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Abstract: In this report, we construct a low order absorbing boundary condition (ABC) for
two-dimensional isotropic poroelasticity in frequency domain. The ABC is obtained for circular
geometry by approximating the behavior of the analytical outgoing wave solution. The ABC is
then extended to general non-circular domains and implemented with Hybridizable Discontinuous
Galerkin (HDG) method. In circular symmetry, using the form of the exact solution, the robustness
of the ABC is evaluated for the problem of scattering of planewave by a circular obstacle. We also
compare the performance of this ABC with Perfectly Matched Layers, both coupled with HDG
method. All of our numerical tests are performed on geophysical realistic media.
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Condition limite absorbante de bas ordre pour les équations
poroélastiques isotropes en deux dimensions

Résumé : Dans ce rapport, nous construisons une condition limite absorbante (CLA) de bas ordre pour
la poroélasticit isotrope en deux dimensions et dans le domaine fréquentiel. La CLA est obtenue analytique-
ment pour des géométries circulaires en approximant I’expression exacte de ’onde sortante pour les équations
poroélastiques. Cette condition est étendue a des géométries quelconques et mise en oeuvre numériquement avec
la méthode de Galerkin Discontinue Hybridizable (HDG). La robustesse de la CLA est évaluée en géométrie
circulaire pour le probleme de la diffraction des ondes planes par un obstacle. Nous comparons aussi la perfor-
mance de cette CLA avec celle des couches parfaitement adaptées (PML), couplées & la méthode HDG. Tous
les tests numériques sont effectués sur des matériaux géophysiques réalistes.

Mots-clés : Condition limite absorbante, condition de radiation, PML, méthode HDG, poroélasticité isotrope
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1 Introduction

In this report, we construct a low order radiation boundary condition for the 2D isotropic poroelastic equations in
frequency domain and implement it with Hybridizable Discontinuous Galerkin method. The implementation of
non-reflective boundary conditions for wave propagation is an important question in many physical applications.
In our case, poroelastic media are used to model realistic geophysical materials.

The wave propagation in poroelastic materials has been first modeled by Biot in [6, [7]. We refer to [3]
for more history on the equation. This document follows the results from our work on analytical solutions for
poroelasticity [3], in which we had obtained expansions of generic outgoing solutions in series of Bessel functions
using the potential theory. This family of outgoing solutions satisfies a relation between the trace of their solid
and fluid stress tensors and the trace of their velocities on a circle. This relation is approximated to order r—*

to give a boundary condition of the form
n u
(7)) 2

where A is a zero-th order operator containing no derivation. This condition is analogous to LysmerKuhlemeyer
(LK) absorbing boundary condition for elasticity, that has been investigated in [2I]. We have found that our
condition gives results of the same order of magnitude as LK condition. Absorbing boundary conditions for
poroelasticity have been given by Degrande [I5] [16] and Akiyoshi [I} 2] in time domain. The methods employed
in these reference are different from ours resulting in a different form of ABC. This is in particular for the second
reference, whose form of ABC is not given in a compact form conducive for discretization with finite elements.
On the other hand, Degrande [I5] [I6] works in a stratified setting, and arrives at a form comparable to ours.
In our ABC, the operator A is not symmetric, while that in [I5] [I6] is symmetrized. In the above form, our
derived ABC is natural to be coupled with HDG, since it resembles the conservativity condition of numerical
traces. For discussion of HDG, we refer to [4], in which we have presented in detail the HDG formulation and
discretization for poroelasticity on bounded domains. This work thus extends [4] to unbounded domains.

An other way to truncate the domain is to use Perfectly Matched Layer (PML). This has first been done
for the electromagnetic wave equations by Berenger in [5]. An absorbent layer is added using two attenuation
functions that prevent the reflections on the border. Due to the lack of work on ABC for poroelasticity, most
works in literature e.g. [I8], [23] and [20] use PML, which is readily available for most partial differential
equations (PDE).

This report is organized as follows. First, we recall the poroelasticity equation in section In section
we derive a low order radiation boundary condition (RBC). Then we obtain the expression for the exact
solution associated with this condition in section |4 for an annulus domain. The performance of this condition is
investigated in section [5] by comparison with the outgoing solution that we calculated in [3]. This is recalled in
In section[6] the obtained RBC is implemented with Hybridizable discontinuous Galerkin (HDG) method for
poroelastic wave equations. Then, in section [7} we consider a second method to truncate the domain by using
the Perfectly Matched Layer (PML) also with HDG discretization. Finally, section |8 compares the performance
of our RBC with that of PML.

2 Poroelasticity

In this section, we recall the isotropic poroelastic wave equations in frequency domain, and the porous physical
parameters. Next, we present the main results obtained in [3] for the expression of the unknowns in terms of
potentials and Bessel functions. Finally, we present the boundary conditions considered in a bounded domain
and the parameters of the materials used for the numerical tests.

2.1 First-order harmonic equation
We consider an isotropic porous medium, composed by a solid frame, and pores filled with a fluid that follows

Biot’s model [8], [9]. We will use the first-order poroelastic wave equations in frequency domain. The unknowns
in first order formulation are the solid velocity u (m.s™1), the relative fluid velocity w (m.s™!), the solid stress
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4 Barucq € Diaz € Meyer & Pham

7 (MPa) and the fluid pressure p (MPa). They solve the system

Ver+1f, =iwpsu + iwprw,
-Vp+f, = iwpsu + iw pgynWw,
iwT = Cp:€e —iwap, @
iwp = -MV-w - Ma:e€.
with € = w, pa the averaged density, py the fluid density, payn = #7(7”) the dynamic density, n

being the viscosity of the fluid and k the permability, Cy. the stiffness matrix, « the effective-stress coefficient,
M the fluid-solid coupling modulus, and f,, f external forces. More details on the parameters and equations
of poroelasticity can be found in [I0], [13], [3].

2.2 Physical parameters used for the numerical tests

We list in Table |1 the physical parameters of the porous media considered in this report. The media are filled
with brine, which can be either inviscid or viscous. For some of the tests, we vary the viscosity of the material
to highlight its influence on the solution.

Physical parameters Sandstone | Sand | Shale
Porosity ¢ 0.2 0.3 0.16
Fluid Density pf (10%kg.m™3) 1.04 1 1.04
Solid Density ps (103kg.m=3) 2.5 2.6 2.21
Viscosity n (1073 Pa.s) 0 1 0

Permeability xo (1079m?) 0.06 0.01 0.01
Tortuosity t 2 3 2

Solid Bulk Modulus k, (10°Pa) 10 35 7.6
Fluid Bulk Modulus k¢ (10° Pa) 2.5 2.2 2.5
Frame Bulk Modulus kg (109 Pa) 20 0.4 6.6
Frame Shear Modulus Gy (10°Pa) 12 0.5 3.96

Table 1: Summary of the physical parameters of media in consideration in this report. The parameters for sand
are obtained from [I9][Table 1], those for sandstone and shale from [I4][Table 5]. For some tests, we will use
these materials. However, we will vary some of the parameters to highlight their effect on the solution.

2.3 Boundary conditions for a fixed boundary

For a fixed boundary, we can impose four types of boundary conditions:

Type 1 ™n = ft ) ™n = ft )
”Neumann-like” {w n = fu, (3a) Type 2 { D= f, (3b)
Type 3 u = fuu u = fu y
" Dirichlet-like” { p = f. B Typed wen = fo (3d)

where fy, fuw, ft, fp are exterior forces. In the numerical tests, we will focus mainly on the boundary
condition of type 1 and 3. If f;, f, are zeros in (3b)), we have free surface condition. Similarly, if f,, f,, are
zeros in ([3d), the surface is a wall.

2.4 Plane wave solution
In poroelastic media, we observe three types of plane waves, two longitudinal waves, denoted P for the fast-wave

and B for the slow wave, and one transverse wave, denoted S. The three slownesses sustained in a poroelastic
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ABC for 2D isotropic poroelasticity 5

medium are

A
S-wave-slowness s3(w) := M, (4a)
fofr pdy“(“’)
2
‘fast” P-wave-slowness 253 (w) = tgec;(;) — \/(tgg(;)> — 4%, (4b)
tr C(w) trC(w)\ > det A(w)
‘slow’ B-wave-s] 252 (W) = — g 4
slow’ B-wave-slowness sg(w) 1ot B + \/( ot B B (4c)

where we have defined
[ Pa pf . H aM cof __ M —aM .__ pcof
Alw) = (Pf pdyn> , B:= <aM Y ) , B = (—aM I , Clw):=B“"Aw), (5)

and
tr C(w)

detB = MH — (aM)?* = M (M + 2ug), (6)

pdyn(w)H - ZaMpf + pa M,

det A(w) = pg payn(w) — p?c .
Remark 1. Note that these quantities can have complex values, (see [3]), and det A(w) cannot vanish. The
slownesses should also be taken such as their real part is positive and their imaginary part is negative, for the
Hankel function of type 1 to represent the outgoing solution. More details are given in Section 4 and 5 of [3].

Using the slowness expresssions from , the plane wave propagating in direction k = (COS Qine, SN Qine)
writes:

1. For the transverse wave (polarization direction perpendicular to the propagation direction):

)’ = R (siw)d , whY = Psels? (siw)d, (7a)
T = lwsg(w) T (E@ﬁ + a®ﬂ) ; (7b)
ps. = 0. (7<)
with polarization given by R

kg = wss(w) k 5

ss(w) given by (4al) ,

~ o~ 8

dlL k , |d=1, ®)

Pf
Ps = :
Pdyn(w)

2. For the two types of longitudinal waves P and B ( polarization direction parallel to the propagation direction),
which are distinguished by subscript e € {P,B}:

w = ke (siw)d , whY = Bk (siw)d, (9a)
TPV = jwse(w)eke® 2%8@8 + (—%Mfr + ke +Mo® + B.aM) Id |, (9b)
A
fr
Py = iwse(w) (M Be — Ma) elke® (9¢)

with polarization given by
ke = wse(w)d , |d|=1,

se(w) given by or (4d), (10)

HS%(W) — Pa

S 7 < Ton ey

RR n°® 9358



6 Barucq € Diaz € Meyer & Pham

2.5 Polar coordinates

A point in polar coordinates (r, 6) is defined with the distance of the point from the origin » and an angle 6.
The coordinates are linked to Cartesian coordinates by:

x = 1 cosf, and y = rsind. (11)

We define the unit vectors in the polar coordinate system,

cos —sin 6
er = (sin&) ’ and e = (0059> ' (12)

In this system we decompose a vector a € C? as
a=a,e, +epey. (13)
The tensor product of two vectors in polar coordinates are
a®b =ab,e,®e, + a,by e, Qey + agb, eg e, + agby eg D ey (14)

We also list the action of differential operators in polar coordinates. For a scalar f, we recall the notation of

curl first in Cartesian coordinates,
oy f
curl f = 4 15
r= (%) (15)
In polar coordinates, the action of curl and gradient V are,

curlf:%%fer—&«feg, and Vf =0.fe.+ %69. (16)

We will also need the following second-order operators,

V2f = V(Vf)=0*fe, e +< o a@f) e ®e +( ol (%Qf) epRe +<82f 6f)ee®eea
(17a)

V(curlf):(ag:f—a:;f) e Qe +(8:f af)er®e9—8,2,feg®er+(—a%f)”f+a:;f>e9®e9.
(17Db)

2.6 Potentials and expansion of the unknowns

In [3], we have expressed the unknowns (u, w, 7, p) in two dimensions, using the potentials x., ¢ = P, B, S, to
obtain the following expressions:

iwu = S;QVXP + s]§2VXB — ss_2cur1XS,
lww = &V Xp + BBVXB + prfrcurlXSa
2 3 det A
p=-M(@PBp + a)xp — M(Bs + a)xs , 18)
18
2 2 Veurl s + (Veurl xg)!
W2T = L (_SQV2XP _ ?VZXB + XS 82( XS) >
P B S
+ w? (= Zpe + ke + Mo®) (xp + xs) 1d
+ w?aM (Bpxp + Bexs) Id.
. . . 1 0
with operator curl defined in and V2 in (17b)), and Id = (O 1).
The potentials y, solve the Helmholtz equation,
(—A — w?sl)xe = 0, (19)
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ABC for 2D isotropic poroelasticity 7

hence they can be expanded in terms of Bessel functions, depending on the domain considered. Denote by Zj
and Zj a basis of linearly independent Bessel functions, we have:

o(@) = 3 (tenZi(wsaf2]) + dupZi(wsifz))) ¢, e {S,P,B}. (20)
kEZ

The Bessel functions have the following identities:

2
L) = T+ 206, 2 = -1 - (1-5)a (21)

oz
To obtain the value of (u, w, 7, p) on a bounded domain, we need to express one of the boundary conditions
given in section by replacing the potentials y, with the Bessel or Hankel expansion to obtain a system on
each Bessel mode, (see [3]). In appendix |A] we detail the system obtained with the expansion of the potentials
for the scattering of a plane wave by an impenetrable obstacle for boundary conditions of type 1 (equation )
and type 3 (equation )

Definition 1 (Outgoing solutions). The fields u and w are called outgoing solutions of the poroelastic equations
(2) if they satisfy the following radiations conditions.

