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Functional estimation of extreme conditional expectiles

Stéphane Girard™®, Gilles Stupfler®® & Antoine Usseglio-Carleve)

(1) Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, 38000 Grenoble, France
@) Univ Rennes, Ensai, CNRS, CREST - UMR 9194, F-35000 Rennes, France

Abstract. Quantiles and expectiles can be interpreted as solutions of convex minimization
problems. Unlike quantiles, expectiles are determined by tail expectations rather than tail prob-
abilities, and define a coherent risk measure. For these reasons, among others, they have recently
been the subject of renewed attention in actuarial and financial risk management. Here, we focus
on the challenging problem of estimating extreme expectiles, whose order converges to one as the
sample size increases, given a functional covariate. We construct a functional kernel estimator of
extreme conditional expectiles by writing expectiles as quantiles of a different distribution. The
asymptotic properties of the estimators are studied in the context of conditional heavy-tailed
distributions. We also provide and analyse different ways of estimating the functional tail index,
as a way to extrapolate our estimates to the very far conditional tails. A numerical illustration

of the finite-sample performance of our estimators is provided on simulated and real datasets.

Keywords. Conditional tail index, expectiles, extrapolation, extremes, functional kernel

estimator, heavy tails, nonparametric estimation.

1 Introduction

The quantile, or Value-at-Risk in the actuarial and financial literature, is arguably the most
widespread tool in risk management. This is largely due to the simplicity and interpretability
of the quantile: if Y is a random variable with cumulative distribution function F', the quantile
of level @ € (0,1) of Y is given by the generalized inverse q,(Y) = inf{y € R|F(y) > a}, and
when F' is continuous and (strictly) increasing, q,(Y) is the unique solution ¢ of the equation
F(q) =P(Y < q) = a. An estimation of high quantiles, for « close to 1, is then a reasonable way
to get an understanding of extreme risk, routinely used when considering large claim amounts
in insurance, financial losses, or extreme wave heights during storms in environmental science,
for example. However, in the context of financial and actuarial risk management, it has been
repeatedly emphasized that the quantile has important shortcomings. One of them is that
the quantile does not induce a coherent risk measure in the sense of Artzner et al. (1999), in
particular because it does not fulfill the subadditivity property (see Acerbi (2002)). Another
major drawback is the reliance of quantiles on the frequency of tail events and not on their
actual magnitudes; this is of course an issue in risk management, where it is important to find

not only what constitutes an extreme level of loss but also what a typical extreme loss will be.



These pitfalls motivated part of the risk management community to propose alternative risk
measures. One of them is induced by expectiles, introduced in Newey and Powell (1987) and
defined by the following minimization problem:
ea(Y) = argmin E [1(Y — 1) = na(Y)],
teR

where 1,(y) = |a — ]l{ygo}|y2 is the so-called expectile loss function and 1y, is the indicator
function. Expectiles can be seen as L?—analogues of quantiles, in the sense that (see Koenker
and Bassett (1978)):

7 (Y) € ar%élgin E[pa(Y —t) = pa(Y)],

where po(y) = |a — Tgy<pylly| is called quantile loss function. Both quantiles and expec-
tiles are part of the wider family of LP—quantiles (introduced in Chen (1996)), a subfamily
of M—quantiles (introduced in Breckling and Chambers (1988)). Unlike quantiles, expectiles
are determined by tail expectations rather than tail probabilities, and their calculation is thus
driven both by the probability of tail values and their actual realizations (see Kuan et al., 2009).
Moreover, as shown in Bellini et al. (2014), expectiles with o« > 1/2 are the only M —quantiles
to fulfill the coherence property. In fact, such expectiles define the only coherent law-invariant
risk measure that is elicitable (see Ziegel, 2016), meaning that they benefit from the existence
of a natural backtesting methodology (see Gneiting, 2011). The interest for expectiles is there-
fore growing in the financial and actuarial risk management literature (see, for instance, Taylor
(2008) and Cai and Weng (2016)). In particular, the problem of extreme expectile estimation for
heavy-tailed random variables has recently been considered in Daouia et al. (2018) and Daouia
et al. (2020). A substantial difficulty when working with expectiles is that they do not benefit

from closed form expressions, making their analysis significantly harder than that of quantiles.

In many applications, the random variable Y is recorded along with auxiliary information rep-
resented by a random covariate X. The difficulty of working with extreme expectiles is then
compounded by the necessity of integrating this auxiliary information into the estimation. When
X € RP is a vector, the problem of estimating such extreme conditional expectiles has been
considered in Girard et al. (2019) from a nonparametric perspective, by writing expectiles as
quantiles of a different distribution and using kernel estimation of distribution functions. The
basic idea behind this procedure dates back to Jones (1994). To the best of our knowledge, when
X belongs to a more general, potentially infinite-dimensional, functional space, the problem of
estimating extreme conditional expectiles has not yet been considered. This functional setup is
precisely the focus of this paper, in which we deal with the case when Y given X has a heavy
right tail. The heavy-tailed assumption, which is ubiquitous in actuarial and financial risk man-
agement (see e.g. the discussions on p.9 of Embrechts et al. (1997) and p.1 of Resnick (2007)),
makes it possible to estimate extreme conditional quantiles and expectiles using a well-known
extrapolation argument of Weissman (1978), via the estimation of the so-called tail index: condi-
tional expectiles are first estimated at an intermediate level (that is, increasing with sample size,
but not too high), and these estimates are then extrapolated using the shape of the conditional

heavy-tailed distribution to obtain estimators of properly extreme conditional expectiles.



Our paper is organized as follows. Section 2 introduces our notation, assumptions, and the
general idea behind our approach, in which we adapt the two-step methodology of Gardes et al.
(2012) (for extreme conditional quantile estimation) to the estimation of extreme functional ex-
pectiles. Section 3 gives the asymptotic properties of our estimator of the so-called intermediate
functional expectiles, which are the basic building blocks of our estimators of properly extreme
functional expectiles considered in Section 4. In the latter section, we will explain that the
estimation of the functional tail index of Y given X is crucial, and in Section 5 we suggest and
study a handful of estimators of this quantity. Section 6 proposes a short simulation study to
give an overview of the performance of our procedure. Section 7 concludes by showcasing our

technique on a real financial data example. All proofs are relegated to the Appendix.

2 Notation and assumptions

Let (X;,Y;), i =1,...,n be independent copies of a random pair (X,Y) in E xR, where E is a
functional space endowed with a semi-metric d. We assume that the probability distribution of
X is non-atomic, and that the topology of E¥ makes it possible to define the family of conditional
distributions of Y given X = x. For all & € E, the conditional survival function (c.s.f.) of ¥
given X = x is denoted by F(y|z) = P(Y > y|X = z). In this context, Gardes et al. (2012)
address the estimation of the conditional quantiles of Y given X = a, defined by ¢(alx) =
inf {y € R| F(y|lx) <1— a}, when the quantile level « is extreme, i.e. @ = a, — 1 as n — oco.
We briefly describe here their two-step approach. First, the c.s.f. is estimated thanks to a
functional kernel estimator, also considered for instance in Ferraty et al. (2006) and Ferraty
et al. (2007):

F(ylz) = ZK< >]l{Y>y} /MK (@, hn) (2.1)

where (hy,) is a positive bandwidth sequence such that h, — 0 as n — oo, K : [0,00) — [0, 00)

is a kernel function, and for all b > 0,
~(b 1 " d a:,Xi
20 (@, hy) = nZKb< (h )>
i=1 "

is the empirical counterpart of the quantity ug?)(a:,hn) = E [K?(d(x,X)/hy)]. We high-
light that the particular case of the uniform kernel K(t) = ljp<;<qy leads to ,ugg)(m hn) =
P (X € B(x, hy)) =: m(x, hy,), the so-called small ball probability of X, see Ferraty et al. (2007)

for a discussion on this topic. More generally, we assume that

(K) K is a function with support [0, 1] and there exist 0 < ¢; < ¢a < oo such that ¢; < K(t) < co
for all ¢t € [0, 1].

One may also suppose without loss of generality that K integrates to one. In this case, K is

called a type I kernel, see Definition 4.1 in Ferraty and Vieu (2006).

Second, the functional estimator of conditional quantiles g(a|x) is defined via the generalized
inverse of (2.1):
G(alz) = inf {y € R| Fo(yle) <1-a}. (2.2)
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In the situation where a € (0, 1) is fixed, weak and strong consistency are proved respectively in
Stone (1977) and Gannoun (1990) while asymptotic normality is shown in Stute (1986), Samanta
(1989) and Berlinet et al. (2001) when E is finite-dimensional and by Ferraty et al. (2005) for
a general metric space under dependence assumptions. In Gardes et al. (2012), the asymptotic
distribution of the estimator (2.2) is investigated when estimating extreme quantiles, i.e. when

oa=aoa, —1asn— oo.

