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REDUCED ORDER MODEL (ROM)

Solution of an PDE with the form:

v(z,t,0) --W

Reduced
Full space
space
Order of S
magnitude owton gy (xi,t))qs  (bi(f));
examples in CFD coordinates

Dimension Mxd~ 107 n~10-100 -
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POD-GALERKIN

« Principal Component Analysis (PCA) on a dataset to reduce the dimensionality:

Spatial modes

Snapshots

Off-line
simulations (’U(“’a ti)) _ (@:(@) _

Resolved

« Approximation:

v(zx,t) ~ Z b

« Projection of the “physics”
onto the spatial modes :

f dx ¢;(x) - ( Physical equation (e.g. Navier-Stokes))

- ROM for very fast simulation of temporal modes
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COMBINING SIMULATIONS AND MEASUREMENTS

Data

: assimilation .
Numerical Sl On-line

Simulation with tempering & measurements

mutation )

(ROM)
-> incomplete

-> erroneous -> possibly noisy

More accurate |

) estimation

Need for uncertainty / globally in space /\
errors quantification

- Random dynamics \ p(xly) « p(ylx)p(x)

p(Xe1|xt)
- p(ylx)
5m.s™ - Velocity
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PART IV

REDUCED ORDER MODELS
UNDER LOCATION
UNCERTAINTY
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LOCATION UNCERTAINTY MODELS (LUM)

Assumed
time-uncorrelated

Residual
|+l oB

Randomized
Navier-Stokes model

Resolved

Randomized
ROM

* Good closure

* Good model error
guantification

for data assimilation

LUM SALT
Memin, 2014 .
’ C tal., 2017
Mikulevicius & || Resseguier et al. 2017 a, b, ¢, d Holm, 2015 Ggi?ga?miz 5 Holm 2017
References .  Rozovskii, 2004 | Cai et al. 2017 Holm and

Flandoli, 2011 | Chapron et al. 2018 Tyranowski, 2016 ggtg 223 Z: gglg a,b
Yang & Memin 2019 Arnaudon et al. 2017 :

Cotter and al. 2017 Resseguier etal. 2019 a, b
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MODEL UNDER LOCATION UNCERTAINTY,
THE TRACER ADVECTION EXAMPLE

Large scales:

w

Drift

Small scales: correction
B Co
i I\/Iultlpélcatlve Balanced
random
tensor: ‘ ) energy
orcing exchanges

a=a(x, )=

E{cdB (cdB)"}
di
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REDUCED MODELS UNDER LOCATION UNCERTAINTY:
GALERKIN PROJECTION GIVES SDES FOR RESOLVED MODES

/ @, * (stochastic Navier-Stokes)
(2

M x 1 nxl

Mx1
db; . .
) E)
1 multiplicative noise additive noise
Small scales:
ocB

Variance 2"d order polynomial:
tensor: _ . .
coefficients given by physics,

Large scales:

a=a(x, )=

B(odB (¢dB)"} (¢5); and a=o0B(oB) v

dt
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SUMMARY

Off-line : Building ROM / On-line : \
Simualtion & data assimialtion

Physics

(Navier-Stokes)

—N

DNS code

{

Randomized
Physics
(LUM)

Stochastic
ROM
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RESULTS :

UuQ &

FAST OBSERVER
OF THE FLOW
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UNCERTAINTY QUANTIFICATION (no data assimilation)
» 2D Wake at Re 100 » 3D Wake at Re 300
, = 9 , =4 n =2 n=4
| n 1 n l l DNS
/ POD-Galerkin
= = 8 < 5
s 5 = 5 - o DNS
x 0.5 o x g 0.5 POD-Galerkin
5 with fitted
= . . . eddy viscosity
» Red. LUM blindly describe unresolved triades (benchmark)
0 ™ 1h 0
Stabilize the unstable modes s 10 15 20
= Maintains the variability of stables modes T'm; Red. LUM
n = RMSE
! P Reference always close to the Red. LUM ensemble / :
Red. LUM
X x ; 0.5 ; Red. LUM z
2 g 5 3 std =
= — = =] "§
y
0 0 Red. LUM o
20 40 60 80 20 40 60 80 5 10 15 20 5 10 15 20 ensemble —
Time Time Time Time distance
to the reference 17




WAKE AT RE 100

DATA ASSIMILATION:
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Reduced order models withn = 6
and 2dB-SNR obs. assimilated every 5 sec

Reference
(DNS)

10* degrees of freedom

Theoretical bound

(Optimal from 6-d.o.f. linear decomposition)
6 degrees of freedom

Our method

(Red-LUM-based data-assimilation)

6 degrees of freedom

Benchmark
(POD-ROM (with eddy viscosity) + init. by obs.)

6 degrees of freedom
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DATA ASSIMILATION:
WAKE AT RE 300

4 )

Reference

(DNS)

107 degrees of
freedom

o

~

Our method
(Red-LUM-
based data-

assimilation)

6 degrees of
freedom

0.75s

0.75s
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Reduced order models withn = 6
and 2dB-SNR obs. assimilated every 5 sec

0.75s

/ Theoretical \

bound
(optimal from
6-d.o.f. linear

decomposition)
6 degrees of
freedom

0.75s

/ Benchmark \

(POD-ROM
(with eddy
viscosity) +
init. by obs.)

6 degrees of
freedom
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CONCLUSION

» Reduced order model (ROM) : for very fast and robust CFD (107 — 6 degrees of freedom.)
= Combine data & physics (built off-line)
= Closure problem handled by LUM

» Data assimilation : to correct the fast simulation on-line by incomplete/noisy measurements
= Model error quantification handled by LUM

» First results

= Optimal unsteady flow estimation/prediction in the whole spatial domain (large-scale structures)

= Robust far outside the learning period

NEXT STEPS

» Real measurements (PIV, TrimControl, ...) » Increasing Reynolds

(reduced DNS = reduced LES)
» Increasing the degrees of freedom (n)

» Parametric ROM valentin.resseguier@scalian.com 21



