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Causal nonseparability is the property un-
derlying quantum processes incompatible with
a definite causal order. So far it has remained
a central open question as to whether any pro-
cess with a clear physical realisation can vi-
olate a causal inequality, so that its causal
nonseparability can be certified in a device-
independent way, as originally conceived. Here
we show how a device-independent approach,
based solely on the observed correlations, can
certify the causal nonseparability of all the pro-
cesses that can induce a causally nonsepara-
ble distributed measurement in a scenario with
trusted quantum input states, as defined in
[Dourdent et al., Phys. Rev. Lett. 129, 090402
(2022)]. This notably includes the celebrated
quantum switch. This device-independent cer-
tification is achieved by introducing a network
of untrusted operations, allowing one to self-
test the quantum inputs on which the effective
distributed measurement induced by the pro-
cess is performed.

1 Introduction

For both quantum and classical processes, it is usually
assumed that if two parties interact only once with a
physical medium, then only one-way influences are
possible. In such a process, the correlations the par-
ties can establish are subsequently restricted by this
causal structure. Remarkably, this turns out to be
an unnecessary assumption. Indeed, by studying pro-
cesses where quantum theory is taken to hold locally
but no global causal structure is assumed, one finds
that some processes allow parties to establish correla-
tions incompatible with a definite causal order [1].
Such processes can be studied formally in the
process matrix framework [1], and their lack of a
well-defined underlying causal structure formalised
through the property of causal nonseparability [1, 2].
Causally nonseparable processes are of foundational
interest, for example in the study of quantum gravity
where the space-time structure itself may be quantum
and hence indefinite [3], but also as they have been

shown to lead to advantages in a number of differ-
ent tasks [4-9]. This role as a potential new quan-
tum resource, as well as ongoing uncertainty about
the physical realisability of certain causally nonsepa-
rable processes [10], means it is important to be able
to certify the causal nonseparability of a process.

The strongest version of such certification would
be obtained through a device-independent (DI) ap-
proach, utilising only the observed statistics and
based on the violation of “causal inequalities” by non-
causal correlations [1, 11]. However, not all causally
nonseparable process matrices are noncausal in this
strong sense [12-14]. Indeed, a large class of quantum-
realisable processes cannot violate causal inequali-
ties [15, 16], and it is still unclear whether any
process with a clear physical realisation is able to.
This includes in particular the canonical “quantum
switch” [4], the resource behind most known advan-
tages arising from causal indefiniteness [4-9].

In a previous work [17], we showed (with another
colleague) that the quantum switch, as well as a large
class of causally nonseparable processes in both the
bipartite scenario and a restricted tripartite one (and
even all bipartite scenarios under a reasonable addi-
tional assumption), can display a new form of non-
causality in a semi-DI with quantum inputs (SDI-
QI) scenario. In the present work, we show how the
gap between this SDI-QI certification and a fully DI
certification can be bridged by self-testing the quan-
tum inputs in a network scenario, where each party
that receives a quantum input in the SDI-QI scenario
shares an additional uncharacterised bipartite state
with an extra untrusted party. We call this certifica-
tion network-device-independent (NDI) to differenti-
ate it from the standard DI scenario based on causal
inequalities, as we assume a specific network struc-
ture, i.e., the connectivity between certain indepen-
dent, uncharacterised quantum devices.

Our approach is motivated by the ability to exploit
self-testing to transform a universal certification of
entanglement in a SDI-QI scenario into an NDI cer-
tification [18, 19]. The apparent analogy between en-
tanglement and causal nonseparability, however, was
already seen to have severe limitations in the SDI-QI
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scenario [17]. Indeed, while all entangled states can be
certified in a “measurement-device-independent” way
(i.e., in an SDI-QI scenario), no analogous certifica-
tion is known for causally non-separable processes.
Such limitations arise from the fact that the certi-
fication of causal nonseparability involves more com-
plex and structured objects (causally (non)separable
processes and quantum instruments) than for entan-
glement ((non)separable states and measurements),
making it unclear whether NDI certification could be
applied to this latter resource. Our approach ad-
dresses and dispels these doubts, showing that any
process whose causal nonseparability can be certified
in an SDI-QI manner also admits an NDI certification.

2 Causal (non)separability in the SDI-
QI scenario

The approach we present is a general method for
transforming SDI-QI certification of causal nonsep-
arability into NDI certification, applicable to a range
of scenarios. For concreteness and clarity, however,
we focus our initial presentation here on the bipartite
scenario, before making some comments about its ap-
plicability to other scenarios and processes later.

Two parties, Alice and Bob, control separate quan-
tum labs with input and output Hilbert spaces 4!
and HAo for Alice, and HB' and HBo for Bob.
They may also receive some auxiliary quantum states
in Hilbert spaces HA,HB .7 Let us consider the
SDI-QI scenario introduced in [17] where Alice and
Bob are provided with quantum input states p?/ €
L(HA) and pB' e L(HB'), respectively, indexed by
the labels z and w. They each perform some fixed
quantum operations described as quantum instru-
ments [20], i.e., sets of completely positive (CP) maps
Mg 2 L(HAATY = L(HA0) and M, : L(HP'Pr) —
L(HBo), whose indices a,b refer to some (classi-
cal) outcomes for Alice and Bob, and whose sums
Y aMq and >, My are trace-preserving (TP). Us-
ing the Choi isomorphism [21] (see the Supplemental
Material (SM) of [17], Sec. A), the CP maps M,, M,
can be represented as positive semidefinite matrices
MA'A and MP'B.

Within the process matrix framework, the correla-
tions established by Alice and Bob in such a scenario

TAll Hilbert spaces we consider are taken to be finite-

dimensional. Notations: £(HX) denotes the space of linear op-
erators on HX; superscripts are used to indicate on what spaces
operators act; we shall write concisely HXY = HX @ HY,
HA = HAT40 | ete.
Note that in [17], the auxiliary spaces in which the quantum
inputs live were denoted with tildes (e.g., HA); here we switch
to primes: the tildes will be used for the untrusted physical sys-
tems in the self-testing procedure below. Also, in [17] Alice and
Bob’s quantum input states were labeled by subscripts « and y;
here we change these to z and w, as x and y will be introduced
later as classical inputs for the self-testing procedure.

Figure 1: The SDI-QI scenario: A process matrix W42 con-
nects two parties who receive trusted (orange) quantum in-
puts pf, and pff/, resp. They each perform an untrusted
(black) joint operation ((M,f,A)a and (MbB,B)b, resp.), pro-
ducing the classical outcomes a and b. The purple semicircle
represents the D-POVM (E;";,B/)a,b induced by these instru-
ments and the process matrix.

with quantum inputs are given by the probabilities

Pla,blp ot

— (MA@ MP'P) « (X @ pB @ WAB)

= BN (0 pB) = e [(BAE) (020 ol
)

with

EAP = (M2 @ MP'P) « WAB, (2)
Here, WAB € L£(HAB) is the so-called “process ma-
trix”, a positive semidefinite matrix satisfying nontriv-
ial linear constraints in order to always generate valid
probabilities [1] (see e.g. [17], SM, Sec. B); and = is
the “link product” [22, 23|, a convenient tool for cal-
culations defined for any matrices MXY € L(HXY),
NYZ c E(HYZ) as MXY *NYZ — T\ry[(MXY ®
12)Ty (1% @ NYZ)] € L(HX?) (where Ty is the par-
tial transpose over HY; see also [17], SM, Sec. A).?
The family EA'B" = (Ejf,;,B Yap defines an effective
distributed measurement |24, 25| on the quantum in-
puts, termed a “distributed positive-operator-valued
measure” (D-POVM); see Fig. 1. Note that by choos-
ing {pA'}. and {pZ }, to be tomographically com-
plete sets of states, one can completely reconstruct
EAB from the statistics obtained through Eq. (1).
The process matrix formalism makes no a priori
assumption of a global causal structure relating Alice
and Bob. In fact, assuming such a structure imposes
further constraints, due to the inability for a party to
signal to the causal past. Process matrices compat-
ible, for example, with Alice acting before Bob (de-
noted A < B) are of the form WA=E = WA=Br g
150 and similarly W5=4 = WB=4r @ 140 for Bob
before Alice (B < A), with WA=Br ¢ £(HABr) and

2A full trace Tr[(MY)T NY] and a tensor product M @ N
can both be written as a link product. Moreover, the link
product is commutative and associative.
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WB=Ar ¢ £(HA1B) being themselves valid process
matrices [1]. Process matrices that can be written as
a convex mixture of matrices compatible with A < B
and B < A, i.e., of the form

WAB _ qu<BI ® ]]_Bo + (1_(]) WB<A1 ® ]]_AO7
(3)

with ¢ € [0,1], are said to be “causally separable”.
They can be interpreted as being compatible with a
definite (although perhaps probabilistic) causal order.
Remarkably, there exist “causally nonseparable” pro-
cess matrices that cannot be decomposed as in Eq. (3),
and are thus incompatible with any definite causal or-
der [1].

Causal nonseparability can always be certified in a
device-dependent manner using a “causal witness” [12,
26], while only some processes can be certified in a DI
way through the violation of a causal inequality [1, 12—
14]. Here, we start by considering a relaxation of this
DI scenario, by providing the parties with quantum
inputs instead of classical ones. In [17], we showed
that causally separable processes necessarily generate
D-POVMs that are themselves causally separable in
the sense that they can be written

EA'B’ EA =B’ + (1—¢q) EB=A (4)

with ¢ € [0,1], where EA'<B" =
EB <A _

(E2,5 oy and
(EB <A )ap are D-POVMs satisfying

ZEA'<B':E;“’®11B' Va, Y EXN =17, (5)

ZEB <A’

and are respectively compatible with the causal or-
der where Alice receives her quantum input and acts
before Bob (A4’ < B’) and vice versa (B' < A’).
Crucially, some causally nonseparable processes which
cannot violate any causal inequality in the DI set-
ting (such as the “causal” process of Ref. [14]) can
still generate causally nonseparable D-POVMs. This
causal nonseparability—and hence that of the process
matrix inducing it through Eq. (2)—can then be cer-
tified by reconstructing the D-POVM (as mentioned
above) and verifying that it cannot be decomposed as
in Eq. (4) or, more directly, using these quantum in-
puts to violate a witness inequality of the form J > 0,
where J denotes some linear combination of the prob-
abilities P(a,b|p?’, pB') [17]. Note that no charac-
terisation is currently known of the process matrices
for which such a SDI-QI certification of causal non-
separability is possible. However, unlike the case for
entanglement—where a simple recipe provides mea-
surements for all parties that give rise to a SDI-QI
(or “measurement-DI”) certification of any entangled
state [27, 28]—it seems that no such simple recipe for
inducing causally nonseparable D-POVMs exists, and
it was conjectured that some process matrices do not
admit a SDI-QI certification [17].