1. Their rotational curlu and curl w satisfy the outgoing Sommerfeld radiation condition with wavenumber
ks, i.e. for ¢ = curlu or curl w, ¢ satisfies

r—o0 or

hm\/?(a“"—'ksgp) =0, (22)

uniformly in all directions.

X 1 1 . ©wp V-u .
2. Denoting P(w) = , and defining vp , ¢p as =p! , then pp and ¢p satisfies
Br Bs ©B V-w
the outgoing Sommerfeld radiation condition with wavenumber kp and kg respectively:
. dop . _ . dpp . B
lim vr | =~ — ikppp | =0, and lim vr [ %= — ikgpr| =0, (23)
r—00 or r—»00 or

uniformly in all directions.

The potential of a generic outgoing solution by the above definition contains only H,(Cl). Specifically,

xe(@) = > apH (wsp |z|) €*7,
keZ

xs(@) = > b H (wsp |z|) €+, (24)
keZ

xs(x) = Z Ck H;cl)(wss|:r,|) ekl
keZ

3 Derivation of radiation conditions

In this section, we build artificial boundary conditions for isotropic poroelastic media. We derive the radiation
conditions of an outgoing solution in order to find a relation between the stress 7, p and the velocities u, w.

3.1 Radiating asymptotic of Hankel functions

Let Hl(cl)(z) be the Hankel function such as ngl)(z) = Jx(2) + iYx(2). From equations (10.17.11) and (10.17.2)
in [I7], we have

1
, 2\2 ., 1, 1 s by (k
chl) (2) ~ l<7rz> J(E—gkr—gm (1 + Z(*l)m an)) . (25)
m=1

RR n° 9358
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Equivalently from equations (10.17.5) and (10.17.2) in [I7],

2 L1 1 > (ke
H}(€1)(Z) N (m) b =g kn— ) (1 n Zimaz'r(n)> .
m=1

N

Hence,

N

' 2 1 1 >
H,(Cl) (2) _in(cl)(z) N (m) fz—gkm—gm (Z im c,;(nk)> _
m=1

In the end we obtain the radiating asymptotic:

H,gl)/(z) —iH,gl)(z) = O(z_%), Z — 0.

This will be the main ingredient in the derivation of the absorbing boundary conditions.

3.2 Derivation

(26)

(27)

(28)

We recall from (24) the potentials xo that define a generic outgoing solution, which only contains H,(gl) Bessel

functions via (18)),

xp(x) = Z ay H,(Cl)(wsla |lz|) etk ?
kEZ

xe(@) = > b HY (wsp |z]) ¢
kEZ

xs(@) = Y e H (wss|z]) e
kEZ

Substitute this form of potential in equation and use the expression for the action of curl V and V? in
polar coordinates presented in Section we have the following expressions for the expansion of the unknowns

(ua W, T, p)7

iwu, = Za H() (wsp |x]) ‘k9+Zb S—H( (wsp |x|)e*? Z Ch

kEZ kEZ kEZ

iwug = Zak 2| H( (wsp |x|) ‘ke—l—z | (wsB|w\) iko —l—chsS wH( (wss |x|)e*?

kEZ

r ik
owe = Yo B s e + Y %m (solal)e™ + 3 o o Ty

kezZ kEZ

For the symmetric 7, we have 7.9 = 79,. We will only be concerned with 7 - e, = 7,..e, + T-p€q,

2 g W : 2 ug k
Wi, = _Z Lak Hg_:l(wSp ) eik0 L
vz, s lxl

ke P| x|?

. 2 g k2
+Z 2,ufrakw2H§€1)(w5p lz|) k¥ — Z QMfm 5 a}cHl(Cl)(WSp |z|) e

k€eZ kezZ sp ||

2 Ligy ; 2 ug k
-3 S b HY (wsp [a]) €% + P2 b HY (wsp |a]) e

s Ja] 2 R oF

keZ
. 2 1ugy
+3 2pn bp? HY (wsp |a) €70 — Y pek® H (wsp |a|) €
kEL keZ s |z[?
2 pr - k6
JrkEZZsS‘m‘ crwikHy ' (wss|z|) e

+ 3 w? (< 2pn + ke + Mo® + a MBp) ar Hy (wsp |2]) e+

+ Z w® (=2pg + ke + Mo® + a MBg) kaz(cl)(WSB z|) ek?,

H(l) wss\a:|) 1k0

H(l)(w sp |z|) e*
iko

ik

ko

1k0

(30a)

(30b)

Inria



ABC for 2D isotropic poroelasticity 9

2upwik 2ipy k 1 ;
w2 T = 72 ‘x|sp H( ) (ws |$| Z | ‘2 kH]i)(wstED e ko
keZ kEZ
2 ppwik : . 21 g, k i
=S A B (wsp ) 640 + Y AT p H Y (wsp ) €F°
S afsp kez [#Pss T
Mfr i ffr W 1 i
EPIFEE: B (wss a) ¢ M e e (wss fa) ¢ (30¢)
kEZ keZ
i k ik
= D e wss e 7+ Zuﬁ o i (s [o) ¢
kEZ kEZ
+ Z,uf,w Ck H( )(wss lz]) e Z,ufr el 5 Ck H,(cl)(wss lz|) e®f
kEZ kEZ
> M (Bp + o)H (wsp|z|) e — ZbkM (Be + a)H (wsg|z|) e (30d)
kEZ kEZ

In order to find a relation between the unknowns 7, p and u, w, we choose to approximate the components

by truncating at the first order in ‘;l = f. We obtain:
u, = — Za —H (wsp |x|)e*? Zb —H( (wsp |z|)e*? + O(r2),
keZ kez B
W= a IBP (wsp |2 — 3 b= IBB HY (wsp |z))e™ + O ), 31)
kEZ keZ
w ==Y iHS’kwss 2)) + 061,

kezZ
and A
Trr = <3,u,fr + kg + a(Ma + MBP)) Z ak HS)(WSP ‘(ED eike
keZ

3

4 .
" (Suﬁ Tk + a(Ma + MrsB>) S b HD (wsp [2]) €50+ 0(r ),

kEZ (32)
o = 3 preex HY (wss |z)) €0 + O(r~ %),
kEZ
p= - apM (Bp + a)H (wsplz)) ™ — S 0. M (Bp + a)H (wsp|z]) .
keZ kEZ

Important identity Using the expressions of the radial velocities in equation , we can write the system:

iu Lo\ (5 a HY (wspla])e
T s s
_F s kEz y e o(r=2). (33)
iw,)  \2 B ) | 5 o HY (wsplel)e
kezZ
We can express the inverse matrix of the above matrix:
-1
i é 1 ( sp BB 5P>
ETS %3 Be —Br \—Bpsg  sp
Hence, equation becomes
) ik
kXE:Zak H,’ (wsp |x|)e i sp B —sp iu, .
ay oo | = + O(r~2). (34)
> be Hy W (wsg [z])e’ B —Br \—Bpsg  sp iw,

kEZ

In the following subsections, we will express the radial component of the solid stress, the tangential compo-
nent of the solid stress and the fluid pressure using the velocities u and w.

RR n° 9358



10 Barucq € Diaz € Meyer & Pham

3.2.1 Radial component of the solid stress

With the approximate values of 7. and p given in equation , we have:

Tor — (300 + ke + a(Ma + Mpp)) Y apHY (wsp |z]) e

kEZ
— (3ps + ke + a(Ma + MBp)) > b H (wsp |z]) 40 = O(r~%).
kEZ
Using equation , we replace Hg)(z) by
H(:) = 0 (2) + 0(=7H), (35)

to obtain

Trr + (%Mfr + kfr + a(Ma + MBP)) Z a’knggl) (LUSP |.’B|) eikﬁ'
kEeZ

+ (4ps + ke + o(Ma + MBg)) Y beiHy (wsp lz|) ¥ = O(r~F).
keZ
Finally, using equation , we obtain a relation between .., frv, and w,.:

g + ke + o(Ma + MBp)
— (spBpu, —spw,)

o Br — Br

9 T + kr + +
_ 3k ke oMo MBe) oy sewn) = OG- Y.

Br — Bp

3.2.2 Tangential component of the solid stress

The tangent solid velocity uy and 7,9 are expressed with equations and . Replace Hg), using the
identity , we obtain:

_3
Trg — Ss iy U = O(r™2)

3.2.3 Fluid pressure
From the expression of p in and the radiating assymptotic , we have:

3

—p+M(Bp + o) ariH) (wsplz)) ™ + M (Bp + o) il (wsp|z|) e’ = O~ F).

kez kez
Using equation , we obtain,
M (Bp + « M (Bs + a 3
-p — ¥(5P Beu, —spw,) — M(Bo + ) (—sp Bpu, +ssw,) = O(r~2).
Bs — Pp Be — Bp
3.2.4 Summary
‘We have built the three conditions:
Sue + ke + o(Ma + MBp)
Trp = (SP Bpu, — SPWT)
Br — Bp
4
gy + ke + ao(Ma + M
she T 4 ( ) (—Bpspu, +spw,),
Bs — Bp
Tro = SS Hfr W,
M (Bp + a) M (Bs + a)

P = pp (sp BB u, —spw,) — e (—sg Bpu, +sgw,).

Inria



ABC for 2D isotropic poroelasticity 11

We denote:
4 4
s + ke + oMo + MBp st + ke + a(Ma + MBg)
X; =3 ( )SPBB+3 ( Brss,
P — Bp Pe — Bp
e + ke + o(Ma + MBp) e + ke + o(Ma + MBg)
Xo = sp — SB
P — Bp P — Bp
X3 = — Sg Hfr, (36)
M (Bp + ) M (Bs + a)
Xg=—F—F—spPp —————ssBpr,
! P — Pp P — Bp
M + « M + «
X5 =— (BP )SP+ (BB ) SB .
P — Bp Bs — Bp
We have hence obtained a radiation condition, written as follows:
Trr + XU, + Xow, = 0,
Tro + Xzuyg =0, (37)
p+ Xyu, + Xsw,. =0.
Recall that on a circle, we have:
u=u-n, wW.,=w-n,
w=u-t, TN=r"7,€ + 7€,
with t = ;Lny = ey . The derivation has been done for a circular geometry. Here we propose the general

x

boundary condition, that will be tested in section

T+ (Xi(u-n)+Xo(w-n))n+Xs(u-t)t =0, (38)
p+X4(u~n)+X5(w-n) =0.

Remark 2. Results from Degrande: In [I5], they work with the displacements instead of the velocities. We
cannot compare our formulations, because they also use different values for Bp, g, Bs. They obtain a general
form for the boundary condition, which is of the form:

Tor + Xqu, + Xow, =0,
Tro + Xsug =0, (39)
p+ Xgu,. + X5W7- =0.
Remark 3. In the elastic case, the form of LK absorbing boundary condition is (see [2I} 12, [11]):
™Tm+Y(u-n)n+Yy(u-t)t=0.

In equation , without w and p, we retrieve the same form of the condition.

Definition 2 (Truncated solution). Considering a domain Q with 0Q = Typs UL, and Typs N T, = 0. We
define the truncated solution of the poroelastic equations on 2 as follows:

(u, w, T, p) solves the poroelastic equations on (2, the ABC equation on I'yps, and one of the four
boundary conditions from equation on I'y,.

