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Abstract

Solving the equations for Kirchhoff elastic rods has been widely ex-
plored for decades in mathematics, physics and computer science, with
significant applications in the modeling of thin flexible structures such as
DNA, hair, or climbing plants. As demonstrated in previous experimental
and theoretical studies, the natural curvature plays an important role in
the equilibrium shape of a Kirchhoff rod, even in the simple case where
the rod is isotropic and suspended under gravity. In this paper, we in-
vestigate the reverse problem: can we characterize the natural curvature
of a suspended isotropic rod, given an equilibrium curve? We prove that
although there exists an infinite number of natural curvatures that are
compatible with the prescribed equilibrium, they are all equivalent in the
sense that they correspond to a unique natural shape for the rod. This
natural shape can be computed efficiently by solving in sequence three lin-
ear initial value problems, starting from any framing of the input curve.
We provide several numerical experiments to illustrate this uniqueness
result, and finally discuss its potential impact on non-invasive parameter
estimation and inverse design of thin elastic rods.
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1 Introduction

Long and thin flexible structures, alternately called strands, filaments, threads,
or fibers — and we shall use the latter name in this paper — are well spread
in our environment. It is actually striking to note that such one-dimensional
structures represent a large body of physical, biological and manufactured phe-
nomena at the macroscopic scale, such as hair fibers, plant stems, or cables,
but also at much smaller scales, such as macromolecules or carbon nanotubes.
In many cases, fibers are not naturally straight but feature an intricate natural
shape, which may be for instance wavy or curly. For small strains and when
not overly constrained, their deformation is dominated by bending and twisting
elastic deformations, while stretching and shearing can be neglected. Due to ge-
ometric nonlinearities, fibers are prone to large displacements and instabilities,
such as buckling. The diversity and complexity of the resulting shapes greatly
contribute to the structural richness of the real world.

Kirchhoff’s theory for thin elastic rods Equations for inextensible and
unshearable elastic fibers were first developed by Kirchhoff and Clebsch in their
theory of thin elastic rods under finite displacements [1, 2]. Within a more
general framework on shells, rods and points, the Cosserat brothers [3] later on
proposed a clever mathematical representation of the rod geometry: the rod was
described as a space curve, namely the centerline, together with a material frame
attached to the cross-section of the rod and continuously rotating along the
centerline about the so-called Darboux rotation vector. A modern description
of these theories can be found in [4, 5].

In the past, a large body of research has been devoted to the analytical study
and numerical solving of the Kirchhoff rod equations, for a diverse set of applica-
tions ranging from the understanding of DNA supercoiling [6, 7, 8] and climbing
plants [9, 10] to the simulation of submarine cables [11, 12], surgery threads and
needles [13, 14], and hair [15, 16]. In all these problems, it has especially been
shown that taking the natural curvature! into account has a great impact on
the equilibrium states of a fiber, see for example [17, 18] for an analytical and
numerical writhing model or [19] for experiments. Particular cases such as a
suspended fiber under gravity or a coiling fiber on a rigid substrate have been
studied theoretically and experimentally in [20] and in [21], respectively.

In this paper, we are concerned with the reverse problem: how can the nat-
ural curvature of a fiber be characterized, given one equilibrium configuration?
More precisely, given an arbitrary space curve, how can it be interpreted as the
centerline of a Kirchhoff rod at equilibrium? When material parameters are
fixed, what are the conditions that should be satisfied by the natural curvature
of the corresponding rod? Does a natural curvature field meeting these condi-
tions always exist, and if yes, is it unique? Our main contribution here is to
show that, in the case of an suspended isotropic fiber under gravity, any input

IThe term curvature is used here for the sake of simplicity. In the following we shall rather
talk about material strains, which includes the material twist and the material curvatures of
the rod.



curve determines a unique natural shape (corresponding to equivalent natural
curvature fields), regardless of the infinite set of admissible material frames for
the input curve.