In this paper, we propose a similar approach for functional expectile regression. For that purpose,
let us recall that, from Jones (1994), the expectile e(ax) of level a of Y| X = & may be seen as
the quantile of level v associated to the c.s.f. E(y|z) defined by:

E[(Y — ) Tpyoy | X = a]
EY — o | X = a]

E(y|e) =
Introducing, for k > 0 and provided the expectations exist,
WO(ylz) = E [V = )" Lyoyy | X =] and mB(yla) =B |(v —9)" | X =a|,  (23)
it thus follows that e(alz) = inf{y € R| E(y|z) <1 — a}, with

PO (y|z)
29 (yle) — m) (ylz)

In view of (2.3), we decide to build our estimator upon the following two random quantities:

~ 1 & d(x, X; ~
W) = 2wk (T 1 [ ).
i=1 n

E(ylz) =

(2.4)

k) = 13 05— & (HEED) fi0n,)
i=1 "

The quantities @lk) (y|x) and k) (y|x) are (under technical conditions) consistent estimators of

N (y|x) and k) (y|z), respectively. The c.s.f. E(-|z) defined in (2.4) is then estimated by:
~ 2(1)
En(yle) = ~1) ( ‘Azl) :

We refer to Girard et al. (2019) for a similar approach in the case where the covariate X is

(2.5)

finite-dimensional.

In the following section and below, our aim is to estimate e(a|x) when the expectile level is
extreme, i.e. « = a,, — 1 as n — 0o. We introduce several modelling and regularity assumptions
in this respect. We first assume that Y| X = « has a heavy-tailed distribution, namely, there
exists y(x) > 0 such that the c.s.f. is regularly varying at infinity with index —1/~(x):

_ Fltyle) 4
Vy >0, lim — 22 = (@), 2.6
y>0 S Y (2:6)

We refer to Bingham et al. (1989) for a general account on regular variation. In our context,
~(x) is referred to as the functional tail index since it tunes the tail heaviness of the conditional
distribution of Y given X = @. More precisely, the heavy tail condition (2.6) is refined in the

following way:



C1(y(x)) There exists v(x) > 0 such that F(-|x) is continuously differentiable and satisfies

i YEWR) _ o)

y=oe F(yle)
It follows from Theorem 1.1.11 in de Haan and Ferreira (2006) that condition (2.6) is indeed
satisfied if Ci(y(x)) holds. Another consequence of condition Ci(y(x)) is that the conditional
density function f(-|z) = —F (-|x) exists and is also regularly varying, with index —1 /() — 1.
This regularity condition is unlikely to be very restrictive in practice due to the fact that all
commonly used heavy-tailed models satisfy this condition. In addition, Newey and Powell (1987)

point out in their Theorem 1 that continuous differentiability of the c.s.f. is a reasonable sufficient

condition for expectiles to characterize the underlying distribution.

Condition C;(y(x)) will reveal useful in Section 3 to estimate extreme expectiles e(a,|x) asso-
ciated with intermediate levels «;, and located within the sample. For higher levels a,, extreme
expectiles may be located outside the sample. Extrapolation techniques are developed in Sec-

tion 4, and they require a stronger condition on the distribution tail:

Co(y(x), p(x), A(-|x)) There exist y(x) > 0, p(x) < 0 and a positive or negative function A(-|x)

such that:
p(®) _ 1
G AT
Yoo tim L (0= wle) ) T s TS0
e A(t|$) q(1l— 1/t’m) | )

According to Theorem 2.3.9 in de Haan and Ferreira (2006), the so-called second order condi-

tion (2.7) generalizes condition (2.6), since it is equivalent to

>0, lim —— (F(tym _ —1/7(90)) _ @y -1
t—00 A(l/F(t|a:)]a:) F(t|m) ’Y($)p(£c)

Our last assumption is a local Lipschitz condition on the conditional moments. Similar conditions
are used, for instance, in Krzyzak (1986), or more recently in Daouia et al. (2013) and El Methni
et al. (2014) in the context of conditional extreme value analysis with a finite-dimensional
covariate. Let us denote by B(x,r) the ball with center x € E and radius r > 0, associated

with the semi-metric d, and by V the maximum operator.

(£) One has m® (0|z) = E [Y2| X = 2] < oo and there exist ¢,7 > 0 such that

vz’ € B(z,r),

m@ (0]a') — m(l)(0|a:)‘ v ‘m(2)(0|m') e (O|m)‘ <cd(za).

We conclude this paragraph by introducing some notation, which will prove very useful, for the

oscillation of the c.s.f. F(-|x) above a high level y,,:

(4 ]) log 121

w ) = su Og —

hn \Yn 2251 log 2 g F(z|)
x'€B(x,hn)

The quantity wp, (yn|x) measures the discrepancy between the extremes of the conditional dis-

tributions of Y at neighboring points. Similar quantities are introduced in Gardes and Stupfler



(2014, 2019) and Stupfler (2013, 2016). In order to get an idea of the typical asymptotic behavior

of wp,, (yn|x), consider the Karamata representation of F(-|x):

u

Vz> 1, F(zla) = 277 ® exp <17(z|w) —l—/ e(umdu) ,
1

where 7(-|x) and €(-|x) are measurable functions converging, respectively, to a constant and 0
at infinity, see Theorem 1.3.1 in Bingham et al. (1989). In this context, it is straightforward to
prove that if there are ¢,r > 0 with

n(zlz) — n(z|z')
log 2z

ve' € B(z,r), |y(z) —v(x')| v sup

V sup |e(z|@) — e(z|x)| < cd (z,2),
22Yn

z>1

then wp, (yn|x) = O(hy).

3 Intermediate functional expectile estimation

We consider from now on the case when y(z) < 1 and Y_ := max(—Y,0) has a finite first
conditional moment. These conditions combined ensure that E(]Y|| X = x) < oo and thus that
conditional expectiles at any order exist indeed. These will be our minimal working conditions

throughout this paper.

Let us consider a sequence (ay,) such that o, — 1 as n — oo. It has been established
in Gardes et al. (2012, Theorem 2) that the functional estimator (2.2) of the extreme quan-
tile g(a|x) is asymptotically Gaussian provided that n(1 — ay)w(x, hy) — 00 as n — oco. In
this situation, q(a|x) is referred to as an intermediate conditional quantile. It is, for n large
enough, located within the sample since there is then almost surely at least one sample point
in the region B(z,h) X (q(a|x),00) C E x R, see Gardes et al. (2012, Lemma 4). Condition
n(l—ay)m(x, hy,) — oo in fact ensures that there will be a growing number of observations larger
than the conditional quantile to be estimated. In this section, we propose a similar approach

for estimating intermediate conditional expectiles. Let
enlan|z) :inf{y€R|En(y\w) < 1—%}. (3.1)

Here E,(y|z) is defined in Equation (2.5). We start by studying the joint asymptotic distri-
bution of estimators (2.2) and (3.1), as this will be crucial in our construction of extrapolation

procedures in Section 5. To this end, let us introduce

(1) 2\ /2
_ P (@, I,
o, Hx) = <n(1 - an)lé)()> .
1257¢ (wv hn)

Remark that, under (K), o,1(z) and \/n(1 — ay,)7(x, hy,) are of the same asymptotic order

since W
/’LK (m7 hn)2

W2 (@, )

The following result may be seen as a functional version of Theorem 1 in Girard et al. (2019).

(c1/c2)?m(x, hy) < < (cafc1)?*w(z, hy).



Theorem 1. Assume that (K), (£) and Ci(vy(x)) hold with v(x) < 1/2. Suppose that there
exists 6 € (0,1) such that E[Y?T°|X = x] < co. Let ay, — 1, hy, — 0 as n — oo and 7 > 0,
O<m<m<- <715 <1 with

l—ap=7(1-0an)(1+0(1) and 1—an; =711 — ),
forje{1,...,J}. Assume further that n(1 — ay)7(x, hy) — 00 and
o, Hx) log(1 — ap) [wh, (1 = 8)e(an|x)|x) V wh, (1 —8)g(ay|x)|x)] — 0. (3.2)

Then,

q(an|z)

where X(x) is the symmetric matriz having entries

Sji(@) =7 [1—217(99) <7T—jl) o 1] |

1—(x) —(z) -
o amy@ [ L)Y (my®
Zga(@) =7 <T> [<v(a:)‘1—1AT SR (T> ’

Sra+(x) =771

for (5,1) € {1,...,J}2 with j <.

In particular, Theorem 1 provides the following asymptotic normality result for €, («,|x), which

may be seen as a functional version of Theorem 2 in Daouia et al. (2018):

e(anl2) 1= 2y(x)
This is done under the assumptions v(z) < 1/2 and E[Y**?|X = @] < co. These essentially
guarantee that |Y'| has a finite conditional moment of order 244, a reasonable assumption in this
context of estimating conditional expectiles which generalize the conditional mean. In addition,

condition (3.2) ensures that the bias incurred by the use of the functional kernel smoothing

technique in this conditional extreme value setting is asymptotically negligible.