4 Analytical solutions for the scattering of impenetrable obstacle
by plane wave

We consider the scattering of a solid circular obstacle immersed in an infinite porous medium by a plane wave.
We denote by D, the obstacle whose radius is a. Its boundary is denoted by I'y = 0D,. For the solution with
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ABC, we put an artificial boundary at radius b, denoted by I's = 0Dy, with b > a, cf. Figure We use
notation i to denote the ordered tuple (u, w, 7, p). For i =1,...,4, we will discuss two analytic solutions, an
outgoing solution 4>°~Ti that is defined on the whole exterior domain R? \ D, and £42P*T! obtained with ABC
defined on the annulus Q45 := Dy \ Dy. The superscript ‘T’ denotes the type of boundary condition, given in
section equation , placed on the boundary of the obstacle, to describe its interaction with the incident

wave.
The truncated solution 42P¢-Ti solves the following problem

the poroelastic equations on Qqp,
boundary condition Type i given equation onr=a,
T + Xqu, + Xow, = 0, (40)

Tro + X3ug =0, onr=~ob.

p+ Xyu, + Xsw,. =0,

On the other hand, the outgoing solution 4>~ solves

the poroelastic equations on R?\ Dy,
boundary condition Type i given in onr=a, (41)
4%~ is outgoing by Definition .

Figure 1: Scattering of a plane wave by an impenetrable solid immersed in a porous medium. The cross section
of the obstacle is a disc parameterized by r = a. The artificial boundary is set on I'y = {r = b}.

Potential representation We also recall that that the solutions i are completely determined by their
potentials Yy, cf. ,

iwu = SIZQVXP + SE2VXB — s§2curle,

iww = BPVXP + @V xB + pfufrcurle,
Sp det A
p=—-M(@PBp + a)xp — M (Bs + a)xs ,
t (42)
2 2 Vcurl + (Vcurl
Wi = Ligr (—QVQXP _ TVQXB + Xs 2( Xs) )
Sp 5B 53
+ w® (=2pn + ke + Mo®) (xp + xB) 1d
+ w?aM (Bpxp + Bsxs) Id.
We write the potentials corresponding to £2PT! and $°~T! as
xabeTh and xS~ T, i=1,2,3,4. (43)
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ABC for 2D isotropic poroelasticity 13

oco—Ti
°

The potentials y corresponding to 4>~ are given by

—Ti oo 1 i
X (xl) = > a HY (wsp [a]) *?

k€EZ

oco—T1 %) 1 i

& Mlel) = Y Y (wss ) €, (44)
keZ

oco—Ti 1 i

&M () = S e HY (wss fx)) €.
keZ

The solution 4>°~T is now represented by the coefficients
(@, b, @) = (a> ™M b, o). (45)

In the first notation, we have suppressed the dependence on the boundary condition for lighter exposition. They
solve the linear system,

ag’
AT 2o | =y (46)
r
The components of A%~™ and right-hand-side fr; are determined using boundary conditions on r = a. Deriva-

tion of the above linear system for each of the boundary condition are discussed in Section 8 of [3]. For
convenience, we relist the derivation for Type 1 and 3, i.e. A>~T! and A>~T3 in Appendix [A]

The potentials 2Pt are given by

PeTi(|g)) = Z CLkH,(Cl)(WSp ED eik0+z &kH,(f)(WSp ) ko

keZ kEZ

abc-Ti 1 i T 2 i

X (2) = Y b wsslel) €5+ 0 P (wsslal) ¢, (47)
kEZ kEZ

T (z)) = Y B (wss|z)) 0+ & HP (wss [2]) .
kEZ kEZ

The solution 4*P* Tt is now represented by the coefficients

ag, bk7 Ck, dk)a BIW Eka (48)
which solve the linear system
ag
bk abc
c Ti
| ck
Aabc—Tl } — (0) ) (49)
ag
- 0
bi
C

Note that in the above notation for the coefficients, we have suppressed the dependence on type of boundary
condition on I';. The components of A**Ti (of size 6 x 6) and the right-hand-side are determined using
boundary conditions on = a and r = b. In particular, the first three rows of the linear system are determined
by one of the boundary condition imposed on I'; (the boundary of the obstacle) while the last three rows are

determined by the ABC imposed on I'y the artificial boundary. We also have f%li’c = fri.
Derivation of A**“T3:  As an example, we list below the derivation associated to type 3 boundary
condition imposed on the obstacle. Since the derivation of the first three lines are similar to that for A>®~13,
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we only list the derivation associated to the ABC i.e. the last three lines. On r = b, we replace the unknowns
using equation and we apply condition to obtain:

—— Op2Xp — — 02 = | =00 — 50,
( " ( =) Xp ) XB + $Z (b 0~ 2% ) Xs

+iw (=2ps + ke + Mo?) (xp + xB) + iwaM (Bpxp + B xB) )

1 1 1 Br Br Pf [t
X: | = O, — Oy — — 0, Xs | =50y — O 0, =0,
+ X1 (S% xXp + 5213 XB s%b 9Xs> + X2 <5123 xXp + 5213 xB + Qot A b o XS

2 /1 1 2 1 1 1 1 1
[t (—S% (b&e - [3289> Xp — ) <b&~9 - 6289> XB + ) <52399 + Ear - 8r2) XS)

Xz w
+ 28

51 51 _
(SP2 E@axp + SB2 EaQXB + Sg 2 8TXS> = 0,
and

— in((Sp + a)xp — iWM(BB + a)xs

1 1 1 Br Br Pf Mt
X4 = 0, — Oy — — 0, X5 | =50, -0 — 0, =0,
+ Xy (S% rXP + SQB XB s%b 9Xs> + X5 (5129 rXP + 52B rXB + Qot A b o XS

Below, for clarity, we keep the first and second Hankel function derivatives, they can however be replaced
with the identities given in . The linear system is

ay iwulv
bk lw ugw
Ck ppw
ApbeTs | , (50)
Qg 0
b 0
Cr 0
with components A,
’ ! 'k
A = s;le,(cl) (wspa), A= sgl ng) (wspa), Aiz= —ss_2 1EH,(ﬁl)(oJ ssa),
’ ! .k
Ay = 5131 wH,(f) (wspa), Ais= sgl wHEf) (wspa), Ag=-— SS_2 %Hgf)(w ssa),

Ao = 5132 %H,(Cl)(w spa), Ag = s]§2 %HS)(W spa), A= s§1 wH,(Cl) (wsga),

Agy = 552 %Hf) (wspb), A= sgz %Hf) (wspa), Ag= sgl wa) (wssa),

Az1 =—-M (Bp + Oz)Hg)(wSPCl), Az =—M (B + Oz)H,(:)(WSP a), Az =0,

A34 =-M (Bp + O[) H;CQ)(WSP Cl), A35 =-M (BB + Oé) HI(CQ)(CU Sp a), A36 = O,
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1" 2
Ap = —2ipgwHY (wspb) + iw(=pse + ks + Moo+ Br) H" (wsp b)

X / X
1WH,(CI) (wsp b) + Xowbp

'
H b),
s s k (w Sp )

" 2
Ay = — 2iufer§€1) (wspb) + iw(fgufr + ke + Mala+ Bp) H,(:)(w sp b)

X / X '
i s1 wH,(:) (wsg b) + LBBH](;) (wspb),
B SB
C2pek ay 2pe k(1) Xqik ) Xopypgik (1)
p— —_— —_— H
Ay ss b H; ' (wssb) + s b2 H, ' (wssb) 20 H; '(wssb) + dotA b p (wssb),

" 2
Ay = — Qimer,(f) (wspb) + iCU(—g,U/fr + ke + M ala+ Bp) H,(f) (wsp b)

Xiw / Xow
L X H,(f) (wspb) + 22 Xowpp
Ssp Sp

H(2 ( w Sp b),

1 2
Ags = —2ippwHP (wspb) + iw(— g e+ ki + Ma(o+ Br) H? (wsp b)

X : X :
L K10 (opb) ¢ 22PB O (),
SB SB
2pak 2y 2pue k- (2) X1 1k (2) Xoprpik (2)
=—-——H H b H,; sb ————H b),
Ay ssb P (wssb) + ws%bz k (wssb) — b (wssb) + dotA b k (wssb)
2upwik / 2 ik wk
Asy = _“SfTH,@ (wsp b) + ‘;fb2 H (wsp b) + 3b H (wsp b)),
2upwik / 2 ik X3wk
Asy = — “fin,(cl) (wspb) + 'Zf[ﬂ H,(:)(wsB b) + 3 o H(l)(wsB b),
SB SB
kQ - W by " X w21 ’
Asy = — 52‘;; H(Y (wss b) + :; H(Y (wss b) — w? g HY (wsg b) — zTH;” (wssb)
S
2upwik / 2ugik X3wk
Agy = 7%H§€2) (wsp b) + S’;be B (wsp b) + 5o H (wspb),
P P P
Q/Lfrwik? (2) 2/Lfrik (2) ngk (2)
Ass = ———H b H b H b),
55 5 b k (wsp b) + SQB[]Q k (wspb) + s%b k (wsp b)
k2 - ’ " X w2i ’
Asg = — 52/:2 Hff)(wss b) + SS—bH,(f) (wssb) — w? gy H,(f) (wsgb) — ZTHE“Q) (wsgb),
S
and
X 4 Xsw 4
Agr = —iwM (Bp + a)HM (wsp b) + ;wngy (wsp b) + ?&’Hgy (wspb),
X ’ Xr
Agy = —iwM (B + a)H (wsp b) + S‘;“HS) (wsp b) + s‘;BB HY (wsp b) |
Xyik (1) X5 pf peeik (1)
63 s3b F (wss b) + detA b K (Wssb),
X X '
Ags = —iwM (Bp + a)HD (wsp b) + S‘;“H@) (wsp b) + %BPH@) (wspb),
X X
Ags = —iwM (Bp + )HP (wsp b) + S‘;‘”H@)( spb) + 5:;(53 H® (wsp b) |
X4ik (2) X5 pp b ik o)
Age = — ——H ———H b).
66 2o (Wssb) = e e (wssb)
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5 Performance assessment of the absorbing boundary condition in
the setting of an obstacle scattering

In the previous section, we have built analytical outgoing solution $(*°~T! and the truncated solution $(2P¢-Ti
for the scattering of a plane wave by an impenetrable circular obstacle. From now on, we denote by 4>~ the
restriction of U°~™ on Q4. In this section, we study the robustness of the ABC by comparing U>~T! with
uabc—Ti'

The domain is an annulus described in Fig. [1] composed of sandstone (see Table . The boundary of the
obstacle {r = a} is denoted by I';. We set an artificial boundary at radius b. We will consider the scattering of
the three porous plane waves of type (P,B,S) by the obstacle, for boundary condition of type 1 (”Neumann-like”)
and 3 (”Dirichlet-like”) on a. In all of our numerical experiments, the radius of the obstacle is kept 1 m, i.e.
a = 1lm, while the value of the viscosity in the material 7, of the frequency f and of the exterior radius b will
vary.

Recall that solution 4*P°T! is represented by the series of coefficients ag, by, ¢, @, I;k, ¢k , and the solution
4>°~Ti by the coefficients age, b2, c° (see equations (44), to (49)). In the numerical tests, the Hankel functions
are infinite series truncated to the first N terms of the series, with N > 2ka + 1 (cf. [22]), where k =
max(tp, max(tp, max(tg.

The comparisons are carried out in terms of the following quantities:

e Comparison mode by mode of a®, b3°, cg° with ay, bi, cx. Module of ay, bie, Cr.

e Errors on the coefficients:

k=N

~2
S (0 —an)? + 0F = 0)* + (F — )+ @2+ b+ G2)
k=—N
e(zzoeff = k=N ) ) ) )
o0 (o] o0
E o o
k=N L
egcatt = Z (ajk2 + bk + C~kz> .
k=—N
e Relative L2 error of u,: ' .
abe iy [[ud” T —ue T
en(ug’ ™) = (53)

a2l

The L2 norm is theoretically equals to

Hu;bc -Ti u>®— TIH </|uabc -Ti u>®— T1|2> ;

In practice, we approximate the above equation by

||uibc —Ti_]_l;;o—Ti”2 _ (Z / |uabc T _ g0 T1|2> ’

KeTy,

where we have defined a mesh 7T, of Q with Ngen, elements K which are triangles. We define on each
element the 10 Lagrange degrees of freedom corresponding with an interpolation of degree 3 on a triangle,
and compute the norm using this interpolation. We focus on the component u,, but the other components
have the same behaviour.

We will study the effect of different factors on the performance of the ABC:
e presence of viscosity,

e size of the exterior radius b.

e frequency,

e type of incident-wave (P,B,S),

Inria



ABC for 2D isotropic poroelasticity 17

e type of boundary condition on the interior radius a. We will focus on type 1 (" Neumann-like”) and type
3 (" Dirichlet-like”).

