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Abstract. We are interested in the approximation of a cardiac micro-
scopic model. It is a set of Laplace equations with non-standard, time-
dependent, transmission conditions, for which finite volume methods are
of real interest. The transmission conditions state as ordinary differen-
tial equations on the jump of the potential, namely the transmembrane
voltage, so that we keep this voltage as an unknown in our scheme. Here
we extend the two-point flux approximation to the discretization of this
model, show that it converges, and compute error estimates.
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1 Introduction

The standard mathematical model for describing the spread of excitation of a
cardiac tissue is a system of reaction-diffusion equations, obtained by homoge-
nization of a microscopic model. It fails to capture effects of small scale tissue
organization, relevant to cardiac fibrillation [3]. For these reasons, we aim at
finding numerical approximations of the microscopic cardiac model, called the
extracellular-membrane-intracellular (EMI) model, as defined in [1, 5].

The general EMI model is a set of No 4+ 1 Laplace equations. For sake of
simplicity, we will work only with No = 1 cell, denoted {27 within a tissue sample
2 (21 C 12). The extracellular matrix (ECM) is denoted by 2y := 2\2; (see
Fig. 1). Scalar electrical conductivity coefficients oy > 0 and o1 > 0 are given in
the two subdomains. The main physical unknowns are the electrical potentials
uo and ui;. The normal flux of current at the interface between subdomains is
continuous, whereas the electrical potential jumps between subdomains. This
jump defines the voltage v = u; — ug on the cell membrane X := 29 N 2. The
system is closed by ordinary differential equations (ODEs) that link the flux of
current to the voltage on the cell membrane. The equations read

—oAuyg = 0, in 2, k=0,1, (1)
—O'OvUO Ny = o1Vug -ng = — (Cmaﬂ) + f(v)) s on E, (2)

where the unit vectors ng, ni are normal to X outward of {2y and (2¢, as de-
picted on Fig. 1. The function f defines the ionic current, and models membrane
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electrophysiology, while ¢, > 0 is the membrane surface capacitance. In gen-
eral, the function f also depends on a set of state variables w defined on X' (i.e.
f = f(v,w)), and the model is closed by a system of ODE, 0;w = g(v,w) on X.
Here we consider a simplified model without state variables w. The equations
are completed by mixed boundary conditions —oqVug - ng = ¢ on I'V, and
up = gP on I'P, where I'°P UI'N = 912 is the boundary of the tissue sample. The
equations are supplemented with initial data on X, v(0,-) = v°, and we look for
a solution ug,u; for ¢t € [0,T] for any T > 0. From previous work [1], we know
that there exists a weak solution in L?(0,T; H'(£2) x H'(§21)).

Cell membrane Y
AW

ni
<«—

I'p g Cell 2 Iy

extracellular matrix {2

Fig. 1. Geometrical setup of the EMI model with one cell

There has been some attempts at solving this system of equations by finite
elements or boundary element methods [1,4,5], but not with finite volumes
methods (FVM). Since the dynamics of the phenomena is written on the interface
between subdomains (through jump conditions), and the model relies on the
continuity of the flux of current, we believe that FVM are a relevant choice for the
EMI model. We start here by studying the simple two-point flux approximation
(TPFA) for Egs (1) and (2). It is essential to carefully write the discrete flux on
the cell membrane Y. Following the usual track, and assuming enough regularity
(see section 4), we are able to compute some error estimates for the jump v in
L*(0,T; L?(X)), as well as in a discrete L2(0,7, H')-like norm for uy and u;.
For this purpose, we assume that 2y and §2; are polygonal domains.

Section 2, 3, and 4 describe the scheme, its well-posedness, and the error
estimates; section 5 discusses the current result, and on-going work.

2 The Numerical Scheme

We consider a standard FV-admissible mesh T, as defined in e.g. [2], with control
volumes K € T, and cell centers (zx)kxe7. We assume that the mesh T is
consistent with the subdomains {2y and (2: any K € 7T is such that, either
K C {2, or K C (), so that we define 7, = {K € T, K C {2} (i =0,1). We
also split the set of the mesh interfaces into: the set £* of interfaces e = K|L
(using notations from [2]) such that (K, L) € T; x 7; for some i € {0,1}; the set
& of interfaces e = K|L such that (K, L) € Ty x T1; and the set £P (resp. £V)
of the boundary faces e = K| for which K C 2y and e C I'P (vesp. I'V). Let
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E=E"UEUEPUEN, and denote by (x,)ece the points x, at the intersection
of the interface e and the line (zg,zr) if e € £ U E*, and the perpendicular
projection of 2 on e if e € EP UEN. Regarding the time discretization, we set
At = %, for any N > 0 and t" = nAt, for n =0,... N.