As we have already noted, Theorem 1 requires the condition n(1 — ay,)7w(x, hy) — oo which
prevents the estimation of expectiles at arbitrary large levels «;,. In the next section, we propose

to overcome this issue using an extrapolation tool.

4 Extreme functional expectile extrapolation

Our aim in this section is to estimate conditional expectiles at an extreme level (3, such that
n(1—pp)m(x, hy) — ¢ < co. In extreme quantile estimation, a well-known approach is to use the
Weissman extrapolation device, see Theorem 4.3.8 in de Haan and Ferreira (2006): remarking
that under Cy (y(x)),

1—a,

1_/371

~(x)
d(Bulz) = ( ) d(onlz)(1 +o(1)), (4.1)
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the extreme conditional quantile ¢(8,|x) can therefore be estimated using the intermediate
empirical quantile g, (ay,|x) and a suitable estimator of y(x). We refer for instance to Daouia
et al. (2011) or Gardes et al. (2012) for extreme conditional quantile estimators developed on
this basis. In the expectile case, a similar approach can be adopted based on the convergence

. Fle(a]z)|z) 1
lim = -1 4.2
asl 1-« V(@) (42)
This is a consequence of the heavy-tailed assumption (2.6): see Bellini et al. (2014, Theorem 11)

and more recently Daouia et al. (2018, Proposition 1). This convergence is in fact equivalent to

oy felr) 1yt
lim alz) (v(=)~' = 1) : (4.3)

meaning that extreme quantiles and extreme expectiles are asymptotically proportional. As a
consequence, Equation (4.1) also holds for expectiles. As proposed in Girard et al. (2019) in
the finite-dimensional context, we introduce a Weissman-type estimator of functional extreme

expectiles:

_ N ()
W (le) = (1252) 7 anlanlo) (4.9

where 7,,, () is any estimator of y(x). Using the second order assumption Co(y(x), p(x), A(-|x)),

we can state the asymptotic behavior of €}, (8n|2) under high-level conditions.

Theorem 2. Assume that (K), (£) and Co(y(x), p(x), A(-|x)) hold with v(x) < 1/2 and p(x) <
0. Suppose that there exists 6 € (0,1) such that E[Y?*°|X = ] < co. Let ay, — 1, B, — 1
and hy, — 0 be such that n(1 — ap)7w (@, hy) = 00 and n(1 — By)mw(x, hy) — ¢ < 00 as n — oo.
Assume further that

i) o, (x)log(1 — ap) wh, ((1—68)e(an|z)|x) — 0,
ii) o' (x)/log (1 — an)/(1 — Bn)) — oo,
iti) o, (x)A((1— an) Hz) = M € R and 0, (z) /q(an|x) = A2 € R.

If, in addition, o, (x) Fa, () — v(x)) LN T, where T' is a nondegenerate distribution, then

o' (@) W Gale) )
1og<<1—an>/<1—ﬁn>>< e(fule) 1>_>F'

The Weissman-type estimator €', (8y|x) is built on the previous estimator &,(ay|x) of the
intermediate expectile, hence the conditions y(z) < 1/2 and E[Y?™|X = z] < oo to ensure
the asymptotic normality of €, (a,|x). In order to relax these assumptions, one may exploit the

asymptotic proportionality relationship (4.3) to define another Weissman-type estimator:

1—a,
1_577,

The following high-level result establishes the asymptotic properties of this estimator, under

A(x) -
& (Bula) = ( ) Tulanlz) (Bla) " — 1) 7 (45)

weaker conditions than those of Theorem 2.



Theorem 3. Assume that (K) and Ca(y(x), p(x), A(:|x)) hold with v(x) < 1 and p(x) < 0.
Suppose that E[Y_|X = x| < co. Let o, — 1, B, — 1 and h, — 0 be such that n(1 —
ap)m(x, hy) — 00 and n(1 — By)w(x, hy) — ¢ < 00 as n — 0o. Assume further that

i) o, (x)log(1 — an) wn, (1 —68)q(an|z)|x) — 0 for some & > 0,
i1) o7 () og (1 — an) /(1 — ) — o0,
iti) o (x)A((1— an) Hz) = A € R and 0, (x)/q(an|x) — A2 € R.

If, in addition, o, (x) (Ja, (€) — v(x)) 4T, where T is a nondegenerate distribution, then,

0! (@) ('émnwm . 1) i

log (1 —an)/(1=Bn)) \  e(Bulz)

In view of Theorem 2 and Theorem 3, the asymptotic distribution of the Weissman-type es-
timators of €}, (Bx|x) and €}, (By|x) is exactly determined by that of the functional tail
index estimator 7,,, () used in its construction. It is therefore essential to provide estimators of
~(x) having good performance. The next section is devoted to this problem from an expectile

perspective.

5 Functional tail index estimation

The estimation of the tail index is a central problem in the extreme-value literature. In the
unconditional heavy-tailed setting, the most popular estimator is arguably that of Hill (1975),
and is based on the mean of the log-excesses. This idea of averaging log-excesses was adapted

to the conditional framework in Gardes et al. (2012): for a given integer J > 2,

)= ] Z":log@n(l—(l—an)/jrw)) 5.1)

B log(J!)j:1 In (ap|x)

The asymptotic properties of ‘y\c({i)

(x) may be found in Theorem 4 and Corollary 1 of Gardes
et al. (2012) under mild conditions. Our first contribution here is to strengthen their results
by making the bias term explicit; this will inform the construction of another of our estimators

(J)

below. In the Appendix, we provide the joint asymptotic distribution of 74, () and estimators

of extreme conditional quantiles (see Theorem 7).

Theorem 4. Assume that (K) and Ca(vy(x), p(x), A(-|x)) hold. Let a,, — 1, hy, — 0 be such
that n(1 — ay,)m(x, hy) — 00 and

i) o, (x)log(1l — ay) wh, (1 —68)g(an|x)|x) — 0, for some § > 0,
it) o (@) A ((1—an) ) = A €R.

Then,

J

~ 1 P@) — 1 J(J—1)(2J -1
ot @) (@) 2@) a7 (o (LD | T )




As pointed out in Daouia et al. (2011), the choice J = 9 leads to the smallest asymptotic
variance: in this case the factor J(J — 1)(2J — 1)/(61og(J!)?) is approximately equal to 1.245.

Second, to define an estimator of the functional tail index ~y(x) solely based on the use of
expectiles, we introduce an alternative device based on the asymptotic relationship (4.2): this

relationship implies
1-«a

x) = lim = '
v(x) a=11— a4+ F(e(alz)|x)

This leads us to consider the following estimator:

1—a,

Yo (®) = (5.2)

1 — ap + Fp(en(an|z)|x)

Note that this expectile-based estimator was first introduced in Girard et al. (2020) in the
unconditional setting and Girard et al. (2019) in the finite-dimensional covariate setting. The

next result gives the asymptotic distribution of the functional tail index estimator 7, (x).

Theorem 5. Assume that (K), (L) and Ca(y(x), p(x), A(-|x)) hold with v(x) < 1/2. Suppose
that there exists 0 € (0,1) such that E[Y*T|X = x] < co. Let ay, — 1 and hy, — 0 such that

n(l — ap)m(x, hy) — 00 as n — 0o and

i) o7 () log(1 — an) wn, (1 — B)e(anl) ) — 0,

it) oy (@) A ((1—an) ) = A\ € R and 0, () /q(am|x) ™! = X2 € R.
Then, o, 1 () (Fa, () — Y(x)) is asymptotically Gaussian with mean

v(@) () —1)'
1 —(z) — pla)

b(a) = A+ (@) (v@) - 1) T EY X = 2

and variance
7 (@) (1 = ()
1—2y(z)

Vix) =

(/)

The main advantage of 7,, (x) compared to 7y, () is its much smaller asymptotic variance
for small values of v(x). However, the asymptotic normality of 7,, () requires the condition
v(x) < 1/2, and the variance explodes when y(x) is close to 1/2. To avoid this drawback, we
propose to replace the “direct” estimator of the functional expectile €, (ay,|x) in Equation (5.2)
by an “indirect” estimator designed from Equation (4.3). We thus propose a third estimator
combining the two previous approaches, having a lower asymptotic variance compared to :y\((;]) (),

n

and asymptotically Gaussian under weaker assumptions compared to 7,,, ():

1—a,

(@) = (5.3)

A(J)(m)

1= an+ Fy ((%‘?(w)‘l - an<an\w>rw>

The following result provides the asymptotic normality of this new estimator.