In the following, we first present in section the modules of the coefficients for b = 10m and f = 1kHz,
for many configurations. Then in section we compare the truncated solution with the outgoing solution
potential by potential by using a decomposition of the potentials. In section we investigate the influence
of the size of the domain used for the truncated solution by varying the value of b. Afterwards, in order to
highlight the influence of the viscosity on the performance of the ABC, we compare the truncated solution
with the outgoing solution for a material by varying only its viscosity in section Finally, in section the
performance of the ABC is studied for a range of frequencies.

5.1 Comparison between the coefficients of outgoing solution and truncated solu-
tion

In the following, we display the values of the coefficients series a3°, b3°, cg° and ay, by ck, Ak, by, i for several
configurations:

e Scattering of a P,B,S incident plane wave for sandstone with viscosity n = 1073 Pa.s~! and boundary
condition of type 1 (" Neumann-like”) on r = a (cf. equation (3al)), respectively in figures[2] [3] [4] for exterior
radius b = 10m.

e Scattering of a P,B,S incident plane wave for sandstone with viscosity n = 1073 Pa.s™! and boundary
condition of type 3 (”Dirichlet-like”) on r = a (¢f. equation ), respectively in ﬁgures @ for exterior
radius b = 10m.

e Scattering of a P,B,S incident plane wave for sandstone with no viscosity 7 = 0 Pa.s™! and boundary
condition of type 1 ("Neumann-like”) on r = a (cf.equation (3a])), respectively in figures [8] [9} for
exterior radius b = 10m.

e Scattering of a P,B,S incident plane wave for sandstone with no viscosity = 0 Pa.s™! and boundary

condition of type 3 (”Dirichlet-like”) on r = a (cf. equation (3d)), respectively in figures for
exterior radius b = 10m.

Remark 4. Even though the value b = 10m may seem high compared to the size of a, we have for the experiments:

kpb
kpb = 14.76, kgb = 61.48, ksb = 26.25. This means that for the fastest wave, we have % = 2.35

™
wavelengths for 10m, which is low. The rule of thumb recommends indeed to set the boundary at least at two
wavelengths of the obstacle.

From Fig. [2|to we observe the following. The coefficients ax, by, ci, obtained by solving the system with
absorbing boundaries seem to approximate well the coefficients obtained for the exact solution. The coefficients
dy, and by, are close to zero. When the incident plane wave is a B-wave, the values of the coefficients by, by°
are larger than the other coefficients (Fig. [3| and |§| ), however, the reflected coefficient by, remains low. The
coeflicients ¢, are greater than a and l;k in every cases. The value of ¢ is always at least 10% of the coefficients
ak, by, ck, it can also be of the same order or higher than them (see Fig. and . This means that the
reflection of the S-wave has more influence on the error of the absorbing boundary condition. For most cases,
the behaviour of ¢ is related to the one of ¢, e.g. Fig. 2H7] in other cases for an incident B-wave, it seems
to be linked to by (fig. . Finally, as in Fig.s |§| and the behaviour of ¢; seems to be a combination of
the behaviours of b, and ci. The errors of the absorbing boundary condition will hence be due mainly by the
conversion of S-wave to S-waves and of B-wave to S-waves.

RR n°® 9358



18 Barucq € Diaz € Meyer & Pham

wn wn

- =

= =]

R R

[} Q

= =

O b}

o) o)

(&) o

Sy S

S) 15

wn wn

5 =

— —

E] =

< 3

S S

Z 2

= =

2 RS

[} Q

& =

(48] <]

o) o)

[} o

(- Gy

5) 15

wn wn

5 =

p— —

= =

= 3

s =
Mode &k Mode k

Figure 2: Obstacle scattering of an incident plane P-wave type 1 (" Neumann-like”) for the boundary condition
onr=a at a frequency f = 1kHz for a sandstone medium with viscosity. The domain is an annulus with
the interior radius ¢ = 1m and the exterior radius b = 10m. The coefficients with oo superscript correspond to
the exact outgoing solution. af® [—=—] ay[-©-] and ay are the coefficients corresponding to the potential of
the P-wave, b7° |:|, b |ﬁ|, and by, |i| are the to the potential of the B-wave, and c}° Ck and ¢y
to the potential of the S-wave (see equation (47))).
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Figure 3: Obstacle scattering of an incident plane B-wave with the type 1 (”Neumann-like”) for the boundary
condition on r =a at a frequency f = 1kHz for a sandstone medium with viscosity 7 = 1072 Pa.s™!. The
domain is an annulus with the interior radius a = 1m and the exterior radius b = 10m. The coefficients with
oo superscript correspond to the exact outgoing solution. af® [=—] ai [F©-] and ax are the coefficients
corresponding to the potential of the P-wave, b2° |:|, b |1|7 and by, |i| are the to the potential of the

B-wave, and c}° Ck and cg to the potential of the S-wave (see equation )
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Figure 4: Obstacle scattering of an incident plane S-wave with the type 1 (" Neumann-like”) for the boundary
condition on r = a . at a frequency f = 1kHz for a sandstone medium with viscosity 7 = 1073 Pa.s~!. The
domain is an annulus with the interior radius a = 1m and the exterior radius b = 10m. The coefficients with
oo superscript correspond to the exact outgoing solution. af® [=—] ai [F©-] and ay are the coefficients
corresponding to the potential of the P-wave, b° |:|7 bx. |il, and by |i| are the to the potential of the

B-wave, and c}° Ck and ¢y, to the potential of the S-wave (see equation )
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Figure 5: Obstacle scattering of an incident plane P-wave type 3 (”Dirichlet-like”) for the boundary condition
onr=a at a frequency f = 1kHz for a sandstone medium with viscosity n = 10~2 Pa.s~!. The domain is
an annulus with the interior radius @ = 1m and the exterior radius b = 10m. The coefficients with oo superscript
correspond to the exact outgoing solution. a?° [=—] aj [F©-] and ay are the coefficients corresponding to
the potential of the P-wave, b3° |:L b |i|, and by, |i| are the to the potential of the B-wave, and ¢°
Ck and ¢ to the potential of the S-wave (see equation (47))).
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Figure 6: Obstacle scattering of an incident plane B-wave with the type 3 (”Dirichlet-like”) for the boundary
condition on r =a at a frequency f = 1kHz for a sandstone medium with viscosity n = 1073 Pa.s~!. The
domain is an annulus with the interior radius @ = 1m and the exterior radius b = 10m. The coefficients with
oo superscript correspond to the exact outgoing solution. af® [=—] ai [F©-] and ay are the coefficients
corresponding to the potential of the P-wave, b° |:|, bx. |il, and by |i| are the to the potential of the

B-wave, and c}° Ck and ¢y, to the potential of the S-wave (see equation )
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Figure 7: Obstacle scattering of an incident plane S-wave with the type 3 (”Dirichlet-like”) for the boundary
condition on r = a (3d) at a frequency f = 1kHz for a sandstone medium with viscosity n = 1073 Pa.s~!. The
domain is an annulus with the interior radius a = 1m and the exterior radius b = 10m. The coefficients with
oo superscript correspond to the exact outgoing solution. af® [=—] ai [F©-] and a are the coefficients
corresponding to the potential of the P-wave, b7° |:|, b |1|7 and by, |i| are the to the potential of the

B-wave, and ¢° Ck and ¢ to the potential of the S-wave (see equation )
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Figure 8: Obstacle scattering of an incident plane P-wave type 1 (”Neumann-like”) for the boundary condition
onr=a at a frequency f = 1kHz for a sandstone medium with no viscosity. The domain is an annulus with
the interior radius a = 1m and the exterior radius b = 10m. The coefficients with oo superscript correspond to
the exact outgoing solution. af® [—=—] ay[-©-] and ay are the coefficients corresponding to the potential of
the P-wave, b7° |:|7 b |ﬁ|, and by, |i| are the to the potential of the B-wave, and c}° Ck and ¢y
to the potential of the S-wave (see equation (47))).
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Figure 9: Obstacle scattering of an incident plane B-wave with the type 1 (”Neumann-like”) for the boundary
condition on r = a at a frequency f = 1kHz for a sandstone medium with no viscosity n = 0 Pa.s~!. The
domain is an annulus with the interior radius a = 1m and the exterior radius b = 10m. The coefficients with
oo superscript correspond to the exact outgoing solution. af® [=—] ai [F©-] and ax are the coefficients
corresponding to the potential of the P-wave, b2° |:|, b |1|7 and by, |i| are the to the potential of the

B-wave, and c}° Ck and cg to the potential of the S-wave (see equation )
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Figure 10: Obstacle scattering of an incident plane S-wave with the type 1 (" Neumann-like”) for the boundary
condition on r = a (Ba)). at a frequency f = 1kHz for a sandstone medium with no viscosity 7 = 0 Pa.s~!. The
domain is an annulus with the interior radius a = 1m and the exterior radius b = 10m. The coefficients with
oo superscript correspond to the exact outgoing solution. af® [=—] ai [F©-] and ay are the coefficients
corresponding to the potential of the P-wave, b3° |:|7 bx. |il, and by |i| are the to the potential of the

B-wave, and c}° Ck and ¢y, to the potential of the S-wave (see equation )
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Figure 11: Obstacle scattering of an incident plane P-wave type 3 (”Dirichlet-like”) for the boundary condition
onr=a at a frequency f = 1kHz for a sandstone medium with no viscosity 7 = 0 Pa.s~!. The domain is
an annulus with the interior radius @ = 1m and the exterior radius b = 10m. The coefficients with oo superscript
correspond to the exact outgoing solution. af° [=—] aj [F©-] and ay are the coefficients corresponding to
the potential of the P-wave, b2° |:L b |i|, and by, |i| are the to the potential of the B-wave, and ¢°

Ck and ¢ to the potential of the S-wave (see equation )
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Figure 12: Obstacle scattering of an incident plane B-wave with the type 3 (?Dirichlet-like”) for the boundary
condition on 7 = a at a frequency f = 1kHz for a sandstone medium with no viscosity n = 0 Pa.s™'. The
domain is an annulus with the interior radius a = 1m and the exterior radius b = 10m. The coefficients with
oo superscript correspond to the exact outgoing solution. ag® [=—] ai [F©-] and ay are the coefficients
corresponding to the potential of the P-wave, b3° |:L bx. |i[, and by |i| are the to the potential of the

B-wave, and c}° Cr and ¢ to the potential of the S-wave (see equation )
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Figure 13: Obstacle scattering of an incident plane S-wave with the type 3 (”Dirichlet-like”) for the boundary
condition on r = a at a frequency f = 1kHz for a sandstone medium with no viscosity n = 0 Pa.s~!. The
domain is an annulus with the interior radius a = 1m and the exterior radius b = 10m. The coefficients with
oo superscript correspond to the exact outgoing solution. af® [=—] ai [Fo-] and a are the coefficients
corresponding to the potential of the P-wave, b2° |:|, b |i|7 and by, |i| are the to the potential of the

B-wave, and ¢° Ck and ¢ to the potential of the S-wave (see equation )
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5.2 Potential decomposition

To illustrate better the effect of the ABC on each of the type of waves, we will use the natural decomposition in
(18). We recall that this equation gives a complete description of the components of the solution 4l in terms of
the potentials xp, xB, Xs. In this section, we will focus on the displacement component u for type of boundary
1 ("Neumann-like”) on r = a. The wave decomposition for u of 4*PT! is given by

e Tl uX;bc—Tl " uxgbc-m n uX%’bc.m
abc-T1 1 abc-T1 1 abc-T1 1 (
uXP _ vxabc-Tl uXB _ vXabc-Tl uXS = — _curl Xabc-Tl .
2 P ’ 2 B ’ 2 S
wsp wsy wsg

Recall that these potentials are represented by the coefficients (ay, by, ¢k, ax, bk, &), cf.(@7), [@8), (49). We will
also compare with the decomposition of u™ coming from $(*°~T1

oco—T1 co—T1 co—T1
u* T =y + u¥s + uXs

: . . 55)
co—T1 1 - co—T1 1 o co—T1 1 - (
uXr = Wy uXs = U uXs = — curl .
7 VXp ) 7 VXB ; 2 s
wsp wsg, wsg

Recall that these potentials are represented by the coefficients (ap®, b3°, ¢7°), cf. , , .
In Fig. we present the decomposition of the solid velocity in the three potentials.

(a) u;bc-Tl

. —

TR

———

abc-T1 Xabc-Tl

(c) uz” (d) uz®

Figure 14: Truncated solution: Decomposition of u (10* m.s~!) in the case of the scattering of a P-wave by an
impenetrable obstacle with boundary condition of type 1 ("Neumann-like”) on r = a cf. at a frequency
f = 1kHz for a sandstone medium with viscosity 7 = 1073 Pa.s~!. The absorbing boundary condition is set at
b = 10m.

