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On Homogeneous Approximations, Stability and Robustness of Infinite
Dimensional Systems

Andrey Polyakov*

Abstract. The paper generalizes the concept of homogeneous approximations and related stability/robustness
analysis tools to semilinear evolution equations with unbounded nonlinear operators satisfying certain
regularity assumptions. The viscous Burgers equation and its nonlinear modifications are considered
as illustrative examples.

Key word. stability of distributed parameter systems; input-to-state stability; semigroup and operator theory.

1. Introduction. By the Noether’s Theorem [29] any differential symmetry defines a con-
servation law, so it is expectable that many physical systems are symmetric. Homogene-
ity is a dilation symmetry well-known in mathematics. A function x — f(x) satisfying
fle*z) = e”*f(z), Vs € R,Vx, where v € R is a degree, is called homogeneous. This kind
of homogeneity is known today as the standard (or Euler’s) homogeneity and the scaling of
the argument x — e®x is referred as the standard dilation. A generalized homogeneity is a
symmetry with respect to a generalized dilation. The famous example of a generalized dilation
in R™ is the so-called weighted dilation (z1, ..., x,) — (e™521, ..., e™*x,,) studied since 1950s.

On the one hand, the generalized homogeneity simplifies an analysis of nonlinear systems
modeled by Ordinary Differential Equations (ODEs) [48], [12], [19],[40], [41], [4], [2] as well
as non-linear controllers/observers design [18], [6], [11], [21], [30], [1], [32], [23]. In particular,
homogeneous system may be finite-time [5] or fixed-time [33] stable dependently of the homo-
geneity degree (see, e.g. [28], [4]). Asymptotic stability of homogeneous system guarantees
its Input-to-State Stability (ISS) with respect to homogeneously involved exogenous pertur-
bations [41], [13], [1]. ISS is an important characteristic of both finite dimensional [43], [45]
and infinite dimensional [16], [25], [17], [26] control systems.

On the other hand, the homogeneity is a rather fragile property in the sense that adding a
small nonlinearity to a homogeneous function may destroy the dilation symmetry. Even more,
a sum of two homogeneous functions with different degrees is a non-homogeneous function.
However, it is expectable that dynamical systems, which are close (in some sense) to homoge-
neous systems, should have similar robustness and stability /convergence properties. For the
finite dimensional case, this issue was rigorously studied in [48], [9], [1], [3] by means of the
so-called homogeneous approximations. The main aim of this paper is to extend the concept
of homogeneous approximations and some related results to infinite dimensional systems. The
paper studies a semilinear evolution equation in a real Banach space with a nonlinear operator
satisfying some regularity assumptions. Such a model includes various Time-Delay Systems
and Partial Differential Equations (PDEs) as particular cases. An introduction to infinite di-
mensional homogeneous control systems can be found in [39], [38], [37]. Algebraic properties
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2 A. POLYAKOV

of homogeneous differential operators are studied in [10].

The paper is organized as follows. First, model description and basic assumptions are
presented. Next, elements of the theory of generalized homogeneous systems are revised and
some new results are proven. After that the concept of homogeneous approximation in a
Banach space is introduced and utilized for stability and robustness analysis of nonlinear
evolution equations. Finally, concluding remarks are given.

Notation. R is the field of real numbers; Ry = [0,4+00); z -y = > x;u; is the dot product;
B is a real Banach space with a norm || - ||g (we omit the subindex B in the notation of the
norm if the context is clear); for Banach spaces we use also notations X,Y and V; 0 is the
zero element of a Banach space; I (resp. O) denotes the identity (resp. the zero) operator;
L(B1,B2) denotes the Banach space of linear bounded operators B; +— Bs with the norm

|Azls, . Sp is the unit sphere in B; Bg(r) is the ball in B of the radius r» > 0 centered

llzlle,

[A]l = sup
x#0
at 0; for 7 > 1 the set Kg(r) C B is defined as follows Kp(r) :={z € B: 1/r < ||z|p < r};

D(A) denotes a domain of an operator A : D(A) C B — B; V = (8%1,...,%),2 € R" is

the V-operator; A =V -V =5"", 5972,2 is the Laplace operator; C([t1,t2],B) is the space of
continuous functions x : [t1,ts] — B with the uniform norm [zl = maxye, 1, [|2(2)] with
—00<t] <ty <+0o0; fio fa and fifo denote a composition of operators fi and fa; C°(Q2, R™)
is a set of infinitely smooth functions R" — R™ with compact supports in an open connected
set Q C R" with a smooth boundary (or Q = R"); HP(2,R™) is a Sobolev space and H} is a
completion of C2° in the norm of HP; L((t1,t2),B) is the space of Bochner integrable functions
(t1,t2) — B, where —oo < t; < ta < +oo; L*((t1,12),B) is a space uniformly essentially
bounded Bochner measurable functions with the norm ||qllec 1= esssupyeq, 1) [la(®)|; K is
a set of strictly increasing continuous functions o : [0, 400) +— [0, +00) such that ¢(0) = 0;
K> :={oc €K :0(s) > +o0 as s — +0o0o}; the function 8 : R; xR — R belongs to the class
KL if B(-,t) € K and t — (s, t) is strictly decreasing to zero; @(t) = limj_,q W is a
time derivative of the function x : R — B, where the limit is understood in the strong topology
of B; ﬁ+V(t) = limsup;,_,o+ M denotes the right-hand upper Dini derivative of the
function v : R — R; E+V($;g) = limsupj,_,o+ W denotes the right-hand upper
directional derivative of the functional V' : B +— R in the direction g € B.

2. Model Description, Basic Assumptions and Main Results. Let us consider the fol-
lowing nonlinear system

(2.1) &= Az + f(x,q), t>ty, xz(ty)= o,

where z(t) € X is the system state at the time instant ¢ > ¢o and X is a real Banach space;
to € R is an initial instant of time and z¢ € X is an initial state; ¢ € L>°(R, V) is a time-varying
exogenous input which can be treated as a control or a perturbation; V is a real Banach
space as well; A : D(A) € X — X is a linear (possibly unbounded) closed densely defined
operator which generates a strongly continuous semigroup ® of linear bounded operators on
X; f: Dy x V= Xis a non-linear (possibly unbounded) closed operator such that f(0,0) =0
and Dy C X is a linear subspace dense in X.

The system (2.1) with ¢ = 0 is referred below as unperturbed system. The non-linear
evolution equations are well-studied in the literature using the theory of strongly continuous
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(Co-) semigroups (see, [31, 8, 47] and references therein). We follow this classical framework.

Definition 2.1. A continuous function x : [to,t1) — X is said to be a mild solution of (2.1)
if f(z(-),q(-)) € L'((to,t1),X) and

t
o) = 0(t  to)ao + [ Bt~ 9)f(a(s) alo)ds, VEE fio.t0)
to
If this mild solution satisfies (2.1) for (almost) allt € (to,t1) then x is called classical (strong)
solution of (2.1).

The assumption f(0,0) = 0 implies the existence of the zero solution of the unperturbed
system (2.1) with g = 0. The class of nonlinear operators f considered in the paper is
specified by the following definition.

Definition 2.2. Let B, X,V be Banach spaces. A non-linear operator g : Dy x V — B,
D, C X is said to be M-regular if there exists a linear closed densely defined operator M :
D, ¢ X — X with a bounded inverse M1 X~ D, such that the nonlinear mapping
x— g(M™'x,q) is locally Lipschitz continuous in x € X\{0} uniformly in q. More precisely,
for any r > 1 and for any g > 0 there exists L, > 0 such that

(2.2) lg(M ™" 21,q) = (M~ w2, 9) |}z < Lrgllzy — 22|k

for all x1,x9 € Kx(r) and all ¢ € By(q).

To guarantee the existence of mild solutions of (2.1) with zy # 0, we assume that the operator
f admits some “M-regularization” consistent with A.

Assumption 1. Let f be M-regular and continuous in the second argument, M commutes
with ®:
O(t)Mxy = MP(t)zg, Yt>0 and VYo € Dy,

the linear operator M®(t) : X — X is bounded for any t > 0 and there exists a continuous
function w : (0,400) — Ry such that |M®(t)||x < w(t) and fg w(o)do < +o0,Vt > 0.

If Dy = X then M = I is the identity operator and w(t) = Ce®* with C > 1 and @ € R
(see, [31], page 4), i.e. Assumption 1 simply asks a regularity (local Lipschitz continuity) of
f. If Ais a generator of an analytic semigroup ® then to fulfill Assumption 1 the operator
M could be a fractional power of the operator A. In this case, w(t) = t% with C' > 1 and
a € (0,1) (see, e.g. [31], page 195 for more details).

Notice, the closedness of M implies that the linear subspace Y = D; with the norm
lully = llyll + |My|| is a Banach space as well. Assumption 1 guarantees the local-in-time
existence and uniqueness of mild solutions of (2.1) on Y\{0} as well as their continuous

dependence on initial conditions (see, Appendix for more details).

Example 1. Let us consider the system
it=Ax—(z-V)z, t>0, xz(t)ec L*R"R")

where A : H*(R",R") C L*(R",R") — L?(R",R") is the Laplace operator and the nonlinear
operator f : HY(R™,R") C L*(R",R") s L*(R",R") is given by f(z) = —(z - V)z.
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Let us show that f is a non-linear M -regqular operator with M = (—A)? being the fractional
Laplacian with v = 1/2+n/8. Indeed, since ||-||2 < ||-|l1 < /Pl - |2 for the norms in RP then
for Vv € L* and v € L* using the Hélder inequality we derive

4

ou;
: < nflull || VollL,-

82’]‘

8ui
z

2 n n n
RIS IR
i=1 j=1 j=1

[CRATPENED S I "
i=1/R" i1

So, the M -reqularity of f follows from the inequalities
IVA™ ]| 1 < CLll(=A)*V(=A) 0] 2 < Calv]| 2,

being a consequence of Corollary 6.11 from [31, Chapter 2] and the Hardy-Littlewood-Sobolev
fractional integration theorem (see, e.g.,[46, Page 119]) yielding ||(—A)~"/8y||1a < Cs||yl| 12,
Vy€ L2. Namely, for any ui,us € L?(2,R™) we have

(A7) = F(A7u2) | g2 <L (g + Jualza)lfun = wsllpz, £ = nCaCy[a=3

2’

Assumption 1 is fulfilled for n e {1,2,3} since ||[AY®(t)|| 2 < %,Vt > 0 for vy € (0,1) (see,
e.g., [31], page 195). For any initial condition x(tg) = xo € Y the considered PDE has a
unique mild solution x : [to,to +T) — Y defined, at least, locally in time.

The robustness (ISS) means a special continuous dependence of global-in-time solutions
of (2.1) on the magnitude of the exogenous input ¢q. This additionally constrains a class of
admissible nonlinearities. Below we prove ISS of (2.1) under the following assumption.

Assumption 2. There exist x € K> and £ € C ([0, 400),Ry) such that

1f (@, q) = f(z,0)[ly <&(lzllv)x(llgllv), VeeY, VgeV.

Notice that Assumption 2 impies that § f(z, q) := f(z,q) — f(x,0) maps Y x V — Y x V. The
latter implicitely means that components f defined by unbounded operators are not perturbed
by the input ¢. For instance, one can be shown that f(z,q) = (g—‘; + q) x satisfies Assumption
2 with Y = V= HY(R,R), but f(x,q) = (% + x) g does not.

The aim of this paper is to analyze stability and robustness (ISS) properties of (2.1)
assuming that this system is locally or globally homogeneous in a generaralized sense explained
below. This paper generalizes the main resuls of [13] and [1] to the evolution equation (2.1)
with unbounded nonlinear operators satisfying Assumptions 1 and 2. Namely, we prove that

e a homogeneous system (2.1) is ISS if the unperturbed system (¢ = 0) is uniformly
asymptotically stable;

e stability properties of the system (2.1) are defined by homogeneous approximations;

e a homogeneous in the bi-limit system (2.1) is ISS if its homogenenous approximations
are ISS and the unperturbed system (2.1) is globally uniformly asymptotically stable;

e a uniformly asymptotically stable system (2.1) is finite-/fixed-time (input-to-state)
stable provided that its homogeneous approximations at 0 and at oo satisfy certain
conditions.
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3. Homogeneous Systems.

3.1. Dilations in Banach Spaces. Elements of the theory of generalized dilations in finite-
dimensional and infinite-dimensional spaces can be found in [48], [20], [15], [19], [39].

Recall [35, Chapter 6] that a one-parameter group of linear bounded operator ?(s) €
L(B,B) is a linear dilation in a Banach space B if it satisfies the limit property: sggloo (s)|| =

0 and lirf |o(s)|| = 4+o0. Since we study group with respect to a composition of operators:
S—+00
2(0) = I, 3(s +t) = 0(s) 0 0(t), Vs, t € R then d(s) is invertible and d(—s) = (3(s)) ", Vs € R.

Example 2. [38] Let us consider a one-parameter group of linear bounded invertible oper-
ators on the Lebesgue space LP(R™,R™) or the Sobolev space HP(R™,R™) given by

(3.1) 0(s)z)(z) = e**z(e”2), seR, zeIP(R",R™), zeR",

where a, B € R are given. Making the change of the variable in the Lebesque integral we derive

Jo(s)al o = §/ / eapsa(efsz)lpdz = §/e<ap—ﬂn>s / 2(2)pdz = e PP 1.
R» R7

Hence, 0 is a dilation in LP(R™ R™) provided that o — Bn/p > 0. On the other hand, since

p p
o(s)[l» = ZHV’ s)zli, =Y e’ 0(s)VialF, = eI V|3,
i= =0

then 0 is a dilation in HP(R™,R™) provided that o > 5(0.5n/2 —i),i = 0,1, ..., p.
In this paper, we deal only with strongly continuous dilations. This means, by definition, that

the function s — 9(s)u is continuous for each u € B.

