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The non-linear sewing lemma II: Lipschitz
continuous formulation

Antoine Brault? Antoine Lejay?

January 27, 2021

Abstract

We give an unified framework to solve rough differential equations. Based
on flows, our approach unifies the former ones developed by Davie, Friz-
Victoir and Bailleul. The main idea is to build a flow from the iterated
product of an almost flow which can be viewed as a good approximation of
the solution at small time. In this second article, we give tractable conditions
under which the limit flow is Lipschitz continuous and its links with unique-
ness of solutions of rough differential equations. We also give perturbation
formulas on almost flows which link the former constructions.

Keywords: Rough differential equations; Lipschitz flows; Rough paths

1 Introduction

Rough paths theory was introduced to deal with differential equations driven by
an irregular deterministic path multidimensional x of the type

Ye=a+ J;] f(yr) dl‘r, (1)
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where « is an initial condition and f a smooth function. Typically, the irregularity
of  is measured in a-Hoélder (o < 1) or in p-variation (p > 1) spaces. Such an
equation is called Rough Differential Equation (RDE) |19, 31).

This theory was very fruitful to study stochastic equations driven by Gaussian
processes which is not covered by the It6 framework, like the fractional Brownian
motion |14, 33]. More generally, rough path framework allows one to separate the
probabilistic from the deterministic part in such equation and to overcome some
probabilistic conditions such as using adapted or non-anticipative processes.

Recently, the ideas of rough path theory were extended to stochastic partial differ-
ential equations (SPDE) with the works of [23, 24] which have led to significant
progress in the study of some SPDE. This theory also found applications in ma-
chine learning and the recognition of the Chinese ideograms |11, 30)].

Since the seminal article [31] by T. Lyons in 1998, several approaches emerged to
solve ([Il). They are based on two main technical arguments: fixed point theorems
[22, 131] and flow approximations |2, 13, [15, [17, 20]. In particular, the rough flow
theory allows one to extend work about stochastic flows, which has been developed
in "80s by Le Jan-Watanabe-Kunita and others, to a non-semimartinagle setting [4].

The main goal of this article is to give a framework which unifies the approaches
by flow and pursue further investigations on their properties and their relations
with families of solutions to ().

A flow is a family of maps {1 s} from a Banach space to itself such that ¢, s01),, =
Y, for any r < s < t. Typically, the map which associates the initial condition a
to the solution of () is expected to have a flow property. The existence of a such
flow heavily depends on the existence and uniqueness of the solution. However, it
was proved in |8, 9] and extended to the rough path case in [7] that when non-
uniqueness holds, it is possible to build a measurable flow by a selection technique.
In this article we are interested by the construction of a Lipschitz flows.

The main idea to build the flow associated is to find a good approximation ¢, of
Y s when |t — s| is small enough. We iterate this approximation on a subdivision
m={s<t; < - <t; <t} of [s,t] by setting

gb?;s = ¢t,t]‘ ©---0 ¢ti,8'

If o™ converges when the mesh of 7 goes to zero, ¢”, the limit is necessarily a flow.

This computation is similar to the ones of numerical schemes as Euler’s methods
of different order |[12]. Moreover, this idea is found among the Trotter’s formulas
for bounded or unbounded linear operators which allows to compute the semi-
group of the sum of two non-commutative operators only knowing the semi-groups



associated to each operator [16]. This property can be used to prove the Feynman-
Kac formula.

Rather than working with a particular choice for the almost flow ¢ as in |15, 20], we
give here generic conditions on ¢. We generalize the multiplicative sewing lemma
of |[17] and of [13], introduced to solve linear RDE to a non linear situation. In
this way, we construct directly some flows. In opposite to the additive and multi-
plicative sewing lemma, the limit is not necessarily unique. The approximations
are assumed to be Lipschitz. This is not the case for the limit.

Our framework is close to the one developed by I. Bailleul in |2, 5] as we also
give two conditions which ensure that the iterated composition of the almost flows
remain uniformly Lipschitz continuous, which we called in [7] the UL condition.
One condition corresponds to the G -approzimate flow property of [2]. The other
ones differs from the Regularity property of [2].

This condition, called the 4-points control, ensure that the almost flow satisfies
the UL Condition. In spirit, it aggregates both the spatial and the temporal
regularity into a single condition. We then study various consequences of this
condition: existence of an inverse, unique family of solutions, convergence of the
Euler scheme, ... The 4-points control can be checked on the almost flow, which
is then called a stable almost flow. In |6], we show using Stochastic Differential
Equations that a Lipschitz flow may exist while the UL condition is not satisfied.
We also exhibit a condition that ensure the uniqueness of the flow but which is
weaker than the UL one.

We also study the relationship between almost flows and family of solutions to () in
the sense of Davie [15] as they are two different objects. In particular, we show that
when an almost flow is stable, then the family of solutions to the RDE is unique
and Lipschitz continuous. We also relate the distance between two families of
solutions with respect to the distance between two almost flows when one is stable.
Again, consequences of this result will be drawn in [6] where we study consistency
and stability of the almost flows seen as approximations. We also deduce from
the results given here that solutions to RDE are generic with respect to the vector
field. In 28], we still use these results to consider differential equations driven by
rough paths living on general algebraic structures.

We also give several conditions under which perturbations of almost flows, a conve-
nient tool to construct numerical schemes, converge to the same limit flow. These
perturbative arguments are the key to unify expansions that are a prior: of differ-
ent nature.

Finally, we apply our framework to recover the results of A.M. Davie [15], P. Friz &
N. Victoir |18, 20] and I. Bailleul |2, |5] using various perturbation arguments. As



shown in |28], our framework could be applied to deal with branched rough paths,
that are high-order expansions indiced by trees, which are studied in |10] and
shown to fit Bailleul’s framework |[3].

Outline. After introducing in Section [2lthe main notations and general definitions,
we recall in Section 3] the notion of almost flow which is introduced in our previous
article [7]. In Section M we define the 4-point control as well as stable almost
flow ¢. We prove that under these conditions, ¢™ converges to a Lipschitz flow. In
Section bl we give conditions to modify the almost flow ¢ by adding a perturbation e
which retains the convergence to a flow. We prove that under suitable conditions,
the inverse of the approximation ¢ is a good approximation of the inverse of the
flow. The link between uniqueness of the solution of () and existence of a flow

is studied in Section [{l In Section [, our formalism links the former approaches
based on flow |2, 15, 20].

2 Notations

The following notations and hypotheses will be constantly used throughout all this
article.

2.1 Controls and remainders
Let us fix 7' > 0, a time horizon. We write T := [0, T'] as well as

<ty and T2 :={(r,s,t) e T | r < s < t},
T? : = {(s,t) e T*|s >t} and T := {(r,5,t) e T | r = 5 > t}.

We also set T3 = Ti u T3,

A control w is a family from T2 := {0 < s <t < T} to R, which is super-additive,
that is
Wrs + Wst < Wris V('f’, S, f}) S Ti,

and continuous close to its diagonal with w, s = 0, s € T. For example ws; = C|t—s|
where C' is a non-negative constant.

A remainder associated to a control w is a continuous, increasing function w :
[0, wo,r) — R, such that for some 0 < 3 < 1,
T
2w (5) < ww(r), 7> 0. (2)
A typical example for @ is w(7) = 7% for any § > 1. More generally, if f is
a continuous function such that f(7/2) < s f(7) for any 7 > with s < 1, then



w : 7 — 7f(7) defines a remainder. Such a function f can be constructed from
s-convex functions for example [26].

Let 6 : Ry — R, be non-decreasing function with limy_,¢ o7 = 0.

We fix v € (0, 1]. We also consider a continuous, increasing function 7 : [0, wo 1) —
R, such that

N(ws,)w(ws 1) < drw(wsy), V(s,t) e T2 (3)
2.2 Function spaces

We denote by (V,|-|) a Banach space. The space of continuous functions from V
to V is denoted by 6(V,V). We set |z 1= supefo ql7:/-

Notation 1. We denote by F* (V) the space of families {¢ s}, ner2 With ¢, €
B(V,V) for each (s,t) € T2. We also set F~ (V) the space of families {@s,t}(s.n)er2
with ¢, € G(V, V) for each (s,t) € T2 (note the reversion of the indices).

We now consider a partition 7 = {{; < --- < t,} of [0,T] with a mesh denoted
by |z|.

Notation 2 (Iterated products). For ¢ € F*(V), we write

gb?,s = ¢t7tj o gbtj,tj_l -0 ¢ti+1,ti o gbti,S’

where [#;, ;] is the biggest interval of such kind contained in [s,¢]. We say that
¢y ¢ 1s the iterated product of ¢ on a subdivision 7. If no such interval exists, then

(b?;s = (bt,S'
For ¢ € F7(V), we define similarly
;r,t = gbsﬂfl © ¢t17t2 ©r--0 ¢tj—l,tj © thj,t-

For any partition 7, ¢™ € (V) when ¢ € F*(V). A trivial but important remark
is that from the very construction,

¢§s = ¢ZT o ¢:78 for any r € 7.

In particular, {¢f }per2, ser €njoys a (semi-)flow property (Definition ). A

+>
natural question is then to study the limit of ¢ as the mesh of 7 decreases to 0.

Finally, for any (r,s,t) € T3 we write ¢ps, := @50 s — Ppo.



Notation 3. We extend the norm |-| on F*(V) by
|61.s]

|6 := sup 2=
(s,t)eT? (ws,¢)
s=t

where w, w are defined in Section 211 Possibly, |¢|, = c0. Actually, this norm is
mainly used to consider the distance between two elements of F*(V). With this
norm, (F*(V),||-|») is a Banach space.