Inverse static design The problem we investigate belongs to the class of so-
called inverse design problems, where material parameters are known and one
is looking for the natural (or intrinsic) shape of an object. This is in contrast to
inverse measurement problems, where material properties are searched for [22].
In particular, we focus on an inverse static problem, where the only available
information is a shape of our object at equilibrium under gravity.

Different communities, from Applied Mathematics and Mechanics to Com-
puter Graphics, have been conducting analytical and numerical studies for solv-
ing inverse problems in structural mechanics, and a good introduction to these
is given in [23]. More specifically, a number of studies have been conducted
in the case of elastic materials. On the one hand, some deep mathematical
analyses of continuous systems were performed, mostly to identify material pa-
rameters such as Young moduli of arbitrary objects [24] or geometric properties
such as the cross-sectional area or the second moment of inertia of a beam [25].
Such analytical approaches were however limited to the context of linear elas-
ticity. On the other hand, numerical approaches have been explored to tackle
inverse problems related to more general, nonlinear systems. These methods
were in particular applied to the inverse design of mass-spring systems [26] and
FEM models [27, 28, 29], with some applications to the fabrication of compliant
mechanisms [30, 31]. The connection between these numerical approaches is
that they all use a nodal discretization of the system, i.e., both the deformed
and natural shapes are described by 3D positions. The resulting inverse problem
is thus nonlinear and is classically solved using a Newton-Raphson approach,
potentially combined with continuation techniques [29]. However, a solution
may not always exist for arbitrary input shapes, and one may prefer to relax
the problem using a least-squares formulation [32], which consists in minimiz-
ing the misfit between the model prediction (computed by simulation) and the
input data. Anyway, in all cases one is faced with two major issues. First, as
the misfit function is non convex and possibly of very large size, local optimiza-
tion methods may often be computationally expensive, or worse may simply fail
to find the global minimum (similarly, the Newton method may fail to find a
solution even if it exists), while global optimization may be too costly to be
employed. Second, if it succeeds, such a straight numerical treatment provides
only a single solution to the (under-determined) inverse problem and does not
give any insight about the general structure of the subspace of solutions.

In some early works, authors of this paper have shown that in the case of a
discrete Kirchhoff rod, a nonlinear formulation proves to be unnecessarily com-
plex for inverting the rod under gravity. Indeed, when relying upon a discrete
rod model parameterized by curvatures, such as the super-helix model [15],
the inverse static design problem boils down to a simple linear system to be
solved [33, 34]. However, some preliminary step needs to be performed for con-



verting the input curve into the geometry of the discrete model — a piecewise
helix in the case of the super-helix model [35]. Though appealing, this approach
still remains very dependent on the underlying discrete model, and does not eas-
ily extend to other discrete systems. Moreover, although the natural curvature
field is unique once the actual curvature field has been computed, there is no
guarantee that the geometric conversion step yields a unique actual curvature
field from the input curve. This conversion step becomes particularly ambiguous
when refining the number of elements — each element becoming straighter and
straighter —, preventing the treatment of the limit (continuous) case. Thus no
conclusion can be drawn w.r.t. the uniqueness of the natural shape, neither on
the discrete nor on the continuous model.

In this paper, we examine the strong, continuous equations of Kirchhoff,
independently of any discrete scheme. We prove that although there exists
an infinity of natural curvature fields satisfying the equilibrium of the input
curve, all these different solutions are actually equivalent, in the sense that they
determine a wnique natural configuration, up to a rigid motion. This natural
shape can be computed efficiently by solving in sequence three linear initial
value problems, starting from any framing of the input curve. The benefit is
not only the design of a simple, fast and robust inversion procedure, but also a
better characterization of the whole space of solutions, which opens the way for
a reliable parameter identification process for fibers in the short term.

Framework In this work we restrict ourselves to the study of a static Kirch-
hoff rod that is clamped at one end while the other end is free. Moreover, the
rod is subjected to some known external force field such as gravity. We further
assume that the rod is homogeneous and isotropic in both material and geomet-
ric ways, that is, material parameters (Young modulus, linear mass density) are
uniform and the geometry of the cross-section is circular and uniform. Although
limiting, these assumptions remain reasonable when studying particular cases
of real thin elastic rods such as plant stems or hair fibers. We discuss potential
extension of our work to more general systems in conclusion.