In Fig. the weak reflections are barely visible. Comparing to the outgoing solution (Fig. , we cannot
see significant differences. This is also confirmed by Table [2] where the global error is low and the error on the
potentials are included between 1 and 3%. We can also observe the effect of the viscosity on the B-wave, (figs.
where the wave is absorbed and the energy is mainly around the obstacle when there is viscosity.
This effect is not clearly seen for the P and S-waves.
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(a) ug®

—T1

(b) w¥
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vemos

gEsEs BEEE]

[ ————

—-T1

(d) us’

—T1
(c) uXE

Figure 15: Outgoing solution: Decomposition of u (10® m.s~!) in the case of the scattering of a P-wave by an
impenetrable obstacle with boundary condition of type 1 ("Neumann-like”) on r = a, cf. at a frequency

f = 1kHz for a sandstone medium with viscosity 7 = 1072 Pa.s™!

u uxe uxs uxs

230 | 2.73 | 1.22 | 3.17

Relative L2 error (%)

Table 2: L2 error (%) on u, between the analytic solution with absorbing condition and the outgoing solution

for the decomposition in potentials.
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() uz®

(d) uz®

Figure 16: Truncated solution: Decomposition of u (10® m.s™!) in the case of the scattering of a P-wave by an

impenetrable obstacle with boundary condition of type 1 ("Neumann-like”) on r = a cf. at a frequency
f = 1kHz for a sandstone medium with no viscosity (n = 0 Pa.s™!). The absorbing boundary condition is set
at b = 10m.
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5.3 Effect of the size of the truncated domain

We have observed previously that the absorbing boundary condition has good performance for b = 10m. In this
section, we want to investigate the errors of the condition when the size of the truncated domain varies. Fig.
presents the results of the analytical solution for several sizes of exterior radius. The L2 error and the errors on
the coefficients (ecoeff, €scatt) defined in equations and , for incident waves P,B,S, are reported in Fig.
to As expected, we observe that when the size of the truncated domain decreases, the error grows. Note
that all the components of the variables have the same behavior. The presence of viscosity seems to lower the
errors. This will be confirmed by the results of section[5.4] In most cases of our tests, the L2 error is lower than
5% from b = 10m. We observe two cases where the error remains high (Fig. for a B incident wave with no
viscosity and for types of boundary condition 1 (”Neumann-like”) and 3 (”Dirichlet-like”). This confirms the
results from Fig. [9] and [I2) where the values of ¢ is high compared to the other coefficients. This shows that
the ABC depends also on the kind of incident wave.

6.0e+00
0800
[5 ¢

F) -2

Vx_imag

-0
]
: [ ;
300100
-3.0e+00

(a) Truncated solution with b = 10m (b) Truncated solution with b = 3m

Figure 17: Truncated solution: imaginary part of u, (10 m.s~!) for the scattering of a P-wave by a porous
obstacle composed of sandstone with viscosity 7 = 1072 Pa.s™!, f = 1kHz and boundary condition of type 1
("Neumann-like”) on a, for different values of b.
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Figure 18: Relative L2 error (%) between the solution with absorbing condition and the exact analytic solution
function of the size of the radius b for n = 0 Pa.s™! and n = 1073 Pa.s~! for f = 1kHz for boundary condition
of type 1 (”Neumann-like”) and 3 (”Dirichlet-like” ) on the interior radius. The solutions are represented in blue
for the incident P-wave, in red for the incident B-wave and in green for the incident S-wave.
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Figure 19: Error ecoeq function of the size of the radius b for n = 0 Pa.s™! and n = 1073 Pa.s™! for f = 1kHz for
boundary condition of type 1 (?”Neumann-like”) and 3 (”Dirichlet-like”) on the interior radius. The solutions
are represented in blue for the incident P-wave, in red for the incident B-wave and in green for
the incident S-wave.
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Figure 20: Error ey function of the size of the radius b for n = 0 Pa.s™! and n = 1073 Pa.s™! for f = 1kHz
for boundary condition of type 1 (”Neumann-like”) and 3 (”Dirichlet-like”) on the interior radius. The solutions
are represented in blue for the incident P-wave, in red for the incident B-wave and in green for
the incident S-wave.

RR n°® 9358



36 Barucq € Diaz € Meyer & Pham

For the tests in the following sections, we set b = 10m, in order to keep the same domain and observe the
influence of other parameters. We have seen in the previous figures that this value is sufficient to limit the
reflections.

5.4 Effect of the viscosity

For the domain described in figure [1} we consider a medium composed of sandstone (cf. Table (1)) and vary the
value of the viscosity in the material. We compare the analytical solution with the exact outgoing solution for
the scattering of the three kinds of plane waves at f = 1kHz. The truncated solutions is presented in Fig.
for the scattering of a B wave for two values of viscosity. We see that when there is viscosity in the material, the
wave is absorbed, and the majority of the energy is around the obstacle. As there is less signal near the artificial
boundary, we can expect the absorbing condition to be more efficient. The presence of the viscosity impacts
mainly the B-wave, as we already observed in Fig. [[4 In Fig. 22] we show the L2 error between the solution
with absorbing condition and the exact analytic solution for the scattering of the three plane waves (P,B,S) for
a fixed frequency. We observe that the errors decrease when the viscosity grows, as expected. Moreover, the
error is slightly greater for boundary condition of type 3. As mentioned previously, the presence of viscosity has
a greater impact on the B-wave than on the other waves, however, as seen in Fig. the global error decreases,
this means that the viscosity causes also absorption on the P and S-waves.

8.0e+01

I

8.0e+01

[ 50
[ .
-8.0e+01

!
o
P_imag
!
o
P_imag

-50

(a) n = OPa.s (b) n = 1.103Pa.s
Figure 21: Imaginary part of the pressure p (MPa) of the reflected wave of the scattering by a B plane wave
for type of boundary condition 3 (”Dirichlet-like”) on the interior radius (cf. [3d)) with absorbing boundary

condition on b = 10m for a porous medium composed of sandstone with two different values of viscosity and
with f = 500 Hz.
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Figure 22: Relative L2 error (%) between the solution with absorbing condition and the exact analytic solution
with f = 1kHz function of the viscosity of the medium for the scattering of a plane wave for type of boundary
condition 1 ("Neumann-like” eq. and 3 ("Dirichlet-like” eq. on a, respectively represented in blue [—]
and in red [~—} The results are given for a = 1m and b = 10m.

5.5 Effect of the frequency

In this section, we study the influence of the frequency on the performance of the ABC. The results for the
scattering of a P-wave are presented in figure [23] for two different frequencies. When the frequency is low, we
observe the truncated solution does not approach the outgoing solution, particularly around the obstacle where
the energy explodes. In Fig. we show the L2 error between the solution with absorbing condition and the
exact analytic solution for a range of frequency. We display the results for two values of viscosity 7 = 0Pa.s™!
and n = 1073Pa.s™!, and for the boundary condition of type 1 (”Neumann-like”) and 3 (”Dirichlet-like”).
When w increases, the ABC performs better. In the case of incident B-wave with no viscosity, we observe some
oscillations on the errors that are no longer present when the material is viscous. Moreover, for the boundary
condition of type 3 (”Dirichlet-like”), the error is around 10%.

42602

I:rmms
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l 526400
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(a) f = 1kHz (b) f=0.1kHz

—-0.055

l -0.06
-6.3e-02

Figure 23: Scattering of a P plane wave: Imaginary part of the solid velocity u, (10* m.s™!) of truncated solution
for a porous medium composed of inviscid sandstone for type of boundary condition 3 (”Neumann-like”) on the
interior radius (cf. ), with f = 1kHz and f = 0.1 kHz.
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Figure 24: Relative L2 error (%) between the solution with absorbing condition and the exact analytic solution
function of the pulsation w in sandstone for the scattering of a plane wave for boundary condition of type 1
("Neumann-like” equation ), and type 3 (”Dirichlet-like” equation ) on a. The results are given for
a =1m and b = 10m for n = 0 Pa.s™! and n = 1073 Pa.s™!. The incident P-wave is represented in blue
the incident B-wave in red and the incident S-wave in green

Observations of the tests In the following, we summarize the observations for the tests in sections [5.3] [5.4}

e The absorbing condition is efficient for the scattering of the three types of plane waves (P,B,S) and the
different types of boundary condition on the scattered obstacle. The percentage of the L2 error is of the
same order as for first-order ABC in acoustic or elasticity.

e As expected, we have observed that the error decreases when we consider more wavelengths, either by
using a greater frequency or by setting the artificial boundaries further from the obstacle. This is also the
case in acoustic or elasticity. This is however limited by the space discretization of the domain.

e The higher the viscosity is, the more the ABC is efficient. This result can lead to another idea to construct
ABC: raising artificially the viscosity of the media near the absorbing boundary in order to absorb the
incident waves. We do not discuss this idea in the paper, it will be the topic of a future work.

6 HDG method using Absorbing Boundary conditions

This section draws on the HDG discretization for poroelastic equations presented in report [4], on which we
apply the low-order absorbing boundary condition derivate in section [3] We consider a porous domain € with
the boundary I' = T'; UT,ps. (u, w, 7, p) solves the poroelastic equations (2)) on €. On I';, we impose one of
the four conditions from section From section equation , we impose on the absorbing boundary I ,ps:

T+ (Xi(u-n)+Xo(w-n))n+Xs(u-t)t =0, (56)
56
p+Xy(u-n)+Xs(w-n) =0.
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On a domain D, we define the following function spaces,

L? (D), the space of square-integrable functions on the domain D,

VP(D), the set of polynomials of degree at most p on D,
VP(D
(

) = (VP(D))?,
¥P(D) = {7 € (V*(D))*| Tyz = Tay} -

We consider a triangulation 7; of the domain  of dimension 2. K denotes an element of the mesh, which in
2D is a triangle. We denote by F' an edge of the element K, and n the unit normal vector to F'. We define the
following spaces associated to triangulation 7p:

VP = {ve L*Q): v|x € VI(K), VK € Tp},

VP = {ve (L*(Q)?:v|x € VP(K), VK € Tp},

P = {r e LX(V): 7|x € TY(K), VK € Th}, (58)
My, = {n € L*(F) :n|r € VP(F), , VK € Fp,},

My, = {€ € (L*(F))? : €|r € (VP(F))?, VK € Fp,}.

The local unknowns (up,, Wp, Th, pr) € (Vi X Vi x B8 x V) solve the poroelastic equations (2)) on 7;,. We
introduce two unknowns Ay € M}, Ao € M}, to replace the numerical traces 0, and pj. The other two traces
(71, Wy ) are expressed in terms of the Lagrange multipliers A;, Ay. The numerical traces of (up, Wy, Th, pPr)
on an edge are defined as:

u, = Ar,

Th=Th — S1(up — A1) ®n — (p, — A2)Ss3,
Wi =Wy, — (Ph — A2)San — Sy(up, — Aq),
f)h = >\27

with S1, S3, Sa, Sy the stabilization matrices, that we consider to be of the form S; = ~; Id.

The HDG discretization of the poroelastic equations , given in details in [4], is composed of two systems
of equations, the local problem on each element, and the transmission conditions which connects the elements
using the numerical fluxes. They were given as:

ARWE L BEAK =K ., Local problem, (60a)
PEWE + TEAK + RE =0, Transmission conditions, (60b)

with
W =@, uf, wh, w75 o8 o8 p)T, (61a)

and

K1 K2 K,3 K1 K2 K,3 K1 K2 K,3
AR = (AN ZTUE2 \PUGS) ZJORD NP2 \JOR3) AJUED \JUO2) \JUOINT (61b)

with B(K, f) the global index of the f-th face of the element K, and where the local solutions and the local
Lagrange unknowns are decomposed as:

d¥ d¥ dK dK
K K K K K K K K K K K K :
uf =) el W= WSl ml =D el pF =) pF el withk=z,yand I =2,y
j=1 j=1 j=1 j=1
(62a)
and
dr df
A{}:Z@jzﬁf, Ag“:Z&jzﬁf with [ = z,y. (62b)
j=1 j=1
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Here, d¥ denotes the number of degrees of freedom of an element, df” the number of degrees of freedom of an
edge, and <p]K , wf are basis functions of the element K and the edge F' respectively. The expressions of AX,
BE, CE o) PE, TE RE are given in 4] for a bounded domain. The resolution was also given and is recalled
in algorithm [I] Here, the presence of absorbing boundary conditions affect the expression of the transmission
conditions, while the local problem is not modified for the elements on the boundaries of the mesh. Hence,
we do not detail the discretization of the local problem, and we focus on the expression of the transmission
conditions on an absorbing boundary.