Definition 1. We define the equivalence relation ~ on F*(V) by ¢ ~ ¢ if and
only if there exists a constant C' such that

H¢t,s - wt,s

In other words, ¢ ~ 9 if and only if |¢ — 9|, < 4+o0. Each quotient class of
F*E(V)/ ~ is called a galazy, which contains elements of F* (V) which are at finite
distance from each others.

oo < Cw(wsy), V(s,t) € T2

Notation 4 (Lipschitz semi-norm). The Lipschitz semi-norm of a function f from
a Banach space (V,|-|) to another Banach space (W,]|-|') is

|f(a) = fF(O)
ip = Sup ————————,
HfHL p a,beg/, |CL _ b|
a#b
whenever this quantity is finite. And if A € V is a non-empty subset of V, we say
that f is Lipschitz continuous on A when
|f(a) = fF(O)

; = sup ———F——— < +00.
HfHLH%A a,beg, la — 0|

a#b
Notation 5 (Holder spaces). For v € (0,1), an integer r and two Banach spaces
Vi, V,, we denote by C@gﬂ(\/l,\/g) the space of bounded continuous functions
from V; to V, with bounded (Fréchet) derivatives up to order r and a r order
derivative which is y-Holder continuous. We also denote by L(Vy, Va) the set of
continuous linear maps from Vi to Vs.

3 Almost flow and Uniform Lipschitz condition

In this section, we recall some notions and results introduced in [7], which are
useful in next sections. As we are working on Banach spaces instead of metric
spaces, we have a slightly stronger notion of almost flow than in [7].

We denote by i the identity map from V to V.
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Definition 2 (Almost flow). An element ¢ € F*(V) is an almost flow if for any
T >0 and any (r,s,t) €T3, a,beV,

Gri = 1, (4)

|pr,s — oo < O, (5)

0,5 (b) — drs(a)] < (1+67)[b—al + n(ws,e)[b—al”, (6)
[¢t,50llo0 < Meo(wry), (7)

where M > 0 and ¢y 5, :=¢; s0Ps . — 1. If we replace (r, s, t) € T3 by (r,s,t) € T2,
we say that ¢ is a reverse almost flow.

Definition 3 (Semi-flow and Flow). A semi-flow 1) is a family of functions (wt,s)(s,t)er’i
from V to V such that ¢,;, =i and

wt,s o QZ)s,r = ,lvz)t,r (8)

for any a € Vand (r,s,t) € T3. It is a flow if each 1), 5 is invertible with an inverse
equal to 1, for any (s,t) € T2 and (8) holds for any (r,s,t) € T?:=T3 U T?.

Remark 1. The inverse of 1, , is ¥, for (s,t) € T2

Theorem 1 (|7]). Let ¢ be an almost flow (Definition [3) with M = 0 and dr,
k defined in Section [21 Then there exists a time horizon T small enough and a
constant L < 2M /(1 — (1 + dr)k — 07) such that

|67 — dtslloc < Lew(wse) (9)
for any (s,t) € T2 and any partition m of T.

Definition 4 (Condition UL). An almost flow ¢ such that |¢7 L < 1+ 07 for
any (s,t) € T2 whatever the partition 7 is said to satisfy the uniform Lipschitz
(UL) condition.

We give a sufficient condition on an almost flow to get a Lipschitz flow in a galaxy.

Proposition 1. Let ¢ be an almost flow which satisfies the condition UL. Then
there exists a Lipschitz flow 1 with |ty sllLip < 1+ 0p for any (s,t) € T such that
o7 (a) converges to iy (a) for any a € V and any (s,t) € T5.

On the other hand, there could be at most one flow in a galaxy if one is Lipschitz.

Proposition 2. Assume that there is a Lipschitz flow ¢ in a galaxy G. Then 1)
is the unique flow in G. Moreover, for any almost flow ¢ ~ v, ¢% (a) converges to
Vsi(a) for any (s,t) € T2 and a e V.



We then complete the results of [7] with the following ones.

Proposition 3. Let ¢ be an almost flow which satisfies the condition UL. Then
O™ is an almost flow for any partition .

The prototypical example for the next result is w(7) = 7% for some 6 > 1. In this
case, it slightly improves the rate of convergence as # — 1 with respect to the one
given in |7] which is § — 1 — ¢ for any € > 0.

Proposition 4 (Rate of convergence). Let ¢ be an almost flow in the same galazy
as a Lipschitz flow ¢ with |1 s|up < (1 + 07) and [rs — drs|o < Kw(wsy) for
any (s,t) € T%2. Let us assume that w is such that for a bounded function u,

7w (1) < p(r) for any > 0. Then

|thes(a) — ¢§8(Q)H@ < KM (m)wor(l + dr) with M (m) := sup p(wrt).

(r,t) successive
points in T

Proof. The proof follows the one of Theorem 10.30 in |20, p. 238]. Let {¢;}io..n
be the points of 7 U {s,t} such that ty = s, t,, = t and (;,¢;,1) are successive
points in 7 U {s,t}. Set zp = ¥4, (¢, +(a)). Then

n—1

|wt,8(a) - ¢§s(a)| = |zn — 20| < 2|Zi+1 — Zil.

1=0

Since )y s is Lipschitz and

|zi+1 - Zi| < (1 + 5T)|wtk+17tk (¢tk+lytk (a)) - wtkﬂik (¢tk+17tk (a))’

The result follows easily. O

4 Stable almost flows

In the previous section, we have recalled some results from [7] which underline the
importance of the uniform Lipschitz (UL) condition. However, the UL condition
is not easy to verify as one has to control uniformly iterated products of almost
flows. A natural approach is then to focus on conditions on the almost flow alone.
In this section, we give a sufficient condition on an almost flow ¢ to ensure that it
satisfies the UL condition and then that its galaxy contains a unique flow which
is Lipschitz.



4.1 The 4-points control
In this section V, V1, Vs, V3 are Banach spaces and we denote by |-| their norms.

Definition 5 (The 4-points control). A function f : V; — Vj is said to satisfy a
4-points control if there exists a non-decreasing, continuous function f : R, — R,
and a constant fT > 0 such that

|£(a) = £(b) = f(c) + f(d)]
<f(la=b|vie—d)x (la—c|v|b—d|)+ ffla—b—c+d (10)

for any (a, b, c,d) € V;.

Any Lipschitz function f satisfies a 4-points control with f = 2||f|Lip and fT = 0.
However, for our purpose, we need to consider later more restrictive conditions

on fTand f.

Let us start with a simple example. When the derivative of f is y-Holder continu-
ous, it restates |15, Leamm 3.5].

Lemma 1. Let f € 8'(Vy,Vy), 0 < v < 1, with a bounded derivative which
is uniformly continuous with a modulus of continuity v(7) := supj,_,<,|Vf(y) —
Vf(x)|. Then f satisfies a 4-points control with
f(z) = v(z), 220, and f':= |V .
Proof. For any a,b,c,d € Vq,
fla) = f(b) = f(c) + f(d)
1 1
= (a — b)f Vf(au+ (1 —u)b)du — (c — d)f Vf(cu+ (1 —wu)d)du
0 0
1
= (a— b)f [Vf(au+ (1 —u)b) = Vf(cu+ (1 —u)d)]du
0
1
+ (a—b—c—kd)f Vf(cu+ (1 —u)d)du,
0
which yields to the result. O

Here are a few properties of functions satisfying a 4-points control.

Lemma 2. Let f, g satisfying a 4-points control with g Lipschitz continuous.
(i) The function f is locally Lipschitz continuous.
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(ii) If f,g : V1 — Vg, then for any A\, p € R, A\f + ug satisfies a 4-points control.

(i) If f : V1 = Vy and g : V3 — Vy, then fog: Vs — Vy satisfies a 4-points
control.

(iv) If g : V. — V with |g|Lip < 1, then i + g is mAvertible and k:= (i+ g)7!
is Lipschitz and satisfies a 4-points control with k(z) = g(||k|Lipx) | k||Lip for
[klLip < 1/(1 = |lglluip), and k' =1/(1 - g").

Proof. For showing [(i)| we choose a = d and b = ¢ in (I0) and then,

f(@) = FO) < | Flla = bl) + /] la — ],

which proves that f is locally Lipschitz continuous.

Moreover, we can choose )\mg = |)\|]?+ ]G and (Af + pug)t = |AIfT + |plgt to
obtain a 4-points control on Af + pg. This proves

To show , we use the fact that g is Lipschitz according to With h = fog,

|h(a) = h(b) — h(c) + h(d)|

< f(lg(a) = g(®)| v |g(c) — g(@)]) [lg(a) — g(c)| v g(b) — g(d)]]
+ [Tg(la = b v le=d]) [la =] v [b—d]] + fTg'|la = b—c+d|
< Fllglpla = 0] v e = d])lgluip(la — c| v [b - d])
+ f19(la=b| v |c=dD[la—¢| v |b—d[] + fTglla —b—c+d|.

This proves that h satisfies the 4-points control.

It remains to show [(iv)] From the Lipschitz inverse function theorem [, p. 124],
i+ g is invertible with an inverse & that satisfies ||k|Lip < (1 — |gLip) "' Besides,

la—b—c+d+(g(a) —g(b) — glc) + g(d))| = (1 — gN|a—b—c+d]
—g(la—bl v |c—d|) x[la—c|v|b—d],

which yields to

(1= g"[k(a) = k() = k(c) + k(d)| < la = b—c+d]
+ g([Kluipla = b v | = d]) |k uip [la = ¢| v |b = d].

Hence, for z € R, k = = 9(| k| ripz) | k|rip and kT = (1 — gT)~L. Therefore, k satisfies
a 4-points control. O
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The reason for introducing the 4-points control lies in its good behavior with
respect to composition. More precisely, if f satisfies a 4-points control while g and
h are Lipschitz continuous and bounded,

~

109 = fohlup < Flg = bllo)lghisp v Al + £'lg = Rluip,
Ifog=fohle < (FO) + 1) g = bl

4.2 Definition of a stable almost flow

Definition 6 (w-compatible 4-points control). A family ¢ € F* (V) is said to sat-
isfy a w-compatible 4-points control if there exists a family of functions (qﬁt,s)(&t)eﬁ

and constants ((b;s)(&t)e'p such that for any [s,¢] < [0,T] the estimate (I0) holds
and

Gut < buy for any [s,] < [u, ] (11)
&Et,s(aw(w&t)) < ¢®(a)w(ws,) for any a = 0, (s,t) € T?, (12)
where ¢® is a non-negative function from R, — R, .

