U`1w�­3ghrU�tÂT���Ughw��:^a`<qfruX�Zb�uqnZNgªZNgxX��±qfX�Z�qnrts)juXb`�X�^Fqfeve
w_` l Zbgv¥tw_qnZb`1X_  � r�q�sUsYgvZbghdfrzÂPZ]�U`£X��J`<w_ghqfevgxXb`<sFruqnZbj l `�dn��Xbjuw���sY`<sYgxw_qnZb`1s«� l dPdn��w��U`1w�­f` l XA^a`<qnrtX�Z]�uqTZ
Z]�U`_W�q l `�df�¹Zb`<r�`1qfXbgv` l Zbd«sY`1X�gh�fr&qnrus�w#d�ruXb`<i3jU`_r3Z]evW«� l dT��`�w_d l]l `1w§Z< 

� r8Zb�U`)��dfehevdT��ghrU�uÂJ�+`)� l df�Jd�Xb`)qnr8`#µPZb`<ruX�ghcUeh` k ��� � l qf^:`<�Ad l ­LZb�uqnZ�qfevehdT��X�Z]d�sYdT��rUehd�q�s ��%
�/�
;�� l dPdn�¹³Øw��U`1w�­f` l X�X]qT��`_ehWf  � Z�X,q l w��UgªZ]`<w#Zbj l `)gxX�XbjU^a^Fq l ghXb`<s¶gvr ��gv��j l `�yn �² �U`aq l w��UgvZb`<w#Zbj l `)ghrY³
sUjuw#`1X)q�Z[�+dn³ØX[Z]`_� � l dnZbdYw_dfeNcJ`#Z[�+`_`<r¢Z]�U`L� l dYsYjuw_` l qfrus¢Zb�U`�w#d�ruX�ju^:` l   � r Zb�u`F¥ l X[Z�X�Zb`<�zÂ�Zb�U`
� l dYsYjuw_` l i3jU` l gh`<X+Z]�U`�w_dfruXbjU^a` l Z]d«­PrUdT� ���U`#Z]�U` l gªZpdT��rtX Zb�U` l `<ev`<�|qfr3Z�� l dPdf�¹³´w��U`1w�­f` l   � �/rUdfZ<Â
Z]�U`)� l dYsYjuw_` l X�`<rusUXpZb�U`aw��U`<w�­�` l Z]df��`#Zb�u` l ��gvZb�¢gªZ�X�XbdfjurusYrU`1XbXp� l dPdf�[ �² �UgxX�XbdfjurusYrU`1XbX�� l d3df�/ghX
Z]�U`_r¦�f` l gv¥u`<s°cPW°q¶�f`_ru` l qneN�Uj l �Jd�Xb`«� l dPdn�¹³Øw��U`<w�­�` l cPW8Z]�U`�w_dfruXbjU^a` l ���UduÂ
gv��Zb�U`«��` l gª¥Jw_qTZ]gvd�r

Ï¹Ð±ÑÓÒ´Ô
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Xbjuw<w#`_`1sUX<Â'gvruX�Z]qfevexX�Zb�U`arUdT� w_` l Zbgv¥u`<s°w��U`1w�­f` l   � r8Z]�UgxX,�+q|W�Zb�u`aq l w��ugªZ]`<w§Z]j l `�w#d�^)cUghrU`1XpZ]�U`FqfsP³
�Tqfr�Z�qn��`<X dn�
cJdnZb�¼q:Z l juX�Z[�+d l Zb�PWLw#d l `,� l dPdn�/w��U`<w�­�` l qnrts �t`#µYgvcuev`��'% �/�
;�� l d3df�
w��u`<w�­f` l X<  .�ruw#`
Z]�U`�� l dPdf�!w��U`<w�­�` l �tqfX+ct`<`_r�gvruX�Z]qfeveh`<szÂ�Z]�U`,w#dfrtX�jU^a` l gxX l `1qfsYW:Zbd:sYdT��rUehd�q�saZb�U`�� l df� l qf^ df�zZb�U`
� l dYsYjuw_` l  4(pX,gvZ£ghX,w#jtX[Z]df^Fq l WfÂJZb�u`:� l dYsYjuw_` l X�`<rusUX�Z]�U`�� l d�� l qn^¬�uqfw�­Tqf�f`<s¶��gªZ]�°q�w#` l Z]gª¥tw<qTZ]`
Z]d)cJ`�w��u`<w�­f`1sacPW�Z]�U`�� l `<�Pgvd�juX�ehWasYdT��rUehd�qfsU`<sa� l dPdn�zw��U`<w�­�` l  �²�d)cJdPdnZ�X[Z l qf�aZb�U`�gvrU� l q�X[Z l juw#Zbj l `fÂ
Z]�U`�w_dfruXbjU^a` l dfrUehWa�uqfXNZbd�ghruX�Z]qnehe?q£�f`<rU` l qneU�uj l �Jd�Xb`�� l dPdn�zw��U`1w�­f` l &fd�j l � l qn^a`<�Ad l ­�ghX�cuqfXb`<sad�r
Z]�U`��AdYiF� l dPdn��q�XbXbgxX[Z�qnr3Z � }UÂU� �Q 

����� ���	��
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��������������
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² �u`A� l dYsYjuw_` l qnrus:w#d�ruXbjU^a` l �uq|�f`AZbd,qn� l `<`�dfr:q���d l ^aqfe�^a`1qnrUghrU��dn�uZ]�U`�X[Z�qTZ]`_^a`_r3Z"($(I� l df� l qn^
k XbqnZbgxX[¥u`1X�q¶Xb`<w_j l gvZ[W8� l d��t` l Z[W V k (T ¶² �ughX)ghX�sYdfrU`Lc3W¢� l dT�3gxsYghrU�¶q¢�AdYi°X��J`<w_gª¥tw<qTZ]gvd�r°df��Zb�U`
Xb`_^Fqfr�Z]ghw<XA�±�U` l `fÂTq�X�^Fqfevev³´X�Zb`<��df�J` l qTZ]gvd�ruqne3X�`<^Fqnr3Zbgxw_X��'df�UZb�U`+� l df� l qf^�Â|qnrts£� l dT�3gxsY`+qpXb`_^Fqnr3Zbgxw_X
ghr3Zb` l � l `#Z�qTZ]gvd�r¶dn�NZ]�U`aX�`1w#j l gªZ[W¼� l d��t` l Z[W� �¡°` l `1X[Z l gxw§Z,dfj l qTZbZb`<r�Z]gvd�r¶Z]d�X]qT��`_Z[W¼� l d��t` l Z]gv`1X�Z]�uqTZ
^�juX�Z��Ud�ehs·��d l qnehe�Zb�U` l `1qfw��uqfcUeh`8`#µY`1w#jYZ]gvd�r X[Z�qTZ]`<X<   ¼d l `8� l `<w_ghXb`_ehWfÂ�Zb�U`¦�AdYi¸X��J`<w_gª¥tw<qTZ]gvd�r
� l dT�PgxsY`<X�8

•
Zb�U`,Z[WP�J`£dn�
� l df� l qn^FX

Pgm
Â

•
qaX�`<^aqfr3Zbgxw�sUdf^Fqnghr���d l X�Z]qTZ]`<X

State
Â

•
qaX�`_Z�dn�
gvrUgvZbgxqnezXb`_^Fqfr�Z]ghw,X�Z]qnZb`<X)8

S0 ⊂ State

•
qaX�`<^aqfr3ZbgxwpZ l qfruXbgªZ]gvd�r l `_exqTZ]gvd�r�ghrusY`_µP`1s�c3WL� l d�� l qn^FX

→p⊆ State × State
Â

•
Zb�U`aXb`_^Fqnr3Zbgxw£ghr3Zb` l � l `#Z�qTZbghdfr¼df�NX�`1w#j l gªZ[W��Jdfehghw_gv`1X 8�q«� l `1sYghw<qTZ]`�dfr8X�Z]qnZb`1X

Safep ⊆ State
Â

�uq l qn^a`_Zb` l gxX�`1s«cPW«� l df� l qf^� 
(�X�juX�jtqneQÂn�A`+rUdfZb`

→∗
p

Z]�U` l ` �u`#µYgh�f`NZ l qfruXbgªZ]gv��`+w_evd3X�j l `�df�uZ]�U`�Z l qfruXbgªZ]gvd�r l `_exqTZbghdfr�dn�UZ]�U` � l df� l qn^
p
 �² �U`Fw_dfehev`1w§ZbghrU�&X�`<^Fqnr3Zbgxw_X�dn� qL� l d�� l qn^

p
gxX£sY`#¥trU`<s°qfX�Zb�u`aXb`#Z£df�+qnehe l `1qfw��uqfcUeh`�X�Z]qTZ]`<X�cPW

→p

ÂuX[Z�q l ZbghrU�:� l d�^ qnr�`_eh`_^a`<r�Z�df�
S0

)�»'*,+,- � -±À.+0/2143
JpK = { s ∈ State | ∃s0 ∈ S0, s0 →∗

P s }

)�»'*,+,- � -±À.+0/215/ � � ���." ����
 � ��Xbqn��` � �2�*+ +��!9,�-��&<�';��/��79+)& �<9 ��9 &$�2� ��&4�4���4&��

JpK ⊆ Safep

�[y1�
6�gh�f`<r¢q�� l d�� l qn^

p
ÂJZb�u`aw_dYsY`�� l dYsYjuw_` l �uqfXpZb�u`_r¢ZbdL� l dT�PgxsY`�q�^Fqfw��UghrU`#³Øw��U`1w�­f`<s&� l dPdn�Ndf�

��y1�#  �pdT�A`<�f` l Â+�AdYi � l dPdn�±XFq l `��fdPdYs¨`#µUqf^:�uev`�dn��^aq�w��UghrU`#³Øw��U`<w�­�`<s®� l dPdn�[ÂAcUjYZLw_dfruX�Z l juw§Z]gvru�
� l dPdn�±X �! 69:&8����;89 � � &9+ �ajuXbgvrU��Z]�U`L�AdPi¶� l dPdf�+qfX]XbghX�Z]qfr�Z£i3jUgxw�­3ehW¶cJ`<w_df^a`<X,jUrU��`<qfXbghcUev`:��d l evdT� eh`_��`_e
exqnru�fjuqf�f`<X<  � rtX[Z]`<qfszÂY�A`,� l df�Jd�Xb`�Z]d:jtX�`,qncuX�Z l qfw#Z+ghr3Zb` l � l `#Z�qTZ]gvd�r«ZbdFqfjYZbd�^aqnZb`�Zb�U`£w_dfruX�Z l juw§Z]gvd�r
df�J� l d�� l qn^ w#` l Z]gª¥Jw_qTZ]`<X<  � raZ]�UgxXNX�`_Z�Z]gvrU�tÂ�� l d�� l qn^FX
q l ` qfjYZbd�^FqTZbgxw_qfevehW)qfrUrUdnZ�qTZ]`<s:��gªZ]�F� l df� l qn^
� l d��t` l Z]gv`1X��±`_eh`_^a`_r3Z]X�df�AqncuX�Z l qfw#Z,sUdf^FqnghruX�� Zbd��f`_Zb�U` l ��gvZb�°qnr l `1w#dfrtX[Z l juw#Zbghdfr8X�Z l qTZ]`_��Wf  kNl d3df�
w��u`<w�­Pgvru�£rUdT�·qn^adfjur�Z�X/Z]d)`#µY`1w#jYZ]gvrU��Zb�U` l `1w#dfrtX[Z l juw#Zbghdfr«X�Z l qTZ]`_�fW�Âf��` l gª��WPghrU�£Zb�tqTZAgvZAeh`<q�sUX/Z]d�qfr
qfcuX�Z l qfw§Z ghr3�Tq l gxqnr3Z Zb�uqnZ�gv^a�Uehgv`1X Zb�u`�X�`1w#j l gªZ[WL�td�evgxw#W� 
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���4� ��� !� "%,

�"������� ��� ��

������� ���"������� ���
² �u`�w#` l Zbgv¥u`1s�w��u`<w�­f` l XA^)jtX[Z�gh^a�Uev`<^a`_r3Z�Zb�u`�X�gh�fruqnZbj l `,`#µY� l `<X]X�`1sLcPWFZ]�U`:�AdYiF^adYsYjUeh`��
	���
������
ghr ��gv��j l `8�Y  ² �U`¼��jUrtw§Zbghdfr�
�	���
������ Z�qn­f`1XaZ[�+d¨q l �fjU^a`_r3Z�X988q¨� l d�� l qn^��®qnrts q®w_qnrtsYghsuqTZb`
w_` l Zbgv¥tw_qnZb`�
������F�f`<rU` l qTZ]`<s&cPW�qfr¶jUr3Z l juX�Zb`1s¼`#µPZb` l rtqne!� l dT��` l   � ��Zb�U`�
�	���
������a��juruw§Z]gvd�r l `#Zbj l ruX
�������PÂ/Zb�u`&w_df^a�uqfrUgvd�r¨Z]�U`_d l `<^�
�	���
���������� �°`<ruX�j l `1X)Z]�uqTZ:Zb�u`�� l d�� l qn^ ghXaX]qT��`�Â�qfXasY`_¥urU`<sIghr
! `#¥trUgªZ]gvd�r&�U  �Y 
² �PjuX<ÂPZ[WP�t`,w��U`1w�­3ghrU�)Zb�U`,� l df�Jd�Xb`<s«w��u`<w�­f` l cPWaZ]�U`£w#dYsY`,w#dfrtX�jU^a` l � l dT�f`1XNZ]�uqTZ
Z]�U`£w��U`<w�­�` l ghX w_d l]l `1w§Z<  � r¼VP`<w#Zbghdfr�}��+`,X��UdT� �UdT� Zbd:gh^:�uev`<^:`<r3ZpX�juw���w#` l Z]gª¥u`1s�w��u`<w�­f` l X�juXbgvrU�

" �$#$�&%'�)('*,+-�.�,	/�-
��0�'�21�-3��43�5&�'�-�'��
'�'���/6,706�
$3'�4�98�:$�$�;1�-3��43�5&�'�-�'�<
�	0�-
��/�'�=8>+-�-�'?��43�5
→


$�����/6,7/64
$3'�4�
→ @ �'�'%;1�-3��43�5&�'�-�'��
A	/�-
��/���-���A�B8

∀
�C
��,�$��D
�	/�/
��/�'�)�C
,�$�'�FEG�'�,�-�
→ J

�
K ⊆ H :$3$7��)�JIK1

L$M #F�$	/�-
��/���N1

��gh�fj l `�� 8 � r3Zb` l �±q�w#`���d l w_` l Zbgv¥u`<s�� l dPdn��w��u`<w�­f` l X

w_` l Zbgv¥u`<s�X�Z]qTZ]ghw£qfruqnehWYX�`1X_ 

O PRQ 
�� �+�F��� �#�)�TS�����S���U � Q ��
��9V �)���$�!�;W ����
��#�+�

² �u` k ��� q l w��UgvZb`<w#Zbj l `)ghr/��gh�fj l `�y�gxX�� l d�� l qn^a^agvru�«ehqfrU�fjtqn�f`)gvrusU`_�J`_rusY`<r3Z,cujYZ,Zbd�^aqf­f`�Zb�U`
� l `1X�`<r�Z�qTZ]gvd�r¼^:d l `:w#d�ruw l `#Z]`)�+`)��gheve
juXb`:qL�uq l Zbgxw#juehq l exqnrU��juqn��`£Zbd�gvehehjuX[Z l qnZb`�Zb�U`:� l gvrtw#gh�Uev`1Xpdf�
d�j l qn�u� l d3qfw��z  .�j l `#µUqn^a�Ueh`£� l df� l qf^:^aghrU�:ehqfrU�fjuqf�f`,gxX�qnr&gh^:�J` l qTZ]gv��`,� l qf�f^a`_r3Z�df��03q|�Tq�cPW3Zb`
w_dYsY` Zb�uqnZ�df�J` l qTZ]`<X
d�raq,�Pg l Z]juqneY^Fq�w��Ugvru`���gªZ]�«qnradf�J` l qnrusaX�Z]q�w�­JÂ�q£X�`_ZNdn�?evdYw_qfeU�Tq l ghqfcUeh`<X/qnrts:q
�u`<qn�adf�'q lbl q|WYX_  ( � l df� l qn^�ghXNq£Xb`<i3jU`<ruw#`pdn�JZ l gv�Ueh`<X

(p1, instr , p2)
^a`1qnrUghrU�,Zb�tqTZAw_dfr3Z l dfeY�uq�XbXb`<X

� l df^ � l d�� l qn^ �Jdfghr�Z
p1

Zbd
p2

���ugveh`£`#µY`<w_jYZbghrU�
instr

 
² �U`FghruX�Z l juw§Z]gvd�r®X�`_Z)w#dfr3Z�qnghruX,df�J` l qTZ]d l Xp��d l X�Z]qfw�­8^aqfrUgh�UjUexqTZbghdfrtX_Â�gvr3Zb`<�f` l q l gªZ]�U^a`#ZbgxwFqnrts

