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The standard model of quantum circuits assumes operations are applied in a fixed sequential “causal” order.
In recent years, the possibility of relaxing this constraint to obtain causally indefinite computations has received
significant attention. The quantum switch, for example, uses a quantum system to coherently control the order
of operations. Several ad hoc computational and information-theoretical advantages have been demonstrated,
raising questions as to whether advantages can be obtained in a more unified complexity theoretic framework. In
this paper, we approach this problem by studying the query complexity of Boolean functions under general
higher-order quantum computations. To this end, we generalize the framework of query complexity from
quantum circuits to quantum supermaps to compare different models on an equal footing. We show that the
recently introduced class of quantum circuits with quantum control of causal order cannot lead to any reduction
in query complexity, and that any potential advantage arising from causally indefinite supermaps can be bounded
by the polynomial method, as is the case with quantum circuits. Nevertheless, we find some functions for which
the minimum error with which they can be computed using two queries is strictly lower when exploiting causally

indefinite supermaps.

DOI: 10.1103/PhysRevResearch.6.1.032020

Introduction. The query model of computation is a simpli-
fied framework that offers a way to evaluate the complexity of
different computational problems and to probe and compare
different computational frameworks. Notably, it has been used
to prove various separations between classical and quantum
computations, and to provide nontrivial lower bounds on some
important computational problems, such as the optimally
of Grover’s algorithm or the complexity of graph problems
[1-3]. This model was thus far only studied in the context of
quantum circuits, in which queries and unitary operations are
performed in a fixed sequential order, implying an underlying
fixed causal structure. Several recent studies have proposed
ways of computing beyond fixed causal structures using, for
example, the quantum switch [4], where a quantum control
system can put different sequences of operations into super-
position, leading to what is called an indefinite causal order.
Such scenarios can be studied in the higher-order framework
of quantum supermaps [4] (or “process matrices” [5]), which
describes the most general transformations taking some given
input operations into a valid output operation in a consistent
manner. Although some quantum supermaps are compatible
with a fixed causal order, and thus represent quantum circuits
[6], others, like the quantum switch, have indefinite causal
order or, more formally, are causally nonseparable [5,7,8].

Causal indefiniteness was shown to provide advantages
over quantum circuits in several ad hoc tasks in quantum infor-
mation theory [9—15]. However, much less is known about its
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potential advantages in a general complexity theoretic sense
except that its computational complexity is upper bound by
PP (which includes both NP and BQP) [16].

In this Letter, we address this problem by proposing query
complexity as a natural way of comparing the relative power
of quantum circuits and causally indefinite supermaps. Af-
ter recalling the standard query model of computation in
terms of quantum circuits, we formulate three different fam-
ilies of quantum supermaps that can be understood as query
computations with different causal structures. We show that
allowing for superpositions or coherent control of the order
of queries in so-called quantum circuits with quantum control
of causal order [17] cannot reduce the query complexity of
Boolean functions compared to quantum circuits. Further-
more, through a generalization of the polynomial method
to general quantum supermaps, we give a lower bound on
any possible reduction that could be obtained with causally
indefinite supermaps. Then, using semidefinite programming
techniques, we show that an advantage can be obtained with
some such supermaps: for some functions, causal indefinite-
ness can reduce the minimum error with which they can be
computed given a fixed number of queries.

The query model of computation. In the quantum query
model of computation (see [18] or [19] for a survey), the
goal is to compute a Boolean function f : {0, 1}* — {0, 1}
with a quantum circuit having access to an oracle O,. Here
without loss of generality we use the phase oracle [19,20],
defined as the unitary that takes as input a state |{) in an
(n + 1)-dimensional Hilbert space 1%, with i serving as an
index, 0 < i < n such that

