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Abstract The paper present a dilation symmetry based approach to expan-
sion of regularity of nonlinear evolution equations. In particular, it is shown
that a symmetry of an operator, which describes a right-hand side of a non-
linear evolution equation, is inherited by solutions of this equation. In the case
of dilation symmetry, the latter implies that global-in-time existence of solu-
tions for small initial data always imply global-in-time existence of solutions
for large initial data. As an example, we consider the problem of expansion of
regularity of the Navier-Stokes equations (in R™) accepting that the existence
of global-in-time solutions for small initial data is already proven.

Keywords Dilation Symmetry - Nonlinear Evolution Equations

1 Introduction

According to the classical concept of homogeneity introduced by Leonhard
Euler in 18th century, homogeneity is a sort of symmetry of an object (e.g.
a function or a set) with respect to a group of transformations knows today
as dilations. For example, a function f in R™ is homogeneous in the classical
(standard) sense if it is symmetric with respect to a uniform dilation of an
argument, i.e. there exists ¥ € R such that

flefu) = eV f(u), uweR™secR.

Homogeneity of a function is inherited by other objects induced by this func-
tion. For example, the Euler’s Homogeneous Function Theorem implies that
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any derivative of f is homogeneous too. Similarly, if u(-) : [0, +o0) — R™ is a
classical solution of

du
— = t>0
with the initial condition u(0) = wug then wus(t) := e®u(e’*t) is defined on

[0, +00), then, due to symmetry, we derive e = e(+1)s f(u(e"5t)) = f(us(t)),
t > 0, i.e. us is a classical solution of the same differential equation with the
initial condition us(0) = e®ug, where s € R.

Let e > 0 such that a classical solution of the differential equation exists
on [0,+00) for any initial value u(0) = up € Be := {u € R™ : |lu|| < &}.
Hence, exploiting the symmetry we derive existence of a classical solution for
any initial condition u(0) = uo € J,cp €°B: = R".

For non-linear evolution system, it may be simpler to prove existence and
uniqueness of a regular solution for small initial data. In this paper we show
that the dilation symmetry can be utilized for global expansion of regularity
non-linear evolution equations in a Banach space B provided that a dilation
group is properly introduced in B. As an example, we consider the problem of
expansion of regularity of the Navier-Stokes equations (in R™) accepting that
the existence of global-in-time solutions for small initial data is already proven.
In particular, we present a necessary and sufficient conditions for expansion of
regularity of Navier-Stokes equation by means of dilation symmetry.

Mainly, the standard notation is utilized through the paper, e.g. R is the
field of real numbers; L}, .((0,T) xR™, R) denotes the space of locally integrable
functions (0,7) x R™ — R; LP(R",R™), 1 < p < +o0 is a Lebesgue space of
function R” — R™ with the norm || - ||,; C°((0,T) x R",R™) is a space of
smooth functions (0,7") x R™ — R™ with compact support and C§°([0,T") x
R™ R™) is a space of smooth functions which vanish at infinity, where 0 <
T < oo. For composition of operators A, B we also use the notation A o B.

Let LF(R™,R™) denotes the following normed vector space of functions
R™ — R™

LLR™R™) i=A{u: [lullp,, < +oo}, peR

1/p
o= ([ PP as) T 0<p <o
R7Z

[[ulloo,u = ess sup(|z|*u(@)), p = o0,

[l

which can be treated as a wighted L,. The notation ‘€ and “< s utilized in
order to indicate that an inclusion or identity is fulfilled almost everywhere on
a domain.

2 Symmetry of nonlinear operators
2.1 Dilation group

Let X be a (linear) vector space and {d(s)}ser be a family of operators d(s) :
X=X If
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e d(0) = I, where I is an identity operator (i.e. [z = z for all z € X);
o d(t+s)z=(d(t) od(s))z=(d(s) od(t))z forall t,s€R,ze€X

then, by definition, d is a group. Using the group properties for t = —s we
derive (d(—s) o d(s))z=(d(s) od(—s))z = z, the operator d(s) is invertible
and [d(s)]7! = d(—s). Moreover, d(s) maps X onto X for any s € R. Indeed,
suppose the contrary, i.e. 3z* € X and such s* € R such that z* ¢ d(s*)X.
Since u* 1= d(—s*)z* € X then z* = d(s)d(—s*)z* = d(s)u* € d(s)X.

