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Abstract: It is of importance to design observers for multi-variable nonlinear systems with unknown parameters and partially
driven by unknown inputs. Such a problem arises in systems subject to disturbances or with inaccessible inputs and in many
applications such as parameter identification, fault detection and isolation or cryptography. In this paper, the problem of fixed-time
observation for nonlinear dynamical systems with unknown parameter and inputs is studied. Conditions on full/partial state and
parameters identification are provided by the the way of an observation algorithm based on differential geometry theory. Then, an
uniform differentiator for estimating simultaneously the states and unknown parameters in fixed-time while avoiding observability
singularities is designed. An example on topology identification of network systems is described to show the effectiveness of the

proposed method.

1 Introduction

The design of robust observers occur in many practical applica-
tions such as systems with uncertainties or/and unknown parameters,
fault and identification problems, cryptography [46, 49], and more
recently the fast topology identification of network systems (an
illustrative example will be given in this paper). Another important
requirement is completion of all transients in finite time because
strict quality requirements are imposed for design, operation and
control of complex technical processes with a large number of
applications (in control design for a variety of robotic and mecha-
tronic devices, safety evaluation, aerospace applications, vehicles
control systems, etc). Therefore the problems of finite-time con-
trol and finite-time observation of uncertain nonlinear systems
have been intensively studied for many years (see, for example,
[3, 8, 11, 16, 24]). Considering the observation problems, a con-
vergence of observed states to the real ones in finite time is always
preferable, in particular for nonlinear systems where the well-known
separation principal does not apply or hybrid systems where fast
commutation in switched dynamics appear ([13, 25]). Thus this type
of convergence greatly simplify design and analysis. For finite-time
attractivity, convergence to the limit mode is required to occur in
a finite, terminal time, which is permitted to depend on the initial
condition of the system. A subclass of this is fixed-time attractivity,
where the terminal time admits a uniform upper bound regardless to
the initial conditions [27].

The problem of both state observation and parameter identifica-
tion has already been investigated extensively in the literature[5, 37].
An adaptive observer to estimate simultaneously the state and the
unknown parameters is proposed in [23] and it guarantees arbitrary
fast exponential convergence when the condition of persistently of
excitation is satisfied. In [30], authors presented the results of their
works about the parameter identification problem of linear system
using multi-layered neural networks. In [43], the authors proposed
a nonlinear adaptive observer with global convergence to estimate
simultaneously, the state and the unknown parameters of linear time-
varying systems. The results of [43] was generalized in [9] for
nonlinear systems with a general nonlinear parameterization and
with bounded states and unknown parameters. Results on nonlinear
systems can be found in the literature using mostly observers with
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linearizable error dynamics (see e.g. [6, 33, 36, 47, 48]), or high-gain
observers [4, 7, 10, 18, 29, 38, 44].

Most of those observers are asymptotic/exponential, which means
that the estimation error converges to zero and reaches zero towards
the infinite time.

However, as explained before, it is often better to have a finite-
time convergence when the needed variables need to be recon-
structed quickly. Motivated by this fact, this paper aims at designing
an observer that can achieve both state and parameter estimation in
a finite time.

Few works deal with the problem of state and parameter finite
time estimation for nonlinear systems with uncertainties. This prob-
lem is a challenging one, even for accurately known systems. In
many approaches, nonlinear coordinate transformations are used to
transform the system into suitable observer canonical forms. Finite
time convergence can be obtained under the assumptions that the
system can be put into a set of triangular observable forms, where
the unknown inputs act only on the last dynamics of each triangular
form. This assumption is known as the observability matching con-
dition. Then, observers based on algebraic, numerical, adaptive or
sliding mode observers [2, 15, 34, 39-41] can be designed.

The present work aims at the development of a systematic method
leading to the finite time observation of a very general class of uncer-
tain nonlinear systems with unknown inputs. The contribution of this
paper is twofold:

e The description of an improved version of observation algorithms
given in [1, 35] to check the full/partial state observability and
parameter identifiability of general nonlinear systems with unknown
inputs, even if the observability matching condition is not fulfilled.
e The design of a fixed-time sliding mode observer avoiding for
possible singularities of observation.

This paper is organized as follows: Problem statement and def-
initions are given in Section 2. Preliminary results on parameter
identifiability problem are presented in Section 3. In Section 4,
an observation algorithm is given to check which part of the state
and parameters is observable/identifiable. A fixed-time observer is
designed in Section 5 in order to estimate those states and param-
eters in a prescribed time. An application example for finite time



identification of the topology of network systems with simulations
is presented in Section 6.

2 Problem statement and definitions

Consider the following nonlinear system with unknown parameters
and unknown inputs:

5= f(x) + 9(x)0 4+ 8(x)0

8=0 9]
y=h(x)
where x = [x,--- ,xn]T € R" is the state of the system y =

[h1,-+,hp]" € RP is the output, 6 = [0y, ,Gq}T € IR is the vec-
tor of the unknown but piecewise constant parameters of the system,
and ¥ € R is the vector of unknown inputs.