Theorem 6. Assume that (K) and Ca(y(x), p(x), A(-|x)) hold with v(x) < 1. Let oy — 1,
hn, — 0 be such that n(1 — ay,)m(x, hy) = 00 as n — 00 and
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i) o, (x)log(1l — ayn)wh, (1 —68)q(an|x) A e(an|x)|z) — 0, for some § > 0,
it) o, (@) A ((1—an) Ha) = A € R and o, (z)/q(an|z) — X2 € R.

Then, o, (x) (%j{l)(m) - 'y(az)) is asymptotically Gaussian with mean

J p(x) _
by(x) = h(’y(:c))log:(l 71 ;’pp(w)l — (1 =7(=)) (@) A

and variance Vy(x) = v?(x)vy(x), with

_ J(J - 1)(2J —1) (1—~(2))?
27 (y(m) L= )AL+ (= )T =+ 1) —2J]
- (@) 20 ) T I ,

where h(t) =1— (1 —t)log (t7* — 1) and j* € {0,...,J} is such that Tj» < ~y(z)™' =1 < 7041,
in which we set 7o =0, 7, = (J —j+ 1)~ for all j € {1,...,J}, and 7741 = .

We can notice that the variance term v, (z) = Vj(z)/v%(x) may also be written:

JJ-1)2J -1 1 2
) = WO e+ 4= (g G av)
J—1

(1= v(@) h (y(@)) o -
A S [ v @ 1) - (v a0,

<

In the Appendix, the proof of Theorem 6 is provided using the above formula. Straightforward

calculations lead to the equivalence of these two expressions.

It appears that this new estimator is asymptotically Gaussian under weaker conditions than those
imposed on 7,, () and has only one source of bias (in the sense that its bias does not depend
of A9, coming from the condition o, '(x)/q(an|x) — Xa € R). We investigate the asymptotic
variances of the three estimators %i) (x), ﬁg‘i)(as) and 7,, (x) on Figure 1. We can see here
that 7, () seems to have the lowest variance among all three estimators for v(x) € [0,0.25].
The new estimator ﬁégn)(a:) seems to strike a middle ground, in the sense that it appears to
have the lowest variance when the conditional tail index lies between approximately 0.25 and
0.5. In addition, its variance remains relatively stable when ~(x) € [0.5,1], even though the

(9)

quantile-based estimator 7y, () has the lowest variance in this interval.

6 Illustration on simulated data

We briefly illustrate here the finite-sample performance of the estimators on N = 100 replications
of an independent sample of size n = 500 from a random pair (X,Y’), where X € E = L?[0, 1]
equipped with its standard metric d. Here, X is a stochastic process given by X; = cos(2wZt)
for all ¢ € [0,1] with Z a latent uniform random variable on [1/4,1]. Given X, the random
variable Y has a Pareto distribution with c.s.f. F(y|X) =y~ /7X) 4 > 1, where the functional

11



Asymptotic variances
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0.8
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Figure 1: Asymptotic variances of ?égn)(m) (black curve), %(BL)(:L') (red curve) and 7,, () (blue

curve) as functions of y(x) € [0, 1].

a7z
similar specification is used in Gardes et al. (2012); in this context y(X) € [0.06, 0.61].

tail index is given by 4(X) = (8[| X3 — 3) /2.5 with || X|3 = [ X2dt = 1 (1 i sin(4wZ>). A

The aim of this study is to assess the quality of the estimates of the extreme functional expectile
e(fplx) with B, = 1 —5/n = 0.99. For that purpose, the Weissman-type estimators (4.4)
and (4.5) are used with the kernel K (t) = (1.9 —1.8¢)19<;<1}. The tail index is estimated with
ﬁ(()i)(a:) and ﬁgi)(a:) defined in (5.1) and (5.3) respectively. Throughout this section, the L?—norm
of a function (-"Et)te[o,l} is numerically computed through its discretized form ¢~* zq:1 ZL‘%Q, with

the t, € {0,0.01,0.02,...,1}.

6.1 Cross-validation procedure

In an extreme regression framework, the question of selecting the bandwidth h,, and the inter-
mediate level «,, has been considered in Gardes et al. (2012), Daouia et al. (2013) or Girard
et al. (2019) for instance. Inspired by these papers, the selected bandwidth h* is:

h* = argmin ZZ( {Y>Y}_7n—i(Y3"Xl‘)>2 ;

heH Pyt

where F, _; is the empirical c.s.f. computed on the (n — 1)—sample X_; where the pair
(X;,Y;) has been removed, and H is a regular grid of size 15 on [hmin, Amax] With hpin =

max min d(X;, X ;) and hmax = max d(X;, X ;). This approach returns a value h* typically
1<i<n i#j 1<4,5<n

around 0.25 on our simulated examples Once the bandwidth has been chosen, the intermediate

12



level o* is selected by minimization of a quadratic score:

o (7) = arg(gnli;lz (Fa—i (X i) = Aru (X))

Here, 7, _; denotes either %[9) or %49) computed on the (n — 1)—sample X_;, and vy (X;)

is the local Hill estimator computed on the subset of n; values {Yj(i), Jg=1...,n} = {Y;:
0 <d(X;,X;) <h* j=1,...,n} whose covariate values are within distance h* of X;. This

estimator is defined by

/’?LH(Xi)I—Zlog “nijtlng 7
ki — Y(l)
Jj=1 ni—ki,n;
where we set k; = |/n;] and Yl(gl < ... < Yn(f)m are the order statistics associated with
{Yj(i), j=1,...,n;}, sorted in increasing order. This procedure yields selected values o*(3(9)) ~

o (7)) typically around 0.91.

6.2 Results

Figure 2 displays the performance of the conditional tail index and conditional expectile esti-
mators on boxplots, within the space of functions {z; — cos(27nzt), t € [0, 1]}, depending on
the latent variable z € [1/4, 1]. The numerical results associated with ﬁg‘p (z) and ’vvég*) (z) are in
line with the theoretical results obtained in Theorems 4 and 6, and illustrated in Figure 1. It
appears indeed from the length of the represented boxplots that the estimator 7&%)(1') tends to
have a lower variance, and to be slightly more accurate on average, than the estimator ?Si) (x).
Finally, it seems that both Weissman-type estimators é\,VL[f o+ (Bnlx) and éﬁ‘fa* (Bn|x) generally per-
form similarly at the level g, = 1 — 5/n = 0.99, with an advantage for the direct estimator

W

€n o (Bnlx) in areas where the tail is heavy, and, by contrast, an advantage for the indirect

estimator ”éﬂ/ o+ (Bnlz) in areas where the tail is light.

7 Real data example

We consider data on the price of the Bitcoin cryptocurrency between January 1, 2012 and
January 8, 2018 on the exchange platform Bitstamp!. We use our estimators to, based on
hourly log-returns of the price of Bitcoin on a given day, estimate the level of extreme swings
of the price of Bitcoin the next day. More specifically, our goal is to estimate extreme expectile
levels of the maximum hourly log-return Y of Bitcoin price based on the information on past
price behavior given by its curve X of hourly log-returns the day before. In order to reduce the
obvious temporal dependence existing in the data, we construct our sample of data by keeping

a gap of one day between observations: in other words,

e X and Y] are respectively the curve of hourly log-returns on day 1 and maximum hourly

log-return on day 2,

'This dataset is available at https://github.com/FutureSharks/financial-data/tree/master/
pyfinancialdata/data/cryptocurrencies/bitstamp/BTC_USD and is on file with the authors.
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e X5 and Y> are respectively the curve of hourly log-returns on day 3 and maximum hourly

log-return on day 4,...

More generally, the ith data point (X;,Y;) is obtained by considering the curve of hourly log-
returns on day 2¢ — 1 and maximum hourly log-return on day 2i. Data cleaning leads to the
removal of days with missing data, leading us to a final dataset X = {(X;,Y;),i=1,...,n} of

size n = 917. The left panel of Figure 3 provides an overview of this dataset.

To confirm that the assumption of a heavy right tail is appropriate for the unconditional dis-
tribution of Y, the right panel of Figure 3 displays a quantile-quantile plot of the log-excesses
Wik =log(Yn—it1n/Yn—k+in), 1 <i <k —1 against the quantiles of the standard exponential
distribution. It is indeed known that, if Y is heavy-tailed with tail index v and if k, corre-

“‘extreme”, is chosen

sponding to the sample fraction of the highest data points considered as
sufficiently small, then the W ;’s are approximately independent copies of an exponential ran-
dom variable with mean -, see for instance Beirlant et al. (2004). The linear trend appearing in
the right panel of Figure 3, for which £ = 100 (thus taking into account approximately the top
11% of the data) constitutes graphical evidence that the assumption of a heavy right tail makes

sense, with an estimated unconditional tail index around 1/2.

