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3D Scattering problem by small obstacles

Incident field (E"°, HI"®)

with wavelength \

(Es,Hs) Scattered field
Exterior domain Q5 C R3
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Model problem

: Time-harmonic Maxwell equations
(E\HC’ HIHC)
/ {CUI"Eg*I‘KH‘g:O in 95
(Es, Hs) curlH; + ikEs =0  inQy
° ° with £2 = w?/(= + 12, 3(k) > 0
° & Bound diti

Qs C R3 o y oundary c.on ition

nxE; =—nxEM on Qs
) ) . Silver-Mller radiation condition
@ Time-harmonic domain

@ Homogeneous & isotropic medium Q5

= . o~ X
r(Hs xX —E;) — 0 unif. inX = -
@ Perfect conductors B(ck, d) , k=1

-+ - Nops

Mathematical well-posedness

For any E™ e H,y.(curl , Q5) there exist a unique solution (Eg, Hys) € Hio(curl , Q5)2 to the
exterior Maxwell problem.
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Motivations

Asymptotic models J

X Restricted to small obstacles
v/ Low computational cost
v/ Meshless method
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Motivations

Multiple scattering

Asymptotic models J _— Foldy-Lax model J
X Restricted to small obstacles v/ Interactions taken into account
v/ Low computational cost v/ Low computational cost
v/ Meshless method v/ Meshless method

Superposition
principle

Born approximation J

X No interaction between the obstacles
v Low computational cost
v Meshless method
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Motivations

Multiple scattering

Asymptotic models ) _— Foldy-Lax model
X Restricted to small obstacles v/ Interactions taken into account
v/ Low computational cost v/ Low computational cost
v/ Meshless method v/ Meshless method
Superposition . . .
principle High-order numerical solution
X High computational cost
X volumical methods FEM, DG, . ..
~ boundary element methods
Born approximation |
X Mesh refinement

X No interaction between the obstacles
v Low computational cost
v Meshless method

v High-order spectral method
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Outline

1. Single electromagnetic scattering by small spheres
@ Asymptotic models
@ Numerical results
@ Application: the Born approximation

2. Multiple electromagnetic scattering by small spheres
@ Foldy-Lax model
@ Spectral method
@ Numerical results

3. Conclusions and perspectives
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Outline

1. Single electromagnetic scattering by small spheres
@ Asymptotic models
@ Numerical results
@ Application: the Born approximation
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Approximation of solution to single scattering

Method of matched asymptotic expansions J

(Einc’ H\nc)

(Es, Hs)
@ Domain decomposition
@ Local approximations

@ Matching procedure

o
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Approximation of solution to single scattering

Method of matched asymptotic expansions

(Einc H\nc)
' (Es, Hs)

@ Domain decomposition
@ Local approximations
@ Matching procedure Do

H

s

Asymptotic expansions J

Far field expansion in Q* = R3\ {0}

Near field expansion in Q = R3 \ B(0, 1)
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Approximation of solution to single scattering

Method of matched asymptotic expansions

(Einc H\nc)
' (Es, Hs)

@ Domain decomposition
@ Local approximations
@ Matching procedure Do

H

5

Asymptotic expansions J

Far field expansion in Q* = R3\ {0}

Near field expansion in Q = R3 \ B(0, 1)

Near field o Far field )
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Asymptotic expansions

Near field expansion Far field expansion
Es(6X) &~ Eo(X) + 6Eq (X) + 6°Ex(X) + . . . Es(X) &~ 6°E3(X) + 6*E4(X) + 6°Es(X) + . . .
Hs (6X) = Ho(X) + 6Hy(X) + 6°Ha(X) + . . . Hs(X) ~ 6°Hg(X) + 6*Ha(X) + 6°Hs(X) + . . .

X = X: fast variable

@ For an obstacle of arbitrary shape

Numerical solution of elementary problems independent of §
Near-field: stationnary problems
Far-field: time-harmonic problems + equivalent multipole distributions

@ For a spherical obstacle

Analytical solutions of elementary problems
Equivalent multipole distributions

8/28
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Equivalent multipole distributions

Boundary Value Problem = Problem in the free-space

. N = — _ VO,stat — li Ve,stat
curlEy =0 in Q Bo = —VVilgec = ~V(IIM Vigiec )
divEy =0 inQ

—~ inc =~ e, stat _ ¢ i 3
n x Eg = —n x EM(0) onT = AV gge = 0 in R
Eo=O(R™") R — 00 Vs =0R™") R

Distribution of two electric point-charges

di=p(og-0.)