=EF 914 w, Y EBF =17, (6)

3 NSDI-QI and NDI causal scenarios

A bipartite SDI-QI scenario can be transformed into
a 4-partite network scenario (NSDI-QI) where two
additional separated parties—Charlie and Daisy—
remotely prepare the quantum inputs. They con-
trol separate labs with input Hilbert spaces HE
and HP', and share maximally entangled pairs of
V4" and [¢+)EP" (with

|7,7)) with Alice and Bob, respec-

d-dimensional states,” |¢p™
|67) = ﬁijo
tively; see Fig. 2 (top). Charlie and Daisy can then
remotely prepare the quantum inputs pf/ and pgl
by applying m/easu/remer}ts with Choi representatigns
(Mc|z) = (p¢", 19" = p¢") and (M2 )a = (p2', 17" —

b ) on their shares of entangled qudit pairs. When
they observe the outcomes ¢ = 0 and d = 0 corre-
sponding to the POVM elements pZCl and pP ", respec-
tively, then Alice and Bob receive precisely the desired

quantum inputs since pf' O|z |6 )Xot |S 4 and
pB" M e Thereby, the observed

correlatlons in this network scenario are
P(eya,b,d|z,w) = (MI ®EA B’ ®MdD|z/u>

« (1oMst 1 @ Lot ™)
(7)

and satisfy (O a, b, 0]z, w) =
P(0|z)P(0|lw)P (a b|pz ,pBY. The causal non-
separability of EA 2" can be certified by the violation
of a witness inequality as in the SDI-QI scenario.
This NSDI-QI scenario so far assumes the sharing of
maximally entangled states and trusts Charlie’s and
Daisy’s quantum measurements in the “reference sce-
nario” described above. However, these assumptions
can be relaxed by exploiting self-testing techniques.
Self-testing exploits the fact that quantum correla-
tions which maximally violate a Bell inequality can
sometimes be used to uniquely determine—up to lo-
cal transformations—which state and measurements
produced them [29, 30]. To self-test the maximally
entangled states and Charlie and Daisy’s measure-
ments, Alice, Bob, Charlie and Daisy are all given
(new) classical inputs x, y, z, w, resp., and perform un-
trusted operations (Ma|m)a7 (Mflf) (MSZ)C, (ME dlw)d>
producing outcomes a, b, ¢, d, resp. on the process ma-
trix WAB and the untrusted auxiliary states P¢4 and
PBP to be self-tested, which are now in the (un-
trusted) “physical” Hilbert spaces HA, HE HC HP
(denoted with tildes)—that, a priori, may differ from
those in the reference scenario HA/,HBl,’HC/,HD/
(with primes); see Fig. 2 (bottom). In the spirit of
the “black-box” DI approach, we assume that the net-
work structure of Fig. 2 holds, and that the unchar-

9Here d is the dimension of the quantum input spaces, which
for simplicity we assume to be the same for both parties (al-
though this can be easily relaxed without consequence).
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Figure 2: From the NSDI-QI to the NDI scenario: In a NSDI-
QI scenario (top), the quantum inputs of the SDI-QI sce-
nario (Fig. 1) are prepared remotely by two other separated
parties—Charlie and Daisy—performing suitable operations
on their part of a maximally entangled state shared with Al-

ice and Bob, so that p2’ o MG * |¢ ")t <

M(ﬁ/ﬂ * |¢+>(¢+|B/D/ resp. (orange). These quantum inputs
can be self-tested (bottom): Alice, Bob, Charlie and Daisy
are given classical inputs x,y, z,w, and perform untrusted
operations that produce outcomes a,b,c,d, resp. Verify-
ing that the correlations Py(c, a|z, ) and P (b, d|y, w) both
maximally violate a Bell inequality allows one to self-test the
preparation of the quantum inputs; from this, one can cer-
tify the causal nonseparability of the D-POVM (Efﬁz,y)a,b
(purple semicircle) for = y = *, and thus the causal non-
separability of the process matrix WAE in a NDI scenario.

!
and pZ

acterised but independent devices nonetheless obey
quantum theory. This network assumption, defined
here for quantum theory, implies that the observed
correlations can be written as

Plea,b.d]zz,y,w) =M. © M2 © M7 @ M7,)

clz alx

*( §A®W“B®¢§f’) . ®8)

When applied to the process matrix, Alice and
Bob’s instruments then generate a D-POVM Efﬁj =
(EAD iB _

a,f;\z,y ~ a,blz,y
(Mf";‘ ® Mflf) * WAB similarly to Eq. (2). We will
show that in this scenario, the causal nonseparability
of a D-POVM generated from a causally nonsepara-
ble process matrix W4 can be certified solely based
on the correlations P(c,a,b,d|z, x,y,w) thus achiev-
ing an NDI certification of causal nonseparability.

)a,p for each x and y with elements E

4 NDI certification of causal nonsepa-
rability

As suggested above, the idea to achieve this goal is
to combine the SDI-QI certification with self-testing.
For the protocol we present to function, it will be
necessary for the quantum inputs in the initial SDI-
QI setting to be chosen such that that the refer-
ence measurements (Mc(le)C = (', 19 — p9") and
(Mcﬁ;u)d = (pP", 1P —pP") of the NSDI-QI setting are
precisely those involved in the self-testing procedure
we use. For simplicity, let us assume that d = 2™ for
some m > 1. This can be done without loss of gen-
erality by embedding the reference experiment, i.e.,
the spaces HC" and HP /, into larger 2™-dimensional
spaces if needed (see Appendix A). We then require
not only that pf, and p? " form tomographically com-
plete sets, but more precisely that they are (projec-
tors onto the) eigenstates of orthogonal Pauli mea-
surements (or, beyond the 2-dimensional case, tensor
products thereof). We will assume henceforth that
this is indeed the case.

When Alice and Bob receive generic classical in-
puts z,y (other than the specific x,y = x that we
shall consider below), we interpret the experiment
as a self-testing round, in which the correlations are
used to test a Bell inequality: reaching its maximal
quantum violation certifies that the untrusted states
PY§4 PP and measurements (Mgz)c,(Mﬁu))d have
the form of those used in the NSDI-QI setup, po-
tentially up to some local transformations that leave
the correlations unchanged (e.g., a change of basis).
When they both receive the special input z = y = *,
we instead interpret it as a certification round, in
which one follows the same procedure as in a NSDI-
QI certification of causal nonseparability using these
self-tested quantum inputs. Crucially, the aforemen-
tioned local transformations that formally relate the
“physical”, uncharacterised states and measurements
to their idealised “reference” counterparts can be ex-
plicitly incorporated into our analysis, and shown to
preserve causal (non)separability, allowing the causal
nonseparability of the physical process to be certified,
despite lacking any knowledge of the Hilbert spaces
upon which it acts.

The general protocol can thus be described as fol-
lows.

e (Correlation generation) Alice, Bob, Charlie and
Daisy perform local operations and measure-
ments on their respective subsystems to obtain
the statistics P(c, a,b,d|z, z,y, w).

o (Self-testing) Ome certifies that the auxiliary
states each contain a maximally entangled state
and that Charlie and Daisy each effectively
perform the desired tomographically complete,
orthogonal Pauli measurements on their sub-
systems by verifying that the distributions
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P,(c,alz,x) := P(c,alz, z,y) and P, (b, dly, w) :=
P(b,d|z,y,w) both maximally violate a Bell in-
equality Z > 0 for some y and z, resp.?

e (Causal nonseparability certification) One ver-
ifies that the correlations P;(a,b|z,w) :=
P(a,blz, =, y=*, w, c=0, d=0) violate a witness
inequality J > 0, thus certifying that the process
matrix is causally nonseparable.

Let us now explain these steps in more detail. We
use the fact that, for d = 2™, one can self-test a d-
dimensional maximally entangled state and orthogo-
nal Pauli measurements (or tensor products thereof,
for d > 2) by the maximal quantum violation of a
Bell inequality Z > 0 [19]. Further discussion of the
inequality is provided in Appendix A, but its exact
form (which depends on d) is not important for the
argument here.

The first step of the protocol simply consists in gen-

erating the correlations P(c,a,b,d|z, z,y,w), which,
developing Eq. (8), can be written as
P(eya,b,d|z, z,y, w)
(Mc\z Ma|x Mb\y ®Md|w> ( CA®WAB®II)§D)
= P(cl2) P(djw) ELF,, + (e @ 05, (9)
with  the remotely prepared states Satisfying
(c\ ) ?IZ = c|z * P4 and P(dlw) pd| =
d|w * PBP and w1th the D-POVM elements
Eff‘z y (M;“;‘ ® M bly ) * WAB as given above.

The second step is the self-testing procedure. The
players verify that the correlations Py(c,a|z,z) and
P, (b,d|y, w) reach the maximum quantum violation
of the Bell inequality Z > 0. As we recall in Ap-
pendix A, it is known that if this is the case, then
the physical states P{4 and V2P and measurements
(Mg"vz)C and (I\/Idw)d can be related to the ideal ref-
erence states and operations of the NSDI-QI scenario
in the d-dimensional spaces HE HA 1B HD' via
local isometries [18, 19]. We then show (see Ap-
pendix A) that these local isometries also relate the
remotely prepared inputs® pg‘l , and p(]fl w 1O the refer—

ence quantum inputs pf/ O|z |¢+><¢+| an

po o o\w « |¢F o ® ", For example, for Alice’s
quantum inputs we prove that

A ’ Jf ’ Jf
o = VA (o o + ()T e ) VA, (10)

4Note that these distributions are independent of w and z,
respectively, due to the network structure (8): e.g., Daisy only
shares a (nonsignalling) quantum state with Alice, Bob and
Charlie. However, contrary to the scenario of entanglement
certification [18, 19], these may still depend on y and z, resp.,
as the process matrix may allow for signalling.

In fact, we show that each p:jz and de|w (for all ¢,d) can

be related to a corresponding state in the reference scenario,
but this stronger result is not needed here.

A AT

~ . . if
where VA : HA — is an isometry and &,

ff‘jf are (subnormalised) “junk and flag” states on a
Hilbert space ’HAJf; a similar relation holds for Bob.
This allows us to write Eq. (9), when ¢ = d =0, in

terms of the reference scenario as
P(0,a,b,0|z,z,y,w)

= P(0]2) P(OJw) EXE + (02 @ p5),  (11)

where the Efb'lg

POVM (which EAB‘ can likewise be related to
through local isometrles see Eq. (B3) in Appendix B).
Eq. (11) thus relates directly the observed correlations
to those obtainable in the NSDI-QI setup.

