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CROSS-SCALE EXCITABILITY IN NETWORKS
OF QUADRATIC INTEGRATE-AND-FIRE NEURONS.

DANIELE AVITABILE∗, MATHIEU DESROCHES† , AND G. BARD ERMENTROUT‡

Abstract. From the action potentials of neurons and cardiac cells to the amplification of
calcium signals in oocytes, excitability is a hallmark of many biological signalling processes. In recent
years, excitability in single cells has been related to multiple-timescale dynamics through canards,
special solutions which determine the effective thresholds of the all-or-none responses. However, the
emergence of excitability in large populations remains an open problem. Here, we show that the
mechanisms of excitability in an infinite heterogeneous population of coupled quadratic integrate
and fire (QIF) cells maintains echoes of the mechanism for the individual components. We exploit
the Ott-Antonsen ansatz to derive low-dimensional dynamics for the coupled network and use it
to describe the structure of canards via slow periodic forcing. We demonstrate that the thresholds
for onset and offset of population firing can be found in the same way as those of the single cell.
We combine theoretical and numerical analysis to develop a novel and comprehensive framework for
excitability in large populations.

Key words. slow-fast dynamics, bursting, mean-field limit, Ott-Antonsen ansatz, QIF neurons,
canards

1. Introduction. Excitability is a fundamental all-or-none property of many
living cells including neurons 1. It manifests itself by a very nonlinear response to a
sufficiently strong external input leading to the emission an action potential before
going back to a rest state, whereas any weaker input has no effect on the cell other
than a small fluctuation of the membrane potential around its equilibrium value.
The concept of excitability is well known to biologists, in particular through the
existence of a non-observable boundary in the response space marking the abrupt
transition from rest to spike. However, while the geometry of single-cell excitability
is well understood [20], the idea of population excitability (for example in a network
of coupled neurons) has been far less studied. What makes a population respond
normally (such as in working memory tasks [3]) or abnormally (such as in seizures
and other pathologies [12]) is a critical question in neuroscience.

Most biophysical and phenomenological models of class II membranes [10] —
Hodgkin-Huxley (HH), FitzHugh-Nagumo (FHN), Morris-Lecar (ML)— share similar
geometrical features and their excitability threshold is shaped through the intrinsic
slow-fast dynamics of these models. In particular, in planar models of HH, FHN or
ML type, and some three-dimensional ones, the best approximation of the excitability
threshold is given by so-called canard solutions [5, 15, 23], which follow the repelling
middle branch of the cubic nullcline (nullsurface in 3D) of the model. In single cells,
canard solutions underpin complex biological rhythms [22], organise transitions from
resting to spiking states [16], and from spiking to bursting regimes [13].

The canonical class I excitable systems such as the QIF neuron models, and equiv-
alently the theta-neuron models [9], do not intrinsically possess multiple timescales.
Nevertheless slow periodic forcing can bring out a bursting rhythm in theta neu-
rons and the threshold to bursting dynamics is again formed by canard solutions [6].
Networks of QIF neurons are capable of generating similar bursting rhythms upon
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periodic input [17, 21], so the question of network excitability and threshold comes
naturally in this context.

In this work, we provide a novel approach to the question of population excitability
by showing that the geometry of excitability at the microscopic level scales up to
large networks, involving similar key objects related to the slow-fast nature of the
system. We build on the results by Ott and Antonsen [18] in the case of dense (all-
to-all) networks of QIF neurons, with randomly distributed constant inputs following
a heavy-tail (Lorentzian) distribution. For this network there exists a simple mean-
field limit, namely an ODE [4, 8, 14, 19]. We show that excitability in large networks
of this type is organised via canards in the very same way that it is at the mean-
field limit, and we showcase these results computationally by exhibiting an accurate
approximation of the network threshold for networks of size N = 105. Thus, the
geometry of excitability in QIF neural networks beautifully persists across scales.
However, for large-enough networks (and up to the mean-field limit) it only reveals
itself once we consider the correct macroscopic variables, namely the firing rate and
the mean membrane potential. This is in contrast to the single-neuron level where
there is no rate and hence the slow-fast variables endowed with this excitable geometry
only encompass the membrane potential.

Our results reveal that canards form an interface for excitable transitions, from
down network states (neural population silent phase) up to network bursting —as
observed in [17] but without explanation of the threshold transition— as well as for
the dual transitions from up network states (neural population tonic firing) down
to network bursting which was not reported before and involves the same canard
geometry and dynamics.

2. QIF Network model. We study a network of N all-to-all coupled QIF neu-
rons. The ith neuron is characterised by the membrane potential Vi, the synaptic
variable si, and is subject to both a background current ηi, and an external, zero-mean
current I(t) = A sin(εt), leading to the following evolution equations, for 1 6 i 6 N ,

(2.1) V ′i = V 2
i + ηi + I(t) +

J

N

N∑
j=1

sj , s′i = −si/τs.

We refer to the sum Ki = ηi + I(t), as the external input (or simply input) to the ith
cell. The ODEs above hold between two consecutive firing times: these are the finite,
computable times at which a membrane potential in the network diverges to +∞ 2.
Each time this condition is met by Vi we: (i) stop the simulation, (ii) reset Vi to −∞,
(iii) send a spike to all synapses, whose values are instantaneously incremented by an
amount 1/N ; (iv) restart the simulation of (2.1) from these updated initial conditions.
This system is ideally suited to study excitability across scales because: (i) we can
analyse and compare single cell-dynamics, N = 1, network dynamics N � 1, and
mean-field dynamics N →∞; (ii) one can switch from constant input currents (ε = 0)
to slowly-varying, oscillatory currents (0 < ε � 1) in order to uncover transitions
between various cellular regimes.

2.1. Single-neuron excitability. Let us set N = 1, ε = 0, and examine a QIF
neuron with self-coupled synapse [2], subject to a constant input current K1 = η1
(see Figure 1(a,b)). When 0 < τs � 1 and Jτs is sufficiently large, the cell supports

2Using the transformation Vi = tan θi/2, one arrives at θ′i = 1− cos θi + (1 + cos θi)
[
I(t) + ηi +

J
N

∑N
j=1 sj

]
, s′i = −si/τs, and computes a firing event when θi crosses the value π/2 from below.
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Fig. 4.1. Two examples depicting the destabilisation of a TW 3 state. The initial network state
are the wave profiles corresponding to solutions ofProblem 3.9for m= 3 at (a)= 1 7and( b)
= 1 7. 5.P arametersasinT able2.1, d omainh alf-
widthL= 4 andn etworks izen =1 000. T hefiring functions {⌧ j } are plotted for reference. Perturbations of the typẽ⌧ j (x) = ⌧j (x) + "g j (x) grow
as time increases, and lead to the destabilisation of the firing pattern into a stable (a) TW 2 and (b)
TW 1.

points {⇠k } . In passing, we note that this procedure is much cheaper than a standard
travelling wave computation for PDEs, which requires the solution of a boundary!
value problem, and hence a discretisation of di↵erential operators onR. Depending
on the particular choice of↵ andw, the profile⌫ m is either written in closed form, as
is the case for the choices(2.3) , or approximated using standard quadrature rules.

A concrete calculation is presented inFigure 3.1, where weshowtravellingwave
profiles and speeds of a TW5 and a TW20. In passing, we note that the synaptic
profile of a TWm at a given time is similar to a bump, but displays modulations at
the core (visible inFigure 3.1), as predicted by the Heaviside switches in(3.11) .

Remark 3.10.Figure 3.1shows that profiles with⌫ m (cTj ) = 1 propagate with
positive speed, and this does not contradict the numerical simulations inFigure 2.2,
where solutions profiles withv m (x,⌧j (x) ) = 1 propagate withnegative speed. This
is a consequence of choosing⇠ =ctx ( asi n[ 23] ),h encei nitialc onditionsf ort het ime
simulations are obtained by reflecting⌫m about they axis, sincev m (x, 0) =⌫m (x ).

4. Wave Stability.

DA: There is an important aspect to discuss here. So far we have requestedw to be even
and such that

R1
1 |w(y)|e⌘ydy <1 . It bothers me a bit thatw has to be even, as

this theory should work for all sucientlyf astd ecayingw( eveno rn ot).I to ccurst o
me that the only place where we now use the fact thatw is even isEquation (4.5) .
If that is true we can remove from the hypothesis the evenness ofw , and require thatR1
1 |w(y)|e⌘| y| dy <1 , that use use a slightly di↵erently weighted function space. This
would make the proof work, but we have to be sure that we don’t use evenness else-
where. What do you think? Do you think we use it inProposition 3.8 , perhaps?

Lemma 4.1(Linearisation of the voltage mapping).Assume Hypothesis3.1, and
let (c, T ) be the coarse variables of a TWm with firing functions⌧. Further, letL be
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ct
an

(V
1
)

<latexit sha1_base64="9sqzZq1XxB0ZsjUDDzXtgy2WteI=">AAAB7XicbVDLSgMxFM3UV62vqjvdBFvBjWWmpUy7K7hxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmE4H8XXgwuGce7n3Hj9iVGnb/rBya+sbm1v57cLO7t7+QfHwqKtELDHpYMGE7PtIEUY56WiqGelHkqDQZ6Tnz66Wfu+eSEUFv9XziHghmnAaUIy0kbqX5WFEy6Niya7YKeBf4mSkBDK0R8X34VjgOCRcY4aUGjh2pL0ESU0xI4vCMFYkQniGJmRgKEchUV6SXruA50YZw0BIU1zDVP0+kaBQqXnom84Q6an67S3F/7xBrIOGl1AexZpwvFoUxAxqAZevwzGVBGs2NwRhSc2tEE+RRFibgAppCE7VdeuO+b3ZbLr12orYtcZXCN1qxalX7JtqqXWSxZEHp+AMXAAHuKAFrkEbdAAGd+ABPIFnS1iP1ov1umrNWdnMMfgB6+0TkYGOng==</latexit>

-⇡

<latexit sha1_base64="tsBIH8SZCTKjzfNERtBIsYWPh9E=">AAAB7HicbVBNa8JAEJ3YL2u/bHtrL6Fa6EkSRaI3oZceLTQqaJDNutHFzSbsbgoS/A299NBSeu0P6q3/pmsMpV8PBh7vzTAzz48ZlcqyPozCxubW9k5xt7S3f3B4VD4+6ckoEZi4OGKRGPhIEkY5cRVVjAxiQVDoM9L359crv39PhKQRv1OLmHghmnIaUIyUltzqKKbVcbli1awM5l9i56QCObrj8vtoEuEkJFxhhqQc2lasvBQJRTEjy9IokSRGeI6mZKgpRyGRXpoduzQvtTIxg0jo4srM1O8TKQqlXIS+7gyRmsnf3kr8zxsmKmh5KeVxogjH60VBwkwVmavPzQkVBCu20ARhQfWtJp4hgbDS+ZSyEOy64zRt/Xu73XaajTWxGq2vEHr1mt2sWbf1Sucsj6MI53ABV2CDAx24gS64gIHCAzzBs8GNR+PFeF23Fox85hR+wHj7BCeAjmc=</latexit>

⇡

<latexit sha1_base64="eWKyzkQWyGb7k29Lqg72MayHLRI=">AAAB6nicbVDLSsNAFL3xWeur6k43wVZwVSYtJe2u4MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N0zaIrwMXDufcy733+DFnSiP0Ya2tb2xubed28rt7+weHhaPjjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96dXC795TqVgk7vQspl6Ix4IFjGBtpNsSKg0LRVRGS9h/iZORImRoDQvvg1FEkpAKTThWqu+gWHsplpoRTuf5QaJojMkUj2nfUIFDqrx0eercvjDKyA4iaUpoe6l+n0hxqNQs9E1niPVE/fYW4n9eP9FB3UuZiBNNBVktChJu68he/G2PmKRE85khmEhmbrXJBEtMtEknvwzBqbhuzTG/NxoNt1ZdEVStf4XQqZSdWhndVIrN0yyOHJzBOVyCAy404Rpa0AYCY3iAJ3i2uPVovVivq9Y1K5s5gR+w3j4BT4eNTg==</latexit>

