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Approximate and exact controllability criteria for linear
one-dimensional hyperbolic systems
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October 4, 2023

Abstract

This paper deals with the controllability of linear one-dimensional hyperbolic sys-
tems. Reformulating the problem in terms of linear difference equations and making use
of infinite-dimensional realization theory, we obtain both necessary and sufficient con-
ditions for approximate and exact controllability, expressed in the frequency domain.
The results are applied to flows in networks.

Keywords: linear one-dimensional hyperbolic systems, boundary controls, linear dif-
ference equations, approximate controllability, exact controllability, flows in networks,
realization theory.

1 Introduction

Linear one-dimensional hyperbolic systems are frequently used to model many systems such
as traffic flows or electronic circuits (see, e.g., the monograph [23]). The properties of such
hyperbolic systems, such as their stability, stabilizability, and controllability, have been stud-
ied intensively in the literature [2,8,9,13]. In this paper, we focus on their approximate
and exact controllability. More precisely, we consider the linear one-dimensional hyperbolic
system

O R(t, ) + A(x)0,R(t,x) + D(x)R(t,x) =0, t>0, z€(0,1), (1a)
R*(t,0 R*(t,1
(REt, 1;) Y (ngg) + Bu(®), £>0, (1b)
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where the n X n matrices A(z) and D(x) are diagonal and, for A(z), with nonzero diagonal
entries whose sign is independent of z; R* (respectively, R™) gathers the components of R
whose corresponding diagonal element in A(x) is positive (respectively, negative); u: Ry —
R™ denotes the control law; B is an n X m real matrix; and M is an n X n real matrix
accounting for the boundary conditions.

Our goal is to provide controllability results for System (1). There are mostly two ap-
proaches to undertake the investigation of such systems. One classical strategy is to use
semigroup theory, as done in [11,19,20,24]. Another strategy consists in exploiting control-
lability results about difference equations [1,2,5,8]. In fact, as detailed in Section 3.1, the
characteristic method allows one to transform System (1) into an equivalent linear difference
equation of the form

v (t) n(t—m)
T e : + Bu(t), t>0, (2)

ya(t) ult = 7,)

where the state variable (yi(t),...,y,(t)) is related to the boundary values of R(t,-), the
matrix K is obtained from M, A(-), and D(-), and 74, ..., T, are obtained from A(-).

In this paper we adopt the strategy of studying the linear difference equation (2) in order
to get insight on System (1). Equation (2) can be seen as a special case of a more general
linear difference equation of the form

N
o(t) =Y Aju(t—Ay) + Bu(t),  t>0, (3)

j=1
where the positive real numbers Ay, ..., Ay are the delays, Ay, ..., Ay are d x d real matrices,

B is a d x m real matrix, and t — u(t) is a R™-valued control law. The exponential stability
of systems of the form (3) in the uncontrolled case B = 0 has been completely characterized
(cf. the monograph [15]). Controllability issues are less classical. In the paper [4], we gave
necessary and/or sufficient conditions for the controllability of System (3) in the state space
LY([—Amax, 0], R?), ¢ € [1,+00), where Apax = max;—; _nA;. These results are expressed
in the frequency domain and are of Hautus type. Applying the results obtained in [4] to
System (2) only provides conservative conditions, since the latter deal with controllability in
L([—Tiax, 0], R™), where Typax = max;—y __, 7;, while controllability of System (2) should be
sought in X9 := [, LI([—7;,0],R) instead, as detailed later in the paper. Note that con-
trollability in L9(|—Tmax, 0], R™) implies controllability in X9, but in general the converse does
not hold. Moreover, the results obtained in [4] cannot be directly applied when considering
the evolution of System (2) in X9.

The present paper adapts to System (2) the controllability results obtained in [4] for
System (3), providing the necessary modifications. Our first result is that approximate (re-
spectively, exact) controllability from the origin of System (2) is equivalent to its approximate
(respectively, exact) controllability in time 71 + - - - + 7,,, thus providing an upper bound for
the minimal time for controllability. We then base our analysis on the realization theory
for infinite dimensional linear systems developed by Y. Yamamoto [25-27]. The key point
for applying the realization theory framework is the identification of a suitable input-output



system equivalent to (1). As a consequence, we are able to obtain a necessary and suffi-
cient condition for the approximate controllability in time 7, + --- + 7, of System (1) in
¥ q € [1,4+00). We also derive a necessary condition for the exact controllability in time
71+ -+ 7, of System (1) in X1

In the final part of the paper, as a special case of linear one-dimensional hyperbolic
system, we consider flows in networks, namely dynamical graphs where the edges are seen as
transport equations with suitable linear static conditions at the vertices [10,11,16,22]. Note
that all these works rely on semigroup theory and not on a difference equation approach
like ours. Applying the results obtained previously to this type of systems, we improve the
previous results in two directions. On the one hand, we identify a topological obstruction for
controllability, namely the graph must be the finite union of cycle graphs for (approximate
or exact) controllability to hold true. On the other hand, when the graph is a finite union of
cycle graphs, we also precise the Hautus criteria for controllability, noticing that it reduces
to a Kalman criterion in the case where the delays are commensurable.

The paper is organized as follows. In Section 2, we gather the main notation used through-
out the paper. Section 3 provides first the complete description of System (1) and of the
one-to-one correspondence with System (2), enabling one to define a general concept of solu-
tion for System (1). We then introduce a representation formula for solutions of System (2),
which is used in Section 4 to derive the upper bound 7 + --- + 7, for the minimal time of
controllability. We finally give several definitions of controllability both for System (1) and
System (2), which are equivalent thanks to the transformation defined previously. Section 5
is devoted to the controllability criteria, obtained by applying Yamamoto’s realization the-
ory. Finally, Section 6 focuses on the case of flows in networks, introducing their general
formulation, obtaining the topological obstruction for their controllability, and applying to
them the general Hautus test.

2 Notation

In this paper, N represents the set of nonnegative integers. The sets of real, complex, non-
negative and nonpositive real numbers are denoted by R, C, R, and R_ respectively. For
p € C, R(p) and J(p) represent the real and imaginary parts of p. For two integers a, b with
a < b, we use [a,b] to denote the interval of integers between a and b, i.e., [a,b] = [a,b] N Z,
and, if a > b, [a, b] is understood to be the empty set.

Given two positive integers n and m, M,, ,,(K) is the set of nxm matrices with coefficients
in K=R or C. For A € M,,,,(K), we denote by A* its conjugate transpose matrix. We use
|| - || to denote a norm for every finite-dimensional space (over K).

Elements # € K" are considered as column vectors, hence the transposition 27 of z is a

row vector. Given z,y € K", we denote = -y = zy. For z € K", we use diag (71, ...,2,) to
denote the diagonal matrix whose diagonal entries are the components of x, and we extend
this notation for block-diagonal matrices when xq, ..., x, are square matrices. The identity

matrix in M,, ,,(K) is denoted by I,,. For M € M,, ,,(K), rank M denotes the rank of M, i.e.,
the dimension of the linear space over K spanned by its columns. Given a positive integer
k, A e M, n(K), and B € M,, (K), the bracket [A, B] denotes the juxtaposition of the two
matrices, which hence belongs to M,, 1 (K).



Given ¢ € [1, 400], we endow L]

loc

(R+, Rk) with the topology induced by the semi-norms

a q 1/q _f 1
Pl 0,01, 4 = (fo ol dt) ’ 1 q € [1,+00), for a > 0.
esssup{[|(t)|| | ¢ € [0,a]}, if ¢ = +o0,
Similarly, given an interval I of R, L9(I,R*) is endowed of the norm | - ||;,. The space

31 = H?Zl L9 ([-7;,0],R), with 7,...,7, > 0, is endowed with the product norm, denoted

by || - [l

For a linear operator L, we denote by Ran L its range and by Ran L the closure of its
range. Similarly, if F' is a matrix-valued holomorphic function, we use F'(C) and F(C) to
denote its image and the closure of its image, respectively.