Definition 1 A group d of operators on a normed vector space X is said
to be a dilation group (or simply dilation) on X if d(s) 0 = 0 for any s € R
and the following limit property holds

liminf||d(s)z|]|=0 and limsup||d(s)z||=0cc for z#0.
§—=—00 s—+oo

The limit property given above specifies a group being a dilation in an
abstract space. We refer the reader to [2] for more details about topological
characterization of dilations.

Example 1 Let us recall a few well-know dilation groups in R™:

1) Uniform dilation (L. Euler, 18th century):

d(s)=¢e’I, seR

where I is the identity matrix R™*",
2) Weighted dilation [14]:

e’ 0 0
T2S8
ds)=| D 0
0 .e'm®

where r; > 0,71 =1,2,...,n.
3) Geometric dilation (see e.g. [4], [12], [3]) is a flow generated by an Euler
vector field .

The uniform dilation d(s) = e*I € B,s € R is the simplest example of a
dilation in any normed vector space. Let us consider a few other examples.

Example 2 Let B be a space of bounded uniformly continuous functions R” —
R™ with the supremum norm. A dilation group d in B can be defined as follows

(d(s)2)(z) = e*z(x + Bs),

1 A C? vector field v : R® — R™ is called Euler if it is complete and —v is globally
asymptotically stable.
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where s € R is the group parameter, z € X, z € Rand o« >0 and § € R are a
constant parameters. Indeed, d(s)z € X if z € B, s € R and for v = d(s)z we
have

(d(t)od(s)z)(z) = (d(t)v)(z) =e*'v(a+pt) = e (a+PBs+pt) = (d(s+1)2) ().

The limit property also holds since

“* sup |z(x + Ps)| = e*?||z]|.

[d(s)z]| = sup |e®z(z +s)| = e
zER™ TERN

The next lemma introduces the most common dilation in functional spaces.

Lemma 1 The operator d(s) given by
(d(s)2)(z) = e (™), (1)

where s € R, z is a function R — R™, x € R" and a, 5 € R are constant
parameters, 1S

— a linear bounded invertible operator on LP(R™ R™),
d(s)zllp = e P% |||, z € LP(R",R™),s € R,
— a linear bounded invertible operator on L (R™,R™),
1d(s)2llp,. = e PEFPI3 2|, L 2 € LE(R™,R™), s € R,

where 0 < p < co. The inverse operator is given by [d(s)]~! = d(—s).

Proof Notice that L? = L.
Let 1 <p <oo. If z € LE(R",R™) then

/ || |z(2)|P dz < +00
Rn

and
/ |z|*P|z(2)|P do = 6”55/ |ePs ||z (P 2)|P do =

e((nﬂm)ﬂfap)S/ lz|P(d(s)2)(2)|P do < +o0.
Since el(mtrP)B=apr)s > ( for any «, 3,p,s € R then d(s)z € Lﬁ(R”,Rm) for
any s € R. Obviously, d(s) is a linear operator on L7, i.e. d(s)(p121 + pze) =
pad(s)21 + pad(s)ze, for any ui,p2 € R and 21, 22 € LE(R",R™). Moreover,
the latter identities imply that

1/p
1 (s) 2l =€t PO 2| |2 = (/R |$“p|z($)|”dm> '
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Hence, the operator d(s) : LP(R™,R™) — LP(R™ R™) is bounded for any
seR.
Let p = co. If z € L7 (R™,R™) then

ess sup|z(x)| = ess sup(|e”*z|"|2(e?*x)|) < 400

for any 3, s, € R and ||d(s)z]|ec = €® ##)%| 2| o for any s € R. Therefore,
d(s) is also a linear bounded operator on z € L>(R™, R™).

Obviously, (d(s)od(—s))z = (d(—s)od(s))z for any z : R™ — R™ and any
s € R and we derive [d(s)]7! = d(—s).

2.2 d-homogeneous operators
In this section we introduce a notion of d-homogeneous (symmetric with re-

spect to a group d) operators in a vector space X and present a couple of
examples.