0

<latexit sha1_base64="gxX8mDobyPk3n8oaHUGtrTP0qDo=">AAAB+HicbVDLSsNAFJ3UV62PRt3pJtgKdVOSlJJ2V3DjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmkaxNeBC4dz7uXee/yYEiFN80MrbGxube8Ud0t7+weHZf3ouC+ihCPcQxGN+NCHAlPCcE8SSfEw5hiGPsUDf3618gd3mAsSsVu5iLEbwikjAUFQKsnTy1V7DDmSkNX6nnVZ9fSKWTczGH+JlZMKyNH19PfxJEJJiJlEFAoxssxYuinkkiCKl6VxInAM0RxO8UhRBkMs3DQ7fGlcKGViBBFXxaSRqd8nUhgKsQh91RlCORO/vZX4nzdKZNByU8LiRGKG1ouChBoyMlYpGBPCMZJ0oQhEnKhbDTSDHCKpsiplIVi24zQt9Xu73XaajTUxG62vEPp23WrWzRu70jnN4yiCM3AOasACDuiAa9AFPYBAAh7AE3jW7rVH7UV7XbcWtHzmBPyA9vYJyWeSBQ==</latexit> 2
ar

ct
an

(V
1
)

<latexit sha1_base64="8zGbxY9jpPKk8B6Mwxp7Tyy1mZk=">AAAB7HicbVDLSsNAFJ34rPVVdaebwVZwVSatJe2u4MZlBdMW2lAm00k7dDIJMxOhhH6DGxeKuPWD3Pk3TtMgvg5cOJxzL/fe48ecKY3Qh7W2vrG5tV3YKe7u7R8clo6OuypKJKEuiXgk+z5WlDNBXc00p/1YUhz6nPb82fXS791TqVgk7vQ8pl6IJ4IFjGBtJLdyhVBlVCqjKsoA/xI7J2WQozMqvQ/HEUlCKjThWKmBjWLtpVhqRjhdFIeJojEmMzyhA0MFDqny0uzYBbwwyhgGkTQlNMzU7xMpDpWah77pDLGeqt/eUvzPGyQ6aHopE3GiqSCrRUHCoY7g8nM4ZpISzeeGYCKZuRWSKZaYaJNPMQvBrjlOwza/t1otp1FfEVRvfoXQrVXtRhXd1srt0zyOAjgD5+AS2MABbXADOsAFBDDwAJ7AsyWsR+vFel21rln5zAn4AevtEzI8jcY=</latexit>

400
<latexit sha1_base64="Yl5azSEiEGm9awtmzeKmWhMU2JM=">AAAB7HicbVDLasJAFJ3Yl7Uv2+7azVAtdCUTRaI7oZsuLTQqaJDJONHBySTMTAoS/IZuumgp3faDuuvfdIyh9HXgwuGce7n3Hj/mTGmEPqzCxubW9k5xt7S3f3B4VD4+6akokYS6JOKRHPhYUc4EdTXTnA5iSXHoc9r359crv39PpWKRuNOLmHohngoWMIK1kdxqG6HquFxBNZQB/iV2TiogR3dcfh9NIpKEVGjCsVJDG8XaS7HUjHC6LI0SRWNM5nhKh4YKHFLlpdmxS3hplAkMImlKaJip3ydSHCq1CH3TGWI9U7+9lfifN0x00PJSJuJEU0HWi4KEQx3B1edwwiQlmi8MwUQycyskMywx0SafUhaCXXecpm1+b7fbTrOxJqjR+gqhV6/ZzRq6rVc6Z3kcRXAOLsAVsIEDOuAGdIELCGDgATyBZ0tYj9aL9bpuLVj5zCn4AevtEznfjcs=</latexit>

900
<latexit sha1_base64="jGM9KaJo2b867o8s/S2ktzSFyuk=">AAAB7XicbVDLSgMxFM3UV62vqjvdDLaCq5JpLdPuCm5cVrAPaIeSSTNtbCYZkoxQhv6DGxeKuPV/3Pk3ptNBfB24cDjnXu69x48YVRrCDyu3tr6xuZXfLuzs7u0fFA+PukrEEpMOFkzIvo8UYZSTjqaakX4kCQp9Rnr+7Grp9+6JVFTwWz2PiBeiCacBxUgbqVt2LiEsj4olWIEp7L/EyUgJZGiPiu/DscBxSLjGDCk1cGCkvQRJTTEji8IwViRCeIYmZGAoRyFRXpJeu7DPjTK2AyFNcW2n6veJBIVKzUPfdIZIT9Vvbyn+5w1iHTS8hPIo1oTj1aIgZrYW9vJ1e0wlwZrNDUFYUnOrjadIIqxNQIU0BKfqunXH/N5sNt16bUVgrfEVQrdaceoVeFMttU6yOPLgFJyBC+AAF7TANWiDDsDgDjyAJ/BsCevRerFeV605K5s5Bj9gvX0ColSOAQ==</latexit>

1400
<latexit sha1_base64="EMpGDGp+VzmgoMkhavwlGWRUWog=">AAAB63icbVDLSsNAFL2pr1pfVXe6GSyCq5K0lLS7ghuXFewD2lAm00k7dGYSZiZCCf0FNy4UcesPufNvTNMgvg5cOJxzL/fe40ecaWPbH1ZhY3Nre6e4W9rbPzg8Kh+f9HQYK0K7JOShGvhYU84k7RpmOB1EimLhc9r359crv39PlWahvDOLiHoCTyULGMEmk5ig43LFrtoZ0F/i5KQCOTrj8vtoEpJYUGkIx1oPHTsyXoKVYYTTZWkUaxphMsdTOkypxIJqL8luXaLLVJmgIFRpSYMy9ftEgoXWC+GnnQKbmf7trcT/vGFsgqaXMBnFhkqyXhTEHJkQrR5HE6YoMXyREkwUS29FZIYVJiaNp5SF4NRct+Gkv7daLbdRXxO73vwKoVerOo2qfVurtM/yOIpwDhdwBQ640IYb6EAXCMzgAZ7g2RLWo/Viva5bC1Y+cwo/YL19Ak4Mjo8=</latexit>

time

<latexit sha1_base64="9sqzZq1XxB0ZsjUDDzXtgy2WteI=">AAAB7XicbVDLSgMxFM3UV62vqjvdBFvBjWWmpUy7K7hxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmE4H8XXgwuGce7n3Hj9iVGnb/rBya+sbm1v57cLO7t7+QfHwqKtELDHpYMGE7PtIEUY56WiqGelHkqDQZ6Tnz66Wfu+eSEUFv9XziHghmnAaUIy0kbqX5WFEy6Niya7YKeBf4mSkBDK0R8X34VjgOCRcY4aUGjh2pL0ESU0xI4vCMFYkQniGJmRgKEchUV6SXruA50YZw0BIU1zDVP0+kaBQqXnom84Q6an67S3F/7xBrIOGl1AexZpwvFoUxAxqAZevwzGVBGs2NwRhSc2tEE+RRFibgAppCE7VdeuO+b3ZbLr12orYtcZXCN1qxalX7JtqqXWSxZEHp+AMXAAHuKAFrkEbdAAGd+ABPIFnS1iP1ov1umrNWdnMMfgB6+0TkYGOng==</latexit>

-⇡

<latexit sha1_base64="tsBIH8SZCTKjzfNERtBIsYWPh9E=">AAAB7HicbVBNa8JAEJ3YL2u/bHtrL6Fa6EkSRaI3oZceLTQqaJDNutHFzSbsbgoS/A299NBSeu0P6q3/pmsMpV8PBh7vzTAzz48ZlcqyPozCxubW9k5xt7S3f3B4VD4+6ckoEZi4OGKRGPhIEkY5cRVVjAxiQVDoM9L359crv39PhKQRv1OLmHghmnIaUIyUltzqKKbVcbli1awM5l9i56QCObrj8vtoEuEkJFxhhqQc2lasvBQJRTEjy9IokSRGeI6mZKgpRyGRXpoduzQvtTIxg0jo4srM1O8TKQqlXIS+7gyRmsnf3kr8zxsmKmh5KeVxogjH60VBwkwVmavPzQkVBCu20ARhQfWtJp4hgbDS+ZSyEOy64zRt/Xu73XaajTWxGq2vEHr1mt2sWbf1Sucsj6MI53ABV2CDAx24gS64gIHCAzzBs8GNR+PFeF23Fox85hR+wHj7BCeAjmc=</latexit>

⇡

<latexit sha1_base64="eWKyzkQWyGb7k29Lqg72MayHLRI=">AAAB6nicbVDLSsNAFL3xWeur6k43wVZwVSYtJe2u4MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N0zaIrwMXDufcy733+DFnSiP0Ya2tb2xubed28rt7+weHhaPjjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96dXC795TqVgk7vQspl6Ix4IFjGBtpNsSKg0LRVRGS9h/iZORImRoDQvvg1FEkpAKTThWqu+gWHsplpoRTuf5QaJojMkUj2nfUIFDqrx0eercvjDKyA4iaUpoe6l+n0hxqNQs9E1niPVE/fYW4n9eP9FB3UuZiBNNBVktChJu68he/G2PmKRE85khmEhmbrXJBEtMtEknvwzBqbhuzTG/NxoNt1ZdEVStf4XQqZSdWhndVIrN0yyOHJzBOVyCAy404Rpa0AYCY3iAJ3i2uPVovVivq9Y1K5s5gR+w3j4BT4eNTg==</latexit>

0

<latexit sha1_base64="gxX8mDobyPk3n8oaHUGtrTP0qDo=">AAAB+HicbVDLSsNAFJ3UV62PRt3pJtgKdVOSlJJ2V3DjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmkaxNeBC4dz7uXee/yYEiFN80MrbGxube8Ud0t7+weHZf3ouC+ihCPcQxGN+NCHAlPCcE8SSfEw5hiGPsUDf3618gd3mAsSsVu5iLEbwikjAUFQKsnTy1V7DDmSkNX6nnVZ9fSKWTczGH+JlZMKyNH19PfxJEJJiJlEFAoxssxYuinkkiCKl6VxInAM0RxO8UhRBkMs3DQ7fGlcKGViBBFXxaSRqd8nUhgKsQh91RlCORO/vZX4nzdKZNByU8LiRGKG1ouChBoyMlYpGBPCMZJ0oQhEnKhbDTSDHCKpsiplIVi24zQt9Xu73XaajTUxG62vEPp23WrWzRu70jnN4yiCM3AOasACDuiAa9AFPYBAAh7AE3jW7rVH7UV7XbcWtHzmBPyA9vYJyWeSBQ==</latexit> 2
ar

ct
an

(V
1
)

<latexit sha1_base64="l5kZCzYDBk2wUTRj6b4GK5ooo0w=">AAAB7HicbVDLSsNAFJ3UV62vqjvdDLaCq5KkhLS7ghuXFUxbaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOE2D+Dpw4XDOvdx7T5AwKpVpfhiljc2t7Z3ybmVv/+DwqHp80pNxKjDxcMxiMQiQJIxy4imqGBkkgqAoYKQfzK9Xfv+eCEljfqcWCfEjNOU0pBgpLXl12zHr42rNbJg54F9iFaQGCnTH1ffRJMZpRLjCDEk5tMxE+RkSimJGlpVRKkmC8BxNyVBTjiIi/Sw/dgkvtTKBYSx0cQVz9ftEhiIpF1GgOyOkZvK3txL/84apClt+RnmSKsLxelGYMqhiuPocTqggWLGFJggLqm+FeIYEwkrnU8lDsGzXdSz9e7vddp3mmpjN1lcIPbthOQ3z1q51zoo4yuAcXIArYAEXdMAN6AIPYEDBA3gCzwY3Ho0X43XdWjKKmVPwA8bbJzbMjck=</latexit>