We define M, (R) to be the space of Radon measures on R whose support left-bounded,
and we let M(R_) denote the subset of M, (R) made of the Radon measures whose support
is compact and contained in R_. We denote by * the convolution in M, (R), which is then
seen as a convolution algebra. Given a Radon measure p € M, (R), we denote by fi(p) the

Laplace transform of p at the frequency p € C, that is,

i) = [ " (e, ()

o0

provided that the previous integral exists. The Dirac distribution at € R is denoted by
0 € M (R). Notice that the Laplace transform of J, is the holomorphic map

~

o(p) =e ", peC. (5)

3 Controllability problems for linear one-dimensional
hyperbolic systems
We consider System (1) where
— A(z) = diag{\1(2), ..., \(z)} and there exists 1 € {0, ...,n} such that
Ai(z) > 0> \j(x) forevery i € {1,...,n}, je{n+1,...,n}, z€0,1],
and, in addition, \; and /\% belong to L*>((0,1),R) for every i € {1,...,n};

— the components of the solution R are split into those corresponding to positive and
negative velocities, i.e.,

_ (R . [ Rt = (R,....R)",
R_(R‘> with { R~ = (Rasr,... . Ra)".

— D(z) = diag{d,(),...,d,(x)} and d; € L*((0,1),R) for every i € {1,...,n}.

Notice that the choice of taking every transport equation on the interval [0, 1] corresponds
to a choice of normalization. One could equivalently consider each transport equation on an
arbitrary space interval and recover (1) by rescaling the speeds Ay, ..., \,.
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3.1 Transformation into linear difference equations and well-po-
sedness

In this section we start by providing a definition of solution to System (1), directly inspired
by the method of characteristics and which does not require any a priori regularity on the
solution. The definition below is an immediate generalization of [5, Definition 4.1].

Definition 3.1. Let T > 0, u: [0,T] — R™, and R: [0,1] — R®. We say that R: [0,T] x
[0,1] — R™is a solution of (1) in [0, T] with initial condition R and control u if R(0, ) = R(x)
for every x € [0, 1], (1b) is satisfied for every ¢t > 0, and, for every ¢ € [1,n], t € [0,T], and
x € [0, 1], we have

eth g oth di(€)
fi <”/ Wi)’””*’l):efﬂwdéRM) (6)

for every h € R such that ¢ + f;+h % €10,7] and z + h € [0, 1].

Remark 3.2. A similar concept of solution for systems under a form more general than (1)
has been given in [9, Definition 3.1], where it is referred to as broad solution.

Remark 3.3. The motivation for the notion of solution provided in Definition 3.1 is that (6)
characterizes classical solutions of (1a). More precisely, given any T' > 0, if R € C'((0,T) x
(0,1),R™") N C°([0,T] x [0, 1], R") satisfies (6) for every i € [1,n], t € [0,T], and x € [0, 1],
then, by differentiating (6) with respect to h at h = 0, we deduce that (la) is satisfied on
(0,7) x (0,1). Conversely, if R € C*((0,T) x (0,1),R™) nC°([0,T] x [0, 1], R") satisfies (1a)
on (0,7) x (0,1), an application of the method of characteristics shows that (6) is satisfied
for every ¢ € [1,n], t € [0,7T], and x € [0, 1].

We now relate solutions of (1) with those of the linear difference equation (2). For that
purpose, set

1 dl(z) dz dn (x) dx

K = Mdiag{e_ 0 i@ ,,,,,e_fol An (@)l }7

and, for i € [1,n], define v;: [0,1] — R by

L e
ilz) = /o1 Ai(€)

dg
()]

Note that ¢: [0,1] — [0, 7;] is an homeomorphism for i € [1,n], where one sets

”:A|§;V i e[l (7)

if i € [n+1,n].

We use here the definition of solution of (2) from [6, Definition 2.1] and [18, Definition 2.1],
which, similarly to Definition 3.1, does not require any a priori regularity on the solution.
More precisely, the family y;: [—7;, 7] — R, ¢ € [1,n], is said to be a solution of (2) in [0, T]
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with a given control u: [0,7] — R™ if (2) is satisfied for every t € [0,T]. In that case, the
family g;: [—7;,0) — R, i € [1,n], where g; is the restriction of y; to [—7;,0), is said to be
the 4nitial condition of the solution (y;)icpi,n]-

We thus have the following result.

Proposition 3.4. Let R: [0,T] x [0,1] — R"™ be a solution of (1) in [0,T] with initial
condition R and control u: [0,T] — R™. Fori € [1,n], define y;: [-7,T] = R by

Ri(t,0) ift >0,
yi(t) = D a0 4 (8a)
oo NOTR; (i (1)) if -1 <t <0,
and, for i € [n+ 1,n], define y;: [—7,T] = R by
Ri(t,1) ift>0,
yi(t) = () (8D)

oo MO R (N (1)) if —7 <t <0,

Then (yi,...,yn) s a solution of (2) in [0,T] with control u.
Conversely, let the family y;: [—7;,T] — R, i € [1,n], be a solution of (2) in [0,T] with
control w: [0, T] — R™. Fori € [1,n], define R;: [0,T] x [0,1] = R by

z d;(§)

Rit,x) = e Y0 50%y;(t — (), (9a)
and, fori € [n+ 1,n], define R;: [0,T] x [0,1] — R by

1 d;(€)

Ri(t,z) = e J= M@ %y, (¢ — (). (9D)
Then R is a solution of (1) in [0,T] with control u.

Proposition 3.4 extends [5, Proposition 4.2], which corresponds to the particular case
u =0, A(-) constant, and D = 0. The proof of the latter can be immediately adapted to the
present setting, and we omit it here for conciseness.

Remark 3.5. Under additional regularity assumptions on A and D, other works have also
addressed the equivalence between weak notions of solution of (1) and (2) (see, e.g., [14]).

It is known (see, e.g., [6, Proposition 2.2] or [18, Proposition 2.2]) that, for every T' > 0,
every family g;: [-7;,0) — R, i € [1,n], and every w: [0,T] — R™, there exists a unique
solution y;: [—7;,T] — R, ¢ € [1,n], of (2) with initial condition (¥;)icp,n) and control w.
The next result is an immediate consequence of this fact and the correspondence between
solutions of (1) and those of (2) from Proposition 3.4.

Proposition 3.6. Let T > 0, R: [0,1] — R"*, and u: [0,T] — R™. Then (1) admits a
unique solution R: [0,T] x [0,1] — R™ in [0,T] with initial condition R and control u.



Our subsequent goal is to provide controllability results in L?-type spaces for ¢ € [1, 400],
and hence one needs to address the correspondence between solutions of (1) and (2) from
Proposition 3.4 also in an L? framework. For that purpose, we define, for ¢ € [1, +o¢], the

space
H LY((—=7;,0

and the map 7,: ¥¢ — L9((0,1),R") which associates, with every y € X9, the element
r € L1((0,1),R") given, for x € (0,1), by

z d;(§) de P ~
e 0 Oy (—i(x)), ifd € [1,n],
ri(x) = 1 di(®) 4
“le i@y, (—yy(x)), itie [+ 1,n].