€

Dipole moment d related to the BC

d = 47E™(0)

Figure: Electrostatic dipole
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Equivalent multipole distributions

Boundary Value Problem = Problem in the free-space
curlEy =0 in Q
divEy =0 inQ {div Eq = Déy(d)  inR3
n x E; = —n x E"(0) onT curlEy =0 in RS
Eo=O(R™ ") R — 00

Distribution of two electric point-charges

di=p(og-0.)

€

Dipole moment d related to the BC

~05 0 0.5 d = 47E"™(0)

Figure: Electrostatic potential ¢ — 0
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Equivalent multipole distributions

Boundary Value Problem = Problem in the free-space
curl Eg — ik ﬁg =0 in Q* Es=-V <6|@0 Vf,elec) + ik E'T;]O A?,elec
curlHz +ixE3 =0 in Q* —curl lim Aj mag
Es.Hz = O(r~?) r—0 -
+ Silver-Mller condition at oo Hy = -V <E”L“0 Vf,mag) + i lim AT mag

+ curl lim A
€0 1,elec

Filiform current distribution

o= jw de
T de| e

Dipole moment de related to Eo

de = 47E™(0)

Figure: Time-harmonic electric dipole
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Equivalent multipole distributions

Boundary Value Problem = Problem in the free-space
= ~ — AV oo — K2VE oe = 0 in R3
curl E; — ik H3 = 0 in Q* 1,elec — 1 Vielec = €1
~ o~ . + Sommerfield condition R — oo
curlH; +ixE3 =0 in Q*
F O -3 2 ie . 3
Es,Hg = O(r™) r—0 - AA?,elec -k A?,elec = ?1: inR
+ Silver-Mdiller condition at co . .
+ Sommerfield condition R — oo
Filiform current distribution
o i de
11 - c |dE‘ Fe
Dipole moment de related to Eo
de = 47E™(0)
Figure: Time-harmonic electric dipole

J. Labat, V. Péron, S. Tordeux (EPC Magique 3D)

Multiple electromagnetic scattering by small spheres Aachen University 12.2018 9/28



Equivalent multipole distributions

Boundary Value Problem — Problem in the free-space
curl By — in g = 0 in Q* curl E — ikHg = —indudy i R3
curl s + ix Es = 0 in Q* cur'fls + iKEg = indedy in B3
Es.Hz = O(r~?) r—o0 div Eg = Ddo(de) in R3
+ Silver-Miiller condition at oo div Hz = Ddo(dn) in R3
+ Silver-Muller condition at co

0.5 % N
5

»
J
—051 ]t ‘ /&
! -l
0

0.5

Figure: Electric potential e — 0 Figure: Magnetic potential e — 0
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Equivalent multipole distributions

p+1 p+1
E. — sta P,E stat D,H
EP - Z € elec[ 1 n7 "’un n]+ Z gn,mag[u1 na“',un,n]
n=1 n=
|n—p| odd |n— p| even
p+1
E _ PE P;E P,H DH
Ep+3 = Z {en,elec[v1,,,’ °oo 7Vn,n] + EN,maQ[Van aoa 7Vn,n]}
n=1
Order Dipole Quadrupole Octupole
Electric Magnetic Electric [ Magnetic Electric [ Magnetic
0 ° °
Near field 1 \
2 \ \
3 ° ° ° °
Far field 7 \
5 \ \
e Electric field e Magnetic field