��d l/l `1qfsYghrU�tÂfX[Z]d l gvru�,qfrus:gvrtw l `_^a`_r3ZbghrU�£ehdYw_qneY�Tq l gxqncUeh`<X< �VY�t`1w#gv¥tw�ghruX[Z l jtw§ZbghdfrtX
��d l q lbl q|W£^FqnrUgh�UjY³
exqTZ]gvd�ruX
�J` l ^:gvZNZ]d�w l `<qTZ]`fÂ�dfcYZ�qnghr)Z]�U`pXbg �<`�dn�[ÂfghrusY`_µaqfrus:jU�?sUqTZ]`�q l]l q|WYX< !² �U` �udT�Idn�'w#d�r�Z l d�eUw_qfr
cJ`a^adPsUgª¥u`1s¶jUrtw#dfrtsYgªZ]gvd�ruqnehehW¨����gvZb� 6�dnZ]d3��qnrus¢w#dfrtsYgªZ]gvd�ruqnehehW¼��gªZ]�8Z]�U`:�±qn^agvehW¼dn�AgvruX�Z l juw#ZbghdfruX
� ��X�gxw#^a��;<�  %����Ugxw��:w_df^a�uq l `AZb�U` Z]df�a`_eh`_^a`_r3Z�X
dn�JZb�U` l jUrY³QZbgh^a`�X[Z�qfw�­�qnrts�c l qfruw���q�w_w#d l sUgvrU��Zbd
Z]�U`,dfjYZ�w#d�^:`� :��ghruqfevehWfÂPZ]�U` l `�q l `�ghruX[Z l jtw§ZbghdfrtX+��d l gvru�UjYZ�Z]gvru�aqfrus l `_Zbj l rUghrU���TqfevjU`1X_ /² �U`£XbWPr�Z�qTµ
gxX�XbjU^a^aq l gxXb`<s�gvr�Zb�u`,��dfehevdT��ghrU��Z]qncuev` 8

; Ï?Ö�<>=@?@A
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� "�
 8 8�� � �/;3�! ��9 �)�/;<�
∗

�! ��9 � 8 8�� ��d���� � �ujuX�� ��� k d���� ! ju�
� � rU`_��� � q�sUs�� � X�juc�� � ^�jUevZ
� (�ehd�q�s ��� (pX�Zbd l `"��� � ehd�q�s ��� � X�Zbd l `"��� � gvruw"�  
� ��`<�+q lbl q|W�� ( l]l q|WPeh`_rU�fZb��� � qnehd�qfs�� � qfX�Zbd l `
� 6�dnZ]d �/;
� � ��X�ghw_^a��;<�� %��/;

cond ∈ {eq, ne, lt, le, gt, ge}� � gvru�UjYZ�� �Øl `#Z]j l r��
	�`_Zbj l r

¡°`«�uq|��`:eh`#�¹Z�d�jYZ�Z]�U`Fgvr3Z]` l ³Q� l dYw#`1sYj l qne/qnrus°d�cYm[`<w#Z�³´d l gv`<r�Z]`<s¢ehq|W�` l X�dn�+Zb�U`FexqnrU��juqn��`f «² �U`
� l `1X�`<r�Z+� l qn�f^a`<r�Z gxX�X�j �«w_gv`<r�Z]evWL�f`_ru` l qneJ��d l qTZ Z]�U`£Xbqf^:`�Z]gv^a`,gvehehjuX[Z l qnZbghrU�:Zb�U`,rUdT��`_evZbgh`<X+dn��dfj l
qf�U� l d�q�w��«qnrus��t` l ��d l ^�`_µY�t` l gh^a`_r3Z]X+dfr�w#dYsY`,dfcUZ]qnghrU`1sF� l df^¤w#d�^a�UgvexqTZ]gvd�rLdf�
03q|�|q�X�d�j l w#`�w_dYsY`f 
(pr `#µPZb`<ruX�ghdfr8Zbd&Z]�U`adfcYm[`1w§Z�³´d l gh`_r3Zb`1s¶exq|Wf` l �+dfjUexs¢ct`FsYd�rU`F^)juw��°ghr8Z]�U`«Xbqf^a`:� q|W¶qfX£q lbl q|WYX
q l `)Z l `<qnZb`<s8�U` l `f 4(�w#` l Z]gª¥t`<s8X�Z]qnZbgxw�qfruqnehWYX�gxXp��d l dfcYm[`1w§Zb³Qd l gh`_r3Zb`1s®�,03q|�Tq��+q l su�pcPW�Z]`:w_dYsY`�� qfX
sU`<X]w l gvcJ`<s�gvr � ~*�´ 

² �U`FcPW3Zb`Fw_dPsU`:exqnru�fjuqf�f`:ghX,��gv��`_r qnr°df�J` l qTZbghdfrtqne/X�`<^Fqnr3Zbgxw_X�Zb�tqTZ�df�J` l qTZ]`<X���gvZb� � l df� l qn^
X�Z]qnZb`1X£dn� Zb�u`«��d l ^

< pp, h, s, l >
���U` l `

pp
ghX�q¼� l df� l qf^ �td�gvr3Z�Z]d¶cJ`L`#µY`1w#jYZ]`<s rU`_µ3Z1Â

h
ghX�q

�u`<qn�°��d l X�Zbd l ghrU�¼qnehevdYw_qnZb`1s°q lbl q|WYX_Â
s
gxX�qnr®d��t` l qfrus X[Z�qfw�­?Â�qfrus

l
gxX)qnr `<r3�Pg l d�rU^a`_r3Z�dn��ehdYw_qne

�Tq l gxqncUeh`<X<  (pr8q l]l q|WFghXp^:dYsY`<eveh`<s&cPW�qF�uqng l w_dfruXbghX�ZbghrU�Fdf��Z]�U`)Xbg �<`�dn�
Z]�U`)q l]l q|W«qnrus¼q:��jUrtw§Zbghdfr
Z]�uqTZ���d l qa�fgh�f`<r�ghrusY`_µ l `#Z]j l ruX+Zb�U`)�|qfevju`�X[Z]d l `<s�qTZ�Z]�uqTZ�ghrusY`_µ?  ( Xb�t`1w#gxqnez` lbl d l X�Z]qTZ]`�� l]l d l ghX
jtX�`1s«Z]dF^:dYsY`<e'`#µY`<w_jYZbghdfr&` lbl d l X����ughw����U` l `�q l gxX�`�� l d�^¤ghrusY`#µYghrU�Fqnr¼q l]l q|W:d�jYZ]XbgxsY`,gªZ�X�ctd�jUrusUX< 

Val = num n | ref ref n ∈ Z, ref ∈ Location

Stack = Val∗

LocVar = Var → Val

Array = (length : Z) × ([0, length−1] → Val)

Heap = Location → Array⊥

State = (Ctrl × Heap × Stack × LocVar)

+ Error

² �U`¼d��t` l qnZbghdfruqfe�X�`<^Fqnr3Zbgxw_XagxX«sY`_¥urU`<s©�Pgxq®q8Z l qfruXbgªZ]gvd�r l `_exqTZ]gvd�r
→

ct`_Z[�A`<`_r X[Z�qTZ]`<Xaghr¸q
X�Z]qfrusUq l sL�±qfXb�Ughdfr&qnrus���ghevezrudnZ�cJ`£`#µY�UexqnghrU`<s�gvr¼sY`_Z]qfgveQ  ( ��`_� l jUeh`<X dn��Zb�u`�sY`#¥urugªZ]gvd�r�df�

→
q l `

Xb�UdT��r�ct`<evdT�£ N² �U`<W«ghevehjuX�Z l qTZb`£sYg�
?` l `_r3Z�qfXb�t`1w§Z]X df��Z]�U`£cPW3Zb`£w#dYsY`,exqnrU��juqn��`�&Pgvr&�uq l Z]ghw_jUexq l �UdT�
q lbl q|Wactd�jUrus&w��U`1w�­PX q l `,�J` l ��d l ^:`1sL���u`_r¼qfw<w#`<X]XbgvrU�aqnr&q l]l q|Wf 
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instrAtP(p1, Ipush n, p2)

<p1, h, s, l>→P <p2, h, (num n) :: s, l>

instrAtP(p1, If
X

icmplt p, p2) n1 < n2

<p1, h, (num n2) :: (num n1) :: s, l>→P <p, h, s, l>

instrAtP(p1, If
X

icmplt p, p2) ¬ n1 < n2

<p1, h, (num n2) :: (num n1) :: s, l>→P <p2, h, s, l>

instrAtP(p1, Iload x, p2) l(x) = num n

<p1, h, s, l>→P <p2, h, (num n) :: s, l>

instrAtP(p1, Iaload, p2) h(ref ) = a 0 ≤ i < a.length

<p1, h, (num i) :: (ref ref ) :: s, l>→P <p2, h, (num a[i]) :: s, l>

instrAtP(p1, Iaload, p2) h(ref ) = a ¬ 0 ≤ i < a.length

<p1, h, (num i) :: (ref ref ) :: s, l>→P Error
² �ughX�sY`_Zb` l ^aghrU`<X Z]�U`�Xb`_^Fqnr3Zbgxw_X

JP K
dn�
q:� l d�� l qn^

P
qfX�X�Zbgh�UjUexqTZb`1s�gvr ! `#¥urUgvZbghdfr¶�U vyf 

� �����z
!���)�N
%���BW ���_���

²�d©�f` l gv��WIZ]�uqTZ¶q¦� l d�� l qn^
p
ghX&X]qT��`fÂ��A`°�uq|��`¶Zbd¸w��U`1w�­IZ]�uqTZ

JpK ⊆ Safep

 ��+`<w<qnjuXb`8� l dn³
� l qf^%Xb`_^Fqnr3Z]ghw<X�q l `£gvr8�f`_ru` l qnezjUrtw#df^a�UjUZ]qncuev`�ÂJw_df^a�UjYZ�qTZbghdfrtX�q l `�sYdfru`�gvr¢qnr¶qnctX[Z l q�w§Z��+d l ehs'Â
��d l ��`#ZbZbghrU�¶� l df�J` l Zbgh`<X)Zb�uqnZ:q l `�rUdnZ:rU`_`1sY`<s ��d l Z]�U`��f` l gv¥tw_qnZbghdfrz  ��`_rtw#`�qfr¦qnctX[Z l q�w§Z�sYd�^Fqnghr
(

State],v],t],u],⊥State]

) ��gªZ]��q�ehqnZ�Z]ghw_`,X�Z l juw#Zbj l `�gxX ghr�Z l dYsYjtw#`<szÂ
v]

^adYsY`_ehevghrU��Zb�U` l `_exqTZ]gv��`
� l `1w#gxX�ghdfr¼df�N`_eh`_^a`_r3Z]X�ghr

State]   � r¼Zb�U`aw#d�ruw l `#Z]`��+d l ehs'ÂJ� l df�J` l Z[W�� l `1w#gxX�ghdfr¼gxXp^adYsY`<eveh`<s¼��gvZb�
qa�tq l Zbgxqne'd l sY` l

v
�±gvr¼d�j l w#d�r3Zb`#µPZ1ÂUZb�u`)X�jucuX�`_Z��uq l Zbgxqne!d l sY` l �§ �o!df��ghw<qne'evghrU­YX�cJ`#Z[�+`_`<r¼w#dfrtw l `#Zb`

qfrus�qncuX�Z l qfw#Z �+d l exsLq l `£sYdfru`�cPWLqaw_dfruw l `_Zbg��<qTZ]gvd�rL��juruw§Z]gvd�r

γ :
(

State],v],t],u],
)

→ (State,v,t,u)

(pr¢qfcuX[Z l q�w§Zpd�cYm[`<w#Z
s] ∈ State] gxX�q�;<������&<;89 ��� � ���'��� 
 ��9 � �� ¦dn��qLw_dfruw l `_Zb`�d�cYm[`<w#Z

s ∈ State
gª�

qfrus�dfrUehWLgv�
s v γ(s])

 ��+`<w_qfjuXb`��+`£dfruevWF��dYw_juX�d�r�XbdfjUrtsYrU`<X]X�df��Z]�U`)qnctX[Z l q�w§Z�gvr3Z]` l � l `_Zb` l X<ÂPZb�U`
w_ehq�XbXbgxw,rUdnZ]gvd�r�df��6,qnehdfgxX�w#d�rUrU`<w#Zbghdfr � &*��gxX�rudnZ�^FqnrusuqTZbd l W��U` l `f  � ruX�Zb`1qfs&�+` l `1i�jug l `

γ
ZbdLct`)q

^a`<`#Z�^ad l �U�UgxX�^&Â �,�!&'�
γ(s]

1 u
] s

]
2) = γ(s]

1) u γ(s]
2) �
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`

State
]
,v]

,t]
,u]

,

´
ÑÓÒ+Þ��!��
��ÓâØã6âpÔ�Ö��

u]
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² �u`a�AdYi¼X�gh�frtqTZbj l `�cJ`_ehdT� Xb�UdT��X��±�uq l Z�df�]��Zb�U`aX�gh�frtqTZbj l `)��d l ehqnZ�Zbgxw#`aX�Z l juw§Z]j l `1X_ )(�sY`#¥urugªZ]gvd�r
df�+q�rU`_��qncuX�Z l qfw#Z,sUdf^Fqnghr8^�juX[Z£� l dT�PghsU`�d��t` l qnZbghdfruX=���YÂ ����# ���YÂ���� 6 M qfrus 5A�����PÂzZ]df�f`_Zb�U` l ��gvZb�
� ���=� ���,Zb�uqnZ Zb�U`1X�`,df�J` l qTZ]gvd�ruX XbqnZbgxX[��W«Zb�U`,� l df�J` l Zbgh`<X �����
� ��7�%PÂ��������
* 5?Â	��� 6 M ��%���3
� ��� ��+�+������ @ ��� M #&89 ;#  ( rPjU^)cJ` l df�AexqTZbZbgxw#`Fdf�J` l qTZ]gvd�ruX�`#µYgxX[Z,��d l sU`<Xbgv��rUgvru��rU`<��qfcuX�Z l qfw§Z£sYd�^aqfgvrtX_  (pX,�tq l Z,df�
d�j l w_` l Zbgv¥u`<s8X[Z�qTZbgxw)qfruqnehWYX�gxX�� l dnm[`1w§Z1Ât�+`)�uq|��`)sY`<�f`_ehdf�J`<s¼qL�f`<rU` l ghw�ehqnZ�Zbgxw#`�evghc l q l WfÂJw#dfr3Z�qnghrUgvru�
ctqfXb`)exqTZ�Z]ghw_`<Xa�¹¥trUgªZ]`:Xb`#Z�X_Â'ghr3Zb` l �TqnexX<Â� < _ ��¢qfrus8sUdf^Fqnghr8w#d�ruX�Z l juw§Z]d l X)�±XbjU^&Â'� l dYsYjuw§Z1Â?��jUruw#Zbghdfrt�
Z]�uqTZ/�J` l ^agªZ�q,w#d�^a�td3X�gvZbghdfruqfeYsY`<Xbgv��r)df�JrU`<�IqfcuX[Z l q�w§Z/sYdf^FqfgvruX
cPW�w_df^)cugvrUghrU��Zb�u`<Xb`+ctqfXbghw+cUehdYw�­PX
�Ó�Yy$�Q   ¼d3X[Z dn��Zb�u`�� l dPdn�±XA��d�evehdT� X�Z]qnrtsUq l sLexqTZbZbgxw#`�Zb�u`_d l Wf :�pdT�A`<�f` l Â3�A`,��gheve'��gv��`�`_µYqf^a�Uev`1X+dn��q
eh`<X]X�X�Z]qnrtsUq l sLqfcuX[Z l q�w§Z %���
3� �! ��� ���� /9 ��;89 � ; &��$� ��&��@��� �� �£ct`<evdT�£ 
" �$#$�&%'�)('*,+-���-3'���/64
$�N1
�-3��43�5&�'�-�'�F� 8 :$�$�;1
�-3��43�5&�'�-�'�.�
��8 �

→
�
→

���4��+=1�-3��43�5&�'�-�'� ���/�$�4�'7-% 8
∀ �

8 � D �
�
���

1�-3��43�5&�'�-�'� ���/�	�,*A5 8
∀ �

* 8 � D �
�
�

*
→

�
�G*
�
11'1'1�-3��43�5&�'�-�'� ���/�$#4�-
 8

∀ �
* 8 � D��-���

�
*������

¬
�
�
�

*�� 1
�-3��43�5&�'�-�'� �$�4#4�'��8 �

→
�
→

���4��+ 1�-3��43�5&�'�-�'�<�'��#4�'�-�'�4�'7-% 8
∀ �

* 8 � D �
�
�

*
→

�$��#4�'�
�

* 1�-3��43�5&�'�-�'�<�'��#4�'�-��3 M �/6��$*A5 8)1'1'1�-3��43�5&�'�-�'�<�'��#4�'�-�'���43 M � 8 1'1'1�-3��43�5&�'�-�'�<�'��#4�'�-�'#4�-
 8 1'1'1
�-3��43�5&�'�-�'���'��6 M 8 �

→
�
→

� 1�-3��43�5&�'�-�'���4�46 M � @ �A� M #�� 8
∀ �

* 8 � D �$��#4�'�
��H �'��6 M � * I 1�-3��43�5&�'�-�'���4�46 M � @ �A� M #�� 8

∀ �
* 8 � D �$��#4�'�G* H �'��6 M � * I 1�-3��43�5&�'�-�'���-�-6 M �4%4�43��$�/�$�4+-+0���0� @ �,� M # 8

∀ �
* � 8 � D�'��#4�'�

�
�
→

�$�4#4�'� *��
→

�$�4#4�'� H �'��6 M � * I!� 1
�-3��43�5&�'�-�'� 50�'�$� 8 �

→
�
→

� 11'1'1
�-3��43�5&�'�-�'� @ �'���-��5 8 � 1�-3��43�5&�'�-�'� @ �$���-��5 �46��'��%��43��'� 8

∀ �
8 � D��'��#4�'� @ �$���/��5 � 1

L$M #"�/3'���/6�
'�;1

�"�4� #' 
 ����$,%%� %& 	%%�'&	� ��� ��� #(& 
 � �����	���

²�d¦sY`<^adfruX�Z l qTZ]`¶dfj lLk ��� � l qf^a`_�+d l ­JÂ �+`8sY`<�f`_ehdf�·qfr gvr3Z]` l �|qfe�qfruqnehWYX�gxXa��d l Zb�U`¢cPW�Z]`8w#dYsY`
� l `1X�`<r�Z]`<s8gvr¨VP`1w§Zbghdfr �U F² �U`FX�Z l `_rU�fZb�°dn�AZb�U`«qfruqnehWYX�gxX�ghX£w_df^a�uq l qncuev`�Zbd¼qnr°`#µYgxX[Z]gvru��ghr3Zb` l �Tqne
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qfruqnehWYX�`1X���d l �Ugh�f�Y³´ev`<�f`<e
X�Z l juw#Zbj l `<s8ehqfrU�fjuqf�f`1X �×{'�´  �pdT�A`<�f` l Â?Z]d�d�cYZ]qfgvr8Zb�U`«X]qn^a`:� l `<w#gxXbgvd�r¢qTZ
Z]�U`�c3W3Z]`�w#dYsY`�eh`_�f`<e6Â3gvZ+�uq�XNZ]d�cJ`�`_rU�uqfruw#`1sF��gvZb�&qnrLqfcuX[Z l q�w§ZAsUdf^FqnghrLdf�:�<�� 69:�';49 � ;2& �$� ��&$�@�<� �  �§ 
¡°`�¥ l X�Z+sY`1Xbw l ghcJ`�Zb�UgxXArUdT�f`<eu­PgvrtsFdn�!qfcuX[Z l q�w§Z�sYd�^Fqnghr &UVP`<w#Zbghdfr��U vy�`_µY�UehqfgvrtXNghrLsY`#Z�qnghehX��UdT�¸Zb�ughX
sUdf^Fqnghr�gxX juXb`<s�Zbda� l `<w_ghXb`_ehW«^adYsY`_ezZb�U`£` 
J`1w§Z]X df�
w_dfrusUgªZ]gvd�ruqnexX_ 

� r3Zb` l �Tqfe
qfruqnehWYX�gxX�juXb`<X�Zb�U`FXb`#Z
Intvl

dn�Aghr3Zb` l �TqnexX�dT�f` l
Z = Z ∪ {−∞,∞}

Z]d¼qn�U� l d|µYgv^FqnZb`
rPjU^a` l gxw£i3juqnr3ZbgvZbgh`<X<  � r¼d�j l w_q�X�`�ÂUghr�Z]`_��` l X �|qfevju`<X�qfrus¼q l]l q|W«Xbg��_`<Xpq l `,qfcuX�Z l qfw§Z]`<s�cPWLghr3Zb` l �TqnexX_ 
² �u`,qfcuX�Z l qfw§Z�sYd�^FqnghruX+��d l Z]�U`�qnruqfevWYXbghX q l `,sY`#¥trU`<s�ghr���gh�fj l `£�U 

Intvl =
{

[a, b] | a ∈ Z, b ∈ Z, a ≤ b
}

Num] = Ref] = Intvl⊥

Val] =
(

Num] + Ref]
)>

⊥

Exp[Val]] = const n | var x | absval v] | neg e

| binop op e1 e2

Stack] = (Exp∗)
>

⊥

LocVar] = Var → Val]

State] = Ctrl →
(

Stack] × LocVar]
)

��gh�fj l `£� 8©² �U`�qnctX[Z l q�w§Z�sYdf^FqnghruX+��d l gvr3Zb` l �TqfezqnruqfevWYXbghX

² �U`¢rUdT�f`<eªZ[WIdn�£Z]�UghX�qnrtqnehWPXbgxXFghX«Zb�U`¢juXb`8dn��qfr·qncuX�Z l qfw#Z�sYdf^Fqfgvr
Exp

�
Val]

�,dn�)XbWPr�Z�qfw#Zbgxw
`_µY� l `1XbXbghdfruX�dT��` l Zb�U`�cuqfXb`�qfcuX[Z l q�w§Z�sUdf^Fqnghr

Val]
df�AqncuX�Z l qfw#Zp�TqnehjU`<X<  (pr8`_µYqf^a�Uev`�dn��Xbjuw��8qfr

qfcuX�Z l qfw§Z+`_eh`_^a`_r3Z ghX
binop + (var j) (const 42))

���Ugxw��L`_�TqfevjuqnZb`1XNZ]d)Z]�U`�ghr3Zb` l �Tqne?d�cYZ]qfgvrU`1sFcPW
qf�U�UehWPgvrU�aghr3Zb` l �Tqnezq l gvZb�U^a`_ZbgxwpZ]daZb�U`£ghr3Zb` l �Tqne?Z]�uqTZpqfcuX�Z l qfw§Z�X+evdYw_qfe'�Tq l ghqfcUev`

j
qfrus�Zb�U`�w_dfruX�Z]qfr3Z

42
  	�`<� l `<Xb`_r3ZbghrU�LqfcuX[Z l q�w§Zp�TqfevjU`1X�cPW¼X�jtw��8X�WPr3Z]q�w§Z]ghw£`_µY� l `1XbXbghdfruX��tqfXpq�X�gh�frugª¥tw<qnr3Zpgh^a�uqfw#Z�dfr

Z]�U`p� l `1w#gxX�ghdfradn�?Z]�U`�qfruqnehWYX�gxX��±qfrusa�U`<ruw#`�dfraZb�u`pw#` l Z]gª¥tw<qTZ]`<X/Z]�uqTZ w_qfr:cJ`p��`_rU` l qnZb`1su�
cJ`<w_qfjuXb`�gªZ
qfevehdT��XpZbd�� l `1X�` l ��`�ghrY��d l ^FqTZbghdfr¢dfcYZ�qnghrU`<s¼Zb� l dfjU���¶Z]�U`�`<�TqnehjuqTZ]gvd�r8dn�+w#dfrtsYgªZ]gvd�ruqne
`_µP� l `1XbXbgvd�ruX< 
(+Z:X�d�j l w_`Fev`<�f`<e6Â
q&Zb`1X[Z:X�juw��¨q�X����������$ghX�q¶w#d�r3Z l qnghr�Z�dT��` l Z]�U`«�Jd�X]X�ghcUeh`«�TqnehjU`<X£df�26Lqfrus �
Z]�uqTZ+w_qnrFcJ`p� l d��uqn�3qTZb`1s)ghr3Zbd£Z]�U`�c l qnrtw��U`<X/df�zq�w#d�rusYgvZbghdfruqfetX�Z]qTZ]`_^a`_r3Z1 
�pdT�A`<�f` l ÂfqnZ�cPW�Z]`pw#dYsY`
eh`_��`_eQÂucJ`#��d l `)Xbjuw��¶q�w#dfrtsYgªZ]gvd�ruqneQÂUZ]�U`)`<�TqnehjuqTZ]gvd�r&X�Z]q�w�­�d�rUehW�w_dfr3Z]qfgvruXpqFctdPd�ev`1qnrz �² �U`�`#µY�Uehghw_gªZ
w_dfruX�Z l qnghr3Z�cJ`#Z[�+`_`_r��Tq l ghqfcUev`1X 6�qfrus���gxX+evd3X[Z cJ`<w_qfjuXb`�Zb�u`_g l �TqfevjU`1X��tq|�f`�Z]d�cJ`��UjuXb�U`<sLdfr3Zbd�Zb�U`
X�Z]q�w�­¼ct`_��d l `)Z]�U`_W¢w_qnr°cJ`aw_df^a�uq l `1s' %��X�ghrU�¼X�WPr3Z]q�w§Z]ghw�`#µY� l `<X]X�ghdfrtX�Z]d&qfcuX�Z l qfw§Z,X[Z�qfw�­¶w_dfr3Zb`<r�Z
`<ruqncuev`1X+Zb�U`�qfruqnehWYX�gxXAZbd l `1w#d�ruX[Z l jtw§Z Zb�UgxX�ghrY��d l ^FqTZ]gvd�rz 

² �U`Fd l sU` l gv^a�Jd�Xb`<s°dfr
Exp

�
Val]

��gxX,Z]�U`Fd l sY` l df�AZ]�U`FjUrusY` l ehWPgvru��exqTZbZbgxw#`F`_µ3Z]`_rusU`<s¢Zbd&`#µP³
� l `1XbXbgvd�ruXNcPW«X�Zbgh�UjUexqTZ]gvrU��Zb�tqTZ+Z[�Ad:`#µY� l `<X]X�ghdfrtX�q l `pghr«Z]�U`,d l sY` lAl `<ehqnZbghdfr«gv�!Z]�U`_WF�tq|�f`�Z]�U`£Xbqf^a`
Z]` l ^�X�Z l juw§Z]j l ` qnrts)gv�?qfcuX�Z l qfw§Z
�TqnehjU`<X/qnZNqp��gv��`_r:�Uehq�w#`+gvr:Z]�U`+Zb` l ^�q l ` l `<ehqnZb`1s' 
 ¶d l `A� l `<w_ghXb`_ehWfÂ
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Z]�U`£d l sY` l
vExp

dn�/X�WPr3Z]q�w§Z]ghw�`#µY� l `<X]Xbgvd�ruX+ghX ghrusYjuw#Zbgh�f`<evW�sY`#¥uru`<s�cPWFZb�U`,��d�evehdT��ghrU� l jUeh`<X�8

n = m

(const n) vExp (const m)

x = y

(var x) vExp (var y)

v
]
1 vVar] v

]
2

(absval v
]
1) vExp (absval v

]
2)

e1 vExp e2

(neg e1) vExp (neg e2)

op1 = op2 e1 vExp e2 e3 vExp e4

(binop op1 e1 e3) vExp (binop op2 e2 e4)

² �U`�w_dfruw l `_Zbg��<qTZ]gvd�r£��jUruw#Zbghdfr���d l
Exp

�
Val]

�U�fgh�f`1X!^a`1qnrUghrU��Zbd£X�WPr3Z]q�w§Z]ghw�`#µY� l `<X]X�ghdfruX�cPW£^Fqn�Y³
�ugvrU�&Z]�U`_^ Z]d¶X�`_Z]X�df�+�TqfevjU`1X�ghr Zb�U`�w#dfrtw l `#Zb`FsYd�^Fqnghr

Val
  � Z)gxX�sY`_¥urU`<s¨gvr°Zb` l ^FX)dn� Zb�U`«Zb�U`

w_dfruw l `_Zbg��<qnZbghdfr���jUruw#Zbghdfr
γVal

��d l Z]�U`�cuq�X�`)�|qfevju`)sYdf^Fqfgvrz 7�uj l Zb�U` l ^ad l `fÂJX�ghruw_`£Zb�U`�`#µY� l `<X]X�ghdfrtX
^Fq|WFw#d�r3Z]qnghrL� l d�� l qn^��|q l gxqncuev`1X_Â�Zb�U`£w_dfruw l `_Zbg��<qTZ]gvd�rF��jUruw#Zbghdfr�ghX+�uq l qf^a`#Zb` l gxXb`<sacPW«qnr�`_rP�Pg l dfrU³
^a`<r�Z

l ∈ LocVar
^Fqf�U�UghrU�aevdYw_qfe'�Tq l ghqfcUev`1X+ZbdFw#d�ruw l `#Z]`,�|qfevju`<X< 

γl : Exp[V al]] → ℘ (Val) with l ∈ LocVar

γl
Exp (const m) = { (num m) }

γl
Exp (var x) = { l(x) }

γl
Exp

(

absval v]
)

= γVal(v
])

γl
Exp (neg e) =

{

(num (−n)) | (num n) ∈ γl
Exp(e)

}

γl
Exp (+ e1 e2) =

{

(num (n1 + n2))

∣

∣

∣

∣

(num n1) ∈ γl
Exp(e1)

(num n2) ∈ γl
Exp(e2)

}

· · ·

��gv��j l `,~ 8¸�Adfrtw l `#Zbg��<qnZbghdfrL��jUruw§Z]gvd�r&��d l
Exp[V al]]

��gh�fj l `a��� l dT�PghsU`<X�qnr8`_µUqn^a�Ueh`�df��Zb�u`:� l `1w#gxX�ghdfr8Xbd�dfcYZ�qnghrU`<s' :² �U`:¥u�fj l `:w#dfr3Z�qnghruX,q 03q|�Tq
w_dYsY`�XbrUgh�U�t`_Z�qnrus¼gvZ]X,w_df^a�Ughev`1s¶�f` l Xbghdfr¼ghr8cPW3Zb`aw#dYsY`fÂ'qfrUrUdnZ�qTZ]`<s¶��gvZb�°qnr¶ghr3Zb` l �Tqne/w_` l Zbgv¥tw_qnZb`f 
�+`_��d l `�`_µP`1w#jYZ]gvru�aZb�U`£ghruX�Z l juw§Z]gvd�r
��� 8 6,7-�464
 5-+0%'� ���
Z]�U`£X[Z�qfw�­«w_dfr3Z]qfgvruXAZ]�U`�qncuX�Z l qfw#ZA`<ev`<^:`<r3Z]X

(binop + (var j) (var i))
qnrus

(const 3)
 NVPghruw#`

i
gxX

Z]�U`,X�ghrU�feh`#Z]dfr«ghr3Zb` l �Tqne��������
	�������� Z]�U`�qfruqnehWYX�gxX�w<qnrLsU`<sYjuw_`pZ]�uqTZ qTZ+Zb�U`���dfehehdT��gvrU�)gvruX�Z l juw#ZbghdfrzÂ
�FghX rU`1w#`1XbX]q l gvehWFcUgh�f��` l Zb�tqnr�d l `<i3juqfe?Zbd�
����u 
��� »PÀ � » ��� 1 3 �����2&<��;@� ��7$��9 �.��;891%���
3� �! 

D
%�&��� &.% �! � � " � ��&�� 9 �+&8��& & �'� �<9��2�������4��9 ���/;89�� �.&

D
�8��9 � � �<���! "�9 �/&���� "� ��9�� ��&

Lattice
�
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VPdfj l w_`�`_µYqf^a�Uev`
6 M � 6 E �������6 M �"� E�� M +��-�;1��4��3�#-�46 M � H I��6�7 H �	�-6	��
/I���1$1 �

(pruqnehWYX�`1sLcPW3Zb`�w_dPsU`���` l X�ghdfr
1'1'1

����
 �
7→

�� �,�;D �K�$����� 6

7→

 �����ND ���������

����� �
� 8�6'%4�'3'# �

����
 �
7→

�� �,�;D �K�$����� 6

7→

 �����ND ���������

�����
(varj)

�
� 8�6'%4�'3'# 6

����
 �
7→

�� �,�;D �K�$����� 6

7→

 �����ND ���������

�����
(var j)

8$8
(var i)

�
� 8 6,3$#'#

����
 �
7→

�� �,�;D �K�$����� 6

7→

 �����ND ���������

�����
(binop + (var j) (var i))

�
��� 8�6�+4� ��	�


����
 �
7→

�� �,�;D �K�$����� 6

7→

 �����ND ���������

�����
(binop + (var j) (var i))

8$8
(const 3)

�
��� 8�6,7/�46�
 5-+&%'� � �

����
 �
7→

�� � � D � �$����� 6

7→

 �����ND ���������

����� �1'1'1
��gh�fj l `�� 8 (pruqnehWYX�gxX `#µUqf^:�uev`
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���������	� ² �U` w#dfrtX[Z l juw#Zbgh�f`A� l dPdf�±X�df�tX�Z]qnrtsUq l s�exqTZbZbgxw#` X[Z l juw#Zbj l `<X �±� l dYsYjtw§Z<Ân��jUruw§Z]gvd�r:Xb�uq�w#`fÂ
ehgv�¹ZbghrU�3�!q l `N�fgh�f`<r£gvr��Ó�n�*�Q 
² �U`AqfcuX�Z l qfw§Z!sUdf^Fqnghr�dn�uXbWPr3Z]qfw#Zbgxw/`#µY� l `<X]Xbgvd�ruX'gxX!q�exqTZbZbgxw#`AdfcYZ�qnghrU`<s,cPW
`_µPZb`_rtsYgvru�)Z]�U`�m[d�gvr�qnrusL^a`_`#Z df�J` l qTZ]gvd�ruXA�Udf^adf^ad l �U�ughw<qnehevW:dT�f` l Zb` l ^FX< /² �U`�^Fq�w��Ugvru`#³Øw��U`<w�­�`<s
� l dPdn��ghX�q|�TqfgvexqncUeh`�dfrY³´evghrU`��hy��*�

² �U`:^Fqnghr l `<XbjUevZ�ehgvrU­PghrU��Zb�U`aqncuX�Z l qfw#Z�X�Z]qTZ]`)Z]d«Z]�U`�d��t` l qnZbghdfruqfe�Xb`_^Fqfr�Z]ghw<XpX�Z]qnZb`<X�Z]�uqTZ�Zb�U`
w_dfruw l `_Zbg��<qnZbghdfr®��jUrtw§ZbghdfrI��d l qfcuX[Z l q�w§ZFX[Z�qTZ]`<X:ghXaq°^a`_`_Z�³´^:d l �u�UghXb^ dn��ehqnZ�Zbgxw#`1X_ ©² �UgxX l `1X�jUevZaghX
ru`_`<sU`<s���d l Zb�U`:w#d l]l `<w§Z]rU`<X]X � l dPdn�
dn�
Zb�U`�qncuX�Z l qfw#Z�gvr3Zb` l � l `_Z]qTZ]gvd�r¼sY`#¥uru`<s&ghr&Zb�U`)��dfehevdT��ghrU�«Xb`<w§³
Z]gvd�rz Noz`_Z

Mem = Stack× Heap × LocVar

Mem] = Stack] × LocVar]

qfrus¦XbjU�U�Jd�Xb`L��gv��`_r¦w_dfruw l `_Zbg��<qnZbghdfr®��jUrtw§ZbghdfrtX)��d l qfcuX�Z l qfw§Z:�TqnehjU`<X:qnrus¦`_rP�Pg l dfru^:`<r3Z]X�dn�pehdYw_qne
�Tq l gxqncUeh`<X<Â

γVal ∈ V al] → ℘(Val),

γLocVar ∈ LocVar] → ℘(Heap × LocVar)

)�»'*,+,- � -±À.+ � 15/ � �+&3;<�� ;4�.&49 ��
=��9 � �� �@�  ;49 � �� 
γMem ∈ Mem] → ℘(Mem)

� � %�&��� &<% 78�

γMem(e1 :: · · · :: en, l]) =
{

(v1 :: · · · :: vn, h, l)

∣

∣

∣

∣

v1 ∈ γl
Exp(e1), . . . , vn ∈ γl

Exp(en)

(h, l) ∈ γLocVar(l
])

}

�A» � �¨� � 1�
 � �+& ;.�  ;8��&89 ��
=��9 � �� 3�@�  ;89 � �� 

γMem ∈ Mem] → ℘(Mem)
� � �	
3&<&89�� 
 ����� �#� � 
 � � ��� �
� %'&.%-9 �/��9

γVal ∈ V al] → ℘(Val)
�� %

γLocVar ∈ LocVar] → ℘(Heap×
LocVar)

����&'�

� �����z
!���)�N
��_��� ( ��
�� ��*��
�+
��,
��_��� !T���������

² �u`°qfcuX[Z l q�w§Z&sYdf^FqnghruX�sY`#¥trU`<sSgvr Zb�U`°� l `_�PghdfjuX�X�`1w§Z]gvd�r·��d l ^ Zb�U` cuq�X�gxX�dfr ���ughw��S�A`°rUdT�
w_dfruX�Z l juw#Z�w#d lbl `<w#ZbrU`1XbX£� l dPdn�±X)dn��� l dPdn�¹³Øw��U`<w�­�` l X_ &² �U`1X�`�� l dPdf��w��u`<w�­f` l X���gveheAcJ`�sU`_�f`<evd��t`1s®ghr
q�w#d�ruX�Z l juw§Z]gv��`�^FqnrurU` l juXbgvru�LZ]�U`FqncuX�Z l qfw#Z�ghr�Z]` l � l `#Z]qnZbghdfr¢^:`_Zb�UdYsYd�evd��fW� )² �U`a`_rus l `1X�jueªZ£gxX�q
� l dPdn� ��exqn^�cJsUq3��Zb` l ^¤Z]�uqTZpw<qnr�ct`�Xb`_r3Z�qfX�qaw_` l Zbgv¥tw_qnZb`,��gªZ]�¼qa� l d��td3X�`1s«� l dPdn�
w��U`<w�­�` l  

² �U`LZb�U`<d l W¢df�pqncuX�Z l qfw#Z�gvr3Z]` l � l `_Z]qnZbghdfr � &��+`_µY�UehqfgvrtX��UdT�¤q¶w_d l]l `1w§Z)qf�U� l d|µPgh^FqTZ]gvd�r°df��Zb�U`
Xb`_^Fqfr�Z]ghw<X

JpK
df�+q�� l df� l qn^

p
w_qfr8cJ`Fw#df^a�UjUZb`<s¢juXbgvru�&qfr¢qfcuX[Z l q�w§Z���jUruw#Zbghdfr

F ] ∈ State] →
State]  N² �u`_d l `_^��Y hy l `<w<qnehehX+Z]�U`�w#exqfX]X�gxw�w#d l]l `<w§Z]rU`<X]X w l gªZ]` l gvd�r«��d l

F ]
 

��� »PÀ � » ��� 1 3�� � ��&4 � � �.��"���� 

p
�  %�� �@�  ;89 � �� 

F ] ∈ State] → State] ��� � F ]
�8��9 � � � &$�

∀s] ∈ State], S0 ⊆ γ(F ](s]))
�6�f�

∀s] ∈ State], ∀s1, s2 ∈ State,
s1 →p s2 ∧ s1 ∈ γ(s]) ⇒ s2 ∈ γ(F ](s]))

�±���

Ï¹Ð±ÑÓÒ´Ô



� � ��� � ��;�� �!9:&<;89�� �.& 7<���8&<% �  ��&4��9 � � &<% � 7���9 ����;89
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9 �+&8 
∀s] ∈ State], F ](s]) v] s] ⇒ JpK v γ(s])

�p`_ruw_`�qfeve �Jd�X�Z�³Q¥UµY�td�gvr3Z]X�dn�
F ]

q l `�w_d l]l `1w§Z�qf�U� l d|µYgv^FqTZ]gvd�ruX�df�
JpK
 ¦² �ughX:gxX�qfr¦`<X]Xb`_r3Zbgxqne

� l d��t` l Z[Wa��d l�k ��� 8PZbd«w��U`1w�­aZb�uqnZpqnr&qncuX�Z l qfw#Z+`<ev`<^a`_r3Z
s]
gxX�qaw#d l]l `<w§Z qn�U� l d|µYgh^aqnZbghdfr�dn�

JpK
gxX

gvZpXbj �«w#gh`_r3Z Zbd«w��U`1w�­FgªZ�gxX�q:�td3X[Zb³6¥uµP�Jdfghr3Z�dn�
F ]
 

� r�Zb�u`���d�evehdT��ghrU�uÂP�+`,Xb�J`<w#gxqnehgxX�`�Zb�ughX+Z]�U`_d l WFZ]daehqfrU�fjuqf�f`1X����U` l `�Z]�U`£X�`<^aqfr3Zbgxw_X�sYd�^aqfgvr�ghX�q
Xb`#Z�df� l `<q�w��uqncUeh`,X[Z�qTZb`1X_ÂY^Fq�sY`,dn�
�uqng l X w_dfr3Z l dfe'�Jdfghr3Z�qfrus�^a`_^ad l W 8

State = Ctrl × Mem.

(pr¦qnctX[Z l q�w§Z)ghr3Zb` l � l `#Z]` l w_df^a�UjYZ]`<X)^:`<^ad l W¢ghrP�|q l gxqnr3Z�X)qTZ�`<qfw��¨w_dfr3Z l dfeA�td�gvr3Z:dn�pq¼� l df� l qf^& 
(pr qncuX�Z l qfw#ZFsUdf^Fqnghr

Mem] ��gvZb� q ehqnZ�Z]ghw_`¶X[Z l juw#Zbj l `¼gxX«sY`#¥trU`<s¸qnrts¦Z]�U`¶^a`_^ad l W¨� l d��t` l Z[W
l `_� l `1X�`<r�Z]`<s8c3W¢qnr¢qfcuX�Z l qfw§Z£^a`_^ad l W

m]
gxX,�fgh�f`<r¢cPW¶q&w#d�ruw l `#Z]g �1qTZ]gvd�r¶��jUruw#Zbghdfr

γ : Mem] →
℘(Mem)

  �Ud l q¦� l d�� l qn^ ��gªZ]�
n
w_dfr3Z l dfe��td�gvr3Z�X«Z]�U` l `<XbjUevZ�df��Zb�U` qnrtqnehWPXbgxX«gxX�qfr rY³QZbjU�uev`

(m]
1, . . . , m

]
n)
���ughw���ghXpX��J`<w_gª¥u`1s�q�X�qFX�d�evjUZbghdfr�dn��qfr�ghrU`1i�jtqTZbghdfr&XbWPX�Zb`<^ �±��gªZ]�

q
w#d�ruX[Z l qfgvr3Z�X]�# 

m
]
1 w f1(m

]
1, . . . , m

]
n)

. . .

m]
n w fn(m]

1, . . . , m
]
n)

��~3�

² �u`N� l `_�Pgvd�juX
F ]
��juruw§Z]gvd�r£ghX��U`_rtw#`�Xb`_`<r�qfXzq ��juruw§Z]gvd�r�dn�

Mem]n
→ Mem]n ���Ud3X�`/�Jd�X�Z�³Q¥UµY�Jdfghr�Z

q l `,w#d lbl `<w#Z qf�U� l d|µYgv^FqTZ]gvd�ruX+dn�
JpK
 

(��f` l WLqnZ�Z l qfw#Zbgh�f`,��`1qTZbj l `£df��Z]�U` k ��� qf�U� l d�q�w���gxX�Z]�uqTZ�Z]�U`�� l dYsYjuw_` l gxX���gv��`_r�Zb�U`)�uq l sY` l
Z�qfXb­)df�'Xb`<q l w��ugvrU����d l q£� l dPdn�?���Ugveh`�Z]�U`pw#d�ruXbjU^a` l gxXNeh`#�¹Z���gvZb�aZ]�U`�Xbgh^:�uev` l Z]q�X�­�dn�zw��U`<w�­PghrU�,Zb�ughX
� l dPdn�[ ���d�rU`#Z]�U`_eh`<X]X_Â|Z]�U` X�juw<w#`1XbX�dn� k ��� sY`_�J`_rtsUX�dfr)�udT�®`<qfXbW,gªZ
gxX!Z]d�qfjYZbd�^FqTZb`�Zb�U` ��`_rU` l qnZbghdfr
df��� l dPdf�±X_  � r®�f`<rU` l qneQÂzZ]�UghX�� l dYw#`<X]X,gxX��f` l W°sYg �Fw_jUevZ< ¶² �U`Lw_dfruX�Z l qnghr3Z]X,gh^a�td3X�`1s c3W X�Z]qnrtsUq l s
k ��� � l qn^a`_�+d l ­YX�^aqf­f`+Zb�u`�X�gvZbjuqnZbghdfr:`_��`_r:�Ad l Xb`f  � rusY`_`1s'ÂfcJ`<w<qnjuXb` k ��� l `1i3jUg l ` q,� l dPdf�uZb` l ^&Â
Z]�UgxX£ehq l ��`_ehW&��d l cUgxsUX,Zb�u`«sYg l `<w#Z l `<juXb`:df�+d 
t³QZb�u`#³ØX��U`<eª� � l dT�f` l X:��d l sY`<w_ghXbghdfr°� l dYw_`<sYj l `<X������Ugxw��
WPgh`_exsLq�Wf`1X��TrUd�qfruX��+` l   (�X�q l `<XbjUevZ<ÂYq k ���¸Xb`<w#j l gvZ[WF�td�evgxw#WFdf�¹Zb`<r l `<i3jUg l `1X�`<gªZ]�U` l Zbd:�uqfrusUw l qT�¹Z
qaXb�t`1w#gxqnehghXb`<s�� l dT�f` l d l Zbda�uqTZ�w��¼q���`_rU` l qfe?� l dT��` l ZbdF��`_rU` l qnZb`,q:w_dfrP�f`<rUgh`_r3Z�� l dPdf�!Zb` l ^& 

� r�dfj l w#dfr3Z]`#µPZ<Â�Zb�U` l `�`#µYgxX[Z�XAq)�f`_ru` l ghw�d 
t³QZb�u`#³ØX��U`<eª�z� l dT��` l Z]�uqTZ+¥UZ]XAdfj l sY`<^FqnrusUX�8
qncuX�Z l qfw#Z
ghr3Zb` l � l `#Z�qTZ]gvd�r¦w#d�^:`1XaqnehdfrU�°q¶�f`<rU` l gxwLgh^a�Uev`<^a`_r3Z]qnZbghdfr¨Z]`<w��Urughi3jU`�� rtqn^a`_ehW ;��/��� 9 � ; ���$�+� �! /9
�!9 &8����9 � �� t �( XbdfjUrus«�td3X[Zb³6¥UµY�Jdfghr3Z

(m]
1, . . . , m

]
n)
ghXAgªZ]` l qTZ]gv��`_ehW:w_df^a�UjYZ]`<s«cPWFXbjuw_w_`<X]X�gh�f`pqf�U� l d|µP³

gh^FqTZ]gvd�ruX:jUr3Zbghe+gvZF`_��`_r3ZbjuqfevehW �f` l gv¥u`<X:qnehe+Zb�U`¼w_dfruX�Z l qnghr3Z]X���~3�)gh^:�Jd�Xb`<sIcPW Zb�U`&qnrtqnehWPXbgxX_ ¨² �U`
­PrUdT��eh`<sU�f`£dn��Xbjuw��8qL�td3X[Zb³6¥uµP�Jdfghr3ZpgxX�q�w l juw#gxqne�X[Z]`_�¼Z]dT�+q l s�Zb�u`���`_rU` l qnZbghdfr&dn��w_` l Zbgv¥tw_qnZb`<X���d l
d�j l ��% �+�=;�w��U`1w�­f` l X< 

����� ���� "� 

��%&�� 
 ! �� "� ��%,
�� �� F� � � 
��	� �� 

� ��$ %%� %& 	%%� &�� � �

.�j l cPW3Zb`£w_dPsU`�ghr3Zb` l �TqnezqfruqnehWYX�gxX+ghX�sU`#¥urU`1sLcPWLqaXb`#Z�dn�
�f`<rU` l qTZ]gvd�r l jUev`1X+Zb�uqnZ ��d l `<q�w��LghruX�Z l juw§³
Z]gvd�r¼�f`<rU` l qTZ]`�q«w#d�ruX[Z l qfgvr3Z�dfr&Z]�U`�Xb`#Z�dn�NqncuX�Z l qfw#ZpX[Z�qTZ]`<X�cJ`#Z[�+`_`<r&Zb�U`�X�d�j l w_`�qnrus¼sU`<X�ZbghruqTZ]gvd�r
df� Zb�U`«ghruX�Z l juw§Z]gvd�rz &² �U`<Xb`«w#d�ruX[Z l qfgvr3Z�X,Z]qf­f`Fghr�Z]d¶qfw<w#dfjur�Z£Z]�U`LqfcuX[Z l q�w§Z)sYd�^FqnghruX£dn��XbWPr�Z�qfw#Zbgxw

; Ï?Ö�<>=@?@A
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`_µY� l `1XbXbghdfruX�sY`<X]w l ghct`1s8ghr VY`<w§Z]gvd�r¢~t  �Y FVYdf^a`adn��Z]�U`<Xb`Fw#d�ruX[Z l qfgvr3Z�X�q l `:� l `<Xb`_r3Zb`1s¶ghr6��gh�fj l `a}U 
�ud l `_µYqf^a�Uev`�ÂY�UjuXb�UghrU�:Zb�U`�w_dfruX�Z]qfr�Z

n
dfr�Zb�U`�X�Z]q�w�­F�f`<rU` l qTZ]`<XAZb�U`�w_dfruX�Z l qnghr3Z

m]
p2

w
(

(const n) :: s]
p1

, l]p1

)

VYgv^aghehq l ehWfÂ�Zb�U`¶w_dfruX�Z l qnghr3Z]X:^adPsU`_ehevghrU�°Zb`1X[Zb³´qfrusP³hm[jU^a�©ghruX�Z l juw§Z]gvd�ruXa^)jtX[ZFcJ`¶qncUeh`�Zbd®w#d�^:�tq l `
`<ev`<^a`_r3Z]X,Z]�uqTZ:w#dfr3Z�qnghr XbWPr3Z]qfw#Zbgxw:`#µY� l `<X]X�ghdfruX< «¡°`«juXb`«�U` l `aZ]�U`«rUdfZbghdfr dn�27<��;@2 1 � ��% ��7$�<9 ���';49
�! 69:&8��� �.&49 ��9 � �� � � &��$� �.&��@��� �� � �Ó{��uZ]d l `1X[Z l gxw§Z/Z]�U`psY`1X[Z]gvrtqTZbghdfrFX�Z]qnZb`�df�tZ]�U`/m[jU^a�Lq�w_w#d l sUgvrU��Z]d£Zb�U`
ghrY��d l ^FqTZ]gvd�r dfcYZ�qnghrU`<s°cPW¶Z]�U`FZb`1X[Z1 �¡ �u`_r¨q&�fjtq l s8df�+Z]�U`F��d l ^

e1 c e2

ghX£��` l gª¥t`<s¸����gvZb�
c

q
w_df^a�uq l gxX�d�r¶df�J` l qTZ]d l qnrus

e1

qfrus
e2

Xbdf^a`�`_µY� l `1XbXbghdfrt�#ÂtZ]�U`Fw#j l]l `_r3Z,qfcuX�Z l qfw§Z,`_rP�Pg l d�rU^a`_r3Z
l]gxX l `#¥uru`<s&cPW