Note that, since & € L'((0,1),R), it follows from [12, Theorem 3.9] that r; € LI((0,1),R)
and 7, is a well-defined bounded linear operator. In addition, since /\% € L>((0,1),R),
once again using [12, Theorem 3.9], we deduce that the operator 7, is invertible, and its

inverse 7,7': L%((0,1),R") — X7 is the bounded linear operator associating, with every

r e Li((0,1),R"), the element y € 34 given, for i € [1,n] and t € (—7;,0), by

i ) di(€)
efo NOCr (vl (1) if i e [1,7],
yilt) = o

1
fwi (—t) M \dE

e ri(; (=) ifi € [n+1,n].

Given a family y;: [-7,,T] = R, ¢ € [1,n], and ¢ € [0,T], we use y to denote the family
of functions yp;: [—7,0) = R, i € [1,n], defined by

Yi.i(s) = vi(t + s), s € [-7;,0).

Using the maps 7, and 7;_1, we can now state an analogue of Proposition 3.4 for L4
solutions of (1) and (2).

Proposition 3.7. Let q € [1,+00]. Consider a solution R: [0,T]x[0,1] — R"™ of (1) in [0,T]
with initial condition R and control u: [0,T] — R™, and assume that R(t,-) € L4((0,1),R")
for every t € [0,T). Let y;: [—7;,T) — R, i € [1,n], be the solution of (2) in [0,T] with
control u defined by (8). Then, for every t € [0,T], we have

Y € X7 and Y = 7;_1R(t, ).

Conversely, let the family y;: [—7;,,T] — R, i € [1,n], be a solution of (2) in [0,T] with
control u: [0,T] — R™, and assume that yp € X7 for everyt € [0,T]. Let R: [0,T] x[0,1] —
R™ be the solution of (1) in [0,T] with control u defined by (9). Then, for every t € [0,T],

we have

R(tv ) € Lq(<07 ]->a Rn) and R(tv ) = Ey[t]

Proof. The first part of the proposition follows by rewriting yy,(s) = y;(t + s) in terms of
R(t,-) and by using (6) in the expression of yp;(s) given by (8). The second part of the
proposition is an immediate consequence of (9). m

7



Concerning existence of solutions in an L? framework, [18, Remark 2.3] states that, for
every T > 0, every family g; € L((—7;,0),R), i € [1,n], and every u € LI((0,T),R™), the
unique solution y;: [—7;,T] = R, i € [1,n], of (2) with initial condition (%;)ic1,,) and control
u satisfies y; € LI((—7;, T),R) for every i € [1,n]. Relying on Proposition 3.7, we obtain as
immediate consequence the following result.

Proposition 3.8. Let g € [1,+00], T >0, R € L4((0,1),R"), and u € Li((0,T),R™). Then
(1) admits a unique solution R: [0,T] x [0,1] — R™ in [0,T] with initial condition R and
control u, which satisfies R(t,-) € L((0,1),R"™) for every t € [0,T].

Remark 3.9. Definition 3.1 still makes sense and Propositions 3.4 and 3.6 remain true
under the weaker assumption on A that + € L*((0,1),R) for every i € [1,n]. The stronger

assumption that \; and /\% belong to L>((0,1),R) are needed only to deal with solutions in

L9 in order for the operators 7, and 7;*1 to be well-defined, and, in the case ¢ = 400, they
can be relaxed to \; and A% belonging to L'((0,1), R).

3.2 Recursive representation formula

Motivated by the links between solutions of (1) and (2) established in the previous section,
we now provide a representation formula for the solutions of (2), which is an immediate
adaptation of the representation formula for solutions of linear difference equations of the
form (3) from [6,18]. For that purpose, we first provide the following definition.

Definition 3.10. The family of matrices =, € M,, ,(R), ¢ € Z", is defined recursively as

0 if ¢ € 2"\ N,
_ I, if £ =0,
Y KerefZi, if€€N"and |(| >0,
k=1
where eq,...,e, denotes the canonical basis of R".

Remark 3.11. We remark that Kegel represents the n X n matrix whose kth column
coincides with that of K and such that all other elements are zero. Its appearance is motivated
by the identity?
yi(t —71) n
k| | = Kadt .
Yn(t — Tn) k=1
where y(-) = (v1(-), - -, Yn(*))-

Using the matrices =, ¢ € Z", defined above, we provide the following definitions of the
flow and endpoint operators for (2).

Definition 3.12. Let 7' > 0 and ¢ € [1, +00].

1Strictly speaking, this identity makes sense only for ¢ large enough (namely, t > Ti,ax) since, for small
t > 0, some components of y(t — 7 ) may fail to be defined.

8



1. The flow operator Y, (T): ¥? — X is defined, for ¢ € ¥9 and ¢ € [1,n], by

(Yo(T)), (s) =€ > EreKejg(T+s—7-0), s€[-m,0]

(£.3)eN™x[1,n]
—7; <T+s—7£<0

2. The endpoint operator E,(T): L([0,T],R™) — X is defined, for v € L4([0,T],R™)
and ¢ € [1,n], by

(Ef(T)u), () =¢f Y EBu(T+t—7-0), te[-m,0].

i
LeN™
TU<T+t

It follows immediately from their expressions that Y,(7') and E,(T") are bounded linear
operators. The main motivation for introducing them is that they can be used to express the
solutions of (2), as stated in the following result, which is based on the recursive application
of (2) in order to express y;(t), ..., y,(t) in terms of the initial condition and the control only
(cf. [6, Proposition 2.4] or [18, Proposition 2.7]).

Proposition 3.13. For T > 0, q € [1,400], u € LI([0,T],R™), and ¢ € 39, the unique
solution y of (2) with initial condition ¢ and control u satisfies, for every t € [0,T],

vy = Tq(t)o + Eq(t)u. (11)

Remark 3.14. As a consequence of (11), the operator E,(7") associates with a control u the
state at time T' of the corresponding trajectory starting at 0 € X9 at time 0. In particular,
T +— Ran E,(T') is non-decreasing, since E,(T1)u; = E,(T1 + T5)us whenever uy is equal to
zero on [0,T,) and to uy (- — T3) on [T, T} + T3).

In order to provide controllability characterizations of System (2), one may consider the
dual operator E,(T)* of E,(T), whose explicit expression, in the case ¢ < 0o, is given next
(see [6, Lemma 2.9]).

Proposition 3.15. Let T > 0, q € [1,400), and denote by q' the conjugate exponent of q.
The dual E,(T)* of the operator E,(T) is the linear operator from X9 into L7 ([0,T],R™)
given by

(E(T)y), ) =¢ > BEey(t-T+7-0), yex te0,T]. (12)
(£,7)eEN"x[1,n]
—7;<t—T+7-£<0

We also prove a useful property on the coefficients =,, ¢ € Z", which is an improved
version of [4, Lemma 4.6].

Lemma 3.16. Let =, { € 7™, be the matrices introduced in Definition 3.10. There exist real
coefficients oy, for k € {0,1}" such that for every j € [1,n] and £ € {¢' € N™ | max;ci ) {; >
2 or ;= 1}, we have

= — Z &kefzg_k. (13)

ke{0,13™\{(0,...,0)}

9



Proof. For t = (t,...,t,) € R", set
K(t) = K diag(ty,...,t,) = theleCf 44 tnKeneg
By Definition 3.10 and an immediate induction argument, one deduces that
Kty =) Ed', jeN, teR" (14)
LeN™
[€l=4

where t¢ := t{l .- tfn. Using Neumann series, we deduce from Equation (14) that, for ¢ small

enough,
(I, - =Y Kty =) =t (15)

jEN feN"

Notice that P(t) = det (In - K (t)) is a multivariate polynomial of degree n. Since t; appears
only in the jth column of I,, — K(¢), the variable ¢; does not appear in any (¢, j)-minor of
I, — K(t) for i € [1,n]. Hence, we have

Z aktk, (16)

ke{0,1}n

for some real numbers «y, defined for k € {0,1}", with ap = 1 and a(y,.. 1) = (—1)" det K.
Let Adj (I, — K(t)) be the adjugate matrix of I, — K (t). Reasoning as for P(t), we deduce
that there exist matrices M, € M, ,(R) for ¢ € {O, 1}, with My = Adj(1,,) = I, such that

Adj (I, — = > Mt (17)
te{0,1}»

Moreover, for every j € [1,n], the jth row of Adj (In — K(t)) does not depend on ¢;, and
thus
e My=0 if (=1 (18)

In particular, M, 1y = 0. On the other hand, Equations (15) and (16) lead to

.....