The last step consists in certifying causal nonsep-
arability. The self-testing step ensures that, when
Charlie and Daisy get the outputs ¢ = d = 0, Al-
ice and Bob receive, up to local isometries, the de-
sired quantum inputs pf/ and pf,, from the SDI-QI
scenario. We thus focus on the correlations observed
when & = y = * which, in the reference experiment,
should correspond to the measurements used to ob-
tain a causally non-separable D-POVM. These corre-
lations, following Eq. (11), are given by

are elements of an effective D-

Py(a,bz,w) =
- Ea b\** (p?/ ®p5/)7

which precisely defines, following Eq. (1), a distri-
bution P’(a,b|p?’, pB') in a SDI-QI setting with the
reference quantum inputs for the certification of the
effective D-POVM E&4P = (EAS )ap. In Ap-
pendix B we show that if W4 is causally separable
then Eéf;B "isa causally separable D-POVM. Hence, if
P'(a,blp?, pB') violates the witness inequality, yield-
ing J < 0, this certifies the causally nonseparability
of WAB, By following the ideal reference protocol of
the NSDI-QI scenario, one can thus obtain such an
NDI certification for any process that can be certi-
fied in the bipartite SDI-QI scenario, i.e., which can
generate a causally nonseparable D-POVM.

The NDI certification of causal nonseparability de-
scribed above assumes that the self-testing is per-
fect: the maximal quantum violation of the Bell in-
equality Z > 0 is obtained, meaning that noiseless
maximally entangled states and perfect measurements
are realised (up to local isometries). Such require-
ments are experimentally unobtainable. However, the
self-testing procedure and subsequent certification of
causal nonseparability can be rendered robust to noise
in a similar way to that of [19]; see Appendix C for
further explanation.

P(a b|z,:E:*7 y=x, w, c=0,d=0)
(12)

5 Applications and scope

The protocol described in the previous section ex-
ploits a general approach to transforming a SDI-QI
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scenario into an NDI one. Indeed, it can be read-
ily generalised to provide NDI certification in settings
beyond the basic bipartite one we described. For in-
stance, in [17] we showed that all bipartite causally
nonseparable process matrices can be certified in a
SDI-QI way if we assume an additional natural as-
sumption on the form of Alice’s and Bob’s instru-
ments: that they factorise as a joint measurement
on one subsystem of their quantum input and the
system they receive from the process matrix, and a
channel taking the rest of their quantum input into
the process matrix. This “measurement device and
channel independent” (MDCI) structure can naturally
be translated into the NDI setting by imposing the

same structure on the physical instruments (Mf‘ﬁ*)a

and (Mzﬁ;]/i)bv corresponding to assuming that Alice
and Bob each control two uncharacterised quantum
black-box devices that are connected in a specific way.
This amounts to an additional structural assumption
on the network, but the certification remains DI in
spirit. By using independent auxiliary sources to self-
test Alice and Bob’s quantum input subsystems, our
method here can readily be used to show that all bi-
partite causally nonseparable processes can also be
certified in an NDI way (modulo these assumptions);
see Appendix D for details on the soundness of the
NDI certification in this MDCI scenario.

A process of particular interest is the quantum
switch [4], which can be described in either a “(2+F)-
partite” or “(P+2+F)-partite scenario” in which, in
addition to Alice and Bob, a third party Fiona with
no output Hilbert space performs a measurement in
their causal future, and (in the (P+2+ F)-partite sce-
nario), a fourth party Phil with no input Hilbert space
acts in their causal past. In the quantum switch,
Phil prepares a target system and a control qubit,
the latter of which coherently controls the order that
Alice and Bob then act on the target system, before
both the target and control are received by Fiona. (In
the (2-+F)-partite scenario, Phil’s operations are fixed
and absorbed into the process matrix.) The quantum
switch is the canonical example of a physically re-
alisable causally nonseparable process [15], and the
resource behind most known advantages arising from
causal indefiniteness [4-9]. Certifying its causal non-
separability is thus a key problem, and several ex-
periments have done this in a device-dependent way
using causal witnesses [31, 32]. In [17], the SDI-QI
scenario was extended to the (2+F)-partite scenario
to certify the causal nonseparability of the quantum
switch, and in Appendix E we further extend it to the
(P+2+F)-partite scenario. One can then transform
SDI-QI certifications in these scenarios into NDI ones
by also having Fiona and, in the later scenario, Phil,
share maximally entangled states with additional par-
ties. Generalising naturally our bipartite protocol,
one can independently self-test the quantum inputs
of each party and analogously show that statistics vi-

olating a witness inequality in the certification rounds
imply that the physical process must be causally non-
separable; see Appendix E for further discussion. For
the quantum switch, in the SDI-QI setting it is in fact
not necessary to provide all parties with quantum in-
puts: some parties may do with classical inputs, or
no input at all. For example, in [17] the case where
only Alice and Bob have quantum inputs was consid-
ered; in Appendix E we show that one can also certify
the causal nonseparability of the quantum switch in a
SDI-QI manner while providing only Phil with quan-
tum inputs—a scenario that can then be turned into
an NDI one by introducing just one additional party.
We thus see that, despite its inability to violate any
causal inequality [12, 13], the quantum switch can be
certified in a particular type of DI scenario; see also
the discussion below. As in the bipartite scenario, it
remains an open question which causally nonsepara-
ble processes can be certified in an SDI-QI—and thus
NDI—manner in the (2+F)- and (P+2+F)-partite
scenarios.

Beyond the bipartite and restricted three- and four-
partite scenarios discussed above, the study of SDI-
QI certification of causal nonseparability remains an
open question. Indeed, the notion of causal separa-
bility of D-POVMs has thus far only been defined
in these scenarios. Nonetheless, the general method
we present for converting a SDI-QI scenario into an
NDI one can be applied generally, introducing addi-
tional parties remotely preparing the quantum inputs
and independently self-testing these quantum inputs
in the way we described. A SDI-QI protocol leading
to a D-POVM unobtainable from any causally separa-
ble process constitutes a SDI-QI certification of causal
nonseparability,® which could then be transformed in
this way into an NDI certification of causal nonsepa-
rability by generalising the proof of Appendix B that
the self-testing procedure preserves causal separabil-
ity. An understanding of which causally nonseparable
process can be certified in this way in general multi-
partite scenarios is currently lacking, but this never-
theless highlights the generality of our recipe for con-
verting SDI-QI certification to NDI certification.

6 Discussion

As we emphasised, our certification of causal nonsepa-
rability is device-independent, in the sense that it does
not assume any knowledge about the underlying pro-
cess or operations involved. Every element involved in
the protocol is treated as a (quantum) black box with
classical inputs and outputs, and all conclusions are
drawn from the observed correlations. However, we

6Here and in Ref. [17] the notion of a causally separable D-
POVM was defined directly. However, Ref. [17] showed that, at
least in the bipartite and (2+F)-partite scenarios, the definition
precisely coincides with the set of D-POVMs obtainable from
causally separable process matrices.
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called it network-device-independent to differentiate it
from the standard approach to DI certification, which
requires the violation of a causal inequality [1]. In-
deed, our approach differs from the standard one as it
assumes a network structure involving two separated
untrusted parties, each independently performing op-
erations on a system that is independently shared
with a party involved in the process being certified. In
the black-box picture this corresponds to an assump-
tion on the connectivity of the boxes allowing systems
to be shared, and thereby correlations to be gener-
ated. Moreover, unlike the standard approach which
certifies causal indefiniteness in a theory-independent
manner, our method certifies the theory-dependent
notion of causal nonseparability. Indeed, it is based
on the violation of a witness inequality by a causally
nonseparable process matrix and on the self-testing of
quantum input states through the maximal quantum
violation of Bell inequalities. It thus assumes the va-
lidity of quantum theory and of its extension through
the process matrix formalism. This, and the simple
network structural assumption, is what allows one to
certify—without trusting any device—the causal non-
separability of process matrices which cannot violate a
causal inequality, such as the quantum switch [12, 13].

Finally, we note that some recent works have also
proposed another approach to certify the indefinite
causal order in the quantum switch in a device-
independent way [33-35]. In the scenario presented
in [34] (also considered in [33]), an additional space-
like separated party is introduced along with Alice,
Bob and Fiona, and an inequality is derived based
on the assumptions of “Definite causal order, Rela-
tivistic causality, and Free interventions” (DRF). It
is then shown that the correlations generated from a
quantum switch in which the control system is en-
tangled with the newly introduced party can violate
this “DRF inequality”. Notably, our approach allows
us to consider a scenario very close to that of [34]
by transforming a SDI-QI test of a (P+2-+F)-partite
quantum switch, with only Phil (in the causal past)
being given a quantum input, into an NDI test (as
briefly considered above, and further discussed in Ap-
pendix E). It is then interesting to compare the as-
sumptions and conclusions one may draw from these
two approaches in which the causal indefiniteness of
the quantum switch can be certified in a DI manner
(see Appendix F for further discussion). A first im-
portant difference is that the approach of [34], and the
inequality they derive, is not only device-independent,
but also theory-independent—Ilike standard causal in-
equalities, but contrary to our approach. There-
fore, while [34] explicitly introduced some form of no-
signalling assumption at the ontological level (“Rela-
tivistic causality”) between the new party and those
involved in the switch, our approach, being theory-
dependent, does not rely on such an assumption. In-
stead, we make the (quantum) network structure as-

sumption, Eq. (8), which implies immediately the op-
erational notion of no-signalling. With a violation of
a “DRF inequality”, the conclusion that there is in-
definite causal order can hence be escaped by reject-
ing this relativistic causality assumption; in our quan-
tum theory-dependent case, one would need to reject
our network structure assumption to salvage definite
causal order (or, in both cases, one could reject the
“Free interventions assumption”, which we indeed also
made implicitly). It will be insightful to further inves-
tigate the connections between the two approaches,
possibly in different scenarios. Recall in particular
that our approach provides a systematic way to turn
a SDI-QI certification of causal nonseparability into
an NDI one; it would be interesting to see if the ap-
proach of [34] can similarly be made more systematic.
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A Self-testing the quantum inputs

In this appendix we begin by recalling briefly the framework of self-testing [29, 30|, before considering in
more detail the self-testing of maximally entangled states and tomographically complete sets of orthogonal
Pauli measurements, and how this can be used to self-test the remotely prepared quantum inputs in the NDI
scenario. -

We will focus here on Charlie and Alice, who share a quantum state P§4 and perform local measurements
on their share of the state described by POVMs (M¢ ¢2)e and (I\/Ia‘z)a7 respectively. The self-testing results for
Bob and Daisy can be derived in an entirely analogous way.