Je1 c e2Ktest(l
])
 �² �U`�df�J` l qTZ]d l

J·K]
test ∈ LocVar] → LocVar] dT��` l ³´qf�U� l d|µPgh^FqTZ]`<X

Z]�U`,X�`_Z+df�!`_rP�Pg l dfru^:`<r3Z]X
(l, h)

���Ugxw��F��jUev¥uehX+Z]�U`��fjuq l s
e1 c e2

  � rLZb�U`£w<qfXb`pdn�!Zb�U`�`_rP�Pg l dfru^:`<r3Z
qfcuX�Z l qfw§Z]gvd�r�w��Ud3X�`<r�ghr�Zb�UgxX�qnrtqnehWPXbgxX_ÂPgvZ�ghX�sU`#¥urU`1s�c3W

Je1 c e2Ktest(l
]) = Je1K↓

]
expr (v]

1)(l
]) u] Je2K↓

]
expr (v]

2)(l
])

with (v]
1, v

]
2) = JcK↓]

comp

(

Je1K↑
]
expr (l]), Je2K↑

]
expr (l])

)

² �UgxX�gh^a�Uev`<^a`_r3Z]qnZbghdfr�ghX�ctqfXb`<s�dfr&X�`<�f` l qne?d��t` l qnZbd l X�8

• JeK↑]
expr (l]) ∈ Val]

`_�TqnehjuqTZ]`<X�qfr�`_µP� l `1XbXbgvd�rLghr¼q���gv��`_r&qncuX�Z l qfw#Z+`<rP�3g l dfrU^a`_r3Z
l]
 

• JcK↓]
comp∈

(

Val] × Val]
)

→
(

Val] × Val]
) l `_¥urU`1X�Z]�U`�qfcuX[Z l q�w§Zp�TqfevjU`1Xp���ughw��¶��` l gª¥t`<Xpq

�fgh�f`<r�w_dfrusYgvZbghdfr
c

 

• JeK↓]
expr (v])(l]) ∈ LocVar] l `#¥urU`1X�qfr¦qnctX[Z l q�w§Z)`<r3�Pg l d�rU^a`_r3Z]X l]

���ud�Xb`L`_�TqfevjuqnZbghdfr¨df�
`#µY� l `<X]X�ghdfr

e
��gv��`<X qnr&qncuX�Z l qfw#Z��|qfevju`

v]
 

� r)Zb�U`+`#µUqn^a�Ueh`�df� ��gv��j l `+�PÂTZ]�U` qncuX�Z l qfw#Z!`_rP�Pg l dfru^:`<r3Z
l
]
11

gxX!`1i3juqne�Zbd
{j 7→ [−∞, +∞]; i 7→

[100, 100]}
 �² �U`FghrU`1i�jtqTZbghdfr¢�f`<rU` l qTZ]`<s¶cPW¼Z]�U`«qnrtqnehWPXbgxXp��d l Zb�U`FghruX�Z l juw§Z]gvd�r 6
7�� 6�
 5�+A%�� � � l `_³

i3jUg l `<X+Zb�u`£`_�TqnehjuqTZ]gvd�rLdf�

J(binop + (var j) (var i)) > (const 3)K]
test(l

]
11)

�+W�sY`#¥urugªZ]gvd�r�df�
J·K]

test

Â<Z[�Ad�`_µP� l `1XbXbgvd�ruX?X��udfjUexs�Zb�U`<r£ct`N`<�TqnehjuqTZ]`<s�gvr
l
]
11

8
J(binop + (var j) (var i))K↑]

expr

(l]11) = [−∞, +∞]
qfrus

J(const 3)K↑]
expr (l]11) = [3, 3]

 �² �U`�ctqfw�­P�+q l s�qnruqfevWYXbghX
df�tZ]�U`�w#d�rusYgvZbghdfr
>
ghX£qfcUeh`�Z]d l `_¥urU`:Zb�U`:¥ l X�Z,ghr3Zb` l �Tqne�8

J>K↓]
comp ([−∞, +∞], [3, 3]) = ([4, +∞], [3, 3])

 F² �U`_r
Z]�UgxX l `#¥urU`<^a`_r3Z�gxX�� l df�tqn��qnZb`1s�d�r

l
]
11

��gªZ]�¼Zb�U`�cuqfw�­P� q l s�qfruqnehWYX�gxX�df�N`#µY� l `<X]X�ghdfruX�8
J(binop +

(var j) (var i))K↓]
expr ([4, +∞])(l]11) = {j 7→ [−96, +∞]; i 7→ [100, 100]}

 ¶² �U`Lghr3Zb` l `1X[Z]`<s
l `<q�sY` l Xb�Udfjuehs�w#d�ruX�jueªZ4�×{��z��d l ^:d l `£sY`_Z]qfgvexX�qncJdfjYZ Z]�UghX�Zb`<w��urUghi3jU`� 

� rY��d l ^FqfevehWfÂJZb�u`:w_d l]l `1w§Zbru`<X]X�dn�NZ]�U`aw#dfrtX[Z l qfgvr3Zp��`_rU` l qnZbghdfr¼^a`<qfruX�Z]�uqTZ,gv�Aqnr8qfcuX�Z l qfw§Z�X[Z�qTZb`
X]qTZ]ghX�¥u`1XAqfevetZb�U`,w#d�ruX�Z l qnghr�Z�XN��`_rU` l qnZb`<s«c3WFq)� l d�� l qn^ Zb�U`<rLgvZ]X w#d�ruw l `#Z]g �1qTZ]gvd�rF^)juX�Z+cJ`,qnr«dT��` l ³
qf�U� l d|µYgv^FqTZ]gvd�r«dn��Zb�u`�X�`_Z df� l `<q�w��uqncuev`,X[Z�qTZ]`<X< 
² �ughX�gxX�X�Z]qTZ]`<s���d l ^FqnehevW«q�X+��dfehevdT��X�8
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instrAtP(p1, Ipush n, p2) m]
p1

= (s]
p1

, l]p1
)

m
]
p2

w
(

(const n) :: s
]
p1

, l
]
p1

)

instrAtP(p1, If
X

icmplt p, p2) m]
p1

= (e2 :: e1 :: s]
p1

, l]p1
)

m
]
p w

(

s
]
p1

, Je1 < e2K
]
test(l

]
p1

)
)

instrAtP(p1, If
X

icmplt p, p2) m]
p1

= (e2 :: e1 :: s]
p1

, l]p1
)

m
]
p2

w
(

s
]
p1

, Je1 ≥ e2K
]
test(l

]
p1

)
)

��gh�fj l `£} 8 �AdfruX�Z l qnghr3Z��f`_ru` l qTZbghdfr l juev`1X£��`#µUqf^:�uev`1X]�

�A» � �¨� � 1 / ( &89
P

7.& � � ���." �.� 
 �
gen � cstr(P )

9 �/& �8&49 ��� ;<�  ��9 �.���! /9��1" &4 &4�.��9 &.%��<�.� 

P

�� %

St ∈ State] �� ��7$�<9 ���';49 �<9 ��9 &'� 	 �

∀
(

m]
p w fp(m

]
1, . . . , m

]
n)

)

∈ gen � cstr(P ), Stp w fp(St)

9 �+&8 
JP K ⊆ γP (St).

���4� � #�� 
 ��% �.
 � ���2�"��� 

&�� � � ��� &
² �u`£� l dPdf��df�
w_d l]l `1w§Zbru`<X]XAdf�Nqa� l dPdf��w��U`1w�­f` l d�cYZ]qfgvru`<s�� l d�^%qFw_` l Zbgv¥u`<s&qnrtqnehWPXbgxX ��gvehe!qfX]w#` l Z�qnghr
Z]�uqTZ,Z]�U`Fw��U`<w�­�` l ghX,w_qf�uqncuev`:dn�+�f` l gv��W3ghrU��Zb�uqnZ�qL� l df� l qf^ qfsY�U` l `1X�Z]d¼qL��gv��`_r¢Xb`<w_j l gªZ[W¼�Jdfehghw_Wf 
² �ughX Xb`<w#j l gvZ[WF�td�evgxw#WF��ghehetZ]�PjuX �uq|�f`pZbd:ct`,ghr3Zb`_� l qnZb`1sF��gªZ]�LZ]�U`£qncuX�Z l qfw#ZAghr3Zb` l � l `#Z�qTZbghdfr!  � r�dfj l
Xb`#ZbZbghrU�uÂY�+`�Xb�UevgvZ Zb�U`�qfcuX�Z l qfw§Z�X]qT��`_Z[W«� l df�J` l Z[WFgvr3Zbd«Xb`_��` l qneJevdYw<qne?Zb`1X[Z�X�dn��Zb�U`,��d l ^

(p, check) ∈ Ctrl × (Mem] → bool).

�Aqfw��
check

ghX�qTZbZ]q�w��U`<s�Z]d�q«Xb�t`1w#gv¥tw)w_dfr3Z l dfe!�td�gvr3Z
p
qnrus&`<ruXbj l `1X�Z]�uqTZ�rUdL` lbl d l X�Z]qnZb`)w<qnr¶cJ`

l `<q�w��U`<s¢cPW°q¶dfrU`_³´X�Zb`<�¢Z l qfruXbgªZ]gvd�r°d�jYZ)df�+Z]�U`LX�Z]qnZb`LqnZ�w#d�r�Z l d�eN�Jdfghr�Z
p
  �Ud l `#µUqn^a�Ueh`fÂ�ghr®Zb�U`

w<qfXb`£dn�Nq l]l q|W«ctd�jUrusUX�w��U`<w�­PghrU�aZb�ughX�^a`<qnrtX�Zb�tqTZ���d l `<q�w��¼w#dfr3Z l d�ez�td�gvr3Z
p
��gªZ]�¶qnr¼ghruX�Z l juw§Z]gvd�r

Iaload
ÂU�A`£w��U`1w�­FZb�tqTZ�Zb�u`�qncuX�Z l qfw#Z+^a`_^ad l W

m]
qnZ�Z]q�w��U`<sLZbd:Z]�UghX��td�gvr3Z��f` l gv¥u`1X

∀ (h, (num i) :: (ref ref ) :: s, l) ∈ γ(m]),
h(ref ) = a ⇒ 0 ≤ i < a.length

² �u`,w_d l]l `1X��JdfrtsYgvru�
checkIaload

��juruw§Z]gvd�r¼ghX �U`<ruw#`£df�!Z]�U`,��d l ^

checkIaload

(

ei :: eref :: s], l]
)

=
J<K↓]

comp (JeiK↑expr (l]), [0, 0]) = ⊥Val

&&
J≥K↓]

comp (JeiK↑expr (l]), JerefK↑expr (l]).length) = ⊥Val

; Ï?Ö�<>=@?@A



y'& � ���<%��8��� ;�� &$�@�4�  ��	� �+��
3�*�
� &4 �4&8 ���� �*�=� % ��� ;��/����% � &

�p` l `aZb�U`«Zb`<X�Z]X�dn� Zb�U`«��d l ^
JcK↓]

comp (v]
1, v

]
2) = ⊥Val

w��u`<w�­¼Z]�uqTZ)rud¶w#dfrtw l `#Zb`F�TqfevjU`
v1

`#Z
v2l `_� l `1X�`<r�Z]`<sLc3W

v
]
1

qfrus
v

]
2

w_qnr��uq�XbXAZb�u`�w#dfrtsYgªZ]gvd�r
c

 AVPjuw��&q
checkIaload

��jUruw#Zbghdfr�ghX�q�XbXbdYw#gxqTZb`1s
Z]da`<qfw��&w#d�r3Z l dfe?�td�gvr3Z�df��qa� l df� l qf^����u` l `,qfr

Iaload
ghruX�Z l juw§Z]gvd�r�gxX ��d�jUrus' 

² �U`a���Ud�ev`Fw��U`1w�­¼�f`<rU` l qTZ]gvd�r8gxX l `1qnehghXb`<s8c3W¶q���jUrtw§Zbghdfr
gen

X
AbSafe

���Ugxw�� l `_Zbj l ruX<Â'��d l q
��gv��`_r�� l d�� l qn^&Â�q:ehghX�Z dn��ehdYw_qfetZ]`<X�Z]X< N² �U`,w#d l]l `<w§Z]rU`<X]XAdn�!Z]�UgxX evdYw_qfeJZb`<X�Z �f`_ru` l qTZbghdfr�^a`<qnrtX�Z]�uqTZ
gv�zq£w#d lbl `<w#Z/qf�U� l d|µYgv^FqTZ]gvd�r

St
dn�'q£� l df� l qn^

P
�uq�XbX�qneheYZb�U`pevdYw_qfeYZb`1X[Z�XNghr

gen
X
AbSafe(P )

Zb�U`<r
P
ghXpXbqn��`f /² �UgxX�ghX�X�Z]qnZb`1sL��d l ^FqfevehWFgvr�Z]�U`,��dfehevdT��ghrU�:ev`<^a^aq 8

�A» � �¨� � 1�
 � � � &8 /� ���." �.� 

P

�  % ��7$��9 �.��;89)�<9 ��9 &
St 1 �#� ;@�$� ��� ;<������&<;89-�@� � ��� �'� 
 ��9 � �� ���

JP K � �,�!&'� JP K ⊆ γ(St) � � 	 �

∀(p, check) ∈ gen � AbSafe(P ), check(St(p)) = true

9 �+&8 
JP K ⊆ Safe(P )

�

����� � � � !� "% 
��"��� � � ��� �

�������� %& 	%%�'&	�'� ���

² �u`¶¥uruqfe l `<XbjUevZ�dn�£Z]�U`¢qfruqnehWYX�gxX«w_` l Zbgv¥tw_qnZbghdfr gxX�q¦^:dYsYjuev`¢dn�)Xbgv��ruqTZ]j l ` ��������6 7�6���#�� M 3 %�* ��6��
��gv��`_r¼ghr/��gh�fj l `a{Y ,² �u`)^adYsYjUeh`�ghruw#ehjusY`1X,q«exqTZ�Z]ghw_`)^adYsYjUeh`�df�AqnctX[Z l q�w§Z�X�Z]qnZb`<X����Ugxw��8^FqTZ�w��U`<X
Z]�U`��AdYi¶Xbgv��ruqTZ]j l `adf�+exqTZbZbgxw#`<X£sU`#¥urU`1s°gvr¨VP`1w§Zbghdfr ~t vyn �² �U`«X�gh�frtqTZbj l `aqnexX�d¼w_dfr3Z]qfgvruX�Z]�U`aZ[WP�t`
df��w_dfruX�Z l qnghr3Z]X�� �
���¢qfrus®Z]�U`¶w#d�ruX�Z l qnghr�Z:�f`<rU` l qTZ]gvd�r®��jUruw#Zbghdfr ? � M � 
��
���8Zb�uqnZFgv^a�Ueh`_^a`_r3Z�XaZb�U`
w_dfruX�Z l qnghr3Z+��`_rU` l qnZbghdfr l jUeh`<XA� l df^ ��gh�fj l `£}Y �������6
7�� 
�� ���agxX�q�� l `1sYghw<qTZ]`pZ]d:`_µY�Uehqfgvr����uqnZ ^a`1qnruX
��d l qnr®qfcuX[Z l q�w§Z�X�Z]qTZ]`aZbd¶��` l gª��W¢q¶w#d�ruX[Z l qfgvr3Z1 L² �U`«XbgvrU��ev`F� l dPdn� l `<i3jUg l `1s8cPW¢Zb�UgxX£ghr�Z]` l �±qfw_`FghX
Z]�U`p� l dPdn�zdf�z�uq l qn^a`_Zb` l 3 M 3 %�* ��6���� 
������ ��

��Z]�uqTZ�X[Z�qTZ]`<X�Zb�U`��fehdfcuqfetw#d lbl `<w#ZbrU`1XbXNdn�zZ]�U`�w_dfruX�Z l qnghr3Z
��`_rU` l qnZbd l ? � M ��
��
���FqnrusLZb�U`�qfcuX�Z l qfw§Z+Zb`1X[Z���`_rU` l qnZbd l ? � M ��� @ :�3�7 �Y  � rLZ]�U`�w_q�X�`,df��d�j l c3W3Z]`<w#dYsY`ghr3Zb` l �TqnezqfruqnehWYX�gxX<Â�Z]�UgxX�� l d3df��gxX dfcYZ�qnghrU`<s�cPW�w_df^)cugvrUghrU�Foz`<^a^aqF�U  �:qnrts�o!`_^a^Fqa�U  �U 

��� »PÀ � » ��� 1 � � � ��&4 �� � ���." ����

P

�� % �� �'7���9 ����;89 ��9 ��9 &
St
� � �-�*+ +/" &4 &4�.��9 &.% ;.�  ��9 �����! 69,� � ��&

�@� + � + +)&<% 78�
St

∀
(

m]
p w fp(m

]
1, . . . , m

]
n)

)