Organization of the paper The paper is organized as follows. In Section 2
we recall the equations for the equilibrium of a Kirchhoff rod. In Section 3 we
specify all the possible framings of an input curve I', and establish the exact
relationship between the curvature vector fields of two equivalent material frame
fields. Section 4 is the central part of our paper, as it proves the uniqueness of
the natural shape of a Kirchhoff rod whose centerline matches the input curve
I’ at equilibrium under gravity. In Section 5 we describe a simple numerical
algorithm for computing this unique natural shape, and illustrate our uniqueness
result through several numerical experiments. Finally, we discuss in Section 6
the limitations and the scope of our theoretical and numerical contributions,
before concluding.



2 Background: equilibrium of a Kirchhoff rod

Before tackling our inverse design problem, we recall here the fundamental prin-
ciples governing the equilibrium of a Kirchhoff rod.

Let SO(3) be the group of 3D rotations and Cf; ) the set of functions
from E to F' that are n times continuously differentiable. We consider an inex-
tensible and unshearable material rod of length L, represented by a centerline
I' e CE’[O’L]_’R‘%), together with a material frame R € C(2[O,L],SO(3))7 both param-
eterized by arc length s € [0,L]. At location s, the vector I'(s) gives the 3D
position of the centerline; the rotation R(s), represented as the set of three
vectors of R3, R(s) = {ng(s),n;(s),nz(s)}, encodes the frame attached to the
cross-section of the rod. As the rod is assumed to be inextensible and unshear-
able, the frame R(s) is orthonormal and adapted to the centerline I'(s), so that

its first vector coincides with the tangent of the curve?,

Vs €[0,L] mo(s) =T"(s) (1)

while the two vectors ny(s) and ny(s) are attached to the cross-section of the
rod, which is orthogonal to the tangent (see Figure 1a). We further assume that
the rod is clamped at s = 0 with prescribed clamped position I'(0) = 'y and
orientation R(0) = Ry, while the end of the rod s = L is free.

2.1 Kinematics

From s = 0 to s = L, the material frame R(s) continuously evolves along
the centerline I'(s) through infinitesimal rotations about the so-called Darbouz
vector (s) € C(1[07 1),r#) Which represents the instantaneous space rotation vector
of the rod. This space evolution mathematically writes

Vs [0,L] R'(s) = [Qs)], R(s), (2)

X

where [u]x denotes the skew symmetric matrix corresponding to the vector cross
product operator, i.e., [u]xv = u x v for all u,v € R®. The local coordinates
of Q(s) in the material frame, denoted by k(s) € R3, represent the material
strains of the rod. More precisely, we have Q(s) = R(s)k(s) with x(s) =
[Ko(s), k1(s), ka(s)], where ko(s) € C(1[07L]7R) stands for the material twist and
k1(s) € C%[O’L]’R) and ka(s) € C(l[O,L]’R) for the material curvatures of the rod. By
noticing that for any rotation matrix R € SO(3) the following property holds,

YueR®, [Ru], R=R|u],, (3)
we can reformulate Equation (2) as

Vs € [0,L] R'(s) =R(s) [k(s)], - (4)

2This is known as the Euler-Bernoulli condition. It encodes the incompressibility and no
shear conditions of the rod, and couples the frame to the centerline.



(a) Adapted frame to I'(s) (b) Two different material frames adapted
to I'(s)

Figure 1: (a) A Kirchhoff rod is kinematically described as a 3D curve I'(s) together
with a material frame R(s), which is adapted to I'(s). (b) An arbitrary curve I'(s)
may be framed by an infinite number of adapted material frames; given one candidate
frame R*(s), another candidate frame R’(s) can be parameterized by the rotation
angle 0(s) made from R°(s) to R(s) about the tangent vector no(s).