Definition 7 (Stable almost flow). We say that an almost flow ¢ with v = 1 in ()
is a stable almost flow if
(i) it satisfies a w-compatible 4-points control with

(bz,s <1+ 5T7

(ii) there is a constant C' > 0 such that for (r,s,t) € T3,

[ 1,5l

where (bt,s,r = (bt,s o (bs,r - (bt,r-
We denote the family of stable almost flow S5, (V). If we replace assumption
(r,s,t) € T% by (r,s,t) € T2, we say that ¢ is a reverse stable almost flow.

Lip < Cw<wr,t)7 (13)

Remark 2. Condition (I3]) in is the Condition H2 (“@!-approximate flow prop-
erty”) of [2, Theorem 2.1]. The conditions in |(i)|is an alternative to Condition H1
(“regularity”) of |2, Theorem 2.1]. Theorem 2 belows leads to similar conclusions
in spirit to |2, Theorem 2.1]. Other results have their counterparts in |2, 13].

Remark 3. A stable almost flow is necessarily Lipschitz, so that (@) in Definition
holds with v = 1 or n = 0. Lipschitz flows are the central object of this study.
However, in 6], we weaken the Lipschitz regularity while ensuring the limiting flow
is unique in its galaxy.
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Let us end this section with a simple yet practical example to the Young differential
equation, that is approximation of differential equation driven by a path not too
irregular so that it implies a Young integral. This example does not focus on a
particular kind of path, but shows the interplay between the modulus of continuity
of the driving path and the regularity of the vector field. In Section [§, we consider
various kind of approximations to deal with RDE.

Lemma 3. Fiz m,d > 1. We choose as control wgy :=t —s. Let x : [0,T] — R4
be a continuous path with modulus of continuity p, that is |xs¢| < u(t — s) where
Tgy =1y — T for (s,t) € T2 Fori = 1,...,d, we consider a family of functions
fi € BL(R™,R™) We assume that each V f; is uniformly continuous. We set

v(r) = max sup |Vfily) V()| and [V*f = max [Vf,

i=1,..., ly—zl<r =Ly

for k =0,1. We assume that for any o = 0 small enough, there exists a constant

V® () such that
v(ar)

sup < v®(7).
o<r<u(r) V(T) )
We define
d .
trs(a) :=a+ fla)rs, =a+ Z fila)zl,, (s,t) € T2, aeV
i=1
and

@ (r) := max{v(u(r)) u(r), u(7)*}.
If @ is a remainder (See Section[d), then for T' small enough, ¢ = {¢rs}(s etz 15
a stable almost flow.

Proof. Clearly, ¢ satisfies ({])-(@). With Lemma [ for any a,b, c,d € R™ and any
(s,t) € T%,

Prs(a) = Grs(b) — drs(c) + @su(d)] < fa—b—c+d| (1 + |V flo]|s)
+ |zsilv(la —c| v [b—d|) - (Ja —b] v |c —d]).

Therefore, ¢,  satisfies the 4-points control with
Ous(p) = v(p)ult — $)VO(| o v 1) and ], i= 1+ [V f|o - pu(T)
From our construction of w, for any a > 0,
brs(am(t—s)) < pt—s)v(max{y(p(t —s)), 1t — )}t — )@@V (| fo v 1)

12



Since v is a modulus of continuity, v(u(7)) < p(7). Provided that 7 is small enough

so that u(7) < 1, then <b/t\ s satisfies (I2)). It also clearly satisfies (IIl). Thus, ¢
satisfies a w-compatible 4-points control.

Since for any (r, s, t) € T3, , s + x5, = T4, a standard computation shows that

drsr(a) = fla+ fla)z,s)xse — f(a)xss for any (r,s,t) € Ti.

With our choice of w,

[6tsrlloo < IV fllollfloopt(t = 7)* < [V f oo fleom (8 = 7).

Hence, () is satisfies and ¢ is an almost flow.

Again using Lemma [I] for any a,b € V and any (r, s, t) € T3,

|¢t,s,r(b> - ¢t,s,r<a)| <
@ = 0w ([ flloo|s,el)|zs el (L + [V flloolans]) + [a = 0] - [V flloo - | s - sl
< la = blw(t = r)v®([ o) (X + [V f]0)-

This proves that ¢ satisfies also and is a stable almost flow. O

Ezample 1. The Young case corresponds to u(7) = 7* for some « € (0,1] and
v(1) = C77 for some 7y € (0,1] with a(1 ++) > 1 (and then o > 1/2). This choice
of v means that the derivative of f is y-Ho6lder continuous. This way,

w(T) := Ccro+) , 72
which satisfies (2)) as a(1 +v) > 1 and 2« > 1.
4.3 Non linear sewing lemma for stable almost flow

In this section, we introduce our main tools to control the iterated products (No-
tation 2]) on a partition. The key idea is borrowed from the claim in [15, p. 6].

Definition 8 (Successive points). Let 7 be a partition of [0,T]. Two points s and
t of m are said to be at distance k if there are kK — 1 points between them in 7.
Points at distance 1 are then successive points in .

Lemma 4. Let us consider a family U:={Us +}s ter s<t with values in R, satisfying
for any (r,s,t) € (T3,

Urs < Dw(w,s) when r and s are successive points,
Ui <1+ ar)Us+ 1+ ar)Usy + Bw(wry), (14)
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for some constants D > 1, B = 0 and ar > 0 that decreases to 0 as T — 0.

Then for all T > 0 such that »(1 + ar)* + or < 1,

Upt < Aw(wry), Y(r,t) € [0,T] N 72, (15)
D(1+6r)(1+ar)*+ B(2 + ar)

ith A :=
o 1— (s(1+ ar)? + or)

(16)
In particular, A does not depend on the choice of the partition.

Proof. We perform an induction on the distance m between points in 7.
If m =1, then () is true since that A > D.

Let us assume that this is true for any two points at distance m. Fix two points
r and t at distance m + 1 in 7. Hence, there exists two successive points s and s’
in 7 such that

wr,t wr,t
Wrs < > and wy ; <

Applying ([ twice with (r,s,t) and (s, s, 1),

Ur,t < (1 + aT)Ur,s + (1 + aT>Us,t + Bw(wr,t)
< (IT+ap)Ups+ (1 +ap)*(Usy + Ugy) + (2 + ar) Bo(wyy).

Both U, s and U, satisfy the induction property. With (2),

Ui < 2A(1 + ar)’w (w;t) + (14 ar)’Do(wsy) + (2 + ar) Bw(w,)
< [A(e(1+ ar)® +67) + D(1+ ar)*(1 + 67) + (2 + ar) Bl @w(w.).

Our choice of A = D in (I0) ensures the results at level m + 1. The control (I5)
is then true whatever the partition. O

The following proposition justifies Definition [7]
Theorem 2. If ¢ € S, (V) is a stable almost flow then for any partition T,

|6Fs — GrslLip < Lew(wse), ¥(s, 1) € TF, (17)

where L is a constant that depends on T, T — 07, 2, w, gg, ¢® and C in [I3). In
particular, the almost flow ¢ satisfies the condition UL, up to changing or.

Remark 4. When ¢ is a stable almost flow, we assume that v = 1 in Definition
This implies that (@) becomes

|P1,5(b) — Prs(a)] < (14 67)|b—al. (18)
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Proof. Let us choose a partition 7. Let r € T be fixed and (s,t) € T2, such that
r < s,
U;tt = H(bgr — Q1,5 © (b;r,rHLip-

Forany0<r<s<t<u<T,

Us7r,u < UtTu + H¢%t © gbgr - Qbu,t © ¢t78 © ¢7sr,7"

Lip + || Put © Grs © cb’;r — Qus © ¢§,THLip-
(19)

With the 4-points control on ¢, ¢,
H¢u,t o gb;r - ¢u,t o ¢t,8 o gb;rHLip
< Gut (107, = b1 0 07, lo0) X (167, Iip v (14 02) 167 luip) + D1 Us-
According to (@) for 7" small enough,
165, = Prs 0 P5ullo < Crolwey).

Since 5; satisfies ([I))-(I2), with the control (@) with v = 1 of the Definition [ of
almost flow,

H¢u,t © ¢§r - Cbu,t o Cbt,s © (bj;rHLip
< 0®(C)w(wrt) (167, ILip v (1 + 01) 67 Juip) + 6L, UZ,-

For bounding the last term of (I9), (I3]) yields

|Put © Prs © g,r — Qu,s © g,r

Lip < Cw(Ws )05, [Lip-

Assuming that r, s, ¢t and u belong to m and combining these inequalities and the
fact the ¢ is stable (see Definition [7]),

Ur, < U+ (1+00)UL, + L™ (¢®(C)(2 + 67) + C)ww(wsn)

s

where

L™ := sup [¢f|Lip-
(s,t)eT?
s,tem

For two successive points s and ¢ > s of m (See Definition B)), ¢f, = ¢, 0 ¢7, so
that U7, = 0.

We assume that T is small enough so that »(1 + 6% + d7) < 1. From Lemma []

(6°(C)(2 + 07) + C)
1— (14 0% +6r)

U, < L"arw(ws,) with arp = (2 + dr)

S,

(20)
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In particular, for r = s, U, = 0], — ¢4+ | Lip-

Let us bound L™. For this, with (20) and (6) with v = 1,

L™ < sup [¢f, — éps|ip + max [l
(S,t)GT?'_ 8,t)€T+

Lip
< L”aTw(w(),T) + 1+ or.