The function f(x) = [fi(x),---,fu(x)]” is assumed to be suf-
ficiently smooth. Without loss of generality, the scalar functions
hi(x),---,hp(x) are assumed to be linearly independent. The matrix
o(x) € R"4 is known and §(x) = (81 (x),..., 6 (x)) € R"™ is the
matrix of unknown inputs.

Assumption 1. The distribution A = span{8;(x),...,8,(x)} is
assumed to be involutive [19].

Since the unknown parameter 0 is assumed to be piecewise con-
stant, it can be considered as an additional state variable. Then,

define the new variable & = z . The system (1) is rewritten
as:
E=/f(&)+8(8)v
y="h(g) @
z=P¢

where & € R"™4, f(&) = f(x) + @(x)6. P is a constant matrix
introduced to check the partial state observability and parameter
identifiability via the algorithm described in Section 4.

The introduction of z and P allows to recast the problem of the
estimation of x and/or 6 in (1) into the problem to estimate z in (2)
(as it will be shown in the numerical example in Section 6, where
the state observability and the unknown parameter identifiability are
partial).

Given that the unknown constant parameter might be regarded as
an additional time-invariant state variable, the parameter identifiabil-
ity in this paper is related to state observability problem. For that, we
recall hereafter the definitions of algebraic observability (for the state
x in (1)) and on algebraic identifiability (for the unknown parameter
6 in (1)).

Definition 1. (Algebraic observability)[12],[35]. Consider system
(1), the state x is said to be algebraically observable if there
exists a positive integer k and a meromorphic function M such
that x is algebraic over the field % x % . The system (1) is alge-
braically observable if the field extension % X % — (% X ¥)(x) is
purely algebraic. x =n(y,y,¥,. .. 7y(k)) where ,9,¥,...,y%) are the
(0,1,...,k)" derivatives of the corresponding output y.

Definition 2. (Algebraic identifiability) For system (1), the unknown
parameter 0 is said to be algebraically identifiable if there exist a
T > 0, a positive integer k and a meromorphic function ® such that

(6,y,y,...,,¥) =0 3)

and

rank 3—? =q 4)

holds on [0,T), for all (97y7y,...,y<k>).

Remark 1. According to the implicit theorem, it can be seen that if
(3) and (4) are satisfied, there exists (locally) a vector ¥ such that

6:’)7(y7y?y""’y(k))

which is similar to the definition of algebraic observability given in
Definition 1.

For the compact form (2), sufficient conditions which enable to
identify the unknown constant parameters are presented in the next
section.

3 Preliminary results

In this section, the method proposed by Xia et al in [35] is recalled.
Denote % = span{dy,dy, ...,dy)},l €N, 2" = span{dx} and © =
span{d8}.

Since 2" N % represents the observation space of system (2),
Z N(# + O) can be considered as the observation space with
parameters. The identifiability method proposed by Xia et al is to
eliminate firstly the state x through observability properties of the
system. To this end, the so-called observability indices for (2) are
defined. Set

F1=2N (span{dy,dy...,dy(lfl)})

for [ = 1,...,n. It has been shown in [42] that #| C %, C --- C
. Then, as done in [20], define d| = rank .%; and d; = rank .7, —
rank .#;_; forl = 1,...,n, the definition of observability indices can
be given as follows.

Definition 3. (Observability index)[45] The list of integers
(Vi,...,vp) are called the observability indices of (2) such that
vi=card{d; > i,1 <i<lI}.

If necessary, reorder the output components such that

2(y,y,...,y" 1)
Jx

rank =h+bh+-+l1p. 5)

Now, compute

dy ™V =& dx -+ a0

i
fori=1,...,pand j=1,...,l;. From (5), any & ; can be written as

a linear combination of {& 1,... €Ly agp,lv“'vep,lp}' Then, the

higher order time derivatives dyEJ ) can be computed and, from the

implicit function theorem, dx can be substituted to obtain

O_ (&%, 61
dyi = Zznrder‘ +Yi7jd9~

r=1s=1

The system is geometrically identifiable [35] if and only if there are
integers [, fori = 1,..., p, such that rank T’y = g, where

T
_ [ T
I, = [Yl,lv'"77/1,11*77/21:17"'77/;,1,*,] )

The parameter is then algebraically identifiable if and only if there
exist p integers k7, for i = 1,..., p, such that rank 'y, = g, where

T
T T T T
Iy = |:’y1‘,]1+1 5. '7’)/]$k’1‘372712+l PRRER) Yp,k;] .
The following theorem can be stated.
Theorem 1. [35] The system is algebraically identifiable if and only

ifecCy.
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Remark 2. This method requires to calculate higher order deriva-
tives of the outputs that may not be used later. Indeed, the determi-
nation of the higher order derivatives of the outputs of a dynamic
system can very quickly become difficult for high dimensional
systems.

In the next section, a novel algorithm is proposed for parameter
identification. Unlike the method proposed in [35], the higher order
derivatives of the outputs will be calculated by iteration (if needed)
and not in advance. In addition, a matrix P will be introduced for a
partial or total identification of the states and/or the parameters for
the studied system.

4  Parameter identifiability

As presented in the previous section, the parameter identifiabil-
ity is related to the observability of z in (2). For this, define the
observability indices for (2).