250
<latexit sha1_base64="kUizuotWTE90D9MfLR4yE7RnZfU=">AAAB7HicbVDLasJAFJ3Yl7Uv2+7azVAtdCUTJUR3QjddWmhU0CCTcdTBySTMTAoS/IZuumgp3faDuuvfdIyh9HXgwuGce7n3niDmTGmEPqzCxubW9k5xt7S3f3B4VD4+6aookYR6JOKR7AdYUc4E9TTTnPZjSXEYcNoL5tcrv3dPpWKRuNOLmPohngo2YQRrI3nVhoOqo3IF1VAG+JfYOamAHJ1R+X04jkgSUqEJx0oNbBRrP8VSM8LpsjRMFI0xmeMpHRgqcEiVn2bHLuGlUcZwEklTQsNM/T6R4lCpRRiYzhDrmfrtrcT/vEGiJ00/ZSJONBVkvWiScKgjuPocjpmkRPOFIZhIZm6FZIYlJtrkU8pCsOuu69jm91ar5TqNNUGN5lcI3XrNdmrotl5pn+VxFME5uABXwAYuaIMb0AEeIICBB/AEni1hPVov1uu6tWDlM6fgB6y3TzhTjco=</latexit>

350
<latexit sha1_base64="wUWUsPBWFbw8HdUpEKZfYTpRrbU=">AAAB7HicbVDLSsNAFJ34rPVVdaebwVZwVSatIe2u4MZlBdMW2lAm02k7dDIJMxOhhH6DGxeKuPWD3Pk3TtMgvg5cOJxzL/feE8ScKY3Qh7W2vrG5tV3YKe7u7R8clo6OOypKJKEeiXgkewFWlDNBPc00p71YUhwGnHaD2fXS795TqVgk7vQ8pn6IJ4KNGcHaSF7lykGVYamMqigD/EvsnJRBjvaw9D4YRSQJqdCEY6X6Noq1n2KpGeF0URwkisaYzPCE9g0VOKTKT7NjF/DCKCM4jqQpoWGmfp9IcajUPAxMZ4j1VP32luJ/Xj/R44afMhEnmgqyWjROONQRXH4OR0xSovncEEwkM7dCMsUSE23yKWYh2DXXdWzze7PZdJ36iqB64yuETq1qO1V0Wyu3TvM4CuAMnINLYAMXtMANaAMPEMDAA3gCz5awHq0X63XVumblMyfgB6y3Tznajcs=</latexit>

450
<latexit sha1_base64="EMpGDGp+VzmgoMkhavwlGWRUWog=">AAAB63icbVDLSsNAFL2pr1pfVXe6GSyCq5K0lLS7ghuXFewD2lAm00k7dGYSZiZCCf0FNy4UcesPufNvTNMgvg5cOJxzL/fe40ecaWPbH1ZhY3Nre6e4W9rbPzg8Kh+f9HQYK0K7JOShGvhYU84k7RpmOB1EimLhc9r359crv39PlWahvDOLiHoCTyULGMEmk5ig43LFrtoZ0F/i5KQCOTrj8vtoEpJYUGkIx1oPHTsyXoKVYYTTZWkUaxphMsdTOkypxIJqL8luXaLLVJmgIFRpSYMy9ftEgoXWC+GnnQKbmf7trcT/vGFsgqaXMBnFhkqyXhTEHJkQrR5HE6YoMXyREkwUS29FZIYVJiaNp5SF4NRct+Gkv7daLbdRXxO73vwKoVerOo2qfVurtM/yOIpwDhdwBQ640IYb6EAXCMzgAZ7g2RLWo/Viva5bC1Y+cwo/YL19Ak4Mjo8=</latexit>

time

<latexit sha1_base64="9sqzZq1XxB0ZsjUDDzXtgy2WteI=">AAAB7XicbVDLSgMxFM3UV62vqjvdBFvBjWWmpUy7K7hxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmE4H8XXgwuGce7n3Hj9iVGnb/rBya+sbm1v57cLO7t7+QfHwqKtELDHpYMGE7PtIEUY56WiqGelHkqDQZ6Tnz66Wfu+eSEUFv9XziHghmnAaUIy0kbqX5WFEy6Niya7YKeBf4mSkBDK0R8X34VjgOCRcY4aUGjh2pL0ESU0xI4vCMFYkQniGJmRgKEchUV6SXruA50YZw0BIU1zDVP0+kaBQqXnom84Q6an67S3F/7xBrIOGl1AexZpwvFoUxAxqAZevwzGVBGs2NwRhSc2tEE+RRFibgAppCE7VdeuO+b3ZbLr12orYtcZXCN1qxalX7JtqqXWSxZEHp+AMXAAHuKAFrkEbdAAGd+ABPIFnS1iP1ov1umrNWdnMMfgB6+0TkYGOng==</latexit>

-⇡

<latexit sha1_base64="tsBIH8SZCTKjzfNERtBIsYWPh9E=">AAAB7HicbVBNa8JAEJ3YL2u/bHtrL6Fa6EkSRaI3oZceLTQqaJDNutHFzSbsbgoS/A299NBSeu0P6q3/pmsMpV8PBh7vzTAzz48ZlcqyPozCxubW9k5xt7S3f3B4VD4+6ckoEZi4OGKRGPhIEkY5cRVVjAxiQVDoM9L359crv39PhKQRv1OLmHghmnIaUIyUltzqKKbVcbli1awM5l9i56QCObrj8vtoEuEkJFxhhqQc2lasvBQJRTEjy9IokSRGeI6mZKgpRyGRXpoduzQvtTIxg0jo4srM1O8TKQqlXIS+7gyRmsnf3kr8zxsmKmh5KeVxogjH60VBwkwVmavPzQkVBCu20ARhQfWtJp4hgbDS+ZSyEOy64zRt/Xu73XaajTWxGq2vEHr1mt2sWbf1Sucsj6MI53ABV2CDAx24gS64gIHCAzzBs8GNR+PFeF23Fox85hR+wHj7BCeAjmc=</latexit>

⇡

<latexit sha1_base64="eWKyzkQWyGb7k29Lqg72MayHLRI=">AAAB6nicbVDLSsNAFL3xWeur6k43wVZwVSYtJe2u4MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N0zaIrwMXDufcy733+DFnSiP0Ya2tb2xubed28rt7+weHhaPjjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96dXC795TqVgk7vQspl6Ix4IFjGBtpNsSKg0LRVRGS9h/iZORImRoDQvvg1FEkpAKTThWqu+gWHsplpoRTuf5QaJojMkUj2nfUIFDqrx0eercvjDKyA4iaUpoe6l+n0hxqNQs9E1niPVE/fYW4n9eP9FB3UuZiBNNBVktChJu68he/G2PmKRE85khmEhmbrXJBEtMtEknvwzBqbhuzTG/NxoNt1ZdEVStf4XQqZSdWhndVIrN0yyOHJzBOVyCAy404Rpa0AYCY3iAJ3i2uPVovVivq9Y1K5s5gR+w3j4BT4eNTg==</latexit>

0

<latexit sha1_base64="gxX8mDobyPk3n8oaHUGtrTP0qDo=">AAAB+HicbVDLSsNAFJ3UV62PRt3pJtgKdVOSlJJ2V3DjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmkaxNeBC4dz7uXee/yYEiFN80MrbGxube8Ud0t7+weHZf3ouC+ihCPcQxGN+NCHAlPCcE8SSfEw5hiGPsUDf3618gd3mAsSsVu5iLEbwikjAUFQKsnTy1V7DDmSkNX6nnVZ9fSKWTczGH+JlZMKyNH19PfxJEJJiJlEFAoxssxYuinkkiCKl6VxInAM0RxO8UhRBkMs3DQ7fGlcKGViBBFXxaSRqd8nUhgKsQh91RlCORO/vZX4nzdKZNByU8LiRGKG1ouChBoyMlYpGBPCMZJ0oQhEnKhbDTSDHCKpsiplIVi24zQt9Xu73XaajTUxG62vEPp23WrWzRu70jnN4yiCM3AOasACDuiAa9AFPYBAAh7AE3jW7rVH7UV7XbcWtHzmBPyA9vYJyWeSBQ==</latexit> 2
ar

ct
an

(V
1
)

<latexit sha1_base64="UPjjrE2qs4hYoU+su68jaRxKbRY=">AAAB7XicbVDLSgMxFM3UV62vqjvdDLaCG4dMS2m7K7hxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmE4H8XXgwuGce7n3Hj9iVGkIP6zc2vrG5lZ+u7Czu7d/UDw86ioRS0w6WDAh+z5ShFFOOppqRvqRJCj0Gen5s6ul37snUlHBb/U8Il6IJpwGFCNtpO5lGTpueVQsQQemsP8SNyMlkKE9Kr4PxwLHIeEaM6TUwIWR9hIkNcWMLArDWJEI4RmakIGhHIVEeUl67cI+N8rYDoQ0xbWdqt8nEhQqNQ990xkiPVW/vaX4nzeIddDwEsqjWBOOV4uCmNla2MvX7TGVBGs2NwRhSc2tNp4iibA2ARXSENxKvV5zze/NZrNeq64IrDa+QuhWHLfmwJtKqXWSxZEHp+AMXAAX1EELXIM26AAM7sADeALPlrAerRfrddWas7KZY/AD1tsnlJqN+A==</latexit>
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Fig. 1. (a,b): Sketch (not to scale) of the bifurcation diagram of steady states (curve) and
periodic solutions (cylinder) of a single QIF neuron (N = 1 in Eq. (2.1)) subject to a constant input
K1 = η1 (ε = 0). A stable quiescent state (down state) coexists with a stable tonic firing solution
(up state), separated by an unstable equilibrium (dashed curve). A homoclinic bifurcation is present
when K1 = h. An intrinsically bistable cell ((a), K1 = η1 ∈ (h, 0)), selects the up or down state
depending on initial conditions. An intrinsically tonic cell ((b), K1 = η1 > 0) displays solely the
firing solution (up state). (c,d): When 0 < ε� 1, K1(t) = η1 +A sin(εt) becomes a slowly varying
quantity, oscillating around the value of η1 (ellipses on the K1 axes), and transitions between the up
and the down phases become possible. (c): The onset between phases is determined by a continuum
of special solutions, that follow for some time the unstable middle state (canard solutions); in the
bistable regime they appear in the down-down (green), down-up (purple), up-down (red), and up-up
(cyan) transitions. (d): When K1(t) oscillates around a tonic value η1 > 0, canards are possible
as up-up and up-down transitions, but not vice-versa. (e): Time profiles of two solutions, in the
bistable regime with slow input K1(t), displaying a down-down and down-up transition, containing
a canard segment (1–2). (f): Time profiles of two solutions in the tonic regime, with slow input
K1(t), displaying an up-up and up-down transition, containing a canard segment (3–4). (g,h): The
solutions in (e,f) are plotted in the variables (V1,K1), and superimposed on the curve of equilibria
of the ε = 0 system (grey parabola), providing evidence of the scenarios sketched in (c,d), with
canards labeled 1–2 and 3–4 in all diagrams, and part of the orbits greyed out to enhance visibility.
Parameters in (e,g): ε = 0.01, J = 6, τs = 0.3, η1 = −0.2, A = 0.20318 (down-down) and
A = 0.20319 (down-up). Parameters in (f,h): ε = 0.01 J = 6, τs = 0.3 η1 = 0.5, A = 0.59472
(up-up) and A = 0.59473 (up-down).
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Fig. 2. Network where the currents ηi are randomly distributed (bottom panels), hence some
neurons are bistable (blue) and others are tonic (red), with average η. The ε = 0 equilibria lie
on S-shaped curve (grey). The up state is no longer a periodic orbit as in Figure 1, but a high-
voltage, high-rate equilibrium. The geometry of excitability, however, persists when ε� 1, and K(t)
oscillates slowly around η. We sketch examples of down-down, and down-up transitions when the
distribution is bistable on average ((a), η < 0), and of up-up and up-down transitions when the
distribution is tonic on average ((b), η > 0). When A� η synchronous firing occurs near the upper
branch of the S-shaped curve.

two characteristic coexisting attracting states: an equilibrium (down state), and a
periodic solution with tonic firing (up state), separated by an intermediate unstable
equilibrium. The equilibria belong to a curve which folds when the input is null;
periodic solutions collide with unstable equilibria at a homoclinic bifurcation, when
the input equals h.