+ Far field collected dipolar model

@ J. Labat, V. Péron, S. Tordeux (Inria Research Report n® 9169, Mars 2018)
Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres Perfectly Conducting.
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Equivalent multipole distributions

p+1 p+1
E. — sta P,E stat D,H
Ep = Z € elec[ 1 n’ s Unn] + Z gn,mag[u1 no e Uninl
n=1 n=
|n—p| odd |n— p| even
p+1
E JE JE JH H
Ep+3 = Z {en,elec["ﬁ),n’ °oo 7Vg,n] + en,mag[Vﬁ)’,,y aoa 7Vg,n]}
n=1
Order Dipole Quadrupole Octupole
Electric Magnetic Electric [ Magnetic Electric [ Magnetic
0 ° °
Near field 1 . . ° [ °
2 \ \
3 ° ° . °
Far field 4 ° ° ° ° ° o [ o °
5 \ \

e Electric field e Magnetic field

+ Far field collected dipolar model

@ J. Labat, V. Péron, S. Tordeux (Inria Research Report n® 9169, Mars 2018)
Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres Perfectly Conducting.
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Equivalent multipole distributions

p+1 p+1
E. — sta P,E stat D,H
Ep= D &3ecluin, - unil+ Z o U AR
n=1 n=
|n—p| odd |n— p| even
p+1
E JE JE JH H
Ep+3 = Z {en,elec["ﬁ),n’ °oo 7Vg,n] + en,mag[Vﬁ)’,,y aoa 7Vg,n]}
n=1
Order Dipole Quadrupole Octupole
Electric Magnetic Electric [ Magnetic Electric [ Magnetic
0 ° °
Near field 1 . . ° [ °
2 ° . . | . ° | °
3 ° ° . °
Far field 4 ° ° ° ° ° o [ o °
5 ° ° ° ° ° o | o ° ° o [ o °
e Electric field o Magnetic field

+ Far field collected dipolar model

@ J. Labat, V. Péron, S. Tordeux (Inria Research Report n® 9169, Mars 2018)
Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres Perfectly Conducting.
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Numerical validation

Small parameter ,2 “ ,2 ,2
05
1 > > N
56{—,p:o.5:o.1:4} g © ’ ’ ’
W= =i
2 o0 2 2 0 2 2 0 2 -

(@) z=0 (b) x=0 (y=0

Figure: Incident plane wave (real part)

Physical parameters

o QQ @

e A=5.0

(@) z=0 (b) x =0 c)y=0

Figure: Reference scattered field (log)
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Numerical validation

Small parameter

5| i 5|

1 ~ 0f ‘ 4 >~ 0F
ae{ ,p:o.5:o.1:4} .

10° 0 I

0.5

—05

()
()

I
=10 -5 0 5 10 =10 -5 0
X x x

(@ z=0 (b) x=0 ©y=0

@
5

Figure: Incident gaussian beam (real part)
Physical parameters
2
0ees=1.0 N 72’ N 15
wiiw 6™
°0=0 2
° )\ _ 5 O -2 0 2 -2 0 2 -2
(@ z=0 (b) x=0 c)y=0

x
x

Figure: Reference scattered field (log)
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Numerical convergence of near field approximations

Order 0: [[E5 — Eo(3)ll,2q25)/IIEs I 2(q25)
Order 1 ||Es — Eg(3) — 5E1(§)\|L2(nga)/\|55H,_z(nga)
Order 2: [1Es — Eo(3) — 9E1(3) — 6%E2(3)ll2(g25)/IEs I 2(q25)

(LA 1) s B ) e AR (LA 1 B B L ) e e AR
609 s
10-21 0000990700 40099
60907 o Z o) 0009 a2
4)00‘7() ¢ g o° 0004)0'9‘70 DDDSOO
60922 ) 10~ 0009214 S) n
peas ; Lo OOO 009 ; DBDD o
o o 7 0
10=5 1~ o o2 - e o
aa © ¢ = ok
(o}
DDDBZZ o© ! B, 00
o) 1 © 70 o |
o® 10 o) 1 o0
-8 o B o o
10 o o°
(o} (o}
o° ¢+ Order 0 ooo ¢+ Order 0
OOO - Order 1 OOO £+ Order 1
10— |- oo ©- Order2 H 10— 11| ©© O+ Order2 |
| Ll Ll i | Ll Ll T T
104 103 102 101 104 103 102 101
s s

J. Labat, V. Péron,

Figure: Relative Lz(Qg‘s)—errors for near field approximations — Incident plane wave

(a) Electric field

. Tordeux (EPC Magique 3D)

Multiple electromagnetic scattering by small spheres

(b) Magnetic Field

Aachen University 12.2018
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Numerical convergence of near field approximations