Adj (I, — A@®)) = P(t) (I, — = Y D B =)0 Y aZt, (19)

ke{0,1}n LeN" LeN™ ke{0,1}m

where we also use the fact that = = 0 if £ € Z" \ N*. Comparing Equations (17) and (19),

we deduce that, for ¢ € N,
_ {M,Z if £ € {0,1}",
Z Op=g—f = .

0 otherwise.

ke{0,1}n
Since ay = 1, we have
G?Mg — Z &kG?Eg_k if £ € {0, 1}”,
I, - ke{0,1}"\{(0,...,0)
! — Z ozke]TEg_k otherwise.
ke{0,1}"\{(0,...,0)
The conclusion follows from (18). O
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3.3 Controllability notions

Let us now introduce the controllability notions for Systems (1) and (2) considered in this
paper.

Definition 3.17. Let 7' > 0 and ¢ € [1, +0o0]. System (1) is said to be

1) Li-approximately controllable in time T if, for every € > 0 and ¢,¢ € Li(]0,1],R™),
there exists u € L4([0,7],R™) such that the solution R of (1) with initial condition ¢
and control u satisfies ||R(T,-) — ¥|lj0,1),4 < €.

2) Li-exactly controllable in time T if, for every ¢,¢ € L%([0,1],R"), there exists u €
L4([0,T],R™) such that the solution R of (1) with initial condition ¢ and control u
satisfies R(T),-) = 1.

Definition 3.18. Let 7" > 0 and ¢ € [1, +00]. System (2) is said to be

1) Li-approximately controllable in time T if, for every e > 0 and ¢, € 39, there exists
uw € L9([0,T],R™) such that the solution y of (2) with initial condition ¢ and control u
satisfies ||y — ¥|lse < e

2) Li-exactly controllable in time T if, for every ¢, € 9, there exists u € L([0, 7], R™)
such that the solution y of (2) with initial condition ¢ and control u satisfies yr) = 1.

3) Li-approzimately controllable from the origin if, for every e > 0 and ¢ € 39, there exist
T., > 0and u € LI([0, T, 4], R™) such that the solution y of (2) with initial condition
0 and control u satisfies ||yiz, ,j — ¥[lse < €.

4) Li-ezactly controllable from the origin if, for every ¢ € X9, there exist T, > 0 and
u € L9([0,Ty],R™) such that the solution y of (2) with initial condition 0 and control
u satisfies yir,| = ¥.

Even if we are interested in approximate and exact controllability in a given time T > 0,
we also introduce controllability from the origin in free time since this notion is the main one
that is considered in realization theory.

Based on Proposition 3.7, the notions of approximate and exact controllability for (1) are
equivalent to the corresponding ones for (2), as stated in the following proposition.

Proposition 3.19. Let T' > 0 and q € [1,+o0]. System (1) is Li-approzimate (respectively,
exactly) controllable in time T if and only if the same is true for System (2).

Thanks to Proposition 3.19, we consider from now on controllability issues mainly within
the framework of linear difference equations, as defined in System (2).

By linearity of System (2), its approximate and exact controllability in time T' can be
characterized in terms of the operator E,(T") and its dual operator E,(T")* (that is, reducing
to the case where the initial condition is zero), as stated below.

Proposition 3.20. Let T'> 0 and q € [1,+00). Then

1. The follouning assertions are equivalent:

11



1.a) System (2) is Li-approximately controllable in time T';
(

(1.b) Ran E,(T) is dense in ¥9;

1.c) The operator E,(T)* is injective.

(1.c) p q ]

2. The following assertions are equivalent:

(2.a) System (2) is Li-exactly controllable in time T';
(2.b) Ran E,(T) = X;
(2.c) The operator E,(T)* is bounded below, i.e., there exists ¢ > 0 such that

1E(T) yllor1.a = cllyllges vy e (20)
where ¢’ denotes the conjugate exponent of q.

Proof. On the one hand, the equivalences between (1.a) and (1.b), and between (2.a) and
(2.b), follow directly from (11). On the other hand, the equivalences between (1.b) and (1.c),
and between (2.b) and (2.c) follow from classical functional analysis arguments: the first one is
a consequence of [3, Corollary 2.18], while the second one follows from [3, Theorem 2.20]. [

Inequalities such as (20) are usually known as observability inequalities due to their link
with the observability problem of the corresponding dual system, and they are one of the most
common tools used to characterize the controllability of linear PDEs [7,24]. In particular, in
[6], the controllability of the linear difference equation (3) in dimension 2 with N = 2 delays
is characterized thanks to an inequality of the form (20). However, an extension of such
an approach to systems in higher dimension or with more delays seems difficult due to the
combinatorics underneath the operator £,(7"). This is why we adopt here another approach,
based on Hautus-type criteria in the frequency domain, as done in [4] for the linear difference
equation (3).

Remark 3.21. In the case where the delays 71,...,7, are commensurable (i.e., all their
pairwise ratios are rational), it is well-known that it is possible to reformulate (2) as an
equivalent difference equation with a single delay, at the price of augmenting the dimension
of the state space (see, e.g., [6, Section 3]). Once this is performed, it easily follows that
Li-approximate and exact controllability are equivalent (and independent of ¢ € [1,400])
and can be checked by a Kalman criterion.

4 Upper bound on the controllability time

We prove in this section that controllability from the origin and controllability in finite time
Ty + - - -+ 7, are equivalent. This property is obtained adapting the proof of [4, Theorem 4.7]
and relies on Lemma 3.16.

Theorem 4.1. Set T, ;=11 + -+ 7,. For allT > T, and q € [1,+0), we have
Ran E,(T') = Ran E,(T). (21)

In particular, System (2) is approximately (respectively, exactly) controllable from the origin if
and only if it is approzimately (respectively, exactly) controllable in time T for every T > T,.
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Proof. Note that the last part of the statement follows straightforwardly from (21) and
Remark 3.14.

The proof of Equation (21) is divided in two steps. We first prove that (21) is satisfied
for T € [Ty, Ty + Tmin), Where Ty = min;—y__,, 7;. We then deduce from the flow formula
(11) that (21) is actually satisfied for all T' > T,.