For T small enough so that arw(wor) < 1/2, L™ is uniformly bounded. Injecting
this control of L™ in (20),

Hgb?;r - ¢t,r

for some constant K that does not depend on the partition 7.

Lip < Kw(w,y), Y(r,t) e T2, rtem, (21)

It remains to establish (21 for any pair of time (r,t) € T2.

For this, let ¢, (resp. r,) be the greatest (resp. smallest) point of 7 below (resp.
above) t (resp. 7). Then with the definition of ¢™ (Notation [2]),

¢17tr,r - ¢t,r = Cbt,tTr © ¢,7srmr - Cbt,tw © Cbt,“r + ¢t,t,ﬁr-
With (I3) and (@) of Definition 2 with v = 1,

Hﬁb;r,r - (bt,r’ Lip S (1 + 5T)H¢27;,r - ¢tﬁ,r’

Lip + Cw(wr,t>- (22)

Similarly,
gb;rﬂ—ﬂ’ - gbtwﬂ" = gb;rﬂ—,?"ﬂ- © Z’rﬂ-,T‘ - gbtwﬂ’w © ¢7"7r77" + gbtwﬂ’wvr'

Using (@) and (21)),
Hgbjfrw,r - ¢tﬂ,r|

Lip < H¢17f:r,r7r = Ptrirn HLip ) H¢7’7r77"| Lip T Cw(wnt)
< (1 + 5T)K’W(wr,t) + CW(WT,t). (23)

Inequality (I7)), which is (2I)) applied for any (r,¢) € T2, stems from (2I)), ([22)
and (23)). O

Corollary 1. If ¢ € 8ds, (V) is a stable almost flow then there exists a unique
Lipschitz flow 1 in the galazy containing ¢. Moreover, there is a constant L > 0

such that for all (s,t) €V,
|‘77Z)t,8 - ¢t,s|

Proof. According to Theorem [, ¢ satisfies the UL condition of Proposition [
Hence, it converges in the sup-norm to a Lipschitz flow ¥ ~ ¢. According to
Proposition 2], ¢ is the only flow in the galaxy of ¢.

Passing to the limit in (I7) leads to (24]). O

Lip < Loo(wsy). (24)
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5 Perturbations

In [7], we have introduced the notion of perturbation of almost flow. This notion
still gives an almost flow.

5.1 Additive perturbations

We recall that n, dr and 7 are defined in Section 2.1l

Definition 9 (Perturbation). A perturbation is an element € € % (V) such that for
any (s,t) € T2 and a,b eV,

€t = 07 (25)
letsloo < Cro(wsy), (26)
|€,5(D) — €rs(a)| < Or[b— al + n(wse)[b —al, (27)

where 7 is defined by ([B) and C' > 0 is a constant.
Proposition 5 (|7, Proposition 1]). If ¢ € F(V) is an almost flow and e € F(V)

1s a perturbation, then v := ¢ + € is an almost flow in the same galaxy as ¢.

We introduce now the notion of Lipschitz perturbation, which is a perturbation
on which a control stronger than (27)) holds.

Definition 10 (Lipschitz perturbation). A Lipschitz perturbation is a perturbation
e € F*(V) with satisfies for a constant C' = 0

ILip < Cw(wsy), Y(s,t) € ']I‘i. (28)

H€t,s

Stable almost flows remain stable almost flows under Lipschitz perturbations.

Proposition 6 (Stability of stable almost flow under Lipschitz perturbation). If
¢ € 8ds,  is a stable almost flow (see Definition[q) and € is a Lipschitz perturba-
tion, then v := ¢ + € is also a stable almost flow.

Proof. 1t is proved in Proposition [l that ¢ + € is an almost flow. Here we show
that ¢ + € is a stable almost flow.

First, for any a,b,c,d eV,
lers(a) — €.5(b) — ers(c) + €5(d)] < 2Cw(wsy)|a —c¢| v |b—d|,

so that €, s satisfies a w-compatible 4-points control (see Definition [6) with &, :=
2Cw(ws,) and el:s :=0. Thus, ¢ + € satisfies a w-compatible 4-points control with

gb/—-k\e = $+ 2Cw(wsy) and ¢y 5 + emT = th,sT <14+ 47.
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It remains to show that for any (r,s,t) € T2, |t s ., |Lip < Cw(wys), with 1y, =
Pi.s 0 s, — Yy, For any a € V', we write

wt,s,r(a> = [(bt,s © ((bs,r + Es,r)(a> - ¢t,s © (bs,r(a)] + [‘Et,s o (¢s,r + 63,7“)(0/) — €ts © Es,r(CL)l

(. J [

" N~

Ir,s,t(a) IIr,s,t(a)
+ Ebt,sﬂ«(a) + €t7s,r(a2 .

y
L.« +(a)

On the one hand, using the w-compatible 4-points control of ¢, s, (I8), (26) and

[28) we write,

[Trstlluip < Ges(lesrloo) (I0slluip + lessluip) + Ges'lesrlvip

< ¢ s(Cw(wrp))(1 + 07 + Cw(wor)) + (1 + 0r)Cw(wyy)
< (C'(1+ o7 4+ Cw(wor)) + 1 4 0r)w(wre),

where C’ is a constant.

On the other hand, with (@), (2])

r,s,tl|Lip = ||€¢,s||Lip s,r || Lip €s,r| Lip €t,s||Lip|| €s,r || Lip
s tip < letslip(ldsliip + ll€sluip) + less]Liples|
< Cw(wr)(1+ 67 + Cw(wor)) + CPw(wor)w(wrs) < Krw(wyy),

where K — 1 when T — 0.
Finally, with (I3) and (28],

ITTL s elleip < I ts,r luip + et lrip + [ €nsluiplesLip < (2C + CP*w(wor))w(wry)-
This concludes the proof. O
Now, we prove another perturbation formula which is useful in Subsection B.3]
We recall the o7, 7 and v are defined in Section 2.1
Proposition 7. Let v be a flow which may be decomposed as

Vis(a) = ¢ps(a) + es4(a), aeV, (s,t)eT?
with for any (s,t) € T2 and a,be 'V,

¢t,t =1, €t = 0, ( )

|615(a) = ¢s(0)] < (14 b7)a — b| + n(wss)la =B, (a,0) eV, (30)
| Pt — o < O, (31)

l€stlloc < Mw(wsye). (32)
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Then ¢ is an almost flow in the same galaxy as . Besides, for any partition m
of T,
1675 = Ptslloo < Lew(wsy) (33)

where L < 2[(3 + 6p)M + orM7] /(1 — (1 + dr)k — Or).

Proof. To show that ¢ is an almost flow, it is sufficient to consider (29))-(82) as
well as controlling ¢; s ,. For (r,s,t) € T3,

Ir,s,t
A

wt,s o ¢s,r(a) = gst,s(gbs,r(a) + es,r(a')) - ¢t,s(¢s,r(a’)3 +¢t,s(¢s,r(a)) + et,s(,@z)s,r(a))'

Since 1 is a flow, ¢, s, = 0 and then

¢t,s,r(a') = Ir,s,t + Et,s(,@z)s,r(a’)) - Et,r(a)~

With (30),
|Ir,s7t| < (]. + 5T)Mw(w7",s) + ’r](ws’t)M'Vw(wr’S)’Y'
With (),
Ls4] < Aw(w,y) with A:=(1+dr)M + 6 M7,

It follows that ||t s, < (2M 4+ A)w(w,,). This proves that ¢ is an almost flow
following Definition 8l The control (33]) follows from Theorem [l O

Corollary 2. Assume that V is a finite-dimensional Banach space. Let {{)™}en
be a family of flows with decomposition Y™ = ¢™ + €™ where (¢™,€™) satisfy
@9)-B2) uniformly in m. Assume moreover that

|67, — ioo < Grs, V(s,t) € T2. (34)

Then any possible limit ¢ of ¢i", (at least one exists) satisfies [29)-([32) as well
as ([B4) with the same constants.

Proof. With (34]), Lemma 1 in |7] can be applied uniformly. As (30) is also uniform
in m, this proves that for any R > 0, {¢™(a)s:}, HeT?, acB(O,R) 1S Cqui-continuous

where B(0, R) is the closed ball of center 0 and some radius R > 0. The Ascoli-
Arzela shows that at least one limit of ¢™ exists. Clearly, this limit satisfies the
same properties as ¢™. 0
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5.2 Spatial perturbations

We consider now another kind of perturbation.

Another kind of perturbation consists in, given an almost flow ¢,

Proposition 8. Let ¢ be an almost flow and € be a perturbation satisfying Defini-
tion[d With 1y s := ¢rs0 (i + €5) for any (s, t) € T2, v is an almost flow which
lives in the same galazy as ¢.

Proof. Clearly, ¢+ = 0 since €¢;; = 0. Thus, v satisfies (). With (24]),

[t — il < [[@t,5 0 (i + €r5) = €t5llo0 + [l€tslloc < 7 + Crw(wor).

Hence, ¢ satisfies (0.
For any a € V and (s,t) € T2, with (@), (26) and (3),

[Vrs(a) = dus(a)] < lers(a)] + n(wes)lens(a)]” < (C+ dr)m(ws).  (35)
Using (B) and (27), for any a,be V,

[9e,5(0) — Yes(@)] < [he,s(D) = Drs(B)] + [D1,5(0) — Pr.s(a)] + [¢rs(a) — Prs(a)l
< ers(b) —ers(a)| + (1 + 67)|b— al + n(wes)|b—al”.
With ([27), () is satisfied.
Finally, using (@), (28) and (3]), for any a € V,

|wt,s o ¢s,r(a) - ,lvz)t,r(a”

< |wt,so¢s,r(a) _@Z)t,sogbs,r (a) | + |wt,so¢s,r(a) _¢t,so¢8,r(a) | + |¢t,s,r (a) | + |¢t,r (a) _wt,r (a)(| : )
36

With (@), (35) and (@), it is easily obtained that ¢ satisfies ().
With ([B5), ¢ and ¢ belong to the same galaxy. O

Proposition 9 (Stability of stable almost flow under Lipschitz spatial perturba-
tion). If ¢ € 85, » is a stable almost flow (see Definition[7) and € is a Lipschitz
perturbation, then ¢ := ¢ o (ic€) is also a stable almost flow.