Order0: [|[E5 — Eo(é)lle(ngs)/\lEa||L2(Q§5)
Order 1 ||Es — Eg(3) — 5E1(§)HL2(Q§5>/HEJH,_z(nga)

Order 2: [1Es — Eo(3) — 9E1(3) — 6%E2(3)ll2(g25)/IEs I 2(q25)

T T 11T T T 11T LU T 1T 1717 T T T 1111 T T T 11171 T T
o :
102} o2 @
005
OGRS 102
POAEn
B o
105 OA45 i
1
104 -
10-8 |-
-+ Order 0 8
o o} .
£} Order 1 10-6]- o &0 g8 ¢+ Order 0 [l
©-- Order 2 o8 £+ Order 1
10— 11 Ll Ll L | TTTTm - Lol L1 |  ——
103 102 101 10—2 101
5 5
(a) Electric field (b) Magnetic field

Figure: Relative L2(Q2%)-errors for near field approximations — Incident gaussian beam
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Numerical convergence of far field approximations

Order 3 : |Es — 6°E
rder 31 ||Es 3HL2(Q§>\)

Order5: |Es — 635 — 6555\|L2(9§A)

2X
10—1‘,‘\ LLLLAR] T T T 11171 L 10_1L‘\ T T T 1T T T T 1T T T T
Ll
&
o8
o
105~ b 1075 B
10=9 1 - 10-9 -
-
o0 o Order 3 R °,n"°_~° o Order 3
o g
‘p o - Collected - o Collected
e ;
5:68:6:8.0-0° o Order5 P 0. Order5
10718 ) Lol | T i 10~ 18 ) Ll T i i T T
103 102 101 103 102 101
s s
(a) Electric field (b) Magnetic field

Figure: Absolute L2(Q22*)-errors for far field approximations — Incident plane wave
X

J. Labat, V. Péron, S. Tordeux (EPC Magique 3D) | Multiple electromagnetic scattering by small spheres Aachen University 12.2018 13/28



Numerical convergence of far field approximations

Order 3: ||Eg — 63Eg]|

L2(23%)
. 3E. 5E,
Order5: |[Es — 6°E3 — & E5HL2(Q§)‘)
2X
T T T T T T T T
102 e 10-2[ |
106~ N 106~ N
10— 10}~ - 10—10|- N
5o yo
87 4. Order 3 5° 4. Order 3
o® o®
o o~ Order 5 o’ o+ Order 5
10~ o) Lol L 1| ITTT T T 10~ o) Lol L || ITTT  ——
103 102 101 103 102 101
5 s
(a) Electric field (b) Magnetic field

Figure: Absolute L?(923*)-errors for far field approximations — Incident gaussian beam
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Application: the Born approximation

@ The electric field is approximated by the superposition principle
Nobs
Es(X) ~ > Esk(X)
k=1
@ Each obstacle is modeled as a dipolar source around ¢k
Es «(x) = 81,elec[d§,k](x —ck)+ 81,mag[d;,k](x — Cx)

@ The dipole moments d§ , and dY , depend on the nature of the obstacles
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Application: the Born approximation

@ The electric field is approximated by the superposition principle
Nobs
Es(X) ~ > Esk(X)
k=1
@ Each obstacle is modeled as a dipolar source around ¢k
Es «(x) = 81,elec[d§,k](x —ck)+ 81,mag[d;,k](x — Cx)
@ The dipole moments d§ , and dY , depend on the nature of the obstacles

For perfectly conducting spheres:
Approximation of order 3

d5 = 4m6°E™(c) di , = —278°H™(c)
Collected dipolar approximation
3(10)% \ e 3(50)% Y i
E _ 3 inc Ho 3 _ inc
d5 o = 4m° (1 o JE™(c) i, =—2ms(1 == JH™(e)
No interaction are taken into account }
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Outline

2. Multiple electromagnetic scattering by small spheres
@ Foldy-Lax model
@ Spectral method
@ Numerical results
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Foldy-Lax model

@ The electromagnetic fields are approximated by the superposition principle
Nobs Nobs
Es(X) ~ ) Esk(X) Hs(x) &~ > Hs k(%)
k=1 k=1
@ Each obstacle is modeled as a dipolar source around ¢k
Es k(X) = &1 etecld5 k] (X — Ck) + €1 magld} (](X — ck)
Hs k(x) = ﬂftelec[dg,k](x — Ck) + H1,mag [dg,k](x - Cx)