We now discuss the choice of the parameters A and «. In the considered situation where the
X;’s are widely scattered (with respect to the L%—distance d), it is sensible to use the uniform
kernel K (t) = 14p<;<1}, and to select a local bandwidth A} for each day i so as to guarantee that
enough data will be available for our local estimation. We choose here h} so that there are always
100 covariate values in the hf— neighbourhood of X;, that is, #{j € {1,...,n} : d(X;, X;) <
hi} =100 for all i € {1,...,n}. The cross-validation procedure introduced in Section 6 (with 25
points used in the local Hill estimator) yields intermediate levels o*(3(9)) = 1-220/917 ~ 0.760,
(7)) =1 —205/917 ~ 0.776 and o*(7) = 1 — 270/917 ~ 0.706.

It is then interesting, as a first step in the analysis, to compare the behavior of the three
functional tail index estimators ?Si) (x) , Yor (), ﬁt(lg)(w) and the local Hill estimator introduced
in Section 6. Note that in this application, we use a bias-reduced version of 7,+(x): indeed,
according to Theorem 5, this estimator features a bias term linked to 1/q(ay|x), which can be
eliminated in a straightforward way (we use here a procedure similar to that of Corollary 2 in
Girard et al. (2019), and we omit the details). From our representation of these three estimates
in the right panels of Figure 4, it appears that all three functional tail index estimators return
values around 0.4, which is in line with the unconditional Hill estimate used in the QQ-plot of
Figure 3. It is moreover likely, from Theorem 6 and Figure 1, that this is a favorable case for

our proposed estimator §(9)

o+ (@), due to our estimator having lowest variance in this area.

Using these selected parameters, our aim is now, for each i € {1,...,n}, to predict the expectile
of level 8, of Y;, the maximum hourly log-return of the price of Bitcoin on day ¢ + 1, given
X, the curve of hourly log-returns on day 4, using the dataset X_; = {(X,,Y}), j # i}.
We propose to consider the extreme level 5, = 1 — 1/n ~ 0.999. To give a reasonable
idea of how extreme conditional expectiles vary in this functional context, we represent the

estimated expectiles é\}fb[f o+ (Bn|X i), introduced in Equation (4.4), versus the daily volatility
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52(X;) = mean((X; — X;)?) on the left panels of Figure 4 (here X; denotes the average hourly
log-return). One can observe that the expectile curves seem to increase with respect to volatility,

and that 4+ (x) likely underestimates () in this example. On the contrary, 7(9) (x) and /7\(9*) ()

a* o
lead to reasonable estimates. As a sanity check, we recall that from (4.2), as n — oo, one has
nP(Y >e(1—1/n|z)|x) — (y(x)~! —1). In this example, based on a value of the functional

tail index around 0.4, we would therefore expect no more than a handful of exceedances above

the estimated conditional expectile €),. (8, X;) = €

~(9)

yields 3 exceedances for the estimate based on 7,/ (x), and 4 exceedances for the estimates based

on either ﬁc(ﬁ)

(1 —1/n|X;). A graphical inspection

(x) or Y4+ (x). Finally, in order to confirm our previous observation on the trend of
extreme expectiles depending on volatility, we plot on Figure 5 our expectile predictions sorted
by volatility observed the previous day. The estimated expectile curves generally behave as the
observed values of the Y;; in comparison with the other estimates, 7,+ () seems to lead to lower
estimates of the extreme expectiles. All in all, it appears that our extreme expectile method
gives a reasonable account of large movements in the price of Bitcoin; they in particular give
an indication that a large volatility on a given day leads to potentially more extreme swings in

price the following day.
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A Appendix: proofs

This Appendix is organized as follows: Section A.1 provides some preliminary results useful for

the proofs of the main results in Section A.2. Define

~ 1 - d :IZ,XZ‘
W) = 2wk (M 10y )
i=1 "

_ 1 — d(xz, X;
and ) (ylz) = an—yﬁK((h)) i @)
i=1 n

The quantities %(lk) (y|x) and ) (y|x) are the pseudo-estimator counterparts of @Lk) (y|x) and

) (y|x) when the smoothed small-ball probability ,u%)(:c, hy) is assumed to be known.

A.1 Preliminary results

Lemma 1. Assume that (K) holds. Then for any x € E, h >0 and b > 0,
(@, h) < i (x,h) < S, h).

In particular, for any b,b/ >0 and § > 0, [ug)(az, h)]1+5/u§?(m, h) =0 as h — 0.

Proof. The double inequality is an obvious consequence of assumption (K). The desired conver-
gence follows because, by monotone convergence, m(x,h) - P(X = x) =0 as h — 0 (since the

probability distribution of X is non-atomic). O

Lemma 2. Assume that (L) holds. Lety, — oo and hy, — 0. Then, uniformly in €' € B(x, h,),

m(l) (yn|m/) - m(l) (yn|m) = O(hn) and m(2) (yn‘a:/) - m(2) (yn‘z) = O(ynhn)

Proof. Remarking that

mO(gnla’) —mD(nfe) = mO(la’) —mO (o),
m(gala’) = m®(galz) = mO(0la) - m>(Olz) - 29, (MO (0)a") —mO(0la))

the result is a straightforward consequence of (£). O
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Lemma 3. Assume (K) holds. Lety, — oo and h,, — 0 be such that nm(x, hy,) — 00 asn — oco.
Then,
2
Hie (@, hn)

E [ﬁzéo)(yn\w)} =1 and Var [7%%0)(%\&3)} = —7
s (x, h)?

(14 0(1)).

If moreover (L) holds then

),
E [0 (ga[)] = m) (yu[2)+0(ha) and Var [0 (ya[a)] = ’;ﬁ)(( ”;"))2m<2><yn|m><1+o<1>>.
npy (€, hy

Proof. By definition,

Bl (152)]
E [ (ylz)| = ——7—— =1,
/’LK (CC, hn)
hence the first result. The second one is obtained through a similar calculation:

s [ (4529)] - (=[x (*529)])" _ @) — i

nuld (@, hn)? nuld (@, hn)?

Var [!) (yale)| =

Using Lemma 1 proves the result. Then,

E [m(l)(yn|X)K (d(:Z,HX)

(@, hn)

from Lemma 2. The third result is proved. The fourth one is obtained through a similar

E [m;l>(yn|x)} - )} =m (yn|@) + O(hy)

calculation:

Var [ﬁlg)(yn\x)} =

n

2
B | (0010 ~ O o) & (452)° | 4 0 o2 2.0 _mla)?,

nplg (, hn)? n

1+0(1)).

Clearly m™ (y,|2) = yn(1 + 0(1)) and m® (y,|z) = y2(1 + o(1)). Combining the results of

Lemmas 1 and 2 concludes the proof. ]

In the next lemma and throughout, B(-,-) denotes the Beta function. The proofs of Lemmas 4
and 5 are omitted: they are straightforward adaptations of corresponding results (Lemma 2i) and
Lemma 3 respectively) in Girard et al. (2019), whose proofs are written based on a multivariate

covariate (their finite-dimensional nature not playing any role whatsoever).

Lemma 4. Suppose Ci(y(x)) holds. Then, for all a € [0,1/v(x)),
B (a +1,9(x)" -

()
Lemma 5. Assume Ci(y(x)) holds. Let y, — oo and hy, — 0 such that wp, (yn|x)log(y,) — 0.
Then, uniformly in ' € B(x, hy,) and for all a € [0,1/v(x)),

@ (yy |2’
Y@ (y,|x)

@b(a)(y!m) = a) Yy F(ylz)(1+0(1)) as y — oo.

— 1 = O(wn, (yn|z) log(yn))-
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Lemma 6. Assume that (K) and Ci(y(x)) hold. Let y, — oo and hy, — 0 be such that
Wh,, (Yn|x) log(yn) — 0 as n — co. Then, for all a € [0,1/y(x)) and b > 0,

£ [(Y —yn) K" (d (Z;X)> 1{Y>yn}] = () (yo|2) 1 (@, 1) (1 + O(wh, (yn|) log (yn)))-

In particular,

Va e [0,1/y()), E [0 nl2)] = 0 nlw) (1+ O (@, (yalz) og(ya)))
)

and Va € [0,1/(2y(2)), Var [§0 (gala)] = 39 (yn|2) (“{f)(“””) (1+0(1)).
npy (€, hy)?

Proof. The first identity is immediate by noting that

B =) & (55 Y 1y | =B [p0xxe (16

and applying Lemma 5. The second one follows immediately because

The third result can be obtained by similar calculations, which yield

D@D (y, @) (a, ) V@ (y,|z)?

Var | (yala)| = (1+o0(1)) - (1+0(1)),
| | npise (@, )’ g
Combining the results of Lemmas 1 and 4 completes the proof. O

Lemma 7. Assume (K) and Ci(y(x)) hold with v(x) < 1/2. Suppose also that there exists
6 € (0,1) such that E[Y*Y|X = 2] < oo. Let y, — 00, hn — 0 and z, = 0y, (1 + o(1)), with
0 > 0, such that nF (y,|z)m(x, hy) — oo and

VR (gale)x(@, 1) log (ya) wn, (1 — 8)(6 A Dyalz) — 0.