Definition 2 An operator F' : D(F) ¢ X — X is said to be d-
homogeneous of degree 1 € R if d(s)D(F') C D(F) for any s € R and

(Fod(s))u=e"*(d(s)o F)u for seR, ueD(F), (2)

where d is a group of invertible operators on X.

A lot of examples of d-homogeneous vector-field for X = R™ can be found
in control literature (see e.g. [14], [12], [3] and references therein). For example,
the vector function

2

. r1 — X
(z1,22) — <5€1 + a3, |22|sin <2>> , (21,22) €R?

|$1| + l‘%
is d-homogeneous of degree 0 with

2

d(s)(z1,x2) = (e“°x1,€°x2), s€ER.

All linear and lot of nonlinear models of mathematical physics are d-homogeneous
under a proper selection of a dilation group (see e.g. [11]).

Notice that, the identity (2) can always be understood in the weak sense.
For shortness we omit R™ in the notations for [g,, L*(R™,R™),L;, (R",R™)
and C§°(R™,R™) in the examples below.

Ezample 8 (d-homogeneity of the Laplace operator)
Let us consider the Laplace operator

A:D(A) C L* — L2
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with the domain
D(A)—{U€L2 :3f € Lj,. such that/u~A¢ = /f -, VQSEC';’O}.

Let us show that A is d-homogeneous of degree 23 provided that the dilation
d is given by (1).

By Lemma 1, d is a group of linear invertible operators on C'?° and, con-
sequently (see the beginning of Section 2), d(s) maps C2° onto C2°. Notice
that if ¢ € C2° then, obviously,

(Aod(s))¢)(z) =€ *T2D%(Ag) (7 x) =e**((d(s) 0 A)9)(x), sER, weR™

In other words, the Laplace operator is d-homogeneous as operator C>° — C°.
Since C2° is dense in L? then it is d-homogeneous as an operator L? — L2.
Let us prove this claim more rigorously.

Let u € D(A) and Au = f € L}, (in the weak sense). Since d(s)f € L}

loc loc
then using the change-of-variable theorem (see e.g. [6]) in the Lebesgue integral

we derive

9 fld(9))- 0= 2 [ (P gapdo=elHC-D [ fa) (e P0)dn =
ea+=mB)s (¢ 5 _ €(2a+(2*n)5)5/u.A(5 _ e(2a+(2fn)[i)3/u. (Aod(—5))p =

e(a_”ﬁ)s/u(x) . A¢(e_’88x)dm:eas/u(e’3$x) . A(b(x)dx:/(d(s)u) - Ad,
where ¢=d(—s)¢ € C°. Hence, d(s)u € D(A) and (Aod(s))u = e273d(s) f =
e?$%(d(s) o A)u (in the weak sense) for any s € R,u € D(A).

3 Symmetry of Evolution Equations

3.1 Linear evolution equation

The dilation symmetry of an operator is inherited by other objects induced
(generated) by this operator.

Lemma 2 Let a linear closed densely defined operator A: D(A) CB — B
generate a strongly continuous semigroup @ := {@(t)},>o of linear bounded
operators on B and d be a group of linear bounded invertible operators on
B. If the operator A is d-homogeneous of degree pi then

P(t) od(s) =d(s) o P(et), Vt>0, VseR. (3)
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Proof Since @ is generated by A then @(e*t)u € D(A) for any u € D(A) (see
e.g. [8, page 5]).

Let s € R and u € D(A) be selected arbitrary. Since the operator A is d-
homogeneous then D(A) is invariant with respect to the transformation d(s),
ie. d(s)z € D(A),Vz € D(A), and, consequently,
y1(t) i= (@(t)od(s))u € D(A), and ya(t) = (d(s)od(e"t)Ju € D(A), > 0.
Being generated by A the semigroup & satisfy (see e.g. [8, page 5])

%@(t)z =(Aod(t))z=(P(t)0o A)z, Vt>0, VzeD(A).

Taking into account that A is d-homogeneous of degree p and d(s) is a linear
bounded operator on B, we derive

Lyo(t)=e"*(d(s) o Ao D(e"*t))u=(Aod(s)o D(e"*t))u=Ays(t), Vt>0.
On the other hand, we have
Ly (t) = (Ao d(t) o d(s))u = Ay (1), Vi > 0.