For perfectly conducting spheres:
Approximation of order 3

Nobs Nobs

d;}k e 47\'53 (Einc(ck) aF ZEdv[{(cK)) dg,k = 721763 (Hinc(ck) aF ZH(\"@(C;())
=i =il
0k £k
Collected dipolar approximation
N, 2 Nobs
£ _ 4 <3 3(K8)2\ /einc aw_ W 3 3(xd) inc ,
d5 4 = 4na® (1 + T) (E™(c0) + ; Eselcn) dfy=—2ms®(1 - T) (H™(en) + ;HM(CK))
L4k #k
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Foldy-Lax model
@ The electromagnetic fields are approximated by the superposition principle
Nobs Nobs

Es(X) ~ > Esk(X) Hs(X) ~ > Hs k(%)
pa pa

@ Each obstacle is modeled as a dipolar source around ¢k
Es k(X) = &1 etecld5 k] (X — Ck) + €1 magld} (](X — ck)
Hs k(x) = ﬂftelec[dg,k](x — Ck) + H1,mag [dg,k](x - Cx)

@ Vectorial formulation (3-order approximation)
: T
Findd = ((df),..., (d,E\,obs), d..., (dﬂobs)) € CBNobs such that

d—5%Ad = 6%
47E™(c1) 20},
inc.
with f = 4rE i(ncc:NObs) and A the “interaction” matrix 10 U T
—27H"™(¢q) A D
inc . 0 10 20
—27H (cNobs) Figure: Skeleton of A for Ny,s = 4

Aachen University 12.2018 16/28
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Foldy-Lax approximations

@ Approximation of order 3
d—5%Ad = 5%

@ Collected dipolar approximation
D 'd — 5%Ad = 5%

where
. 3(kd)? 6(rd)?
D =diag(a,...,,8,...,8) a=1+ B=1-—
3Nobs 3Nobs
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Foldy-Lax approximations

@ Approximation of order 3
d—5%Ad = 5%

@ Collected dipolar approximation
D~ 'd — 5%Ad = 5%

where
. 3(kd)? 6(rd)?
D =diag(a,...,,8,...,8) a=1+ B=1-—
3Nobs 3Nobs

@ Modified dipolar approximation
D~'d — 63Ad = 6%
where
B=dag@... a5 a= o A g 8 (n0) T k0h(x0)
—_—— 2(r6)3 pl"(15) (58)% h{D (15) + rSAY' (15)
3Nobs 3Nobs
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Aachen University 12.2018 17/28



Spectral method

@ The electromagnetic fields are represented by the Stratton-Chu formula for x € Q5

Nobs

Es(x) = > _ curl /k (X, y)P«(y) dsy
k=1 rs

where ®(x,y) = %
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Spectral method

@ The electromagnetic fields are represented by the Stratton-Chu formula for x € Q5

Nobs

Es(x) = ZCU” / (X, ¥)Pk(Y) dsy

1
@ Eachpyx €H, 2 (divrg, F’g) satisfies the boundary integral equation

Nobs X .
ZM,’f/pj =—nx E™ onrk
j=1
where MY : H : (dlvr, Ty —H, (divr,[§ , %) is the extension of
MIN(Xr) = n(xr) x lim curl // (X, y)A(Y) dsy A eg>=(rh) xr €k
r r5
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Spectral method

@ The electromagnetic fields are represented by the Stratton-Chu formula for x € Q5

Nobs

Es(x) = ZCU” / (X, ¥)Pk(Y) dsy

1
@ Eachpyx €H, 2 (divrg, F’g) satisfies the boundary integral equation

Nobs i X
Iy, — inc

E Mipj=-nxE onTljy

J=1

@ Galerkin discretization of the BIE on local spectral basis with Ny,og modes

Nmod n

) =Y > PhimVse Yam(X) + o meurlse Yom(X) x e

n=1 m=—n

with X; Xj =

and Vg2 Yn,m, curlgs Yn m: complex-valued vector spherical harmonics

_\X 0\
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Spectral method

@ The electromagnetic fields are represented by the Stratton-Chu formula for x € Q5