If, forall j € {1,...,J}, yn; = Tj-*V(:c)yn(l +o(l)) with0 <7 < <...<75<1, then

(1) ), S0
J N C Y { <wn (yngla) 1) 7 (W _ 1) } L N (0751, V()
1<5<J

,uf,?)(a:, hn) PO (yn 4| z) PO (z,|)

where V (x) is the symmetric matriz having entries:

( — 0\ @)
vj,,(a:):l 7 )Tl—ll L <J> ! —1], (G,0) € {1,...,J}2, 5 <I,

(@) 1—2y(x) \
Y(2)0'@ (9 7 + (1= (@) (ov @ =77 @)

Vig+i(x) = , jed{l,. ..., J},

))1—1/7(9«‘)

V1,41 (x) = 01/7@).

If in addition (L) holds, then
1 = ~
”F(yn|ﬂ3)'u§()($’ ) %(yn,j\m) -1 M -1 4, N (041, V(x)).
1 (@, hn) E(yn,j|z) 1eiey \ Fznlz)
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_ (1)
Proof. Let B = (B1,..., B, Br+1) € RV and v, (z) = \/nF(ynlw)W. One has:
My (Z,nin
G5 (g 5 1) 3O (2, )
R ! R A |
(gl ) T\ GO,

30 (ungle) — E [0 (yn 1) I () B |01 (zn]e)
vn(m){ZBj ( Yn,j [ Yn,j } + By [ }

O (yn,jlz) O (2 |)

E[98 (g sl2)] E |9 (znl2)]
S oo il I WO i N

According to Lemma 6,

+ vn ()

E [04) (zu]) | = ¥ (z0])(1 4+ Ofaon, (2u]) log(22))),
E [0 Wal2) | = ¥ (yns12) (1 + Ofeon, (9 5|2) 108 ().

Noticing that for n large enough, y, ; > yn(1 — J), we obtain wp, (yn jlx) < wp, (1 — §)yn|x),
Vi e {1,...,J}. Similarly z, > 0y, (1 — §) and thus wy, (zn|x) < wp, (1 — 6)0y,|x). Moreover,
log(yn,j) = O(log(yy,)) for any j € {1,...,J} and log(2,) = O(log(yn)). Therefore

o (E[5 nsl)] E[3{ (znl)]
'Un(w) {]Zlﬁj ( w(l)(yn,ﬂx) - 1) + Byt ( w(o)(zn|w) B 1) } = 0(1)

We now focus on the asymptotic distribution of

s (B ngle) — E [0 () 9 (znl) B[40 (anle)
van(m){25j< i’ [ ! }>+5J+1( { })}

= W (yn,jlz) ) (z,|z)

We clearly have E[Z,] = 0. In addition, Var[Z,] = F(y,|)8" B™ 3, where B™ is the sym-

metric matrix-valued sequence having entries

m oY ((Y — Ynj) K (d(:;,f)) Liysy, i1 Y —yn ) K (d(:Z;X)> ]l{Y>yn,l})

B = ,i<le{l,....J},
) 12 (@, h )0 (g |2)0 D (g1 |)

cov (Y = yn;) K d(z,X) Trysy, 1, K d(z,X) Liys,,
B = ( d < - ) Sl ( & ) { }>,j€{1,...,J},

82 (@, ) D (g 5 |2) O (2, | )
d(z,X)
(m) Var [K (452 )ﬂ{Y”n}]

J+1,J+1 —
12 (@, 1) (DO (2, |)]2

B

Let us first focus, for j < [, on the term A%) = B](-?Z)w(l)(yn,j|$)1/}(1)(yn7l]m). Since Yn,j > Yn,

for n large enough, we find:

1 d(z, X)
A = - R {(Y—yn ~)(Y—ynl)K2< ’ )]1 ]
e R N e
1 d(z, X)

d(z, X)
o (150 g T oo (550 1T
M(}g)(m’ h) J B {Y>yn,5} B {Y>yn,}
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) /12 (@, ha) (14

According to Lemma 6, the second term is equal to u%) (x, hy)2pD) (Yn,j |)ep) (Yn.i
(n)
1

J

1 d(z, X) d(z, X)
@ (p B <E [(Y ) K ( h > ﬂ{ym,j}] + (Ung — ynt)E [(Y ~ Yng) K° ( A Ly>y, 1| ) -
12374 (m7 n) n n

o(1)). It thus remains to focus on the first term of A},” which we rewrite as

Using Lemma 6, we get

v
w2 (@, hn)

d(z, X)

B0 =K (5 1y, | = 0 o)1+ 01)

and

Yn,j — Yn, d.’I:,X —v(x —v(x
g =0l [y =y (N5 ) 141, ] = (570 = 709) 60l (L4o(0)
pe (5 hn) n

Besides, Lemma 4 and the regular variation property of F(-|x) provide, for any j,

B0l = 2o Pl o) 1+ (1)

2v(x)? (@), 0 T | .
- @)1 @) it e ett):

)

¢(2) (yn,j|$) =

Consequently the first term in AgT; is of order y2F(y,|x) and thus dominates, by Lemma 1.

Straightforward calculations then yield:

—(x)
m _1—7(®) 4 L7
T @) 1= 29(@) @ F (yn!w)( W)
We now deal with B](.Z)H for j € {1,...,J}, which can be rewritten as

E [(Y - ynvj)K2 (d(czf)) ]]'{Y>yn,jVZn}] - E [(Y - ynJ)K (d(g/ii;xg ]1{Y>yn,j}} E [K (d(gfif()) ]l{Y>zn}]
S (@, oD (g 312) 0O (2 )

Using Lemma 6, the second term in the numerator equals ,ug)(a:, B )2 (g |2) 10O (2, |22) (1 +

0(1)) and the first term can be rewritten

d(x, X
E [(Y - yn,j)K2 < (h )> ]l{Y>yn,j\/zn}:|

= Ng) (x, hn) [¢(1)(yn,j V zp|E) + (yn,j Vizp — yn,j)¢(0) (yn,j v Zn’a:)] (14 o0(1)).

Combining Lemma 1 and Lemma 4 with the asymptotic equivalent F(y, ; V zn|x)/F(y,|x) =
AV, T]-_v(w))*l/'y(z)(l +0(1)), we get that the first term dominates again. From straightforward

calculations,
D (g V 20l®) + Wng V 20 = Yn) 0 (Yny V 20|m)
B(n) _ 1/1 Yn,j n n,j n n,j n,j n 1 1
e D0 (1) 6O 2 (+e)
—(@)) /@) (@) _ (@) —(@)) @)
(@) (evfj ) +(1— () (evTj -7 ) (9vTj ) L)
— — o
’V(iD)lei’Y(w)e_l/'Y(m) F(yn|x)

e\ 1 1/7(@) - -
— — o .
y(@)r; " @o-1/@) Flynlz)
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Finally, combining Lemmas 1, 4 and 6, the variance term Bf;fgl 741 1s clearly

E [K2 ( * X)) ]]'{(Y)>Zn}:| {E [K (d(x X)) ]l{y>2n}] }2 _ gl _ 1 (1+o(1)).
fge (2, 1) [0 O) (2] 2)]2 F(yn|)

Therefore, Var[Z,] — 8"V (x)3, where V (x) is given in the statement of the lemma. It only

remains to prove the asymptotic normality of Z,,. We thus write Z, = > | Z; », where

/ — ) (U550 Ly, ) — B (% = ) K (U525) 13,
D = npie( z; ;(1)(%,]' z) J
(@ K (d(mf;i(i)) Lz, —E [K (“%j”) 1{m>Zn}]
" nug) x, hy, Prn PO (2, |) .