∈ gen � cstr(P ), Stp w fp(St)
�Q�f�

�  % � �
St

�/���@�8&�� � + + 9 �/& �'7���9 ����;89 ;��/&.;@2*�

∀(p, check) ∈ gen � AbSafe(P ), check(St(p)) = true
�±}��

9 �+&8 �9 �+& � ���."���� 

P

� �)�4���4&
JP K ⊆ SafeP

� r¢Zb�u` l `<X�Z£dn�AZb�U`a�uqf�t` l �±qnrts8ghr°Xbgh�fruqnZbj l `���������6 7�6���#�� M 3 %�* ��6����pZb�U`«w_dfrusYgvZbghdfr¸�6�f��ghX,� l gªZbZb`<r
Approx(P,St)

qfrus°�±}3�+ghX � l gvZ�Zb`<r
Secure(P,St)
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" �$#$�&%'�)('*,+-� ���'���06,7/6$�'# � M 34%�*���6���1
� �-
'%'3��4� " �$#$�&%'�"�43$��8 �-3����/6�
$�21
� �'7/6 M 6,�/6'� M � 8 E �$�'�4%

→
�43$�;1 � 1

�-3'�43�5K�'�4�'� �	�A�'� 8 :$�$�;1�-3'�43�5K�'�4�'� (43'��?4��� 8 �	�A�'�
→

�$�'�4%;1�-3'�43�5K�'�4�'� � �A+ 8 �	�A�'�
→

%�6��A� �$�'�4%;1�-3'�43�5K�'�4�'� L�� 3�%�8 �	�A�'�
→

%�6��A� �43$�;1 �
→
�43$�;1 � 1

� �'7/6 M 6,�/6'� M �-���/6,7-�4
	�,��� H � 8��	�A�'� I H :A�;8�� I.8 ���4��+ 8 E
�43$�;1 �$��#4��� H L�� 3�%)� H 503A+ :A� H � �A+ � I'I'I

H :A� H (-3'��?4�'� � I'I 1
�-3'�43�5K�'�4�'� ?4� M �4
	�,��� 8>+-�/�$?��43�5

→
%�6��A� �	�A�'�21

� �'7/6 M 6,�/6'� M �$+�+/�-�
��H � 8
+-�/�$?��43�5 I H :A�;8��KI 8 E

∀

 D � M 
 H ?4� M �4
��,��� � I

→
�-�'�/6$7-�4
��,�4� 
G:A� 1

�-3'�43�5K�'�4�'� ?4� M � � @ :'3'7-� 8+/�-�$?��43A5
→

%�6��A� H �$�'�4%�� H �43$�;1 �
→ @ �'�'%�I'I 1

� �'7/6 M 6,�/6'� M :'�-
A�-�4� H � 8
+-�/�$?��43�5 I H :A�;8��KI 8 E
∀

+C
�	-�4
��BD
� M H +;D�
�	/�-
�� I H ?4� M � � @ :'3�74�F� I

→
�	0�-
�� H :A� + IREG�'�,�-�N1
�-3'�43�5K�'�4�'�<3 M 34%'* ��6��'�-
'�'���/�-
$� 8

∀
�):��ND

�'+�+-�-�
�

� :A�
→

:'�/
��-�4� �F:��
→ J

�
K ⊆ H :$3$7��)�JIK1

L$M #F�4�'���/6,706$�'# � M 3-%�* �46��B1

��gv��j l `�{ 8I² �U`)�AdYiLXbgh�fruqnZbj l `�df�
w_` l Zbgv¥u`<s�X�Z]qTZ]ghw,qfruqnehWYX�gxX

; Ï?Ö�<>=@?@A



�f� � ���<%��8��� ;�� &$�@�4�  ��	� �+��
3�*�
� &4 �4&8 ���� �*�=� % ��� ;��/����% � &

� ����� ��	����$#�� ���

² �u`Aw��U`1w�­f` l w#d�^:�Jdfru`_r3Z�df�UZb�U` k ��� q l w��UgvZb`1w§Z]j l `�ghX�Zb�u`+w l gvZbgxw_qfe��uq l Z!Zb�uqnZ��uq�XzZ]d�cJ`�cJdnZ]��XbdfjUrts
qfrus `��«w_gv`<r�Z�gvr¦Xb�uq�w#`«qnrts®X��J`_`1s'  ��`<ruw#`�Â
w_` l Zbgv¥tw_qnZb`1X�X��udfjUexs ct`�X�^Fqfeve�Zbd¶`<ruX�j l `FZ]�uqTZ)Zb�U`<g l
w��u`<w�­Pgvru��gxX
�±qfX�Z<  � r:Zb�U` ��d�evehdT��ghrU�uÂn�+`�sY`1Xbw l ghct` �UdT�¦Zbd£��`_rU` l qnZb`+� l dPdf�Jw��U`1w�­f` l X
qnrusaw_` l Zbgv¥tw_qnZb`<X
Z]�uqTZ/��jueª¥ueUZb�U`1X�` l `<i3jUg l `<^a`_r3Z]X< �² �U`�w_` l Zbgv¥tw_qnZb`1X
�A` �f`<rU` l qTZ]`�qTZ�Z�qfw��aq��Ugv`1w#`�df�JghrY��d l ^FqTZ]gvd�r)Z]d,q
XbjUcuXb`#ZAdn�?Zb�U`�� l df� l qn^��td�gvr3Z]X+qnrtsa`<qfw��FXbjuw��F�Ugh`<w_`pdn�'ghrY��d l ^FqTZ]gvd�r«w_qnrFcJ`pw��U`1w�­f`1s�ghr«gxX�d�ehqnZbghdfrz 
�p`_ruw_`fÂuw_` l Zbgv¥tw_qnZb`,X�g��_`�qfrus�w#` l Zbgv¥tw<qTZb`£w��U`1w�­PgvrU�aq l `,evghrU`1q l ghr�Z]�U`�Xbg �<`�df�!Z]�U`£� l df� l qn^& 

² �U`�^a`#Zb�udPs:��d l w_dfruX�Z l juw§Z]gvru� ��%4�+�=;�� l dPdf�?w��U`1w�­f` l X/gxXN��`_rU` l gxw�qnrtsFqn�U�Uehgh`<X/Z]d)qnrPW:w#` l Zbgv¥u`1s
qfruqnehWYX�gxX<  � Z�gxX�`#µY� l `<X]Xb`<sLq�X�q���jUruw§Z]d l
" �$#$�&%'�)�'*,+-� � �$�,	0�-
��/�'� H �4�'���/6,706$�'# � M 34%'*��46	� I 8 �,	/�-
A�/�'�
���ughw�� Z]qn­�`<X�qfX&q l �fjU^a`<r�Z�q ��������6
7�6���# � M 3 %�*
��6��S��; �$�7��gh�fj l ` {f�Lqfrus l `#Z]j l rtX�q � 	���
������¦Zb�U`
ghr3Zb` l �±q�w#`,dn�����Ughw��&� qfX sY`_¥urU`<s�ghr ��gh�fj l `��P 

�A`<r�Z l qfe�Z]d8Z]�U`&sY`<Xbgv��r¨dn��Z]�UgxX�^adYsYjUeh`�ghXaoz`<^a^aq¢}U hyn  � Z:gxXaqnr¨ghr3Zb` l ^a`<sUghqnZb` l `<XbjUevZ�Z]�uqTZ
��d l ^FXNZb�U`�evghrU­:ct`_Z[�A`<`_rFZ]�U`�w��U`1w�­f` l qnrusaZ]�U`�w_` l Zbgv¥u`<sFqfruqnehWYX�gxXNqfrusF���Ugxw��F�uqfXNZbd�ct`�� l dT��`<s)��d l
qfrPW�rU`<� � l df�Jd�Xb`<s&� l dPdn��w��U`1w�­f` l  7�Ud l Z]�U`)rtqngh�f`�w��u`<w�­f` l � l `<Xb`_r3Zb`1s&rU`#µPZ,gvr°VP`<w#Zbghdfr8}u vy<��Zb�ughX
gxX,X[Z l qfgv���3Z���d l � q l s' £o!qTZ]` l gvr¢Zb�u`aXb`<w#Zbghdfr¢�A`:� l dT�3gxsY`�`_eh`_^a`_r3Z]X,df�NZb�u`:� l dPdn����d l qnr¢df�YZ]gv^agxX�`1s
w��u`<w�­f` l �6VP`1w§Zbghdfr&}U Ó�n�+���Ugxw��&�Ad l ­YX+��gvZb�¼X�^Fqfeveh` l w#` l Z]gª¥Jw_qTZ]`<X< 

�A» � �¨��� 1 3�� � � &8 �)� ���." �.� 

P

�� %�� ;<&8��9 � �1;.� 9:&
cert

� 	 � 9 �/& � ���=� � ;@�+&<;@2�&8�

checker : Pgm → Certificate → bool

�8� 9 � � � &$�-9 �/��9
checker(P, cert) = true,

9 �+&8 �9 �+&8��& &��'� ��9,�2�� ��7$��9 ���';49 ��9:� 9:&
S# 1 �#� ;@��� 9 9 �+&4�8� 
 &29 � 
3&

•
��� � ���'��� 
 ��9 &$�29 �/& � ����"�����
 �8& 
3�  /9 � ;�� � Approx(P, S# � �  %

•
��&$���/&<;49��-9 �/&��8&<;9� ���!9 � �/�*+ � ;8� � Secure(P, S#) �
�+W·w#d�^)cUghrUghrU�¸oz`_^a^Fq©}U hy¢��gvZb� Zb�U` � l df�J` l Z[W 3 M 3 %�* ��6���� 
��
��� ��

�©cJ`_ehdfru�fghrU�¦Z]d¦Z]�U`®X�gh�n³

rtqTZbj l ` ��������6
7�6���#�� M 3 %�* ��6��UÂpgvZ&ghX&X�Z l qngh�f�3Z���d l � q l sIZbd¦� l dT��`¶Zb�tqTZ¼X�juw<w#`1XbXLdn��Z]�U`¢��` l gª¥Jw_qTZ]gvd�r
�
checker(P, cert) = true

�A`<r�Z�qnghehX+� l df� l qf^�X]qT��`_Z[W¶� �,�!&��tZ]�U`B
�	���
������ ��� ��Z]�U`_d l `<^�dn��Zb�U` �
	���
������
ghr3Zb` l �±q�w#`1�# 

����� �  	%&�'$ ��� �	���4� � �
² �u`)w#` l Z]gª¥tw<qTZ]`£�f`_ru` l qTZb`1s�c3W�Zb�u`�ruqngh�f`�w��U`<w�­�` l gxX/m[juX�Z�qfr&qfcuX�Z l qfw§ZpX�Z]qnZb`

S#
 �² �U`�qneh�fd l gvZb�U^

df��Zb�U`�w��U`<w�­�` l gvZ]Xb`_ev�pgxX)Xbgv^a�Ueh` 8FgvZ:w��u`<w�­YX£Z]�uqTZaqnehe�Z]�U`L��`_rU` l qnZb`<s ��` l gª¥Jw_qTZ]gvd�r¨w#d�rusYgvZbghdfruX�q l `
X]qTZ]ghX�¥u`1sLcPWFZ]�U`£� l df�Jd�Xb`<s

S#
  � Zpw<qnr�ct`£� l gvZ�Zb`<r¼X�gh^a�UevW�qfX
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�4�$� 
A	/�-
��/���G+
S#

E
�/6��A�21�7-�'�-�'34%�% H � �'�06,7-�4
��$��� S#

I H ?4� M �-
��,���)+ I����
�/6��A�21�7-�'�-�'34%�% H � �'�06,7-� � @ :'3'74� S#

I H ?4� M � � @ :'3'74� + I
���u` l `+�+` ct`<rU`#¥uZN� l d�^ Zb�u` �±qfw§Z/Z]�uqTZN�+` �uq|�f` � l dT�PghsU`<s)w_dfruX�Z l juw#Zbgh�f`�sY`#¥trUgªZ]gvd�ruX
dn�JZb�u`�qncuX�Z l qfw#Z
sUdf^Fqnghr8d��t` l qnZbghdfruXpZb� l dfju�f�Ud�jYZpZ]�U`FX��J`<w_gª¥tw<qTZ]gvd�rz  (pX,q�w#d�ruX�`1i3jU`_ruw_`fÂ?Z]�U`:w��u`<w�­f` l gxX,sYg l `1w§ZbehW
`_µY`<w#jUZ]qncuev`� 

² �UgxX)qfev��d l gªZ]�U^ Z l gh�PghqfevehW¢X]qTZ]ghX�¥u`<X)oz`_^a^Fq¼}U hyn  � rusY`<`<s'Â
gv�+Z]�U` 
�	���
������ l `_Zbj l ruX9�������«Z]�U`_r
Z]�U`�w_` l Zbgv¥tw_qnZb`

S#
�f` l gv¥u`1XNqneheUZ]�U`p��` l gª¥tw<qTZ]gvd�raw_dfrusUgªZ]gvd�ruXp��Zb�Ud3X�`�gh^a�td3X�`1sFcPW)Z]�U`pqfruqnehWYX�gxX/gvZ]Xb`_ev�

qfrus®Z]�Ud�Xb`Lgh^a�td3X�`1s¨cPW Zb�u`&Xb`<w_j l gªZ[W �Jdfehghw_WY�#  � r¨Z]` l ^aX:df��w#d�^:�uev`_µPgvZ[WfÂNZb�UgxX:ruqngh�f`�qneh�fd l gvZb�U^
��jueª¥uexX)Zb�U` l `<i3jUg l `_^a`_r3Z)df� �tq|�3ghrU�¶q l jUr3Zbgh^a`�w_df^a�Ueh`#µYgªZ[W8Zb�uqnZ�gxX�ehgvru`<q l gvr Z]�U`L� l d�� l qn^ Xbg �<`f 
�ud l `<qfw�� ghruX�Z l juw§Z]gvd�rzÂ
gªZaw��U`<w�­�`<s°Zb�u`�w#d�ruX�Z l qnghr�Z�X£gh^:�Jd�Xb`<s cPW°Zb�u`LqnruqfevWYXbghX�qnrus°Z]�U`�Xb`<w_j l gªZ[W
l `<i3jUg l `_^a`_r3Z]X< 
²!d:ct`�^ad l `p� l `<w_ghXb`fÂP��` l gª��WPghrU��q�w#dfrtX[Z l qfgvr3Z+qf^adfjUr3Z]X�Zbdaw#d�^a�UjYZbghrU�aqnr�qncuX�Z l qfw#Z
Z l qfruX���` l ��juruw§Z]gvd�rIqnrts¦qnr¦d l sY` l gvru�¼Zb`1X[Z

v
  ² �u`�Xbg �<`Ldn�pZb�U`&w#` l Z]gª¥tw<qTZ]`«ghXaqnexXbd¶evghrU`1q l gvr¦Zb�U`

� l d�� l qn^¬X�g��_`#�¸`1qfw��¶� l df� l qf^%�Jdfghr3Z,X�Zbd l `1X�qfr8`<ev`<^:`<r3Z�df�NZb�U`FqfcuX[Z l q�w§Z,sYdf^Fqnghrz �² �UgxX�ghX,XbjUcY³
d��YZbgh^Fqne3qnrus,Z]�U` X�`1w§ZbghdfrtX'Zb�tqTZ!��d�evehdT� `#µY�Uexqnghr��UdT�°Zbd�sY`<Xbgh�fr�w��U`1w�­f` l X?Z]�uqTZ l `1i�jug l `N^)jtw��)X��tq l X�` l
w_` l Zbgv¥tw_qnZb`1X_ 

���4� � 

��%,
 ��!�� ��� � ��� ��� ���� "� 

���"�.
��  	! �����

�� ����%,

���
² �u`£ruqngh�f`£qneh�fd l gvZb�u^�ghX���gv��`_r&qfX�w_` l Zbgv¥tw_qnZb`£q�;<� 
 � +)&89:&�X�d�evjYZ]gvd�r&dn�!Z]�U`)qfruqnehWYX�gxX ��qnr&qncuX�Z l qfw#Z
^a`<^:d l W�X[Z�qTZb` gxXNqTZbZ]q�w��U`<s)Zbd£`1qfw��:� l d�� l qn^ �Jdfghr3Z<  � r�Z]�UgxXNX�`1w§Z]gvd�rzÂn�+`�sY`<X]w l gvcJ`�q,� l d3df�Jw��U`1w�­f` l
���ughw��¦�±gv^a�Uehgxw#gvZbehWY� l `<w_df^a�UjYZ]`<XpZb�U`aw#d�^:�uev`_Zb`aX�d�evjYZ]gvd�r¼� l df^ q�Xb�uq l Xb`)w#` l Z]gª¥Jw_qTZ]`f £² �U`:w#d l `)df�
Z]�UgxX�w��U`<w�­�` l gxX�q l `<w#d�ruX�Z l juw§Z]gvd�r¢qneh�fd l gvZb�u^ ���Ugxw�� Z]qn­�`<X£q�X,gvrU�ujYZ�q&� l df� l qf^ qnrus®q&X�Z l qTZb`<�fW
Z]�uqTZAghXAgvr3Z]` l � l `_Zb`1sFX[Z]`_�FcPW:X�Zb`<�z :���JdfrLXbjuw<w#`<X]X<ÂfgvZ l `#Zbj l ruXAq 9 �8"="'&<%aqnctX[Z l q�w§ZAX�Z]qnZb`�� l df^����Ugxw��
d�rU`£w_qfr�`_µ3Z l q�w§Z��±qn�¹Zb` l Z]qn�a` l q�X�j l `1�AqFw#d lbl `<w#Z qfrus�X�`1w#j l `£qncuX�Z l qfw#Z X�Z]qnZb`f 

reconstruct : Pgm → Strategy → option(Ctrl → TagMem)