oun = i7"
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Note that the special case |i) = |0) is needed to ensure O,
is equivalent to the more common form oracle O.|j, b) =
lj,b®x;), with 1 < j < n, be (0,1} and @ denoting addi-
tion modulo 2. A quantum circuit with 7' queries to the oracle
is specified by a series of T + 1 unitaries (Uy, ..., Ur41) each
acting on the space H%* = H? ® H*, with H* an ancillary
space of arbitrary dimension. By extending the oracle on the
ancillary space, O, = O, ® 1%, we say the circuit computes
f (exactly) if for all x, measuring the left-most qubit of
UT+1OXUT - U,0,U; |0---0) gives the outcome f(x) with
probability one. We similarly say that the circuit computes f
with a bounded error ¢ if the measurement result gives, for
all x, f(x) with a probability at least 1 — & with some fixed
e < 1/2; typically one takes & = 1/3. The exact quantum
query complexity of a Boolean function, written Qg (f), is the
minimal value of T for which there exists a quantum query
circuit computing f exactly, while Q>(f) is the (two-sided)
bounded error quantum query complexity, defined as the min-
imal T for which a quantum query circuit exists computing f
with bounded error ¢ = 1/3.

This definition of quantum query complexity is the usual
one considered in the literature, and is based on the stan-
dard formalism of quantum circuits. In this Letter, we show
that translating this definition into the framework of quantum
supermaps leads to a natural generalization of the notion of
quantum query complexity to study the relative power of
causal indefiniteness. Let us first introduce the tools and nota-
tion we will use throughout this Letter.

Mathematical tools and notation. We denote the space
of linear operators on a Hilbert space HX as L(HX). To
define quantum supermaps we first introduce quantum chan-
nels, which are completely positive (CP) trace-preserving
(TP) maps M : L(HX) — L(H"). A channel is conveniently
represented as a positive semidefinite matrix MXY e L(HXY)
using the Choi isomorphism [21,22], where we adopt the
shorthand HXY = HX ® HY. The composition of two CP
maps, potentially over a subset of their input/output systems,
can be computed directly via their Choi matrices using the
“link product” [6,23], denoted “«” and defined for any ma-
trices MXY e L(HXY) and NY% € L(HY?) as MXY « NYZ =
Try [(MXY @ 19)T (1% ® N¥%)] € L(H*?), where Try is the
partial trace over the subsystem 7! and -7 the partial
transpose over Y. The link product is commutative and as-
sociative and reduces to the tensor product on maps acting on
disjoint Hilbert spaces (see the Supplemental Material, SM
[24]).

A T-input quantum supermap S is then a T-linear, com-
pletely CP-preserving, and TP-preserving map [25]. That
is, a supermap is the most general transformation that
transforms any T input channels M, : LOHA) — L(HAY)
into another quantum channel: S(M, ..., My): L(HF) —
L(HF). Writing HA = HAY and, with T :={1,..., T},
HAT = et HA | a supermap can be represented in the
Choi picture as a “process matrix” [5], a positive semidefinite
matrix W € L(HPA7F) belonging to a specific subspace £
and normalized such that TtW = d” [;_, d2, with a” =
dim(H") and dko = dim(’HAf ) [8,26] (see SM [24] for further
details). We denote the set of all such process matrices /5",
The process matrix W fully characterizes S, and the Choi

matrix of the channel resulting from applying S to some input
channels (M, ..., Myr) is obtained as S(My, ..., My) =
My ® - ®@M7r)xW € L(HF).

Fixed order and quantum controlled supermaps. The gen-
eral framework of quantum supermaps allows us to compare,
on an equal footing, specific classes of quantum supermaps
of particular interest, and to understand their computational
capabilities. Here we present two subclasses of particular in-
terest: supermaps with a fixed causal order (sometimes termed
quantum combs [6] and which are equivalent to quantum
circuits), and quantum supermaps with quantum control of
causal order [17].

The class of supermaps compatible with a fixed causal
order (or FO supermaps) has been extensively studied. Any
such T-input supermap S can de described by 7 + 1 chan-
nels Vi : L(HP) — LOHA®), Y, : LOHAT) — L(HA)
for 2 <t <T, and Vyr, : L(HATrY - L(HF) composed
sequentially in a circuit structure [6]. Here, the H% are an
ancillary spaces, and H” and HI are the input and output
spaces of the circuit. In the Choi picture, the action of S on
T input channels (M, ..., Mr)is

S(M],...,MT):VT+1*MT*VT*~-~*V2*M1*Vl

=M ®---QMp)xW ¢ E(HPF), (2)

where W =Vry x--- %V, € E(?—LPAITOF) is the process ma-
trix of S. Process matrices of this specific form—which can be
decomposed as the link product of quantum channels—belong
to a subset WO < WS [6,17,23] (see also the SM [24]). It
is easy to see that quantum query circuits, as defined above,
can readily be represented as FO supermaps.