Nobs

Es(x) = > _ curl /k (X, y)P«(y) dsy
k=1 rs

1
@ Eachpyx €H, 2 (divrg, F’g) satisfies the boundary integral equation

Nobs i X
Iy, — inc

E Mipj=-nxE onTljy

J=1

@ Galerkin discretization of the BIE on local spectral basis with Ny, modes

Nmod 1 X . .
RiX) =D D7 Phim Ve Yom(¥) + Pim curlge Yim(%) xer;
n=1 m=—n

@ M. Ganesh, S.C. Hawkins (2009)
A high-order algorithm for multiple electromagnetic scattering in three dimensions

H. Barucq, J. Chabassier, H. Pham, S. Tordeux (2017)
Numerical robustness of single-layer method with Fourier basis for multiple obstacle acoustic scattering in homogeneous media
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Vectorial formulation

_1
® Variational formulation: Find py € H; * (divr, k) such that

. . _1
(M?p,»,vk>rg = —(nxE™ i) Vi € Hy 2 (curlpy, )
@ Vectorial formulation: Find p = ((p:,;,J,,‘), c (p,':’f,‘,’f’J‘), (p,',;,f,), e (p,’:’f,‘,’,s’x))T € Vst
Mp=f

with N = 2Niog(Nimog + 2) Nops and

11 12 1N,
MU, ME L M
21 22 b
o (Mis Mo o M2, M2, L MO
- MXL MXX DLB - . N . -
Nope 1 N2 Nogs N
Mt we? L egeters
= Maps(d,dik)

ﬁ YL Xu (1995)

Electromagnetic scattering by an aggregate of small spheres
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Vectorial formulation

-1
@ Variational formulation: Find px € H, 2 (divrg, k) such that

i 1
K i 1
(MPPj Vi) = —(n X E™ vi)pe vk €H 2 (curlrg,r’g)
@ Vectorial formulation: Find p = ((p:,;,J,,‘), c (p,':’f,‘,’f’J‘), (p,',;,?,), e (p,’:’f,‘,’f’x))T € Vst
Mp=f
Computation time o Anti-diagonal coefficients
Memory consumption o Number of unknowns
ll-conditionned system o Dense matrix

Mex interface (C)
Preconditionning

o Sub-blocks M, s depend on dj
e Linear algebra

Smart storage and assembling

e Sparse matrix
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Linear transformations

Es = ¢5(p) with  p=p(3,dx) solves Mp="f J

@ Step 1: Change of variable T

p:=Tsp =  Es =9¢(p)

@ Step 2: Permutation matrix P

(diag P M)y # 0 Vk=1,...,N

@ Step 3: Diagonal matrix Dg

M:=D;'"PM = (diagM)x =1 vk=1,...,N

Es=¢(P) with p=p(5dx) soves Mp=D;'Pf J
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Preconditionning

Es=o(P) with p=p(5,dx) solves Mp=D; Pf J
. Number of L.mknowns .N = 2Nmod(Nm.0d. + 2) Nops Memory consumption J
Dense matrix (approximation of coefficients)
150 ¢

100 . 100

50

0

0 50 100 150 %
(@) Nops = 4and Npog = 1 (b) Nops = 25and Npog = 1

50 100

(€) Nops = 4and Nyog =5

Figure: Skeletton of M
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Preconditionning

Es=¢(P) with p=p(s,dx) solves Mp=D;'Pf J

. Number of unknowns N = 2Npod(Nmod + 2) Nops
Dense matrix (approximation of coefficients)

. Error of approximation

Memory consumption J

150
20 = =
100
10— —
0 I d
0 10 20 50 100 150
(@) Nops = 4and Npog = 1 (b) Nops = 25 and Npypq = 1 (€) Nops = 4and Nppog = 5

Figure: Skeletton of M
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Preconditionning

Es=o(P) with p=p(5,dx) solves Mp=D; Pf J
. Number of L.mknowns .N = 2Nmod(Nm.0d. + 2) Nops Memory consumption J
Dense matrix (approximation of coefficients)
Error of approximation
. Analytic preconditionning (dipole)
150
100 100 T
10 S
50— —
! | ! !
% 10 20 50 100 150 % 50 100
(@) Nops = 4and Npog = 1 (b) Nops = 25 and Npypq = 1 (€) Nops = 4and Nppog = 5