Let T'> T, and u € L([0,T],R™). We define

ur(s) =u(s+ 17 —T,), s € 0,7, (22)

and
uy(s) == — > ou(s —7-k+T—T), sel0,T], (23)

ke{0,1}™\{(0....,0)}
5<T-k§8+T*T*

where the coefficients «y are defined as in Proposition 3.16.
For j € [1,n] and t € [—7;,0], we have

(E(Thu), ()= > elSBu(T+t—7-0)

LeN™
TAST+t

= > eEBuT+t—7-0)+ Y EBuT+t—7-0). (24)
LeN™ LeN™

The first sum of the right-hand side of (24) satisfies

> el EBu(T +t—1-0) = (Ey(To)ur);(t). (25)
o
Note that, if 7-¢ > T, +t, since t € [—7;,0], then 7-¢ > T, — 7;, and thus we have
maX;cq,n] £; > 2 or £; = 1. We deduce from Lemma 3.16 that the second sum of (24) can be
written as

Z ejTEgBu(T +t—7-0)

LeN™
Tott<r-4<T+t

=— ) > arel 2 Bu(T +t—7-0). (26)

LeN" ke{0,1}"\{(0,...,0
Tu+t<TL<T+t {0 3

The substitution ¢ = ¢ — k in Equation (26) yields

Z eJTEgBu(T +t—71-4)

LeN”
Ty4t<7T-0<T+t

- _ > > apel SpBu(T +t —7- (€' + k). (27)

ke{0,137\{(0,...,0)} £eNn
Tott<t-(0'+k)<T+t
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Note that, for all T € [Ty, Ti + Tiin], K € {0,1}"\{(0,...,0)}, and ¢’ e N* if 7- (¢'+ k) <
T +t, then 7- ¢ < T, +t. Hence, for T € [T\, T, + Tmin|, We can rewrite Equation (27) as

Z e]TEgBu(T +t—71-Y)
LeNN
Tyt<rL<T+t

= — Z 6?54/3 Z OékU(T +t—7- (6/ + k))

¢ eNn k€{0,1}"\{(0,...,0)}
Tl <Titt Tot<r-('+k)<T+t
= (Eq(T2)uz2);(1). (28)

Equations (24), (25), and (28) prove that, for T" € [Ty, Ty + Tmin| and t € [—17;,0],
(Eq(T)u);(t) = (Eq(T2)wn);(t) + (Ey(To)uz);(t) = (Ey(T2)(ur + u2));(t), (29)

and thus
Ran E,(T") = Ran E(T,), T € [T., Ty + Tmin)- (30)

Let us now extend Equation (30) to all T' € [T}, +00). Let V = Ran E,(T,) and z € V.
Fix u € L([0,T.],R™) such that © = E, (T.)u. For t € [0, Tyin], define @ € L9([0, T + t], R™)
by setting @lj,r,) = u and u(s) = 0 for s € [T}, Ti + t]. From formula (11), we have

T,(t)x = E,(T. +t)u € Ran E (T, + t).
Thanks to Equation (30) we have proved that
T,(t)x eV for all ¢t € [0, Tin), © € V. (31)

Let y € Ran Ey(T) for T € [Ti + Twin, s + 2Tmin] and v € L9([0,T],R™) such that
y = Ey(T)u. Define 2 = Eq(T + Tmin)t|j0,1,47mm] € V- Equation (11) gives

Yy = Tq(T — T* — Tmin)z + Eq(T — T* - Tmin)aa (32>

where @(a) = u(a + Ty + Tmin) for a € [0, T — T, — Tyin). We deduce from (30) and (31) that
y € Ran E,(T), proving that

Ran E,(T,) = Ran E,(T), T € [T, + Taims Ts + 2Tauin]- (33)

The iteration of the same process proves that Equation (33) actually holds for all 7' > T,. [

5 Controllability criteria

5.1 Statement of the controllability criteria

We are now in position to state our main results about the approximate and exact control-
lability of System (1). Denote by H: C — M,, ,(C) the function defined by

H(p) = diag(eP™, ..., ') — K, p e C. (34)
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Theorem 5.1. Let g € [1,+00). System (1) is Li-approzimately controllable in time 1 +
-+ 7, if and only if rank[K, B] = n and one of the following equivalent assertions holds
true:

1. rank [H(p), B] = n for every p € C;

2. For every p € C, one has
inf {||g" H(p)|| +[|¢"B| g € C", llg"]| = 1} > 0;
3. For every p € C, one has

det (H(p)H(p)" + BB*) > 0.

Theorem 5.2. If System (1) is L'-exactly controllable in time 7y + - - - + T, then
each of the following assertions (which are equivalent) holds true:

1. rank [M, B] = n for every M € H(C);
2. There exists a > 0 such that, for every p € C,

inf {||g" H(p)[| +[|lg"BI| g € C", "l =1} = o

3. There exists a > 0 such that, for every p € C,

det (H(p)H(p)" + BB*) > «.

Theorem 5.1 gives necessary and sufficient conditions for the L?-approximate controlla-
bility of linear one-dimensional hyperbolic systems for ¢ € [1,400), while Theorem 5.2 states
necessary conditions for the L'-exact controllability. The necessary condition rank[K, B] = n
stated in Theorem 5.1 for the approximate controllability is implied by each item of Theo-
rem 5.2, by letting the real part of p tend to —oo in (34). We conjecture that the conditions
given in Theorem 5.2 are also necessary and sufficient to characterize the Li-exact controlla-
bility for g € [1,400).

The remaining of the paper is devoted to the proofs of Theorems 5.1 and 5.2. The
equivalence between Items 1-3 in Theorem 5.1 is trivial by simply looking at the negation
of each statement. Regarding now the equivalence between Items 1-3 in Theorem 5.2, it
immediately follows from the following lemma.

Lemma 5.3. The following assertions are equivalent:

1. There exists M € H(C) such that rank [M, B] < n;

2. There exist sequences (pi)ren € CN and (gi)ren € (CM)N such that ||g|| = 1 for every
k€N and
gt H(py) = 0 and g B — 0 as k — +o0;
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3. There exists a sequence (py)reny € CY such that

det (H(px)H(px)" + BB*) — 0 as k — +oo.
Proof. Assume that Item 1 holds true, i.e., there exist M & w and g € C" of norm one
so that g M = 0, and ¢g” B = 0. Let (pg)ren be such that H(py) — M as k — +oo. Item 2
follows by taking gx = g, while Item 3 follows from the fact that det(MM* + BB*) = 0 and
the continuity of the determinant function.

Assuming now either Item 2 or Item 3, let us deduce Item 1. We first show that
the real part of the sequences (pi)reny from Items 2 and 3 must have real part bounded
from above. Reasoning by contradiction we have that, up to extracting a subsequence,
R(px) tends to +oo as k tends to +o0o. Noticing that H(py) = diag(e”™, ..., eP™) (I, —
diag(e™Px™ ..., e P*™)K), it follows that ||gf H (py)|| — -+oo and det (H (py)H (px)* + BB*) =
(L+o(W) T}, eXRPr)T — 400 as k — +o0o. Hence, we deduce that there exists M € H(C)
such that, up to extracting a subsequence, H(py) — M as k — 400, and in this case Item 2
would imply, up to extracting a converging subsequence of (gx)ren, the existence of g € C*
with ||g|]| = 1 and ¢”[M, B] = 0, while Item 3 would imply that det(M M* + BB*) = 0, both
yielding Item 1. [

It remains to prove that Li%-approximate (respectively, L'-exact) controllability is equiv-
alent to (respectively, implies) rank[K, B] = n and one of Items 1-3 of Theorem 5.1 (respec-
tively, Items 1-3 of Theorem 5.2). To get such a result, our approach is the same as the one
that we developed in [4, Section 5] for System (3), based on realization theory.

5.2 Realization theory approach

We now explain how to reformulate controllability problems for (2) within the framework of
the realization theory developed by Y. Yamamoto in [25,29]. In such a framework, a control
system is defined through an input—output relation (with zero initial condition), where the
input is a function whose support is compact and included in R_ and the output is observed
for all nonnegative times. In order to apply such a framework to our controllability problem,
we should fulfill the following conditions:

1. the input u is taken in the space Q7 of all functions of LI(R,R*) whose support is
compact and contained in the interval (—oo, 0];

2. The initial state is equal to zero, i.e., for ¢ smaller than the infimum of the support of
u, we have y;(t) = 0 for all j € [1,n], and y satisfies

y1(t) yi(t —71)
: =K : + Bul(t), t € R; (35)

(1) ynlt = 7,)

3. The output z: R, — R™ is computed from the trajectory y of System (35) and must
belong to
XQ = {z € Lf, (R, R") | m(Q * 2) = 0}, (36)

loc
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where 7 is the operator of truncation on R, and @ is a convolution kernel defined so
that the relation m(Q * z) = 0 expresses the dynamics of System (35) for ¢ > 0.