Proof. Since ¢, s is Lipschitz with ¢t |rip < 1+ 07, ([26) implies that

[es — Prsloo < (1 + dr)Cw(ws,) for any (s,t) € ']I'i. (37)
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For any (s,t) € T2 and a,be V,

|wt,s<b) - (bt,s(b) - wt,s(a) + ¢t,s<a)|
< ¢t78(|€t78(a)| Vv |€t78(b)|)'|b+€t78(b)_a_€t,8(a)| v |b—al +¢§s|b+€t,8(b)_a_€t78(a)|-
Since ¢ is a stable almost flow, with (26) and (28],

|wt,s<b) - (bt,s(b) - wt,s(a) + ¢t,s<a)|
S (ws ) (1 + letslLip)la — b + ¢} ,Clers|uipla — b < Kla—b] (38)

N

for a constant K that depends on d7 and C (here, both a control on e o
and. e, [Lip)-

Using a computation similar to (36), we then easily obtain from (B7) and (38))
that 1 satisfies a w-compatible 4-points control and satisfies ([I3]). O

6 Inversion of the flow

In this section, we prove that our definition of stable almost (Definition [7]) flow is
stable with respect to inversion.

Proposition 10. Let ¢ € 8T5,  be a stable almost flow and 1) the unique flow in
the same galazy as ¢ (Corollaryl). We assume that x := ¢ — i satisfies a 4-point
control such that

V(S,t) € Ti, Xt,sT = (bt,s]L - 17 )Zz:s = ¢t,37 and HXt,sHLip < 5T-

Then, for T such that 07 < 1, ¢ is invertible and (Cs,t)(s,t)eqri = ((b;sl)(&tmi is a
stable reverse almost flow which galaxy contains a unique flow which equal to ~!.

Proof. According to item of Lemma 2 and because |xts/|Lip < dr we know
that for 7" > 0 such that d7 < 1, ¢, is invertible and that ¢, L satisfies a 4-points
control with (671)! = 1/(1 — xus7) and g 2(5) = Goa(lualiip®)|61suip for any
x € Ry. It follows that (gb;sl)T < 1+ 0, with 6} := 67/(1 — 67) and that ¢
satisfies a w-compatible 4-points control.

Moreover, [[¢; 4 |Lip < 1/(1 = | Xt.s]Lip) and we assume |x;s|Lip < 07. It follows that
|¢rallLip < 1+ &} which proves that (6] holds for ¢~'. In substituting a by ¢;. (a)
in (B) we show that (&) holds for ¢~
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To prove that (C&t)(s’t)ejri = (¢y, 51)(57,5)611«3 is a reverse stable almost flow, it remains
to show that the conditions (7) and (I3) hold for any (r,s,t) € T2. Firstly, we
compute with (7)), since ¢ 0 @5, is one-to-one,

[0 © Brt © G5 © By = D1} © Brs © Posrlloo = |67} © b = D) © b5 © Do
< (1400 Brr — Brs © Dorllon < Mo (wry),

which yields with to |5 0 (st — Crtloo < Moo (wiy).

Secondly, for any a,b € V and (r, s,t) € T3, we set a':=¢ ro¢, i (a), b= Lo, ! (b),
and

Qs i= ( 57,71’ © (b;; - (Zi;) O (s © (bsm(b/) —( 57,71’ © (b;; - (b;rl) O Qs © (bs,r(a/)
= ¢;r1 © gbt,r(b,) - gbtjrl © ¢t,s © gbs,r(b/) - ¢;r1 © ¢t,r(a/) + ¢;r1 © gbt,s o ¢s,r(a,)-

We know that ¢, ! satisfies a w-compatible 4-points control and we use (3],

1 1\t
1D,.t] < 1 (|50 ]00) U berllLip v [ 1s © GsrllLip] [ — a'| + (d,) | Psr[Liplt” — @]
< (M) (wps) (14 67)20 — '] + (1 + 07)Cao(w,) |V — d).

Then substituting o’ and V' by ¢, o ¢, ;(a) and ¢;} o ¢, . (a),

l¢srods — b Ly < [0 "B(M)w(wry) (1467) + (1+067) Cw(wr) |65 0 br s |Lip
< [0 (M) (1 + 67)* + (14 07)C] (1 + 67)°w(wry).

Hence ( is a stable reverse almost flow. According to Corollary [ (™ converges to a
unique Lipschitz flow ¢(** in % (V). But, (7, = (¢],)", which yields to (7,0 ¢}, =i
and passing to limit (J5 o ;s = 1i. This concludes the proof. O

7 Generalized solution to rough differential equations

Almost flows approximate of flows, similarly to numerical algorithms. In classical
analysis, flows are strongly related to solutions of ordinary differential equations
(ODE). Rough differential equations (RDE) were solved first using fixed point
theorems on paths [31]. The technical difficulty with this approach is that the
solution itself should be a rough path.

Later, A.M. Davie introduced in [15] another notion of solution of RDE which no
longer involves solutions as rough paths, but only as paths. We abstract here this
approach in order to relate almost flows and paths.
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Definition 11 (Generalized solution in the sense of Davie). Let ¢ be an almost
flow. Let a € V and r € T. A V-valued path {y, ¢} ¢er is said to be a solution in
the sense of Davie of dy = ¢ 4;(y) with the initial condition a at time 7 if y, ., = a
and there exists a constant C' such that

|yr~t - ¢t,s(yr~s)| < Cw(ws,t)a VT < S < t < T (39)

Definition 12 (Manifold of solutions). A family {y,.(a)},er, qev of solutions
satisfying (B9) and y,~,(a) = a is called a manifold of solutions. We write dy =
¢ ai(y) to denote the whole family of solutions.

Definition 13 (Lipschitz manifold of solutions). If a — y,.(a) is uniformly Lips-
chitz continuous from (V,d) to (6([r,T],V), | |«»), then we say that the manifold
of solutions is Lipschitz.

Remark 5. When ¢; s = i+xt.s, then (89) may be written |ys +—xt.s(ys)| < Cw(ws,y)
With ¥s s := Ypt — Yps. for (r,s,t) € Ty This is the form used by A.M. Davie
in [15].

Flows and manifold of solutions are closely related. Besides, a manifold of solutions
is in relation with a whole galaxy. The proof of the next lemma is immediate so
we skip it.

Lemma 5. A flow ¢ generates a manifold of solutions to dy = 1 q(y) through
Yrt(@) := U r(a), (r,t) € Ty, a € V. Besides, y is also solution to dy = ¢ 4(y)
for any almost flow ¢ in the galaxy containing 1.

7.1 Existence of a flow from a family of solutions

First, we show how to construct a flow from a suitable family of paths.

Proposition 11. Consider an almost flow ¢ and T small enough. Assume that
there exists a family {yo~i(a)}ter.aev of V-valued paths, continuous in time and
Lipschitz continuous in space such that such that

Yo~0 = b |[Yot — Ot.s(Yos)|loo < Cw(wsy), V(s,t) € Tia
sup{[|yo~t — t|Lip + [[Yo~t — i/loc} < K7 where Ky —— 0.
teT T—0

Then {yo—~i(a) beraev @s a family of Lipschitz diffeomorphisms on V

Moreover, with 1y 4(a):= Yo~ 0y s(a) for (s,t) € T? anda eV, {¥r,s(a)}(s,)eT2 0ev
18 also a family of Lipschitz diffeomorphisms and defines a flow in the same galaxy

as ¢.
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Proof. The Lipschitz inverse mapping shows that o, is invertible with a Lipschitz
continuous inverse y, %, when K < 1 ([1] p. 124).

Assuming that T is small enough, 9 ;(a) := Yo o yy (@) for any (s,t) € T? and
a € V defines an invertible flow.

Besides, for any (s,t) € T2, 15, is Lipschitz continuous since both yo., and yq 2
are Lipschitz continuous.

It remains to prove that ¢ ~ 1. For a € V, let us set b:= ygis(a). Thus,
91a(0) — 00 0)] = [0 (D) — G1s(o-s(8)
< |¢t,s(?/0~s(b)) - yodt(b)| < CW(Ws,t)-
Thus, ¥ ~ ¢. O

7.2 Uniqueness and continuity of a solution in the sense of Davie

A stable almost flow ¢ satisfies the condition UL (see Theorem (), so that there
exists a unique flow v in the same galaxy as ¢. Furthermore, ¢ is Lipschitz.

The flow 1 generates a manifold of solutions. We show that there exists only
one such manifold with a Lipschitz continuity result. Note that in the following
proposition, ( is not assumed to be stable.

Proposition 12. Let ¢ be a stable almost flow and ¢ be an almost flow.
Let y and z be two paths from [0,T] to V such that

|yt - gbt,s(ys” < Kw(ws,t) cmd |Zt - gt,s(zs)| < Kw(ws,t)a V(S,t) € Ti

Let us write ay s := (s — Q15 and o s :=Crsr— Qrsr- Let €1, €2, €3 > 0 be such that
for any (r,s,t) € T3,

|at,s,r(z7")| < elw(wr,t)v Has,tHLip < € and |a87t(28)| < €3.

Then there exists a time T small enough and a constant C' that depends only on ¢,
K, T — o7, 3 and sup, ; yers |1, rl|Lip/@ (W) such that

lye — 2| < Cler + €2 + €3 + [yo — 20])
and |y: — Grs(Ys) — 2 + Gis(25)| < Cler + €2 + €3+ [yo — 20| ) (wsp)

for all (s, t) € T?.