Figure: Skeletton of Precond(M)
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Preconditionning

Es=o(P) with p=p(5,dx) solves Mp=D; Pf J
. Number of L.mknowns .N = 2Nmod(Nm.0d. + 2) Nops Memory consumption J
Dense matrix (approximation of coefficients)
Error of approximation
. Analytic preconditionning (dipole) Sparse matrix

Algebraic preconditionning (small criterion)

150

100 . 100
10— ~
50 =
0 10 20 50 100 150 0 50 100
(@) Nops = 4and Npog = 1 (b) Nops = 25 and Nppg = 1 (€) Nops = 4and Nppog = 5

Figure: Skeletton of Precond(M)
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Assembling for axisymmetric configurations

Id 0

@ Example: 4 aligned obstacles
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Assembling for axisymmetric configurations

Id [t -2 0

@ Example: 4 aligned obstacles

@ Storage of sub-blocks

oos=|E T T T T T T [ T[T [ [T TTT1]
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Assembling for axisymmetric configurations

Id

@ Example: 4 aligned obstacles

@ Storage of sub-blocks

Fiaoo = || [ [ T 117 [ [ | (ol [ [ | [l 1 []
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Assembling for axisymmetric configurations

Id

@ Example: 4 aligned obstacles

@ Storage of sub-blocks

T EEEEECEEES BN EEE
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Assembling for axisymmetric configurations

@ Example: 4 aligned obstacles

2—1

@ Storage of sub-blocks

ZWSr ZEEENCEEES BEEN  CEE
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Assembling for axisymmetric configurations

@ Example: 4 aligned obstacles

3—1 M =

@ Storage of sub-blocks

WSl ZEEENCEEEE B BN SeE
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Assembling for axisymmetric configurations
@ Example: 4 aligned obstacles

@ Storage of sub-blocks

S nD DEOEESEE B B SN BE |
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Assembling for axisymmetric configurations

@ Example: 4 aligned obstacles

o
o
o
o

8(Nops — 1) blocks

instead of 4(Nops )2

@ Storage of sub-blocks

S nD DEOEESEE B B SN BE |

Nobs “'(Nobs)2 8(Nobs — 1) Ratio (%) M (GB) Mgjock (GB)
100 40000 792 1.98 576-10-3% | 1.15.10~*
1000 4000 000 7992 1.998 - 103 5.76- 101 1.15.10-3
3000 36 000 000 23992 6.664 - 10— 4.01 3.45.1073
10000 | 400000 000 79992 1.9998 - 10—4 -- 1.15.102
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Assembling for axisymmetric configurations

@ Example: 4 aligned obstacles

8(Nops — 1) blocks
g instead of 4(Nops )2 M

@ Storage of sub-blocks

S nD DEOEESEE B B SN BE |

@ lterative solvers: define the action of I\7JIB|ock onu

A(MBlocb u) = Mu
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Numerical validation

@ 13 obstacles shared around the origin — Arbitrary configuration

2 15
N N 1 N 1
1
0.5 0.5
Si 0 0 ~ 0
-2 — -2 —
y 2 2 , A
(a) x-coordinates (b) y-coordinates (c) z-coordinates

@ 10 aligned obstacles — Axisymmetric configuration

(d) x-coordinates (e) y-coordinates (f) z-coordinates
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Numerical convergence of reduced models

T T T
100 |-

108~

10-3 102
5

(9) Arbitrary configuration Nopg = 13

T o1 FTTTTI
©
2509
.g%i%
x| 10-31
+ g
N 105
Born 1
Born Col
{ 107 -
Foldy 1
Foldy Col
Foldy Mod
Spectral 1 9 ®
H 109
P e e |
101 103

0~ Bom 1
[ Bom Col
©- Foldy 1
- Foldy Col
A Foldy Mod
X Spectral 1 ||

ATV B s s

102 10-1
5

(h) Aligned obstacles Nopg = 20

Figure: Relative L2(925*)-errors for electric field with |dj| ~ 1.0
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Numerical convergence of reduced models