Finally, by compacting the centerline and the material frame into one single
function F = {I'R} € Cf 11.rs) % Cio 1,50(3)) and assuming the  function
is fixed, the full kinematics of the rod can be formulated as an explicit® linear
first-order Cauchy-Lipschitz problem, referred to as the Darboux problem (see,

e.g., [36]),
{ Vse€[0,L] F'(s) = {no(s) i R(s) [/@(s)]x} (5)

with  F(0) {T'0 ; Ro} as initial conditions,

which admits a unique solution. Note that the ambient space is not a vector
space but rather a nonlinear differentiable manifold, since the kinematic rela-
tionship for the material frame operates onto the non commutative Lie group
SO(3). Due to non commutativity, the solution has no formal expression in the
general case.

From I to x and from x to I' As a result of System (5), any framed curve
F = {I; R} satisfying (5) may be equivalently described as the set

F = {F S C?[O,L],]R3); R € C(2[0,L],SO(3))’ s.t. Ilo(S) = F/(S) Vs € [O, L]},

3Coefficient of the highest derivative is 1.



or, relying on the material strains, as the simpler (unconstrained) set
F ={To € R*;Ro € SO(3); & € Cig, 11 p%) }-

In the following, we shall make use of these two equivalent representations.
Note however that for the sake of simplicity, the first one will be abbreviated as
{T"; R}, assuming that R is implicitly adapted to T'.

Conversely, the knowledge of the material frame field R unequivocally de-
termines the Darboux vector field ©, and thus the material strain vector field
k. However, an infinite number of material frame fields R may be constructed
from a single input curve T, since the only requirement is that one vector of
the frame match the tangent of the curve (see Figure 1b). In Section 3, we
parameterize the set of material frame fields adapted to a given curve I', and
establish an equivalency condition on the respective strain vector fields.

2.2 Statics

Let p be the volumetric mass density of the rod and S the surface area of its
cross-section. We assume the rod is only subjected to known external forces
such as gravity. Expressing the balance of linear and angular momentums on
an infinitesimal portion of the rod and neglecting inertial momentum due to
the vanishing cross-section lead to the following static equations for a Kirchhoff
rod,

{ T'(s) +p(s) =0 (6a)
M'(s) + no(s) x T(s) =0 (6b)

where p is the linear density of external forces (for instance, in the case of
gravity, p = —pSge,) and T(s) and M(s) are the internal forces and moments
respectively, transmitted from the free part of the rod through its cross-section
at s.

Elastic constitutive law Let F be the Young modulus of the rod, p its shear
modulus, and Iy, I; and Iy its torsional and bending momenta, respectively.
Static equations are completed with a constitutive law that expresses the ability
of the rod to bend and twist elastically,

Vs e [0,L], M(s) =R(s)Ks (x(s) — &(s)), (7)

where K3 = diags (Ko, K1, K2) is a diagonal 3 x 3 matrix collecting the twisting
and bending stiffnesses Ko = uly, K1 = EI;, and Ky = Els respectively, and
where %(s) € R? collects the natural strains of the rod, used to model natural
“curliness”, i.e., the shape the rod would take in the absence of external forces,
which is not necessarily straight*. As we are modeling a homogeneous material,

4However, as we show in this paper, natural curvatures are not an intrinsic quantity for
the rod since their value depends on the underlying framing of the rod. For an isotropic and
clamped curve, the natural curliness of the rod is actually better characterized by the under-
formed configuration T' of the rod, which is independent of any framing as we demonstrate
here. When they are computable, the Frenet curvature and torsion also form an intrinsic
parameterization of the natural curliness.



both the linear mass density pS and the stiffness matrix K3 are assumed to
be constant. In contrast, the natural strain vector £(s) may vary spatially to
account for a wide range of natural shapes. Finally, we consider here the case
of a circular cross-section only (isotropic cross-section), coupled to an isotropic
material, meaning that Ko = Fu a*and K = Ky = ik a*, where a is the radius
of the cross-section.

