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Context & Motivation

TEST

WP2 of SimCardioTest focuses on Pacing Leads and Catheters, especially on energy required to
trigger a cardiac beat with a pacemaker.
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(a) BOREA™pacemaker (b) Lead implanted in the septum  (c) Simulation of electrical field
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Problematic

Electrophysiological propagation models already exist, but we need to describe the stimulation

e Three discontinuous parts by stimulation = Device circuit must be modeled
Structural analysis of electric circuits and consequences for MNA,

D. Estévez Schwarz, C. Tischendorf, 2000

e Presence of a reactive layer at electrode boundaries = Layer must be modeled too
Existence and Uniqueness for Electrode Models for Electric Current Computed Tomography,

E. Somersalo, M. Cheney and D. Isaacson, 1992
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(a) Geometric setup (b) BOREA™
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Principle & Notations - |

An oriented graph G = (S, B) with

— N, nodes,
— Ny, branches (dipoles)

Potentials U in Volt and currents | in Ampere

Incidence matrix A = (asp)ses,pep Of size Ny x Ny,

—1 if sisanend point of b
asp = +1 if sis astart point of b
0 elsewhere

Kirchhoff’s current law A] = 0 and voltages V := ATU.

Sy

U= (U517U527US37US4)
J = Upy+JB2+JBs B4+ JB5)

By By B3 By Bs
$1 1 0 0-1 1
ss|—1 1 0 0 O
S3 0-1 1 0-1
S4 0 0—-1 1 O
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Principle & Notations - Il NN
o
Only contains capacitors, resistors and voltage sources & < By
B
Split graph and matrix accordingly: ! N
B=B.UByUB,and A = [A,, Ay, A{] /S
A] = 0= Ade + Aglg + AJs = 0| S By
V=ATU=V.=AlU,Vy = AJU and V(t) = A{U U = (Us,,Us,,Us,, Us,)
J = UBy>J855J85:JB4>JBs)
. dVC dATU 1 2 3 4 5
Dipole laws: J. = T = C—— pr and J; = GVy = GAJU
Differential algebraic equations (DAE) S B; BS B‘(; jll B]
s5]-1 1. 0 0 0
dA U
A, GATU AgJs =0 _ _
(U,Js) solution of A = S3f 0 -1 10—l
AlU = VS ss] 0 0—1 1 0
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@ Generic Models

SIM
e Multi-Electrode Device Model

Graph (8, B) oriented with L + 1 specialized nodes

Potentials split as U = (U°, yU) of size Ny, internal potentials U°
Dirichlet boundary condition, v,U = 0 (ground)

Coupling boundary potentials 1, U, . ..,y U

Coupling output currents vJ = (v1],...,v1))

dt

daTu
(U,Js) solution of DAE ACTH + AgGATU + A+ yA7] =0
o AU =V,

with yA = [0, Id;]T.
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Generic Models . .
oo Equivalent Models for each electrode B = e -
Y1 Yaj1
ug
On each electrode ¢ = 1, .. ., L (without voltage sources) G vx eIy
e Defined spatially: Vx € T', L YU
e Potentials split as u, = (uj, yuy) of size N, e T
ug

e Coupling boundary potentials v, u,, youy Vx e,

(43 Ui
e Coupling output currents vj, = (y1j¢, Voje) o ——
ML Vit

. aAZCUg
u; solution of x-ODE |4, .Cy 8’t + Ag)gGlAnge +YArje =0 onT

with ’yAg = [0, |d2]T.
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@ Generic Models

SIM
fesve Bidomain Model (PDE)

e Tissue )y - intracellular and extracellular

Bath/Blood (23 - passive media

Transmembrane voltage [u] = u; — u

Conductivity tensors o and ¢;

L electrodes at boundary Uﬁzl Iy C O (U Q)