Denote

Fi = span{dh,,...,dL;f‘hl,...,dhp,...,dLj;‘hp}
for 1 <i <k, it has been shown in [42] that #; C %, C --- C %;.
Then, set d; =rank .%] and d; = rank .%; —rank .%;_; for2 <[ <k,
one can obtain the observability indices given in Definition 3.

Remark 3. The system (2) is observable if vi+---+ v, =n+gq
with n+ q being the dimension of . In this case, the state x and the
unknown parameter 0 of (1) can be estimated simultaneously.

Considering the observability indices, the following matrix dQ
can be defined:

Alhy,Lehy,... . L " Yhy, .oy L )T
Q:[ f f 5 14 f p) )

and the following theorem can be stated.

Theorem 2. The unknown parameter 0 of (1) is identifiable (or
equivalently z of (2) is observable) if rank dQ = n+q.

Theorem 2 is quite straightforward, and states a very restrictive
sufficient condition on parameter identifiability, which requires that
all states should be observable as well. In general, parameter iden-
tifiability does not depend on state observability. In other words,
some parameters could be identifiable while the system state is not
observable. An alternative explanation states that some of the param-
eters could be identified even if the the observability condition is not
satisfied. This can be illustrated by the following example:

X1 =x10
Xz = X1X2 (7)
y=xi

It can be seen that 6 is identifiable if x; # 0 (since y = y0), while
the state x; is not observable. This example also shows that parame-
ter identifiability might depend on partial observable states involved
in the obtained parameter identification equation. Taking this into
account and in order to obtain a less strong sufficient condition of
parameter identifiability, define the following sets:

F =ENspany{do}
where E = {2 + 0} = span{dx,d0}, and
®={ht,....L2 ...y, LT hy)
where bj for j=1,..., p are positive integer which will be used for

the iterations of the following algorithm introduced here to compute
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the minimum of time derivatives of the outputs and therefore to relax
the restrictive sufficient condition stated in Theorem 2 and in [1].
Denote & = { 2"+ ©}. One has

F =ENspang{do}

According to Frobenius Theorem [19], a nonsingular involutive dis-
tribution is completely integrable if an only if it is involutive. Thus,
the codistribution A is spanned by exact differentials. This allows
to define a new chart of coordinates with two subsystems, where
one of them is observable and unaffected by the unknown inputs.
Using the following algorithm, which is an extension of [1], one
can then recursively: (i) evaluate which part of the system is observ-
able/identifiable; (ii) obtain the expression of the observable states
and identifiable parameters in function of the outputs and a finite
number of their time derivatives.

Algorithm 1.

Input :  f, 8, h and P defined in (2);
Output: 9Q(E), £ and K (€);

Initialization :
—bj:(),]:l>>l7, )
- ={010,...,0p0} with ;o = {h;};
- Py = {55170,...,ﬁp,0} = Eﬂs‘panah{dwo} with g‘\j’o =&N

spang;, {dw;o};
- Define A = span(6(x),..., 0m(x));
-i=letl=0;
Iteration i:

[Step 1:] Compute £; = spang, {dw;_,} and AL the annihilator
of the involutive distribution A defined by Al = span{® €
L1906 =0,V € A}; .

[Step 2:] Compute 0Q; = ag"g' ;

[Step 3:] For the given matrix P, compute the matrix J¢;(§) such
that P = J;(£)0Q;. Denote ¢ (&) as the jth line of #;(&);

[Step 4:] Check: if all elements Jiflj(é) ¢ %, goto Step 5;
otherwise, go to Step 10;

T
[Step 5:] Compute V; = (L?‘hl e 7Lj;”h,,) and

b b
Fl,i LglLflhl LgmLf]hl
I;= : = 5 . 5 5
Lpi Lg, Ll;'p hp L, Ly hp

Check: if I'; =0, go to Step 7; otherwise, go to Step 6;

[Step 6:] Compute A+ N Z. Define Y; = {9 € A+ N.Z|DV; ¢
;, }. If Y; # 0, then one can define a new output which is
independent of the unknown inputs as follows. Increment .

Compute = DV, Yp+1 =y mod @; andT'; = (T, .- ,F,,H_j)T
withUpyy; =0; ,
. i+1
[Step 7:] @w; = {(D],,‘,. ..,a)er/_[} with ;= {hj,. .. ,h; / >},
i=1..p+L Fi={F1i....,Fpy1i} = ENspang {dw;}

with ;=& ﬂspanwj_,{dwj_yi};

[Step 8:] Check gzj,i ¢ {%#_1U {ﬂi\yj_’i}} andl';; =0,
then bj = bj +1;

[Step 9:] Check: if #;_1 C %, thendo i =i+ 1 and go to Step 1;
otherwise, go to Step 10;

[Step 10:] Return 0Q(&) = 0Q;(€), £ = & and (&) = (&).

Based on the return of Algorithm 1, the following result can be
stated.

Theorem 3. Apply Algorithm 1. If there exists % (&) such that
P = ¢ (£)0% and the components of the elements of all the rows
of K (&) satisfy # (&) € &, then z is observable.