The general goal of self-testing is to use the observed correlations P(c,alz,z) to show that the state 11)CA

and/or the measurements (M('|Z)C’ (MA

a|r)a must be of a specific, desired form. More precisely, the observed

correlations are given by the Born rule as”

P(e,alz,z) = (MG, @ M)+ WS4 = Tr (MG, @ MA)TWE],  Vz,z,c0, (A1)

in a “physical” experiment described by (ll)léA (M oz ) (Ma‘z) ), which we would typically like to relate (in

part or wholly) to a “reference” experiment (|t Yt (MCCI;)C, (M ;“x) ). In general, one cannot identify a
unique reference experiment compatible with the observed correlations, but only an equivalence class of such
experiments. Indeed, there are two classes of transformations of quantum states and measurements which do not
change the observed correlations. The first are local isometries, encompassing local rotations and embeddings
in Hilbert spaces of higher dimension. The other is a simultaneous transposition of the underlying quantum
state and measurements. We thus seek to show a relation between the physical and reference experiments up

to such local isometries and transpositions.

Self-testing the maximally entangled state and Pauli measurements

For simplicity, let us focus here on the case of d = 2 where the quantum inputs are two-dimensional. We will
discuss at the end of the section how the self-testing procedure can be generalised to arbitrary d > 2.

In order to self-test the remotely prepared quantum inputs, we will first show how Alice and Charlie can
self-test the fact that they effectively share a maximally entangled state |¢+>C/A/ = (]00) + [11))/v/2 and
that Charlie’s reference measurements (Mgf;)c effectively correspond to the tomographically complete Pauli
measurements o, 0y, 0.

Although the physical state leA that Charlie and Alice share may not be pure, it will be convenlent to work
CAR II)CA ) and

(Mf‘z) act, by definition, trivially upon. Since no operations act nontrivially on this space, we will generally, in

with a purification |{) , where H is a purification system that the measurements (M

cl|z

a slight abuse of notation, omit writing explicitly this space, writing simply \1I)1>CA and leave identities acting

on H® implicit. For simplicity, we will also assume in what follows that the physical measurements (MCC‘Z)C and
Mz,
assumption is not a fundamental one in our NDI protocol, and could be removed using the techniques of [36]
to derive this projectivity from the maximal violation of a Bell inequality.

The self-testing of a maximally entangled state and the three mutually orthogonal Pauli measurements can
be obtained using an extended form of the CHSH inequality, as shown in Lemma 1 of [18, 19]. Here we simply
restate the elements of the results necessary for what follows, directing the interested reader to the proofs

)a are projective. Although common in self-testing proofs (and justifiable on reasonable grounds [30]), this

in [18, 19].
Let us consider an experiment involving three measurements for Charlie and six for Alice, labelled z = 1,...,3
and z = 1,...,6 respectively, all of which are binary valued, and denote &, , = P(c = a|z,z) — P(c # a|z,x)

the expectation value of the correlation between the outputs ¢ and a for inputs z and x. Starting from the
extended CHSH inequality

£ = 5171 + 6172 + 52,1 - 5272 + 6173 + 5174 - 5373 + 5374 + 5275 + 52,6 — 5375 + 53,6 <6 (AQ)

obtained by the sum of three CHSH inequalities, each with a local bound of 2, let us consider the Bell inequality
Z=6—E& > 0. In the experiment we consider (described by quantum theory), the correlators &, , are obtained

"Note that as we work here with the Choi representation, the measurement operators are transposed with respect to those that

one would usually write (e.g., the Choi representation for a projector onto a state |¢) is (|¢}#|)T). This also explains the presence
of transposes on (MS )T and ( clz) in the self-testing statement of Eq. (A5) and in the subsequent equations below, compared
to the notations used in the literature [18, 19].
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as
g (M0|z O\z) * ll) ( ﬁz 1|a:) * ll) ( Ociz 1|w) * l") ( ﬁz O\a;) *lb . (AS)

Since £ is the sum of three CHSH inequalities, its maximum quantum value is &g = 62, and the maximum
quantum violation of Z > 0 is Zg = 6 — 612 < 0. If this value is reached by Alice and Charlie’s correlations
P,(c,alz,z) (for some input y of Bob) in their physical experiment, then by Lemma 1 of Refs. [18, 19| there
exist local isometries VC : HC — HC'CC" and VA . HA - 'HA/AjAf, where 9 and AJ are “junk” systems and
C* and Af are (2-dimensional) “flag” systems, such that

Ve VA ) = 1617 ® 16)7 Y ©100)7 Y + 61 @ j6) T @ 1) (A4)
and
Ve VA (MG ) = (M7 160 ) Ble) Y © 1007 + (M 1617 ) @ 1) @ T
(A5)

where we omit identity operators acting on Alice’s side, the junk states |§0>CJAJ and \ﬁl)CJAJ satisfy || [&o) [|? +
| 1€1) |> = 1, and Charlie’s reference measurements Mﬁz are precisely the tomographically complete set of

projectors

(MG =21+ (-1)0z), (MG)T =30+ (-Dox), (MS)" =31+ (-1)0y). (A6)

From this self-testing result, we can determine how the remotely prepared inputs p4_ o MA *II)CA relate to the

clz

corresponding reference quantum inputs p4_ o M C |¢+>(¢+| , which here are precisely the tomographically

c|z

)T specified in Eq. (A6). Multiplying Eqgs. (A4) and (A5) by vel g VAT, and

recalling that W& = Trp [y by |“47 (with the implicit purification space made explicit here, but left implicit
below on both the state and in the partial trace), it follows that (again with some implicit identity operators)

Qoo 0f = Tre (ME)T o))

complete states pclz (MS

clz

= VA e (VO YD (™ Ietet 1T ) @ laal @ @ k<) ve v

k,1=0,1

+ 1 /R C'A’ igd fAf
= VA [Trcicio [VOVE |30 (g™ 107)6™ 17 ) @ leial ™ @ kgl ) | | VA,
k,1=0,1
(A7)

where (-)Tk denotes the “transpose to the power k := 1 — k”. Noting now that yeyct effectively acts as the
identity on the state of Eq. (A5), it can be removed from the previous equation. The partial trace then kills
the cross terms with k£ # [ and we obtain

A ~ ~A "' / k if
P(clz) i, = ML+ 054 = Pel) VAT [ Y (o)™ @& | VA, (A8)

k=0,1

with AT = AAT &7 = Tre |66 ® (k)Y such that 3, Tr() = 1, and P(c|z) pff,

Trer ((MG)T 16906717 ) = MG, o)<
By the symmetry of the considered network scenario (cf. Eq. (8) and Fig. 2), we obtain a similar self-testing
statement for Bob and Daisy: provided that their correlations P, (b,d|y,w) also violate the Bell inequality
Eq. (A2) up to its quantum maximum (for some input x of Alice), there exists a local isometry of the form
B . 9B _, %B'B" quch that we can write

P(dlw) o, = MB, « 2P = Pdlw) VB [ 3 (05 )" @ P | VB, (A9)
1=0,1

80ne may note that up to a proportionality constant, p?|/z is formally the same matrix as Mg;, in the space A’ rather than C’.

(This can indeed be interpreted as some form of quantum teleportation from system C’ to system A’.)
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with 32, Tr(¢F") = 1 and P(dluw) pff, = Trpy ((MF))" |¢+><¢+|B'D') ME, |8+t

Thus, we have shown that both remotely prepared inputs p4 oz X MCCIZ * 1]) 1 and pd‘ x Mﬁw * PP can be
related to the reference quantum inputs pc‘ x MCC{Z |¢+><¢’+\C 4" and pﬁ;ﬂ x M(ﬁw \¢+><¢+| B Gia local
isometries. That is, we are able to turn the self-test of the maximally entangled state that Charlie and Alice
share, along with Charlie’s tomographically complete set of orthogonal Pauli measurements, into a self-test of
the quantum inputs used in the reference NSDI-QI certification protocol (and likewise for Bob and Daisy). Note
that in the NDI protocol presented in the main text, we assumed that Charlie’s (tomographically complete)
quantum inputs in the reference scenario are obtained as the remotely prepared states when ¢ = 0 for the
different inputs z, whereas here the ¢ = 0 outcomes only give one projector for each measurement, which is not
quite a tomographically complete set. This detail can be overcome by considering some additional measurements
in the NDI protocol obtained by relabelling some of the above measurements’ outcomes, so as to complete the
set of reference quantum inputs (and likewise for Daisy’s measurements).

Finally, while the above approach, presented explicitly for the case of two-dimensional quantum inputs
(i.e., d = 2), it can be readily generalised to d = 2™, for m > 1. Indeed, the maximally entangled state

|¢j)c/ \}?/ Z |j J), for d = 2™, can be self-tested through the parallel repetition of the extended CHSH

inequality (A2) [19] In this case, Charlie has 3" measurement settings corresponding to the nontrivial tensor
products of orthogonal single-qubit Pauli measurements, each of which has 2" outcomes so that the M (fz one
self-tests are precisely the projectors onto the 6™ eigenstates of m-fold Pauli measurements. As in the d = 2
case, the quantum inputs prepared on the ¢ = 0 outcomes can be extended to a tomographically complete set
by adding some additional measurements with relabelled outcomes.

For d # 2™, the above procedure can again be utilised by first embedding the reference scenario into some
d’-dimensional spaces for some d’ = 2™ > d. By writing the D-POVM EAB" in these d’-dimensional spaces
(and taking HC and HP' to hence also be d’ -dimensional) one can then proceed using the general approach
described above for d’ = 2™ before restricting ourselves to quantum inputs in the d-dimensional subspace of
interest.

B Certifying causal nonseparability in a network-device-independent manner

The self-testing statements above allow us to directly relate the observed correlations to those of the ideal
’ AJf

f
reference systems in the NSDI-QI setup. To see this, let us define for convenience |VAT>> => .l >A A

1 Aif 1 Af 7oA
yAT |i>A A% Where {\i)A A }; is the computational basis of H4 A" With these notations one can write, using
the link product,

T / £ T TA'AM A £ T g ATAA i\ Th ,
VAT (o)™ @ gt VA = ATIVATT T e (o)™ @ 6] = (VAT T g) s o
(B1)
B ; B'B'B A'AFA
and similarly for VB]L[(pd| )Tl ® (P f] VB, introducing \VBT» in a similar way to |VAT>> above.