Since y1(0) = y2(0) = d(s)u then due to uniqueness of the semigroup @
generated by A (see [8, page 6]) we derive y1(t) = ya(t) for all ¢ > 0 and

(P(t) od(s))u = (d(s) o P(e"t))u, Vt>0, YueD(A).

Since &(t) o d(s) and d(s) o P(e#st) are bounded linear operators and D(A) is
dense in B then the latter identity holds for all w € B and all ¢ > 0.

It is well-known (see e.g. [8, page 100]) that
u(t,up) = P(t)ug, t>0

is a unique solution of the linear evolution equation

du
S _q
ar

with the initial condition u(0) = ug € B. The latter lemma, obviously, proves
the symmetry of these solutions:

u(t,d(s)ug) = d(s)u(e*’t,up), seR

Below we prove this result for non-linear operators too.
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3.2 Nonlinear evolution equation

Let us consider the non-linear evolution system

%:Au—i—Gu, t>0, (4)

where a densely defined closed linear operator
A:DA) CB—-B

generates a strongly continuous semigroup @ of linear bounded operators on
B, and

G:DG)CB—B

is a possibly nonlinear operator.

Definition 3 A continuous function u : [0,7") — B is said to be

— a mild solution of the system (4) if Gu € L*((0,T),B) and

u(t) = B(#)u(0) + /0 (@B(t— )0 Gu(r)dr,  te(0,T): (5)

— a strong solution of the evolution equation (4) if w € C([0,T),B), u is

differentiable almost everywhere on (0,7), 4, Gu € L*((0,T),B) and

(4) is satisfied almost everywhere on (0,7T);

— a classical solution of the evolution equation (4) if v € C([0,T),B),

du e C((0,7),B), u(t) € D(A) ND(G) for all t € (0,T) and (4) is

satisfied on (0,T).

The latter integral is understood in the sense of Bochner ([13, page 132]).

Theorem 1 Let d be a group of linear bounded invertible operators on B
and let A and G be d-homogeneous operators of a degree u € R.

Ifu:[0,T) — B is a mild (or strong) solution of the evolution equation
(4) and

u(t) ‘€ D(G), te(0,T),
then the function ug : [0,e #5T) — B defined as
us(t) = d(s)u(e”’t), te0,e™#°T)

is also a mild (resp. strong) solution of the evolution equation (4) and

a.e

us(t) "€ D(G), te(0,e"T),
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for any s € R.
Moreover, the claim remains true for classical solutions and the above
inclusions hold everywhere on (0,T) and (0,e #5T), respectively.

Proof If u(t) € D(G) then due to d-homogeneity of the operator G we have
d(s)D(G) C D(G) and us(e #°t) € D(G).

1) The case of mild solutions.

Since the d-homogeneous operator A generates a strongly continuous semi-
group &, then according Lemma 2 we have

P(t) od(s) =d(s) o P(et), Vt>0, VseR.
It is well known [13, page 134] that Kfot &(s)ds = fg K&(s)ds for any bounded

linear operator K : B— B and any Bochner integrable function £ € L!((0,7), B).
Hence, using G(u) € L*((0,7T),B) we derive

d(s)/o G(u(T))dT:/O d(s)G(u(T))dT:e_”s/o G(d(s)u(r))dr =
/0 G(d(s)u(e"T))dr :/0 G(us(1))dT,
i.e. G(us) € L' ((0,e7#*T),B). Similarly, we derive

d(s)u(e®t) = (d(s) o &(e"°t))u(0) + /Oe (d(s) o (et — ) o G)u(r) dr =

(®(t) od(s))u(0) + /05 (d(s) o @(e"’t — 7) o G)u(r)dT =
(@) 0 A(s))u0) + ¢ [ (A(5) 0B (¢ =) 0 Gu(e*e) dor =

(®(t) od(s))u(0) + e*® /0 (@(t — o) od(s) o Gu(e"®c))do =

(@(t) o d(s))u(0) +/(¢(t —0) o G)(d(s)u(e"*0)) do,
0

where the linearity of the operator &(t — o) and the d-homogeneity of the
operator GG are utilized on the last step. Therefore, we have shown that

t

us(t) = P(t)us(0) —|—/(£15(t —0)oG)us(o)do,
0

i.e. ug is a mild solution of (4).
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2) The case of strong and classical solutions. Let u be a strong solution.
Since u(t) is differentiable almost everywhere and d(s) is a linear bounded
operator then for 7 = e#*t we have

dell) L ciis () 240D L e (5) (Au(T) + G (u(r)) = Aug () +G (ua(1).