On T',ps, the transmission conditions are replaced by absorbing conditions obtained by integrating equation
(56). This gives:

Z (i‘hn+(X1(ﬁh-n)+X2(Wh-n))n+X3(ﬁh~t)t)~n:O, (63&)
FeFabe F

S| b+ Xa(i, ) + X%, n))E =0, (63b)
FeFabe F

with (1, £) € M}, x M}, basis-functions on the faces. Equation is discretized on the plane (z,y). We define
the following matrices:

FE = / oKyFds,  Qf, = / oKyFngds, L, = / oKy F g dS,
F F F
(64)
ng/wfwfds, H,@jz/wfwfnkds, @@ij:/wfwfnknlds.
F F F
with k=z,y, and [ ==z,y.
6.1 Discretization of condition ((63al)
Starting from equation (63al):
/ (7A’h n + (Xl(ﬁh . n) + Xg(wh . n)) n + Xg(ﬁh . t)t) -n=0, (65)
F

and replacing the numerical traces 7, W, using equation , we obtain
[mnyn= [ sitw-x0 - [ on-20)Sm) 1
F F F
+/ ((Xi(A - m)m -+ Xa (Wi ) = (br = A2)(S2m) - = Sa(u, = Ar) -n)n+ Xs(Ar - )t) -7 = 0.
F

We replace the test-functions 7, £ by basis functions, and we decompose the unknowns as given in equations
(62a) and (62b)). The discretization of the equation on (z,y) is written as follows:

/Iﬁmz@fﬁm’l)ds + /Iﬁ,ny@fwf(K’l)dS - /”yupﬁfﬁ([{’”ds + / yapf FOONTIE D 2D g g

F F F F

- / Yanep™ i u] " ds + / Yang Ay Dl EDYIED g 4 / X1 (Agy g + A3,y g 0] 0 97D as
a F a

+ [ Xow 2ol u 0 Nas + /F Xy w ngny o 20N ds /F X 1op™ (2 + n2)ng ok w0 as

+ / X 7205 " (02 + n)ng %W(’l) Vs — / Xo v (Wi ng + u)ny)ng of P ds
F F

N /X2 g D g D B wf(K,wdSJr/Xs AU 2 _ ZPUC o S BUSD B _
P P
(66a)
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/Tfyms@] wﬂ(K”dSJr/Tyynysa] WP as — Lvl¢fgf¢f(K’l)dS+/y LR ATy P D g
F
/’styp @KwB(Kl)deL/,anyég(w?(K,l)wf(K,l)deL/Xl (A?;KJ)M +A’(13?5K’l)ny)ny w]@(K,l) ¢f(K,l)dS
F
/sz NNy ) wﬁ(K l)dS—i- /X2 WK nchJK zpf(K’l)dS_ /FX2 ’YQEK (ni —l—ni)nwa ?/Jiﬁ(K’l)dS
" /X2 1225 (n2 + n2 )y, ] D 4D g — /sz v (W ng + 1l )n, o w7 Vas
F

+ Xer O e A8y g OO DS 4 [ X (A e, AP 0.
F F

The two above equations can be written using matrix vector products: (o0
(Qb’(Kl YTk 4 (Q/J’(Kl )Tig " (Ff(K’l)) + 1 GPU l))\ﬂ(Kl (Qﬁ Kl)) 73H5(K’Z)A§(K’l)
O, AN 4 ORIX MU 1 LAy + (L4 Ko
Q) Ry + B, 302 (LT — ()T 5l
+OAEDX, AﬁK’” + @%K,I)XQA%KJ) + @,(yi?SK,l)X?) AﬁK’l) _ @géK,l)Xg A%K’” —0, .

a

(Qﬂ(Kl ) 7@ (Qﬁ(Kl )T 52 " (Fzﬁ(K’l))Tgf + ,ylGB(K,l)AiSKJ) _ 7?)((@SZ(KJ))TBK + 73]1_115(K,l)Ag(K,l)

FOLIX X+ O OXaagy ™Y+ (L) K w + (L) Xa wyf

(@5 FTX, Y2p™ + H X YA D (Lféf( NT X5 vy uk (sz(/{( NTX, Yaup

+ DR, AU 1 ORDX,AN — OB, MU 4 ORINK, AR .
(67b)

6.2 Discretization of condition (63h)
From equation (63b]), we have:
/F(f)h + Xy(ap -n)+ Xs(Wp -n))E=0.
Replacing the numerical traces using equation , we have:
[ (e Xaas ) + X ((w 1) = (pn = X2)(S2 ) = S = Aa) ) ) € =0.

The equation is discretized on (x,y) and the local solutions and lagrange operators are expressed with (62a))

and (62Db]).

/AB K%ﬁ(m e Kz>+/X Aﬂ(K%ﬁAﬁ(Kn Ws(m i Kz>+/X5 Wiy + wSny)p! K U
/ X572 (n2 +n2) oK 7 F0as 4 / X5 7205 " (02 4 n2) 0 i D g g (68)
F

RR—HO/Q% va (Wi ng + Eff”y) Lﬂf wf(K’l)dS + /X5 V4 (Afg(gK’l)”x + A%K’l)”y) w?(K’l) Qpiﬁ(K’l)dS =0
F F
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Using the elementary matrices defined in , we obtain:

G YRS 4 ARDX JPICD | IO X NI (QARDITX K QD) Xl — (BD)TX

+ GV X 5700 Y — (@ TX 5 g (QB(K NTX57 uf + HOS DX 7y A0 Hfl(K’l)X5 V4 Aﬁ(,K’l) =0.
(69)

Algorithm 1 Resolution with HDG Method

Step 1: Construction of the stiffness matrix
for K =1, Ngerm do

Compute the matrices M¥ and DX | with v = z,y.

fori=1,3 (4) do

Compute the matrices ]ElK, ]FZK, GZK, Ql}g, J{g,

end for

Compute the matrices AK (AK)~1 BK,

Compute (A%)~1B.

Compute PX, and T with BC.

Compute KK = PK(AK)~1BK 4 TK,

Use the Agpg operator to know the global degrees of freedom of the element and fill the global matrix K.
end for

K K _
l1)7 va’ ©l1)7 le with v = LY.

Step 2: Construction of the source term
for K =1, Nyerm do
Compute the local matrices CEK
Compute PX(AK)~1CE .

Use the Agpg operator to know the global degrees of freedom of the element and fill the global matrix S.
end for

and SK_

source

Step 3: Resolution of the global system
Resolution of KA = S with MUMPS .

Step 4: Reconstruction of the solution

for K =1, Nem do
Compute the solutions W using the AK o operator:
W = —(AK)IBKAK A,

end for

6.3 Elementary matrices

Supposing that the first face of the element K is on I',y,s, matrices PX and T read then as:

— (FPEOINT g Xy (LSO T —yaXap (LT Xo(LEUENHT XU
—%(JFQ(K*Q))T 0 0 0
771(F§(K73))T 0 0 0
; —7aXa (LSD)T —nEEDT — XLy Xe (LI Xa(Ly )T
PK = 0 —n (52T 0 0
0 . (]Fﬁ(K T 0 0
_ (inK’l))X5 Y4 (Qﬁ(K 1))TX 4 (Qﬁ(K 1))TX (@B(K 2)) X5
7(Q§(K‘2))T,Y4 (Qs(x 2))T (QB(K 2))T (QB(K 2))T Inria
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@e” 0 @™ =3 (@) — 32Xe (@)
@ *H” 0 (@ ™)” —73(Q )T
@7 0 @™ " —7(@ )T
0 @ )T @) (@) X @ )T
0 @ )T (@)T (@ )T ,
0 @5 )T (@ )T —5(Qys" )T
0 0 0 —y2 X5 (Fy T
0 0 0 —2 (F5 U T
0 0 0 —yp (F5UONT
and
1 GPUEED L 8Dy, Xy + 05K DX, + 08K DX, 0 0 08Ky, X, + 080X, — 05K X,
0 71 GBU2) 0 0
0 0 71 GPAUES) 0
08(K2) Xy + 08(KD X, — 08K DX, 0 0 M GPIED L B2, X, + 08K DX, + 08K X,
0 0 0 0
0 0 0
HEOD X, + HE D X5 0 0 HI DX+ BOOD Xy
0 yaHE D) 0 0
0 0 yaHE K 3) 0
0 0 YHEEOD ¢ gD, 4y 0 0
0 0 0 3 HA ) 0
0 0 0 0 Y3 HEU3)
0 0 YHEUED 4 HOED X, 0 0
71 GPUE) 0 0 yaHE(K>2) 0
0 1 GAES) 0 0 Y3 HE )
0 0 G (1 4+ X52) 0 0
Y4 HG ) 0 0 2 GPU2) 0
0 Y4 HEU3) 0 0 Y2 GPUED)

7 HDG method with PML

In this section, we apply a Perfectly Matched Layer (PML) to the discretization of poroelastic equations using
HDG method. The perfectly matched layer is an artificial absorbing layer on the edges of the computational
domain. It absorbs the outgoing waves and prevents the reflections. In the formulation, we use two absorbing
functions a and g that represent the attenuation of the wave in the absorbing layer. The attenuation functions
« and 3 are taken equal to zero outside of the absorbing layers, and the more the considered points in the layers
are far from the part with no attenuation, the more their values grow. In practice, we replace the derivatives

9 — w9 and 9 — w9
oz iw+ a(z) oz’ 0y iw+B(y)d

We consider a two-dimensional porous domain 2 with the boundary I' on the plane (z,y). (u, w, 7, p)
solve the poroelastic equations on ). We consider a triangulation Tj of €2, and Fj, the set of all the faces.
K is a triangle element of 7j, and F is a face of K. We use the approximation spaces defined in section [6} The
local unknowns (up, Wp, Th, pr) € (Vi x Vi x 3 x V}) solve the poroelastic equations on 7;,. The HDG
discretization of the poroelastic equations is modified. The transmission conditions are not modified and
stay the same as the one used in HDG method with no PML, see [4].

We consider an element K € Ty, (@, w, 7, p) € (V' x VP x 2 x V}P) test-functions. We multiply equations
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. by the test-functions and integrate on the element K
. . K
. K~ . K ~ . K ~ . K ~ (2% 87’1{; W 371:7; -
1wpeuy,, Uy + 1WP U, Uy + TWPFW,, Uy + 1WP FW,, Uy — - + - Uy
/K ’ /K Pttt /K & /K SRR /K<m+a<x> dr " iwt By)
7/ iw 0Tk L iw or)y <o
k \iw+a(z) 0r  iw+pBy) oy | Y ’
. . . K~ . Ko e Ko~ Tw éﬂ'p~ Tw 8p~
xT xr :7 PR O)
iw ou iw  Oukf
1wT v Tox + iwa Tow — | C ,7—9”7:11.—/0 — Y F.
/ /K 11Ph /K 1lzw+a(x) Ox K 12zw+6(y) Ay
ouXk ; ouks
/013 Y + - i o %zx
K zw+a(w) or  dw+py) 0
. , K
K- . _ iw  oulf / iw  Ouy
-l cy—r oz _ | Oy Y
+/KMTyy Tyy—i_/KlwamphTyy /K 12iw—|—a(m) ox Y K 22iw—|—ﬁ(y) Oy Tyy
. auK . 8 K
7/023 ' Tw v, Tw um 0
K iw+alx) dr  diw+B(y)
K
k- . _ iw 5uy 5
x Ty C C x
—&-/KlemyTy-f-/KlwoélzphTy /K 13zw+a( / 23lw+5 ) 0 Ty
_/033 ; it Y + - it Yo %my:07
K iw+alx) dr  dw+By) Oy
and
Tw owk Tw owk Tw ouk
. ~ M x Yy M T =
/Klehp+/K (iw+a(x) ox +iw+ﬂ(y) )p—i—/ allzw—i—a( ) Ox P
iw  Oouff iw  ouk iw  Ouf
+ [ Magp——— y*+/Ma : Tt - L )p=0.
/K Piwt ) oy 0 Sk P \iwrBl) oy T iwtale) 0x )P
By integrating by parts, we obtain:
K Ot iw o
. K~ . K~ . K~ Ytz K Y%z
iw g iwo Tw K@uy / Tw K Oty
- %TT’I‘nmux - 7_’1'1 n ux Jr 77—{1)'( a7 + '77_17 .
/FWJra(I) /Ferﬁ(y) vy /@w+a( ) *ox  Jriw+By) Y Oy
7 1w K~ tw K, = _
/Fiw + a(z) Taytally /Fz w+ B(y) Tuytyty ’

iw O, +/ wo _
NpWy
iw+a(a:)p Ox Fiw+a(aj)ph

/ iwpfuffﬁ)m—l—/ iwpfufwy—l—/ iwﬁwfzbm+/ iwﬁwé{wy—/
K K K K K
/ Tw 0wy / Tw N 5 0
- : p : Prywy = U,
kiw+py) Oy Jpiw+Bly) Y
Inria
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. K - . . W K Oz Tw K -