We next aim at characterizing the output z and the convolution kernel () for trajectories y
of System (35) associated with controls u € Q?. Note that our controllability issues amount
to control yirp € X9, T > 0, and for t > 0, y is a trajectory of System (2) if and only if
W(Q xy) = 0, where Q is given by

Q = [n50 — Z K@j@f&rj.
j=1

To fit Item 3, the output z should represent yir), T' > 0, while being defined for ¢ > 0. We
then define it as

z1(1) yi(t —71)
2(t) = : = : : t €0, +00), (37)
Zn (1) Yn(t — Tn)

and the relation (Q % ) = 0 becomes 7(Q * z) = 0, where the convolution kernel Q is given
by
Q = diag(0_,,,...,0_,,) — Kdo. (38)

With @ defined as above, the set X@ from (36) can be easily identified with the space 9.
Indeed, one first sees that X9 is identified with [15=, L9([0, 73], R) since z € X @4 if and only
if, for each j = 1,...,n, the restriction z;|[ -, is in L([0, 7;], R) and z is the unique extension
of (z1]jom]s - - - Znljo,m])" on the half-line [0, +00) satisfying the condition 7(Q * z) = 0. In a
second step, one identifies [[_, L7([0, 7], R) with %7 by a translation of each component.

With the above definitions, the input-output system described by (35) and (37) can be
written as

Q*xz=Pxu on R,

where P = Bj, and z is extended on R_ by computing it from y according to (37).
We can reformulate the controllability of System (2) in terms of the input-output delay
system (35)—(37) as follows.

Lemma 5.4. Let q € [1,+00). System (2) is

1) Li-approzimately controllable from the origin if and only if for each ¢ € X9 there
exists a sequence of inputs (U )nen i 27 whose associated sequence of outputs (z,)nen
satisfies

Z, —> in LI
" n—-+oo ¢ loc

(R+7 Rn) )

2) Li-ezactly controllable from the origin if and only if for each ¢ € X949 there exists
u € Q7 such that z = ¢.

Note that, in the above formulation of the controllability problem for System (2) in terms
of realization theory, the main differences with respect to [4] lie in the state space (here
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equal to X9 =[], LI([—7;, 0], R) instead of L?([—Tmax, 0], R") in [4]), and the definition of
the distribution @ in (38) (which was equal to 0_,, s — Zjvzl d_Ay+a;A; in [4]). Moreover,

notice that here H = @, leading to some simplifications with respect to [4].
We are now in position to complete the proof of Theorems 5.1 and 5.2.

Proof of Theorem 5.1. Recall that, thanks to Theorem 4.1, Li-approximate controllability
in time 7 + --- 4+ 7, is equivalent to L%-approximate controllability from the origin. The
latter, in turn, is equivalent to L?-approximate controllability from the origin, as follows
by continuity of the input-output maps Q¢ > u +— 2z € X% ¢ € [1,+00) (see the proof
of [4, Theorem 5.7] for details). To conclude, it suffices to apply the characterization of
L2-approximate controllability from the origin from [29, Corollary 4.10] (where the latter
property is referred to as quasi-reachability). O

Proof of Theorem 5.2. First notice that L'-exact controllability implies L!-approximate con-
trollability, hence, by Theorem 5.1, we have rank|[K, B] = n.

The sequel of the proof consists of two steps. The first one shows that L!-exact con-
trollability implies the existence of two matrix-valued Radon measures R, S € M(R_) such
that

QxR+ PxS=dl,. (39)

Equation (39) is referred to as a Bézout identity. The second step consists in proving that a
necessary condition for the existence of R and S as above satisfying (39) is precisely Item 2
from the statement of the theorem. The conclusion then follows by using Lemma 5.3.

The first step follows from the same ideas as those used in the proof of [4, Theorem 5.13]
but, due to some nontrivial notational adaptations to our setting, we provide a complete
argument in the Appendix. As for the second step, it is identical to the proof of [4, Proposi-
tion 5.17], and it is thus omitted here. O

6 Application to flows in networks

In this section, we apply the controllability results from Section 5 to systems of transport
equations describing flows in networks (see, e.g., [10,16]).

6.1 Statement of the problem

Consider a directed graph G = (V, ), where ¥V = {vy,..., v} and € = {ey,...,e,} denote,
respectively, the sets of vertices and edges of G. Given an edge €; € £, we denote its endpoints
by €;(0) and €;(1), and we assume that the edge is oriented from ;(1) to £;(0). We say that
g, is an outgoing edge of the vertex ¢;(1) and an incoming edge of the vertex £;(0).

The outgoing and incoming incidence matrices of the graph G are the k x m matrices Z—
and ZT, whose coefficients are, respectively,

1 if i ']-7 . 17 if i — &5 ; . .
_:{ o i =(1) ﬁ-:{ if v; = 2,(0) i€, k], je1,n].

2.
. . V3 .
I 0, otherwise, J 0, otherwise,

Note that each column of Z= and of ZT has exactly one nonzero element.
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With each (i, j) € [1, k] x [1,n] we associate a weight w;; € [0, 1], with the assumption
that

S w; =1, i€[Lk], (40)
j=1

and that w;; = 0 if and only if 7;; = 0. We define the weighted outgoing incidence matriz
T, = (wi;)ie k. jel1,n]-

We now define a controlled flow on the graph G following the approach of [10,16]. Each
edge ¢, is identified with a real interval which, up to a normalization, can be assumed to be
the interval [0, 1], with the values 0 and 1 corresponding to the endpoints £;(0) and ¢;(1)
of ¢;, respectively. On each such edge, there is a flow from the endpoint 1 to the endpoint
0 of the corresponding interval, and such a flow is described by a transport equation. At
each vertex v; € V of the graph, we assume that the total incoming flow is distributed
to the outgoing edges ¢; according to the weights w;;. In addition, we also have m scalar
controls uq, ..., u,, acting on the vertices of the graph. The action of the control u; at the
vertex v; is leveraged by a real coefficient v, and the total control acting on a vertex ¢ is
distributed to the outgoing edges €; according to the weights w;;. Condition (40) can then
be interpreted as the conservation of the mass at the vertices. This interpretation motivates
the following assumption on the graph G, which is used in [16] and which is implied by the
strong connectivity assumption of [10].

(K) For every v; € V, there exist ¢;,e;, € € such that £;(0) = v; and €;/(1) = v;.

In other words, Assumption (K) states that every vertex has at least one outgoing and one
incoming edge. In particular, £ < n. We shall consider that Assumption (K) holds true in
the sequel of the section.

The above description of the flow in the graph G is represented mathematically by the
system

Orzj(t, ) + Aj(x)0pzi (L, x) + dj(z )zj(t z) =0, t>0, z€(0,1),
“ 41
it 1) = w3 it (1,0) +wmzwul ie[Li], jeqn), Y
e=1

where dy, ..., d, belong to L'([0,1],R) and A,..., A, 55, .-, 5 belong to L=([0,1],R_).