Example 3. The dilation d given by (3.1) is strongly continuous in HP(R™,R™). Indeed,
considering p =0 and xo, € C°(R",R™) we derive

(0(8)Too — Toos Too) 12 = /B o (eo‘sxoo(eﬁsz) - :coo(z)) cToo(2)dz, |s] < so

for some finite ¢ > 0 (dependent of xoo and sop > 0). Since v, € CZ° is a uniformly continuous
function then ||Too(€5%2) — Too(2)||rm < o(||e*z — 2||rn) < o(c(e®® — 1)) for all z € Bgn(c)
and some o € K*°. Hence (3(8)Too — Too, Too) Ly(®n,rm) — 0 as s = 0 and |[9(s)ze — Too |2, =
10(8)Zoo |72 — T3 2 — 2 (0(8)Too —Too, Toc) 2 — 0 as s — 0. Taking into account that CZ° is
dense in HP | the continuity of s — 0(s)x can be shown for any x € HP(R",R™), p=0,1,2,....

Being a strongly continuous group of linear bounded operators, the linear dilation always
has an infinitesimal generator [31, Chapter 1] that is a closed densely defined linear operator
Gy : D(Gy) C B — B given by Gyu = limg_,q D(s);““, u € D(Gy).

Example 4 ([35], Lemma 6.4). The generator Gy of the group ® from Ezample 2 is
(3.2) (Gox)(2) = ax(z) + B(z- V)z(2), z€R", zeD(Gy) C HP(R",R™),

where z-V = 21 62 + 2952 az +.. —I—Zna , the domain D(Gh) is a completion of C° with respect
to the norm H:v||Hp + ||Gax||Hp
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3.2. Homogeneous Spheres, Balls and Cones. Let us consider some basic geometric
objects induced by dilations.

Definition 3.1. The set Sy(r,z0) = {z € B: |[o (= In(r)) (2 — 20)||=1} is a d-homogeneous
sphere of the radius r > 0 centered at zg € B. An open 0-homogeneous ball of the radius r > 0
centered at zg € B is given by By(r,z0) ={z € B: [0 (=In(r)) (z — 20)|| < 1} .

For spheres and balls centered at the origin we use the notations Sy(r) := Sp(r,0) and
By (1) := By(r,0), respectively. Obviously, the unit homogeneous sphere Sy(1) coincides with
the unit sphere in B and the unit homogeneous ball By(1) coincides with the unit ball in
B, but Sy(r) = 9(In7)Sy(1) and By(r) = 9(lnr)By(1), 7 > 0. The homogeneous spheres of
different radius have no intersections provided that the dilation is monotone (see below).

Definition 3.2. A set D C B is a 0-homogeneous cone in B if 0(s)u € D,Vu € D,Vs € R.
If 0 is the standard dilation d(s) = eI, s € R, then the set D is a usual positive cone in B.

3.3. Monotone dilations. The monotonicity of dilation simplifies an analysis and design
of generalized homogeneous control systems [38], [37]. Recall that a linear dilation 0 in B is
monotone if s — ||0(s)z|| is a non-decreasing function. A strict monotonicity [38] asks for the
existence of a number w > 0 such that ||9(s)|| < e¥® for all s <0. In the latter case, d(s) with
s < 0 defines the so-called Cy-semigroup of contractions. By definition, the monotonicity is
linked with the norm in B. It is known [34] that any continuous linear dilation in R" is strictly
monotone under a proper selection of the weighted Euclidean norm. The following theorem
extends this result to Banach spaces.

Theorem 3.3. If 0 is a strongly continuous linear dilation in a real Banach space B then
there exist an equivalent norm || - ||« in B and an a number w > 0 such that

[p(s)[ls < e, Vs <0

Proof. 1) On the one hand, since 9(s) is a bounded invertible operator for any s € R and
the group 0 satisfies the limit property then there exists sop < 0 such that 0 < [[o(so)|| < 1.
On the other hand, since d(s) is a strongly continuous group then there exists My € [1, +00):
SUPgefo,so] 19(8)]| < Mo (see [31, Theorem 2.2, page 4]). Notice that any s < 0 admits the
representation s = nsg + 0, where n € {0,1,2,...} and § € (sg,0]. Denoting w = w >0
and using the group property of d we derive

(s)I = [[(8)0™ (s0) || < Mol[o(s0)||" = Moe™"™ = Moe™ ™% < M

where M = Mpe %% > 1.

2) Let the norm || - ||« in B be defined as follows ||z« = sups<(e™*[[0(s)z[|. On the one
hand, the function || - ||« satisfies all properties of the norm: ||z||. > 0 for z # 0, ||0|. = 0;
llesz|l« = €|z« || — z||« = ||z|l« and sub-additivity ||z + y||« < ||z]l« + [|y]l«. On the other
hand, we have [|z|| < [|z[l« < sups<oe™“?|0(s)|/[|z]| < M||z||,Vx € B. Therefore, || - ||« is,
indeed, an equivalent norm in B and for any ¢t > 0 we have

sup e~ |[o(t+s)z|| sup e~ “EFs)|o(t4-s)z||
[P@)l« 0 <

. . s<o ot t+s<t wt
||D(t)||* = SuPg+o Mz« SUPg-£0 supe~@s|o(s)z|| €7 SUPz0 sup e~ “s[[o(s)z|| <e”. W
s<0 s<0
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The latter theorem proves that any strongly continuous linear dilation in B is strictly
monotone with respect to an equivalent norm in B. This generalizes the main results of the
papers [38], [37] and [36] obtained under the assumption of strict monotonicity.

Example 5. The dilation (3.1) is strictly monotone in LP(R™,R™) if a — Bn/p >0 and
strictly monotone in HP(R™, R™) if a>5(0.5n/2 —1i),i=0,1,...,p (see Example 2).

Strict monotonicity of a dilation in a Hilbert space can be established using the generator.

Proposition 3.4. [35, Proposition 6.5] A strongly continuous linear dilation d in a real
Hilbert space H is strictly monotone if and only if there exists v > 0 and a d-homogeneous
cone D dense in D(Gy) such that

(3.3) (Gox,x) > v||2|>  for any x € D.

Example 6. The generator of the dilation (3.1) is given by (3.2). Using integration by
parts, we derive (Gox, )1, = (ax + B(z - V)z,x)1, = (a - 57”) (x,2)1,,Vr € D(Gy).

An analog of Theorem 3.3 can be obtained for Hilbert spaces as follows.

Corollary 3.5. If ® s a strongly continuous linear dilation in a real Hilbert Space H then
the inequality (3.3) is fulfilled for the inner product

0
(&, 4w = / e~ (0(s), 0(s)y) ds

—0o0
where v € (0,w) is an arbitrary number and w > 0 is defined in the proof of Theorem 3.3.

Proof. 1) Let us show that (z,y). is an inner product in H. On the one hand, since 9 is a
strongly continuous group in H then the function s — (d(s)z,9(s)y) is a continuous for any
fixed z,y € H. On the other hand, since v € (0,w) and [0(s)z||> < M2e?¥$||z|? for all s < 0
and for all z € H, where M > 1 is defined in the proof of Theorem 3.3, then

2

0 0 M
—27s 2 2(w—y)8 7o

| e @i < Malll [ e as = eyl
Hence, (x,y)« is well-defined for any x,y € H. The linearity (uz,2)« = (z,y)«, (x + Y, 2)« =
(x,2)x + (y, 2)x,Vx,y, 2 € H,Vu € H and the Hermitian symmetry (z,y). = (y, z)s, Vz,y € H
of (-,-)« comes from the linearity and the Hermitian symmetry of (-,-). Since the function
s+ ||0(s)z||? is continuous and [[0(0)z||? = ||z||? then (x, ), > 0 for any z # 0.

2) Let us show that the inequality (3.3) holds for the inner product (-, ). Since £d(s)z =
0(s)Ghx for all x € D(Gh) (see [31, Theorem 2.4, page 4]) then

0

(Gox, x)s = / 0 e~ (0(5) Gy, 0(s)x)ds = /

—0o0 —00

0 —2vs —2vs
= [ S bselPas = S (el

e 28 <ib(s)x,b(s)x> ds
0 0
by [ e asgal s

—0o0

Since v € (0,w) and [[o(s)z||? < M?e*%||z||?,Vs < 0 then e=27%||0(s)z||> — 0 as s — —oo and
2
(Gow,x)e = L2 4 y||2]|2 > 4|22 for all 2 € D(G,). W
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3.4. The canonical homogeneous norm. In the view of Theorem 3.3, without loss of
generality, we can always assume that any strongly continuous linear dilation in B is strictly
monotone. Such a dilation introduces an alternative norm topology in B by means of the

so-called canonical homogeneous norm | - ||y : B — R, defined as follows: ||0[[, = 0 and

(3.4) |lullo=e€®*, where s, € R:|d(—s,)u|| =1, u#0

(see, [38] for more details). By construction, |[9(s)ulls = e*||ull, ||ullo = || — uljp for Vu €
B,Vs € R and |jull, = 1 < ||ul]| = 1. Notice that || - ||, = || - || provided that d is the standard

dilation 9(s)=e*l, s € R. The following result was originally proven in [38].

Theorem 3.6 ([35], Lemmas 7.1, 7.2). Ifd is a strongly continuous strictly monotone linear

dilation then || - ||y is single-valued, positive definite, locally Lipschitz continuous on B\{0}
and there exist n > w > 0, Cy > 1 such that [[9(s)|| < e¥*,Vs < 0, [[0(s)]] < Cre™,¥s > 0,
o llully < Nl < lully if w € Bo(1) and ||ull§ < |lull < Gollully if u € B\Ba(1).
The latter means that there exist 0,7 € K : a(||lul]) < ||ullp < T(|Jul]), Yu € B. In [35,
Theorem 7.1]it is also shown that || - ||, is a norm (in the classical sense) for a Banach space B
homeomorphic to B, where B consists of elements of B, but the rules for addition and scalar
multiplication are modified. This justifies the name ”"norm” for the functional || - [|5.

Example 7 ([36]). Since the dilation (3.1) in HP(R™,R™) satisfies

P
R(s)alzm =Y s P 2H | Via|fs, @ e HP(R™,R™)
i=0
then for x # 0 the canonical homogeneous norm in HP is defined as ||z|jo,gr = 1/V, where
V > 0 is a unique real positive root of the following equation

P
1= Z yo—bn/2+iBg.
i=0
where a; = HV%H%Q(RH Rm) & #0, a > fn/2—1ip,i =0,1...,p. The right-hand side of this
equation is continuously differentiable in variables a;,V € (0,+00). By the implicit function
theorem, the function (ao, ..., ap) — V defined implicitly by this equation is continuously differ-

entiable in a; € (0,+00) as well. The canonical homogeneous norm ||z|o,mr is a continuously
differentiable function of |Vix||p2,i = 0,1,...,p for any x € HP(R", R™)\{0}.

It is known [24] that the weighted Euclidean norm is a Lyapunov function for any stable
linear system in R™. The canonical homogeneous norm is a Lyapunov function for many
homogeneous systems [34]. The differentiability of the homogeneous norm is important for the
corresponding analysis. In the case of an abstract Hilbert space H, the canonical homogeneous
norm is Frechét differentiable, at least, on the domain of the generator Gy.

Lemma 3.7 ([35], Lemma 7.4). Let d be a strongly continuous strictly monotone linear
dilation in a Hilbert space H then the homogeneous norm || - ||y is differentiable on D(G,)\{0}
and the Fréchet derivative of || - |lom at u € D(Go)\{0} is given by

(O(=Influllom) -, o(—Inu
(Goo(— In||ul

0,H)U)
o) U, 0(—In [[ullo,m)u)

(3.5) (Dlullom) () = [[llo.m-
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Example 8 ([36]). Let us consider again the strongly continuous strictly monotone dilation
(3.1) in HYR™,R™) with a > Bn/2 —iB,i = 0,1. On the one hand, from Ezample 7 we
conclude the Fréchet differentiability of | - |lo,zr on HP(R™,R™)\{0}. On the other hand, for
v € D(Gy) C HY(R"™,R) using integration by parts we derive

(Gav, )1 = (@ = Bn/2) (0,0}, + (o + A1 = 0/2)) (Vo, Vo).,

so the Fréchet derivative of ||-||o g1 at the point x € H*(R™,R) is a linear functional Dz || s :
H'(R™,R) — R defined as follows

((=mllzll, y1)u, ),

(36) (Dllllo.m) (w) =3 —Bn/2)l[ol, +at+B(-n/2)[Vol3,

lzllo, 1, w€ H'(R",R),

where v =0 (—In ||z g1) ©

3.5. Homogeneous operators. Homogeneous functionals and operators on B (see [39])
are defined similarly to homogeneous functions and vector fields in R™ (see e.g. [19], [11]).