For ε = 0 and η1 ∈ (h, 0) in (2.1) (intrinsically bistable regime), the initial
conditions determine whether the voltage is attracted to the down state, or to the
up state (Figure 1(a)); the threshold is given by the middle unstable state. When
η1 > 0, the only attractor is the periodic solution, hence the cell is intrinsically
tonic (Figure 1(b)). We are interested in how the cell (and later on, the network)
transitions from the rest state to the repetitive firing state, and how the two states
are concatenated together to form a bursting state. In a standard QIF model without
synapses (J = 0), there is no bistability (the up state is to the right of the fold): this
changes some of the waveforms supported by the cell, but not the mechanisms we aim
to describe, namely the bursting transitions between down and up states [6].

To study these transitions, one sets ε > 0 small and hence examines slow forc-
ing [10,20], as sketched in Figure 1(c,d). This causes the input to oscillate around the
mean value η1, as represented by the small ellipses on the horizontal axes. The exact
dynamics of the system depends on A, the amplitude of the input oscillations, and one
can construct a great variety of solutions where up and down states alternate. Some
trajectories stand out, in that they signal the onset or termination of a phase. With
reference to Figure 1(c), small-amplitude forcing with average η1 ∈ (h, 0) causes the
cell to oscillate around its rest state; these are subthreshold oscillations, which stick to
the down state at all times; a temporal profile of this solution is given in Figure 1(e)
obtained for A = 0.20318, ε = 0.01 (green). Upon increasing A to 0.20319, we find
a bursting state (purple curve). This remarkably sharp transition is determined by
a continuum of solutions, which follow the branch of unstable states for increasingly
longer times (segments 1–2), before jumping to the down state, or to the up state.
These counter-intuitive orbits contain canard segments (marked with colors and num-
bers in panel (c)), occur in a narrow region of parameters, and form a computable
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interface between subthreshold oscillations (down-down orbits) and bursting states
(down-up orbits). Canard orbits are also present in the transition from modulated
spiking to bursting states (up-up and up-down orbits, segments 3–4 in Figure 1(c)).
If a cell is intrinsically tonic we find up-up and up-down orbits with canards Fig-
ure 1(d,f,h), whereas it is possible to prove that down-down and down-up canards
cannot exist, that is, the transition at the fold is a jump. The orbits described above
capture excitability transitions at a single-cell level.

2.2. Network Excitability. Having reviewed single-cell excitability, we turn to
network excitability. We consider the network (2.1), together with reset conditions,
subject to random background currents: ηi are taken from the Lorentzian distribution
with density g(η) = ∆/(π(η − η̄)2 + π∆2), hence the network is heterogeneous, with
some neurons in the bistable regimes, and others in the tonic regime. However, the
network average will turn out to play a role: if η̄ < 0 (η̄ > 0) the distribution is
said to be bistable (tonic) on average. For N →∞, there is a well-known mean-field
limit [7, 17] for the coupled system:

(2.2)

r′ = ∆/π + 2rv,

v′ = v2 − πr2 + Js+ η̄ + I(t),

s′ = (−s+ r)/τs,

where r, v, s are the mean firing rate, mean membrane potential, and mean synaptic
current, respectively. It is important to remark that the mean-field limit introduces a
new quantity, the population firing rate, r [7] that is not a part of the single or finite
system of equations. It emerges in the limit as N →∞ of the microscopic model (2.1).
As seen in Figure 2, when ε = 0, hence K(t) ≡ η, the equilibria of the system lie on
an S-shaped curve. The down state is a configuration in which all neurons are close
to rest (quiescent network state), whereas the up state corresponds to asynchronous
network tonic firing (an averaged version of the tonic state in Figure 1). The up state
can be a stable focus away from the fold and have complex eigenvalues. Between these
two stable fixed points is an unstable (saddle) point that serves as a separatrix between
the two stable states. Remarkably, when 0 < ε� 1, the geometry of excitability still
persists in this macroscopic description, and transitions are now determined by the
average η of the distributions. We now show that the transitions of the mean field and
of the network directly parallel the transitions of the single neuron model, involving
the same canard types.

2.2.1. QIF network with bistable average. In Fig. 3(b) we show a simulation
with ε = 0.05, η̄ = −15.1 for two different values of the maximum amplitude of the
stimulus, A, superimposed on the S-shaped curve of equilibrium for ε = 0 (grey). One
trajectory (green) follows the down state, along the bottom branch. The trajectory
hugs the unstable branch of fixed points (the canard segment) past the fold F−, and
then jumps down. Small changes in A result in a divergence from the down-down
(green) to the down-up (purple) states. By varying continuously A one can find a
trajectory that follows the unstable branch up to F+ (not shown). This trajectory
acts as an excitability threshold, separating down-down from down-up orbits.

The qualitative difference between the two behaviors is more striking in the time
traces of the two curves, shown in Fig. 3(a), where the transition to the up state
is accompanied by a burst while for the smaller input, there is just a subthreshold
oscillation. The reason for the burst is that the up state is a stable spiral for a range of
input values. We will later show that this transition is determined by a folded-saddle
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3

<latexit sha1_base64="Cei3I2iezmGjrQPNKQLqg8vi9kA=">AAAB8nicbVDLSsNAFJ34rPVVdaebwSK4KklLSbsruHFZwT6gDWUynbRDJ5kwcyOW0M9w40IRt36NO//GaRrE14ELh3Pu5d57/FhwDbb9Ya2tb2xubRd2irt7+weHpaPjrpaJoqxDpZCq7xPNBI9YBzgI1o8VI6EvWM+fXS393h1TmsvoFuYx80IyiXjAKQEjDYbA7sEP0kAvRqWyXbEz4L/EyUkZ5WiPSu/DsaRJyCKggmg9cOwYvJQo4FSwRXGYaBYTOiMTNjA0IiHTXpqdvMAXRhnjQCpTEeBM/T6RklDreeibzpDAVP/2luJ/3iCBoOGlPIoTYBFdLQoSgUHi5f94zBWjIOaGEKq4uRXTKVGEgkmpmIXgVF237pjfm82mW6+tiF1rfIXQrVacesW+qZZbp3kcBXSGztElcpCLWugatVEHUSTRA3pCzxZYj9aL9bpqXbPymRP0A9bbJwINkeA=</latexit>

fs

<latexit sha1_base64="WE3+gxYgYI8HYNOZFiTLNhfxIU8=">AAAB6nicbVDLSsNAFL3xWeur6k43wSIIQklaS9pdQRCXFe0D2lgm00k7dDIJMxOhhH6CGxeKuPWL3Pk3TtMgvg5cOJxzL/fe40WMSmVZH8bS8srq2npuI7+5tb2zW9jbb8swFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHm1zM/c49EZKG/FZNI+IGaMSpTzFSWrq5vDsbFIpWyUph/iV2RoqQoTkovPeHIY4DwhVmSMqebUXKTZBQFDMyy/djSSKEJ2hEeppyFBDpJumpM/NEK0PTD4UursxU/T6RoEDKaeDpzgCpsfztzcX/vF6s/JqbUB7FinC8WOTHzFShOf/bHFJBsGJTTRAWVN9q4jESCCudTj4NwS47TtXWv9frdadaWRCrUvsKoV0u2dWSdX1ebBxmceTgCI7hFGxwoAFX0IQWYBjBAzzBs8GMR+PFeF20LhnZzAH8gPH2CdR1jac=</latexit>

F+

<latexit sha1_base64="rp+EjcsAd+lSvQKe8b4UpvNKLKg=">AAAB6nicbVDLSsNAFL3xWeur6k43wSK4sSStJe2uIIjLivYBbSyT6aQdOpmEmYlQQj/BjQtF3PpF7vwbp2kQXwcuHM65l3vv8SJGpbKsD2NpeWV1bT23kd/c2t7ZLeztt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTS7mfueeCElDfqumEXEDNOLUpxgpLd1c3p0NCkWrZKUw/xI7I0XI0BwU3vvDEMcB4QozJGXPtiLlJkgoihmZ5fuxJBHCEzQiPU05Coh0k/TUmXmilaHph0IXV2aqfp9IUCDlNPB0Z4DUWP725uJ/Xi9Wfs1NKI9iRTheLPJjZqrQnP9tDqkgWLGpJggLqm818RgJhJVOJ5+GYJcdp2rr3+v1ulOtLIhVqX2F0C6X7GrJuj4vNg6zOHJwBMdwCjY40IAraEILMIzgAZ7g2WDGo/FivC5al4xs5gB+wHj7BNd9jak=</latexit>

F�

<latexit sha1_base64="w54+K1fTMGWvY2OO9wbdxoLpF0c=">AAAB7HicbVDLSsNAFJ3UV62vqjvdDLaCq5C0hLS7ghuXFUxbaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOE2D+Dpw4XDOvdx7T5AwKpVlfRiljc2t7Z3ybmVv/+DwqHp80pNxKjDxcMxiMQiQJIxy4imqGBkkgqAoYKQfzK9Xfv+eCEljfqcWCfEjNOU0pBgpLXl1y3Tq42rNMq0c8C+xC1IDBbrj6vtoEuM0IlxhhqQc2lai/AwJRTEjy8oolSRBeI6mZKgpRxGRfpYfu4SXWpnAMBa6uIK5+n0iQ5GUiyjQnRFSM/nbW4n/ecNUhS0/ozxJFeF4vShMGVQxXH0OJ1QQrNhCE4QF1bdCPEMCYaXzqeQh2A3XdWz9e7vddp3mmljN1lcIvYZpO6Z126h1zoo4yuAcXIArYAMXdMAN6AIPYEDBA3gCzwY3Ho0X43XdWjKKmVPwA8bbJzCtjcU=</latexit>

0.5

<latexit sha1_base64="ZCZptDZKGtqjWqCemNjZVNpGKr4=">AAAB63icbVDLSsNAFJ3UV62vqjvdDLaCq5KklLS7ghuXFewD2lAm02k7dGYSZiZCCf0FNy4UcesPufNvnKRBfB24cDjnXu69J4gYVdq2P6zCxubW9k5xt7S3f3B4VD4+6akwlph0cchCOQiQIowK0tVUMzKIJEE8YKQfLK5Tv39PpKKhuNPLiPgczQSdUox0KlUdtzouV+yanQH+JU5OKiBHZ1x+H01CHHMiNGZIqaFjR9pPkNQUM7IqjWJFIoQXaEaGhgrEifKT7NYVvDTKBE5DaUpomKnfJxLElVrywHRypOfqt5eK/3nDWE+bfkJFFGsi8HrRNGZQhzB9HE6oJFizpSEIS2puhXiOJMLaxFPKQnBcz2s45vdWq+U16mti15tfIfTcmtOo2bdupX2Wx1EE5+ACXAEHeKANbkAHdAEGc/AAnsCzxa1H68V6XbcWrHzmFPyA9fYJwkONiw==</latexit>

12

<latexit sha1_base64="8loKCRFBjDYE13i0QAYaziFXlJ8=">AAAB63icbVDLSsNAFJ3UV62vqjvdBFvBVZmklLS7ghuXFewD2lAm02k7dGYSZiZCCf0FNy4UcesPufNvnKRBfB24cDjnXu69J4gYVRrCD6uwsbm1vVPcLe3tHxwelY9PeiqMJSZdHLJQDgKkCKOCdDXVjAwiSRAPGOkHi+vU798TqWgo7vQyIj5HM0GnFCOdSlUXVsflCqzBDPZf4uSkAnJ0xuX30STEMSdCY4aUGjow0n6CpKaYkVVpFCsSIbxAMzI0VCBOlJ9kt67sS6NM7GkoTQltZ+r3iQRxpZY8MJ0c6bn67aXif94w1tOmn1ARxZoIvF40jZmtQzt93J5QSbBmS0MQltTcauM5kghrE08pC8FxPa/hmN9brZbXqK8JrDe/Qui5NadRg7dupX2Wx1EE5+ACXAEHeKANbkAHdAEGc/AAnsCzxa1H68V6XbcWrHzmFPyA9fYJwL+Nig==</latexit>