From Egs. (A8) and (A9), the correlations P(c,a,b,d|z,z,y,w) can then be written as

P(c,a,b,d|z,x,y,w) = (M 12 Ma|x Mbw ®Md|w> ( §A®WAB®¢QBD)

= P(c|2) P(d|w) ( A emp ) « WAB 4

k=0,1 1=0,1

n + A'AYA T, , n + B'B'B i\TE ,
= P(cl2) P(dlw) EXF, ( SO (VADVATTT et ) Mot ) o DD (IVEIMVETT T e ) o,
k=0,1 1=0,1
= P(cl2) P(dlw) EXE, + (o4 @ o) (B2)
with the “physical” D-POVM elements EAﬁx Y (Mﬁf@MB‘B ) *WAEB and the new D-POVM elements effectively

acting on the “reference” quantum input states

1A § NTE ' Bit R N
S (Ao eg) e 3 (Rt ) ] (B3)

A'B’
Ea ,blx, y Ea b\zy [
k=0,1 1=0,1
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The correlations (cf. Eq. (12))
Po(a,blzw) = Pla,blz,a=x,y=r,w,c=0,d=0) = B+ (¥ @ ol ) = Pllablp’,pl)  (B4)

thus describe precisely the Correlations in a SDI-QI setting with the reference quantum inputs pf/ and pgl and
the effective D-POVM EAB" = (Efb > .Ja,b involving the D-POVM elements defined in Eq. (B3).

‘We now show that the local transflormations used in this self-testing procedure preserve causal separability,
thus allowing us to certify the causal nonseparability of the physical D-POVM EAB = (Eg‘f‘* .)a,p—and hence
the underlying physical process W45 —despite lacking any knowledge of the Hilbert spaces upon which it acts.

Let us for that assume that the process matrix is compatible with the causal order A < B. Such a process
matrix takes the form W = WA=Br @ 180 with Trg, WA=BI = W41 @ 14° and Tr W47 = 1. Using the fact
that ), MB Bx1Bo =3, Trp, Mﬁf 13 B, according to the overall trace-preserving condition for a quantum
1nstrument we have

S EN, =D (Mt @MER) « WASPr @ 150 = (MA@ 158 ) « AP —Ef @17 (Bp)
b b

with Ea|m = MAA Trg, WARBL = Ty, MAA 4 7 Ar (such that (Ea‘g:) forms Alice’s marginal POVM applied
to her physical quantum input). From Eq. (B3), we then obtain’

' g ~ ATAA Th B'BI'B N\ T
ZEf,bi,y:Ealz@]lB*[Z (VA*>><<vA*| ﬁ”) © Y (VB* et ij)

a\z a\z

b k=0,1 1=0,1
/7 if 7 T / f TL
+ t AATA it T + B'B"B it
— e« T (|vA ATt g o 3 (1 vy g
k=0,1 1=0,1
=E/, ®17 (B6)
with
; TA’A“A N Th

BY =L« (vA VAT z:‘) , (B7)

k=0,1

which now forms a single-partite POVM acting on Alice’s reference quantum input (one can in particular check
that >, EZ =14 and ), EA =14,

alr —
Thus, from Eq. (B6) we can conclude that starting from a causally ordered W = WA<Br @ 150 compatible

with A < B, we obtain a D-POVM (E4 A b|:1: y)a,b compatible with the order A’ < B’. Similarly, from a process

matrix compatible with the causal order B < A we obtain a D-POVM (Elfbﬁc y)a)b compatible with the order

a a\x

B’ < A’. We can then conclude that any D-POVM (E4'B’ )ab induced by a causally separable process matrix

a,blz,y
is causally separable, as defined in [17].
This is the case, in particular, when x = y = %, so that the effective D-POVM EA B (Ea bl .Jab is causally

separable whenever W4P is causally separable. As a result, the correlations P’(a, b|p2’, pB') defined in Eq. (B4)
obtained from a causally separable process W45 must satisfy any witness inequality 7 > 0. If these correlations
violate such an inequality, giving J < 0, then this therefore proves the causal nonseparability of the process in
an NDI manner.

Such a violation—and hence NDI certification—can moreover be obtained for any process W4 that can (for
appropriately chosen reference instruments (M AIA)a and (M, B'B )p) induce a causally nonseparable D-POVM
EA'B’ (E B') 0. in the reference scenario, i.e., which cannot be decomposed according to Eqs. (4)—(6). Indeed,

EAB

as outlined in [17], the causal nonseparability of can always be witnessed by a family SA'B’ (SA B /)

of operators (a “witness”) such that Za b SA B Eé;B/ < 0 only if EA'B s causally nonseparable. Concretely,

e =
B'B'B B'B'B <ij .

YHere we use the fact that Trg |VBJI>><<VBT| (VBVBT)T, so that Trp |VBT))((VBJr\
Tr it (VBVBT(]lB/ ® CBJf))T. To evaluate this further, note that VAVAT acts as the identity on the state of Eq. (A5),

and therefore on the state obtained after tracing out over C’Cif—that is, on Zk c|z)Tk ® § , for some tomographically
The same holds on Bob’s side, so that VBVBT[Zl(p )T ClBJf] = Zl(pB/)Ti ® Clij for all
pB’. Tt then follows that Tr [(Zl (TrB |VBT>><< BT|BIijB * Clij)Tl)pB'} = Tr [Zz Tr gje (VBVBT(JIB, ® Clij))Tpr/] =
Tr [VBVBT[Z (pB/) CBJf]] = Tr [Zl(pB/)Tl ® CBJf] = (TrpBl)(Zl TrClij) = TrpB for all pB’, which implies that

Zl( BlVBT >« BT‘B Bifp *Clij)Tl _ ]1B/.

complete set of states pd
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writing S/ A B =>, w flzbw)pf ® pfj/ using the tomographically complete sets of states from the NDI-protocol,

one obtams the witness 1nequahty

= Y s Pl ) 2 0. (BS)
a,b,z,w
By implementing precisely the reference NSDI-QI protocol, one simply has E(ﬁ;Bl = E(’;‘;ﬁ/* Ea b for all

a, b so that the reference, effective, and physical D-POVMs all coincide, and the witness inequality can indeed,
as expected, be violated.

C Robustness of the procedure

The exact self-testing conditions (i.e., strictly reaching the maximal quantum violation of the Bell inequality
under consideration) are never met in any realistic scenario. Thus, to make self-testing applicable in practice one
needs to ensure that it is “robust”. In particular, the reference and physical experiments should be sufficiently
close if the self-testing correlations are approximately reproduced by the physical experiment. In this section
we discuss how our NDI certification procedure is affected if the states shared by Alice and Charlie and by Bob
and Daisy approximately reproduce the self-testing correlations.

The robust self-testing of the maximally entangled pair of qubits (resp., qudits) is discussed in Appendix B
(resp., E) of [19]. Let us restrict ourselves again here, for simplicity, to the case of qubits (for qudits one can
adapt the approach of [19] in a similar manner). The robust self-testing statements—i.e., the robust version of
Eq. (A5)—then take the form!?

[veova (m5m wne)
- (@207 0 Y o e 0 00+ (Mo ) 1) @ ™) | <6, e

where 6 depends on the distance between observed and reference correlations (e.g., in the d = 2 case, if the
violation of the Bell inequality (A2) reaches some value 61/2 — €, one can take § = r\/€, for some multiplicative
factor x [19]). Denoting by [¥,|.) the state in the right-hand side of Eq. (A5) (in the noiseless case), this equation
can be rewritten as

~ ~A 7 ij/Ajf / ij/Ajf
Ve VA (M) 1)) = [20) A 4 ) T4, (C2)

where |w,,) is an unknown state with vector norm smaller than or equal to 6. Eq. (A8) then becomes, in the
noisy case,

Plel2) 2, = MG, + W8 = VA Trour ((1202) + [wep2)) (g + (o)) VA

T ’ if
= Plelz) VAT 3 (of)T @ gt | VA + 4. (C3)
k=0,1
with
A T
5g|‘z = VA Trorcit (|Wc|z><wc|z| + |wc\z><wc|z| + |wc\z><wc\z‘) VA' (04)

The norm of this correction term can be bounded in the same way as it is done in Appendix G of [19]. Namely,
using the triangle inequality and noting that || [¥,.) || = %, we get

. 1§\/§9+92, (C5)

where || - ||; is the trace norm.
Similar statements can be made on Bob and Daisy’s side, allowing one to write M w * 11) in a similar way

to Eq. (C3), in terms of a correction term 5B dlw whose trace norm is also upper—bounded as in Eq. (C5) (for

10Recall that we assume, for simplicity, that the physical measurements (Mc;z)C and (Mf‘z)
this projectivity property cannot be derived directly by using the techniques of [36], which require the maximal violation of a Bell
inequality, although we expect that the noise-robust statements of [36] should still allow one to evade the strict requirement for the

projectivity assumption (working out the details is left as an open question).

o are projective. In the noisy case
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simplicity we take the same value of  on both sides). The observed correlations P(c,a, b, d|z, z,y, w), following
Eq. (B2), then become

Ple,a,b,dlz, .y, w) = EXL , « (MT, «0§4) © (M, «05P))
T 4 AATA o Th w .
€2+ (Pl 5 (AT ) o,
k=0,1 ,
+ + B'B'B i\ TS
o (Pl & (W= )™ g+ 08,
1=0,1
= P(C| ) (d|w) a b\x Yy (pﬁz ® pcﬁw) + P(C| ) a b\x Yy (pﬁz ® 55111)
B
+ P(d|’LU) Ea b|:v y (50\ ® pd| ) + Ea blz,y (66\,2 ® 6d|w> (06)
with the “physical” D-POVM elements defined as EAlbgll v (M(ﬁf@Mﬁf) *WAB  the D-POVM elements E;“bﬁc y

acting on the “reference” input states as given in Eq. (B3), and with the new D-POVM elements effectively
acting on the “reference” and the “physical” quantum input states

i fAATA e Th
By = Eaf, s 20 (IADOATTT Tagt")
k=0,1

I pRif B 1
AB' ._ EAB Bt st B BB pin\Tb
Ea blz,y - Ea ,blx,y * Z ( ‘V >><<V | * Cl ) . (07)
1=0,1
The correlations Py (a, b|z, w) used in our protocol to certify causal nonseparability are then

P, (a,blz,w) = P(a,b|z, z=*, y=x,w, c=0,d=0)
/ , ob
= P'(a,blp2 pB) + ENE  + (pf ® S )

P(0]w)
5t 5t 8
EAB’ 0|z E 0|z 0w
+E, ,blx (P(OZ) ® p +E; bk, x (0| ) ® (O|w) ’ (08)
with P’(a,blp2’, pB') = E;“’;ﬁ:* * (p‘z“/ ® p5/>. We can bound the second term in the right-hand side of Eq. (C8)
as
T §B - \T 58
T | (E A’ Olw < EA'B A’ O\w A 0|w
(e (oo ) | < €2 o et @ p)
1 A B o
< —— <
= P(0Jw) o H%wle = P0jw) \ ) (\f“@ ) (C9)

where in the first inequality we used the fact that |Tr(A)| < Tr|A| = ||Al|1, the second one follows from Holder’s

inequality, in the third inequality we used the fact that the maxnnal eigenvalue of E4 cannot be larger than

ab\**

1, and in the last inequality we used the normalisation of pz together with the analogue of the bound (C5)

above, for Héﬁwu . In a similar way, for the last two terms in Eq. (C8), we can write
1

_ T §A
AB’ 0|z B’
(Ea,b\*,*) <P(0|2) ® Pw )

[ A 5B 1
T | (EAB 0|z 0w < - -
‘ [( a,b|x, *) <P(O|Z) ® P(O‘UJ) - P(O|w)P(O\Z)
(=) pr (g, b pA, pB') > 0.