Even though the second line of (41) formulates kn equations, it provides only n nontrivial

conditions, namely the ones corresponding to pairs (,j) € [1, k] x [1,n] with £;(1) = v,.
Let us now write System (41) under the form (1). For x € [0, 1], let

A(z) = diag( M\ (), ..., \(2)), D(x) = diag(di(z),...,dn(2)), T = (Ya)iepi], iefim]-
Setting z(t,x) = (21(t, 2), ..., z.(t,2))T, we can rewrite System (41) as

Opz(t, ) + A(2)0,2(t, ) + D(z)z(t,x) = 0,
2(t,1) = (Z;)" TT2(t,0) + (Z,)" Tu(t),

w

t>0, z€(0,1). (42)
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According to the results from Section 3.1, System (42) can be transformed into the linear
difference equation (2) with

1
d
K=(1;)'T72, B=(T;)'T, == / L jelLn], (43)
o |X(2)]
where

7 = diag(e ¢ e ) and ¢ = /1 ;) dr for j € [1,n]

T Jo IN(@)] o
Remark 6.1. In [10], the authors considered (41) in the case 73 = -+ - = 7,, and D = 0, stating

a Kalman-type criterion for the L2-approximate controllability. Thanks to Remark 3.21, in
this case, we obtain at once that Li-approximate and exact controllability are equivalent
(and independent of ¢ € [1,00]) and that they can be characterized by the Kalman criterion
on the matrices K and B from (43). In addition, we will also show (see Proposition 6.2
below) that a necessary condition for controllability is that G is a finite union of directed
cycle graphs, in which case K and B are given by (46) below.

6.2 A topological necessary condition for controllability

We next provide our first controllability result, which introduces a strong restriction on the
topology of the graph for (41) to be controllable.

Proposition 6.2. Assume that System (41) is Li-approximate controllable for some q €
[1,00). Then the directed graph G must be the finite union of directed cycle graphs.

To prove the above proposition, we need the two following technical results.

Lemma 6.3. Let the matrices K and B be as in (43). Then the columns of B are linear
combinations of the columns of K. In particular, the range of the matriz [K, B] is equal to

that of K.

Proof. Define first a map J: [1,k] — [1,n] associating with each i € [1,k] a label j =
J (i) € [1,n] of an edge ; incoming at the vertex v;, i.e., such that £;(0) = v;. Such a map is
well-defined by Assumption (K). The key point is to notice that, for i € [1,k] and j € [1,n],

k
Kjju = Z wl;ix](i)e_c"(“ = wi;e_g"@. (44)
=1

Moreover, by definition of the matrix B, for j € [1,n] and r € [1,m],

k
Bjr = Z w@';’}/ira
i=1
implying that

k
B, = Z 7ir€€J(i)KJ(i)a (45)

=1

where B, and K ;(;y denote the 7th column of B and the J(i)th column of K, respectively. [
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Lemma 6.4. If a vertex of G admits at least two incoming edges, then the corresponding
matriz K introduced in (43) admits two proportional columns.

Proof. Let v; € V and ¢j,,¢5, € € be such that ¢;,(0) = €;,(0) = v;. The same com-
putation as in (44) shows that the jijth and joth column of K are given respectively by
K;, =e % (wi;)je[[mﬂ and K, = e %2 (w%)je[u,n}] and hence K, = eSS K, . O

We can now prove Proposition 6.2.

Proof of Proposition 6.2. By Theorem 5.1, a necessary condition for the L?-approximate con-
trollability of (41), for some ¢ € [1,00), is that rank|[K, B] = n and the latter implies,
according to Lemmas 6.3 and 6.4, that every vertex has exactly one incoming edge.

Let Q: & — & be the map associating with an edge ¢;, € & the unique edge ¢;, € £
such that €;,(0) = ¢j,(1). We claim that € is surjective. Indeed, given an edge ¢; € &, let
v; = €;(0). By Assumption (K), there exists ¢;; € £ such that €;(1) = v;, and the uniqueness
of the incoming edge at v; proves that Q(j') = j.

Since 2 is a surjective map from the finite set £ into itself, then € is a bijection, and hence
a permutation of £. Henceforth, {2 can be decomposed in the product of disjoint cycles, each
of them corresponds to a directed cycle graph, and the disjoint union of these directed cycle
graphs is equal to G. O

6.3 Hautus—Yamamoto tests for controllability of flows in net-
works

In this section, we investigate the L9-approximate and exact controllability of System (41).
By taking into account Proposition 6.2, this amounts to applying Theorems 5.1 and 5.2 to
the case where G is the disjoint union of directed cycle graphs.

To proceed with the second step, we need the following notation. Given h € N*, we
denote in this section by C}, the cyclic permutation matrix of size h x h, defined by

o 0 --- 01
1 0 --- 00
Ch=10 Do
2. 000
O -+ 0 10

(with the convention Cy = (1)). Note that Chep, = e; and Che; = ej4q for j € [1,h — 1],
where (ey,...,ep,) denotes the canonical basis of R,

When dealing with a graph G that is the disjoint union of directed cycle graphs, we will
denote by L the number of directed cycle graphs in G. For [ € [1, L], let h; denote the
number of edges of the Ith cycle of G, and set

-1 l
Ji = NHZhr,Zhrﬂ .
r=1 r=1

We relabel the edges of G in such a way that ¢; belongs to the lth cycle of G if and only
if j € J;, and we assume in addition that, for each | € [1, L], we have £;(0) = ¢;441(1) for
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every j € J; \ {max 7} and emax7(0) = €ming (1), i.e., if one follows the edges of a cycle,
their indices increase by 1 when one goes from one edge to the next one, until the last edge
of the cycle, which leads back to the first one.

Any graph G made of a disjoint union of directed cycles has necessarily as many vertices
as edges, i.e., k = n. In this case, up to relabeling the vertices of G, we assume that ¢;(1) = v;
for every j € [1,n], and this relabeling yields Z= = I,, and Z+ = diag(Cy, )% ,. In addition,
Equation (40) implies that Z,, = Z~, and hence we have from (43) that

K = diag(Ch, Z)f,, B=T, (46)

where Z; = diag(e™%) ey,
Let us provide the following result, which deals with the first condition for controllability
in Theorems 5.1 and 5.2, namely the rank condition on [K, B].

Lemma 6.5. With the notations above, rank[K, B] = n if and only if G is the disjoint union
of directed cycle graphs.

Proof. Taking into account Lemma 6.3 and the argument of Proposition 6.2, it remains to
prove that rank K = n if G is the disjoint union of directed cycle graphs. The conclusion
follows using (46) and the fact that each matrix Cj, is invertible. O

We next provide a technical result which will be used to refine the spectral condition
given in Item 1 from Theorem 5.1 in the case where G is a disjoint union of directed cycle
graphs. For that purpose, we recall that the matrix H(p) defined in (34) is now given by

Hnot(p) = dlag(ﬁ(p) - ChlZl>lL=17

where T;(p) = diag(e?™) e

Lemma 6.6. Let D, forl € [1,L] and Rg be the subsets of the complex plane C defined by

e 2% L
D, = _Z]EJLCJ . T Le7? 7 RQZUDI~
2ien i 2ajenTi -1

Then the following holds true.

1. The matriz T/(p) — Cp,Z; is invertible if and only if p ¢ D,. As a consequence, the
matriz Hye(p) is invertible if and only if p ¢ Rg.

2. For p € Dy, the rank of T/(p) — Cn,Z; is equal to hy — 1 and its range is equal to the
hy :
orthogonal space to the vector y;(p) = (yi;(p));L, whose components are given by

j=1
Jj—24min J;
Yi; (p) = H 6th+<ta j € [[17 hl]] (47)
t=min J;
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Proof. Fix [ € [1, L]. The subset of C for which the matrix 7;(p) — Cy,Z; is singular consists
of the complex numbers p so that there exists a nonzero vector x € CM such that T;(p)x =
Ch, Zix. Basy computations yield that

j—14min J;
L5 = < H 6_(Ct1+m)> x1, J €2, ], T = e*(gm‘“”l*mi”l)xhl.
t=1+min J;

One deduces that 7;(p) — C, Z; is singular if and only if p € C solves the equation

H €<t+p7't — 1’

ted,

i.e., p € D;. This concludes the proof of Item 1.