In the case of the classical solution the latter identity holds everywhere.
Moreover, if u(t) € D(A) then due to d-homogeneity of the operator A we
always have us(t) € D(A). Finally, taking into account that the operator d(s)
is bounded we conclude us € C([0,T),B) provided that v € C([0,7T),B and
4y, € C((0,T),B) provided that Su € C((0,T),B, i.e. us is also a classical
solution.

Remark 1 The proven symmetry of solutions of the evolution equation (4)
allows us to guarantee that a local result holds globally. For example, let us
consider the initial value problem u(0) = ug for (4). If D(G) = B then an
existence of a solution for any ug € B(r) implies existence of solutions for all
ug € B, where B(r) is a ball in B of the radius r > 0. Indeed, using the limit
property of the dilation d we derive that for any uy € B there exists s € R
such that ||d(s)ug|| < r, i.e. d(s)ug € B(r). By Theorem 1, if u(t,d(—s)ugp) is a
solution of the initial value problem u(0) = d(—s)ug € B(r) then us(t, ug) :=
d(s)u(e’®t,d(—s)up) is also a solution of the evolution equation (4). Since
d(s)u(0,d(—s)ug) = d(s)d(—s)ug = wup then us is a solution of the initial
value problem u(0) = ug € B for (4).

Notice that if all solutions with ug € B(r) exist on [0, +00) then all solu-
tions with uy € B also exist on [0, +00). Below we show possible cases when
such an approach allows to expand regularity of solutions of the Navier-Stokes
equations provided that it is already proven for small initial data (see e.g. [5]
and [7]).

Some other applications of a dilation symmetry in evolution equations, for
example, to problems of mathematical control theory can be found in [11],
[10].

3.3 Nonlinear implicit evolution equation

Let X = B x X, where B is Banach space and X is a linear (vector) space. Let
us consider the nonlinear implicit evolution equation

du

—=A G

dt u+Glu,p), t>0, (6)
OZQ(u7p)a

where a densely defined closed linear operator

A:DA)CB—B
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generates a strongly continuous semigroup @ of linear bounded operators on
B, and

G:DG)cX—-B and Q:DQ)cX—-X
are a (possibly) nonlinear operators.

Definition 4 A pair (u,p) with w : [0,7) — B and p: [0,T) is said to be

— a mild solution of the implicit evolution equation (6) if u € C([0,T),B),
G(u,p) € L*((0,T),B) and

u(t):@(t)u(o)+/0 (@(t = 7) 0 G)(u(r),p(7)) dr,
0= Q(u(t), p(t)),

— a strong solution of the implicit evolution equation (6) if
u € C([0,T7),B), u is differentiable almost everywhere on (0,7,
(‘fjg,Cv;(u,p) € LY((0,T),B) and (6) is satisfied almost everywhere on
0,7T);

— a classical solution of the evolution equation (6) if u € C([0,T),B),
2 e C((0,7),B), u(t) € D(A) and (u(t),p(t) € D(G) N D(Q) for
t € (0,T) and (6) is satisfied on (0,T).

te(0,T); (7)

A symmetry of solutions of the implicit evolution equation (6) is also pre-
served provided that the operator, which defines its right-side is d-homogeneous.

Theorem 2 Let a group d of invertible operators on X be defined as
follows

d(s)(u,p) = (d1(s)u,da(s)p), s€eR,ueB,peX,

where dy is a group of linear bounded invertible operators on B, ds is a
group of invertible operators on X such that

dz(s)0=0, seR.
Let us denote F := (G, Q) and D(F) := D(G) N D(Q),
F:D(F)cX =X

Let A be a di-homogeneous operator of a degree p € R and F be d-
homogeneous operator of the same degree .