20

<latexit sha1_base64="Cei3I2iezmGjrQPNKQLqg8vi9kA=">AAAB8nicbVDLSsNAFJ34rPVVdaebwSK4KklLSbsruHFZwT6gDWUynbRDJ5kwcyOW0M9w40IRt36NO//GaRrE14ELh3Pu5d57/FhwDbb9Ya2tb2xubRd2irt7+weHpaPjrpaJoqxDpZCq7xPNBI9YBzgI1o8VI6EvWM+fXS393h1TmsvoFuYx80IyiXjAKQEjDYbA7sEP0kAvRqWyXbEz4L/EyUkZ5WiPSu/DsaRJyCKggmg9cOwYvJQo4FSwRXGYaBYTOiMTNjA0IiHTXpqdvMAXRhnjQCpTEeBM/T6RklDreeibzpDAVP/2luJ/3iCBoOGlPIoTYBFdLQoSgUHi5f94zBWjIOaGEKq4uRXTKVGEgkmpmIXgVF237pjfm82mW6+tiF1rfIXQrVacesW+qZZbp3kcBXSGztElcpCLWugatVEHUSTRA3pCzxZYj9aL9bpqXbPymRP0A9bbJwINkeA=</latexit>

fs

<latexit sha1_base64="WE3+gxYgYI8HYNOZFiTLNhfxIU8=">AAAB6nicbVDLSsNAFL3xWeur6k43wSIIQklaS9pdQRCXFe0D2lgm00k7dDIJMxOhhH6CGxeKuPWL3Pk3TtMgvg5cOJxzL/fe40WMSmVZH8bS8srq2npuI7+5tb2zW9jbb8swFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHm1zM/c49EZKG/FZNI+IGaMSpTzFSWrq5vDsbFIpWyUph/iV2RoqQoTkovPeHIY4DwhVmSMqebUXKTZBQFDMyy/djSSKEJ2hEeppyFBDpJumpM/NEK0PTD4UursxU/T6RoEDKaeDpzgCpsfztzcX/vF6s/JqbUB7FinC8WOTHzFShOf/bHFJBsGJTTRAWVN9q4jESCCudTj4NwS47TtXWv9frdadaWRCrUvsKoV0u2dWSdX1ebBxmceTgCI7hFGxwoAFX0IQWYBjBAzzBs8GMR+PFeF20LhnZzAH8gPH2CdR1jac=</latexit>

F+

<latexit sha1_base64="rp+EjcsAd+lSvQKe8b4UpvNKLKg=">AAAB6nicbVDLSsNAFL3xWeur6k43wSK4sSStJe2uIIjLivYBbSyT6aQdOpmEmYlQQj/BjQtF3PpF7vwbp2kQXwcuHM65l3vv8SJGpbKsD2NpeWV1bT23kd/c2t7ZLeztt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTS7mfueeCElDfqumEXEDNOLUpxgpLd1c3p0NCkWrZKUw/xI7I0XI0BwU3vvDEMcB4QozJGXPtiLlJkgoihmZ5fuxJBHCEzQiPU05Coh0k/TUmXmilaHph0IXV2aqfp9IUCDlNPB0Z4DUWP725uJ/Xi9Wfs1NKI9iRTheLPJjZqrQnP9tDqkgWLGpJggLqm818RgJhJVOJ5+GYJcdp2rr3+v1ulOtLIhVqX2F0C6X7GrJuj4vNg6zOHJwBMdwCjY40IAraEILMIzgAZ7g2WDGo/FivC5al4xs5gB+wHj7BNd9jak=</latexit>

F�

<latexit sha1_base64="WE3+gxYgYI8HYNOZFiTLNhfxIU8=">AAAB6nicbVDLSsNAFL3xWeur6k43wSIIQklaS9pdQRCXFe0D2lgm00k7dDIJMxOhhH6CGxeKuPWL3Pk3TtMgvg5cOJxzL/fe40WMSmVZH8bS8srq2npuI7+5tb2zW9jbb8swFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHm1zM/c49EZKG/FZNI+IGaMSpTzFSWrq5vDsbFIpWyUph/iV2RoqQoTkovPeHIY4DwhVmSMqebUXKTZBQFDMyy/djSSKEJ2hEeppyFBDpJumpM/NEK0PTD4UursxU/T6RoEDKaeDpzgCpsfztzcX/vF6s/JqbUB7FinC8WOTHzFShOf/bHFJBsGJTTRAWVN9q4jESCCudTj4NwS47TtXWv9frdadaWRCrUvsKoV0u2dWSdX1ebBxmceTgCI7hFGxwoAFX0IQWYBjBAzzBs8GMR+PFeF20LhnZzAH8gPH2CdR1jac=</latexit>

F+
<latexit sha1_base64="rp+EjcsAd+lSvQKe8b4UpvNKLKg=">AAAB6nicbVDLSsNAFL3xWeur6k43wSK4sSStJe2uIIjLivYBbSyT6aQdOpmEmYlQQj/BjQtF3PpF7vwbp2kQXwcuHM65l3vv8SJGpbKsD2NpeWV1bT23kd/c2t7ZLeztt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTS7mfueeCElDfqumEXEDNOLUpxgpLd1c3p0NCkWrZKUw/xI7I0XI0BwU3vvDEMcB4QozJGXPtiLlJkgoihmZ5fuxJBHCEzQiPU05Coh0k/TUmXmilaHph0IXV2aqfp9IUCDlNPB0Z4DUWP725uJ/Xi9Wfs1NKI9iRTheLPJjZqrQnP9tDqkgWLGpJggLqm818RgJhJVOJ5+GYJcdp2rr3+v1ulOtLIhVqX2F0C6X7GrJuj4vNg6zOHJwBMdwCjY40IAraEILMIzgAZ7g2WDGo/FivC5al4xs5gB+wHj7BNd9jak=</latexit>

F�

<latexit sha1_base64="Cei3I2iezmGjrQPNKQLqg8vi9kA=">AAAB8nicbVDLSsNAFJ34rPVVdaebwSK4KklLSbsruHFZwT6gDWUynbRDJ5kwcyOW0M9w40IRt36NO//GaRrE14ELh3Pu5d57/FhwDbb9Ya2tb2xubRd2irt7+weHpaPjrpaJoqxDpZCq7xPNBI9YBzgI1o8VI6EvWM+fXS393h1TmsvoFuYx80IyiXjAKQEjDYbA7sEP0kAvRqWyXbEz4L/EyUkZ5WiPSu/DsaRJyCKggmg9cOwYvJQo4FSwRXGYaBYTOiMTNjA0IiHTXpqdvMAXRhnjQCpTEeBM/T6RklDreeibzpDAVP/2luJ/3iCBoOGlPIoTYBFdLQoSgUHi5f94zBWjIOaGEKq4uRXTKVGEgkmpmIXgVF237pjfm82mW6+tiF1rfIXQrVacesW+qZZbp3kcBXSGztElcpCLWugatVEHUSTRA3pCzxZYj9aL9bpqXbPymRP0A9bbJwINkeA=</latexit>

fs

<latexit sha1_base64="WE3+gxYgYI8HYNOZFiTLNhfxIU8=">AAAB6nicbVDLSsNAFL3xWeur6k43wSIIQklaS9pdQRCXFe0D2lgm00k7dDIJMxOhhH6CGxeKuPWL3Pk3TtMgvg5cOJxzL/fe40WMSmVZH8bS8srq2npuI7+5tb2zW9jbb8swFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHm1zM/c49EZKG/FZNI+IGaMSpTzFSWrq5vDsbFIpWyUph/iV2RoqQoTkovPeHIY4DwhVmSMqebUXKTZBQFDMyy/djSSKEJ2hEeppyFBDpJumpM/NEK0PTD4UursxU/T6RoEDKaeDpzgCpsfztzcX/vF6s/JqbUB7FinC8WOTHzFShOf/bHFJBsGJTTRAWVN9q4jESCCudTj4NwS47TtXWv9frdadaWRCrUvsKoV0u2dWSdX1ebBxmceTgCI7hFGxwoAFX0IQWYBjBAzzBs8GMR+PFeF20LhnZzAH8gPH2CdR1jac=</latexit>

F+
<latexit sha1_base64="rp+EjcsAd+lSvQKe8b4UpvNKLKg=">AAAB6nicbVDLSsNAFL3xWeur6k43wSK4sSStJe2uIIjLivYBbSyT6aQdOpmEmYlQQj/BjQtF3PpF7vwbp2kQXwcuHM65l3vv8SJGpbKsD2NpeWV1bT23kd/c2t7ZLeztt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTS7mfueeCElDfqumEXEDNOLUpxgpLd1c3p0NCkWrZKUw/xI7I0XI0BwU3vvDEMcB4QozJGXPtiLlJkgoihmZ5fuxJBHCEzQiPU05Coh0k/TUmXmilaHph0IXV2aqfp9IUCDlNPB0Z4DUWP725uJ/Xi9Wfs1NKI9iRTheLPJjZqrQnP9tDqkgWLGpJggLqm818RgJhJVOJ5+GYJcdp2rr3+v1ulOtLIhVqX2F0C6X7GrJuj4vNg6zOHJwBMdwCjY40IAraEILMIzgAZ7g2WDGo/FivC5al4xs5gB+wHj7BNd9jak=</latexit>

F�

<latexit sha1_base64="rV358u5PzJVv3UaQaFwW1tbFKjE=">AAAB7XicbVDLSsNAFJ3UV62vqjvdDLaCG0OSEtruCm5cVrAPaEOZTCft2EkmzEyEEvoPblwo4tb/ceffOE2D+Dpw4XDOvdx7jx8zKpVlfRiFtfWNza3idmlnd2//oHx41JU8EZh0MGdc9H0kCaMR6SiqGOnHgqDQZ6Tnz66Wfu+eCEl5dKvmMfFCNIloQDFSWupWLx3TrY7KFcu0MsC/xM5JBeRoj8rvwzHHSUgihRmScmBbsfJSJBTFjCxKw0SSGOEZmpCBphEKifTS7NoFPNfKGAZc6IoUzNTvEykKpZyHvu4MkZrK395S/M8bJCpoeCmN4kSRCK8WBQmDisPl63BMBcGKzTVBWFB9K8RTJBBWOqBSFoLt1OuurX9vNpt1t7YiVq3xFULXMW3XtG6cSuskj6MITsEZuAA2qIMWuAZt0AEY3IEH8ASeDW48Gi/G66q1YOQzx+AHjLdPnbON/g==</latexit>�2.5

<latexit sha1_base64="AnviAL/R2OLGv+6eUrfOCxfj9V0=">AAAB7HicbVDLSsNAFJ34rPVVdaebwVZwY5m0lLS7ghuXFUxbaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOE2D+Dpw4XDOvdx7jx9zpjRCH9ba+sbm1nZhp7i7t39wWDo67qookYS6JOKR7PtYUc4EdTXTnPZjSXHoc9rzZ9dLv3dPpWKRuNPzmHohnggWMIK1kdzKlY0qo1IZVVEG+JfYOSmDHJ1R6X04jkgSUqEJx0oNbBRrL8VSM8LpojhMFI0xmeEJHRgqcEiVl2bHLuCFUcYwiKQpoWGmfp9IcajUPPRNZ4j1VP32luJ/3iDRQdNLmYgTTQVZLQoSDnUEl5/DMZOUaD43BBPJzK2QTLHERJt8ilkIds1xGrb5vdVqOY36iqB68yuEbq1qN6rotlZun+ZxFMAZOAeXwAYOaIMb0AEuIICBB/AEni1hPVov1uuqdc3KZ07AD1hvnykRjcA=</latexit>�10
<latexit sha1_base64="AnviAL/R2OLGv+6eUrfOCxfj9V0=">AAAB7HicbVDLSsNAFJ34rPVVdaebwVZwY5m0lLS7ghuXFUxbaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOE2D+Dpw4XDOvdx7jx9zpjRCH9ba+sbm1nZhp7i7t39wWDo67qookYS6JOKR7PtYUc4EdTXTnPZjSXHoc9rzZ9dLv3dPpWKRuNPzmHohnggWMIK1kdzKlY0qo1IZVVEG+JfYOSmDHJ1R6X04jkgSUqEJx0oNbBRrL8VSM8LpojhMFI0xmeEJHRgqcEiVl2bHLuCFUcYwiKQpoWGmfp9IcajUPPRNZ4j1VP32luJ/3iDRQdNLmYgTTQVZLQoSDnUEl5/DMZOUaD43BBPJzK2QTLHERJt8ilkIds1xGrb5vdVqOY36iqB68yuEbq1qN6rotlZun+ZxFMAZOAeXwAYOaIMb0AEuIICBB/AEni1hPVov1uuqdc3KZ07AD1hvnykRjcA=</latexit>�10