Corollary B below is immediate by applying ¢ = ( to Proposition [[2 Its proof
relies of the continuous time version of Lemma H] which we now state.
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Lemma 6 (Continuous time version of Lemma ). Let us consider a family U :=
{Us1}stem with values in Ry satisfying for any (r, s, t) € T,

< Ew(wrs), (40)
Ut <(I+ar)U.s+ (14 ar)Usy + Bw(wry),

for some constants E > 1, B > 0 and ar = 0 that decreases to 0 asT — 0. Then
for any T such that (1 + ar) <1,

Ur,t < Aw(wm), V(T, t) € Tz,
(2 + OéT)

ith A:= B )
o 1= (5(1 + ar)? + o7)

(41)
In particular, the choice of A in () does not depend on the bound E in (40).

Proof. The proof is similar as the one of Lemma 7 in |7] from Eq. (31). O

Corollary 3. If ¢ is a stable almost flow, there exists one and only one manifold
of solutions to dy = ¢ 41(y). Besides, this manifold of solutions is Lipschitz.

Remark 6. As seen in Lemma [0, the notion of manifold of solution is associated
to a galaxy. Hence, a galaxy with a stable almost flow is associated to a unique
manifold of solutions (actually, we have not proved that if ¢ is a stable almost flow,
then the associated flow is also stable).

Proof of Proposition[12. We define

‘/s,t = |Zt - gt,s(zs) — Y+ gbt,s(ys”a V(Sa t) € Tz'

Clearly, Vs < 2Kw(ws,).
For any (r,s,t) € T3,

2 — Cr(2) — Yo + Ger(yr)
=2 — Gs(2s) = Yt + Grs(Ys) + Crs(2s) = Gs(Cor(2r))
— G1,5(Ys) + Prs(Psr(Ur)) + Coosr(2r) — P50 (Y1)
= 2 — Cis(2s) = Y + Grs(ys) + ars(2s) — ars(Cor(2r))
+ Gr,s(2s) = G1,s(Cor(2r) = P1,s(Ys) + Dr,5(Psr(yr))
+ 50 (%) + Grsr(2r) — Orsr(Yr).
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Set L := sup(m,t)drgHgbt,wHLip. With the 4-points control of ¢,

‘/t,r < V;,s + ¢I75‘/7’,t + L|Z7" - yr|w(wr,t)

+ $t,s(|zs - gs,r(zr” \% |?/s - ¢s,r(yr)|) : (|25 - ys| \% |Cs,r(zr) - ¢s,r(yr)|)
+ e s (20) | + [ sllniplzs — Cor(20)]-

Since ¢}, < 1+ 07 and | ¢y ] Lip < 1 + 07,

Vie < Vi + (14 00)Vos + Lz — yllww(wyy)
+ brs(Kw(ws ) (14 07) ]2 = yloo + €3) + (€1 + 2K ) (w,y).

Since g,b\t,s is w-compatible (see Defintion [), &LS(Kw(wT,S)) < O(K)w(wyy) so that

‘/717,5 < V;t + (]. + 5T)V;",t + BW(wnt) (42)
with B:= (L + (1 + 67)®(K))|y — 2|l + €1 + &K + e3P(K)). (43)

Owing to (42)-(43)), from Lemma [6] for 7" small enough (depending only on s and
T — dr), for all (r,t) € T?,

2+5T

<B . ith C' := )
Vit < BCw(w,;) with C T Gl 0,2 7 37)

For any t € [0, 77, since ||¢0|Lip < 1 + 7,

|?/t - Zt| < |?/t — 2t~ Cbt,o(yo) + Ct,0(20)| + |¢t,0(20) - Qt,o(20)| + |¢t,0(20) - ¢t,o(yo)|
< Vor+ e+ (1+dr)|yo — 20/

With the expression of B in (@3], for any ¢ € [0,7], we see that there exists
constants A and A’ that depend only on s, L, 7, K and ®(K) such that

lye — 2] < Ally — zllww(wor) + A'(€1 + €2 + €3)w(wor) + €3 + (1 + 7)|yo — 20
Choosing T" small enough so that Aw(wyr) < 1/2 implies that
ly — 2o < 2A(e1 + €3 + €3)w(wor) + 2€3 + 2(1 + 7)|yo — 20

This concludes the proof. O
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8 Application to Rough differential equation

In this section, we show how our framework allows us to link the different flow based
approaches. The key is to show that Friz-Victoir’s and Bailleul’s almost flows are
different perturbations of the Davie’s almost flow. Friz-Victoir’s approach is lim-
ited to geometric rough paths of regularity 2 < p < 3 in finite dimensional spaces
(see however [21]] for a recent extension to infinite dimensional space). Bailleul’s
one work even in an infinite dimensional Banach space, while being restricted a
priori to geometric rough paths. For rough paths of regularity 2 < p < 3, Davie’s
approach can be used for geometric rough paths as well as non-geometric ones. To
deal with non-geometric rough paths with Friz-Victoir’s and Bailleul’s approaches,
one may use the results of [29] for a regularity p € (2,3] and [25] for p > 3. As
shown in |3, 28|, using formal logarithhms could be applied in broader structures
than tensor algebras, such as algebras of root trees. This also allows to consider
non-geometric rough paths.

We did not recall notions of rough path theory. The reader can find a clear intro-
duction in [19, 20, 27, 32]. We start by giving some notations.

In this section, the remainder introduced in Section 2.1]is of the type
w(r) = t@IP Y >0,

with v € (0, 1] and a real number p > 0 satisfying 2 + v > p.

8.1 Rough path notations

Before showing the link between the different based flow approaches, we set nota-
tions of classical objects of rough path theory.

Given another Banach space (U, |-|) and a real number p > 1, let us denote by
@P~“(T, U) the space of 1/p-Hélder paths controlled by w, which we equip we the
semi-norm

ol = sup et
(s,t)eT? st w&tp

this quantity being bounded by definition.

We define also 6P~¥'([s, t], U) the space of bounded p-variation paths from [s,t|
to U which we equip with the p-variation semi-norm on [s, t] denoted by [z |[s,p-

Moreover, if x € €P~([0,T],U), then x € 6P~ ([s, ], U) and

1
|2ls 10 < lalpony
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We denote by || the floor function.

For an integer N = |p|, let TPV (U) be the space of 1/p-Holder rough path con-
trolled by w of order N. If x € 7V (U) we denote by x*) the component of x in
U®* with 0 < k < N an integer and S;(x) := Zf:o x). Obviously, x = Sy(x).
We denote the homogeneous semi-norm
|X(kt)|
|x[p :=sup sup —=,

k<N [s,t]eT2,s#t Wy ¢

which is finite by definition. Moreover we set T?(U) := FPIPI(T1)).
For N > 0, we denote GV (U) the free nilpotent group (Chapter 7 in [20]).

Let €7(U) := €*7([0,T],GIP)(U)) be the set of weak-geometric rough paths of
finite 1/p-Holder rough path controlled by w with values in U.

When U = R (¢ > 0 an integer). For any multi-indice I:= (iy, ..., i) € {1,...,(}*
we set |I|:=k and ej :=¢;, ® --- ®e¢;, where {ey,..., e} is the canonical basis of
R If x € TP(RY). If x € TP(R’), then x! denote the coordinates of x*) in the
basis (er)r=k. It follows that Sy(x) = X ;4 xler. If v € €'V (T,R!) then for
any integer N = 0,

where zf, :=
8.2 Davie’s approach

Let us consider now a p-rough path x € IJ7(U) with 2 < p < 3 for a Banach
space U. A Rough Differential Equation (RDE) is a solution y taking its values in
another Banach space V to

Yy = a+ Jt f(yu) dxy, Y(s,t) € ']I'i, (44)

provided that f:V — L(U,V) is regular enough.

Existence of solution to (44l]) was proved first by T. Lyons using a Picard fixed
point theorem [31]. In [15], A.M. Davie provided an alternative approach based
on Euler-type schemes. Over the approach of T. Lyons, it has the advantage that
the solution is thought of as a path with values in V and not in the tensor space

T, (U V).
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For f e 6}l (V,L(U,V)), we define

Orsla) = a+ fla)xi + dfa) - f(a)x. (45)
where df(a) is the differential of f in a. Definition 1] coincides with the one
defined by A. M. Davie in [15] for the notion of solution to (44)).

The following lemma is a generalization in an infinite dimensional setting of The-

orems 3.2 and 3.3 in |15] with a bounded function f.

Lemma 7. Let pe [2,3) and v > p — 2.
(i) If f e €, (V, L(U,V)), then the family ¢ defined by ([@5) is an almost flow.
(i) If f is of class .77 (V, L(U,V)), then ¢ is a stable almost flow.

Proof. According to Proposition 5 in [7], ¢ is an almost flow as soon as f €

€, 77(V,L(U,V)) with 2 + v > p.

We now assume that f € €, (V, L(U, V)). We show that ¢ verifies a t-compatible
4-points control (see Definition ). For any a,b,c,d € V, (s,t) € T?, we compute

01(0) = B1(0) = 91,5(0) + 61,(d) = a—b—c+d+ [[(a) = ) = () + F(d)]xL]

~—

I/

+Ldf - fla) = df - f(B) = df - f(e) + df - f(@)]x . (46)

~
II’S’t

Then, we apply Lemma[lto f € €2(V, L(U,V)) and to df-f € €, " (V, L(U®* V))

to obtain

1| < [xOwlP4) & Flwlla = ¢ v b —d])?a— b

+ [xD w2l df|ola —b—c+d], (47)
and
L, < |x@ [P [2]d(df - )l (ja—c| v [b—d])" |a —b]

+ld(df - f)lela - b—C+d|]- (48)

Combining (40]), (A7) and [@S) we set for all y € Ry, Q;t\s(y) =] [ ;/tpyz + wi/f’m]
where ¢} := |xW[,4] df] + [x@[ 22| d(df - )], and

Srsl =1+ x| ® + [ d(df - f)]oo|x@ | 2wp 2.
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It follows that qb,t’sT < 1+ 07 and that ¢, s is ww-compatible. Indeed, for o € R,

¢ts (aw(2+w)/p) < c’l(a2 va?) <wSt+2“/)/p i w(2+27+72)/p>

s,t

< c’l(oz2 va) <w((]i;r’v)/p + w((]'yﬂ )/p> wff’v)/p < 5Tw(ws’t).