Another family of supermaps, those with quantum control
of causal order (or QC supermaps), can be formulated as gen-
eralized quantum circuits in which a quantum system controls
the order of application of the different input operations [17].
This clear interpretation and the potential realizability of QC
supermaps [17,27,28] makes it a class of particular interest,
and which includes supermaps such as the quantum switch
that are causally indefinite [4].

A QC supermap alternates between applying some con-
trolled “internal” operations on a ‘“target” system and some
ancillary systems, potentially correlating these systems with
the quantum control, and using this control system to control
which input operations to apply to the target system at time-
step ¢. More precisely, throughout the computation the control
system, at time-step 7, has basis states |KC,_i, k;) specifying
that operation k, ¢ KC,_; will be applied next and that the
operations /C;_; C T have already been applied. This system
controls coherently the application of the different input op-
erations My, at time-step ¢ and the pure internal operations
V,z f’:,‘q : [,(HAZ“’) — E(HA{%H“’“) between time-steps, and
is the minimal control system required to ensure that no
operation is applied more than once, while maintaining the
possibility for superpositions of causal orders and interfer-
ence of different causal histories (i.e., permutations of the
operations in /C,_;) [17]. Process matrices of QC supermaps
belong to a subset W€ C WSen; see [17] or the SM [24] for a
more detailed description of QC supermaps and their process
matrices.
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Quantum query complexity under indefinite causal order.
We can now define what it means for a quantum supermap
to compute a Boolean function f : {0, 1} — {0, 1}, in order
to compare the relative computational power of the different
types of supermaps.

Let us consider a T-input supermap S¢ of class C e
{FO, QC, Gen}, with trivial input space dim(H”)=1 and
output space of dimension dim(#/) = 2. These dimensional
constraints reflect the fact that, as in the initial definition of
quantum query complexity, any fixed input to the supermap
can be absorbed directly into it, and only a single output
qubit—that will be measured to define the output of the
computation—is needed.

To differentiate the different input and output spaces of
each query, we label (without imposing a particular order)
the T queries to the phase oracle (1) as O, ..., O with
o . LOHAY > E(HA"O), where H4 and HA” are of dimen-
sion n + 1. (Here O is the quantum channel corresponding to
the unitary oracle O,.) Then for every x, the output of SC s
the qubit state S¢ (OW ..., 01 e L(HF). The probability
that one obtains f(x) when measuring this qubit in the com-
putational basis is then given by the Born rule as

p(f(x)) = Te[ (02" % W) - sy ], 3)

with Tl = [£(X))(f(x)| and O¥T = @, OP. We say

that S¢ computes f with a bounded error ¢ if for all x,
p(f(x)) > 1 —¢e. We can now define Qg(f) as the mini-
mum value 7 for which there exists a quantum supermap
SC computing f exactly (i.e., with error & = 0). Similarly,
the corresponding bounded-error complexity Qg( f) is the
minimum 7T for which there exists a quantum supermap S
computing f with bounded error ¢ = 1/3. By definition we
have the following inequalities:

Gen( 1) < Q¥ (f) < QEO(f) = Qr(f), 4)
05 (f) < 0°(f) < O5°(f) = Oa (). 5)

To compare the power of the different classes of quantum su-
permaps in terms of query complexity, we need to understand
how these inequalities can be refined.

Quantum control over T copies of the same unitary channel.
QC supermaps are known to provide advantages over FO
supermaps in several tasks, some of which are sometimes ex-
pressed as query complexity advantages (albeit of a different
kind than studied here), such as in the discrimination between
pairs of commuting and anticommuting unitaries [9] and gen-
eralizations of that task [10,12]. Here, we show that they
cannot provide an advantage in query complexity of Boolean
functions. In particular, building on a result of Ref. [13] for
“switch-like” supermaps, as strict subclass of QC supermaps
generalising the quantum switch, we show that QC supermaps
are equivalent to FO supermaps when acting on T copies of
the same unitary channel.

Theorem 1. For any T-input QC supermap S, there ex-
ists an FO supermap S such that S and SF© have the
same action whenever applied to T copies of the same unitary
channel. That is, for all unitary channels /, SeC(U, ..., U) =
SPw,...,uU).