An edge e = K|L € £ may be such that (K, L) € ToxT; or (K, L) € Ty xTq.
Below, we always use the convention that K € Ty and L € T;.

The integral form of Eq. (1) on any cell K € T at time t™ reads

— Z kauk(tn, ) TNEKe = 0, (3)

e€EK V€

where £k is the set of interfaces e € £ that form the boundary of K € T, and
the vector ng. is the unit normal to e outward of K. The integral of Eq. (2) on
any interface e = K|L € £ (with the above convention) at time " reads

_/U()vu()(tnv') ‘NMKe :/Ulvul(tnv') *MNLe

e e :_(cm /eatv(t",-)+ / f(va",-))). (4)

There are Ny = card(T) equations (3), and Ny = card(£*) equations (4),
so that we take Ny + Ny unknowns at each time t" (n = 1...N), which are
the vectors u := (u%)xe7 € RN7, approximating the u(t", zk), and Vi 1=
(V) eces € RY= approximating the v(t", z.). Using a semi-implicit Euler time-
stepping method, our numerical scheme states, forn =1,2... N, as the Ny+ Ny
equations

-3 Fg.=0, for all K € T, (5)
ecfk
—Fit, = Fio = — (5200 =0l + f0) el foralle = K|L € €%, (6)

with some given initial values vy = (v0)ccex € RY®. The numerical flux formula
Fg, for e € g and K € T approximate the exact flux:

Fp, =7 (u] —u¥) ife=K|Le&xkNE, KeT, (7)
Fio=r.(u} —uy —v") ife=KILeExgNE, KeTy, LET, (8)
F, =1.(gP"™ —ul) ife=K|e&xknNEP, KeT, (9)
Fiio=—gNm el ife=K|lec&xkn&N, KT (10)
In these expressions, the coefficient 7. has the usual value 7. = % if e =

K|L € £*U&*, and 7. = Tk, if e = K| € EP, where 7, = [;"Kil for all e € Ex
and K € T; (i = 0,1). The quantities |e| and df. are the measure of the interface
e and the Euclidean distance dx. = d(zx,€). At last, we take gP" = gP(t", x.)
and g¥"|e| = /. g (", ).
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Expressions (7), (9), and (10) are standard, but expression (8) is obtained on
an interface e = K|L between K € Ty and L € T; after introducing two auxiliary
unknowns, named u. x and u. r, approximating uo(t"”, z.) and u (", z.), and
flux expressions FJt, = Tie(uk e —uk) and FJ', = T (ur, . —ur). The auxiliary
unknowns are eliminated with the conservation and jump conditions:

Tre(Uk,e — Ug) + Tre(Upe —u}) =0, Upe— Uk =1L (11)

n n n
TKeUp+TLeWr —TLeV,,
TKe+TLe

n n n
e ;:Lfi’;'wkeve , and then Formula (8) for the flux.

Instead of the usual solution, we find that ug . = yand ur e =

3 Discrete norms, discrete problem, coercivity

In this section, we establish existence and uniqueness of the discrete solution.
First, from Eqs. (5) and (6), and the definitions (7) - (10), we observe that
the scheme writes as the following block linear system, at each time step

(50 %0) () = (C Cop T i) 02
BT C+ D) \vgs — (—%vggl + f(vggl)) le|] )’

where A € RNTXNT ig the usual TPFA matrix, with nonzero entries axy = —7e
if e=K|L, and axx = Ze:K|L€£K To. The matrix B € RVN7*N= has nonzero
entries by, = 7, and by, = —7. (for e € &), and the matrices C, D € RN=xN>
are diagonal, with c.. = 7. and d.. = |e| (for e € £¥). The vector G* € RN7
gathers the contributions of the boundary data.

We multiply scalarly Eq. (12) by the unknown vector (u'}- vgz)—r, or equiva-
lently, we multiply Eq. (5) by u and sum over K € T, multiply Eq. (6) by v¥
and sum over e € £. After reordering the summation over the set of edges, it
yields

C
D meluf —uf P+ D welu —uf — vl Y melui P Y S o fel

ecE* ec&x ecEDP ec&E>
C
= 3 el = Y g+ YD S ) ol el (13)
ec€EP ecEN ec&>

Equation (13) shows that the linear system (12) is symmetric and positive-
definite. In addition, we can introduce the semi-norm of a vector (ur,ves) =

((uK)KET’ (UE)EESE) by

|(UT3U$E)|1,T
1/2
- (Z i~ + Y s~ s Y Te'“K'2> o
ecE* ec&” ecED

and the norm of ves = (ve)eces € RY® by [lugs||f 5 = Y cen |vel? |e]. This
latter formula defines a norm, because, if |(ur, ng)|1)7— = 0, then one observes
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that ug = 0 for all K € 7Ty, and there exists u € R such that u;, = u for all
L € 71, and at last v, = u on all e € £, so that if |(ur, ’ng)|1,7— = 0, then there
exists u € R such that ug = v, = u for all K € 7 and e € £*.