Proof: By definition .Z; defines the observable space of system (2)
at each iteration i. After applying Algorithm 1, if Z/(€) € %, all
elements in .7 (&) are spanned by .#, which implies that one can
always find a matrix P such that z = P& is observable. g

Remark 4. It is known that any matrix dQ € R” x(ntq) satisfying
rankdQ = r and n+q > r is right invertible, i.e., there exists a matrix
(0Q] " such that dQ[IQ" = I. Therefore, the matrix # (E) can
be obtained as follows:

H (&) =P[oQ]". (8)

Proposition 1. Apply Algorithm 1. If there exists ¢ (E) such that
P = 2 (£)0Q and if the components of the elements of all the
rows of (&) satisfy 7 (E) € L, then there exists a function
F(y,y,...,y%)) such that:

2=F (35,5, 0"). ©
with k € N.
Proof: From z = P&, one obtains
dz=d(P&)=PdE.

Considering P = ¢ (£)dQ and replacing P in the previous equation,
one gets

dz = A (£)dQ with dQ = IQdE.

Since dz is a closed one-form, ¢ (£)dQ is also a closed one-form
[26]. Due to the fact that # (£) and dQ represent the space and co-
space generated by y and its higher order derivatives, hence there
exists a function F(y,y,... ,y(k)) for a certain k € N such that

2= F3,9,5,. ., y0).

O

It is clear that the condition presented in Theorem 3 is less restric-
tive than the one given in Theorem 2, since Theorem 3 does not need
to compute all higher order time derivatives in advance.

Note that, in many cases, the function F is a rational function
given by

— g(yv).)aya"'ay(k))

” (10)
8y, ¥, .., yH)

F(y7)}’j;',...,y(k))
For the system (7) of the previous example, one has:

N
0=F(,y) ==
) y

Due to the existence of the singularity when y = 0, it is therefore not
possible to compute directly 8, even if we can use some efficient dif-
ferentiators, such as higher order sliding mode differentiators [21].
In the next section, it will be shown how to overcome the singularity
problem by designing a fixed-time sliding mode observer.

5 Fixed-time sliding mode observer

Assume that the condition in Theorem 3 is satisfied. It is possible to
find a function F' which yields an algebraic equation to estimate z.

According to Proposition 1 and the relation (10), singularity prob-
lems can appear in (9) if g(y,y,¥,...,y k ) crosses zero at some
values of the output y and its higher order time derivatives. A
technique to overcome such a problem is the persistent excitation
condition.

Definition 4. (Persistent excitation)[31]. For the equation (10), the
Sunction u(y,y,y,... ,y(k)) is said to be persistently exciting (PE) if
and only if there exist positive constants T and €| such that for all
t>0,

t
J usz>£1In
t—T

where T represents the excitation period of u(y,y,¥, ... 7y(k)).

There are several approaches in the literature that can be used to
estimate the involved parameters as long as the Persistent of Excita-
tion (PE) condition is satisfied. The so-called Least-Square method
is one of the simplest methods to apply, which however is not suit-
able for noisy systems [37]. Another way to estimate the unknown
parameter is to use an adaptive algorithm as given in [23] or the nor-
malized gradient algorithm [37]. These methods can only provide
asymptotic convergence. Another contribution of this paper is to pro-
pose a method to estimate the parameters of system (2) in finite-time
or fixed-time (non-asymptotic convergence [22]).

One contribution of this paper is to design an observer providing
fixed-time stability of the origin and allowing to adjust the global
settling time of the closed-loop system, while avoiding observabil-
ity singularities. Precisely, this paper defines a sliding manifold
ensuring that in sliding motion:

e the estimate of the state z is obtained in finite time,

o the trajectories of the system satisfy the Persistent Excitation con-
dition given in Definition 4 (and thus overcome the observability
singularity problem).

To achieve the main goal of this work, define the cost function Q
as follows:

o) = j (5(1) - (0)g (1) an

t—T

Hence, the aim is to design an observer to minimize the error (cost
function) Q. For this, differentiating Q with respect to z, one has:

8(7)[g(7) —z(7)g()ldz

20(1)

Note that the minimal value of Q occurs only if 920 = 0, thus one
can define the sliding manifold S as follows:

s =] s(eleo) -smuelar =3 52 az)

and consequently the objective is fulfilled if a sliding motion appears
in finite time on S = 0.
The following theorem can be stated.

Theorem 4. The following dynamics

2

5 = [BS(E(t),t)

-1
22(1) } thﬂ_bmw_ ot (a3

L

where [S|% = sign(S)|S|* and [S|B = sign(S;)|Si|P with k; > 0,
kry>0,0< o< 1andf >1, converges to z(t) in a fixed-time , i.e.,
llz(t) = 2(t)|| =0, V1 > Ty where Ty < m + Gi-p) is apositive
constant independent of any initial condition.
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Proof: The function Q takes its minimum value (zero) when aa—g =0,

which implies that S = 0. Since
s = [ sole()-2(og(o)as
=[ e@ktoun) - 2og(@iar
=[ fok -l

t—T

|lz(¢) — 2()|| = 0 if and only if S = 0. Therefore, it remains to prove
that S converges to zero in fixed-time.
Consider the dynamics of S:

dS(2(r),r)  9dS(2(t),r)  IS(2(r),1) ,
a o d2(1) &)