The proof is detailed in the SM [24]. While the theo-
rem may appear intuitive, the result exploits subtly both the
specific structure of QC supermaps and the unitarity of the
operation. Indeed, the analogous result for nonunitary chan-
nels is known to be false, and concrete advantages are known
in that setting [29-32].

A direct corollary of Theorem 1 is that 09 = QFC and

;)C = go. Thus, no advantage in query complexity can be
found using QC supermaps instead of FO supermaps, and for
that matter, in any task where 7 copies of the same unitary
channel are considered, such as the reversal of unknown uni-
tary transformations [29] or unitary channel discrimination
[13]. In both these tasks, however, advantages were obtained
using more general causally indefinite quantum supermaps
beyond QC supermaps. This raises the prospect of neverthe-
less obtaining advantages in query complexity from causally
indefinite supermaps. In order to better target where to look
for such an advantage, we first provide a lower bound on any
potential reduction of query complexity of Boolean functions
with general supermaps by generalising a well-studied bound
for quantum circuits, the polynomial method.

Polynomial bound for general quantum supermaps. The
polynomial method makes a connection between the output
of an FO supermap and a multivariate polynomial g, and
is an important method for proving lower bounds on the
quantum query complexity of Boolean functions [33]. A poly-
nomial g is said to represent a Boolean function f if for
all x € {0, 1}", f(x) = g(x), we denote deg(f) the smallest
degree of any polynomial representing f. Similarly, we write
deg(f) the degree of the smallest polynomial approximat-
ing f with a bounded error ¢ = 1/3, i.e., such that for all
x, |g(x) — f(x)] < 1/3. The polynomial method states that
for all Boolean functions we have deg(f)/2 < Q5°(f), and

P ——

likewise for the bounded-error counterpart, that deg(f)/2 <
05°(f). Here, we generalize this lower bound to general su-
permaps and thereby bound the potential advantage obtainable
with causally indefinite supermaps over standard quantum
circuits.

Theorem 2. For any Boolean function f, we have
deg(f)/2 < QS(f) and deg(f)/2 < QF(f).

The proof follows a generalization of the original result
[33] into the process matrix framework; we provide the full
details in the SM [24].

Theorems 1 and 2 thus allow us to refine the inequalities
(4) and (5) as follows:

deg(f) n
2 <O

() <O () =0 ()= Qe(f), (6

deg(f)
2

These results mean that for functions whose polynomial
bound is tight for FO supermaps, i.e., when deg(f)/2 =
OFO(f) or deg(f)/2 = O5°(f), causal indefiniteness cannot
provide any advantage. But not all Boolean functions have a
tight polynomial bound [34], motivating us to study explicit
Boolean functions to look for such an advantage. We note
that some bounds can be immediately put on the extent of any
possible separation: since Qg (f) = O(deg(f)3) and O»(f) =
O(deg(f)*) [35,36], one cannot hope for an exponential

<05 < 0X°(f) = O5°(f) = Oa (). (D)
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advantage from causal indefiniteness [here, f(x) = O(g(x)) if
f(x) = O(g(x) logk x) for some constant k].

In general, we lack an understanding of general supermaps
beyond QC supermaps, so trying to develop analytically
supermaps providing such an advantage for general n-bit
Boolean functions is extremely challenging. Instead, we study
exhaustively Boolean functions up to 4 bits, building on the
extensive literature on the optimization of quantum supermaps
using semidefinite programs (SDPs) [8,26].

Advantage of general supermaps over FO supermaps. In
the remainder of this Letter, we show an advantage of causally
indefinite supermaps over fixed order ones by considering the
minimum bounded error computation of a function f. Let us
denote by 81;0( f) [resp. 8?8“( f)] the minimum error & for
which there exists a T-query FO supermap (resp. a general
supermap) computing f with a bounded error €. We prove the
following theorem for 7 = 2.

Theorem 3. There exists some function f for which
7" (f) < &5°(f).

To prove Theorem 3, we use SDPs to look for such a gap
on all Boolean functions up to four input bits. A systematic
study for quantum circuits of the minimum bounded error
computation of functions using SDPs was already performed
in Ref. [37] for functions up to four bits, and for symmetric
functions up to six bits. The SDP formulation used therein
(based on that of [38]) fails to extend to general supermaps as
it exploits the sequential structure of a FO supermap, which
has no analog in generic quantum supermaps.