Definition 3.8. Let d be a dilation. An operator f : D(f) C B — B (a functional h : D(h) C
B — R) is said to be d-homogeneous of a degree v € R if the domain D(f) (resp. D(h)) is a
0-homogeneous cone and

(3.7) e’ (s) f(u) = f(d(s)u), VseR, YueD(f),
’ (resp. h(d(s)u)=€e"*h(u), VseR, Vue D(h)).

We say that an evolution equation (inclusion) is 9-homogeneous of degree v € R if its right-
hand side is a 0-homogeneous operator of degree v.

Formally, the latter definition does not require the dilation d to be a linear or strongly
continuous. However, we deal only with strongly continuous linear dilations in B. The identity
(3.7) can be understood in the week sense (see, [37] for the more details).

Example 9 ([37]). The Laplace operator A : H*(R",R™) C L?(R",R™)~— L%(R",R™) is
0-homogeneous of the degree 23 with respect to the dilation d given by (3.1). Indeed,

n

(A(D — asz 82x(e/35z) a+25) 82%;;;) — (62580(S)Ax)(2), sER,z € R™

=1 y=ePsz
provided that © € D(A). The operator f(x) = (z - V)x is 0-homogeneous as well, since
F(s)z) = ((0(s)) - V)(0(s)x) = TP (s)((x - V)z).
The system studied in Example 1 is 0-homogeneous of degree p = 28 provided that o = (3.

Many other examples of d-homogeneous PDEs can be found in [39], [35].

3.6. Symmetry of solutions of homogeneous systems. A Cy-semigroup ® generated by
a closed densely defined linear homogeneous operator in B is homogeneous as well.

Lemma 3.9 ([35], Lemma 8.1). Let a linear closed densely defined operator A : D(A) C
X +— X generate a strongly continuous semigroup ® of linear bounded operators on X. If the
operator A is 9-homogeneous of a degree i € R then ®(t)d(s) = o(s)P@(e!*t), Vt > 0, Vs € R.
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Lemma 3.9 proves the symmetry of solutions of (2.1) for f=0:
(3.8) Ty(s)zo (1) = 0(8) T (eM°t), s E€R, >0,

where z, denotes a solution of (2.1) with the initial data x(0) = z. This symmetry of solutions
takes a place for any nonlinear d-homogeneous system (2.1) as well.

Theorem 3.10 ([35], Theorem 8.1). Let a linear closed densely defined operator A : D(A) C
X — X generate a strongly continuous semigroup ® of linear bounded operators on X and
f:D(f) c X—X. Let A and f be d-homogeneous operators of degree p € R. Ifx : [0,T) — X
is a mild solution of

(3.9) t=Ax+ f(z), t>0

and z(t) e D(f) then for any s € R the function x° : [0,e *T) — X given by z°(t) =
o(s)x(e!t), t € [0,e 5T is a mild solution of the evolution equation (3.9) and z°(t) e D(f).

According to the latter theorem, The dilation symmetry expands globally any local property of
solutions, e.g., locally stability of the system (3.9) guarantees its globally stablity, the forward
completeness for small initial data implies the forward completeness for large initial data, etc.
Theorem 3.10 is generalized below to the system (2.1) with perturbations.

Example 10. In the view Theorem 3.10 and FExamples 1, 9, all mild solutions of the system
i=Ax—(x-V)z,t >0, z€ L*(R",R") are symmetric: Ty(s)y,(t) =0(s)zs,(e"5t), s € R,
t >0, where d is given by (3.1) with a = 5.

3.7. Homogeneous Lyapunov function theorem. Since solutions of (3.9) with the M-
regular operator f are well-defined on Y\{0} then it is reasonable to analyze the stability and
robustness of the system (3.9) in Y-topology. In this paper we deal mainly with some notions of
uniform stability in Y typical for homogeneous systems having homogeneous approximations
[1, 3, 35]. For shortness we omit the words ”globally uniformly” in the stability definitions
given below.

Definition 3.11. The system (3.9) is said to be
o practically Lyapunov stable in Y if there exist ¢ > 0 and e € K such that

(3.10) [0 () ly < ¢+ e(llzolly), VE=0

for any mild solution x5, : Ry — Y of (3.9) with z(0) = xo;

e Lyapunov stable in Y if it is practically Lyapunov stable in Y with ¢ = 0;

o practically asymptotically stable in Y if it is practically Lyapunov stable in Y with
c¢>0and VR > ¢, IT.(R) € Ry : ||zolly < R = ||z, (t)]|y < ¢ for all t > T.(R).

o asymptotically stable in Y if it is practically asymptotically stable for any ¢ > 0

finite-time stable in Y if it is practically asymptotically stable in Y with ¢ =0

e practically fixed-time stable in Y if it is practically Lyapunov stable with some ¢ > 0
and there exists Tmax(c) > 0 such that ||z4,(t)|| < ¢, Vt > Thax(c), Yo € Y;

e nearly fized-time stable in Y if it is practically fixed-time stable for any ¢ > 0;

o fized-time stable in Y if it is practically fized-time stable with ¢ =0
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If a property mentioned in above is fulfilled only for zg from a neighborhood of the origin
then the corresponding stability is called local. Below we show that homogeneous systems
as well as systems having a stable homogeneous approximation admit stability properties
mentioned above. The following theorem is the straightforward corollary of Theorem 3.3 and
[36, Theorem 3|.

Theorem 3.12. Let d be a strongly continuous linear dilation in Y, the evolution equation
(3.9) be d-homogeneous of degree up € R, and f : Y C X — X satisfy Assumption 1. Let
m > —u be an arbitrary number. The origin of (3.9) is uniformly asymptotically stable in Y
if and only if there exists a continuous positive definite functional V : Y — R such that

1) V is 9-homogeneous of a degree m and locally Lipschitz continuous on Y\{0};

2) 3k, k € K> satisfying

(3.11) k(lally) < V(z) < Flzlly), VoY,
3) for any mild solution xz, of (3.9) with x(0) = z¢ € Y the inequality
(3.12) DV (4 (1)< — V" (w0 (), >0

holds as long as xz,(t) # 0, where ¢ > 0 is a constant.

The latter theorem, in particular, implies that any uniformly asymptotically stable -
homogeneous system (3.9) of negative (resp. positive) degree is globally uniformly finite-time
(resp. nearly fixed-time) stable. For reflexive Banach spaces (in, particular, for Hilbert
spaces), the time derivative of the Lyapunov function along trajectories of the system can be
calculated using the right-hand side of the evolution equation (3.9).

Corollary 3.13 ([36]). Theorem 5.12 remains true even if the condition 3) is replaced with
) D V(z; Az + f(z)) < —cV"="(z), Vae M~ID(A)\{0},
provided that X is a reflexive Banach space and the set M~YD(A) is dense in Y.

The canonical homogeneous norm is a Lyapunov function for some homogeneous PDEs
(see, e.g. [38], [36], [35, Chapter 9]). In this case, the time derivative of ||z|[,,y computed along
the trajectories of the system satisfies % ||z |,y < —cHxH;i{(M . The existence of the positive
constant ¢ > 0 satisfying the latter inequality can always be guaranteed for the case of
the uniform asymptotic stability. If homogeneous system (3.9) is asymptotically stable (but
non-uniformly with respect to initial conditions) we should expect inequality like %HJ/‘HD,Y <
—6(3:)||x||§1§“ for Vo € M~1D(A)\{0}, where the positive definite functional ¢ : Y — R is
9-homogeneous of degree 0, but inf,cg, ¢(z) = 0. The latter is possible even for continuous
positive definite functional ¢, since the unit sphere in B is non-compact in the general case.
Inspired by [36], we present the following example.

Example 11. Let us consider the viscous Burgers equation

2z 9
(3.13) i = 8—; - xa%’ t>0, z(0)= o,

where z(t) € L*(R,R). This equation can be the represented in the form (3.9) with A = &
) =

0227
X = L?(R,R), D( H?(R,R), f(x) = —x% and D(f) =Y = HY(R,R). Notice that f is
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M -reqular with M = % + 1 and (M~ 1y)(z) = f_zoo e==9)y(s)ds, y € X, z € R, respectively.
Indeed, the inequality (2.2), obuviously, follows from ||%M_1HL2 <oo and

(3.14) [[M™ y||L°°<SUP/ ~9)|y(s)|ds <sup / s)ds /—2(2’ s)ds= lyll2 , VyeX.
z€R 00 2€R \[

(z—5)2
4

The Cy-semigroup generated by A is given by (®(t)y)(z) =

i - y(s)ds/ Since
O commutes with M and ||[M®(t)|| < C (% + 1) ,Vt > 0 for some C > 0, then the system

(3.13) satisfies Assumption 1. An alternative proof is given in Example 1.

The system (3.13) is d-homogeneous of the degree p = 2 with respect to the dilation
(0(s)x)(z) = e’x(e’z), z € R,z € X. The dilation 0 is strictly monotone and strongly contin-
uous in X and Y (see Example 2).

Let us show that the canonical homogeneous norm || - ||y g1 is a 9-homogeneous Lyapunov
function of the system. Indeed, for v € M~1D(A) = H3(R,R) we have

8 0 0 o (92 0
(v, Av+ F@)p = (0, 35 —0g2) | + (3.2 (3 —v%)) , =

. e R 1 A [ R -
2 2
B PRt =1 W =R R IO
2 2 . 2 .
PR = R =t I R = I

Using the Gagliardo-Nirenberg-Sobolev inequality (see [7]) we derive ||[v||%s < \/F|v]}2 H% 2

ZHL2
and conclude
(0,40 + 10 < = 320 (1= Yol )

The latter means that, ||| f, is a local Lyapunov function of the system. Using d-homogeneity
of operators A, f and the formula (3.6), for any x € M~'D(A) we obtain

(= |2ll, y1)(Az+f(2)), v) .,

(Dllwlla,m) (A + F @) === e el =
i e i I8 (0
0.5012,+1.5] 2 IIL 2. O,H 0.5lloll3, +15] 27

where v = (—In ||z, g1)x and &€ C(Y\{0}, Ry ). Obviously, ¢ is 0- homogeneous functional
HL2 =1 and HUH‘EQ <1
Since H HL # 0 for any v € Y\{0} then &(x) is positive definite. Therefore, || - |,y is

a global 0- homogeneous Lyapunov function for the viscous Burgers equation. However, a

uniform asymptotic stability of (3.13) cannot be guaranteed since insf w(z) = 0.
rESY

of degree 0. Taking into account ||v| g1 = 1, we conclude HUHL2 + |
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3.8. Homogeneous systems with perturbations. Certain symmetry of solutions can also
be discovered for the perturbed homogeneous system (2.1). Formally, the following result
generalizes Theorem 4 from [37] to the case of unbounded operator f. However, its proof
literally repeats the proof of the mentioned theorem.

Theorem 3.14. Let 0 be a group of linear bounded invertible operators in X and in Y,
the operator A : D(A) C X +— X be d-homogeneous of degree i € R closed densely defined
generator of a strongly continuous semigroup ® of linear bounded operators on X, the operator
f: Dy x V= X satisfies Assumption 1 and

f((s)z,0(s)q) = e"*0(s) f(x,q), Vx € Dy,Vg € V,Vs € R,

where D is a group of linear bounded operators in V and Dy C B is a 0-homogeneous cone.
If 2444 [to,to+T] — Y is a mild solution of the system (2.1) then for any s € R one has

(3.15) To(s)20,3(t) =0(8)Zag,q(to+e"* (t — t0)), VEE [to,to+L],
where Ty(s)zo. * [tosto + e #T] =Y is a solution of the system (2.1) for zo € Y replaced with

o(s)zo € Y and q € L*=((to,to + 1), V) replaced with § € L*((to,to + e #°T'),V) given by
G(t) = d(s)q(to + e (t — o)), V€ [to,to+ ] -
The following definition of the input-to-state stability is inspired by [43], [17], [27], [26].

Definition 3.15. The system (2.1) is said to be
e practically 1SS in Y if there exist 5 € KL, v € K and ¢ > 0 such that

(3.16) lza0.q(0)lly < Bllzolly, t = to) + ¥ (lall Loe(to,0,9)) + ¢ V¢ > to,

for any mild solution x, 4 of (2.1) with xy € Y;
e ISS inY if (3.16) holds for ¢ = 0;
o locally ISS if 3r > 0 and 3q > 0 such that (3.16) holds for ¢ =0, Yo : ||zo|ly < T and
Vq gl Lo ((to,0),v) < -
The dilation symmetry simplifies the ISS analysis of the system (2.1) .

Theorem 3.16. Let Assumption 2 and all conditions of Theorem 3.14 be fulfilled for a
strongly continuous linear dilations d and 0 in the Banach spaces Y and V, respectively. If the
system (2.1) with ¢ = 0 is uniformly asymptotically stable in Y then this system is ISS in Y.

Proof. First of all, notice that in the view of Theorem 3.3 the dilations ? and d can assumed
be strictly monotone without the loss of generality,

I. Let ¢ > 0 be an arbitrary positive number. Let r > 1 and § > r be defined for
f(-,0) as in [36, Corollary 4]. Since for ¢ = 0 the origin of (2.1) is assumed to be uniformly
asymptotically stable in Y then exists 7T, > 0 such that

xo € Ky("r’) = ||xx0,0(t)”y < 1/7", Vvt > to + TT, xo € Ky(?“) = defo,o(t)HY < 5, Vit > to.