Replacing 4(z) by the observer (13) into the above equation, one
obtains

S=—k[S]%—k[S)|B (14)

Define the Lyapunov function V = |S|. Its time derivative is given
by:

V=55=5 (—kl 1S]% — &y (Sjﬁ)
= —ki|S|* —ka|S|P
= —kV*—kVP

Since k; >0,k > 0,0 < a < 1 and B > 1, following the lines of
Lemma 1 given in [27] it can be ]i)roven that S converges to zero
in a fixed-time 7 < ﬁ + g1y independently of the initial
condition S(0). Therefore, it has been proven here that the observer
(13) provides an estimate of z in fixed-time i.e. ||z(¢) — 2(¢)|| = 0, ¥
t2>Ty. O

Remark 5. In this algorithm, the value of the outputs and their suc-
cessive time derivatives up to a certain order has to be known in
finite time. This is done using fixed-time step-by-step super twisting
sliding mode observers following the lines of the work [14, 17, 32]).

To show the efficiency of the proposed algorithm, an illustrative
example and simulation results are presented in the next section.

6 Application to topology identification of
network systems

The Internet of Things reached its peak in the early 21st century.
Indeed, several objects that exist naturally or developed by engi-
neers can be interconnected by physical or wireless links (Bluetooth,
radio-frequency, internet, ...), by interaction forces (gravitation) or
by biomolecular links [28]. Thus, knowing the network topology in
a fast way becomes essential, especially since it is often necessary to
interact on these networks in order to improve them.

Consider a network of k nonlinear dynamical subsystems (k €
N,k > 2) with unknown constant parameters connections, as shown
in Fig. 1:

£
Zk

23
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Fig. 1: Example of nonlinear systems network topology

It is assumed that the dynamics of each nonlinear subsystem X; for
1 <i < kinvolved in the considered network is given by:

_ k
% = filxi)+ lzl?élfpj,i(xj)ej,i‘f‘6i(xi)19i
_ j=1,j#i
X ;ﬁ(xi)+(p,-(x[)65++5i(x[)l9i (15)
0, =0
yi = hi(x;)
where x; = [xi7],~-~ ,x,',,,,.]T € R" represents the state of X;

and y; € RP is the output. 6;; € R represents the unknown
but piecewise constant topology connection between X; and
L;. The vector ¢;;(x;) € R" represents the information of the
subsystem X; injected into X; via the connection 6;;. There-
fore, 6; = [01,++,0i-1,:,0,6:41,, .6 € RE and ¢;(x;) =
(@1 (x1)s Qi1 (xi-1),0, @ip1,i(Xig 1), Qi) | € RMK,

For the sake of simplicity, denote n = Z{-‘Zl ni, p= Zle pi. Define
x=(F, ) eRrandy=(7,....yI)" eRe.

The total number of possible interconnections is given by g =
k(k—1), i.e the maximum number of parameters to be estimated.

The system can be recasted in system 1 with @(x) =

6

diag(@1(x),...,c(x)) € Rk and 6 = : ERF,
O

Consider the example of a network of three interconnected non-
linear systems with unknown inputs (see Figure 2):

’ X1 = X2~ X1
X12 = ~¥11%12

X13 = X12X13
| Y1=%,

i a2
X31 = —X31

Bl i

X32 = —X31X3,1
Y3 = X331

X2,1 = X21%2.2
Y2 = X231

Fig. 2: Network of three nonlinear systems

The parametric coefficients of interconnections are represented
by the unknown parameter 6 = (92,1,93,1,9112.,0113,62_3)? The
dynamics of the whole network system is described by the following
interconnected systems:

X1,1 =X12—X1,1 +X1,1V1

X1p = —Xx11X12+x2,1621

X13 = —Xx12x13+x3103)

X21 =X21—X21V1

dp =xp1x20 —x11612 (16)
X311 = —x%,l +x12613

X3p =-—X31x32tx2,1023+ W2

Y1 =X, Y2 =X, Y3 =X31

By denoting x = (x1,1,%1,2,X1,3,%2,1,%2,2,X3 1 ,x372)T as the state of
the whole system and y = (yy,y2,y3)7 as its output, the system (16)
can then be rewritten as follows:

e=(
é:f(€)+5(§)v

y=(1,y2,53)



with the new state

T
& = (X1,1,%12,%1,3,%2,1,%2,2,X3,1,X32,62.1,63.1,01 2,601 3,623)"

& —&
&+ 848
& ‘25659

4
xig+ €110

o= | i, | me

(=N eNeNeNe]

5(5):(51 0 0 _54

00000000\
000 0 0010000O0TO0) "

Suppose it is aimed to estimate the vector z = (x12,651,60;3). P is
chosen as follows:

01 00O0OO0OO0OO0OO0OO0OTO0OTO 0
P=1000O0O0O0OO0OT1TTO0OO0O0O
00 0O0O0OO0OO0OO0OO0OO0OT1TO0

Applying the proposed Algorithm 1, the identifiability of z can be
checked:

1. Initialization:
o ay={w10, 0, w30}, with 9= {y1}, @20 ={y2} and
30 ={y3};

o Fy = {yl,o,yg,o,g&()} with 9‘1,0 =& ﬁspanwl_o{dwl,o},
Fr0=ENspang, {dan o}, F30=ENspang,,{dws o}

T
£ 00 —& 00000000 .
0O 00 0 0010000 o) Whh
annihilator is

o A=

At =span{d&y,d&, dEs,dE,dEs,dEy,dE o, dEyy,dE, Ead &) +E dEs}

e bhy=by=b3=0andi=1.
2. Step 1 (i=1). One has:

o L =spang {day} = spangy{d&1,d&4,d&s};

1000 0 0 O OOO0OTO0OTO0
e 00y=( 0001 O0O0OO0OO0OO0O0O0O0];
0 000O0OTUOO0OO0OO0OO0O
0 0 0
e and 7 (E)=PloQ]x'=[ 0 0 0
0 0 0
Note that %/lj (&) ¢ 4. Then, compute
&-& & 0
o V= & and1=| -& 0 |;
& +&8n 0 0
o APNA =span{d&e,E4dE) + E1dés};
o Y =span{d € A-N.L |0V ¢ @y} = span{&sd&i + & d&s}.
e One can check that Y # O. Then increase / = 1 and define b4 = 0,
y=0V| = (& —&1)& + &8 and y4 =y mod ay = &; for & # 0.

Calculate also:

o 0 = {@1,@,1,031,001} with o) = {y,y1}, @1 =
{y2,52}, @31 = {y3,y3}; and 4,1 = {y4, Y4}

o F = Lglﬁ]?igz,]7¢g;371,<?4’1} with ngJ :Eﬂspanwl_l{da)j71};

It can be checked that:
o I #0and I, ; then by = by = 0;
o 31 ¢ {FoN{F1\F3,1}} and I'3 | = 0, so increase b3, hence
by =1,
o Fu1 ¢ {FoN{F1\F41}} and I’y = 0, so increase by which
gives us by = 1;
Note that .%y C .%;. Then go to the second iteration.

3. Step 2 (i=2). One has:

o 2 =spang {dw} = spany, {d&,d&y,d6s,d&s,dEg,d&y1 }s

® Q=

1 0 0 00 0 0 0 0O 0 O

06 0 0 1 0 0 0 0 0O0 0 O

06 0 0 0 0 1 0 0 00 0 O
0 & 0 0 0 =26 0 0 0 0 & o0 |

0 1 00 0 O 0 0 0O0 0 0

& & 0 & 0 0 0 & 0 0 0 O
0 0 0 0 1 0
o and HE) =PI = B £ 0 0o L 4L
0 0 % L —uog

&L & &

One can check that for j = 1,2,3, Jifzj(é) € Z, then stop the
algorithm and note Q = 9 and 7 (&) = 4 (&).

The algorithm ends in a positive way. Thus the condition of
Theorem 3 is satisfied. This means that the state x; 5 is observable
and the unknown parameters 6, 1 and 6 3 of the system (16) are also
identifiable. This means that the proposed observer can be designed
to estimate both the state x1 5 and the unknown parameters 6> | and
013-

From the matrix P = J# (£)dQ and z = PE, one has

dz = PdE = K(£)dQ with dQ = 9QdE.

Since dQ = (dyy,dy>,dys,dy3,dys,dys)T, one obtains

dé =dy,
déy =Sy — Sdyr+ Ldys+ Lays
d& = %dy.% +edys — %dm

which leads to

dxi2 = dy4
d(Egy2) = d(y1ys+4)
d(xitiys) =d(y3 +53)

Therefore, one has

21 =X12=Y4
222 =y2001 = y1y4 + 4
yaz3 = 4013 =y} + 3

and finally:
X12 =4
— Yiyatys
6 = sz
91’3 _»n ! Y3

Ya

with yq = X12 = Duyatyiy for y, 7& 0.

2
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It is therefore clear that singularity problems can appear in the
estimation of the parameters 6, 1 and 6 3.
The sliding variables in (12) are given by:

t
5=
t—T

t
8y = J 2 ((y1y4+Ya) —y222)ds

(va—2z1)ds

1
83 = J ya((y3+Y3) —yaz3)ds

t—T

Then, the fixed-time observer of type (13) can be designed to esti-
mate the state x; » and the identifiable parameters (6, 1,6 3). In this
simulation, the initial conditions are

2(0)=[1,1,1,1,1,1,1)7,
2(0) =11,3,5]" and
6(0) = [3,0,0,5,0]”.

The simulation results are presented in the following figures.

25

N

x19 and T1o
o

oed
13

1 2 3 4 5 6 7 8 9
Time(s)

Fig. 3: State x|  and its estimate £ »
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T

051 and 65,
w
T
L

n
T
I

\
h
|
b

. . . . . . . .
0 1 2 3 4 5 6 7 8 9
Time(s)

Fig. 4: Parameter 0, | and its estimate 9271

N
T
I

015 and 0, ;
o
|
.

Time(s)

Fig. 5: Parameter 0 3 and its estimate é1,3

The figures 3, 4 and 5 show that the estimates of the state x; 5 and
the unknown parameters 6, | and 6; 3 converge well in finite-time.