T T T —TTT 10— 1 T T T T
1001 B
o o
ofo? s
Pory 3 o 099
10-2|- BP0 x| 10-3 - m@@n OF ™ ]
'@O X o o0k
P o o9, *
i CUNINCErS
s P LG e
&
a4l N 10=5 m@@m o0y * -
10 m@ OO '
0% e
©
¢ Born 1 @g OOO*«** ¢ Born 1
6 ] Born Col 10-T|- o° * ] Born Col
1076 i o oY &
O Foldy1 O 2 O Foldy1
- Foldy Col o 3 - Foldy Col
A Foldy Mod O*r“ A Foldy Mod
10-8 > Spetral 1 || -9 * > Spectral 1 ||
P Y B Y N e e e PR Y B Y T e e
103 102 101 103 10-2 10~1
5 5
(a) Arbitrary configuration Nyps = 13 (b) Aligned obstacles Nypg = 20

Figure: Relative L2(23*)-errors for electric field with |dj| ~ 2v/5
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Numerical convergence of reduced models

— T ————
0L N
107 + 4
r e R
072 g O E
£ o ¥ E
L o F ]
3L o+ &7 .|
E O H ok |
S Born 1 - o O+ o Born1 []
- Born Col 4l o g - BomCol ||
O Foldy 1 10 t»_i" O Foldy1 [
- Foldy Col F . - Foldy Col [{
A Foldy Mod 1051 4 Foldy Mod ||
X Spectral 1 E -+ Spectral 1

Lol L T N B | n - | I— TR L L T R

10-2 101 101 100

s s
(a) Arbitrary configuration Nypg = 13 (b) Aligned obstacles Nypg = 20

Figure: Relative L2(925*)-errors for electric field with |dj| ~ 46
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Time comparison

In terms of accuracy

Modified Foldy = Spectral 1

1 Modified Foldy || Spectral 1 (arbitrary configuration)
Nobs [ 100 | 1000 [ 2000 [ 100 | 1000 | 2000
Matrix 0.5588 51.0912 190.6899 10.0850 | 722.7368 5252
Right hand-side 0.000525 0.000648 0.0232 0.0045 0.0343 0.0722
Inversion 0.0157 7.1581 72.2991 0.0948 10.6212 90.1667

Time linear system || 05750 | 58.2499 | 263.0122 || 10.1843 | 733.3923 | 5342.2
Representation || 4.3079 | 48.4771 | 105.1629 || 4.2486 | 46.5048 | 89.4991
Total time [ 4.8829 | 106.7270 | 368.1751 || 14.4329 | 779.8971 | 5431.7

Table: Time computation in seconds
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Time comparison

In terms of accuracy

Modified Foldy = Spectral 1

1 Modified Foldy || Spectral 1 (aligned configuration)
Nobs [ 100 | 1000 [ 2000 | 100 | 1000 | 2000
Matrix 0.5588 51.0912 190.6899 9.4903 105.2278 | 208.5052
Right hand-side 0.000525 0.000648 0.0232 0.0042 0.0320 0.0722
Inversion 0.0157 7.1581 72.2991 0.1656 10.8251 88.4188

Time linear system [[ 0.5750 [ 58.2499 263.0122 || 9.6001 | 116.0849 [ 298.4607

\
Representation | 4.3079 [ 48.4771 | 105.1629 || 4.3087 | 44.6488 [ 89.8913
Total time [| 4.8829 [ 106.7270 | 368.1751 || 13.9088 | 160.7337 | 388.3520

Table: Time computation in seconds
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Outline

3. Conclusions and perspectives
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Conclusions and Perspectives

Conclusion
v Numerical validation of the matched asymptotic expansions for single scattering
v Numerical validation of Born and Foldy-Lax models for multiple scattering
v Derivation and implementation of spectral method at any order

On-going work
~ Smart assembling of spectral matrix for axisymmetric configurations
~ Numerical validation of spectral method with finite element solutions
~ Comparison of preconditionners and iterative solvers

Perspectives
X Justification of the matched asymptotic expansions
X High-order Foldy-Lax models for multiple scattering
X Extension to time-dependent domain
X Numerical extension to obstacles of arbitrary shape
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Thank you for your attention :)
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