Moreover, if p € Dy, it is clear from the previous computation that the kernel of 7;(p) —
Ch, Z; has dimension one. In addition, its range is the orthogonal to the kernel of 7;(p) —ZlC’,EZ.
Identical computations as above yield that this kernel is equal to Cy,;(p) with y;(p) given in
(47). The proof of Item 2 and that of the lemma are complete. O

We are now able to state our main approximate controllability result for System (41). We
first need the following notation.

For p € D, let 3;(p) € C™ be the vector obtained from the vector y;(p) introduced in
Item 2 of Lemma 6.6 by identifying C* with the subspace of C" corresponding to the indices
in J,.

For every p € Rg, let

V(p) = Span{g;(p) | { € [1, L] such that p € D;}.

Notice that Rg 3 p — V(p) takes finitely many values if, for every [ € [1, L], the scalars 7;,
j € J;, are commensurable, i.e., rational multiples of a common real number.

Theorem 6.7. For q € [1,+00), System (41) is Li-approximately controllable in time 11 +
<o« 47, if and only if G s the disjoint union of directed cyclic graphs and

V(p) NkerI'" = {0} for every p € Rg. (48)

Proof. Thanks to Theorem 5.1 and Lemma 6.5, the theorem is proved if we show that Item 1
from Theorem 5.1 is equivalent to (48). By Lemma 6.6, if p ¢ Rg, we have rank H,(p) = n.
The conclusion now follows since, for p € Rg, we have (Ran|[H,(p), B])* = (Ran Hyet(p))=N
(RanT)* = (Ran Hyei(p))* Nker I'T and Ran Hy(p) = V(p)* by Lemma 6.6. O

We deduce the following corollary in the case where V(p) is of dimension one for every
pE Rg.

Corollary 6.8. Assume that G is the disjoint union of directed cyclic graphs and that, for

l1 # 1y in [1, L],

Zjejzl G Zjerz G

Zjejll Tj ZjEJZQ Tj'
Then, for q € [1,400), System (41) is Li-approximately controllable in time 7 + - -+ + 7, if
and only if §;(p)TT # 0 for every l € [1, L] and p € D;.

”
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We next turn to our exact controllability result for System (41). We will rely on Theo-
rem 5.2 and, for that purpose, we first extend Lemma 6.6.

Lemma 6.9. Let M € H,(C) and let (p,),en be such that M = lim, o, Hyet(py). In
particular, for every j € [1,n], e’ converges as v goes to infinity. Then the following holds
true.

1. The matriz M is singular if and only if there exists | € [1, L] such that lim,_,., R(p,) =

> ¢
— 2 and S(py) = ky=2— +n, with k, € Z and lim,_,o 1, = 0.

Zjejll Tj Zjejll Tj

2. If M is singular and | € [1, L] is an in Item 1, then rank of the lth block of M is equal to
hi—1 and its range is equal to the orthogonal space to the vector Y, (M) = lim,_,o yi1(p, ),
where, for p € C, y,(p) is defined as in (47).

The proof can be obtained by adapting that of Lemma 6.6.

Let Y;(M) € C" denote the vector obtained from Y;(M) by identifying C* with the
subspace of C" corresponding to the indices in ;. Reasoning as above, we can then obtain
the following corollary of Theorem 5.2.

Corollary 6.10. Assume that G is the disjoint union of directed cyclic graphs and that, for

ll 7é lQ m IIl,L]],
Zjejll Cj Zjejl,z Cj
Zjeml T ZjEJZZ T

If System (41) is L'-exactly controllable then Yi(M)TT # 0 for every | € [1,L] and every
M € H,et(C) such that the lth diagonal block of M is singular.

£
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A Appendix

We prove in this appendix the following statement, needed in the proof of Theorem 5.2. Its
proof follows that of Theorem 5.13 in [4].

Proposition A.1. If System (1) is L'-ezactly controllable in time T, = 71 + - -+ + T, then
there exist two matrices R and S with entries in M(R_) such that (39) holds true.

Proof. Let D', (R) be the space of distributions having left-bounded support, which becomes
an algebra when endowed with the convolution product *. Then the distribution @) is invert-
ible over D', (R) with respect to the convolution product, and its inverse is the matrix-valued
Radon measure

~+o00 n *k
Q' = diag(dy,,...,0,,) * Z (Z K diag(6y,, ... ,(5Tn)) ,

k=0 \j=1

where M** denotes the convolution product of a matrix-valued Radon measure M repeated
k times, with the convention M*° = I,,6.
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Let us define the map G: Q! —s S by
G (0) = (@« Pru))y(t), e lLn] tef0.n) ued,

where 21 = [T—, L' ([0, 7], R) and Q! denotes the subspace of Q' made of inputs with
compact support in [T, 0] endowed with the norm || - [[[_7, 1. Firstly, we can see that the
map G is a bounded linear operator because Q! * P is a distribution with a finite number
of Dirac distributions on each compact interval of R. Secondly, note that System (1) is L'-
exactly controllable in time 7, if and only if the map G is surjective. We can now apply the
open mapping theorem (see, e.g, [21, Theorem 4.13]) and deduce that there exists § > 0 such
that

G(U) > 8V, (49)

where U and V' are the open unit balls of Q! and 2! respectively.

Since 7(Q * T(Q71)) = 7w(d) = 0 and the inclusion X@? C X! holds true, [28,
Lemma 4.3] implies that there exists a sequence vy, = (Yp1,...,%en) € (X@H)" k € N,
such that ¥, — 7(Q™!) in the distributional sense as k — oo. Hence, for i,j € [1,n] and
k € N, if we define (Q;l)m as the Radon measure which is absolutely continuous with respect
to the Lebesgue measure with density (wk)i’j, we get that (Q;l)i’j weak-star converges to
(m(Q™")),; in the sense of [17, Paragraph 4.3] as k — +o00. By [17, Remark 4.35], we obtain
that the total variation of (Q,;l)m over [0, 7;], given by

(o)) = [

is uniformly bounded with respect to k € N, i.e.,

(@),

(Vi) (1)] dt

([0,7:]) < 0.

sup | (@),

keN

Therefore, there exists C' > 0 such that
[esllse <C, jel,n], keN.

Let M’' > 0 be such that §M" > C'. We get from Equation (49) that

G(M'U) > sM'V

so that, for every j € [1,n] and k € N, there exists Sy ; € Q, such that

G(Sky) =ty and ||Sklli-r o1 < M
Set Sk = (Sk1,---,Skn). By construction, Sy € Q' and
Q' * PxSy) = Q) as k — oo, (50)

in distributional sense. Since the columns of Sy, for £ € N, are uniformly bounded for the
norm in Q! by the weak compactness of Radon measures (see for instance [17, Theorem
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4.33]), there exists a matrix S with entries in M(R_) such that, up to extracting a sub-
sequence, limg .., S, = S in distributional sense. Since the convolution is continuous in
distributional sense and 7 is continuous with respect to the strong dual topology, we deduce
from Equation (50) that

Q' x PxS)=n(Q7"). (51)

Let
R=Q'—Q '«xPxS. (52)
By Equation (51), we have m(R) = 0, which, together with [28, Lemma A2], implies that
the support of R is compact and contained in (—o00,0]. Moreover, the entries of R are

distributions of order zero, since the convolution of distributions of order zero remain a
distribution of order zero. Equation (39) is then obtained by left convoluting Equation (52)

by Q. n
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