If the pair (u,p) with u : [0,T) - B and p : [0,T) — X is a mild (or
strong) solution of the implicit evolution equation (6) such that

(u(t),p(t)) € D(F), te(0,T),
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then the pair (us, ps) with us : [0,e*T) = B and p: [0,T) — X defined
as follows

(us(t), ps(t)) := d(s)(u(e”’t), p(e"®t)) with te€[0,e”*°T)
is also a mild (resp. strong) solution of the evolution equation (4) and
(us(t), ps(1) € D(F), te (0,e7T)

for any s € R.
Moreover, the claim remains true for classical solutions and the above
inclusions hold everywhere on (0,T) and (0,e #5T), respectively.

Proof Since the operator F' is d homogeneous then
d(s)D(F) C D(F)
and
G(d1(s)u,da(s)p) = e"*(d1(s) o G)(u,p), ¥(u,p) € D(F),Vs € R,

Q(d1(s)u, da(s)p) = €"*(da(s) o Q)(u,p), V(u,p) € D(F),Vs € R.

Hence, if (u(t), p(t)) € D(F) we conclude (us(e™#'t), ps(e™*"t)) € D(F).

1) The case of mild solutions.

Since the dj-homogeneous operator A generates a strongly continuous
semigroup @, then according Lemma 2 we have

B(t)dy (s) = dy(s)B(e*t), Vt>0, VseR.

It is well known [13, page 134] that ng &(s)ds = fot K¢(s)ds for any bounded
linear operator K : B — B and any Bochner integrable function £. Hence, using
G(u,p) € L'((0,T),B) we derive

di(s) / G(u(r), p(r))dr = / a1 (5)G(u(r), p(r))dr =

—nsy

/ G(d (s)u(r), da(s)p(r))dr = /  G(di(s)u(e ), da(s)p(eho ) dr
0 0

= [ aw)prin
0

i.e. G(us,ps) € LY((0,e7#°T), B). Similarly, we derive

erst

dy(s)u(e"*t) = (d1(S)°¢(6“St))U(0)+d1(S)/O (@(e*t=7)oG)(u(T), p(T)) dT
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=<awodm@mm»+le’mmﬁoéwwt—ﬂonwﬂ4mwd7=
<ﬂﬂom@»mm+é”ﬁ<mSW¢@wu—a»u®wwwwm@wwww=

(@(t) o d1(s))u(0) + € /0 (@t — o) 0 di(s) 0 G)(u(e"* ), p(e**0)) do =

(@(t) o di(s))u(0) +/(4"(t —0) o G)(di(s)u(e"0),ds(s)p(e"0)) do,
0

where the linearity of &(t — o) and a homogeneity of the operator G is utilized
on the last step. Therefore, we have shown that

t

uxw=¢um4m+/éu—omm4wmxwww

Finally, since (u, p) is a mild solution on [0,T") then

Q(u(t),p(t)) =0, Vtelo,T)
and using the identity da(s) 0 = 0 we derive
Q(us(7),us(7)) = Q((d1(s)u)(7), (da(s)p)(7)) =

e (da(s) 0 Q) (u(e" 7). p(e* 7)) 0, 7 [0,e7T).

2) The case of strong and classical solutions. Let (u, p) be a strong solution.
Since u(t) is differentiable almost everywhere and d(s) is a linear bounded
operator then for 7 = e**t we have

() o5 () LUV LE 015 () (Au(T G (ul(T), p(T)) 5 Aug (EHG (s (1), ps (1))

In the case of the classical solution the latter identity holds everywhere. More-
over, if u(t) € D(A) then due to d-homogeneity of the operator A we always
have us(t) € D(A), i.e. us is a classical solution.

4 Example: On necessary and sufficient conditions of global
existence solutions of Navier-Stokes Equations in R™

The Navier-Stokes equations,
Ou =vAu — (u-V)u — Vp,
0 = divu

where u denotes the velocity of a fluid, p denotes the scalar pressure and
v > 0 denotes viscosity of the fluid, is the the classical model of the flow of
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an incompressible viscous fluid. Without loss of generality ([7, page 4])we can
assume v = 1.

Below for shortness we omit R™ in the notations of [, L?, C° and C§°
spaces if the context is clear.

The classical idea of analysis is to prove, initially, an existence and regu-
larity of weak solutions and next to show that any weak solution is smooth.
For Navier-Stokes equations this scheme has been realized by Jean Leray in
1938 (see, e.g. [5] and the recent review [7]). We follow the same way having in
mind d-homogeneity (dilation symmetry) of Navier-Stokes equations (see e.g.
[1, formula (1.5)]), which will guarantee a global expansion of all local results.