Consider now a witness inequality of the form of Eq. (B8), Jiet. = Zabzw Sab
Evaluating the same witness expression with the experimentally obtained probablhtles P, (a,blz,w) instead of

Tr (v2o+62), (C10)

< 1
~ P(0]2)

and

(\/§9+92)2. (C11)

P'(a,b|p", pB'), s0 as to define Juyp. := Db sfjl’)w)P*(a, blz, w), we can write
t.7exp. = Jret. + Jcorrection (C12)
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Figure 3: Bipartite Network-MDCI scenario: Alice and Bob, instead of each having a single black-box instrument (cf. Fig. 2,

bottom), now each have two black-box devices (a channel and a measurement device, Ma‘; ! and MAOAO for Alice, and

MﬁéB’ and MiOBO for Bob) that they plug into the process matrix W#Z with the network connectivity shown here. The
quantum inputs remotely prepared for these devices are independently self-tested in the same way as for the standard NDI
scenario, which then allows one to certify the causal nonseparability of the D-POVM (Ea b\x,y)a,b (purple semicircle) for

2 = y = *, and thus the causal nonseparability of the process matrix W4 in a N-MDCI scenario.

with

(z w) A 5571) AB’ 56&& 6O|z 60|w

Feomection = 3 503" | Bl { 22 ® Pojy )+ Eabies | Pojsy 9% + Bl P(0fz) © P(0Jw)
a,b,z,w

(C13)

max

The previous analysis allows us to bound Jeorrection 8 |Jcorrection| < Jao2X ins

with an upper bound J:32%

orrection
on the maximum correction that can be evaluated explicitly given (s((jgw )a,b,zw Using Egs. (C9)—(C11), and
that is (for small 0) of order O(6)—with Jeorrection = 0 when 6 = 0. Given the witness inequality Jiet. > 0,
which implies

JEXD > = crcr)lli)éction7 (C14)

we thus find that a violation of Eq. (C14) certifies causal nonseparability in a manner that is robust to noise.

D “Network-MDCI" certification of all causally nonseparable process matrices

It was shown in [17] that all bipartite causally nonseparable process matrices can be certified with trusted
quantum inputs, if we assume that Alice and Bob’s (trusted) ancillary Hilbert spaces have a bipartite structure
of the form HA" = HA140 and HB' = HEB: B/O, and that their instruments have a specific structure as well—
namely, that they factorise as a joint measurement of system A’ together with the system A; received from
the process matrix, and a channel taking system A, into the system Ao that is fed into the process matrix
(and similarly on Bob’s side). For this certification, it suffices to use separate (product) quantum inputs in
systems A} and A}, (and in systems B} and Bp,). This certification, called the measurement-device-and-
channel-independent (MDCI) certification, can be transformed into an NDI certification by making similar
assumptions on the (now untrusted) physical spaces and instruments; see Fig. 3.

Let us first recall that the above assumptions imply that the Choi matrices of Alice’s instruments decompose

as MAA — MArAT @ MAoAo  for some POVM (MA41), and a channel MA24©  and similarly for Bob. Given

alz alz |z | \

that the channels le;vo and Mg °Bo must be trace-preserving, these decompositions imply that

Tra, MM =MAA @ 140 Trp, MEP = MEIP1 g 150, (D1)

a|3: alz bly

for all a, b, with ) MflgA’ 14141 and > Mﬁ;Bl 18181, To obtain our results below, it is in fact sufficient

to assume that Eq. (D1) holds, for some particular values of a and b.
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Consider a causally ordered process matrix W = WA=Br @ 180, The structure of Eq. (D1) implies that the
physical D-POVM elements E4 (MAA ® MBlB) * WAB satisfy

a b\z y alz

EAB = (MA2 @ Trp, MED) « WASBI = (MA2 @ ME1P1) « WwASB1 g 150 = EAB1 g 150 (D2)

ablzy — a|x bly a,blz,y

with ELPE = (MAA @ MJIP7) s« wA=Br,

Moving on to the NDI scenario, let us focus, for now, on the MDCI assumption on Bob’s side. Instead of
introducing just one source shared between Bob and Daisy, we now introduce two independent sources shared
between Bob and two new parties, Daisy;, with Hilbert space HP1 | and Daisy,, with Hilbert space HPo (we
use the same notations as before, just adding the subscripts ; and o appropriately). Self-testing the quantum

inputs in spaces HB1 and HPBo separately, we can write, similarly to Eq. (A9),

B b BiD T B, L LB
P(dr|wr) pdzl\wf = MdII\wI * 2,5 "= P(dr|wr) Ve Z (pdzl\wz )T @G VBI’
1=0,1

~ ~ ~ ~ ,'_ B i ij
P(do|wo) pg% 0 = M, * 0537 = P(dolwo) VBT | 3" (979,07 © ¢ | VB, (D3)
1’=0,1

. B/ ’ B’ ’
for some reference quantum input states Pajlw, € L(HPBr) and pdoo‘wo € L(HPo).
Then as in Eq. (B2), and still for a causally ordered W = WA=Br g 1Bo  the correlations
P(c,a,b,dy,dolz, x,y,wr,wo) can then be written (using the above equations together with Eq. (A8)) as

a|3c

P(c,a,b,dr, dolz, &, y, wr, wo) = (Mclz aMMeMEBaMD  @MD9 )*( W“Bf@]lBO@mbf’Df@wBoDO)

dz\wz dolwo

~ T _'.A/Aij if Tk/ ’
= P(cl2) P(dslw) Pldolwo) (EM @ 150) « ( SO (IATVATTT gty s o

k=0,1

t t BiBIBr  pinTy ;
@ 3 (VBRI G
1=0,1
+ BoBS Bo it ’, ,
o 3 (Rl gyt )
1'=0,1
A'B ’ ’ B’ B’
= P(c|z) P(ds|wr) P(dolwo) (Ea’b‘zf’y ® ILBO) * <p3Z o, ® pd§|w0> (D4)
with
A'AJ'f~ o\ Ta B BB N
E:?bﬁnyf?;y*[Z (vahva’ #) e 3 (et T ) o
k=0,1 1=0,1
B,BY B t T’
where we used the fact that >, (Trgo |VBOT>><<VBOT| orore gﬁJ ) = 180, cf. Footnote 9.

Hence, we see that for a causally ordered W = WA=B1 @ 150 the structure Ea by Eff‘g y® 150 that the

MDCI assumption (on Bob’s side) implies on the physical D-POVM elements EAB gets transferred to the

a,blz,y

/ A'B’

effective D-POVM elements EA'B = g© 71
ablz,y a,blz,y

® 1580 that act on the reference input states. By symmetry, the
same structure preservation applies for a causally ordered W = WE=41 @ 140 (using the MDCI assumption
on Alice’s side, introducing now two independent sources shared by two new parties Charlie; and Charlieg).
It follows that for a causally separable process matrix WAE = ¢ WA=Br @ 180 4 (1—q) WB=A1 g 140 the
D-POVM elements acting on the reference input states (in some reference Hilbert spaces HAT, HAo, HBT and
HPBo) decompose as

A AL Bl Bo
a,blz,y

ALALB, _ ! A’ B} BL
o _ 1P1Po
a,blz,y ®1 + (1 q) Ea,blaf,y

E —qE ® 140, (D6)

In this scenario (involving all four additional parties Charlie;, Charliep, Daisy; and Daisy, together with Alice
and Bob), the correlations

P*(G/, b|Z7 w) = (a b|ZI7 20, T=%, Yy=%, Wy, WO, cr=0, co=0, dI:Oa dOZO)
AT Ay BBy A’ Ay B} By
BB (ol @ plY @ put @ 93 (D7)
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then define a distribution P’(a,b| p?,/’,pfcé) , pgé, pﬁg) in a SDI-QI setting with the reference quantum inputs,
that must respect any witness inequality for correlations induced by D-POVM elements of the form of Eq. (D6).
Now, we have shown in [17] that any bipartite causally nonseparable process matrix can violate such a witness
inequality. We thus conclude here that any bipartite causally nonseparable process matrix can be certified in
the scenario considered here, which combines the NDI approach with the MDCI structure assumption—i.e., in
a “N-MDCT” (“Network-MDCI”) manner.

Recall that in [17] we also studied MDCI certification in the “(2+F)-partite” scenario (which involves an
additional party, Fiona, in the causal future of Alice and Bob and who has no output Hilbert space), showing
that a similar result holds for all “TTU-” and “TUU-noncausal” processes as defined in [37]—that is, causally
nonseparable processes that can be certified with trusted operations for Alice and Bob (but not for Fiona), or
for Alice only. In particular, we showed that all “TTU-" and “T'UU-noncausal” processes could be certified in a
“MDCI-MDCI-DI” and “MDCI-DI-DI” manner, respectively, when imposing the extra assumption of Eq. (D1)
to the parties with formally trusted operations (and still with trusted quantum inputs). Following the same
arguments as above, we can conclude that all such processes—including the quantum switch—can also be certified
in a N-MDCI manner for those parties, thus relaxing the need for trusted quantum inputs.

Although we leave it as an open problem, we expect it to be rather straightforward to further generalise all
these results to the (P+2+F)-partite scenario, which also includes a party in the global past and that we will
consider in Appendix E.