We prove that there is § > 0 such that nE\ZLnP*‘s — 0 as n — oo; the result then follows
by the Lyapunov central limit theorem (see Theorem 27.3 p.362 of Billingsley, 1995). For that
purpose, note that, if 71, ..., T;, have finite (2 4+ §)—moments,

. ais 1/ (2+0)

>IT - B(T)]

=1

q
E < Z{E|T |2+5}1/ (2+9) —|—E|T| < 2q max {E|T ’2-1—6}1/(2-}—5)

=1

by the triangle inequality for the standard norm in the space of random variables with finite

(2 + §)—moment, and Jensen’s inequality. Therefore, E|Z; ,|?+° =
— 1+6/2 d(x, X 246 (@, X) 246
0 F(yn|z) o E Y - yn,j)K< (aiczn )) Ly >y, ;3 i K <L> Tiyse,y
i (x ) 1252y D (yy,. 4 * (0)
npy (x, hy) RS Y (yn, j|) PO (z,|)

Combine now, for § small enough, Lemmas 1, 4 and 6 with the asymptotic equivalences F(z,|z) =
6~ Y@ F(y,|x)(1+ o(1)) and F(yn,j|lx) = 7, F (yn|2)(1 + 0(1)) to get

NE|Z1 17 = O ([ (@, h) Fyal2)] "),
which clearly tends to 0 as n — oo. The first result is proved. To show the second result, set

2 (04 (ngl@) = 9D (g gl2) ) = (Al (g gl@) =MD (g l2) )

R, ;=
! 200 (yn, 1) — m (yn,;|z)

We may write

Zﬁﬂ (EE( Yn,jl) 1) +on(@)Bra (F;(Znh?) B 1)

J (
U (Yn,jlx) - Un” (2n|T) 1
Zﬁj (z/m D (ynylz) 1) SRS (ap( 0 (z0la) 1) 72O (0 |)

1
+ oz Zﬁj 14 Ry ;)~ 1)+vn(m)ﬁj+1(w_1>_

my (
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Combining Lemmas 1, 3 and 6 directly entails

1 1
Vie{l,...,J}, ij:OP():o[p - 0
CHY (@, h) Fyale)
and the result then follows by applying the first result of the lemma. O

Lemma 8. Assume (K) and Ci(y(x)) hold. Let y, — 00, hy, — 0 and z, = 0y, (1 + o(1)), with
0 > 0, be such that nF(y,|x)n(x, h,) — 0o and

36 > 0, \/nF(ya|z)7(x, hy) log(yn)wn, (1 — 8) (0 A V)ys|z) — 0

Then if, for all j € {1,...,J}, yn; = T{v(z)yn(l +o(1) with0 <1 <m2<...<775<1, one

has

(1) 9 = Eal
R (@ ) (Fn@n,jw) ) (Fn<zn|w> ) d
fnle) i@ hy) |\ Flongle) ) "\ Fleala) (01, 2 ()

where X(x) is the symmetric matriz having entries:

Sl =71 (.0 e{1,....J}2, j <1,
S (@) = (7 veth@) T e, T,

Y1 e (x) = gL/v()

Proof. The proof is entirely similar to that of Lemma 7 and is thus omitted. O

A.2 Proofs of main results

(1) 2
Proof of Theorem 1 Let us recall that o, !(z) = \/n(l — an)“’éfﬂ, introduce z =
o

(21,...,27,t) and focus on the probability

o.(z) — P ﬁ{ggl(w) (M_l> gzj}m{agl(w) (M—l) gt}

j=1
J

= P | [ {Enlanjl@) < elangl®) (1 + zjon(@))} N {Gn(anlz) < gan|) (1 + ton(x))}
j=1

By noticing that 1 — oy, j = E(e(ayn j@)|z) and 1 — a, = F(q(ay,|x)|z), and using that for all y,
a, ep(alx) <y<:>E (y|z) <1 —a and gu(alz) <y < F,(ylz) < 1— «, we find that ®,(z) is
equal to

PN

o~

(el jl2)(1 + 2j00(2)2) < Blelanlo)e) } 0 {Fa(alanle)(1 + ton(@)2) < Flglanle)le)}
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Letting y, = e(an|m)7 Yn,j = e(an,j|m)(1 + ngn(m))7 Zn = Q(an|$)(1 + tan(m)) and Un(m) =
_ (1)
\/nF(yn|a:)“K(wh")2, we have

1) (@)
- E j 1L Ele(an.i|x)|x

o [Falenl2) N\ o (Flaanl)le)
ﬂ{ N ><F(Zn|m) 1>g o) (F 1)})

By Corollary 3 of Girard et al. (2019), E(-|z) is continuously differentiable with

i yE (ylx) . yF(ylz) 1
1M —— = 111 —= = — .
y—oo E(y|x) y—oo F(y|x) ~v(x)

Thus, for any j € {1,...,J}, a Taylor expansion shows that there exists 6, ; € [0, 1] with:

E(ynjlz) = 1—an;+ zjon(@)e(an;|@)E (e(an|@) + 0n ;200 (2)e(anj|2)|z)

2)E' (e(an,|@)|2)(1 + o(1))

= (1-amy) (1 - nglg) (1+ 0(1))> = B(e(om|z)|z) (1 - zﬂxﬁ)@ (1+ 0(1))> .

= L—anj+zjon(@)e(an

In view of (4.2), v,(x) = o, ' (x)y/y(x)~! — 1(1 4 0o(1)) and therefore

vie{l,...,J}, va(x) <W - 1) = 7'(2;) ! ;(1()“’)(1 +o(1)).

Similarly

Flglaole) |\t 1@,
”""”( Fleale) 1) @\ @ o)

Finally, y,; = ijv(w)yn<1 + 0(1)) and z, = (y(z)™* —1)7(:”) 77 @)y, (1 4 o(1)), since, in
x) < wp, ((1—
d)e(ap|x)|x) and wp, (zp]|x) < wh, ((1 — d)g(an|xz)|x). Moreover, log(yn ;) = O(log(y,)) and

view of (4.3), e(-|z) is regularly varying. Thus, for n large enough, wp, (yn,;

log(zn) = O(log(yn)). Noting that log(y,) = O(]log(l — a,,)|) by the regular variation prop-
erty of the tail expectile function ¢ + e(1 — t~!|z), Lemma 7 can then be applied with
g =71 (’y(a:)*l — I)V(m) to conclude the proof. O

Proof of Theorem 2 The key is to write

log <W> ~ log G - aZ) (G, (@)~ (@) +log (W) Hog (E - g:]m) ZE;:::;;) |

The first term is controlled by our assumptions on 7,,, (), the second term by Theorem 1 and
the third one by Lemma 8 of Girard et al. (2019) (whose proof carries over to the functional

case without modification). The delta-method concludes the proof. O
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Proof of Theorem 3 The key is to write

log (W) — 10 (125 ) Gou(@) — 2(e) + 1og (L2212

e(fnlz) q(o )

g Gon@ L =) N (a(Bule) () =)
+ 1 g( ) +log e(fnl|x) '

Under our conditions, the second term is a Op(o,(x)). According to Theorem 4.3.8 in de Haan
and Ferreira (2006) and condition iii), the third term is a O (A ((1 — o)~ !a))). Similarly,
Proposition 1 in Daouia et al. (2018) entails that the last term is a O (A ((1 — an)~!|x)) +
O (g(an|z)™t). Finally, our assumptions on 7,, () imply that the fourth term is a Op(op(x)).
The result follows. O

Extension and proof of Theorem 4 The proof of Theorem 4 hinges on the result below.

N(l)(w hn)?
Recall that o, (x) = 1/4/n(1 — ay) 5.
,u‘K (mzhn)

Proposition 1. Assume (K) and Ci(y(x)) hold. Let o, — 1, hy — 0 and 1 —a,, = 7(1 —
an)(1+0(1)) be such that n(1 — ay)mw(x, hy) = 00 and

35 > 0, /n(1 — an)m (@, hy)wp, (1= 8)(777®) A Dg(ay|z)|x) log(l — a,) — 0

Then, if 1 — o j = 75(1 — o) for some 0 <11 <1 <--- <75 <1, one has

o= () { (‘JAn(O‘W"C”) _ 1>1Sj§J7 (qA”(“"'”:) - 1> } L N (041,73 () S())

Q(an,j‘a:) q(an|z)
where B(x) is defined in Lemma 8 (with § = 7=7(®) ),

Proof. The proof is entirely similar to that of Theorem 1, applying Lemma 8 rather than
Lemma 7 at the final step. We omit the details. ]

Theorem 7. Assume (K) and Co(y(x), p(x), A(-|x)) hold. Let o, — 1, h,, — 0 be such that
n(l — ay)m(x, hy) — oo and introduce 1 — a, = 7(1 — ay)(1 + o(1)), where 7 > 0. Assume
further that

i) opt(z)log(1l — an) wh, (1= 8)(777@) Al)g(ay|z))|x) — 0 for some & > 0,
i) o, (@) A ((1—an) tae) = A\ €R.

Then

o, Hx) (A(J)(w) — (), nlan|z) 1 n(an|x) 1)

! o qglanl@) 7 q(an|z)

converges in distribution to a Gaussian random vector with expectation

J

1 P
A1,0,0
log(7!) ; pl) )"
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and covariance matriz

J(J—1)(2J - 1) L Il .
6log(J!)2 0 log(J7) 2 (5 V) (1vr)™
7@ 0 1 (rv 1)
J—-1
a7y o [V = (v (v
j=1

where 7; = (J —j+1)7! for all j € {1,...,J}.

Proof. Recall that 7; =1/(J — j + 1) (in particular 77 = 1) and therefore

o () (@) — (@)

qg(1=77(1 —ay)|x)

= o) | g ;bg(anu—n(l—an)rw))_ J—%log(anu—nu_an)\x))

= (1 —ap)|x
+ 0_71(:1:) 1 ' log (Q<1—Tj(1 n)’ )) —’y(w) = A, + B,,.