² �u`,suqTZ]qnZ[WP�t`1X+��d l X�Z l qTZb`<�fW«w_df^a^FqnrusUX�qfrus�Z]qf�f�f`1s«^a`_^ad l gh`<X�q l `,X�ju^:^Fq l gxX�`1sLghr ��gv��j l `�&Y 
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I
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� M #$�&
,�06 � ��
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 8��$�'�4%JI H 5N8 " ��5 #

I
� L�� 3�% H 
 8��$�'�4% I 1
� �'7/6 M 6$�/6'� M :$���-3'�4�'?�* 8 EF%�6��A� 
'��545&3 M #N1

��gv��j l `�& 8N²�qf��X qnrus�w#d�^a^aqfrusUX
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��� � ���<%��8��� ;�� &$�@�4�  ��	� �+��
3�*�
� &4 �4&8 ���� �*�=� % ��� ;��/����% � &

²�qn�3Xpq l `£juXb`<s&Z]d«­f`<`_�&Z l q�w�­�df��Z]�U` l `<w_dfruX�Z l juw#Zbghdfr¼X[Z�qTZ]juX�df��q«w#d�r�Z l d�ez�Jdfghr�Z1 p² �U`<W&w<q l]l W
Z]�U`���d�evehdT��gvru��gvr3Z]jUgªZ]gv��`�^a`<qfrUgvru�u N�AdfruXbghsU` l q,Z�qn���f`<saqfcuX[Z l q�w§ZAX�Z]qnZb`2:

#
qnrusFq)w#dfr3Z l d�eU�td�gvr3Z 
�+u 

•
� M # ��7p^a`1qnruX�Zb�tqTZ�Zb�U`�qnctX[Z l q�w§Z�^a`<^:d l W,Z]d�cJ`�qTZbZ]qfw��u`<s,Z]d9
�+��uq�X�rUdnZ
ct`<`_r l `1w#d�ruX[Z l jtw§Zb`1s
��W�`#Z���&

•
� 6 M � 5,��5«^a`<qfruX+Zb�tqTZ 5,��5F�uq�X ct`<`_r&� l df�Jd�Xb`<sLq�X�qnr®��jur�Z l jtX[Z]`<su�+ghrP�|q l gxqnr3Z+��d l 
�+ &

•
�
	���
�����# 5A��5«^:`1qnruX+Z]�uqTZpqfevezZb�U`£��` l gª¥tw<qTZ]gvd�r�w#d�rusYgvZbghdfruX df�K+,
£q l `£X]qTZ]ghX�¥u`<s�cPW 5,��5J 

² �U` l `<w_dfruX�Z l juw§Z]gvd�rIX�Z]q l Z�X)� l df^ qnr©jUrusY`_¥urU`<s¦Z]qf�f��`<s¦qfcuX�Z l qfw§ZFX�Z]qTZ]`¼qnrus©w#d�ruX�ju^:`1X:Zb�U`
X�Z l qTZ]`_��W)w#d�^:^FqfrusUX/d�rU`�qTZAq�Z]gv^a`�  �Aqfw��«Xbjuw��Fw#df^a^FqnrtsajU�JsuqTZb`1X/Z]�U`pw#j lbl `_r3Z
Z]qf�f�f`1saqncuX�Z l qfw#Z
X�Z]qnZb`£qnrtsLZ l gh�f��` l X�ehdYw_qfe'�f` l gv¥tw_qnZbghdfr�w_dfrusUgªZ]gvd�ruX_ 

•
² �U` w#df^a^Fqnrts � ����6
? M H 
�+ D 5,��5-IN`#µY�Uehgxw#gvZbehW£� l dT�PgxsY`<X�q��±� l `<XbjU^FqncUehWU�!XbdfjUrts�qncuX�Z l qfw#Z�^a`_^:³d l WB5,��5a��d l Zb�U`£w_dfr3Z l dfeJ�td�gvr3Z2
�+U  � �!Zb�ughX�w_dfr3Z l dfeJ�td�gvr3Z�gxX+qfe l `<q�sYWFX�`_Z���gvZ]X+Z]qf�)gxX�sYg�
J` l `<r�Z
� l d�^ � M # ��7f� Z]�U`_r¼Z]�U` l `<w_dfruX�Z l juw#Zbghdfr��±qnghehX<  .pZ]�U` l ��ghXb`fÂtgª� 5,��5��f` l gv¥u`<X�Zb�U`�evdYw<qne�Xb`<w_j l gªZ[W
�td�evgxw#WLdn��w_dfr3Z l dfeJ�td�gvr3Z2
�+UÂPZb�U`£qnctX[Z l q�w§Z�X[Z�qTZb`�gxXAju�JsUqnZb`1s¢�

S#:=S#[cp → Hint(mem)]
�§ 

•
² �U`8w_df^a^Fqnrus L � 3�% 
�+¦w#d�^:�ujYZb`1XaZb�U`8ev`1qfX�Z�qncuX�Z l qfw#ZF^:`<^ad l W 5,��5¨���Ugxw�� �f` l gv¥u`1XaZb�U`
w#d�ruX[Z l qfgvr3Z�X'gv^a�Jd�Xb`<s,cPW�Zb�U`+qnruqfevWYXbghX?d�r�w#dfr3Z l d�en�td�gvr3Z 
�+u �² �U`NcJ`_�uq|�Pghdfj l w��tqnrU��`<XzXbevgh�f�3Z]evW
sY`_�J`_rtsYgvru�Fdfr�Zb�U`,Z�qn�Fqne l `1qfsYW«qnZ�Z�qfw��U`1s«Z]dT
�+U 

�
� �£gvZLgxX � M # ��7 qnrus 5,��5¨��` l gª¥t`<X:Zb�u`8X�`1w#j l gvZ[W¦w#d�rusYgvZbghdfruX<ÂA�+`¼�uq|��`

S#:=S#[cp →
Checked(mem)]

�
� �UgvZ�gxX � 6 M � 5A��5 � ÂTqnrus;5,��5 � X�jucuX�ju^:`1X-5,��5JÂ|�A`N�tq|�f`

S#:=S#[cp → Checked(mem′)]

� r¼qnrPW«dnZ]�U` l w<qfXb`fÂPZ]�U` l `1w#d�ruX[Z l jtw§ZbghdfrL�±qnghehX< 
� �,Z]�U` l `1w#d�ruX[Z l jtw§Zbghdfr¸Xbjuw_w_`_`<suX_Â gvZLdfjYZ]�UjYZ�XLq°Z]qf�f��`<s©qncuX�Z l qfw#ZFX�Z]qnZb`¼��d l ���Ugxw�� qnehe�� l df� l qn^
�Jdfghr3Z]X�q l `�Z]qf�f��`<s �
	���
�����#U  ( � l dPdn�
X�­�`#Z�w��Ldn��Zb�ughX�� l d��t` l Z[WFgxX�� l dT�PghsY`1s«ghr�Zb�U`£rU`_µPZpX�`1w§Zbghdfr! 

����� � ���" ��" "��� � ��� �������� �� 
 � �"�.
�� �� 
² �u` l `<w#d�ruX�Z l juw§Z]gvd�r&qfev��d l gªZ]�U^%q�X��+`_ehe�q�X�gvZ]X�w#d lbl `<w#ZbrU`1XbX�� l dPdn�/�uq|��`£ct`<`_r¼��d l ^FqfevgxX�`1s&gvr �AdPiJ 
² �u`8w#`<r�Z l qfe��uq l Z«df��Z]�U`8� l dPdn�,dn��o!`_^a^Fq¨}U hy&��d l Z]�UgxX�w��U`1w�­f` l ghX«Zb�uqnZ�q¨Xbjuw_w_`<X]X[��jUe l jUr df�
Z]�U` l `<w_dfruX�Z l juw§Z]gvd�r�qfev��d l gªZ]�U^ WPgh`_exsUXpq:Z�qn���f`<s&qfcuX[Z l q�w§ZpX�Z]qnZb`£� l df^%���Ughw��¶qLX�d�jUrus&qnrus¼Xb`<w_j l `
qfcuX�Z l qfw§Z�X�Z]qTZ]`�w_qfr�cJ`£dfcYZ�qnghrU`<s�cPW£m[juX�Z�` l qfXbgvru�)Z�qn��X< 

²�d¶q l �fjU`�Zb�u`«w#d l]l `<w§Z]rU`<X]X�dn�+Zb�U` l `<w_dfruX�Z l juw§Z]gvd�rzÂ'�+`Fgvr3Z l dYsYjuw_`�Z]�U`FrUdfZbghdfr°dn� �uq l Zbgxqne/w#d l ³
l `<w#ZbrU`1XbX+df��Z]�U`,Z]qf�f�f`1sLqfcuX[Z l q�w§Z�X�Z]qTZ]`<X�qnZ ghr3Zb` l ^a`<sUghqnZb`�X�Z]qn��`<X+dn��Zb�U`�w_df^a�UjYZ�qTZ]gvd�rz 
)�»'*,+,- � -±À.+ � 15/ � 9 �8"="'&<%��'7���9 ����;89 ��9:� 9:&

S#
� �F�uq l ZbgxqnehevW&w#d lbl `<w#Z � � &9� &8����;<�� /9 ��� + �/���! 69

cp
� �

9 �8"=" &.%������4�*+ +5� 1 ���

•
	 �2��;<�� /9 ��� +��+� �! /91� � 9 �8"=" &.%����	��
��
����������9 �+&8 

�
�����!� &8��� � &$�29 �+&�+5�
;<�*+ ;��/&<;�2*� �� 

cp
� 
7�/���8&<%�74� 9 �+&4�8&.;9� ���!9 � �/�*+ � ;4���
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�
�����!� &8��� � &$�29 �+& ;<�  ��9 �.���! /9�� �� 

cp
� 
7�/���8&<%�74� 9 �+& �� �*+ ����� �

•
	 ��� � ���." ����
 �/���! 69 � ��9:�
"
" &<%�������� �����$9 �/&4 	��
�� �  + �6��&8��� � &$��9 �+& +)�
;<� + ;��/&<;�2*� �� 

cp� 
7�/���8&<%�74� 9 �+&4�8&.;9� ���!9 � �+� + � ;4���
² �U`:X�d�jUrusYru`<X]X�� l dPdn�/dn�/Z]�U` l `<w_dfruX�Z l juw§Z]gvd�r¼qneh�fd l gvZb�U^�ghX�sYgh�3gxsY`1s¼gvr3Z]d«Z[�+d«�uq l Z]X< �oz`<^a^aq

}u  ��X�Z]qTZ]`<X�Zb�tqTZ,Zb�U` l `<w_dfruX�Z l juw#Zbghdfr8qfev��d l gªZ]�U^ dfrUehW l `#Zbj l ruX��uq l Z]ghqfevehW¶w#d lbl `<w#ZpZ�qn�f��`<s¢qncuX�Z l qfw#Z
X�Z]qnZb`1X_ 
�A» � �¨��� 1�
�
���À �1� » �n� 	�» � À.+ �<�_�����n� -6À +�� � � ��&8 � �.��"���� 


P
�� %���9 ����9 &:" �

strat
� � �

reconstruct(P, strat) = Some S#

9 �+&8 
S#

� �)�uq l Z]ghqfevehWLw_d l]l `1w§Z
² �u`�� l dPdn�NgxX�c3W&ghrusYjuw#Zbghdfr¢dT�f` l Zb�U`aeh`_rU�fZb�8Zb�U`aX[Z l qnZb`<�fWf 4.�rU`:� l dT�f`<X�Zb�uqnZ�`1qfw��8w_df^a^Fqnrus¶ghX
ju�JsUqnZbghrU�aZb�u`�Z�qn���f`<s�qnctX[Z l q�w§Z�X[Z�qTZb`�Xbjuw���Zb�uqnZ�Zb�U`£ghrP�Tq l ghqfr�Z gxX�� l `<Xb` l �f`<sz 

o!`_^a^Fq®}U  �®sYdP`<XarUdfZL`_ruXbj l `�Zb�uqnZ«Zb�U` l `<w_dfruX�Z l juw#Zbghdfr©ghX«w_df^a�Ueh`#Z]`f  � rtsY`_`1s'Â+Zb�U`&Z]dnZ]qfevehW
jurusY`#¥trU`<sIqncuX�Z l qfw#Z:X�Z]qTZ]`�gxX:�uq l ZbgxqnehehW¨w#d l]l `<w§Z1 ®oz`_^a^Fq8}u  ~°`_rtX�j l `<X)Zb�tqTZ<Â+qTZ:Zb�U`�`_rts¨dn��Zb�U`
l `<w_dfruX�Z l juw#ZbghdfrzÂYqnehezw#d�r3Z l dfe?�td�gvr3Z�X��uq|�f`�Zb�u`�����
�����
���Z�qn�FqTZbZ]qfw��u`<sLZbd:Zb�U`<^& 
�A» � �¨��� 1 � 
���À ����@ » � »�	L» � À.+ �<�_�����n� -±À.+�� � � � &8 �� ���." ����


P
�  % �<9 ��� 9:&:"��

strat
� 	 �

reconstruct(P, strat) = Some S#

9 �+&8 
∀(cp ∈ P ), ∃mem#, S#(cp) = Checked(mem#)

² �u` l `£`#µYghX�Z]XpqFX�gh^a�Uev`�qfev��d l gªZ]�U^¤Z]�uqTZ��f` l gv¥u`<X�o!`_^a^FqF}U  ~U  (+ZpZb�U`£`<rus&dn�
Zb�u` l `1w#dfrtX[Z l juw#ZbghdfrzÂ
gvZ&gªZ]` l qTZb`1XLdT��` l Z]�U`°� l d�� l qn^ �td�gvr3Z�X«Z]d©w��U`1w�­I���u`#Zb�u` l qnehepZ]�U`°� l d�� l qn^ �td�gvr3Z�XL�uq|��`8cJ`_`<r
qf�U� l df� l gxqTZb`<evW«Z]qn���f`1s' �²!d�q|�fdfgxs�Zb�UgxX�Z l q|��` l Xbqfe6ÂUZb�U`

reconstruct
qfev��d l gªZ]�U^ ­�`_`_�tX�Z l qfw�­�dn�/Z]�U`

rPjU^�ct` l dn�Aw_dfr3Z l dfe��td�gvr3Z�X�Zb�uqnZ��uq|��`)rUdfZ£ct`<`_r¢Z]qn���f`1s¼��gªZ]�8Z]�U`:Z]qf�T�
	�� 
�����#U  (�X£q l `<XbjUevZ<Â?Zbd
� l dT��`poz`<^:^Fq�}U  ~)�+`�Xbgv^a�UehWFX��UdT� �±cPWFgvrusUjuw§Z]gvd�r«dT�f` l Zb�u`�eh`_rU�fZb��dn�!X�Z l qTZb`<�fWU�
Z]�uqTZ qTZ+Zb�U`�`_rts
df�!Z]�U` l `1w#d�ruX[Z l jtw§ZbghdfrLZb�UgxX�rPjU^�ct` l ghX�`1i3juqne?Z]d �<` l du 

��� �  % ��#"% ! � ��� � � � �.