0

Moreover, [36, Lemma 2] yields x4,0(t) = 25, o

(t) as long as x4, 0(t) € Ky(d). Since

2l o(t) = D(t)xo + t(b(t — 5) fs(23, 0(7),0)dr, Vt > tg

0,0
to
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then, for any zg € Y we have

28,0(8) =20(0) + [ B(t = ) (F5(a, (7). a(7) ~ F(a2, 0(7),0) ).

to

Let k = supycjo.1, [|®(s)llx and Lsr, g > 0 be defined as in Corollary 6.2. Since fs(z,q) =0
for © ¢ Ky(9) then for any g € L*((to,to +1r), V) : ||g|lcc < g we have

t
1 0
304(8) = o 0(t)l < [

to

]

< [0 = 2l |t olr)atr)) - otat o) q<T>>H i

0t — 1) (f(224(7), a(0) = i 0), () )| ar

0t —7) (f5(a2y0(r): a(M) = fs(al, 0(r). 0)) | dr

" /JfM(I)(t = Dlle]| a0 (7). () sl 0 (7). a(7)) |

tH‘I’(t—T)HYHfs(fﬂio,o(f) ()~ fila x0,<>o>H dr

Y

<Log [ N0t =)l [ M2, ) = Mad, o(0)] dr

to
t Lag [ 1006 = 7)1 |28, )= ()
0

t

+ ks t 1@t =7)lly - x ([lg(m)lly) dr

for all t € [to, to+ T}], where M-regularity of f and Assumption 2 are utilized on the last step,

ks := .
5 péﬁa}f{g}g(p)

0,9 ) - x(sxo,O(T)HY and

D= sup 12O IRl 190 Mol
gy ol = oy el + 172l

Since HMSCIO o(7) = MCL‘IOO Hx < Hx

=[1®(7)llx,
then using Gronwall-Bellman inequality we derive

Loz [t ktw(t—mydr [*
28,4(8) = 22,00l < kskLy, ge"om 0l =) / x (lg(m)lly) dr, vt €0, T;]

to

and Vg € L*°((0,7,),V) : ||lq|lcc < g, where ||M®(t — 7)||x < w(t —7) (see Assumption 1).
II. By Theorem 3.12, there exists a 0-homogeneous Lyapunov function such that for any
zo € Y\{0} we have

V(@a0.0(h)) — V(a0(0 /nxm et dr
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as long as x4,0(h) # 0. Let g € Ky(r). If h > 0 : 24,0(0), 25,4(0) € Ky(9),V0 € [0, h] then
Tu0.0(0) = 23, 0(0),  Tueq(0) = 3, 4(0), VO € [0,h]

and taking into account the local Lipschitz continuity of V' we derive

V(%zg,q(to+h)) =V (22g,q(t0)) __ V(zzg,0 t0+h)) V(zzg,0(to)) | V(ag,q(to+h))=V(zzq,0(to+h))
h - h

_l’_

+1 Lys||Zag,q(h)—2z4,0(h)|ly
/ H%ﬁoy |M dr + o h .

<1 / e 0() £ dr

to+h
Ls,g [ ktw(to+h—7)dr | /t0+h
t

+ kskLysLsge ' 7 | xUla(lly) dr
0

for any g € L>((0,h),V) : |lg]lcc < . Therefore, one has

T - Z 1 4
im sup Vsl RV 0 < g 11 4 () msup 1 [ x (latto + 7)) dr
0

h—0+ h—0+
where
to+h
Ls glimsup [ w(to+h—7)dr
C(qQ):=kLysLsge >0 '
to+h
Since by Assumption 1 we have limsup [ w(to+h—7)dr < +o0 then the function ¢ — C(q)
h—0+ to

is uniformly bounded on any compact from R.
Since g 4(t + h) = xy= g+ (h) with o* = 24, 4(t) and ¢*(h) := q(t + h) then

h
lim sup N )00 ) < @) [58 + C(q) limsup £ / x (llg(t + 7)) dr
h—0+ h—0t 0
as long as x4, 4(t) € Ky (). The latter conclusion holds Vg € L¥(R, V) : [|q|| oo ((to,t+e),v) < @
where € > 0 is an arbitrary small number.
III. Let s € R and let d(s)zy, 4(t) € Ky(r) (or, equivalently, x,, 4(t) € 9(—s)Ky(r)) for
all ¢t € [to,to + T] and some T" > 0. From Theorem 3.14 we derive

Ta(s)a0,q(£) =0(8)Tag,q (to+€"*(T — o)), VIE [to, to+ ],

where ¢ := to+ e "5 (t —t0), To(s)a0,5 ¢ [0, to+ € #T] — B is a solution of the system (2.1) for
xo replaced with 9(s)zg and ¢ € L>®((to,to +T),V) replaced with ¢ € L>((to,to +e "*T),V)
given by

G(t) = 0(s)q(to + e (t —to)), Vi€ [to,to+ o] -
Since y()40,5(t) =0(8)Za,q(fo+e"5(f — tg)) € Ky(r) then

(Hqt+f )

. V(CE s)x, ’~(£+h))—V(I s)x, ’-(f) 1
lim sup ——2EEA RO < |2y g0 4 (B)[l5 3 + C(d g) lim sup 2 ;
h—0+ h—0t
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for all £ € [tg, to + e T].
Taking into account the d-homogeneity of V and || - || we derive

V(Za(s)w0,3(1) = V(0(8)Tag,q(to+e"*(E — t0))) = €V (2gy,4(to+e"*(t — t0))).

and
1
|Zas)w0g B)Io = €V [0 g (to+e (E — to))

The latter means that Vg € L(R, V) : ||q[| oo ((to,t+¢),v) < ¢ and any xo € B\{0}we have

— s 0(s)q(t+ersT) dr
DYV (20q(t)) < 201 + e 0+D5C(g) lim sup L XUE@e ) dr.

h—0t

as long as xz, 4(t) € 0(—s)Ky(r).
Since the dilation 0 is assumed to be strictly monotone in V then there exists @ > 0 such
that [|0(s)||v < e**,¥s < 0. By Theorem 3.6 there exists @ € K such that

lallsw < a(llallv) <7(a), VYaeV:|glv<a
Hence, using the semigroup property of 0, we derive

10(s)qllv =[[0(s + Ina(q))d(In [lgl5 v — m7(7)o(—In [[¢ll5 5 )allv
<[[o(s + n7(q)) v - [0(In [|gll5 v — InT(q))lv - HD(—lnllqllw)qu
<|9(s + Ina(q))||v < e“CH7@D) - vs < —Inw(q).

The latter means that

D . " x(e®so(||q(t+ersr dr
DV (0(1)) < = rana Ol + C (@) lim sup XD
—

as long as g, 4(t) € 9(—s)K(r) and s < —Ina(g). Selecting s = —In ||y, 4(t)|lo,y we derive
10(8)Za0,4(t)|[y = 1 and x4, 4(t) € 9(—s)Ky(r). Therefore, for an arbitrary small € > 0, for
any ¢€ L>(R, V) : |lq|lnoo((t0,t+¢),v) < ¢ and Vg € 0(—s) Ky one has

DV (220,4(8) < =l1220,0(0) 54 (1 = C@x (|20, (8)I°0(@))) ,

as long as ||z4,4(t)|lo,y > @(g). Since C': Ry — Ry is locally uniformly bounded on compacts
from R4 and C(gq) > 1,V¥g € Ry by construction, then

-1 5 -1 a(q) o(q)
(0.5/C(@) <x 71 (0.5) and 50> e @

where x~! is the inverse function to y. Therefore, we have

(3.17) lim sup V)V @e0a®) o o 512, ()|
h—0+

as long as

(3.18) lz0.a(®)llox 2 ¢(g) := max {”(q)’ <J(Q)> } ’
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where z,, , is any solution of (2.1) with an arbitrary ¢ € L>(R, V) : ||lq|| Lo ((to,t4¢),v) < @ and
¢ € K. Repeating the conventional arguments from [43], [45], [44], [17],[26] we conclude that
there exist g € KL, v € K such that

a0,q(®)lly < Bllwolly,t = to) + (lall e (to t+e)v)) s VE = to,

for any mild solution z,,, of (2.1) with 9 € Y. Finally, using continuity z,,, in time we
derive (3.16) by tending e — 0. W

Example 12 (ISS analysis of a nonlinear viscous Burgers equation using homogeneity). Let
us consider the viscous Burgers equation with nonlinearities and perturbations
. 0% Ox
(3.19) t=—5— | ta)r- p(”l‘”%z +q@)r+qs, t>0, zeR, z(0)=ux,
0z 0z
where x(t) € L*(R,R), q1(t) € H'(R,R), q2(t) € R and q3(t) € L*(R,R). The considered
equation admits the representation (2.1) with A = g—;,X = L*R,R),V = H'(R,R) x R x
LQ(R’R)a and f(I7Q) = - (% + ql) $*p(||$HL2+q2)-T+Q3,IE €Y= Hl(R’R)? q= (Q17q2’q3) €
V. Repeating considerations of Example 11, one can be shown that the considered system
satisfies Assumption 1 with M = % +1. Since due to the inequality (3.14) we have ||q1]| L~ <

2_%HM(I1HL2 for any q1 € H, then

If(x,q) = f(z,0)|ly =llq1z — pgaz|ly
<qizllx + leMar + o Mz — qiz||x + plgz|||z|ly
<2llqillze~llzlly + IMa x|zl 2 + plgalllz]ly

1 _1
<2 | Marllxlelly + 273 [ Marllx ) lx + plaal | M 2]x
1
<max {p, 2} gllvllz]v,

i.e., Assumption 2 holds as well.

For qi1(t) = 0,q2(t),= 0,q3(t) = 0 and p = 0 the latter system becomes the viscous Burgers
equation studied in Example 11, where it is shown that the canonical homogeneous norm
|- lo,y %s the Lyapunov function for the Burgers equation provided that the dilation d is given
by (0(s)x)(z) = e’z(e’z), z e R,z € X;s € R.

Repeating considerations of Example 11, for qi(t) = 0,qa2(t) = 0,¢3(t) = 0 and p > 0, we
derive that the unperturbed system is d-homogeneous of degree 2 with (3(s)z)(z) = e’z(e®z)
and || - |[o,y is the strict Lyapunov function for the unperturbed system:

“olbla | 321 (1Y 1ol e

0.5][v]3,,+1.5[| 92 ||iz

1
(Dllzllo,r1) (Az + f(z,0)) < Iz [I3 1 < —gpllxllg’,gl

. o (12
for all z € M—'D(A)\{0}, where v = 0(—1In ||l;”D7H1).T and ||v||%2 + H%HL2 =1.
Let the dilation in V be defined as follows 3(s)q = (0(s)q1,e**qa, €**0(s)q3). Then
f@(s)z,0(s)q) = e**0(s) f(x,q), VsER,VrecY,VgeV.

and, by Theorem 3.16, the nonlinear viscous Burgers equation (3.19) is ISS in Y if p > 0
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ISS with exponential, finite-time and fixed-time convergence rates is studied in the papers
[14], [42], [22], [26] where additional restrictions to the function 5 € ICL are suggested.

Definition 3.17. An ISS system (2.1) is said to be
e caponentially ISS if IC > 1,A >0 : B(r,t) < Ce ™, Vr it c Ry ;
e finite-time 1SS if Vr >0, 3T, > 0: B(r,T,) = 0;
e nearly fized-time 1SS if VBy > 0, 3T, > 0: B(r,T3,) < Po,Vr € Ry ;
o fixed-time 1SS if it is both finite-time and nearly fized-time ISS.

Notice that the differential inequality (3.17) yields

k t E g OB kG if 0
Ellzzo,q@llo,y < { (Bllzollo,y) ™" + ]};1+u( —to) , it p#0,
E[[@24,4(t) _%t,t >0, if pu=0,

where k,k > 0 are such that kl|z|,y < V(2) < k||z|j,y, Vo € Y (see Theorem 3.12). The
latter implies the following

Corollary 3.18. If the system (2.1) satisfies all condition of Theorem 3.16 then it is
o finite-time 1SS provided that p < 0;
o cxponentially 1SS provided that = 0;
o nearly fized-time 1SS provided that p > 0;

4. Homogeneous Approximations.

4.1. Definition and basic properties. To apply homogeneity-based methods of ISS analy-
sis (such as Theorem 3.16) to a non-homogeneous system, the so-called homogeneous approx-
imation can be utilized. The concept of homogeneous approximation can be explained using
the following scalar function f : R — R given by f(z) = —2 + 2> — 23 with » € R. According

o [48], [1], it has the the following standard homogeneous approximations fy(x) = = and
fso = 2% at zero and at infinity limits, respectively. Indeed, the cubic and quadratic term
can be neglected for local stability analysis (close to zero), while the cubic term dominates as
x — oco. Similar considerations can be repeated for M-regular operators in Banach spaces.
Inspired by [1], we introduce the following definition.

Definition 4.1. Let X be a Banach space and 05, be a strongly continuous dilation in a
Banach space Y c X, where L =0 or L = co. An operator f : Y C B— X (resp., a functional
h:YCX— R) is said to be 0r-homogeneous in the L-limit if there exists a 0r-homogeneous
operator f1, Y ¢ X — X (resp., 0p-homogeneous functional hy, : YcX— R) with degree
vy, € R such that

lim sup [|[r~0r(—=In7)f(dr(Inr)z) — fr(z)|g =0,

r—L IESY

(4.1)
(resp., lim sup [r"h(@r(lnr)x) — hp(z)| = 0)

r—L IESY

where Sg is the unit sphere in Y. The corresponding operator fr, (resp. the functional hy, ) is
called a 01-homogeneous approximation of the operator f (resp. the functional h).
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If the latter holds for both L =0 and L = oo then the operator f (resp. the functional h)
1s said to be homogeneous in the bi-limit.