IET Research Journals, pp. 1-8
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This also shows that the singularity problem has been overcome for
the estimation of the unknown parameters.

7 Conclusion

This paper investigated full and/or partial identifiability of uncer-
tain nonlinear systems with unknown inputs. An observer with
fixed-time convergence was designed to estimate simultaneously
the values of the observable states and the identifiable parameters
while avoiding observability singularity. A numerical example with
applications to the fixed-time identification of the topology of the
network of dynamical systems was presented to highlight the pro-
posed approach. Further work aims at applying the given observation
method for fast topological identification of network systems. To
this end, fixed-time decentralized observers will have to be designed
using graph theory. The results given here will also be extended to
networks of nonlinear systems with time-delay implying other geo-
metric tools such as Ore rings and extended Lyapunov functions (as
Lyapunov-Krasovskii functionals).

8 References

1 J-P Barbot, D. Boutat, and T. Floquet. An observation algorithm for nonlinear
systems with unknown inputs. Automatica, 45(8):1970-1974, 2009.

2 J.-P. Barbot, M. Fliess, and T. Floquet. An algebraic framework for the design
of nonlinear observers with unknown inputs. IEEE Conference on Decision and
Control, pages 384-389, 2007.

3 G. Bartolini, A. Levant, A. Pisano, and E. Usai. Adaptive second-order sliding
mode control with uncertainty compensation. [International Journal of Control,
89(9):1747-1758, 2016.

4 Gildas Besangon. Remarks on nonlinear adaptive observer design. Systems and
Control Letters, 41(4):271-280, 2000.

5 Gildas Besancon. Nonlinear Observers and Applications. Springer, Berlin,
Heidelberg, 2007.

6 D Boutat, G Zheng, JP Barbot, and H Hammouri. Observer error linearization
multi-output depending. In Proceedings of the 45th IEEE Conference on Decision
and Control, pages 5394-5399. IEEE, 2006.

7  Young Man Cho and Rajesh Rajamani. A systematic approach to adaptive observer
synthesis for nonlinear systems. IEEE Trans On Automatic Control, 42(4):534—
537, 1997.

8 E. Cruz-Zavala and J. A. Moreno. Levant’s arbitrary-order exact differentiator: A
lyapunov approach. IEEE Transactions on Automatic Control, 64(7):3034-3039,
July 2019.

9 M. Farza, M. M’Saad, T. Maatoug, and M. Kamoun. Adaptive observers for
nonlinearly parameterized class of nonlinear systems. Automatica, 45(10):2292
—2299, 2009.

10 Mondher Farza, Mohammed MaAZSaad, Tomas MATInard, Ali Ltaief, and Tarak
Maatoug. Adaptive observer design for a class of nonlinear systems. application
to speed sensorless induction motor. Automatica, 90:239 — 247, 2018.

11 Antonella Ferrara, Gian Paolo Incremona, and Bianca Sangiovanni. Tracking con-
trol via switched integral sliding mode with application to robot manipulators.
Control Engineering Practice, 90:257 — 266, 2019.

12 M. Fliess and H. Mounier. Controllability and observability of linear delay sys-
tems: an algebraic approach. ESAIM: Control, Optimisation and Calculus of
Variations, 3:301-314, 1998.

13 T.Floquet and J. P. Barbot. An observability form for linear systems with unknown
inputs. International Journal of Control, 79(2):132-139, 2006.

14 T. Floquet and J. P. Barbot. Super twisting algorithm-based step-by-step sliding
mode observers for nonlinear systems with unknown inputs. International Journal
of Systems Science, 38(10):803-815, 2007.

15 T. Floquet, J. P. Barbot, W. Perruquetti, and M. Djemai. On the robust fault detec-
tion via a sliding mode disturbance observer. [International Journal of Control,
77(7):622-629, 2004.

16 T. Floquet, S. K. Spurgeon, and C. Edwards. An output feedback sliding mode
control strategy for mimo systems of arbitrary relative degree. In 2007 46th IEEE
Conference on Decision and Control, pages 3721-3726, Dec 2007.

17 L. Fridman, Y. Shtessel, C. Edwards, and X.G. Yan. Higher-order sliding-
mode observer for state estimation and input reconstruction in nonlinear systems.
International Journal of Robust and Nonlinear Control, 18(10):3994A8412, 2008.

18  J.-P. Gauthier, H. Hammouri, and S. Othman. A simple observer for nonlinear
systems with applications to bioreactors. IEEE Transactions on Automatic Control,
37(6):875-880, 1992.

19 A. Isidori. Nonlinear control systems (3rd edition). Communication and Control
Engineering Series, Third edition, Springer-Verlag, 1995.

20  A. Krener and W. Respondek. Nonlinear observer with linearizable error dynam-
ics. SIAM J. Control and Optimization, pages 197-216, 1985.

21 A. Levant. Sliding order and sliding accuracy in sliding mode control. Int. J. of
control, 58(6):1247-1253, 1993.

22 Francisco Lopez-Ramirez, Andrey Polyakov, Denis Efimov, and Wilfrid Perru-
quetti. Finite-time and fixed-time observer design: Implicit lyapunov function
approach. Automatica, 87:52 — 60, 2018.