�  	! � 

��%,

� !�� � �

² �u`«X[Z l qnZb`_��gv`1X,� l `<Xb`_r3Zb`1s¢Xbd&�±q l `_µP�uevgxw#gvZbehW¢WPgh`_exs q���gvZbru`<X]X
S#

Z]�uqTZ:XbqnZbgxX[¥u`1X�Zb�U`F��` l gª¥Jw_qTZ]gvd�r
w_dfrusUgªZ]gvd�ruX�dn�
Z]�U`)qnrtqnehWPXbgxX_  ��dT�+`_��` l ÂYgvr¼d l sY` l ��d l qFw#dYsY`£Z]d«ct`�qfw_w_`_�YZ]`<s¼q�X�X�`1w#j l `£gvZ�X�j �Fw_`<X
��d l Zb�U`«w��u`<w�­f` l Zbd¼`_rtX�j l `:Zb�U`L`#µYghX�Zb`<ruw#`adf� Xbjuw�� q&��gªZ]rU`<X]XØ�¸Zb�u` l `:gxX£rUd&rU`<`<s¢Zbd l `<w_dfruX�Z l juw#Z
gvZ<  ² �UghX�dfctX�` l �TqTZ]gvd�r¸ev`1qfsUX«Zbd¦qfr df�YZ]gv^agxX�`1s l `1w#d�ruX[Z l jtw§Zbghdfr qfev��d l gªZ]�U^����Ugxw��·`_µP�uevd�gªZ�XFZb�ughX
�+`<qf­f` l�l `1i3jUg l `_^a`<r�Z�Zbd %����@� d�r¶Z]�U`
�tW&qfcuX�Z l qfw§Z�^a`_^ad l gv`1X�Z]�uqTZ,q l `)rUdfZ�ru`_`<sU`<s¶qfr3WP^ad l `�cPW
Z]�U`,�f` l gv¥tw_qnZbghdfr«� l dYw#`1XbX< 
² �UghX l `<sUjuw#`1X�Z]�U`,^a`_^ad l WFjuX]qn�f`�dn��Zb�U` l `<w#d�ruX�Z l juw§Z]gvd�rLqneh�fd l gvZb�U^ cPW
­�`_`<�Ugvru��Z]�U`£X�g��_`£df�!Z]�U`,Z]qf�f�f`1s�qfcuX�Z l qfw§Z�X�Z]qTZ]`£qfX�Xb^aqfeve�qfX+�td3XbXbghcUev`� 
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²�d)qnehehdT�¦Z]�UghX�ct`<�uq|�Pgvd�j l ÂfX[Z l qnZb`<�fW�w_df^a^FqnrusuXNq l `�`_r l gxw��U`<s:��gvZb�«q � ��� + +�+�sYg l `1w§Zbgh�f`� 
VYW3^:³
^a`_Z l ghw<qnehevW�Â�Z�qn�3X+q l `�`_r l gxw��U`<sL��gªZ]��q � � M �)�TqnehjU`f  � Z�ghX l `_eh`_�Tqfr�Z+Zbd � ����+Fq)� l d�� l qn^ �td�gvr3Z����U`<r
gvZ«�uq�X�cJ`_`<r w��U`<w�­�`<s ���,�!& ��gªZ�X:Z]qf�°gxX��
	�� 
�����# 5,��5I�aqnrus¦Zb�u`¶w#df^a�UjUZb`<sI�TqnehjU`&ghX«rUdnZFrU`<`<sY`1s
qfrPW3^ad l ` Z]d�`<�|qfevjtqTZb`�dnZ]�U` l w#dfrtX[Z l qfgvr3Z]X<  � r«Zb�ughX+w_q�X�`�ÂfZ]�U`�` 
J`1w§Z dn�'Z]�U` � ��� + +�+)gxX�ZbdaX�`_Z+q � � M �
Z�qn�t �(�X�qaX�gxsY`_³Q` 
J`1w§Z<ÂPZ]�U`�qnctX[Z l q�w§Z�^a`_^ad l W 5,��5F^Fq|W«cJ`£��q l cuqf�f`#³Øw#d�eveh`<w#Zb`1s' 

� r¨`1XbXb`_rtw#`fÂ
�+`«��gheve+rUdnZ:� l dT�f`aZb�tqTZ)Z]�U`�qfev��d l gªZ]�U^ w_df^a�UjYZ]`<X:qnr¨qfcuX[Z l q�w§Z�X�Z]qnZb`«cujYZ�Z]�uqTZ
gvZ)w#d�jUexs8�uq|��` l `_Zbj l rU`<s¢dfru` �¼��d l ���Ughw�� �+`a�uq|�f`aqnr qneh�fd l gvZb�U^& Foz`<^a^aq&}u  �L��d l ^FqnehghXb`<s8Zb�ughX
ghr3ZbjUgvZbghdfr!  � Z�X]q|WYX:Zb�uqnZ«gª��q®X�Z l qTZ]`_�fWI��gªZ]� � ��� +¦w#d�^:^FqfrusUX«Xbjuw_w_`_`1sUXaZb�u`_r·q®X�Z l qTZb`<�fW®Z]�uqTZ
l `_�uehq�w#` � ��� +Fc3W�q�rudf�&�Ad�jUexsL�uq|��`�Xbjuw<w#`_`1sY`<sz 
�A» � �¨��� 1 � 
�� � ��@ - � - � 	�» � À + �<�_�����f� -6À +�� �����-�*+ + ��9 ����9 &:" �

strat
� � � 9 �/& ��&<;<�� ��9 ���/;49 � �� !���/; �

;<&<&<%�� � � �.&.;<�  ��9 ���/;89 � �� � ���! " 9 �/&��8��
3&4��9 ��� 9:&:"�� 1 �!9 �/�*� 9������	���*+ �4�����/;<;.&<&<%��9�
² �U`p� l dPdf� l `_ehgh`<X/d�raZb�U`p�±qfw§Z�Zb�uqnZ � � M ��Z]qf��XAw_qnrad�rUevW:cJ`_`_rLdfcYZ�qnghrU`<s:� l df^ � 	���
�����#,Z�qn�3X_ �(pX

q l `<XbjUeªZ1ÂYgª��Zb�u`�gh^a�Uehghw_gªZ l `<w_dfruX�Z l juw§Z]gvd�r�s l df�tX+q:w#d�r3Z l dfe?�td�gvr3Z1ÂPZb�U` l `,`#µYgxX[Z�X�q � 	���
�����#)Z]qf��Z]�uqTZ
�+dfjuehs°cJ`Lw#d�^:�ujYZb`1s c3W°q¼X[Z l qnZb`<�fW¶Z]�uqTZ l `<�Uehq�w#`1X£q � ��� +¶cPW¢q&rUd��z !� l d�^ Z]�UghX)gvr3Z]` l ^:`1sYgxqTZb`
l `<XbjUevZ)qnrus°cPW¢w_d l]l `1w§Z]rU`<X]X,dn�+Zb�U`L`#µY�Uehghw_gªZ l `<w_dfruX�Z l juw#Zbghdfr qneh�fd l gvZb�U^&ÂzgvZ)gxX)X�Z l qngh�f�3Z���d l � q l s&Zbd
� l dT��`pZ]�U`,��dfehevdT��ghrU�:gvrtX[Z�qnr3ZbgxqTZ]gvd�r�df�
o!`_^a^Fq:}u vy���d l Zb�U`£�3q l cuqn��`�w#d�eveh`<w#ZbghrU�a� l d3df��w��U`1w�­f` l  

��� »PÀ � » � � 1 � 
 � � » ��
 » � � ( &89
checker(P, strat)

7.&�%'&,�  &<% 78�
reconstruct(P, strat) 6= None)

�
����� � + + � �.��"���� 
%�

P
�� %���9 �.��9 & "�� &$�

strat
� � �

checker(P, strat) = true

9 �+&8 �9 �+&8��& &��'� ��9,�
S#

���/;�� 9 �/��9
Approx(P, S#)

�� %
Secure(P, S#)

� 
 ����� �
�,
��#� S���� �!
��§"��+�,
����

k�l d�� l qn^   m�q|�Tq:Xbg��_`   w#exqfX]X�X�g��_` w#` l Zbgv¥tw<qTZb`£Xbg �<` w��U`1w�­f` l w_df^a�UjYZ�qTZbghdfr�Zbgh^a`
�+jUcucUev`|VPd l Z ~�~�� �f� & �3� �u  �uy1�
�p`<qf�tVPd l Z y<�f~f~ &�� & }�� �u  �3�n�
��jughw�­UVPd l Z y<�P{*& �f}3� y|�T~ �u  ��}f�
�Ad�rP�fdfehjYZ]gvd�r kNl dPsUjuw§Z �P{*& �T~P� ��� �u  �uy<�
��ehdTWYsY¡ �uq l Xb�uqnehe ~ty|{ ����} y1�n~ �u  �3�n�
k d�evWPrUd�^ k�l dYsYjuw#Z �f� � }f�f~ &P{ �u  �uy<�

��gh�fj l ` � 8 �NµP�J` l gh^:`<r3Z]X dfr&�Tq l ghdfjuX qneh�fd l gvZb�u^aX<ÂYX�g��_`�¥ueh`£ghr�cPW3Zb`1X_ÂPZ]gv^a`£ghr¼X�`1w_X
² �U`��f`<rU` l qTZ]gvd�r®dn�pX�Z l qTZb`<�fgh`<X«�6q8w_dPsU`L� l dYsYjuw#` l Z�qfXb­Y��ghX�rUdfZ:X]qT��`#Z[W3³Øw l gªZ]ghw<qne���d l Z]�U` k ���

ghrY� l qfX�Z l juw§Z]j l `f -�pdT�A`<�f` l Â1��d l dfj l�k ���¨Xbw��U`<^a`NZbd�cJ`���`1qfXbgvcUeh`fÂT` �«w#gh`_r3Z
X�Z l qTZ]`_��gv`1X�q l `ArU`<w_`<X]Xbq l W� 
� r�Zb�ughX/Xb`<w#Zbghdfr)�+`A¥ l X�ZNX��udT�®Zb�uqnZNq�X�Z l qTZ]`_�fW�w<qnr:qneh�+q|WYX�ct` �f`<rU` l qTZ]`<s,��d l qnrPW£�fgh�f`<r�w_` l Zbgv¥tw_qnZb`f 
² �u`_r �6VP`1w§Zbghdfr8{Y  �n�+�+`£X��udT� ���U`<r�Z]�U`<Xb`£w_qfr�cJ`£df�UZbgh^:gxXb`<s' 

Ï¹Ð±ÑÓÒ´Ô



� � ��� � ��;�� �!9:&<;89�� �.& 7<���8&<% �  ��&4��9 � � &<% � 7���9 ����;89
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¡°` gvr3Z l dYsYjuw_`�Z]�U` rUdnZ]gvd�r�df� 1 �! / 6�! "�X[Z l qnZb`<�fgh`<X����Ughw��:q l `�Z]�U`�X[Z l qnZb`<�fgh`<X!��d l ���Ugxw��)Z]�U`�w��U`<w�­�` l X
Xbjuw<w#`_`1s¼��� l dPdn�'df^agvZ�Z]`<su�# N² �U`�^ad�X�ZAgh^a�td l Z�qnr3ZAw#d�rusYgvZbghdfrFgh^a�td3X�`1sFdfraZ]�U`_^ gxXNZ]�uqTZ sY`_�J`_rusU`_rY³
w_gv`1X ct`_Z[�A`<`_r&w#d�r�Z l d�e'�td�gvr3Z�X£� ! `#¥urUgvZbghdfr¢{Y vy1� q l `pZ�qn­f`<r�ghr3ZbdFqfw<w#d�jUr3Z< 
)�»'*,+,- � -±À.+��2143 ( &49

P
7<& � � ���."���� 
 � � �+& %�& �+&8 %'&4 ;4� &$� � ���-;.�  /9 ���*+��/���! 69

p
� ��& � + + 9 �+& ;.�  /9 ���*+

�/���! 69,�-9 �+� 91��� �+&<� �2�! 9 �+& �>��� � � � ;<�� �<9 ��� �! /9 1 �!9 ��9 ��� "'&89 p
�

Depends(p) =

{

p′
∣

∣

∣

∣

∃c ∈ gen � cstr(P ),
Target(c) = p ∧ p′ ∈ Dep(c)

}

¡°`�w_qfrLZ]�U`_r&� l `<w_ghXb`_ehWF��d l ^FqnehgxX�`�Zb�U`£rudnZbghdfr�dn�
��ghrUrUghrU�FX[Z l qnZb`_��Wf 
)�»'*,+,- � -±À.+��215/ ( &49

P
7<& � � ���." �.� 
 �� %

S#
7.&��� ��7$��9 ���';49 ��9:� 9:&����/;�� 9 �+� 9

Secure(P, S#)�  %
Approx(P, S#)

� � ��ghrUrUghrU� ��9 �.��9 & "�� � �)���/;���9 �+� 9 �4� � &<��;@��;<�� 69 �.�*+ �/���! 69
cp

� �29 �/&4�.& & �'� �<9��2�� & �� %��  + � �  &
Eval(cp)

�

� �29 �/&4�.& & �'� �<9��2��9 
3�*�<9 �� &
Assign(cp, S#(cp))

�

� � �
Assign(cp, S#(cp))

�*+ 1 � ��� �=;.;9� �@�27.& �4���.& �  Eval(cp)
�

� �29 �/&4�.& & �'� �<9��2��9 
3�*�<9 �� &
Drop(cp)

�

� � �4��� � + +
cp′ ∈ Depends(cp)

� 1 & �/�*��& 9 �+� 9

� � � Eval(cp)
�=;<;$� �@� ���<9:&8�

Eval(cp′)
� �

Assign(cp′, S#(cp′))
�

� 7 � Drop(cp′)
 &$��&4� �=;<;$� �@�27<& �4� ��&

Eval(cp′)
�

� ; � Drop(cp′)
 &$��&4� �=;<;$� �@�27<& �4� ��&

Eval(cp)
�

² �U`£`1XbXb`_r3Z]ghqfe'� l d��t` l Z[WFdf� 1 �! 6 /�! "�X�Z l qTZ]`_�fgh`<X+gxX+Zb�U`<g l `#µYghX�Zb`<ruw#` 8
�A» � �¨� � 1�
 � � � &8 

P
7<&1� � ����"�����

� � � �  &�;<�� �� % �  �'7���9 ����;89 ��9:� 9:&

S#
���/;�� 9 �+� 9

Secure(P, S#)�  %
Approx(P, S#)

� 9 �+&8 �����gvrUrugvrU� �<9 ��� 9:&:"�� �*+ 1 � ��� &��'� ��9,�9�
������� ��� �AdfrtX�gxsY` l Z]�U`�X�Z l qTZb`<�fWF^FqfsU`�df�

Assign
w_df^a^FqnrusuX+��dfehevdT�+`<sLc3W

Eval
w#d�^a^aqfrusUX< 

Assign(p1, S
#(p1)); . . . ; Assign(pn, S#(pn));

Eval(p1); . . . ; Eval(pn)
�Ad�rusYgvZbghdfruX�yfÂÓ�YÂ �¶qfrus¦�nq¶dn� ! `#¥urugªZ]gvd�r¸{P Ó�¼q l `LZ l gv�PgxqnehevW¢��jUev¥ueveh`<s¦ct`1w_qfjuX�`LZb�U`&w#d�r3Z l dfe��Jdfghr3Z]X
q l `Fq�XbXbgv��rU`<s qfrus°`_�TqnehjuqTZ]`<s°dfrtw#`�&/qfeve/Z]�U`Lq�XbXbgv��rU^a`_r3Z]X£q l `F^Fq�sY`Fct`_��d l `aZb�U`L`_�TqnehjuqTZ]gvd�ruX£cJ`#³
��gvr!  ��ghruqnehevW�Â'w#dfrtsYgªZ]gvd�ruX�~uÂz�Tc8qfrus¢�fw)q l `��Tq�w#jUd�juX�ehW�Z l jU`�cJ`<w<qnjuXb`�Z]�U` l `�q l `:X�gh^a�UehW�rud

Dropw_df^a^FqnrusuX_ 
² �UgxX�ruqngh�f`«X�Z l qTZ]`_�fW¢�fgh�f`1X l ghXb`aZbd8Zb�U`�ruqngh�f`«w��U`1w�­f` l dn�pVP`1w§ZbghdfrI}U hyn  � Z l `<i3jUg l `1X�q¼���Ud�ev`

S#
qfrus `_�TqfevjuqnZb`1XLqnehe�Z]�U`¢w_dfr3Z l dfep�td�gvr3Z]X<  (�XLXbjuw��zÂ�gvZ�gxX�rUdnZ�q¦�f` l WIgvr3Zb` l `1X[Z]gvru�¦X[Z l qnZb`<�fWf 

�pdfrU`_Zb�U`<ev`1XbX<ÂngvZ]X/`_µYghX�Zb`<ruw#`�qfevehdT��X
juX
Z]d�X[Z�qTZb`+Z]�U` l `_exqTZbgh�f`-;<� 
 � +)&89 &4 &��@��dn�?dfj l ��%)�+�=;�w��U`1w�­f` l X< 
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��� »PÀ � » � � 1 � � � ��&4 
P

�%� ���." ����
 �  %��  ��7$��9 ���';49 ��9:� 9:&
S#

���/;�� 9 �/��9
Secure(P, S#)

�  %

Approx(P, S#)
��9 �/&4��& & ��� ��9�� � ;<&4��9 � � ;<� 9:&

cert 1 � � ;�� ���8;<&8��9:� �! �
Safe(P )

�
������� ��� ²�qf­f`pq�X�w#` l Z]gª¥Jw_qTZ]`pq 1 �! 6 /�! #"aX[Z l qnZb`_��Wf  �+Wao!`_^a^Fq�{P  �YÂPgvZ+qneh� q|WPXN`#µYghX�Z]X< : ¼d l `_dT��` l Â
��gv��`_r&q 1 �! / /�! #"LX�Z l qTZ]`_��WfÂPZb�u`�w��U`<w�­�` l X�jtw_w#`<`<sUX<  �+W�w#d lbl `<w#ZbrU`1XbXAdn��Zb�u`�w��U`<w�­�` l ÂP² �u`_d l `_^¬{P  ~
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.�j l gv^a�Ueh`_^a`_r3Z�qTZbghdfrajuXb`<X/Zb�U`�� l df� l qf^ `#µPZ l qfw#Zbghdfr:^a`<w��uqfrUghXb^ df�z�AdYi£Z]d�X��J`_`1s:jU�:Zb�U`�w_df^a�UjY³
Z�qTZ]gvd�ruX_Â3cJdnZb��dfrFZ]�U`p� l dYsYjuw_` l qnrusFZb�U`,w#d�ruX�ju^:` l XbghsU`f  � r3ZbjUgvZbgh�f`<evW�Â�Z]�U`p`_µPZ l qfw§Z]gvd�r«^a`<w��uqfrUgxX�^
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