It remains to show that (I3) holds. As ¢y, € €,77(V,V), thus the two semi-norms
|¢¢.sl|lLip and | déys| are equivalent. We recall that ¢y, = ¢rs© ¢s, — P For
any a € V and (r,s,t) € T3,

dy,sr(a) =(doy,(a)df o ¢y,(a) — df(a)x) — d(df - f)(a)(xF —xD @x))
+ d(bsr( ) (dff) O(bs,r(a)xst
= (- df(a) + d6.,(a) df 0 6y, (a) — A(df - )(a)x],) X\

III

T,8,t

— (d(df - (@) = 46, (a)d(dS - [) 0 0up(a) . (49)

~—

III/

T,8,t

Each term is estimated separately. For the first one,

) <[df o ¢sr(a) — df(a) — d*f(a)(dsr(a) — a)|[xL)]
+df(a) df(@)x@BxL,| + | d(df - £)(a) df o pe(a)xPx)]
+[df(@)[df o sp(a) — df(a)]x!, ®x!,
<[ @ f ]l dsr(a) — al x|+ ([df2 + [ d(df - ) dfloe)x 2%
1 df ool ool (@) — al|xt | IxL,|
<C/1/(w(2+v)/p+2w3/p) cl(l+2w(1 v)/p) ﬁ?t+v)/p’ (50)

where ¢/ is a constant which depends on f, x, 7.

The second one is more simple,

1, <[d(df - f) o ¢sp(a) — d(df - F)(@)][xD] + | dds,(a) — 1] d(df - f) o ds,(a)x2,

< d(df - F)woldsr(a) — al’[xE| + [ A(df - f)]oo] dpsn(a) — 1][xE)]
<d(w (2+v)/p+w3/p) 02(1+w(()T )/p) (2+“/)/p. (51)

Ty

Finally, combining (49), (50) and (BI), | ddrs. e < (¢f + ) (1 + wéT Py (wWrt)
with w(w, ) = w(gﬂ)/p This proves (I3)) and that ¢ is a stable almost flow. [

Combining Lemma [7, Proposition 2] Corollaries [I] and Bl leads to the following
result.
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Corollary 4. If f is of class .7 (V,L(U,V)), then ¢™ converges to a unique
Lipschitz flow 1. Moreover, if x is an almost flow in a galaxy containing ¢, then,
X" converges to 1. Besides, there exists a unique manifold of solutions to dy =
¢ ac(y) which is Lipschitz.

8.3 Almost flows constructed from sub-Riemannian geodesics, as in
P. Friz and N. Victoir

In [18, 20], P. Friz and N. Victoir proposed an approach based on the use of
geodesics. The following proposition is one of the fundamental result of their
framework.

Now, we assume that U = R’

Proposition 13 (Remark 10.10, [20, p. 216]). Let p > 1 a real number and an
integer N = |p|. For anyx € 8*~%([0,T], GN(R")) and any (s, t) € T?, there exists
a path %' € 17V (RY) defined on [s,t] such that

Sn (@) = X0 and w7 (o1 < K[|l < K| Sy (%)

for some universal constant K (resp. K') that depends only on p (p and N). We
say that 2% 1s a geodesic path associated to x.

Remark 7. If 2 € €' ([s,],RY), then ||z 1 = .| da,|.

For notational convenience, we prefer now to express differential equations with
respect to vector fields, that is a family of functions 7:2 (71, e ,7}) that acts
on GL(V,L(U,V)). Therefore for = € %1_Var(R ,RY), the equation z, = a +
S07 i(z,) dx, is equivalent to y; = a + So zs)dzs with f = ?1 For a multi-
indice I := (i1, ..., i) € {1,...,0}F and (s,t) € T we denote f := 7z‘1 . ?Zn By
convention, 7®i =1

Let us fix n > 2 in 71 € C@g\_l for A = n. Let x be a rough path with values in
T,(U) and V be a vector field such that fi e @ '. Let us define

Wx, Fl@) =3 Frila)x!,, V(s t) e T2 (52)

The next proposition summarizes various results on RDEs (Theorem 10.26 in [20,
p. 233], Theorem 10.30 in [20, p. 238]). When fi € €!*” but no in 6> with
2 + v > p, several solutions to the RDE (44)) may exist (See Example 2 in [15]).
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Theorem 3. Assume that U and V are finite dimensional Banach spaces. Choose
A > 2 as well as an integer n with 2 < n < |A|. Let x be a p-rough paths with
values in T, (V). Let us assume that ?1 c C@)‘ U for a vector field f:V — L(U,V).
It holds that
(i) When X\ > p, there exists a flow Y[x, 7)] in the same galazy as ¢™[x, ?],
(ii) When 1+ X > p, then there exists a unique flow as well as a unique Lipschitz

manifold of solutions to dy = Qﬁ(cﬁ) (y) (6™ is defined in (52)).
In addition, for any partition ™ = {t;}*_,,
s n)ﬂ_ n+W

e Tl(@) ~ 0T Tl < Ol sup wfl' 63)

.....

with v := min{\ — n, 1} and a constant C' that depends on wyr, ||x/, and 7

From the next lemma, we obtain that if 71 € B with A\ > p, then there exists a
unique flow associated to ¢™[x, 7)]

Lemma 8. For any n > 2, ¢(")[x,7] belongs to the same galaxy as ¢(2)[X,7],
with the Davie expansion given by [@Dl) with f = fi

Proof. Let us write for n > 2,

Rgr,?[xaﬂ = (sy,?[xaﬂ - gbg?t)[xaﬂ = Z I1 stv (Sat) € Ti

k=3 |I|<k

Clearly, R™[x ,7] is a perturbation with w(7) = 7%?. Moreover, as fie ‘)1,
Fiie @) * for any word I with |I| = k so that when A —n > 1, R™| ,ﬂ is a
Llpschltz perturbation (Definition [{). O
This is however not sufficient to obtain the rate in (53]).

For a path z € €7 we denote for a € V by 9. ([, ﬂ(a) the unique solution to
wt%‘;[ =a+ J ?1 ’l/}T's dx}"’ = S. (54)

The family [z, ?] satisfies the flow property.
We set for any (s,t) € T%,

—

§’;>[x,7]<a>-— PSu(2), fl(a),
e 7) ZJ (Fiitwnalr e - Fiita)) e,

[|=
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where dz{ = dxi’; ... dzj!. Using iteratively the Newton formula on (54),
dusle, flla) = ¢[x, Fl(@) + &, Fl(a).

We denote by || f|, the y-Holder semi-norm of a function f. For v = 1, this is the
Lipschitz semi-norm. Thus, 7 := min{\A — n, 1} is the Holder indice of 711 with
|I| = n.

From Proposition 10.3 in |20, p. 213], for a constant C' that depends on A and on

[l = max| Jrile + max | Friluip + max] Trilhs

[I|<n [I|<n—

it holds that

e[z, Tl(0)] < Cllalig (55)
Lemma 9. Let x be a path of finite 1-variation with |z||s9,1 < Awsy for any
(s,t) € T2. Let a°" be the geodesic path given by Proposition [I3. Assume that
there exists a constant K such that ||z5"s91 < Kwiép. Then there exists a time

T > 0 small enough and a constant D that depend only on w, K and H71H* such
that

n+w

[ns[2%%, Tl = oz, Fllo < D,y , ¥(s,t) € T2.
In particular, the choice of T and D does not depend on A.

Proof. Let us assume that |z 91 < Awsy and [2%|[5 491 < Kw;ftp.

Let ™% be the concatenation of 2™ and x*!. Then

Unele, @) = vnela" F(@) = Gl Al Wurle, F(@)) = duola", Fl(a)

~—
Ir,s,t
r,8,t r,t
el Fl@) = 2™, Fl(a).
A ~- J
Hr,s,t
Since ™! is the concatenation between two paths,

Yoo [, Fl(a) = W2, Fl(Ws (27, Fl(a)).

Thus,

Lsil < [l Fl@srlz, (@) = sz, Fl(wsrlz. Fl(a)]
+ W)t,s [lﬁi, ?)] (ws,r [ZL‘, 7)](0’)) - wt,s[l‘&ta ﬂ(¢s,r[$r,sa 7)](0’)”
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Writing Uy := |thr [, F] = ©er[2", e, it holds that

|IS,7",t| < Ut,S + H’ll)t’S[l‘S’t, ?)]HLipUr,s-
From (B4)), we derive that for t > s

¢
— —. —
kus[ffs’t, f]HLip <1+ f1|LipJ me[xs,t’ f]HLip| dxi’t|
S

t
<1+ﬁ%@fwmw%ﬂmmﬁMn (56)

where the derivative #°! is almost everywhere defined because z%! € €~V (R?).

Then, using the Gronwall’s inequality with (B6) and Proposition 03] there is con-
stant C' that depends only on K (defined in Proposition I3)), |x|, and | f1HL1p such
that

[ral2*, i < exp(Cuyy).
Besides,

Sn(xr’&t)r,t = Sn($r’s)r,s ® Sn(xs’t)s,t = Xrs ® Xst = Xpt = Sn(xnt)r te

)

It follows that ¢™ [zt F] = ¢ [z, F]. Thus,

L] = e [am5t, Fl(a) — e[, Fl(a)|
m
< e[z, Floo + e [27, Flloo < Clwyl

where C’ > 0 is a new constant and using (B5) and Proposition [[3 for the last
estimate.