4.1 Dilation Symmetry of Navier-Stokes equation in R™

Let V be a set of the so-called weakly divergence free velocity fields:

V::{uELQ: /u~V¢:0, queC(‘)X’}.

Due to this the Navier-Stokes equations can be equivalently represented in the
form of the d-homogeneous implicit evolution equation (6) with the operators

A=4, Gup)=-Vp—(u-V)u, Qu,p)=divu

having the domains D(Q) =V x L}

loc

(Rn’ R)?

D(A):{ueLQ:erL}OC such that/u-A¢=/f-¢, V¢608°}7

D(G)= {(u,mew Liye : 3f €L}, /u-(u-V)¢—pdiV¢+f-¢=0, weq%’“}-

Lemma 3 Let d(s) : X — X with X := L? x L}

loc

(R™, R) be defined as
d(s)(u,p) = (di(s)u,da(s)p), s€R,ucL?pec L. (R"R),
where dy is a group of linear bounded invertible operators on L?,
(di(s)u)(z) = e*ule®x), wue L*xecR",
and ds is a group of linear invertible operators on L}, .(R™,R) given by
(da(s)p)(x) = e**p(e’z) pe€ Lj,., v €R™

Then the operator F : D(F) ¢ X — X with D(F) = D(G) N D(Q) and
F = (G, Q) is d-homogeneous of degree 2.
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Proof To complete the proof we must show that
G(di(s)u,d2(s)p) = €**(di(s) o G)(u,p), V(u,p) € D(G),Vs € R,
Q(dy (s)u,ds(s)p) = e**(da(s) 0 Q)(u,p), Y(u,p) € D(Q),Vs € R.
and the domain D(F) is invariant with respect to d(s),Vs € R.

1) According to the definition of @, the identity Q(u,p)=0€ L, (in the
weak sense) means

/u-V¢:07 Vo € C°.

and using a change-of-variable theorem in Lebesque integral we derive
e [ ullfuters) - (Vo)(en) =0, vo e G5

By Lemma 1 we have di(s)u € L? for any s € R. Taking into account
V(di(s)¢)(x) = **(V¢)(e*z) we obtain

(9 fd(s)) - (Vei(s)9) =0, Vo€ O
Since dj(s) maps C§° onto C§° then dy(s)V C V for any s € R and

(Qod(s))(u,p) = 0 = e*da(s) 0 = €**(da(s) © Q)(u, )

1 for all s € R and, at least, on D(Q).
2) The identity G(u,p) = f € L}, (in the weak sense) means

/u-(u-V)¢ —pdive+f-¢=0, VoeCr.

If p € L, and u € L? then from Lemma 1 we derive di(s)u € L? and

loc

da(s)p € Lj,

loc®
Using the change-of-variable theorem in the Lebesgue integral we derive

" fule’s) (ulea)-(Vo)(e*a) + ple’s) (dive)(e*a)+ f(e*z) - dle’a) do = 0.
or, equivalently,
/(d1 (8)u)-(dy(s)u-V)di(s)p+(da(s)p) div(dy (s)p)+e?*(d1(s)f)-(di(s)¢) =0,
for all ¢ € C§°. Since di(s) maps C§° onto C§° then we conclude that
d(s)D(G) C D(G) and the identity

G(di(s)u,da(s)p) = e*dyi(s)f = e**d1(5)G(d1(s)u, da(s)p)

holds for any s € R and, at least, on D(G).
Therefore, F' is, indeed, d-homogeneous of degree 2.

The d-homogeneity of the Laplace operator A is studied in Example 3.
Therefore, the Navier-Stokes equation satisfy all conditions required for appli-
cation of Theorem 2. In other words, if it has mild, strong or classical solutions
defined on [0, +00) for small initial values then it has, respectively, mild, strong
or classical solutions defined on [0, +00) for large initial values.
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4.2 Necessary and sufficient conditions for global existence of solutions in R™

Corollary 1 Let ¢1,q2 € [1,00] and 1,72, pi1, pt2 € R and

ri(1—p —n/q1) +r2(l — p2 —n/q2) # 0. (8)
A mild (strong or classical) solution of the Navier-Stokes equations with

arbitrary the initial data u(0) = uo € V N LI N L2 exists on [0, +o0) if
and only if there exist € > 0 such that for any

u €{uevVn LB AL ullgr o llullg < e}

a mild (resp. strong or classical) solution (u, p) with the initial data u(0) =
ug exists on [0, +00).