/KlemT +/Klwa11ph7 / sz—i—a(m)u 5 /F llzw—i—a(x)u Ny T

Tw OTpz Tw Tw OTps

+ | Cas uk “—/ci%@ﬁ/c, ke

/K ” +6() "oy e Piwt By k Ciwta(r) ¥ O
K - Tw OTpa / Tw aK

—0, NgTyz + | Ci3- u, — | Cis————0, nyTax

Yiw+alz) ¥ /K i Bly) T oy Jp Pie+ Byt

W o7, Tw
~ K 9Tyy K~
1w7' y Tyy T iwaappTyy + 012 u, — | Cia- Uy N Tyy
K iw+ ax) Ox o iw—+alx)

o7, Tw Tw o7,
K9Tyy ~K K 9Tyy
szrﬂ )uy Oy /FCﬂinrﬂ( )uy Ty /C2gzw+a( )uy ox

K - tw K&)Tyy_/ W g
/ iwtaf )“y””y“/Kngww(y)“z dy S Tw T By e T

Tw 0T, Tw
~ K 9Txy K~
1w7' y Toy T / 1wo<12ph7'xy—|—/ Ci3- u —/0137. Uy Ny Tay
K K F

iw+alz) © Ox iw—+ alx)

o7 Tw Tw 0T
WK ey QK K 9Tay
y) ty Oy /FC2 zw+ﬂ( ) nmi—i_/KCS?’inroz(x)uy ox

K - tw & OTxy / Tw g
—— 0, Ny Ty + | C33- u — | Cs3—————0, nyTuy =0,
o -/K Piwt+Bly) T oy P v

Biw+alx) v

iw+By) "

. . Tw ap Tw . iw op
Y VRTINSV TR N YL SRY.
Jome fv i e M e [ M e oy

Tw . Tw 8p Tw -
MY K — | Moy, " K /M LY S
+/F iw+ﬂ( )Wy Ny P / alliw+a(x) oy a11iw+ (x)uln p

ap / iw Ak / iw x OD
M Mogg——— Majg——
/ “22zw+ﬁ<) Yoy Jr ”'w+/3<y> N PR R
ap 1w -
M M K Mayy————in,p = 0.
/ N2 T B s b = / alew—i— ax) yagﬁ/F 12iw+a(m)uyn p=0

Next we replace the numerical traces 0y, Wy, 7, and Py, by the expressions from equation (59):

/iw ua +/ iwpula +/ iwprwha +/ iwprwEa /man{;
K Pa x Yz K Pa y Y X pf x Yz X pf y Yy KZOJ‘i‘Oé(.’IT) 81‘
+/ Tw ( K _ ) 2~ +/ Tw ( o) / Tw 37}5~
’leera( ) e 1 73zw+a( ) Ph 2 iw+ B(y) Oy
i K )
iw % 9. Tw 3Tmy / iw X .
LT W 1 TR (L Y K e
Jr/F%iw—Fﬁ(y) (v ! )nyu /sz—l—a(x) ax 71@w+a( )(uy 1y) N2 Ty

w0y, L 2 _iw _—
_/I<iw+ﬁ(y) Oy Yy +/7lzw+5( )( — A1y )1y ly +/V3lw+/3( )( — Xo)nyty, = 0,

/iw Wi +/iw Wi +/ iwiwEed +/ iwpwEad —/ w 3@z+/ R
K pPru, Wy X Pf y Wy K« PW, Wy K 14 y Yy Kiw+a(x)p O Fiw—i—a(x) 2N Wy

/ Tw 81Dy+/ Tw \ B 0
— - - Ny Wy = 5
wiwt B oy " Jpiw+ Bly) T
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. K~ . - iw x OT Tw .
/KlWszTwm+/I(1wa11ph7—wa:+/KClliw+a( )U.I a;ﬂ? _/Fcllm)\lzanxw

Tw 0T, Tw x OT.

C K rT )\ TT
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y) Y "ay /F Bt Bly) T e P v ale) v o

w
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T e | Oy Gy~ On gy e

o
o),
" J e
AS
o),
A
)

‘W tw
i D M — My, _ P Y ORI ~
/}(1wphp+/K o+ a2 / 2 ot o )(Ph A2)ngp /F 74Z'w+a(x) (uy — Az)nzD
iw  Owk i
+ | M— e p /M —(ph — o) /M 1 _wf -
/K iw+ p(y) Oy b 7 72%1—&—5( )( 2) yp Mzw—i—ﬁ( )( 1y)nyD
iw Ip Tw op
| wm WK Moy —"  \in. u WK
/ aniw+ (z) U o +/ 11iw+a() 1eTaP = / Q227 a0 +5() yé)y

Tw % OD W -
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+ f Mon B() = [ Moo S G+ [ Mo Sy o

ap Tw
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Then, we replace the local unknowns and the local test-functions using equations (62al) and (62bf). We obtain:

WK KK o K K K % ali{z / tw K K B(K, )y, 2 K
WU —_— —_— S\ ; .
/Klwp z P Pi /I;lijw P Pi /KZOJ—F(J&(.’L‘) oz 90] 4)02 ’lew—i—a( )(QT P 71xw] )anOZ
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tw K K B(K,1) K tw loy K K tw K K BKy 2 K
b (PR OE A 7Y QY - o e (K A K=
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/Klwpa U, @5 @i +/K1wpfw 5 Pi /Kiw—l—a(:I:)Txy o1 w; + F’ylm(g 2 7A1y1/)_j )nrsﬁz

tw 811/1; K K / tw K K BK)\ 2 K / K K B(K,1) K
Y v Ky, P K KPS K _
/Kinrﬁ(y) Oy ¥ % "3 w4+ By )(Hy 7 A i 73 Jrﬂ( )( K e

. K .
K K K K K, K tw Kk k99 tw B(K,1) K
w + WPW , + Ao’ S =0
/ i Prly 903 Pi / it ,0 Qﬁj 2 / i a(x)p Qﬁj or /F’L a($>72¢] Ny @ ’

K K K | K K K tw K K&Pf{ / iw B(K,T) K
iwpru H iwpw H ; + nyp; =0,
/K PFly P} P /K PW,, 5 P /KWJFB( )p i oy ot B2 Aot e

Inria




ABC for 2D isotropic poroelasticity 47
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We define and recall the following matrices:
9pf
K _ K K K _ K 9% F o _ K, K
M; —/K%‘ p; dX, Dyi; —/90 ol X, Toij —/F%' P ny, dS
(71)
L= [euinas, L= [ufnnds, NG, = [ oFoknn.as,
F F
with v = z,y, v = z,y. The elementary matrices AX and BX are then expressed as follows
(72)

AR = (MK AK AKX AKX AK AK AF AK),
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8 Numerical tests using HDG discretization

This section aims at evaluating the performance of the HDG discretization of poroelastic equations with ab-
sorbing boundary conditions or PML, which are detailed in sections [6] and [7] We first consider the influence
of the geometry of the domain on the result of the numerical solution with absorbing boundary conditions in
section [8.1] Then in section [8.2] we compare the two methods, absorbing boundary conditions and PML, using
the analytical solution, for several configurations.

8.1 Influence of the geometry of the domain

In this section, we test the accuracy of the HDG discretization with absorbing boundary conditions. The
boundary conditions have been developed for a circular geometry, and we want to test if those absorbing
boundary conditions remain efficient on a different geometry. We consider an infinite porous medium, in which
there is a solid obstacle, and we set artificial boundaries, in one case, circular boundaries, and in the second
case squared boundaries. We run a test on an annulus described in figure [I| and for a square with a hole, see
Fig. The solutions are displayed in Fig.
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Figure 25: Scattering of a plane wave by an impenetrable solid immersed in a porous medium. The cross section
of the inclusion is a disc of radius denoted by a. The artificial boundaries are build either on the circle r = b
or on the square of length L.

For the numerical tests, we use ¢ = 1m and b = 10m, L = 20m (see Fig. . For a porous medium
composed of sandstone at f = 1kHz, we compare the L2 error of the solution for an order of discretization
between 1 and 3, for different values of viscosity and for two boundary conditions. We compare the L2 error
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(a) b= 10m (b) b =10m

Figure 26: Imaginary part of the solid velocity u, (10 m.s™!) of the reflected wave for absorbing boundary
conditions for a porous medium composed of inviscid sandstone with f = 1.5 kHz and boundary conditions 3
for two different domains, with a = 1m and b = 10m, L = 20m.

between the analytic solution and the results with HDG for an annulus, and for a square with a hole cf. Table

BC1 Square | Annulus BC3 Square | Annulus
n=0Pas! 7.70 3.03 n=0Pas! 8.26 4.00
n=10"3 Pas™! 6.09 2.16 n=10"2 Pa.s™! 6.53 2.75

Table 3: L2 relative error (%) on the solid velocity between the analytic solution with absorbing conditions
and the numeric solution with order of discretization 3 for n = 0 Pa.s™! and n = 1072 Pa.s™'. We display
the solution for the scattering of a P plane wave for boundary conditions of type 1 and 3, with a = 1m and
b =10m, L = 20m.

As expected, for a circular geometry, the discretization of absorbing boundary conditions is efficient. For
a square geometry, the absorbing boundaries remain efficient, however, the error is greater than for circular
geometry, (see tab. . We also observe that the presence of viscosity improves the accuracy of the solution.
The error is between 5 to 10%, which is comparable to the results for the LK condition in elasticity ([Tab. 7,8

[21).

8.2 Comparison of HDG methods using ABC or PML

In this section, we compare the two methods of absorbing boundary conditions that we presented in sections [6]
and [7] : low order ABC and PML applied on the HDG discretization. In the code, we use for the absorption
functions (see section[7): a(z) = Bod(x) and B(y) = Bod(y) , with d the horizontal or vertical distance between
the considered point and the artificial boundary. First, we compare the results on a square domain with an
impenetrable obstacle, then we consider a domain composed of two porous layers.

8.2.1 Square with a hole

We consider an infinite porous medium, with a solid inclusion T, see Fig. 27} Here, the artificial boundary is a
square.

For the two different cases, PML or absorbing boundary conditions, an outgoing wave is scattered on the
obstacle, and we study the reflected solution. In this case we can compare with the analytical outgoing solution.
Figure 2§ shows the solution with the two different absorbing conditions. In Table [d] we present the L2 error
between the solution with absorbing boundary conditions and the exact outgoing solution. We denote ” ABC”
for the solution with absorbing boundary conditions, "PML” for the solution with PML on the boundaries, and
7exact” for the analytic outgoing solution. Note that the error is calculated only on the part of the domain
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) Domain with ABC (b) Domain with PML

Figure 27: Infinite porous domain with a solid obstacle used for the numerical tests, in which we build absorbing
boundary conditions. In the tests, we take : a = 1m, L = 20m, 5y = 6.39, and [ = 3m or [ = 6m. We can use
either PML or ABC.

9.0e+00

Vx_imag

9.0e+00

(a) ABC (b) PML ! = 3m

9.0e+00
5
—0
B
5

9.00+00

imag

(c) PML I = 6m

Figure 28: Imaginary part of the solid velocity u, (10 m.s™!) of the reflected wave for the scattering of a
P-wave on an obstacle with boundary conditions 3 at the interior radius, for a porous medium composed of
inviscid sandstone with f = 1.5 kHz for a domain with absorbing boundary condition and a domain with PML.

where the original is actually solved and which coincides with the domain used for the case with absorbing
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boundary conditions.
BC3 ABC | PML ! =3m | PML [ =6m BC3 ABC | PML ! =3m | PML [ =6m
n =0 Pas™! 7.70 10.8 3.65 n =0 Pa.s~! 8.26 9.52 3.81
n=10"3 Pas~! | 6.09 9.82 2.8 n=10"3 Pas~! | 6.53 8.72 2.78

Table 4: L2 error (%) on u, between the analytic solution with absorbing conditions and the numeric solution
for n = 0 Pa.s™! and n = 1072 Pa.s~!. We display the error for the scattering of a P plane wave for boundary
conditions of type 1 and 3 on the interior radius.