Notice that (4.1) can be rewritten as follows

lim  sup |lr~or(=Inr)(f(z) - fo(z))lly =0,

r=Lges, (r)

resp., lim sup 1 Y|h(x) —hr(z)] =0

r— xGSDL ()

where S, ¢(r) = 0(Inr)Sg is the 97-homogeneous sphere in Y of the radius r > 0. Without
loss of generality, a linear dilation 07, can be assumed strictly monotone (see, Theorem 3.3).
In this case, the inclusion z € S, ¢(r) simply means that [[z||, g =r.

In the finite dimensional case, if f = fo + foo is @ sum of 0-homogeneous operators with
degrees vy € R and v > 1y then fy is 9-homogeneous approximation of f in the 0-limit and
foo is D-homogeneous approximation of f in the oco-limit. This may not hold for unbounded

nonlinear operators in Banach spaces.

Example 13. Let X = L2(R,R), the operator f : Y € X +— X be defined as follows

Ox
f@) = oot ol +

with v € Y = H! (R,R). The first two terms of f are standard homogeneous of degree 1:

PIT, (s)0 = e01(s) (8%) o pu(s)zll201(s)z = 01 (s) (||l 2),

0z 0z
where 01(s) = e°I,s € R. The last term in f(x) is linear, so it is standard homogeneous of
degree 0. It is expectable that foo(x) = %m + ||| L2 is the d1-homogeneous approximation of
the operator f at co. Indeed,

sup [[r 101 (= In7) f(@1(In7)z) — foo(@)|lg = sup v H|z|lg =7~ = 0 as r — .
IES‘C{ SCES\"{

In the finite-dimensional case, the term with smallest homogeneity degree usually defines
the homogeneous approximation in the 0-limit[1]. However, fo(x) = = does not satisfy Def-
wnition 4.1. This is reasonable, since usually an unbounded nonlinear operator could not be
consistently approrimated by a bounded linear one. To obtain a homogeneous approximation
of f at 0, let us consider another dilation in B defined as follows (see Example 2):

(02(s)z)(2) = e’z(e”%2).

Since (8%(;)%2(5)9@) (2) = (02(s) [222]) (2) and [[oa(s)z ]| [20a(s)a = €2%0a(s)(||z]| r2x) then

folz) = %x + x is the Dy-homogeneous approximation of f at 0 with degree 0. Indeed,

3
Sug) [02(—In7) f(02(Inr)x) — fo(z)|s = sup |[02(In7r) x| L2 ||2||§ < [[02(In7)|| 1, =72 =0 as r—0.
z€Sy TESY
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A precision of a 0-homogeneous approximation is characterized by the following theorem.

Theorem 4.2. If an operator f : Y € X — X (resp., a functional h : Y € X — R) is
01,-homogeneous of degree vy, € R in the L-limit, where L =0 of L = oo and 0y, is a strongly
continuous strictly monotone linear dilation in Y, then there exists 71, > 0 such that o, € K
such that

o [[f(z) - (I)IIY S oo(llzlly £)ll=l7- 5", Yo € By (7o) \{0},
(resp,. [h(z) = ho(2)] < oo(||zl, Y)HSL’HD ¢ Vo € By (7o) \{0})
o lIf(x) - @Myﬁ%mm@MW>NMﬁ§ﬂWfYV%Ww,
(resp., 1h(@) = hoo(@)] < o (2]} ) 2] 5. V2 € T\By (7))
where By (1) is the unit ball in Y, | - ”aL 5 18 the canonical 0-homogeneous norm in Y and
the positive parameters ny, > wr > 0, C, > 1 are defined in Theorem 3.6.

Proof. We prove estimates for the operator f. The functional h can be studied similarly.
The case L = 0. If fj is a 9g-homogeneous approximation of f in the 0-limit then the
function & : [0, +00) = Ry U {400} given by 70(0) = 0 and

do(p) = sup —|[p7"00(=np)(f(z) = fo(z))llg, »>0
€B,,,7(0)\{0}

is continuous at 0 and there exists 79 > 0 such that o is finite-valued on [0, 7], where BDO’§{(p)
is the 0p-homogeneous ball in Y of the radius p > 0. By construction o is non-decreasing on
[0,70]. Then there exist o9 € K such that d¢(p) < og(p) for all p € [0,7]. For example, we
can define o¢(p) = (1 + p)do(p), where

A - = Go %0 —00 nri =
6o(p) = o (&)—FW(;}—&) if pe <n+27n:(-)li|7n€N'
n—+ n+
0 if p=0.

On the other hand, we have

.o g (= Inmylly

inf PG sup @@l s @1l
oo(—ln<r))<f<w>—fL<x)>H S 2% S "5,
rY0

§= 70 =T oAl

sup
3365'307‘—{(7*)

where the inequality |[0o(In7)|||[00(—1n7)y|g > [[00(Inr)de(—Inr)y|ls = ||yllg is utilized on
the last step. Using the strict monotonicity of 9g (i.e., Jwg > 0 : [[99(s)[|s < €%, Vs < 0) w
derive

“Wr) sup|f(2) ~ f(@)llg S sup [lrT000(=In(r))(f(2) — fr(@)llg Sou(r),

CL‘ESDO‘@(T‘) IESDM?(T)

r

If@) = fo@ls < sup  [fw) ~ fowlly < oolllzly, 2 ol 5".

veS,, 7zl 2)
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In the case L = oo, the function 6, can be defined as follows: ,(0) = 0 and

Goo (r!) = sup  r0ae(—Inr)(f(z) = fr(@)llg, 7> Teo,
€Y\ By, v ()

where 7o, > 0 is such that the function 6+ finite-valued on [, +00). The existence of such a
number 7 follows form the 0,-homogeneity in the oo-limit. A strictly increasing continuous
function o @ Goo(p) < 0o(p), Vp > 0 can be constructed similarly to og. We have

oo (—Inr)yly

il g sup [|f(z)=fr(@)llg sup || f(2)—fr(@)lly
zESaooﬂ((’r) Y oo ¥
7(VOO+ oo) -
> sup ||f(z) = fr(@)llg, Vr € [foo, +00),
o° TESos (1)

where the inequality [[07(s)|lg < Co€7% s > 0 (see, Theorem 3.6) is utilized on the last
step. Hence, for all x € Y\{Bg(ro)} we derive

pt) sy ()=o)l
E < sup [0 (— In(r)) (f (@) — fr(@))]lg <o (r™h),
oo CCESDOOS{(T‘)
[f(z) = fo(z)llg < sup 1f(y) = foy)lly < Cbooo-oo(HxH;;’gY)H$||:::g7m'

YE€Soco ([I2ll5 . %)
|
Corollary 4.3. Let a functional h : YcX— R be homogeneous in the bi-limit for some

strongly continuous dilations 0y and 0o in Y. If

(4.2) inf ho(z) = hy>0, inf heo(x) =h>0, 0< inf h(x)< sup h(x)<+oo, Vr>0,
z€8Sy z€Ss r€Kg(r) z€Ky(r)

then there exist positive real numbers Py Pos Loy Poo such that

Poho(x) < h(z) < poho(z), Vo€ Bg(1)\{0},  p_ hoo() < h(x) < Pochoo(w), V:UEY\B§{(1).

o0

Moreover, if vy > 0 and vo, > 0 then there exist ¢ > 0 and ¢ > 0 such that

(4.3) c$ (ho(x), hoo(x)) < h(z) < €9 (ho(x), hoo(x)), Vx € S?\{O},
where
(4.4) f)(a,b)—aii_s, a,beRy.

Proof. In the view of Theorem 3.3, without loss of generality, the strongly continuous linear
dilations 9y and 0 can be assumed to be strictly monotone. The condition (4.2) implies that
Theorem 4.2 is fulfilled for any finite 7y > 0 and 7, > 0, in particular, for 7oy = 7o, = 1.
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Notice also that ||z||, ¢ < 1 (resp. > 1) is equivalent [|z||; < 1 (resp. > 1) for any strictly

monotone strongly continuous dilation 9 in Y. Using the homogeneity we derive
ho(x) = Hx||;g§{h(—ln HxHaO,Yx)v hoo(x) = HxH;’:’Yh(—ln ||x||aoo7§{x), vz € Y\{0},
ollely, 5 < ho(@) < 1232 gho - hocllally 5 < hoole) < Nl ghoe, ¥ € T\{O},
where by = infzes; ho(z), ho = SUD,cs5. ho(), hoo = infres, hool(®), hoo = SUD,cs. heo()

and hg < 400 and he < +00 due to the condition (4.2) and Theorem 4.2,
I. On the one hand, Theorem 4.2 gives

h(x)géo(l)HxH:gﬁ—l— ho(x), Yxe By (1)\{0}, h(x>§5<>o(1)HxH;Z:,§{+ hoo(), VxeY\Bﬂl),
so using the homogeneity-based estimates for hg and hso we derive
ﬁozl_i_%T([)l)’ and p,, =1+ °°(1).
On the other hand, Theorem 4.2 implies that
(—50(||93Hao,§g)h61 + 1) ho(x) < =do([[zlly, )1z [l7) ¢ + ho(z) < h(z), ¥ € By(1)\{0}.
(0o (llel? B! +1) hoo(@) < =doc(llzll )21l 5 + hoo(@) < hlx), Vo € T\By(1).
Since g € K then there exists rg € (0,1) such that
1—6o(ro)hgt >0 and 1—3g(r)hg" > 1—o(ro)hg", Vr € [0, 7).

Notice that ||x||;°§{ max{1,rg°}, Vo : ro < [|z([,, ¢ < 1. By assumption, we have h,, =
0, )
infToSllzllan{Sl h(x) > 0 and

h‘T'OhO( ) < hTohO(J
homax{1,7g°} ~ \|:1:||”° ho

< hrg < h(z), Vrirg <z, ¢ <1,

poho(x) < h(x), Vx € By(1)\{0}, p,=min {1 ~ do(ro) Py }

ho " homax{1,75°}
Since do € K then there exists ro, > 1 such that

1— 6 (ro_ol) ngl >0 and 1-—Js (7“_1) ngl >1— 00 (rgol) Q;}, Vr > re.

Notice that Hx||g°°§{ < max{1,75}, Vo : 1 < [|zf|, ¢ < 7. By assumption, we have
hy,, = infléllx\\awyérw h(x)hy, > 0 and

By hoo(T) < hro oo (m)

hoo max{1,75} = [l2]2 5 hoo il

IN
>
A
=

Vo1 < |z, ¢ < oo
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hoo(z) < h(x), Vz € By(1)\{0} — mmin {1 G Piro }
Boo oo = ’ Y ) Boo - ﬁoo ’Eoo max{larggo .

IL. For 15 > 0 we have 0 < hg(z) < hg for all z € By(1)\{0}, so

ho(w)
1+h

9 (ho(z), hoo(x)) = m

ho(z) > , Va e Bg(1)\{0}.

>=

0

Taking into account

]y, 7 h -
$ (ho(®), hoo () > hoo () 15ELs > hoo(az)ﬁ > hoo() 1%, Vo € V\Bg(1),

we derive (4.3) holds for ¢ = max {ﬁo(l + ho), W}

On the other hand, for v, > 0 we have 0 < h;(x) < hoo, SO

5 (o), hoe(0) = 22 ho() < (L4 Folhol), Vo € B3 (D\(0).
Since N
9 (o), hoo(2) < 14 hoole) < =0 b b)Y € TV ()
-0 V00,Y

then § (ho(z), hoo(z)) < (k) + 1) hoo(z) for all z € Y\Bﬂl). Therefore, the inequality (4.3)

— o BO Boo
holds for ¢ = min { i b;olﬂ} . n
The estimates obtained above simplify stability and robustness analysis of the system (2.1)

using homogeneous approximations.

4.2. Stability analysis by means of homogeneous approximations. The system (3.9) is
said to be dp-homogeneous in the L-limit if f is homogeneous in the L-limit with degree vy,
and the linear operator A is 0p-homogeneous of degree vy,. The following theorem shows that
stability of a 9-homogeneous approximation guarantees local stability (close to 0 or close to
o0) of the original system.

Theorem 4.4. Let the system (3.9) satisfy Assumption 1 with some operator M. Let 0,
be strongly continuous linear dilation in Y. Let the system (3.9) be 0r-homogeneous in the
L-limit of degree vy, where L =0 or L = oo, such that 9(s) = ¢"*3(s),s € R is a dilation in
Y and the system

(4.5) & =Az+ fr(z), t>0

satisfy Assumption 1 with the same operator M. If the system (4.5) is uniformly asymptoti-
cally stable in Y then the system (3.9) is uniformly

e locally asymptotically (finite-time) stable in' Y if L=0 (and vy<0);

e globally practically asymptotically (fixed-time) stable in'Y if L = oo (and ve > 0).
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Proof. Let us consider the system
(4.6) = Ax + fL(l') +q, t>1o, .Z'(t()) = Xy,

where ¢ € L*>°(R,V). Assumption 2 is fulfilled for (4.6) with £(r) = 1 and x(r) = r provided
that V=Y.