23

24

25

26

27

28

29

30

31

32

36

37

38

39

40

41

4

43

44

45

46

47

48

49

Riccardo Marino and Patrizio Tomei. Adaptive observers with arbitrary exponen-
tial rate of convergence for nonlinear systems. /EEE Trans. on Automatic Control,
40(7):1300-1304, 1995a.

P. P. Menon and C. Edwards. Robust fault estimation using relative information in
linear multi-agent networks. IEEE Transactions on Automatic Control, 59(2):477—
482, Feb 2014.

Diego Mincarelli, Alessandro Pisano, Thierry Floquet, and Elio USAIL.  Uni-
formly convergent sliding mode-based observation for switched linear systems.
International Journal of Robust and Nonlinear Control, 26(7):1549-1564, 2016.
R. Pandharipande and R. P. Thomas. Almost closed 1-forms. Glasgow Mathemat-
ical Journal, 56(1):169-182, 2014.

Andrey Polyakov. Nonlinear feedback design for fixed-time stabilization of linear
control systems. [EEE Trans. on Automatic Control, 57(8):2106-2110, 2012.
Thomas P. Prescott, Moritz Lang, and Antonis Papachristodoulou. Quantifica-
tion of interactions between dynamic cellular network functionalities by cascaded
layering. PLOS Computational Biology, 2015.

Rajesh Rajamani and Karl Hedrick. Adaptive observer for active automotive
suspensions - theory and experimentation. IEEE Trans On Control Systems
Technology, 3(1):86-93, 1995.

V. Sree Hari Rao and Narri Yadaiah. Parameter identification of dynamical
systems. Chaos, Solitons and Fractals, 23(4):1137 — 1151, 2005.

Nahum Shimkin and Arie Feuer. Persistency of excitation in continuous-time
systems. Systems and Control Letters, (9):225-233, 1987.

Yuri Shtessel, Christopher Edwards, Leonid Fridman, and Arie Levant. Sliding
Mode Control and Observation, 2013 ed. BIRKHAUSER BOSTON INC, 2013.
Ramdane Tami, Driss Boutat, and Gang Zheng. Extended output depending normal
form. Automatica, 49(7):2192-2198, 2013.

Wei Kang. Moving horizon numerical observers of nonlinear control systems.
IEEE Transactions on Automatic Control, 51(2):344-350, Feb 2006.

X. Xia and C. H. Moog. Identifiability of nonlinear systems with application to
hiv/aids models. IEEE Trans. on Automatic Control, 48(2):330-336, 2003.
Xiao-Hua Xia and Wei-Bin Gao. Nonlinear observer design by observer error
linearization. SIAM J. Control Optim., 27(1):1994A$216, January 1989.

Xiaohua Xia. Estimation of hiv/aids parameters. Automatica, 39(11):1983-1988,
2003.

Aiping Xu and Qinghua Zhang. Nonlinear system fault diagnosis based on
adaptive estimation. Automatica, 40(7):1181-1193, 7 2004.

X. . Yan and C. Edwards. Fault estimation for single output nonlinear systems
using an adaptive sliding mode estimator. IET Control Theory Applications,
2(10):841-850, October 2008.

Xing-Gang Yan, James Lam, and Lihua Xie. Robust observer design for non-linear
interconnected systems using structural characteristics. International Journal of
Control, 76(7):741-746, 2003.

Yi Xiong and M. Saif. Sliding mode observer for nonlinear uncertain systems.
1EEE Transactions on Automatic Control, 46(12):2012-2017, Dec 2001.

J. Zhang, X. Xia, and C.H. Moog. Parameter identifiability of nonlinear systems
with time-delay. IEEE Transactions on Automatic Control, 47:371-375, 2006.

Q. Zhang. Adaptive observer for multiple-input-multiple-output (mimo) linear
time-varying systems. [EEE Transactions on Automatic Control, 47(3):525-529,
2002.

Qinghua Zhang and Aiping Xu. State and parameter estimation for nonlinear
systems. IFAC, 2002.

G. Zheng, J-P. Barbot, D. Boutat, T. Floquet, and J.-P. Richard. On observation of
time-delay systems with unknown inputs. /EEE TAC, 56(8):1973-1978, 2011.
Gang Zheng and Driss Boutat. Synchronisation of chaotic systems via reduced
observers. [ET Control Theory & Applications, 5(2):308-314, 2011.

Gang Zheng, Driss Boutat, and Jean-Pierre Barbot. Multi-output dependent
observability normal form. Nonlinear Analysis: Theory, Methods & Applications,
70(1):404-418, 2009.

Gang Zheng, Driss Boutat, and JP Barbot. Output dependent observability lin-
ear normal form. In Proceedings of the 44th IEEE Conference on Decision and
Control, pages 7026-7030. IEEE, 2005.

Gang Zheng, Driss Boutat, Thierry Floquet, and J-P Barbot. Secure data trans-
mission based on multi-input multi-output delayed chaotic system. International
Journal of Bifurcation and Chaos, 18(07):2063-2072, 2008.

IET Research Journals, pp. 1-8
© The Institution of Engineering and Technology 2019