ABC | PML!=3m | PML [ =6m
Number of edges | 10974 17448 25581
Number of dof 43896 69792 102324

Table 5: Number of degrees of freedom for the three cases shown in Fig. with interpolation order equals to
3.

We observe from table[4 that the PML solution with [ = 3m generates slightly greater errors than absorbing
boundary conditions and needs more computational time. However, when the size of the layer increases,
(I = 6m), the error is lower than for the solution with ABC. It also leads to an important increase of the
computational time because we need to compute the program on a larger domain (see Tab. .

8.2.2 Stratified domain

Secondly, we investigate the case of a two-layer stratified plane domain. We consider the configuration detailed
in Fig. A point-source is located in the upper medium of the domain. The four edges are non-reflective,
either by a PML or Absorbing boundary condition. Table [f] gives the size of the linear system solved by the
program. The size of discretization is the same in both meshes. The solutions are presented in Fig.

PMLs
Point-source Point-source
L] L] .
ABC Medium 1 Medium 1
Medium 2 Medium 2
—
I
Q Q
L 5 L

(a) Domain with ABC (b) Domain with PML

Figure 29: Stratified porous domain used for the numerical tests, in which we build absorbing boundary con-
ditions. Here, the upper medium is composed of shale while the lower medium is composed of sandstone. The
parameters of the media are detailed in Table[I| In the tests, we take : L = 20m, [ = 3m.

Figures [30] [30(a)| and [30(b)| present similar results in the region outside of the PML. In figure [30(b)| all the

wave are absorbed in the PML region. However, in Fig. [30(c)| with a different value of absorption parameter,
the wave is not absorbed in the PML, and we observe many reflections which worsen the accuracy of the solution.
Moreover, Fig. [30(d)| shows that for high values of the absorbing coefficients, the energy in the PML explodes.

RR n° 9358



Barucq € Diaz € Meyer & Pham

5.0e-02
004

50002

|
Vx_imag

1
°
Vx_imag

5.0e-02

(a) ABC (b) PML with 8y = 6.39

50802
004

50602

(d) PML with 8y = 63.9

(c) PML with 8y = 0.096

Figure 30: Imaginary part of the solid velocity u, (10% m.s™!) of the reflected wave for absorbing boundary
conditions for a porous medium composed of inviscid sandstone with f = 1 kHz for a domain with absorbing
boundary conditions and for domain with PML with different values of the absorbing coefficient.

ABC | PML
Number of edges | 9380 | 15949
Number of dof 37520 | 63796

Table 6: Number of degrees of freedom for the cases shown in Fig with interpolation order equals to 3.

Indeed, the size of the layer and the value of the coefficient of absorption can have an impact on the accuracy
of the solution, and the values of these parameters depend on the configuration of the test.
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9 Conclusion

In this report, we have built a low-order absorbing condition for isotropic poroelastic wave equations in frequency
domain. The performance of this ABC has been evaluated in two groups of numerical investigation. In the first
one, in the setting of planewave scattering by circular obstacles, we compare how well the analytical solution
associated to the ABC approximates the restriction of the true outgoing solution on the truncated domain. We
have an overall conclusion that that our ABC has comparable robustness to LK for elasticity and Sommerfeld
condition for acoustic equation, in the sense that the error is less than 10 % for most cases. In the second
investigation, the absorbing condition has been implemented in a hybridizable dicontinuous Galerkin (HDG)
formulation. We have also applied perfectly matched layers (PML) on the HDG discretization of the poroelastic
equations. We then compare the performance of our ABC with the PML technique on different configurations.
PML can be an alternative to the absorbing condition, however its performance depends on parameters that
are specific to each experiment. If the size of the PML is not large enough, the performance is deteriorated.
To obtain better results than ABC, the PML can be taken larger but this doubles the degrees of freedom and
incurs substantial increase of the computational time, while the gain in accuracy is not considerable. This work
will be used as a basis to develop ABC for porous-electromagnetic wave equations in an upcoming work.

A Expansion of an outgoing solution

In the following, we detail the system solved by (u, w, 7, p) with the expansion of the potentials in the case
of an outgoing solution. Consider the scattering of a time-harmonic plane wave by an impenetrable infinite
cylinder (see figure . The total wave is a superposition of the incident plane wave and the reflected wave
with each quantity satisfying poroelastic equations in R? \B(0,q), also listed below in and , according
to the type of boundary conditions. For e = total, ref, pw, we denote by

‘e

kol |

the total wave, the reflected wave and the incident plane wave correspondingly.

The unknown is the reflected wave which is outgoing, this means that it satisfies the Sommerfeld radiation
condition, and is in addition uniquely determined by how the obstacle scatters the plane wave. For e =
P, B, S, x. is called ke-outgoing if it satisfies the Sommerfeld radiation condition at wave number ko uniformly,

lim /r <8X’ ~ ik x.> ~0. (74)

T—00 87’

Hence, the solutions (u, w, T, p) are given by equation , while the potentials are given by:

xp(@) = > o HY (wsp ) €7,
kEZ

xe(x) = > 0 H (wsp [z]) ¢,
keZ

xs(@) = Y e HP (wssa]) et?
kEZ

The series coefficients ag®, b7°, c7° are then determined by the boundary conditions imposed on the interface I'.
We will consider the boundary conditions of type 1 in[Ad] and of type 3 in[A-2]
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Figure 31: Scattering of a plane wave by an impenetrable solid inclusion. The inclusion occupies the domain
denoted by 2. The cross section of the inclusion is a disc of radius denoted by a. How the obstacle scatters the
plane wave is mathematically described by boundary conditions, for example or .

A.1 Boundary conditions of type 1

The unknown reflected wave solves the poroelastic problem:

e solves the poroelastic equations in R*\ Q;

ure! is outgoing by definition ;

(75)
Boundary conditions on the interface I'
WP n4+we.n=0 |, 0B(0,a);
. .n4+ 7. n=0 , BB(QQ)
In the current geometry, n = e,.. Hence,
W-n=Ww,, T M ="Tq€ + Trg€p,
pwW | <« PW pwW | _ DPW pw
w n=w,", T n=7T, € + T, €.
For convenience, the boundary conditions are written as:
: _ pWw 2 _ 2 __pw 2 _ 2 __pPwW (9153 (76
iww, = iwwk¥, W T, =T, WTe =wTy ., (0,a) - )

Next we expand the coefficients of each component in Fourier series. For the right hand-side,

pW __ i pWw _
W g ere , T E 'r”ke g 6,ke

kEZ kEZ kEZ

For the unknowns:

E iko § iko § iko
r = Wik e y  Trr = Trr,k e ,  Trog = Tro,k e

kEZ kEZ kEZ
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Using , we have:

’ . ’ . . k .
fww,, = a® %’WH;” (wsp |@]) e + b2 %WH,@ (wsp |z|) ! + & f;;t“; f?'H,S)(wsS Iz|) e,
2 . 2ppw oo 7y(1) iko 2pe k oo (1) ik0 | 9 oo 271 iko
Wi Ty = — ap H; (wsp |x]) e + 5 ap Hy'(wsplz|) e’ ™" + 2up ap” w™ Hy ' (wsp |z]) e
sp || sp ||
2 pugy K oo p1(1) ko 2P W o (1) iko 2k oo (1) iko
_ 2 [aP v Hy (wsp |xz])e'"” — ey 2] b Hyl (wss|z|)e + 2 |$|2b,~c H, (wsg|x|)e
; 2 pgy k2 ; 2 g _ : ;
+2415, bPC w? H,(Cl)(wsB |:c|)e’k9 — QMf 5 b ngl)(wsB |w\)elk9 + é“ e’ wss 1kH§€1) (wss |:13|)e”“9
sg || s¢r
+w? (=2p + ke + Mo® + aMpp) a HY (wsp |a]) ¢
+w? (<2 + ke + Ma? + a Mpp) b HY (wsp [z]) e*?,
2ugw ik (1) : 2i pgk (1) : 2upwik 1) :
2 00 ik @ [e's] ik @ (o'} ik 6
W Tk = — /o ar’Hy ' (wsplx|)e' " + |az|25§,ak H,  (wsp|x|)e — Wl)k H,/ (wss|x|)e
+2iufrkbooH(1)( ke ek o) ko, MW oo (1) iko
55 Op Hy, wsplx|) e -~ Hy (wss|x]) e +——cpr H,' (wss|z|) e
||sp, |o]? 5§ || ss

(1) iko

W oo k o 171(1) ik@
— My — H WSy | =+ -5 H WSy |
fr SS| | Ck k—i—l( S| |) € e S%‘ |20k k ( S| |) €

‘ k2 ‘
+w? e HY (wsg [a]) eF0 — pug, P e HY (wsg [a]) k0.
S

(77)
Here, the second derivatives of the Hankel functions are replaced using equation . Imposing , we obtain
a linear system satisfied by a°, b7°, cf° in each mode k.

0o —lwwk¥
ag
AYT o | = | —w?Ey |, (78)
S \—wrly
where the coefficient matrix is defined as:
Ain A Agg
AVT = | Az Az Ass (79)
Asgy Asy Ass
with
_Br Ly _ BB 0y _ Pr b TRy
All — ngk (WSPQ), A12 = ngk (wssa) Alg = detA ;Hk (w SSC‘)?
Ao — 2,ufer(1) ik 2pek 1) 2 (1)
0 = — pir(wspa) e + ———H; " (wspa) + 2ppw”H; ' (wspa)
Sspa spa
_ 2k HY (wspa) +w? (=2 + ki + Ma® + o Mpp) H (wspa)
S% Cl2 k P 3,UJfr fr P k P ’
2 g 2up k
Agy = — 18 wHéﬁl(wsB a) + gfg Hl(cl)(WSB a) + 2’ H](:)(wsB a)
sga Sy a
2ufrk2H<1>( ) +w? (2 + ki + Ma® + o Mpg) HY (wspa)
B s a2 rp Wwspa) +w (_3“fr fr a a B)ty \wWssd),
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and
2ug ’
Ags = ﬁwﬂ{:HS) (wssa),
ssa
2w pgik 1y 2 pgik
Azl = —$H§:) (wspa) + Mf H(l)( spa),
asp a?sp,
2 r.k ! 2 T ik
Agy = — 2R O (o) 4 /f; H{ (wsga),
asp assg
gy = — MO o)+ PO (o) — “HD (sa) + o B (wssa) |
asg " asg " ssa sga’ "
k2

+ W H (wsga) k0 — H (wssa) .

sZ a?
A.2 Boundary conditions of type 3

In this case, the unknown reflected wave solves the following poroelastic problem:

1*f solves the poroelastic equations in R\ Q;

! is outgoing by definition ;

80
Boundary conditions on the interface I' (80)

vPY vt =0 on T,

PPV +pf=0onl.

We work in polar coordinates, uP%V = utVe, + ugw ep and u = u,e, + uyey. The boundary conditions are
written as:

iwu, = —iwulV, iwuy = —iwu)", p = —p’¥

; OBo,a) - (81)

We expand the coefficient of each component in Fourier series. For the right hand-side,

pw __ E pw _ik6 pw __ E pw 1k0 pw __ pPw ik6
u, = urke 5 ue = ueke P = pk e .

keZ ke keZ
For the unknowns:
iko iko iko
u, = g u.pe”’, up= E ug e, pp= E pr €'
kez kez kez

Using , we have:

. ik .
iwu = a sl wHY (wsp [z])e™ + b s5l wHY (wsp |2))e*? — ¢ sg? —H (wsg [z])e?

x|
iwugy = af° sp> %H,&l)(w sp |z])e*? 4+ b° 552 %Hg)(w sg|z|)e*? 4 sgleg) (wss |x|)e*? (82)
pr =—ap M (Bp + «) Hg)(UJSp lz]) e — b M (Bp + @) chl)(wsla |z|) el ko
Imposing , we obtain the following linear system satisfied by ag°, b3°, ¢;° in each mode &:
ay? —iwuy
APP Lo | = | —iwugy | s (83)
i —Pi
where the coefficients matrix is defined as:
_1wH,(€1)/(w5p a) sgle,(fl)/(w sg a) —sg? 1kH(l)(wss a)
ApP = sp2 %H,&l)(w sp a) sg” %H,(Cl) (wspa) sg' w ch ) (wssa) |- (84)
—M (Bp + a)HP(wspa) —M (B + a)H (wspa) 0
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