Thus,

\2

Ut < Usy + eXp(Cwo YU, + Clwyl

On the other hand, when w;,; <1,

Ui = [tus[z, T = bus[z®, Tl
< sz, Fl - o2 [ ﬂm+wﬁwﬂ7—£ﬂﬁ¥mu

-
< C"max{ A" W K 0] )

nty

< Bw,! with B:= C" max{A"™", K'7"}.

From Lemma [0, there exists a constant D that does not depend on B (hence on
nty

A) such that Uy < Dw,; . O
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Lemma 10. Let x € 17 be as in Lemmalld. Then

n+-vy

|2, Plloo = [us[z, T = [, Tlloo < Bwsl

where E depends only on w, T, and K.
Proof. Since ¢§’? [z, f] = ¢§Z) xsvt’ﬂ’

ety [, 1= tusl, [z, ] = trsle v Lo, f1+ €[, 7.
The results is then an 1mmed1ate consequence of (Iﬂ) and Lemma [9 O

Proof of Theorem[3. We recall that we assume that U and V are finite dimensional
Banach spaces. For any (a,b) € V, any (s,t) € T2,

6z, Fl(a) — ot [, F1()]
Z Mo dillupleld - la =0l + DI Filly - 12l lla — o]

0|1|=k =
n—1
< D Feiluiplalf g - la = bl + | il 2l g la = Bl
k=0
It then follows from Proposition [ that ¢ [z, ﬂ is an almost flow with

e P (O R O (O] B P

for a constant L that depends only on

3
V(r,s,t) e T,

st7

(s4.1 and of H?H*-

Let (2™)men be a sequence of bounded variation paths such that S, (z™) — x
m—00

uniformly on [0, T'] and such that sup,,.y|Sn(z™)|, < ¢|x], for a uniform constant
¢ in m. Such a sequence exists according to Remark 10.32 in |20]. It consists in
concatenating the geodesic approximations given by Proposition I3l From this,
S (@ )stl < Kw,lf with K = ¢|x],.

Clearly, t78 [xm, ?](a) converges to gbtz,) [x, ﬂ for any (s,t) € T2 and any a € V.
The result follows from Corollary 2l and Lemma [10l O

8.4 Bailleul’s approach

The approach from I. Bailleul is the most general one. As it relies on using sub-
Riemaniann geodesics, Friz-Victoir’s approach is limited to finite dimension, al-
though it has recently been extedend for some parts on infinite dimensional set-
ting [21]. The approach from A.M. Davie cannot be extended to manifolds because
it involves second-order derivatives. The use of log-signature allows one to work
on the tangent space, hence Bailleul’s approach can be used on Banach manifolds.
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8.4.1 Classical control of ODE solutions

For a € V, the solution to the ordinary differential equation

a)=a+ f Filye(a) ds

is a path from [0,7"] to V such that

d(y(a)) = J To(ys(a (57)

for any ¢ € €*(V, V). Assuming enough regularity on both ¢ and 7), we iterate (57
so that

k
Blula) = 0(@) + (To(@) + -+ =T 0(a) + R(T" 6. ;1)
with Too=o, T o= F(F ¢), k=0,1,... and

Ri(¢¥,a;t) = Jf f U(ye, (@) — ¢(a)) dtg - -~ dty.

for a function ¢ : V. — V.
Lemma 11. [f?t 1s uniformly Lipschitz, then for any a € V and any t = 0.
lye(a) — a| <t] fi(a)| exp(| filLipt)- (58)

Moreover, z'f?i satisfies a 4-points control, then for any a,be V and any t = 0,

Ai(a,b) := |ys(a) — a — ys(b) + b|

< {Fiteu(a.) exw ((Rlarlab) + (7)) a3l 69

with

au(a,b) = sup [ys(a) = al v |ys(b) = b < t((| Fila)| v [ Fi®)]) exp(| filvipt)). (60)

s€[0,t]

In particular, z'f?i satisfies a 4-points control and is bounded, then a — y(a) is
Lipschitz from V to (6([0,T], V), ||[lsc)-
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Proof. Let us write v := fi € €(V, V). Since

yi(a) —a = L(v(ys(a)) —wv(a))ds + tv(a), for any t > 0, (61)

an immediate application of the Gronwall lemma gives (GS)]).

Since v satisfies a 4-points control, for a,b € V, with A,(a, b):=|ys(a)—a—ys(b) +b|,

[v(ys(a)) = vla) = v(ys(b)) + v(b)]
< 0(lys(a) — al v lys(b) = BD|ys(a) — ys(B)] v |a — b + v'As(a,b).  (62)

Besides,
|ys(a) - ys(b)| < |(l - b| + As(aa b)
Injecting (62) into (61]) shows that
¢

Ay(a,b) < aya, b)tv(ay(a,b))|a — b + (0(a(a, b)) + UT)L Ag(a,b)ds

with ay(a,b) given by (60). Again, the Gronwall lemma yields (B3]). O

8.4.2 Bailleul’s approach by truncated logarithmic series

Here U = R? for a dimension ¢ > 1.

Let f:= (7)1, . ,7}) be a family of vector fields which acts on C'(V,V) and
x € €°(RY)) be a weak-geometric p-rough path with 2 < p < 3. By definition of
the weak geometric rough paths, x/ + x%¢ = x'x’ for any 4,5 € {1,...,£}. We
denote by [72, ?J] = ?Z?] - ?J ;, the Lie bracket of vector fields % and ?J The
Lie bracket is itself a vector field.

Assuming that ?is smooth, we define for any (s,t) € T?, a € T and a € V, the
solution (o, a) — ys+(a, a) of the ODE,

«
—

ealsa) = at | FilualBa)xi, s+ 5 |

0 0

o
— —

[fi Filiyse(B,0)x5,dB,  (63)
where we omit the summation over all indice 7, j € {1,...,¢}. We write

Xt,s(a') = ys,t(la a’) = gbs,t + €t,s9 (64)
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where, by iterating (63),

— —> — —

Guala) = a+ Tila)x, + 5 T i)t o + 57 Tlila)t
crala) i= f f 7.7 0(0es(3.0)) — ()], dy B
f f (7, T [i(0ea(r. @) — i)t dy B
f f Tl Tli(yes(v, a))xt x2¥ dvy .
With the weak geometric property of x : Xzsjt + Xii = xi’t:pg,t, we simplify the

expression of ¢ such that

— —

Guala) = a+ Tila)xty + 5 75 Fila) (<5 4+ x28) + 5[ 7 Tilila)s,

=a+ ?ii(a)xgt + ﬁﬁi(a)x J
So ¢ corresponds to the Davie’s almost flow defined in (45).

Proposition 14. Assume that 7)1 € C@fﬂ with 2+~ > p. Then, x defined by ([64])
1s an almost flow which generates a Lipschitz manifold of solutions. Moreover x™
converges to the Davie’s flow v of the Corollary 4]

Proof. We proved in Lemmal[7lthat ¢ is a stable almost flow. We shall show that €,
is a perturbation in the sense of Definition [ and then we use Proposition [l to
conclude that y is an almost flow which is in the galaxy of ¢. We use Corollary 4]
and Remark [6] to conclude the proof.

It is straightforward that €;,;, = 0. We start by computing an a priori estimate of
(a,a) = ysi(,a), for any (s,t) € T? a €V and «a € [0, 1],

1 a . iq

[yse(er,0) = al < of Filolx' lpwsld + Z 1075 Flille %™
1 1

(H? oo + 0o Tt 2) Iclpiot? (65)

< Cuollxfwi?, (66)

2
[pw??

where Cyp := | Fiiloo + [ 5, 7 Hoowl/p With (66)), we control the remainder €, ,

< I %7 7 Folluip + 7 apll s Flillan | Coolllpo?
. ‘ 3
LT gy Fililleol % psoll?

s,t

Het,s
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which proves (26)).
To show the last estimate (27)), we compute for any (s,¢) € T2 and any a,be 'V,

oab) — el f f T 7 ((0er(1.5)) — i8) — i(ys(, @) + ifa) ] ! , dy B

/

1 rB
[ T 0 it ) + it ar

J

1 pB ‘
+ % L L 7:[7]7 ?’C] [i(yt,s(’}/, b)) — i(yt,s(’}/, CL))]Xi,tXi:ltg dry dg.

/

~—

111
We assume that fie €, "7, so 727]1 e €,"". It follows from Lemma [ that 7@7)]

satisfies a 4-points control such that ?Z?Jl(x) = C'|z|” where C a positive constant
with depends on the y-Holder norm of the derivative of ?27] It follows that,

I <C sup |ysu(y,a) —al” [ Sup [Ys:(7,0) — Yo (v, )| + [b— a| | x| 2P
~e[0,1],aeV v€[0,1]
——> 2
+ 7 Filein sup [yse(7,0) — b — yos(7, @) + al[x©V[2w2?,
~€[0,1]

which yields combining with (59), (60) and (66]) to
2 2
1| < CC 4 x[wlP (1 + Cr)[b — a||xV 202 + | F; ilunCrlo — al|xW2w?

pst pst7

where C7 is a constant which is computed in (B9). Finally, |I| < 0r|b — a| where
Or is a constant depending on the norms of 7), x which decreases to 0 when
T — 0. Similarly, we obtain the same estimate for II. To estimate III, we note
that 72[7)],7),?]1 € 6,. Then with (59) it follows that |III] < C’%w%ﬂb — al”,
where C7. is another constant which has the same dependencies as C7.. Thus
le(b) — e(a)| < b —al + C%wQ/p|b — a|?. This concludes the proof. O

Remark 8. This result can be extended to the case U is a Banach case. It is an
advantage compared to the Friz-Victoir’s approach of Subsection B3l
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