Using these norms, Eq. (13) rewrites as:

2 Cm 2 T T A B uly
(o)l + el = 7 o) (g o % p) (1) 09
Finally, the FV formulation allows to write the problem as an evolution

problem on X' only, computing the Schur complement of (12) and iterating with

(0 _BTA'B+ %D) vl = (%vggl - f(vggl)) le| - BTA™'G™.  (16)

4 Convergence analysis

In this section, a convergence analysis is carried out by proving the following
error estimates theorem.

Theorem 1. Assume that f is Lipschitz continuous in R. Given T > 0, and the
discrete setup from above, assume that uy, € C%([0,T)x 2y,), and consider U and
U defined by W = u;(t", xg) for all K € T; (i =0,1), and v} = uy (1", xe) —
up(t", ) for all e € €, and n = 0...N. The discrete errors (€%, ng) are
defined by € = Up — ul and Ng = Vgs — vgs. We associate to (ngs)n the
L>(0,T; L2(X)) function nes(t,x) = n* for t €)t" 1" (n = 1...N), and
x € e (e € &) If the initial approzimation vls is such that [|[v° —vis|lo,x < Ch,
then there exists C' > 0, depending only on the data, such that

N 1/2
[me= Lo 0.1:22(5)) < C(h+ At), <Z At(#aﬂgz)hg-) < C(h+At), (17)

n=1

where we have defined h = max g7 diam(K).

Proof. We denote by ﬁ}ée = fe o;Vu; nge the exact flux out of cell K € T; (i =

0,1) through the edge e € £k, and by F ., the flux associated to (U, 0%s) with
Formulas (7) - (10). By subtracting Egs. (5) and (6) defining the approximation
solution, from Eqgs (3) and (4) verified by the exact solution, the equations on
the error vectors (e, ng:) for n =1... N, write

_Z(f;(e_F}ée):_ ZRTIL(6|€|7 (18)
e€lk e€fK

on all K € T, where the consistency error is R}, = % (F?{e - ﬁ}ée>; and

el
- (F?;(e - Flyﬁl'e) + |€| R?(e = (FZe - Fge) - |€| Rze = (cmTen + S?) ‘€|
Cm n n— —n— n—
— (Feor =)+ F@ = F@E) lel, (19)
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on all e = K|L € &, where the additional consistency errors are defined by

1= fonen ) - B2 s = L e ) - s, o

For n = 0, we have 7752 = ﬁgz — vgz. We multiply by €7 and ngs and obtain
(like we obtained (13) and the coercivity inequality (15))
((Fome)} 7+ Sl e < (it = (PO ) = F3)) i)
THUEE) I, T At ¥ 10,2 = At Ne. & & s g 0.5

)

+ ) lel Rkl —ei)+ D el Rico(—ek) + D el Rico(—k)

e=K|Le&* e=K|e€EP e=K|eEN
> el Rl — e — ) — (emTEs + Sgo, )y 5
e=K|Le&*
where (-, ), 5, denotes the natural scalar product on £ associated to || - ||o, .
and T = (T )ecer € ]RNE and S& = (S0).cex € RV=. We have R, =0

for e 6 EN (see def of gl¥'™ above). We have | f(o2~1) — f(vr=)| < M=t for
all e € &, where A > 0 is the Lipschitz constant for f , and then we obtain
n n 2 n_ |12 A n—1 n
Atl(eg gzl 7+ emlngsllo.s < em {14 = At ) g llo.2lng=llo.

+ ALR™ (e, ngs)ly 7 + At (cml|T¢ ||0 =+ [15g=llo.2) (21)

Te

1/2
where R"™ = R"(ug,u1) = (Zeeg*UgDugL‘ LRy ) . Using Young inequal-
ities, we first prove that

At Cm A\
S+ Pl s < G (14 2a) s B s

)

CmQ
b oISl ) Ingsllo.s < 5% 1 5

(22)

At
+ SR + ot (T o

The last term is bounded for any « > 0 as follows:

e At <||

2
c " 1 an
—+ ﬁAtQ <||T52 ||07E + CSgEHO,Z') . (23)

m

We combine (22) and (23), choose a > 0 such that 1 — a = to obtain

1
14+ 2 At?