<latexit sha1_base64="JhwIgXJV5cHoDRH+Pr2GnUy1SJk=">AAAB63icbVDLSsNAFJ34rPVVdaebwVZwY0laStpdwY3LCvYBbSiT6aQdOjMJMxOhhP6CGxeKuPWH3Pk3TtIgvg5cOJxzL/fe40eMKm3bH9ba+sbm1nZhp7i7t39wWDo67qkwlph0cchCOfCRIowK0tVUMzKIJEHcZ6Tvz69Tv39PpKKhuNOLiHgcTQUNKEY6lSpX9cq4VLardgb4lzg5KYMcnXHpfTQJccyJ0JghpYaOHWkvQVJTzMiyOIoViRCeoykZGioQJ8pLsluX8MIoExiE0pTQMFO/TySIK7XgvunkSM/Uby8V//OGsQ6aXkJFFGsi8GpREDOoQ5g+DidUEqzZwhCEJTW3QjxDEmFt4ilmITg112045vdWq+U26iti15tfIfRqVadRtW9r5fZpHkcBnIFzcAkc4II2uAEd0AUYzMADeALPFrcerRfrddW6ZuUzJ+AHrLdPvbCNiA==</latexit>�3
<latexit sha1_base64="gCc5vVWmqvZRSeKRJY22TkIsEVc=">AAAB7HicbVBNS8NAEJ34WetX1Ztegq3gxZKklLa3ghePFUxbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm0axK8HA4/3ZpiZ58eMSmVZH8ba+sbm1nZhp7i7t39wWDo67sooEZi4OGKR6PtIEkY5cRVVjPRjQVDoM9LzZ9dLv3dPhKQRv1PzmHghmnAaUIyUltzKle1URqWyVbUymH+JnZMy5OiMSu/DcYSTkHCFGZJyYFux8lIkFMWMLIrDRJIY4RmakIGmHIVEeml27MK80MrYDCKhiyszU79PpCiUch76ujNEaip/e0vxP2+QqKDppZTHiSIcrxYFCTNVZC4/N8dUEKzYXBOEBdW3mniKBMJK51PMQrCdRqNu699brVajXlsRq9b8CqHrVO161bp1yu3TPI4CnME5XIINDWjDDXTABQwUHuAJng1uPBovxuuqdc3IZ07gB4y3TywbjcI=</latexit>�12

<latexit sha1_base64="gCc5vVWmqvZRSeKRJY22TkIsEVc=">AAAB7HicbVBNS8NAEJ34WetX1Ztegq3gxZKklLa3ghePFUxbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm0axK8HA4/3ZpiZ58eMSmVZH8ba+sbm1nZhp7i7t39wWDo67sooEZi4OGKR6PtIEkY5cRVVjPRjQVDoM9LzZ9dLv3dPhKQRv1PzmHghmnAaUIyUltzKle1URqWyVbUymH+JnZMy5OiMSu/DcYSTkHCFGZJyYFux8lIkFMWMLIrDRJIY4RmakIGmHIVEeml27MK80MrYDCKhiyszU79PpCiUch76ujNEaip/e0vxP2+QqKDppZTHiSIcrxYFCTNVZC4/N8dUEKzYXBOEBdW3mniKBMJK51PMQrCdRqNu699brVajXlsRq9b8CqHrVO161bp1yu3TPI4CnME5XIINDWjDDXTABQwUHuAJng1uPBovxuuqdc3IZ07gB4y3TywbjcI=</latexit>�12

<latexit sha1_base64="AnviAL/R2OLGv+6eUrfOCxfj9V0=">AAAB7HicbVDLSsNAFJ34rPVVdaebwVZwY5m0lLS7ghuXFUxbaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOE2D+Dpw4XDOvdx7jx9zpjRCH9ba+sbm1nZhp7i7t39wWDo67qookYS6JOKR7PtYUc4EdTXTnPZjSXHoc9rzZ9dLv3dPpWKRuNPzmHohnggWMIK1kdzKlY0qo1IZVVEG+JfYOSmDHJ1R6X04jkgSUqEJx0oNbBRrL8VSM8LpojhMFI0xmeEJHRgqcEiVl2bHLuCFUcYwiKQpoWGmfp9IcajUPPRNZ4j1VP32luJ/3iDRQdNLmYgTTQVZLQoSDnUEl5/DMZOUaD43BBPJzK2QTLHERJt8ilkIds1xGrb5vdVqOY36iqB68yuEbq1qN6rotlZun+ZxFMAZOAeXwAYOaIMb0AEuIICBB/AEni1hPVov1uuqdc3KZ07AD1hvnykRjcA=</latexit>�10

<latexit sha1_base64="JLQRlHY/Q8YhjDXda1Km3JVn6gw=">AAAB7HicbVDLSsNAFJ34rPVVdaebwVZwY5m0hLa7ghuXFUxbaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOE2D+Dpw4XDOvdx7jx9zpjRCH9ba+sbm1nZhp7i7t39wWDo67qookYS6JOKR7PtYUc4EdTXTnPZjSXHoc9rzZ9dLv3dPpWKRuNPzmHohnggWMIK1kdzKlYMqo1IZVVEG+JfYOSmDHJ1R6X04jkgSUqEJx0oNbBRrL8VSM8LpojhMFI0xmeEJHRgqcEiVl2bHLuCFUcYwiKQpoWGmfp9IcajUPPRNZ4j1VP32luJ/3iDRQdNLmYgTTQVZLQoSDnUEl5/DMZOUaD43BBPJzK2QTLHERJt8ilkIdq3RcGzze6vVajj1FUH15lcI3VrVdqrotlZun+ZxFMAZOAeXwAYN0AY3oANcQAADD+AJPFvCerRerNdV65qVz5yAH7DePgEvKY3E</latexit>�50

<latexit sha1_base64="s4oNXAKVECxVdObq925bOex+rPw=">AAAB63icbVDLSsNAFJ34rPVVdaebwVZwY0laQtpdwY3LCvYBbSiT6bQdOjMJMxOhhP6CGxeKuPWH3Pk3TtIgvg5cOJxzL/feE0SMKm3bH9ba+sbm1nZhp7i7t39wWDo67qowlph0cMhC2Q+QIowK0tFUM9KPJEE8YKQXzK9Tv3dPpKKhuNOLiPgcTQWdUIx0KlWu3MqoVLardgb4lzg5KYMc7VHpfTgOccyJ0JghpQaOHWk/QVJTzMiyOIwViRCeoykZGCoQJ8pPsluX8MIoYzgJpSmhYaZ+n0gQV2rBA9PJkZ6p314q/ucNYj1p+AkVUayJwKtFk5hBHcL0cTimkmDNFoYgLKm5FeIZkghrE08xC8GpeZ7rmN+bzabn1lfErje+QujWqo5btW9r5dZpHkcBnIFzcAkc4IEWuAFt0AEYzMADeALPFrcerRfrddW6ZuUzJ+AHrLdPwLqNig==</latexit>�5

<latexit sha1_base64="uP6L6ZjfEFDm+wPW35Xzb7TRgNk=">AAAB6nicbVDLSsNAFL3xWeur6k43g63gqiQtJe2u4MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N0zaIrwMXDufcy733+DFnStv2h7W2vrG5tZ3bye/u7R8cFo6OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p1cLv3tPpWKRuNOzmHohHgsWMIK1kW5LTmlYKNplewn0lzgZKUKG1rDwPhhFJAmp0IRjpfqOHWsvxVIzwuk8P0gUjTGZ4jHtGypwSJWXLk+dowujjFAQSVNCo6X6fSLFoVKz0DedIdYT9dtbiP95/UQHdS9lIk40FWS1KEg40hFa/I1GTFKi+cwQTCQztyIywRITbdLJL0NwKq5bc8zvjUbDrVVXxK7Wv0LoVMpOrWzfVIrN0yyOHJzBOVyCAy404Rpa0AYCY3iAJ3i2uPVovVivq9Y1K5s5gR+w3j4BUQyNTw==</latexit>

1

<latexit sha1_base64="AnviAL/R2OLGv+6eUrfOCxfj9V0=">AAAB7HicbVDLSsNAFJ34rPVVdaebwVZwY5m0lLS7ghuXFUxbaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOE2D+Dpw4XDOvdx7jx9zpjRCH9ba+sbm1nZhp7i7t39wWDo67qookYS6JOKR7PtYUc4EdTXTnPZjSXHoc9rzZ9dLv3dPpWKRuNPzmHohnggWMIK1kdzKlY0qo1IZVVEG+JfYOSmDHJ1R6X04jkgSUqEJx0oNbBRrL8VSM8LpojhMFI0xmeEJHRgqcEiVl2bHLuCFUcYwiKQpoWGmfp9IcajUPPRNZ4j1VP32luJ/3iDRQdNLmYgTTQVZLQoSDnUEl5/DMZOUaD43BBPJzK2QTLHERJt8ilkIds1xGrb5vdVqOY36iqB68yuEbq1qN6rotlZun+ZxFMAZOAeXwAYOaIMb0AEuIICBB/AEni1hPVov1uuqdc3KZ07AD1hvnykRjcA=</latexit>�10

<latexit sha1_base64="JLQRlHY/Q8YhjDXda1Km3JVn6gw=">AAAB7HicbVDLSsNAFJ34rPVVdaebwVZwY5m0hLa7ghuXFUxbaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOE2D+Dpw4XDOvdx7jx9zpjRCH9ba+sbm1nZhp7i7t39wWDo67qookYS6JOKR7PtYUc4EdTXTnPZjSXHoc9rzZ9dLv3dPpWKRuNPzmHohnggWMIK1kdzKlYMqo1IZVVEG+JfYOSmDHJ1R6X04jkgSUqEJx0oNbBRrL8VSM8LpojhMFI0xmeEJHRgqcEiVl2bHLuCFUcYwiKQpoWGmfp9IcajUPPRNZ4j1VP32luJ/3iDRQdNLmYgTTQVZLQoSDnUEl5/DMZOUaD43BBPJzK2QTLHERJt8ilkIdq3RcGzze6vVajj1FUH15lcI3VrVdqrotlZun+ZxFMAZOAeXwAYN0AY3oANcQAADD+AJPFvCerRerNdV65qVz5yAH7DePgEvKY3E</latexit>�50

<latexit sha1_base64="s4oNXAKVECxVdObq925bOex+rPw=">AAAB63icbVDLSsNAFJ34rPVVdaebwVZwY0laQtpdwY3LCvYBbSiT6bQdOjMJMxOhhP6CGxeKuPWH3Pk3TtIgvg5cOJxzL/feE0SMKm3bH9ba+sbm1nZhp7i7t39wWDo67qowlph0cMhC2Q+QIowK0tFUM9KPJEE8YKQXzK9Tv3dPpKKhuNOLiPgcTQWdUIx0KlWu3MqoVLardgb4lzg5KYMc7VHpfTgOccyJ0JghpQaOHWk/QVJTzMiyOIwViRCeoykZGCoQJ8pPsluX8MIoYzgJpSmhYaZ+n0gQV2rBA9PJkZ6p314q/ucNYj1p+AkVUayJwKtFk5hBHcL0cTimkmDNFoYgLKm5FeIZkghrE08xC8GpeZ7rmN+bzabn1lfErje+QujWqo5btW9r5dZpHkcBnIFzcAkc4IEWuAFt0AEYzMADeALPFrcerRfrddW6ZuUzJ+AHrLdPwLqNig==</latexit>�5