Notice that if z3, : [0,T] — Y is a solution (3.9) then a,(t) = Tz,q(t), VT € [to, o + T,
where x, 4 is the solution of (4.6) with

(4.7) a)) = £ (21,)) = 11 («4,))

Due to Theorem 4.2 we have ¢(t) € Y for all ¢ > tg.
Let us consider an arbitrary ¢ € L>°(RR,Y) and repeat the proof of Theorem 3.16 to derive
the following inequality

— 1 L@ 1 S 3L (e)alt+errer)]|, dr
D Vi (Zag.q(t) < —[[Zag.q()ll3F 5 + D hhmsolip ol : [
—

as long as x4, 4(t) € 0L(—8)Ky(r) and ¢ € L¥(R,Y) : [|qll oo ((t,t4¢),v) < G, where s € R is an
arbitrary real number, ¢ > 0 is an arbitrary small number, V7, : Y — R is a 07-homogeneous
Lyapunov functional of degree 1 for (4.5) and the function g — Cp,(q) is defined in the proof
of Theorem 3.16.

If t — ¢(t) is continuous then

VLSh |5 7 T
b Pt 3y (s)ato)],

Al
. o (s)q(t+e"L5T dr .

lim sup Jo'[[2x(s)a€ - ) = lim sup
h—0+ h—0+

Let us consider the case L = 0. By Theorem 4.2, there exists g9 € K such that

sup [lp""00(—Inp)(f(z) — fr(2))lly <o0olp), Vp € (0,7
fGSDO,Y(P)

then for s = —In|{|zzq,4(t) |00, |%20,q(t)]l00,y < min{1,79} and ¢(t) given by (4.7) we derive
Po(s)a(®)]| < go(llzwo.q(t)lloox)-
Hence, we conclude
D Vi (00,4(1) < = [n0,0 () 3y % + 20,4 (8) oy 4 C@) 0 (1220, (8o, v)

as long as x4 4(t) # 0 and ||z4,,4(t) o,y < min{l,79}, where ¢ = o¢(r9). Since oy € K then
there exists dg > 1 such that

C(q)oo(r) < 0.5,Vr € [0,1/do].

The latter yields

—+
D Vi (244,4(t)) < _0-5H$wo,q(t)H;:,§V{O
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as long as ||Z4,,4(t)[[0y,v < 1/00. Therefore, the system (3.9) is locally uniformly asymptotically
stable in Y. Moreover, for vy < 0 it is locally finite-time stable in Y.
The case L = oo can be analyzed similarly such that the following estimate is derived

lim sup Voo(:CGCo’CI(t“!‘h)’z_Voo(wwO’Q(t)) < —0-5||$zo,q(t)”l+yoo

v00,Y
h—0+ >

as long as ||Z4.¢(t) 0.,y = doo, Where 0o > 1 is some positive number. W

Example 14. The system

0? 0
(4.8) T = 8—; - (;;) z—plz|l,x+2% t>0, zeR, x(0)=uo,
1S Doo-homogeneous in the oco-limit with the degree 2, where X,Y and the dilation 0o are
defined as in Example 11. Indeed, fo(x) = — (g—ﬁ) T — ,0||:EH%2:£ s 0-homogeneous of degree 2
and
2
sup O(—lnr)f(b(l;;r)a:)—foo(x)) H — sup a(—lm)g(lm)m)2 _ supxes?n{ 1270, s — oo,
"EESY Y IEESY Y

Since the d-homogeneous approrimation of (4.8) is globally uniformly asymptotically stable
(see, Example 12), then by Theorem /.j the system (4.8) is global uniformly practically fized-
time stable.

Corollary 3.18 can be extended to the case of local homogeneity as follows.

Corollary 4.5. If, under conditions of Theorem /.4, the system (3.9) is globally uniformly
asymptotically stable then the system (3.9) is globally uniformly
o finite-time stable for L =0 and vy < 0;
e nearly fixed-time stable for L = oo and ve, > 0.

The proof of this corollary is straightforward.
Example 15. The system

0z2 0z

is Doo-homogeneous in the co-limit (see Example 4.8). Repeating the constructions of Example
11, one can be shown that the system (4.9) globally uniformly asymptotically stable. The latter
means that the system (4.9) globally uniformly nearly fized-time stable.

. 0%z ox
a9 s=55 - (50 ) e sllellls +lali)e. 120, seR o(0) =,

An analog of the homogeneous Lyapunov function theorem can be proven for evolution
equations homogeneous the bi-limit. The system (3.9) is said to be homogeneous in the bi-
limit if f is homogeneous in the the bi-limit and the linear operator A is 0r-homogeneous of
degree vy, for both L =0 and L = oo.

Theorem 4.6. Let the system (3.9) be homogeneous in the bi-limit for some strongly contin-
uous strictly dilations 09 and Do in Y such that dy(s) = €050g(s) and Voo (s) = €500 (s) are
dilations in' Y as well. If the system (3.9) and its homogeneous approrimations in the 0- and
oo-limits are is globally uniformly asymptotically stable then for any my > max{0, —vy} and
for any me > max{0, —vs} there exists a positive definite homogeneous in the bi-limit
functional V : Y — R such that
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1) 'V is locally Lipschitz continuous on Y\{0};
2) 3k, k€ K : k(||z|ly) < V(z) < Ek(||z|y), Yz eY;
3) for any mild solution xz, of (3.9) with x(0) = z¢ € Y the inequality

(410)  D'V(en(®)< - cH (vm%”(xm(t)),v’”ﬁl”w<xm<t>>), £>0

holds as long as x4, (t) # 0, where ¢ > 0 is a constant, the function $ : Ry x Ry — R
is given by (4.4) and my, defines the homogeneity degree of V' in the L-limit for L =0
or L = oo.

Proof. In the proof ot Theorem 4.4 it was shown that there exists a locally Lipschitz
continuous dg-homogeneous Lypapunov function V : Y — R4 of degree 1 such that

(4.11) ko, ko >0 Kollzllag,y < Vo(x) < Kollz]lag,v,

_+
D" V(@ (£) < = collay (8) o, 0 >0,

Lypapunov function Vo, : Y — R, of degree 1 such that

as long as 0 < ||z, (t)]log,y < %, and there exists a locally Lipschitz continuous d..-homogeneous

(4.12) EiEomEoo >0: EOOH‘T”D(>07Y < Vo(z) < EOOHCCH%o,Yv

— ,
D" Voo(@ay (£)) < = eoollza D)5, o0 >0,

as long as {2z, (£)os,v = doo-

Notice that, in the view of Theorem 3.6, there exists 0y > 1 such that ||z|y < =

1
- ~ b0
lz]log,y < % and there exists 0o > 1 such that ||z]ly > doc = [|2]0, ¥ > Joo-

Let the functions 7" : Ry x Ry — R4 and € € K be defined by Definition 3.11 and let

1
200

function to €. Consider the functional V; : Y +— R given by

7 > max {50,500,7"077‘00}, where rg = ﬁ, Too = 25(500) and e7! € K™ is the inverse
—

+o0
Vr(wo) = sup [l (8) v +/0 a ([[2o (T)[[¥) |20 (7) lvdr

where a € C*° such that a(p) € <O,T (r, %)) for p € (1,r) and a(p) = 0 otherwise. Since the
system (3.9) is globally uniformly asymptotically stable then

[zlly < Vi(z) < 2e(||z]ly)-

Notice that, by construction,

2e <1> V@) <+ =

1
T T

< H H < !
X =
= Y > 50

and . )
26(000) < Vo(z) <1 = oo <lzlly <.
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The functional V. satisfies Lipschitz condition on K (r) in the view of Corollary 6.2. Re-
peating considerations of the proof of Theorem 3 from [36] we derive

D V(@ (£) < — Wa (@, (1)),
as long as x,,(t) € K(r), where W : Y — R satisfies
de, e K Wio(x) > e (||z]]) forall =€ K(r).
Inspired by [1], let us consider the functional V' : Y +— R, defined as follows
V() = woo oo (Ve (2)) VL™ (2) 4 (1 = ¢oo (Vi () G0(Va(2)) Ve (@) + wo (1 — o (Vi (2))) V5™ (),
where ¢g, P € C° are such that

1

dolp) = 0 p < 2¢ (1) G(p) > 0t pe (2e <1)> bolp) = 1if p= =
r r do

Doo(p)=01if p < 2¢ <5oo) . ¢ (p)>0ifpe (28 (Soo> ,r) , Oo(p)=1ifp>r

and
wo > sup Z:Sm) and ws > sup %
Lr<llaly<1/5 Vo (%) Suolally<r Voo < (2)

Since Vp, V,. and V, are bounded from above and from below by class K°° functions of the
norm ||z||y, then wp and we, are finite positive numbers. In this case, we derive
=+
DV (20 (t)) < =W (2, (1))
as long as ,,(t) # 0, where
o W () = MoowooCool|z [ 5 Var= " () if Vi(2) 2 73
o W(z) = mocwoococd (Ve (@)l 5 V=" (2) + Voo (2)Wi(2) if 26(3s) < Vi(2) <1,

where

Voo (2):= Lo (Vi (2) (woe VEI™ (2) = Vi(2)) + 1= hoo (Vi (2)) >0 if  26(d00) <V (a) <75

o W(x) = W) if £ < V() < 2¢(50);
o« W(z) = Uo(@)Wy(z) + mowocodo (Vs (@) |z Ve~ @) if 22 (1) < Vi(a) <

r )

ST
S "—‘

where

1

o) = 6h(V; (2)) (V5 (2) — w¥o(e) + n(Vi(e)) >0 if 22 (1) <Vilo) < 5

o W(z) = mocollway(t)llogy Vo™~ () if 0 < Vi(2) < 2¢ (3).
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By construction, V' and W satisfy Corollary 4.3 then there exist positive constants pg. v,
ﬁO,V: ﬁOOJ/? ﬁoo,\/a ﬁ07W7 pO,W? ﬁOO,W and ﬁO,W such that

Vo(z) < V(x) < poy Volx), Wo(z) < W(x) <powWolz), Vre By(1)\{0},

Po,v Pow

Doy Vool®) S V(@) < Py Voel@), £y Woo(t) < W(a) < Py Woo(2), ¥ € YV\By(1),

where V() = woVy™ (), Veo () = woo VP> (2), and
Wo(x) = womocol|zz, () 5 5 V5™~ (@), Woo() = woomeocoo [y 5 Vae= " ()

are homogeneous approximations of V' and W at the 0-limit and the oo-limit, respectively.
Using (4.11) and (4.12) we derive

mo+ro

womoco VMoo mocoVa ™
Wo(z) > —2070 = 00 , V€ By(1)\{0},

= 1+ 5 14 — —14u,
e (B ] g (7 )

_ Moo+Voo

Moo +Voo moo
WeooMoo Coo V.1 Moo Coo Voo
Weo(z) > T — = — , VzeY\By(l),
m E Voo k1+uoo oo —1+voo 14v
AX R0 1B wE® maxi ko L kog
Hence, for
MoCop, vy MooCoof ., vy
‘= motro o Ity g 14w and ey = _ |Mmeedteo o Fltvoo p1tveo
(Po,v) ™0 wy O max{ko 0 kg 0} (Poo,v) ™Moo weg™® max{koo kod °°}
we have
mo+vro Moo+Voo

W(z) >V m (z),Yr € By(1)\{0} and W(x)>cV m< (z), Vze Y\By(l).
and the inequality (4.10) holds for a constant ¢ > 0 (see, the proof of Corollary 4.3 for more
details about computation of the constant ¢). W

Remark 4.7. Similarly to Corollary 3.13 for reflexive Banach space X, the time derivative
of the Lyapunov function V along trajectories of the system can be computed using the
right-hand side of the system (3.9) only.

The following claim is the straightforward consequence of the Theorem 4.6.

Corollary 4.8. Under conditions of Theorem 4.6, the system (3.9) is globally uniformly
fized-time stable provided that vy < 0 < V.

4.3. ISS analysis based on homogeneous approximations. The following result shows
that a local and a practical ISS of (2.1) follows from ISS of a homogeneous approximation.

Theorem 4.9. Let f: Dy x X — X satisfy Assumptions 1, 2 with some operator M and the
operator f : Y — X be defined as follows

f(a;,q):(f(a:,q) O)GX, zeX, qeV
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where X = X x V is a Banach space with the norm ||(z, Olx = llzllx + llgllv and Y=YxVis
a Banach space with the norm ||(x,q)|x = ||z|lv +|lq|lv. Let 91 and o, be strongly continuous
strictly monotone dilations in Y and V, respectively, and the operator A be 01-homogeneous
of degree vr, € R such that 0(s) = e"250(s) is a dilation in Y as well. Let a linear dilation dp,
in X be defined as follows

0r(s)(x,q) = (Op(s)x,0n(s)q), seR, zeX, gqeV.

Let the operator f be dj,-homogeneous in the L-limit with degree vy, and its dj,-homogeneous
approximation in the L-limit be defined as follows

]EL(CU,C]) = ( fL(x7Q) 0 )7

where L = 0 or L = oo. If f1, satisfies Assumptions 1,2 with the same operator M and the
system

(4.13) i = Az + fr(z,0)

is uniformly asymptotically stable then the system (2.1) is
e practically ISS for L = oo;
e locally ISS for L = 0.