A 2
gl < em (1 200) s 5

m

Cm.
At |(er, ne 2 +7
|( T 77£E)|1,T 1+ At
2At

+At|R”|2+(1+At) = (NTENR 5+ 1553 5) - (20
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From (24) we extract an estimation on 7Z., and a recurrence shows that

) A 3n o 12 At n—1 Y 3i+1 .
lisls < (14 2at) elBs+ S0 Y (14 2ar) e

™ i=0

2At n—1 A 3142
P (1 2at) @I+ ISE IR ).
™ =0 m

which proves that, foralln=1... N,

3 A 1 2m 2 12
sl < 0w (327 (Infolfo + R+ 5278+ 2o )

. N 2 N N
with Rgr = At Zn:1|Rn| ) ng = At Zn:1 |SZEH(2),L‘7 Tg22 = At Zn=1HTgE”(2),E-
In a second step, we start again the computation from inequality (21), and

show, after some standard calculations, that

N
A1) 7 < emlnds 3 o +2¢3, T8 + 282 +200+ DT max [l |3 5.
n=1
It remains to estimate the consistency errors Ry, Sgz, and Tes. Assuming
C? regularity, and the Lipschitz continuity of f, the estimates for S? and T are
obtained by the usual Taylor expansions (see Eq.(20)): |S?| < A||v]|2,00 (h + At),
and |T7| < C||v||2,00 (h + At), where |[v]|2,o0 denotes it C? uniform norm. Stan-
dard results (see [2]) are used to estimate the terms R, in all cases excepts for
e = K|L € & . In this case,

F\ﬁe = /JOVuo(t”, ) nge = le|ooVug(t", xe) - nre + le| Ax

e

= +7re(uo(t", ) —uo(t",zx)) + le| (Ax + Bk) (25)
= —Tre(ui1(t", we) —ur (t",21)) + |e| (Ax — Br),
because oo Vug(t", ze) - nxe = —01Vui(t", x.) - npe. Here, |[Ax| < M||uoll2,00h

and |Bg| < M||uo||2,00h (resp. |Br| < M||uy|l2,00h) by Taylor expansion, with

M = max(0p,01). Instead of Eq. (11), we have that Tx.(uo(t", z.) — k) +

Tre(ur(t", 2.) —u}) = — |e| (Bx + Br) and 7 = uy (t", 2.) — uo(t", z.) (recall

that @ = up(t", 2k ) and T} = uy(t",z)). Hence we find that

TRUY + TLeU] — TLeUy le]
TKe + TLe TKe + TLe

U()(tn,.’IJe) = (BK+BL) (26)

The discrete flux associate to @ = ug(t", xx) and @} = uq (t",2p) is

FTIL(E = _fZe = TKE(ETIL(,e - ﬂ?() = _TLe(ETIL/,e - ETIL/)’ (27>
where . and U} , are defined as in (11) (with oy = uy (t", zc) — uo(t", zc)).
In view of Eq. (26), we have uo(t",z.) = Uk . — Lel (Bx + Br).

TKe+TLe
At last, we substract (27) to (25), and use the pI;eVi(L)us remark, to obtain the
last estimate: R, = %5 (uo(t", ve) —Uk o) +(Ax+Brk) = %—FAK <

max(|Br|, |BL|) + [Ax| < 2M max({|uo 2,00, [[u1]|2,00) -
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5 Conclusion and perspectives

In conclusion, the TPFA generalizes naturally to the EMI model. An error esti-
mate was obtained on the transmembrane voltage v on the interface X, though
under strong regularity assumptions. The convergence analysis, without error es-
timate, might be easily deduced from the existence proof from [1], and obtained
with minimal regularity of the data. We believe that the extension to many cells
(N¢ > 1) is straightforward (as in [1]), and also that the consistency estimates
generalize to functions u; € H?(£2;) and v € H(0,T; L*(X)).

In practice, the scheme is intended to be used for simulating billions of car-
diac cells, using HPC solutions developed within the EuroHPC MICROCARD
consortium. In reality, the ODEs from Eq. (2) are coupled with large sets of
nonlinear equations that needs time-integration specific to cardiac models. The
FVM simplify the implementation of this coupling, by introducing the voltage
v as an explicit unknown. Moreover, a Dirichlet to Neuman operator on Y can
be introduced to rewrite the problem as an evolution equation on the membrane
only. This give rise to approximation with boundary element methods. Again,
the discrete Dirichlet to Neumann operator may be reconstructed with the FVM,
as in Eq. (16).

On a short term, we plan to implement the scheme, and compare it to finite
elements and a boundary elements discretizations on simple 2D and 3D test
cases. Afterwards, we would like to generalize the scheme to a FV-like method
that is more robust with respect to the available meshes.

Acknowledgement. This project is funded by the European High-Performance
Computing Joint Undertaking EuroHPC, under grant agreement No 955495.
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