<latexit sha1_base64="uP6L6ZjfEFDm+wPW35Xzb7TRgNk=">AAAB6nicbVDLSsNAFL3xWeur6k43g63gqiQtJe2u4MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N0zaIrwMXDufcy733+DFnStv2h7W2vrG5tZ3bye/u7R8cFo6OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p1cLv3tPpWKRuNOzmHohHgsWMIK1kW5LTmlYKNplewn0lzgZKUKG1rDwPhhFJAmp0IRjpfqOHWsvxVIzwuk8P0gUjTGZ4jHtGypwSJWXLk+dowujjFAQSVNCo6X6fSLFoVKz0DedIdYT9dtbiP95/UQHdS9lIk40FWS1KEg40hFa/I1GTFKi+cwQTCQztyIywRITbdLJL0NwKq5bc8zvjUbDrVVXxK7Wv0LoVMpOrWzfVIrN0yyOHJzBOVyCAy404Rpa0AYCY3iAJ3i2uPVovVivq9Y1K5s5gR+w3j4BUQyNTw==</latexit>

1

<latexit sha1_base64="BwCRAlSkXsXZwiD8iMNwD4vXglE=">AAAB63icbVDLSsNAFJ3UV62vqjvdDLaCq5K0hLS7ghuXFewD2lAm02k7dGYSZiZCCf0FNy4UcesPufNvnKRBfB24cDjnXu69J4gYVdq2P6zCxubW9k5xt7S3f3B4VD4+6akwlph0cchCOQiQIowK0tVUMzKIJEE8YKQfLK5Tv39PpKKhuNPLiPgczQSdUox0KlUdtzouV+yanQH+JU5OKiBHZ1x+H01CHHMiNGZIqaFjR9pPkNQUM7IqjWJFIoQXaEaGhgrEifKT7NYVvDTKBE5DaUpomKnfJxLElVrywHRypOfqt5eK/3nDWE+bfkJFFGsi8HrRNGZQhzB9HE6oJFizpSEIS2puhXiOJMLaxFPKQnDqnuc65vdWq+W5jTWxG82vEHr1muPW7Nt6pX2Wx1EE5+ACXAEHeKANbkAHdAEGc/AAnsCzxa1H68V6XbcWrHzmFPyA9fYJxtKNjg==</latexit>

15

<latexit sha1_base64="jJtepZJTsR1d12ld3rTQ17+Uclo=">AAAB7HicbVBNS8NAEJ34WetX1Ztegq3gxZK0hLa3ghePFUxbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm0axK8HA4/3ZpiZ58eMSmVZH8ba+sbm1nZhp7i7t39wWDo67sooEZi4OGKR6PtIEkY5cRVVjPRjQVDoM9LzZ9dLv3dPhKQRv1PzmHghmnAaUIyUltzKle1URqWyVbUymH+JnZMy5OiMSu/DcYSTkHCFGZJyYFux8lIkFMWMLIrDRJIY4RmakIGmHIVEeml27MK80MrYDCKhiyszU79PpCiUch76ujNEaip/e0vxP2+QqKDppZTHiSIcrxYFCTNVZC4/N8dUEKzYXBOEBdW3mniKBMJK51PMQrBrjYZj699brVbDqa+IVW9+hdCtVW2nat3Wyu3TPI4CnME5XIINDWjDDXTABQwUHuAJng1uPBovxuuqdc3IZ07gB4y3TzCqjcU=</latexit>�15

<latexit sha1_base64="BwCRAlSkXsXZwiD8iMNwD4vXglE=">AAAB63icbVDLSsNAFJ3UV62vqjvdDLaCq5K0hLS7ghuXFewD2lAm02k7dGYSZiZCCf0FNy4UcesPufNvnKRBfB24cDjnXu69J4gYVdq2P6zCxubW9k5xt7S3f3B4VD4+6akwlph0cchCOQiQIowK0tVUMzKIJEE8YKQfLK5Tv39PpKKhuNPLiPgczQSdUox0KlUdtzouV+yanQH+JU5OKiBHZ1x+H01CHHMiNGZIqaFjR9pPkNQUM7IqjWJFIoQXaEaGhgrEifKT7NYVvDTKBE5DaUpomKnfJxLElVrywHRypOfqt5eK/3nDWE+bfkJFFGsi8HrRNGZQhzB9HE6oJFizpSEIS2puhXiOJMLaxFPKQnDqnuc65vdWq+W5jTWxG82vEHr1muPW7Nt6pX2Wx1EE5+ACXAEHeKANbkAHdAEGc/AAnsCzxa1H68V6XbcWrHzmFPyA9fYJxtKNjg==</latexit>

15

<latexit sha1_base64="jJtepZJTsR1d12ld3rTQ17+Uclo=">AAAB7HicbVBNS8NAEJ34WetX1Ztegq3gxZK0hLa3ghePFUxbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm0axK8HA4/3ZpiZ58eMSmVZH8ba+sbm1nZhp7i7t39wWDo67sooEZi4OGKR6PtIEkY5cRVVjPRjQVDoM9LzZ9dLv3dPhKQRv1PzmHghmnAaUIyUltzKle1URqWyVbUymH+JnZMy5OiMSu/DcYSTkHCFGZJyYFux8lIkFMWMLIrDRJIY4RmakIGmHIVEeml27MK80MrYDCKhiyszU79PpCiUch76ujNEaip/e0vxP2+QqKDppZTHiSIcrxYFCTNVZC4/N8dUEKzYXBOEBdW3mniKBMJK51PMQrBrjYZj699brVbDqa+IVW9+hdCtVW2nat3Wyu3TPI4CnME5XIINDWjDDXTABQwUHuAJng1uPBovxuuqdc3IZ07gB4y3TzCqjcU=</latexit>�15

<latexit sha1_base64="Cei3I2iezmGjrQPNKQLqg8vi9kA=">AAAB8nicbVDLSsNAFJ34rPVVdaebwSK4KklLSbsruHFZwT6gDWUynbRDJ5kwcyOW0M9w40IRt36NO//GaRrE14ELh3Pu5d57/FhwDbb9Ya2tb2xubRd2irt7+weHpaPjrpaJoqxDpZCq7xPNBI9YBzgI1o8VI6EvWM+fXS393h1TmsvoFuYx80IyiXjAKQEjDYbA7sEP0kAvRqWyXbEz4L/EyUkZ5WiPSu/DsaRJyCKggmg9cOwYvJQo4FSwRXGYaBYTOiMTNjA0IiHTXpqdvMAXRhnjQCpTEeBM/T6RklDreeibzpDAVP/2luJ/3iCBoOGlPIoTYBFdLQoSgUHi5f94zBWjIOaGEKq4uRXTKVGEgkmpmIXgVF237pjfm82mW6+tiF1rfIXQrVacesW+qZZbp3kcBXSGztElcpCLWugatVEHUSTRA3pCzxZYj9aL9bpqXbPymRP0A9bbJwINkeA=</latexit>

fs

<latexit sha1_base64="bzuFTmK1qBM3peh5iqJU6qhc13o=">AAACCHicbVDLTgIxFO3gC/E16k4XNhITXEBmIATYEd24MpjII4EJ6ZQCDZ120nY0hLB046+4caExbv0Ed/6NBSbG102anJx7Tk7v8UNGlXacDyuxtLyyupZcT21sbm3v2Lt7DSUiiUkdCyZky0eKMMpJXVPNSCuUBAU+I01/dD7bN2+IVFTwaz0OiRegAad9ipE2VNc+yuBTeGZykHFkBc8io0YDAi+JvhVy1LXTTs6ZD/wL3BikQTy1rv3e6QkcBYRrzJBSbdcJtTdBUlPMyDTViRQJER6ZjLaBHAVEeZP5IVN4Ypge7AtpHtdwzn53TFCg1DjwjTJAeqh+72bkf7t2pPtlb0J5GGnC8SKoHzGoBZy1AntUEqzZ2ACEJTV/hXiIJMLadJeal+DmS6Wia26vVCqlYmEBnEL5q4RGPucWc85VPl09iOtIgkNwDDLABSVQBRegBuoAgzvwAJ7As3VvPVov1utCmrBizz74MdbbJ4izmTU=</latexit>

(c) Bistable-on-average Network
<latexit sha1_base64="+oYNxB/PJ7YuMnf0h5xe5uSFaOM=">AAACCHicbVDLSgMxFM3UV62vUXe6MFiEumiZaSltd0U3rqSCfUBbSiaTtqGZZEgyShm6dOOvuHGhiFs/wZ1/Y/pAfF0IHM49h5N7vJBRpR3nw0osLa+sriXXUxubW9s79u5eQ4lIYlLHggnZ8pAijHJS11Qz0golQYHHSNMbnU/3zRsiFRX8Wo9D0g3QgNM+xUgbqmcfZfxTeGZykHFkBc8io0YDAi+JvhVy1LPTTs6ZDfwL3AVIg8XUevZ7xxc4CgjXmCGl2q4T6m6MpKaYkUmqEykSIjwyGW0DOQqI6sazQybwxDA+7AtpHtdwxn53xChQahx4RhkgPVS/d1Pyv1070v1yN6Y8jDTheB7UjxjUAk5bgT6VBGs2NgBhSc1fIR4iibA23aVmJbj5UqnomtsrlUqpWJgDp1D+KqGRz7nFnHOVT1cPFnUkwSE4BhngghKoggtQA3WAwR14AE/g2bq3Hq0X63UuTVgLzz74MdbbJ4pUmTY=</latexit>

(d) Bistable-on-average Network

<latexit sha1_base64="FIIk+ifcHoS1jUQ6/VixjxdvIXE=">AAACBXicbVDLSgMxFM3UV62vUXfqIliEumiZaSnT7gpuXEmFvqAtJZOmbWgmGZKMUoZu3Pgrblwo4tZ/cOffmD4QXwcCh3PO5eYeP2RUacf5sBIrq2vrG8nN1Nb2zu6evX/QUCKSmNSxYEK2fKQIo5zUNdWMtEJJUOAz0vTHFzO/eUOkooLX9CQk3QANOR1QjLSRevZJZngOa4JTnBU8i0wUDQm8IvpWyHHPTjs5Zw74l7hLkgZLVHv2e6cvcBQQrjFDSrVdJ9TdGElNMSPTVCdSJER4bHa0DeUoIKobz6+YwjOj9OFASPO4hnP1+0SMAqUmgW+SAdIj9dubif957UgPSt2Y8jDShOPFokHEoBZwVgnsU0mwZhNDEJbU/BXiEZIIa1Ncal6Cm/e8omtuL5fLXrGwIE6h9FVCI59ziznnOp+uHC3rSIJjcAoywAUeqIBLUAV1gMEdeABP4Nm6tx6tF+t1EU1Yy5lD8APW2yc97Zfy</latexit>

(g) Tonic-on-average Network
<latexit sha1_base64="WnYlDQXtOZMOGeggfc3oHWLRRHw=">AAACBXicbVDLSgMxFM3UV62vUXfqIliEumiZaSnT7gpuXEmFvqAtJZOmbWgmGZKMUoZu3Pgrblwo4tZ/cOffmD4QXwcCh3PO5eYeP2RUacf5sBIrq2vrG8nN1Nb2zu6evX/QUCKSmNSxYEK2fKQIo5zUNdWMtEJJUOAz0vTHFzO/eUOkooLX9CQk3QANOR1QjLSRevZJZnQOa4JTnBU8i0wUDQm8IvpWyHHPTjs5Zw74l7hLkgZLVHv2e6cvcBQQrjFDSrVdJ9TdGElNMSPTVCdSJER4bHa0DeUoIKobz6+YwjOj9OFASPO4hnP1+0SMAqUmgW+SAdIj9dubif957UgPSt2Y8jDShOPFokHEoBZwVgnsU0mwZhNDEJbU/BXiEZIIa1Ncal6Cm/e8omtuL5fLXrGwIE6h9FVCI59ziznnOp+uHC3rSIJjcAoywAUeqIBLUAV1gMEdeABP4Nm6tx6tF+t1EU1Yy5lD8APW2yc/i5fz</latexit>