Here, using the characterization of supermaps in the Choi
picture as process matrices W, we give an SDP formulation of
the minimum error bound for both FO supermaps and general
ones.

Let us consider a Boolean function f and a T-query su-
permap S¢ with C e {FO, Gen}. Because we measure the
output of the supermap to obtain the value of f(x), it is
convenient to consider, instead of the process matrix W, the
quantum superinstrument {W1};01, where Wl = W « IT;
[17], so that p(f(x)) = Tr[WV®!. O%T]. Writing F! = {x :
f(x) =i}, the minimum-error bound 8% (f) is given by the
SDP

C _
er(f) = E.V%aq%

1—¢

st.Vie(0,1),vxe FI, Ti[WiH. 0¥ ] > 1-¢, (g

Vie {01, W >0, >0 Y wilewc
i€{0,1}

Note that the size of the W!!’s scale as (n 4+ 1)* making the
SDP difficult to solve even for moderate n and 7. We managed
to solve it numerically for 7 = 2 and up to n = 4 [39,40].

We studied all three- and four-bit Boolean functions, us-
ing the so-called negate, permute, negate (NPN) equivalence
relation [37] to reduce the number of functions to consider.
No advantage was found for three-bit Boolean functions. For
four-bit functions, a table of the results is given in the SM
[24]. Out of the 222 NPN representatives, we observe a gap
between the minimum error bounds sgo( f) and ag’en( f) for
179 functions, the maximum gap being 0.00947 (close to

1%) for the functions with IDs 5783, 5865, and 6630. The
simplest of the three functions (ID 5865), can be written as
the polynomial f(x) = x; + x2x3 + X2X4 + X3X4 + X2X3X4.

This numerical evidence is not an analytical proof of The-
orem 3 as the constraints of the SDPs are only satisfied up
to numerical precision. However, extracting an FO or general
supermap that rigorously verifies the constraints is possible by
rationalising the numerical results and perturbing the SDPs’
solutions. Such a method was developed in Ref. [30] and
allows us to obtain upper bounds with the primal SDP (8),
and lower bounds with the corresponding dual SDP, which
can be derived with Lagrangian method (see the SM [24] for
further details). Using the extraction methods for the function
ID 5865, we find the bounds 0.0324 < e§°"(f) < 0.0377 <
0.0452 < 812:0(f) < 0.0472, which proves Theorem 3.

Discussion. By generalising the notion of query complexity
to general supermaps, we provide a natural tool to probe, in a
unified complexity theoretic framework and on equal footing,
the power and the potential advantages that different types
of causal structure can provide. Until now, it was unclear
whether causal indefiniteness could provide any advantage
in such a fundamental model of computation. We found a
separation between FO supermaps and general, potentially
causally indefinite, supermaps in the minimum error proba-
bility with which they can compute a Boolean function using
two queries. While this separation does not directly translate
into an asymptotic query complexity separation, it is a crucial
step in this direction. One possible such approach would be to
explore whether the separation we found can be amplified by
recursively composing supermaps in a suitably well-defined
manner [41,42], similar to the advantage in query complexity
obtained with quantum circuits in Ref. [34]. These results also
raise the question of whether it is possible to find a separation
in exact query complexity.

Our proof that QC supermaps cannot provide any advan-
tage over FO supermaps when a single unitary is repeatedly
queried has implications beyond query complexity. For in-
stance, it also implies that this important class of supermaps
cannot provide advantages in quantum metrology of uni-
tary dynamics [15,43]. It likewise raises natural questions
about the power of specific classes of supermaps beyond QC
supermaps, such as that of purifiable processes [44]. The
prospect that some such supermaps may be realizable [45]
leaves open the possibility of exploiting causal indefiniteness
in the standard query complexity setting. It would similarly
be interesting to study whether supermaps, including QC su-
permaps, can be exploited in related scenarios. For instance,
can advantages over quantum circuits be obtained when given
multiple different oracles, and can our results be used to obtain
advantages in quantum communication complexity in more
standard settings than those studied with causal indefiniteness
previously [46]?
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