E SDI-Ql and NDI certification of causal nonseparability in the “(P+2+F)-
partite” scenario

We consider here the “(P+2+F')-partite” scenario introduced in the main text, which extends the (2+F)-partite
scenario (considered in particular in [17]) by adding a new party, Phil, in the causal past of all other parties.
Phil is only connected to the process matrix through his output Hilbert space H (he has no input Hilbert
space). We shall first recall the definition of causal nonseparability in this scenario, before considering its SDI-QI
certification when all four parties receive quantum inputs, as well as when only Phil does, and applying this to
the quantum switch. As in the bipartite scenario, this SDI-QI certification can be readily transformed into NDI
certification, and we will briefly discuss this transformation, which is performed analogously to the bipartite
case, at the end of the section.

E.1 Causal (non)separability in the “(P+2+F')-partite” scenario

Given that Phil is in the global past of the process, and that Fiona is in the global future, the only relevant
orders in this scenario are P < A < B < F and P < B < A < F. The causally separable process matrices are
those that can be decomposed as [2]

WPABF WP<A<B<F + WP<B<A<F (El)
such that
TI' WP-(A-(B-<F WP'<A'<BI ® ]lBo WP-<B-<A-<F WP'<B'<AI ® ]le
TI”BI WP<A<BI — WP<AI ® ]]_Ao, rAI WP<B<AI _ WP<BI ® I].BO,
Tra, WPSA 4 Trg, WP=Br = 17, (E2)

with positive semidefinite matrices WP=A=Br ¢ p(HPABr) WP=B=Ar ¢ p(yPBAN JyP=Ar ¢ p(PAn),
WP<BI c E(HPBI).

Note that in general WF=A=<B=F and WP=B=A=F are not necessarily valid (subnormalised) process matrices
themselves (unless Tra, WP=41 oc 17 and Trp, WF=B1 « 1), Indeed causally separable processes allow for
the order between Alice and Bob to be influenced by Phil’s action (in a classically controlled manner [15]),
rather than involving only convex combinations of processes with the fixed orders P < A < B < F and
P < B < A < F. Such causally separable processes with dynamical causal order thus cannot be written as a
convex mixture of valid processes with fixed causal orders. This is why, contrarily to Egs. (3) and (D6), we did
not include convex weights in Eq. (E1), which would otherwise suggest such a combination.

E.2 SDI-QI certification with quantum inputs for all 4 parties

Ina general (P+2+F )- partlte SDI-QI scenario, all four partles Phil, Alice, Bob and Fiona receive some quantum
inputs p’, pA’, pB" and pf” in some Hilbert spaces L(HF"), L(HA), E(HB ) and L(HF") respectively; see Fig. 4.
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Figure 4: (P+2+F)-partite SDI-QI scenario with quantum inputs for Phil, Alice, Bob and Fiona. The trusted quantum inputs

(orange) pf’ € L(HT'), p2' € L(HA), pB" € L(HP), pE" € L(HT") are prepared and effectively measured by the D-POVM

1 Al Bl
(Eﬁuﬁ,,? F)p.a.b.s generated by Phil, Alice, Bob and Fiona's untrusted operations on the process matrix W45,

Generalising the bipartite case introduced in the main text, the correlations established by the four parties are
P(p.a,b, flpr, p2' pB' pF') = (Mflp MA o MF P MfIF) * (pf/ 2 @l ©pl © WPABE)
=Eyaug " x(pr @t @py @0y ), (E3)
where we introduced the D-POVM elements

EPAET = (M7 @ MF A @ MP'P @ M) « WPABE, (E4)

Assuming that WFABF is a causally separable process matrix satisfying Egs. (E1)-(E2), the induced D-POVM
EFABE = (EP 425 )pab. s also decomposes as
EP'A'B'F' _ gP'<A'<B'<F’ + EP'<B'<A'<F’ (E5)

. ’ ! ’ / / ! ’ ’
with ]EP <A'<B'<F" _ (EP <A'<XB'<F

" )p b f and EP’<B’<A’<F’ _ (EP’<B/<A/<F’
p,a,0, 1Yy

pyab, f )p.a.b,f Such that

P'<A'<B'<F’ __ P'P A'A B'B F'F P<A<B<F
Ep,a,byf - (Mp @M, " @M, " ® Mf ) x W )

P'<A'<B'<F’ P'P A'A B'B P<A<B F P'<A'<B' o 1 F
Ep,a_fb,f{ A :(Mp ®M‘l ®TrBO]Mb )*W “A=Pr g1 :Ep,a_fb el )

7
S BRI = (M @ Trag M)« WP 917 = B 917,
b

SOERSA = MY Ty WP @1 = B AE g 1 (E6)

a

analogously for E’ ;fb?f/ <A'<I" and the order P < B < A < F, and with
P'[A<B P'[B=<A P'P 1P P'P
EY =Bl pPB=Al = PPy 1P = Trp MET, (E7)

such that, since Zp Mflp is a CPTP map,

P'[A<B P'[B<A]y _ 1P’
> (B 1ARBlL BIBRAl = 17, (E8)
P
. o« . oy 0 . . . ’ ! ’ ’ ! ’ ’ ’
Note that the individual sets of positive semidefinite matrices EF <A <B'<F" — (Effb“iﬁB =Ey p abi
Pl‘<B/‘<A/‘<F/ _ P/<B/<A/<F/ Pl‘<A/‘<B/ _ PI<A,<BI P/-<B/-<A/ _ P,<BI<AI
E - (Ep,a,b,f )p,a,b,f7 E - (Ep,a,b )P7a7b7 E - (Ep,a,b )Pa%lﬂ
P'<A _ (pP'<A P'<B' _ (pP'<B’ P'[A<B] _ (P [A<B] P'[B=<A] _ (P [B=4]
EV =4 = (Ep,a Jpiar BV 7F = (Ep,b )p,p, E [A<B] — (Ep )p, E [5=4] = (Ep )p are not

D-POVMs as they do not sum to the identity in general. On the other hand, the set EF' [4=<Bl y EP [B=4]
formed by all elements of EX [4=Bl and EP" [B=4] taken together forms a valid POVM.
Analogously to the bipartite and (2+F)-partite cases, this leads us to the following definition.
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Figure 5: (P+24F)-partite SDI-QI scenario with quantum inputs solely for Phil. The trusted quantum input (orange)
pe € L(HT') is prepared and effectively measured by the D-POVMs (EP;,b,f‘Zyw,v)p,a,b,f generated by Phil, Alice, Bob and

p,
Fiona's untrusted operations on the process matrix W 4B,

Definition 1. A (P+2+F )-partite D-POVM EF'A'B'F — (EP'A'B'E"Y |\ that can be decomposed in the

p,ab, f
form
’ ! ’ ’ ’ ’ ! ! / ! ! !
EP A'B'F — EP <A'<B'<F + EP <B'<A'<F , (Eg)
P'<A'<B'<F' _ P'<A'<B'<F’ P'<B'<A'<F' _ P'<B'<A'<F’ .
where E = (B, ab.r )p.ap,r and E = (B, ab.r )p.a.b,f Satisfy
P'<A"<B'<F' _ pP'<A'<B’ F' P'<A'<B’ _ pP'<A’ B’ P'<A’ _ P [A<B] A’
Epabf =B, ®17, Y By =B M o1, Y BN = E ® 17,
f b a
EP/<B’<A’<F’ _ EP’<B’<A’ ® ]lF/ EP/-<B’<A’ _ EP/<B’ ®Q ]lA, EP’<B’ _ EP’ [B=<A] ® ]lB,
p,ab, f — “pab ’ p,a,b - “pb ’ p,b -~ p ’
f a b
/ ’ !
Z(Ef 4<B) | pP'(B=<Aly — P (E10)
P

(with all operators E.. > 0) is said to be causally separable.

As noted above, a causally separable (P+2+F)-partite process matrix can only generate a causally separable
(P+2+F)-partite D-POVM. A contrario, if one finds that, for some choice of operations for each party, the
induced D-POVM is causally nonseparable, this certifies in a SDI-QI manner that the process matrix that
generated it is itself causally nonseparable. Similarly to the bipartite and the (24 F)-partite cases, one can
construct a causal witness—and associated witness inequality—that can be measured by providing tomograph-
ically complete quantum inputs to the parties, thereby allowing one to certify the causal non-separability of
(P+2+F)-partite D-POVMs [12, 17, 26].

E.3 SDI-QI certification with quantum inputs only for Phil

SDI-QI scenarios can also be considered, where not all parties receive quantum inputs: some may receive classical
inputs (or no input at all). For example, in [17] we considered the (2+ F)-partite case where only Alice and Bob
(but not Fiona) receive quantum inputs—a situation that could readily be extended to the (P+2+F)-partite
case.

Let us here consider instead the case where only Phil receives quantum input states pf’ = L(HE /), while Alice,
Bob and Fiona are given classical inputs z, w and v respectively; see Fig. 5. Conditioning their instruments
explicitly on the classical inputs,”’’ the correlations established by the four parties are given here by

P(p,a,b, flpf 22, W,0) = (Mf P® M[ﬁz & Mﬁw & Mﬁv) * (pZD & WPABF)
P’ P’
= p,a,b, flz,w,v * P (Ell)

11(Classical inputs can also be fitted into the framework with quantum inputs by using orthogonal quantum input states. Indeed,
one can encode (e.g., for Alice) the classical inputs into some orthonormal basis {\z)A/ }2, and introduce the instruments (1, {;VA)Q =
(ZZ \z)(z\A/ ® Mf‘z)a [17]. One can use this, for instance, to obtain the analogous constraints to Egs. (E5)—(E8) for classical
inputs z, w, v, and to thereby justify the decomposition in Definition 2—and in particular, the “no-signalling constraints” (e.g., that

! ! ! !
g [A=B] = EF IA<Bl 4465 not depend on v, that Zb pY [A<B] _ pP [A<B]

=F does not depend on w, etc.).
fpab, flz,wv p,a,blz,w p,a,blz,w p ’ )

p,alz
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with the D-POVM elements’?

E£;7b,f\z,w,v = (M;/P ® MC‘LA\z ® Mlﬁw ® Mﬁv) * WPABF~ (E12)
Assuming that WP4BF is causally separable, one obtains a similar decomposition to Eqs. (E5)—(ES8), for the
whole family of D-POVMs {E‘]Z o = (E;:a boflew o)piasb.ftzww (i-€., involving the D-POVMs for all classical

inputs z,w,v). Similarly to the previous case, we introduce here the following definition.