Proof. By Theorem 3.3, the dilations d and 0 can be assumed strictly monotone. This
implies that 0 is strictly monotone as well. Let us consider the system

(4.14) &= Az + fr(z,0)+ 4, t>ty, x(tg) = o,

where ¢ € L>®(R,Y). Assumption 2 is fulfilled for (4.14) with {(r) = 1 and x(r) = r. Let
Tz, denote a mild solution of (4.14). Repeating the proof of Theorem 3.16 we derive

Jo [Pr()attteren)|, dr
h

2 1 Cr(q) 1:
D¥Vi(20,(8) < =l q(0)lly, 5 + % lim sup
—

as long as x4, 4(t) € 07 (—s)Ky(r) and ¢ € L*°(R,Y) : Hq~HL°°((to,t+e),§() < @, where s € R is an
arbitrary real number, € > 0 is an arbitrary small number, Vi : Y — R is a 97-homogeneous
Lyapunov functional of degree 1 for the unperturbed system (4.14), the function § — CL(q)
is defined in the proof of Theorem 3.16.

If 24,4 : [0,T] = Y is a solution (2.1) then x4, 4(t) = 24,,4(t), Vt € [to, to + T, where x4, 4
is the solution of (4.14) with

(4.15) Q) = f (2o (1), a(6)) = 1 (1,(1),0).

The case L = 0. On the other hand, there exists g € £ and 9 > 0 (see, the proof of
Theorem 4.2) such that

190(=1n (2, q)ll5, 7)(f (x.0) = fo (z,a)ly < oo(ll(z,a)ll5, 7)
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for any z,q : ||(z, q)||50 7 < ro. On the other hand, since fo is dg-homogeneous of the degree
vy and fp satisfies Assumption 2 then

10 (s)(fo (x:q) = fo (z,0))lly < &(lPo(s)z[lv)x0([[P0(s)allv)

forallz € Y,q € V and for all s € R. Hence, for ¢ given by (4.15) and for s = —In ||z, 4(t)]00,v
we have

-+ U _ U
D Vo(220.(1) < —[1%0.g (1) 1575 + Col@) 12204 () o 5° (N1 (£) + Na(t))

where
" Il¢ (t+e¥0°7),q(t+e"0°% 7)) ||
N 1/‘1‘07q € T),q € T = ,}? ns vos
. ‘of " <ln Feroa®log > YUO(”(“M(”@ 0% 7) 40 5, 7 )
Ni(t) = lim sup 7. )
h— 0+
h
f§0(I|Do(8)~’vzo,q(t+6”057)HY)Xo(llﬁo(S)q(He”OST)||Y)dh
— 1i 0
Ny(t) = limsup 5

h— 0t

Notice also that by Theorem 3.6 there exists 5 € K> such that [|(z, ¢)|l;, v < o5 ([|llv+Ilallv)
for all x € Y,q € V. On the one hand, using the definition of the canonical homogeneous
norm we derive

1z, 9)l5,

T 10 (= [|22llog,x) 21, 00— In [[22]lag,v)a) 5, 5
0,

and H(OO(_IHHx2HDO,Y)$1760<_1nHx2HDO,Y>Q)H507§( > 1 for 1 = x2. On the other hand,
100(s)] < Cﬁoeﬁos for s > 0, where 79 is defined in Theorem 3.6. Hence, for any ¢ > 0
and any g € L : ||q[| oo ((t,t+¢),) < ¢ We have

Ni(t) < Gz (14 [190(= 10|22y, (8) oo, I1v2) ™ 0056 (|20, ()l + 7)),

Na(t) < &o(1)xo ([0 (=10 [|22,q() 00,1 [ @) -
Since o5 € K and og € K then there exists 7o > 0 such that

lzlly +a<io = Cso0(a5(lally +a)) < 0.5.
Since |[00(s)]|, < Cj,€™*,Vs > 0, where &y > 0 by Theorem 3.6, then any ¢ € L* :

gl Lo ((to,t+e),v) < @ < To/4 and any x : ||[zolly < 7o/4 we have

E+%<wxo,q(t)) < Hﬂ?xo,q(t)H%HO <_0-5 + COCO(Q)XO <q>>

||$:vo,q(t)||g87y

as long as 0 < [[2g04(t)|ly < 370/4, where %o € K and a constant Cy > 0 are properly
defined. Repeating the last part of the proof of Theorem 3.16 we derive local ISS.
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For the case L = oo, we derive, similarly, Hence, for ¢ given by (4.15) and for s =
10 270 (®) ooy > 1 we have

D" Vo (Taq (1) < ~[1Za0.q(0)loF + Coo(@l1a0.q (), 5 (N1(8) + Na(t))

Dc>07

where

M0 € (14 B Olow W90 7 )

No(t) < Eoo(1)Xoo ([[o0 (=10 [|220,4() [one )|y @) -
Since 04 € K then there exists 7, > 0 such that

1
Jolly + 3> foe = Cu (>oo<*_>go.5.
EN(E D)

Hence, for any ¢ € L : ||q|| oo ((to,t+¢),v) < ¢ and any xg : [|[2o]ly > 7o we have

D* Voo (a0.,q(1)) < l12a0,q() 315 (_0-5 + CooCo(@) Koo (q))

[E ) S

as long as ||xzy,q(t)|ly > Too, Where Yoo € K and a constant (., are properly defined.
Repeating the last part of the proof of Theorem 3.16 we derive practical ISS. W

Example 16. The system

. 0%z ox
(416) 1‘:@ <8z>$—,0”$HL2:E+$ +q, t>0, z€R, 33(0):1‘0,

is 0so-homogeneous in the co-limit with the degree 2, where X, Y and the dilation 0o are defined
as in Example 11, g € V= H'(R,R), 0(s) = €2°0(s), and foo(z,q) = (gﬁ) x — p||;v|| T +q.
By Theorem /.9 the system (16) is practically ISS.

ISS of a system homogeneous in the bi-limit can be studied the following

Corollary 4.10. Let conditions of Theorem 4.9 hold for both L =0 and L = co. The system
(2.1) is ISS provided that the unperturbed system (2.1) is globally uniformly asymptotically
stable. If additionally vy < 0 < vso then the system (2.1) is fixed-time ISS .

Proof. Theorem 4.6 gives

Moo +Voo

J— mo -+ ) h - -
DV (a0lt) < = (V50" g0,V 55 (100 ) + () s S0
—

as long as 7o < [|Z24,4()|| < Foo and g € L= : [[ql[ oo ((tg,t4¢),v) < @, Where € > 0 is arbitrary
small, the function ¢ — C(q) is defined in the proof of Theorem 3.16 and the parameters
0 < 7o < Too < +00 are defined in the proof of Theorem 4.9 such that V(x) = Vp(z) for
|lz|]ly < 7o and V(z) = V(z) for all ||z|ly > fe. Such a selection of 7y and 7, is always
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possible (see, the proof Theorem 4.6). The obtained inequality (as well as the properties of V'
and §)) implies that there exists x7, .. € K such that

mo+vg Moo +Voo

50" (2 (1)), VT mo,q(t)))

as long as max{70, X#o,is (9]l 250 (t0,t4¢),7) } < [ T20,4(t) || < Poo, Where € > 0 is arbitrary small.
The obtained inequality together with local and practical ISS proven by Theorem 4.9 yield
ISS of the system (2.1). W

DV (24 4(t)) < —0.5¢6 <v

5. Conclusions. In the paper, some important results, about stability and robustness
(ISS) of homogeneous and locally homogeneous systems known before for finite dimensional
dynamical systems (ODEs), are extended to a class of abstract evolution equations in Banach
spaces with unbounded nonlinear operators. Homogeneity of the system is understood in a
generalized sense as a symmetry with respect to a linear dilation being a strongly continu-
ous group of bounded linear operators satisfying certain limit property. All linear and some
nonlinear models of mathematical physics are homogeneous this sense, e.g., heat, wave, KdV,
Saint-Venant, Burgers and Navier-Stokes equations. It is shown that ISS of a homogeneous
and locally homogeneous system follows from uniform asymptotic stability of the unperturbed
system (see, Theorem 3.16, Theorem 4.9 and Corollary 4.10). Moreover, the homogeneity de-
gree of the system (or its homogeneous approximation) specifies the convergence rate (see,
Corollary 3.18, Theorem 4.4, Corollary 4.8). The obtained results may simply the stability
and robustness of nonlinear evolution equation in some cases. A few examples are given for
the viscous Burger equation and its modifications, but similar considerations can be repeated,
for example, for heat, wave and KdV equations and their nonlinear homogeneous modifica-
tions. All constructions are presented for a dynamical system in an abstract space under
Assumption 1, 2, which may be too restrictive for some concrete PDE models. For exam-
ple, the Saint-Venant equation being generalized homogeneous does not satisfy Assumption
1. An extension of the class of evolution equations allowing homogeneity-based stability and
robustness analysis seems to be a promising direction for the future research.

6. Appendix.

Lemma 6.1 (Existence of Solutions).

Let A : D(A) € X — X be closed densely defined linear operator which generates a
strongly continuous semigroup ® of linear bounded operators on X and f : Dy x V — X satisfy
Assumption 1. Let § > 1 be an arbitrary real number and

fs(x,q) = as(|z]lv)f(z,q), €Y, qeV
where as € C° (R4, R) such that as(s) =0 for s ¢ (1/(26),25) and as(s) =1 for s € [1/4,4].
Then for any o € Y and any q € L*([tg, +00),B) the initial value problem
(6.1) &= Az + f5(x,q), t>to z(to)=x0€Y

has a unique mild solution x° : [0, +00) — Y, which is continuous in Y and, for o € Ky(9),
coincides with the mild solution x5, of (2.1) as long as x4, (t) € Ky(6). Moreover, for any
xo € Y\{0} the system (2.1) has a mild solution xy,, which is uniquely defined as long as
0 < ||z, (B)]|y < +o0.
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Proof. For z; € X, 2o € X and g € V we have M 'z, M~'zy € Y and
I fs(M~ w1, q) — fs(M ™ g, q)llx =

las(|M " a[ly) £ (M a1, q) — as(| M s lv) f(M g, q) |1 <
las(||M " a||y) f (M~ a1, q) — as(|M ™ s ly) f(M 2, q)|[x+
las(|[M " aally) f(M ™ a1, q) — as(| M oo ly) f(M ™ g, q) |1 <
1F(M ™ 21, 0) |15 - las(|M 2 |ly) — as(| M~ aa|ly) |+
las(I|M " aally)| - || F(M a1, q) — F(M ™ s, q)|Ix =
IF(M 21, q)| - as(@)] - (1M 2 ly — 1M a2 |lv] +
las(| M~ @all)| - || £(M ™ a1, q) — F(M ™ 2, q)llx

where the mean value theorem is utilized with 6 € [min || M 12|y, max || M ~tz;|y], i = 1,2.

Notice that M~'z; € Ky(26) implies z; € Kx(2£5), where £ = 1 + |[M~Yx < +oo.
For any ¢ > 0, from local Lipschitz continuity of x — f(M~1x,q) in the first argument (see
Assumption 1), we conclude that Elfjg,q > 0 such that

If(M ™ x1,q) — f(M 29, q)||x < Lsgllar — m2||x
for all z1,x9 € Kx(2¢9), g € B(q) C V, and

sup If (M~ 2, q)|| < +o00.
(z,9)€Kx(2£0)x B(q)

Since a5 € C° then sup,cp |aj(s)| < +oo. Notice also M 1zy ¢ Ky (26) = as(||[M " 1zs|ly) =
0. Therefore, taking into account

M7y ly — M7 ao|lv] < [M 7z = 22)lly < (IM7H + 1)[ler — 22]x,

we conclude that  — fs(M 'z, q) satisfy the Lipschitz condition on X with the Lipschitz
constant

Lsq = Log + (IM Y| + 1) sup|aj(8)] - sup 1 (M, q)]| < +oo
ek (z,9) €K (2£6)x B(q)

for any ¢ € B(q). Given xg € Y let us consider the metric space

Z(t()) = M.’If(),
Z=<z e C(to,to + T],X) : sup  |[[z(t)[lx < +oo (>
te(to,to+T]

with T > 0 and the metric

penzm) = sup[aa(t) — (0]
te(to,to+T]
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Let us consider the operator F' defined as follows

t
(F2)(t) = ®(t — to) Mag + | M®(t —7)f5(M~'2(7), q(7))dr.
to
The function 7 — fs(M~12(7), ¢(7)) is Bochner integrable if and only if || fs(M ~tz(-),q("))]|
is Lebesgue integrable. Since z € C([to,to + T],B), g € L>((to,to +T),V) then M-regularity
in the first argument and continuity in the second argument of f implies f(M~1z(-),q(-)) €
L*((to,to +T),B) and S : Z — Z. Indeed, for ¢ € B(q) we have

I(E2) ()l < [[@(¢ = to)llx - | Mxollx+

/tHM‘I’(t =)l - (Ifs(M ™ 2(7),a(7) = £5(0,9(7))llx + [ f5(0,q(7) ) dr

t
< K| Maollx + Lag / w(t — 7)||(r) |x dr
to

where k = supcjo s [P(F)llx < +oo and w(t — 1) > |M®(t — 7)[x (see Assumption 1).
Taking into account integrability of w on [0,T], for any g € L>®((to,to +T),V) : ||¢llcc < @
and any z € C([to,to + T, X) we derive

sup  [[(Fz)(t)|x < 4o0.
te[to,t0+T}

To complete the proof let us show that the operator F' : Z — Z has the unique fixed point
F(z*) = z* with z* € Z. For any 21, 22 € Z we have

1F(21) () — F(22) ()]l é/ w(t =) fs(M ™ 21(7), a(7)) = f5(M ™ 2a(7), a(7))llxcdr

to

t—to T
§/ w(o)do  sup ||z1(7)) — 22(7))||x < <L5,q/ w(a)da> p(z1, 22).
0 tE[toJo—‘rT] 0
Since fOT w(o)do — 0asT — 0 then for a sufficiently small T > 0 we have p = Ls 5 foTw(U)da <
1 and
IFE(z10)(t) = F*(20) () 1x < nfplar, @), k=1,2,....