(h) Tonic-on-average Network

<latexit sha1_base64="WE3+gxYgYI8HYNOZFiTLNhfxIU8=">AAAB6nicbVDLSsNAFL3xWeur6k43wSIIQklaS9pdQRCXFe0D2lgm00k7dDIJMxOhhH6CGxeKuPWL3Pk3TtMgvg5cOJxzL/fe40WMSmVZH8bS8srq2npuI7+5tb2zW9jbb8swFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHm1zM/c49EZKG/FZNI+IGaMSpTzFSWrq5vDsbFIpWyUph/iV2RoqQoTkovPeHIY4DwhVmSMqebUXKTZBQFDMyy/djSSKEJ2hEeppyFBDpJumpM/NEK0PTD4UursxU/T6RoEDKaeDpzgCpsfztzcX/vF6s/JqbUB7FinC8WOTHzFShOf/bHFJBsGJTTRAWVN9q4jESCCudTj4NwS47TtXWv9frdadaWRCrUvsKoV0u2dWSdX1ebBxmceTgCI7hFGxwoAFX0IQWYBjBAzzBs8GMR+PFeF20LhnZzAH8gPH2CdR1jac=</latexit>

F+

<latexit sha1_base64="rp+EjcsAd+lSvQKe8b4UpvNKLKg=">AAAB6nicbVDLSsNAFL3xWeur6k43wSK4sSStJe2uIIjLivYBbSyT6aQdOpmEmYlQQj/BjQtF3PpF7vwbp2kQXwcuHM65l3vv8SJGpbKsD2NpeWV1bT23kd/c2t7ZLeztt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTS7mfueeCElDfqumEXEDNOLUpxgpLd1c3p0NCkWrZKUw/xI7I0XI0BwU3vvDEMcB4QozJGXPtiLlJkgoihmZ5fuxJBHCEzQiPU05Coh0k/TUmXmilaHph0IXV2aqfp9IUCDlNPB0Z4DUWP725uJ/Xi9Wfs1NKI9iRTheLPJjZqrQnP9tDqkgWLGpJggLqm818RgJhJVOJ5+GYJcdp2rr3+v1ulOtLIhVqX2F0C6X7GrJuj4vNg6zOHJwBMdwCjY40IAraEILMIzgAZ7g2WDGo/FivC5al4xs5gB+wHj7BNd9jak=</latexit>

F�<latexit sha1_base64="YS4XAzMlzYsVtdUL+jZc2ar/ZVs=">AAAB7nicbVDLSgMxFM3UV62vqjvdBIvgasi01ml3BTcuK9gHtEPJpJk2NJMZkoxQhn6EGxeKuPV73Pk3ZqZFfB0IOZxzL/fe48ecKY3Qh1VYW9/Y3Cpul3Z29/YPyodHXRUlktAOiXgk+z5WlDNBO5ppTvuxpDj0Oe35s+vM791TqVgk7vQ8pl6IJ4IFjGBtpN7QTzinelSuIPsKZYB/iWPnP6qAFdqj8vtwHJEkpEITjpUaOCjWXoqlZoTTRWmYKBpjMsMTOjBU4JAqL83XXcBzo4xhEEnzhIa5+r0jxaFS89A3lSHWU/Xby8T/vEGig4aXMhEnmgqyHBQkHOoIZrfDMZOUaD43BBPJzK6QTLHERJuESnkITtV16465vdlsuvXakqBa4yuEbtV26ja6vay0TlZxFMEpOAMXwAEuaIEb0AYdQMAMPIAn8GzF1qP1Yr0uSwvWqucY/ID19gmx6I/2</latexit>•

<latexit sha1_base64="YS4XAzMlzYsVtdUL+jZc2ar/ZVs=">AAAB7nicbVDLSgMxFM3UV62vqjvdBIvgasi01ml3BTcuK9gHtEPJpJk2NJMZkoxQhn6EGxeKuPV73Pk3ZqZFfB0IOZxzL/fe48ecKY3Qh1VYW9/Y3Cpul3Z29/YPyodHXRUlktAOiXgk+z5WlDNBO5ppTvuxpDj0Oe35s+vM791TqVgk7vQ8pl6IJ4IFjGBtpN7QTzinelSuIPsKZYB/iWPnP6qAFdqj8vtwHJEkpEITjpUaOCjWXoqlZoTTRWmYKBpjMsMTOjBU4JAqL83XXcBzo4xhEEnzhIa5+r0jxaFS89A3lSHWU/Xby8T/vEGig4aXMhEnmgqyHBQkHOoIZrfDMZOUaD43BBPJzK6QTLHERJuESnkITtV16465vdlsuvXakqBa4yuEbtV26ja6vay0TlZxFMEpOAMXwAEuaIEb0AYdQMAMPIAn8GzF1qP1Yr0uSwvWqucY/ID19gmx6I/2</latexit>•
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(e) Tonic Mean field
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(f) Tonic Mean field

Fig. 3. Mean field (2.2) (a,b,e,f) vs Network (2.1) with N = 105 neurons (c,d,g,h) when the
input is slowly varying. Parameters are ∆ = 1, J = 15, τ = 0.002, ε = 0.05. Top (bottom) panels
show the bistable (tonic) regime, reaching population bursting via two canard scenarios, down-up
and up-down, respectively. In each row, panels display (left to right) mean-field v time profile of both
solutions, their (K, v) projection as in Fig. 1(g,h), and two corresponding network solutions shown
separately in 3D phase space (K,Q, v), where Q = I′, together with the (grey) surface of equilibria
when ε = 0, folded along the two lines F± (also shown in (b,f)). Key to threshold dynamics is the
folded saddle (fs) and its associated canards (black curves), which shape the behaviour of trajectories
across this transition. The network simulation mirrors the mean field prediction (black lines) (a,b):
η = −15.1, A = 12.027 (down-down), A = 12.028 (down-up);(e,f): η = 5, A = 10.767 (up-up),
A = 10.768 (up-down).



CROSS-SCALE EXCITABILITY IN NETWORKS OF QIF NEURONS 7

canard, just as it was in the single neuron case. When A� η the network transitions
smoothly (without canards) from asynchronous to synchronous firing, following the
upper branch of the S-shaped curve in Figures 2 and 3.

2.2.2. QIF network with tonic average. In Fig. 3(f) we have set η̄ = 5
and so the only possible behavior without forcing is tonic firing (recall the rotating
symbols in Figure 2(b)). A similar situation occurs as in the excitable case, but the
dynamics revolves around the upper fold F+, and a canard is now associated with a
different route to bursting, separating the up-up from the up-down scenarios. As with
the excitable case, the differences are more evident when we plot the mean voltage
as a function of time, in Figure 3(e). The mechanism for excitability here is also a
folded-saddle canard as we will now discuss.

2.2.3. Folded-saddle canard behavior across scales. We now derive two
central results of the paper: firstly, we characterise the mean-field transitions described
above, valid at ODE level (system (2.2)), using standard methods from Geometric
Singular Perturbation Theory [11]; secondly, we use this characterisation to infer the
existence of a canard behavior at network level (system (2.1)) with N = 105 neurons,
and provide numerical evidence of this phenomenon. The latter result is remarkable
and novel, as canard behavior in large networks is greatly unexplored, in particular
for systems with resets and random data.

To study the behavior of Eq. (2.2) for small ε > 0, we extend the system with two
ODEs describing the oscillatory dynamics of K(t), namely K ′ = εQ, Q′ = −ε(K− η̄).
We then rescale time by τ = t/ε, set ε = 0, and obtain r = s = −∆/(2πv), hence

(2.3) 0 = K + ψ(v), K̇ = Q, Q̇ = −(K − η̄),

where ψ(v) = v2−∆2/(4πv2)−J∆/(2πv). Differentiating with respect to τ (overdot),
the first equation gives

−Dψ(v)v̇ = Q, Q̇ = ψ(v) + η̄,

which is a singular system when the derivative Dψ is null, that is, at the folds F± in
Fig. 3. A further time rescaling, using the nonlinear transformation τ 7→ −Dψ(v)τ ,
yields the desingularised system:

(2.4) v̇ = Q, Q̇ = −Dψ(v)
(
ψ(v) + η̄

)
.

An equilibrium (v∗, 0) of (2.4) satisfying Dψ(v∗) = 0 is called a folded singularity,
whose classification gives insight into how trajectories of system (2.2) with small
ε > 0 cross the fold. Since ψ(v) is cubic-like, there are two roots corresponding to the
folds, F± in Fig. 3 and a linearization of Eq. (2.4) reveals that they are both saddle
points (folded saddles in the original system (2.2)). For the excitable (tonic) case, the
relevant saddle is the one at F− (F+). As Eq. (2.4) is an integrable system, the stable
and unstable manifolds of these saddles form closed orbits (homoclinic connections)
that are the basis for the canards observed in Fig. 3.

Fig. 3(c,d,g,h) display the dynamics of Eq. (2.4) (in black) superimposed on the
dynamics of Eq. (2.1) with N = 105 (in color), for sub and suprathreshold forcing.
The black curves form a pair of homoclinic loops intersecting on F− at the folded
saddle (fs), and represent the dynamics for the ε = 0 limit. Fig. 3(c) shows, in green,
the full network orbit with N = 105 for A slightly smaller than the threshold. A canard
segment is visible, where the trajectory hugs the black curve on the fold before falling
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back to the down state. Fig. 3(d) shows the same projection, but for slightly larger A;
in this case, the trajectory makes the jump to the up state before falling back down.
The folded-saddle canards predicted by mean-field theory (in black) are in striking
agreement with the behaviour of the network, and the similarity with the mean-field
transitions in 3(b) is remarkable. These are analogues of the down-down and down-
up scenarios for the single neuron model, but they are exhibited at the level of the
network.

Fig. 3(g,h) show the dynamics of Eq. (2.4) (black) and Eq. (2.1) with N = 105

(in color) in the tonic case. As we saw in Fig. 3(e,f), the canard appears across the
upper fold, F+ and the up-up transition appears when A exceeds the threshold of
roughly 10.76. As with the excitable case, a folded-saddle canard behaviour explains
the transition between up-up (asynchronous) and up-down (bursting) network states.

3. Conclusion. The geometry of excitability and transition to bursting behavior
in single neurons and allied systems is governed by canard solutions, which act as
thresholds and determine the response of the system to slow parametric changes. We
have shown that this structure carries over in the mean-field limit of large populations
of excitable cells, as well as in large finite systems. In these cases the average voltage
of the population plays the same role as the voltage in the single cell and the mean
input determines whether the population behaves as a forced excitable or intrinsically
oscillatory medium. We expect that similar properties will survive in networks of more
realistic cells, up to their mean field-limit, which need not be an ODE. Introduction
of inhibitory networks could provide a connection between this work and the concept
of balanced networks where, depending on the details of the connection strengths, the
firing is either driven by the mean input (analogous to our tonic behavior) or by the
fluctuations (analogous to the excitable case). There is currently no available theory
for such cases, except for continuous coarse-grained networks [1], but a numerical
exploration of the averaged voltages and synaptic variables may reveal an underlying
low-dimensional structure, similarly to what has been found in spatially-extended
neural field models.
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rate model reveals the differential effects of chemical versus electrical synapses in spiking
networks, Phys. Rev. E, 100 (2019), p. 042412.

[20] J. Rinzel and G. B. Ermentrout, Analysis of neural excitability and oscillations, in Methods
in neuronal modeling: From synapses to networks, 2nd ed., C. Koch and I. Segev, eds.,
Cambridge (MA), USA, 1988, MIT Press, pp. 251–291.
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