Boundary conditions As mentioned earlier, we consider the rod to be clamped
at s = 0 and free at the end s = L. Corresponding boundary conditions read

') =Ty Enforced clamped position (8a)
R(0) =Ry Enforced clamped frame (8b)
T(L)=0 No external force at free end (8¢)
M(L)=0 No external torque at free end. (8d)

2.3 Direct vs inverse problem

To the best of our knowledge, equilibria of a Kirchhoff rod have been only studied
in the direct way, that is, assuming that all parameters — natural strain vector
field &, linear mass pS, stiffness K3 — are known, while the geometric config-
uration I' of the rod at equilibrium is unknown (as well as the material frame
R). In that way, Equations (5-7) together with the boundary conditions (8a)
at s = 0 and s = L form a nonlinear and stiff boundary value problem, which
has no explicit solution in the general case and is known to be difficult to solve
numerically. In particular, such a system is known to be prone to bifurcations,
that is, multiple equilibria may coexist for a fixed set of parameters and their
number may vary function of the parameters.

In contrast, in this paper we examine the reverse way, where only the cen-
terline I of the rod at equilibrium is known (not the material frame), whereas
parameters of the rod are unknown. More precisely, we are interested in the
inverse design problem for Kirchhoff rods, consisting in identifying the natural
strain vector field k of a Kirchhoff rod at equilibrium from its geometric config-
uration I'. Compared to the direct problem, the inverse problem turns out to
be much simpler to study and solve for, as it boils down to a linear IVP of first
order (see Section 4). However, the choice of the initial framing of the input
curve I' has an impact on the natural strain vector field that is solution to the
inverse problem. The fundamental result of this paper is to show that all these
different solutions are actually equivalent, in the sense that they determine the
same natural configuration T, up to a rigid motion.

Before considering the mechanical equations of our inverse problem in Sec-
tion 4, we provide more geometric insight to the problem in Section 3, by char-
acterizing how for the same curve two different sets of framings relate to each
other.



3 Equivalent framings of a geometric curve

In this section we see how to transform a merely geometric curve I' into a framed
curve, i.e., a material rod composed of a centerline I' and an adapted material
frame field R. While the input curve only carries geometric information, the
material rod carries some mechanical information, such as how matter deforms
along the centerline. The key result of this section is to establish the exact
relationship between the strain vector fields k% and x° related to two different
framings R® and R? of the input curve T.

Let I" be a smooth curve of length L parameterized by its arclength s € [0, L].
At this stage, required degree of smoothness varies upon the material frame field
that is chosen. For instance, if the Frenet frame is chosen, as we do later, at
least C3-continuity is required to define torsion as a continuous function of s
(provided curvature does not vanish), allowing us to interpret the Frenet frame
as a C'-smooth material frame. For this reason, we assume as in Section 2 that
I' is at least C°-smooth, that is, I' € C{iy 1) pay-

3.1 Framing a space curve

The idea is to equip I', which is a merely geometric curve, with an orthonormal
and adapted material frame field R = (ng = I, ny,ny) € C(2[0,L],SO(3))' Given
such a frame field, there exists a Darboux vector field Q € C(l[o’ L).R?) which
corresponds, at each location s, to the instantaneous rotation vector of the frame
R(s), i.e., such that Equation (2) holds. From the Darboux vector field, we may
finally define a strain vector field k = (ko, k1, ko) which satisfies Equation (4).

Classical examples of material frames The Frenet frame is a material
frame which admits the Darboux vector Q/(s) = 7,(s) n (s) + Kg (s)n(s) and
the material strain vector k/(s) = (74(s),0, r,4(s)), with nf(s) the binormal
of the curve I'(s), and k4(s) and 74(s) the geometric curvature and torsion,
respectively.

Another popular material frame is the Bishop frame, which has the partic-
ularity to have a vanishing material twist. It has for Darboux vector Q°(s) =
/ig(s)ng(s) and for material strain vector x°(s) = (0,x%(s), k5(s)) with x4(s)

and k5(s) two functions satisfying (x} (s))2 + (HS(S))Q = K2(s).

General case We see that there are multiple ways — actually an infinite
number of ways — of framing I'. It means that there are multiple framed
curves that share the same underlying geometric curve.