The bias term B,, is controlled by applying Theorem 2.3.9 in de Haan and Ferreira (2006): since

" ¢(1— (A —an)/ulz) _ @) ) [ 1
Yu > 0, e — <1+A((1 n) |)[ @)

it is easily seen that, by condition i),

J—1 _—p(x)
1 T —1 jp () _ 1
B, — J A = A1 as n — oo.
log(J") ; p(x) log Z

Besides, by Proposition 1 and a Taylor expansion,

G(-n(l-an)lz) _
a(=r (I=an) =)

(17717_(‘]_1)) Gn(1=77_1(1—an)|z) 1 +OIP’(1)
q(1—7j-1(1—an)|x)
G(-ry(anz) 4

q(1=7;(1=an)[z)

By Proposition 1 again, it follows that A, = o, (x) (ﬁé‘?( ) — (), q;(gmf)) -1, q;(gmg) — 1)

is asymptotically Gaussian, with asymptotic mean

T gelx)

1
log(J!) ]Z p(x)

=2

A1,0,0

It remains to calculate the covariance matrix of this limiting Gaussian distribution. Note that,
by Proposition 1 and straightforward calculations,
J(J-1)(2J-1)

6log(J!)?

Var(4,) —
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(see also Gardes et al. (2012)) and

~ J-1
cov (Amqn(an\a:)_1> — ! . (Tj\/T)l(Jl)(TJ\/T)l)

f(in]) log(71) | 2
1 J—-1
= og(7]) [(rj v t—(1v 7')_1]

It now follows directly from Proposition 1 and straightforward calculations that the covariance

matrix is
J(J=1)(2J-1) s —1 —1
~ Glog(JN? 0 log(J!) Zl [(Tj N T) - (1 \ T) ]
]:
7 () 0 1 (rv1)~!
J—1
log%J!) Zl [(Tj v 7—)71 - (1 \ T)il} (T v 1)71 1
]:
as required. ]

Proof of Theorem 5 Let 7 =(x)! — 1. For any z € R, let us focus on the probability

B,(z) = P (ng(w) (Fn (én(an|a)|z) T) < z) —P (Fn (n(am|z)|) < (1 — an) (1 + z0n(x))

1—a,

Equivalently, ®,(z) = P (én(an|®) > §(Bnlx)), where 8, = 1 — (1 — ay,) (T + zon(x)) and
therefore ®,,(z) is given by
-1 én(an|x) _ o~z Gn(Bn|z) _ q(Bnl) oYz q(Bnl) _
(oo (e —1) 2 er'@ (B ) gt (Famg 1))

From de Haan and Ferreira (2006, Theorem 2.3.9), condition Ca(v(x), p(x), A(.|x)) entails

ZEZ"Z)) =77@) 14 T_pp(;))_ LA ((1 = an) M) (1 + (1)) — 'V(w)zf"(x) (1+0(1)
(A1)
In addition, under Co(y(x), p(x), A(.|x)), Daouia et al. (2018, Corollary 1) yields
ZEZZ@ = 777@ | 1 4 r(anlz) + T’:Zg)lA ((1- an)l\m)] , (A.2)
where
r(an|x) = M(E[HX =z|+o0(1)) + < T + 0(1)) A((1—an) ).
q(om|z) 1—~(z) - p(x)

Combining (A.1) and (A.2) yields

i) (42 = 1) = =2 o1) — o @)r(anle)(1 -+ 1)

e(an|x) T

In view of conditions i7) and #i7), one has

(”y(x)fl _ 1) —p(x)

T )1 — v(x) . s T oo,
o +(@) (@) — 1) Y IX = als asn

Ugl(ac)r(anm) — A=
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This entails

o () (Z&E; - 1> - —27(:“') — A+o(1). (A.3)

Then, ®,,(z) can be rewritten as

P <W(;) [_agl(m) (W - 1) +ol(z) <m - 1> 1+ 0(1))} - Aﬁ +o(l) < z) :

F(én(am2)|®)
1—an

and therefore the asymptotic distribution of o, !(x) ( - T> is the same as that of

7 (z) " n(Bnlm) _ g Y (x)

én(an|x) _1
L=9@®) (g yori(a) (6(0‘"‘””) ) el C))

Finally, 7,, () being obtained by applying the function u +— (1 +u)~! to ﬁ’n(én(an\w)\az)/(l —

ay,), its asymptotic distribution is the limit in distribution of

én(an|x) _1
(1 =@) (1, -V @) | 20" )+ 201 (@)
Qn(ﬁnkl;) _ 1
by the delta-method. Apply Theorem 1 to conclude the proof. O
J e (@)
Proof of Theorem 6 Let 7 =y(xz)"! — 1, &,(ay|x) = (ﬁ&n) (x)~! — 1) dn(ap|x) and

for any z € R, focus on the probability

@,(z) =P <an<m>—1 (F Calamlalle) _ ) < ) = B (B @Elonl@)@) < (1 - ) (7 + 20u(x)

Similarly to the previous proof, and using (A.3), ®,(z) can be rewritten as
T - en(an|T) ) -1 <‘jn(5n|m) > T
P Jnlm(l to M) (T 1) 14 0(1)] - A +0(1) < 2
(7 [ (G AT I Al TE R
where 8, =1 — (1 — a,,) (7 + zo,(x)). Consider the expansion:

on(z)~" (mm -~ 1>

e(an|x)

= op(x)”! <<A(J)<w)—1 B 1)-?&{)(33) B T_,Y(w)> q(an|x) gn(an|x)

an e(an\w) Q(an|w)

+ O'n(x)_l <§n(0¢n|w) B 1) T_'Y(m)q(an|w) +0n(w)_1 (W - 1> .

q(an|z) e(an|x) e(an|z)

By (A.2) above, Proposition 1, Theorem 4, and Slutsky’s lemma, the asymptotic distribution of
on(x) 71 (6 (an|x)/e(an|z) — 1) is that of

A (@) — (= rp(@) _

q(an|z)
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Recall then (A.3) to find that oy, () ! (ﬁn (en(an|z)|x) /(1 — ay) — 7') has the asymptotic dis-
tribution of

()

Yoin (€) — ()
T -1 1 -1 Gn (on|x) r P 1
———op(x —— —log (y(x®)"" -1 ,1,—1> o — 1 + Al
7@ (o sl -1 7 IR
q(Bulz)

Finally, ﬁé‘?(sc) being obtained by applying the function u + (14 u)~! to ﬁn(gn (ap|x)|x)/(1—

ay), its asymptotic distribution is the limit in distribution of

A (@) — ()

1 pd —p(®) _ 1
_ -1(_ - -1_ _ an(anlz) —(1— T
(=r(@on@) ™ (s~ 1o (1)~ 1) 1,-1) =1 | 0y
aBale)
by the delta-method. Apply Theorem 7 to conclude the proof. O
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Figure 2: Simulation results on a conditional Pareto distribution. Top panel: tail index esti-

(%)(-) (blue box plots) as functions of the latent variable

g/
Z € [1/4,1]. The red curve is the true value of v(-). Bottom panel: Indirect (green box plots)

)() (green box plots) and

(9
a*

~

mators 7y

«(Bn|-) based on the tail

W
n,o

«(Bn|-) and €
)() The red curve is the true value of e(8,|-), with 8, =1 —5/n = 0.99.

W
en,a
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Bitcoin price log-returns QQ-plot
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Figure 3: Financial data on the price of Bitcoin. Left panel: Hourly log-returns of Bitcoin
price. Right panel: Exponential quantile-quantile plot of the log-excesses log(Yy—i+1n/Yn—k+1)
(vertically) versus log(k /i) (horizontally), for 1 < i < k—1, with &k = 100. The straight line has

a slope computed using the Hill estimator on the top k£ Y;’s.
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Expectile estimators

Tail index estimators
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Figure 4: Left panel: Direct expectile estimates é\,vl[’/ o+ (Bnl-) based on the four tail index estimators
ﬁ&?} () (red), Yo+ (-) (green), %3,)() (blue) and a local Hill estimator (brown). Right panel: Tail
index estimates, with the same color code. On all panels, curves are smoothed with the R
function loess (and a smoothing parameter of 0.25). The black dots are the pairs (s%(X;),Y;),
where s2(z) denotes daily volatility, and all curves are represented as functions of this daily

volatility. Top panels: s%(z) € [0,0.002], bottom panels: s*(z) € [0,0.0005].
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Figure 5: Extreme expectile estimates €,". (3, X ;) based on %(31) (+) (top left), Y= (-) (top right),
ﬁ(()i)() (bottom left) and a local Hill estimator (bottom right). The black curves represent the
pairs (ji;,Yj,), where the j; are such that s*(X;,) < --- < s2(X},), and the colored curves

represent the predicted extreme expectiles (ji,a‘fb[f o (Bnl X 5,))-
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