Using the contraction principle (Banach Fixed Point Theorem) we deduce the existence of a
unique fixed point z* of the operator F' in Z, which corresponds to a mild solution z° := M ~1z*
of the nonlinear system (6.1). Indeed, using Assumption 1 we derive

() = M712*(t) = M~1®(t — to) Mz + M1 tMCI)(t — 1) fs(M~12*(1),q(7))dT =

B(t — to)zo + / B(t — ) f3(25(r), q(r))dr.

to

Notice also z°(t) = M~'2*(t) € Y for all t € [to, to + T).
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The solution z° can be prolonged for all t > to. Suppose the converse, i.e exists t; € R

such that [|29(t)||y — +oo as t — t;. In this case, | M~12*(t)|ly — 400 as t — t; and there
exists t' € (to,t1) such that |[M~12*(t)|ly > 20 for all ¢t € (¢,#1). The latter implies that
fs(M~12%(t),q(t)) = 0 for all t € (¥',¢1) and

() = ®(t —to)Mz*(t') and  20(t) = B(t — to)a®(t'), Yt > [t/ t).

Since ® is a Cp-semigroup of linear bounded operators on B then sup ||[®(s)|lx < +o0
s€[0,t1—t']

provided that t; — ' < +oo. Hence, we conclude limsup,_,;, [|[z°(t)|ly < +o0.

Finally, if 29 € Ky(8) then, obviously, the mild solution 2 is the unique mild solution
of (2.1) as long as 2(t) = M~'2*(t) € Ky(6). Finally, [|2°(t + h) — z(t)|ly = ||[M ' (z*(t +
h) — 2*(t)||x + [|2*(t + h) — 2*(t)||x,t > to,h > 0 then the continuity of z in X implies the
continuity of z° in Y. Tending § — +0o we complete the proof. W

Corollary 6.2 (Continuous dependence of initial data).  If all conditions of Lemma 6.1 are
fulfilled then for any T > 0 and any q > 0 there exists LsTg > 0 such that for all x1,22 €Y
and all g € L>®((tg, +00),V) : ||q|lcc < g one has

122, .4(t) = 22,4 Dllv < Lomgller — @2y, vt € [to,to + T

1,9 2,9

where xiivq(t) is a mild solution of (6.1) with x(ty) = z;.

Proof. Since
29, 4 () = 25, ,()lx < 12— to)|Ix - 1 — wa2llx+

/t Rt = 7)1 - 1f5(22, 4(7), a(7)) = f5(22, (T), (7)) l1xdr

then using Lipschitz continuity of f5(M~!., q), we derive

t
125, 4(t) = 22, o (1)l < Kllz1 — z2]lx + kLé,q/t 1Mag, o(7) = Mag, o(7)|lxdr,
0

where k := sup,cp, 7, [|®(s)[x < +oc. On the other hand, we have

MzS (t) =z (t) = ®(t —to) Mz + tM<I>(t — ) fs(M™12: (1), q(1))dr,i=1,2,

i g iq iq
to
for any ¢ € L*°((0,7),V) : ||q]lcc < g, where z* is defined in the proof of Lemma 6.1. Hence,

1M a5, o (t) = Mag, o(8)l|x < bl May — Mas||x+

z1,9 x2,q

t

t 1Mt — 1)l 1 fs(M T 23, (1), a(7) = fs(M 25, o(7), (7)) [[xdr <

x1,9 2,9

t
E||Mxy — Maxs||x + LM/ wt—7)- |M7t2E (1) = M2 (7)|xdr <
to
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t
k|Mzy — Maxo|x + La,q/ w(t =7) - |43, o(7) = 22, 4(7)|xdr,
to

where w(t —7) > ||M®(t — 7)||x (see, Assumption 1). Using the above estimates we derive

t
122, 4(t) = 22, o (0)lly < Kllz1 — 2l + La,q/t (k +w(t = 7))ll23, o(7) = 23, o(7)[lvdr.
0

Hence, using the Gronwall-Bellman inequality we derive

for all t € [to,to + T]. Taking Ls 7 := kLo Jio

[1]

2]

[9]

[10]
[11]

[12]
[13]

[14]

Lso [ (k —7))d
123, (1) — a8, (O)]lv < ke oI EFEDAT 0oy

to+T B
(ktw=m))dr o complete the proof. M

References.

V. Andrieu, L. Praly, and A. Astolfi. Homogeneous Approximation, Recursive Observer
Design, and Output Feedback. SIAM Journal of Control and Optimization, 47(4):1814—
1850, 2008.

E. Bernuau, D. Efimov, W. Perruquetti, and A. Polyakov. On homogeneity and its
application in sliding mode control. Journal of The Franklin Institute, 351(4):1866-1901,
2014.

E. Bernuau, A. Polyakov, D. Efimov, and W. Perruquetti. Verification of ISS, iISS and
IOSS properties applying weighted homogeneity. System € Control Letters, 62(12):1159—
1167, 2013.

S. P. Bhat and D. S. Bernstein. Geometric homogeneity with applications to finite-time
stability. Mathematics of Control, Signals and Systems, 17:101-127, 2005.

S.P. Bhat and D.S. Bernstein. Finite time stability of continuous autonomous systems.
SIAM J. Control Optim., 38(3):751-766, 2000.

J.-M. Coron and L. Praly. Adding an integrator for the stabilization problem. Systems
& Control Letters, 17(2):89-104, 1991.

J. Dolbeault, M.J. Esteban, A. Laptev, and M. Loss. One-dimensional gagliardo—
nirenberg—sobolev inequalities: remarks on duality and flows. Journal of the London
Magthematical Society, 90(10):525-550, 2014.

K.-J. Engel and R. Nagel. One-Parameter Semigroups for Linear Evolution Equations.
Springer Verlag: Berlin, Heidelberg, New York, 2000.

A. F. Filippov. Differential Equations with Discontinuous Right-hand Sides. Kluwer
Academic Publishers, 1988.

V. Fischer and M. Ruzhansky. Quantization on Nilpotent Lie Groups. Springer, 2016.
L. Griine. Homogeneous state feedback stabilization of homogeneous systems. SIAM
Journal of Control and Optimization, 38(4):1288-1308, 2000.

H. Hermes. Nilpotent approximations of control systems and distributions. SIAM Journal
of Control and Optimization, 24(4):731, 1986.

Y. Hong. H,, control, stabilization, and input-output stability of nonlinear systems with
homogeneous properties. Automatica, 37(7):819-829, 2001.

Y. Hong, Z. Jiang, and G. Feng. Finite-time input-to-state stability and applications to
finite-time control design. SIAM Journal on Control and Optimization, 48(7):4395-4418,
2010.



HOMOGENEOUS APPROXIMATIONS OF EVOLUTION EQUATIONS 37

[15]

[16]

[26]
[27]

[28]

L.S. Husch. Topological Characterization of The Dilation and The Translation in Frechet
Spaces. Mathematical Annals, 190:1-5, 1970.

B. Jayawardhana, H. Logemann, and Ryan E.P. Infinite-dimensional feedback systems:
the circle criterion and input-to-state stability. Communications in Information and
Systems, 8:403-404, 2008.

I. Karafyllis and M. Krstic. Input-to-State Stability for PDEs. Springer, 2018.

M. Kawski. Homogeneous stabilizing feedback laws. Control Theory and Advanced Tech-
nology, 6(4):497-516, 1990.

M. Kawski. Families of dilations and asymptotic stability. Analysis of Controlled Dy-
namical Systems, pages 285—294, 1991.

V. V. Khomenuk. On systems of ordinary differential equations with generalized ho-
mogenous right-hand sides. Izvestia vuzov. Mathematica (in Russian), 3(22):157-164,
1961.

A. Levant. Homogeneity approach to high-order sliding mode design. Automatica,
41(5):823-830, 2005.

F. Lopez-Ramirez, D. Efimov, A. Polyakov, and W. Perruquetti. Finite-time and fixed-
time input-to-state stability: Explicit and implicit approaches. Systems & Control Let-
ters, 144:104775, 2020.

F. Lopez-Ramirez, A. Polyakov, D. Efimov, and W. Perruquetti. Finite-time and fixed-
time observer design: Implicit Lyapunov function approach. Automatica, 87(1):52-60,
2018.

A. M. Lyapunov. The general problem of the stability of motion. Taylor & Francis, 1992.
F. Mazenc and C. Prieur. Strict Lyapunov functions for semilinear parabolic partial
differential equations. Mathematical Control and Related Fields, AIMS,, 1(2):231-250,
2011.

A. Mironchenko and C. Prieur. Input-to-state stability of infinite dimensional systems:
Recent results and open questions. SIAM Review, 62(3):529-614., 2020.

A. Mironchenko and F. Wirth. Non-coercive lyapunov functions for infinite-dimensional
systems. Journal of Differential Equations, 2019.

H. Nakamura, Y. Yamashita, and H. Nishitani. Smooth Lyapunov functions for homoge-
neous differential inclusions. In Proceedings of the 41st SICE Annual Conference, pages
1974-1979, 2002.

E. Noether. “invariante variationsprobleme,”. Kgl. Ges. d. Wiss. Nachrichten, Math.-
phys. Klasse (In German), pages 235-257, 1918.

Y. Orlov. Finite time stability and robust control synthesis of uncertain switched systems.
SIAM Journal of Control and Optimization, 43(4):1253-1271, 2005.

A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions. Springer, 1983.

W. Perruquetti, T. Floquet, and E. Moulay. Finite-time observers: application to secure
communication. IEEE Transactions on Automatic Control, 53(1):356-360, 2008.

A. Polyakov. Nonlinear feedback design for fixed-time stabilization of linear control
systems. IEEE Transactions on Automatic Control, 57(8):2106-2110, 2012.

A. Polyakov. Sliding mode control design using canonical homogeneous norm. Interna-
tional Journal of Robust and Nonlinear Control, 29(3):682-701, 2018.



38

[35]
[36]

A. POLYAKOV

A. Polyakov. Generalized Homogeneity in Systems and Control. Springer, 2020.

A. Polyakov. Homogeneous Lyapunov Functions for Homogeneous Infinite Dimen-
sional Systems with Unbounded Nonlinear Operators. Systems € Control Letters,
148(2):104854, 2021.

A. Polyakov. Input-to-State Stability of Homogeneous Infinite Dimensional Systems with
Locally Lipschitz Nonlinearities. Automatica, 129:109615, 2021.

A. Polyakov, J.-M. Coron, and L. Rosier. On homogeneous finite-time control for
linear evolution equation in hilbert space. IEEFE Transactions on Automatic Control,
63(9):3143-3150, 2018.

A. Polyakov, D. Efimov, E. Fridman, and W. Perruquetti. On homogeneous distributed
parameters equations. IEEE Transactions on Automatic Control, 61(11):3657-3662, 2016.
L. Rosier. Homogeneous Lyapunov function for homogeneous continuous vector field.
Systems € Control Letters, 19:467-473, 1992.

E.P. Ryan. Universal stabilization of a class of nonlinear systems with homogeneous
vector fields. Systems & Control Letters, 26:177-184, 1995.

Y. Song, Y. Wang, J. Holloway, and M. Krstic. Time-varying feedback for regulation of
normal-form nonlinear systems in prescribed finite time. Automatica, 83:243-251, 2017.
E.D. Sontag. Smooth stabilization implies coprime factorization. IEEE Transactions on
Automatic Control, 34:435-443, 1989.

E.D. Sontag. Input to state stability: Basic concepts and results. In P. P. Nistri and
G. Stefani, editors, Nonlinear and Optimal Control Theory, pages 163-220. Springer-
Verlag, Berlin, 2007.

E.D. Sontag and Y. Wang. On characterizations of the input-to-state stability property.
Systems € Control Letters, 24(5):351-359, 1996.

E. Stein. Singular Integrals and Differentiability Properties of Functions. Princeton
University Press, 190.

M. Tucsnak and G. Weiss. Observation and Control for Operator Semigroups. Birkhauser,
2009.

V.I. Zubov. On systems of ordinary differential equations with generalized homogenous
right-hand sides. Izvestia vuzov. Mathematica (in Russian), 1:80-88, 1958.



	Introduction
	Model Description, Basic Assumptions and Main Results
	Homogeneous Systems
	Dilations in Banach Spaces
	Homogeneous Spheres, Balls and Cones
	Monotone dilations
	The canonical homogeneous norm
	Homogeneous operators
	Symmetry of solutions of homogeneous systems
	Homogeneous Lyapunov function theorem
	Homogeneous systems with perturbations

	Homogeneous Approximations
	Definition and basic properties
	Stability analysis by means of homogeneous approximations
	ISS analysis based on homogeneous approximations

	Conclusions
	Appendix