* yu=ur,and —oVu-n=jr,only

—div(cVu) =jn inQy

,U;) solution of PDE | — div (o;VUu;) = —jm in Oy and
(u, uy) v (0iVu;) = —j M {—div(aVu)—O in O

with membrane current density jm, = X (¢m0: [u] + Tion([u] , h, t)), and lonic Model on h.
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@ Generic Models

SIM
e Transmission conditions

) Yiu1 Y2U1 o
’ S R R — Potentials
' J - i

YU = yuy(x), forx € T'y

Wwog,
77777 g oy Youg(x) = you(x), forx € Ty
WU o] e Yale
w g u — Currents '
. " u YeJ + Jr, vuje(x) =0
i e Jiur Y2UL [4
En Yot Yoje(x) +jr,(x) =0,forx € Ty
Device G Electrodes (Qg)ﬁzl Propagation
ODE PDE

8/12 Valentin PANNETIER, Yves COUDIERE and Michael LEGUEBE



@ Sketch of the proof - |

?e‘s“#’m Global variational formulation

For all ¢ = ((b? (bia ¢17 RS (blu q)) € Cé)o of [07 T) X {§7m7 (E)Ne 7RNH}7
findu := (u,uj, us,...,ur, U) such that vyU = 0 + transmission conditions on potentials, and J;,
verifying

//QMUIW Vi + //UVu v¢+/ /Q< 6]+ ([u) b >[¢])

T
dATU
+/0 (c dct -qu>+GAgTU.Ag¢>+ASJS-q>>

Uy
+Z / / ( A A},C¢e+ceAzguf-Az,g¢e>=o,
Ty

AlU =V,
+ IPP = weak solution
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@ Sketch of the proof - Il

?Q‘S“T”m Global variational formulation semi-discretized in time
Find u® := (u™, ul, u?, ..., ut,U") € Ho,and J* € RY with
i 1 L s
H = H" (Qu) x H" (Q) x I, L? (TN x RN,
Ho = {u e Hst. ‘*yOU = 0,7U = v1ug, Yu = Yauy \,e =1,...,L},

verifying, for all ¢ == (¢, ¢1, @1, ..., ¢, ®) € Ho,

o (5 8) + D)+ (W) o, + AT 2 =0,

ATU" = V7

@ (5, §) = (en 9], [6)q, + Shoy (CoAT s AT 60) -+ CATSU - AT,
I
b(u,¢) = (01, Vo), + (VU V) + X, (Gm,},gue,lcx,}7g<;sg)F + GAJU - A]®.
4
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g Sketch of the proof - lli

e Existence

— Hypothesis — Consequence

A has full column rank ker (4) = {0} and Im (A7) = ker (4;)" = RM, = vV" € R™ there
exists U} € RN such as ATU = V2 and [|ud|,, < est||[VE{|g, -

— Variational formulation in the constraint space

Find u? € MK, with u" = u” + u}} and | H5" := {u € Ho | U € ker (AT)} |, verifying for all

¢. € HE™,

a ("“’Atuqb) bl ul @) + (F (W) [0))g, =0

Lax-Milgram and Banach fixed-point theorems: existence of u” in Her.

— Resolution of J equation in R":
o V{ex} basis of RN, 3{px} C H s.t. ex = A Py, and JT solves the linear systems J - e, = wy,

e wy are independent of the choice of {¢y}.
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@ Sketch of the proof - IV

Sl
e Compactness & passing to the limit

We have a sequence (u}) bounded by data, and (u?) in HE°" with a priori estimates.

— A priori estimates on

n__ ,n—1 n_ ,n—1
a(u,u") ZAtb(u“,u") ZAta (u A't‘ ,u Al: )

for compactness (as f is nonlinear)

— Compactness: discrete Aubin-Simon (Gallouét-Latché theorem)
= up to subsequence u" — u (strong convergence)

— Passing to the limit
= u solution of the continuous problem.
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Figure: Pacemaker + 2 R//C contacts + geometry inspired of a standard VEGA lead