Proof Let d; be defined as in the proof of Lemma 3. Assume that for any
up € {u € VN LI N LE - ullgt ,, (lullg2 ., < e} there exists a global in time
mild (strong or classical) solution with «(0) = ug and let us show that for any
ug € VLI VL2 luollgt 4, luolly? ., > € the Navier-Stokes equations also
have a mild( resp. strong or classical) solution on [0, +00).

In the proof of Lemma 3 we have shown that d;(s)ug € V for any s € R,
by Lemma 1 and d;(s)ug € L}, and for d1(s)ug € L{2 any s € R. By Lemma
1 we also derive

[di(s)uollg . = es(l_m_n/(MHu0||q1,u17
and

Id1(s)0llga.pe = 472779 gl gy g
and

s(ri(l=pr—gr)+r2(I—p2— %)) o |

11 (s)uollgy u, ldr(s)uollg; = € ar o 110113 o

Since by assumption r1(1 — u1 —n/q1) + ro(1 — p2 — n/ge) # 0 then for any
ug € VN Lzll N LZ"’Z there exists sg € R such that

[[d1(s)uollg; [ (s)uollg; <&
Hence, if a strong solution (u,p) with u(0) = dy(sp)ug exists on [0, +00) then
by Theorem 2 the pair (@, p) given by
a(t, x)=e"*ou(e 2%t e 0x), p(t, x) =€ 2op(e” 20t e %0x), t € [0, +00), r ER"

is also a strong solution of the Navier-Stokes equation. Since w(0) = d(so)uo
means that
u(0,x) = e®ug(e*°z), zeR"
then
(0, 2) = e~ *u(0,e”%x) = ug(x),

ie. w(0) =up € VN LJ N L and the proof is complete.
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Notice that taking 1 = pe = 0 we derive the usual L9 and L9 spaces in the
latter corollary.

Let us consider also the well-known weak form (see e.g. [5] and the recent
review [7]) of Navier-Stokes equations

T T
JECRT +O//u~<¢>t + Ag) +pdiv¢—0/ﬁ~ (u V)b, VéeCF (9)

with u(t) € V for t € (0,T).

Definition 5 [7, Definition 3.7] A pair (u,p) is said to be a solution of the
Navier-Stokes equations on [0,T) if p € L}, .((0,T) x R™,R)), u(t) € V,
te(0,7)

ue C([0,T),L*)NC((0,T), L>),

[lu(t)||oo is bounded as ¢ — 0T and (9) is satisfied.

According to [7] the considered solution can be treated as a mild solutions
obtained using the so-called Oseen kernel.

Let us mention the following properties of the solutions introduced by
Definition 5 (proven for n = 3):

— Global-in-time existence for small initial data [7, Corollary 3.13 and Lemma
3.10]
There exist € > 0 and C' > 0 such that for any

uo € {u € V : |[ull3]|ufl o < €} (10)

or
ug € {u €V : ||lull2||Vull2 < &} (11)

or
up € {ue Vi ul 3V ul|? < e}q >3 (12)

a strong solution (u,p) with the initial data u(0) = ug exists on [0, +00)
and [[u()l]oe < C/lto]|oc-
— Uniqueness of strong solutions [7, Theorem 3.9]
For any ug € V N L™ a strong solution with «(0) = ug is unique.
— Smothness [7, Corollary 3.3].
If (u,p) is a strong solution of the Navier-Stokes equation then

oEV™u, 9FV™p € C((0,T), L*) N C((0,T),L>®), V¥Ym,k>0

and, in particular, u,p € C*°(R? x (0,T)) constitute a classical solution of
the Navier-Stokes equations on (0,7’ x R3.
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To expand globally the regularity of the Navier-Stokes equation by means

of dilation symmetry, the condition (9) must hold.

None of conditions (10), (11), (12) satisfy Corollary 1.

For instance, for n # 3 the conditions like (10), (11), (12) would be appro-

priate for application of Corollary 1.
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