Definition 2. A family of (P+2+F )-partite D-POVMs {E‘Zl,w,v = (Eg;,b,ﬁz,w,u)P,a»b7f}z7w7v that can be de-
composed in the form

P’ _ wP' [A<B] P’ [B=<A]
E|Z,wﬂl - IE|z,w,v + ]E\z,w,v ’ (El?’)
P'[A<B P’ [A<B P’ [B<A P’ [B<A .
fOT‘ all 2, W, v, where E|z,1£),v ] = (Ep,a,[b,f\z,]w,v)pva’bﬁf and E|z,1[0,v ] = ( p,a,[b,f\z,]w,v)P’a’b,f Sa‘msfy
P’ [A<B] _ -P'[A<B] P'[A<B] _ -P'[A<B] P'[A<B] _ -P'[A<B
> Epainfizan = Brasiow 2 Bpaiiow = Bpale 0 D Epae = B P
a
P’ [B=<A] _ 2P’ [B=<A] P’ [B<A] _ -P'[B=<A] P'[B<A] _ -P'[B<A
> Epaintizan = Brasiow 2 Boasiow = Bppiw 0 D2 Bpow = By T
f a b
Z(EZI)" [A<B] | EII;/ [B=A)) — 17 (B14)

P
(with all operators E.. > 0) is said to be causally separable.

As always, a causally separable (P-+2-+F)-partite process matrix WFA4BF can only generate a causally separa-
ble family of (P-+2-+F)-partite D-POVMs, so that obtaining a causally nonseparable family of (P+2-F')-partite
D-POVMs (which can be verified using some form of causal witnesses) certifies in a SDI-QI manner the causal
nonseparability of WFABFE

E.4 SDI-QI certification of the quantum switch in the “(P+2+F)-partite” scenario

The quantum switch [4] is the canonical example of a quantum process with indefinite causal order, which
can be understood as a quantum circuit with quantum control of causal order [15]. Despite being causally
nonseparable, however, the quantum switch can only generate so-called causal correlations [12, 13], so that its
causal nonseparability cannot be certified in the standard DI way.

As recalled previously, in [17] we showed that the causal nonseparability of the quantum switch could nev-
ertheless be certified in a (2+F)-partite SDI-QI scenario where Alice and Bob receive quantum inputs. This
scenario can be seen as a particular case of a (P+2+F)-partite one, with a trivial role for the past party Phil.
Introducing a nontrivial P allows one to also provide the latter with quantum inputs. We will show here that
the causal nonseparability of the quantum switch can still be certified if only Phil receives quantum inputs.

In the most general form of the quantum switch, as described in the main text, Phil sends and Fiona receives
both “target” and “control” systems, in spaces H*, HFe, Ht and H'e, respectively. Here, let us take the target
system to be initialised in the state [0)(0|"™* € £(H"*) and traced out in the future space H*, and the qubit
control system to be prepared by Phil in the global past and given to Fiona in the global future. The quantum
switch can then be written as a (P+2+F)-partite process matrix as

Was = [0)(0]™ = Trg, (Jwas Nwqs |47, (E15)
with
lwas)” AP = o) L) A [y A B ayFort o) 4 )T ) B my P jny Aot )T (E16)

where [1)*% = S ® iYX" (and with implicit tensor products) [15].%%
Let us then consider the operations

MPP =T, ML = laYal® @ 2010, M, = P @ fw)wl P, MLy = )T, (B17)

alz

12While the D-POVM acts on a single Hilbert space HPI, accessed by Phil only, it is still distributed in the sense that the classical
inputs and outputs are associated with distributed parties, even if no quantum systems are associated with them.

. . . . . . . A X .
13When considering isomorphic Hilbert spaces HX and HX /, we take their computational bases {|i)* }; to be in one-to-one
correspondence.
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Figure 6: D-POVM generated by the quantum instruments of Eq. (E17), which can be used to certify the causal nonseparability
of the quantum switch in a SDI-QI manner.

which can be interpreted as follows (see Fig. 6): Phil simply implements an identity channel that directly
forwards the quantum input into the quantum switch, with no (or just a trivial) output p. Alice and Bob
measure the target system (taken here to be a qubit) in the computational basis with classical outcomes
a,b= 0,1, and re-prepare it in the computational basis state that corresponds to their input z,w = 0,1. Fiona
has no (or just a trivial) input v and she simply measures the control qubit in the {|£) = %(\0) +|1))}+ basis.

As it turns out, when implemented on a quantum switch, these instruments generate a causally nonseparable
family of D-POVMs {Eﬁl,w = (Eclzg,;),f|z,w)a’b»f}szv according to Definition 2 (with the trivial p and v omitted in
this special case). Indeed, using a semidefinite programming approach, we can show that these D-POVMs cannot
be decomposed as in Eqs. (E13)—(E14), and a causal witness can be constructed to test this [12, 17, 26]. More
specifically, we find that a “depolarised” version of the quantum switch Wgg(r) = 1—}”(WQS + r 1°), obtained
by mixing it with some fully white noise described by the process matrix 1° = 174BF /8 (by some amount
r > 0), induces with the above instruments a causally nonseparable family of D-POVMs for all » < 2 — /2 (up
to numerical precision).

Hence, as we claimed, the quantum switch can be certified in a SDI-QI manner by simply letting Phil receive
quantum inputs. Of course, providing more parties with quantum inputs (or here, also providing Fiona with
some input, or letting Phil also have outputs) could only make the certification more efficient.

Finally, as for any bipartite SDI-QI scenario considered in this work, the SDI-QI certification of a causally
nonseparable process in the (2+F)- and (P+2+F)-partite scenarios can readily be turned into an NDI certifica-
tion. Indeed, by introducing new parties that share maximally entangled states with whichever parties receive
quantum inputs, the quantum inputs can be independently self-tested as in Appendix A by self-testing these
states and the new parties’ measurements. The proof then that the self-testing isometries associated with each
quantum input preserve the causal separability of the D-POVM (i.e., that the effective D-POVM one obtains
analogous to Eq. (B3)) is analogous to that for the bipartite scenario given in Appendix B. For the quantum
switch, in the case where only Phil receives a quantum input that he directly feeds into the quantum switch, as
considered above (see Eq. (E16)), this leads to a very similar scenario to that considered in Ref. [34], which we
shall discuss in the next appendix.

F Comparing the NDI and DRF certifications of the quantum switch

In this appendix we provide some further comparison between our NDI certification of the causal nonseparability
of the quantum switch and the DRF certification of Ref. [34]. This complements the discussion in the main text
of the underlying assumptions behind these two approaches.

As mentioned at the end of Appendix E.4, the SDI-QI certification of the quantum switch described therein can
be transformed into an NDI certification by following the same procedure as for the bipartite scenario discussed
in detail in the main text. In particular, the SDI-QI certification is transformed first into a NSDI-QI certification
by adding an extra separated party, Emily, who shares a maximally entangled state with Phil and remotely
prepares his quantum inputs p!’ /, and then into an NDI certification by self-testing both the state Phil and Emily
share, and Emily’s measurements. The certification is then obtained by violating a witness inequality using the
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observed correlations P (p,a,b, f|t,z,w) := P(p,a,b, flu=*,t,z,w,e=0) = P'(p,a,b, f|pf/,z,w), analogously
to the bipartite setting. This NDI scenario is shown in Fig. 7.

PA pAG %f AD

P
Ep,a,b,flu,z,w

Figure 7: Scenario for the NDI certification of the quantum switch with a global past. The remote preparation of a quantum
input pf is self-tested by first self-testing the (untrusted) shared state PPF (to contain a maximally entangled state) and
Emily’s measurements I\/If‘t (to effectively be tomographically complete projectors) from the correlations P(p, e|u, t) shared by

Phil and Emily. One can then certify the causal nonseparability of the family of D-POVMs {(E;mb’f‘u’z’w)p,a,b,f}uyz,w and
thus the causal nonseparability of the process matrix WFABE

As we already noted, Ref. [34] showed how to device-independently certify the causal indefiniteness of the
quantum switch by the violation of an inequality derived from the assumptions of Definite causal order, Rela-
tivistic causality, and Free interventions. The structure of the “DRF scenario” they considered is very similar
to that of our NDI certification, but there are some important differences. In the DRF scenario, a (space-like)
separated Emily is also added to a standard quantum switch scenario. However, the scenario contains no Phil
and, in contrast to the NDI certification, Fiona must be provided with a classical input (which we could also
have done, but did not need to). By having Alice share an entangled state with the control system in the global
past of a quantum switch (directly incorporated in the process, instead of being provided by Phil), the parties
can generate correlations violating the DRF inequality.

The DRF inequality itself, rephrased here in notation consistent with Fig. 7 and with v denoting Fiona’s
classical input, has the form [34]

Iprr = Ple=0,b=zt=0)+Ple=l,a=w|[t=0)+ P(f@de=vt]z=w=0) < —. (F1)

IR

One can interpret this inequality as certifying (i) a space-like separated “control of causal order” (the first two
terms of Zpgry), and (ii) the non-classical, indeterministic behaviour of the control (the last term of Zprp).
The latter of these can be interpreted as a CHSH inequality tested between Fiona (acting after the quantum
switch, and who is thus provided with inputs) and Emily. It can be violated if the control system passes
transparently through the process, which can be ensured to be the case if Alice and Bob perform appropriate
operations (on inputs z = w = 0). On the other hand, while the NDI certification also relies on the violation of
a Bell inequality, it is tested between Emily and Phil-—who is in the causal past of the quantum switch and has
classical inputs and outputs—to self-test the quantum state they share. Fiona, in this case, needs no classical
input and performs a fixed measurement. Curiously, however, we were able to obtain NDI certification using
exactly the same measure-and-prepare instruments for Alice and Bob (see Eq. (E17)) as were used to violate
the DRF inequality of Eq. (F1) in [34].

Finally, although we saw that our approach can, in the SDI-QI setting, certify the causal nonseparability
of the quantum switch even in the presence of substantial noise on the quantum switch, the NDI certification
is less tolerant to noise on the entangled state shared between Phil and Emily. Indeed, although we saw in
Appendix C that the NDI certification is “robust”, the actual reduction in Bell-inequality violation that can be
tolerated in the self-testing procedure is typical small in absolute terms [19].74 The DRF inequality, on the
other hand, appears to be much more robust to noise on the entangled state shared between Emily and Fiona
after passing through the quantum switch, as any violation of the classical bound of 3/4 of the last term in Zprp

14We leave it as an open question to calculate the exact robustness, e.g. for the optimal witness inequality for the certification of
the D-POVM obtained from the quantum switch from the operations of Eq. (E17). Note, however, that with a noiseless maximally
entangled state shared between Phil and Emily, the NDI certification can tolerate the same amount of noise on the quantum switch
as the SDI-QI certification.

Accepted in (Yuantum 2024-10-14, click title to verify. Published under CC-BY 4.0. 23



(corresponding to a CHSH inequality between them) can potentially lead to a violation of the DRF inequality.
A more precise quantitive comparison of the robustness of the NDI and DRF certifications under different noise
models would be an interesting direction of future study.
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