Definition 1. We say that two framed curves F¢ = {T'%R*} and F° =
{I'*; R} are equivalent and we denote it by F* = F° when they share the
same underlying geometric curve T'¢ = T'?.

Note that since each framing is implicitly adapted (see discussion in Sec-
tion 2.1), we necessarily have n§ = n} = I'* =T'* when the two framed curves



are equivalent. We are now interested to see how the equivalency condition
translates to the corresponding material frame fields R* and R® and strain
vector fields x* and x, respectively.

3.2 Equivalent frame fields

Let ex be the first canonical vector of R3, ey = [1,0, O]T. The following lemma
establishes an equivalency relationship between the frames of equivalent framed
curves.

Lemma 1. Two framed curves F* = {I'%(s); R%(s)} and F° = {T®(s); R*(s)}
are equivalent if and only if

30 € Clio.11.p)> T4(0) =T°(0) and Vs € [0, L], R"(s) = R*(s) Ro(s),

1 0 0

where Rg(s) = | 0 cosf(s) —sinf(s) | is the rotation of axis ex and angle
0 sinf(s) cosé(s)

0(s).

Proof. Assume the existence of two framed curves F%(s) and F°(s) sharing the
same geometric curve I'(s). Since both frames are orthonormal and adapted to
T, one can be obtained from the other by a rotation of angle 6(s) around the
tangent vector ng(s). This relationship between R%(s) and R”(s) is illustrated
in Figure 1(b), and mathematically reads R’(s) = R(s) Ry(s), where Rg(s)
represents the change of basis matrix from R%(s) to R(s).

The other direction is proved by noticing that the two frames share the same
tangent vector ng(s) and thus have the same underlying geometric curve. [

3.3 Equivalent strain vector fields

The following theorem establishes the relationship between the strain vector
fields of two equivalent framed curves.

Theorem 3.1. Two framed curves F* = {T'%(s); R%(s)} and F* = {T®(s); Rb(s)}
are equivalent if and only if

Iy =1I¢ (9a)
30 € R, R§ = RERy, (9b)
30 € Cio 1) %) 0(0) = b and (9¢)
Vs € [0, L], £°(s) = R_g(s) (5%(s) + 0'(s)ex) . (9d)

Proof. First, we assume that F¢ and F? have the same underlying curve, i.e.,
I'* =T® = TI'. By Lemma 1, there exists a scalar function @ such that 6(0) = 6
and

Vs € [0, L], R%(s) = R*(s)Ro(s)-

10



On the one hand, using the Darboux equation (4) yields
Rb' — Rb[lib] %
and on the other hand, we have

RY = (RRy) = R* Ry + R°R},
=Rk« Re + R*0'ex]xRg using (4) and decomposing R
=R K"+ 0'ex]xRo
=R"Ry[R_g(k* + 0'ex)]x  using Equation (3) on rotations
=R [R_g(k* + 0'ey)]x,

from which we deduce
Vs € [0, L], £°(s) = R_p(s) (K*(s) + 0'(s)ex) .
Second, we assume that Equation (9d) holds. We have

(R*Ry) =R* Ry + R*R),
=Rk xRy + R*[0'ex]xRg using (4) and decomposing R,
=Rk + 0ex|xRo
=Re ['Reﬁb] XR@
= R¥Ry[k’]x  using (3).

Then by Cauchy’s theorem, we obtain R,Rg9 = Ry, and using Lemma 1, ', =
Iy.
O

Special cases Let us derive Equation (9d) in the case when R® is a special
frame field (Frenet or Bishop), and R’ = R is any material frame field adapted
to T', characterized by the strain vector field kK = (kg, k1, K2).

When R*? is the Frenet frame, we obtain

Ko(s) = 74(s) +0'(s)
k1(s) = sinf(s) kq(s)
Ka(s) = cosO(s) Kky(s),

which is consistent with the relationships already provided in [37, Section 253].
When R is the Bishop frame, System (9d) boils down to

ko(s) =6'(s)
Kk1(s) = cos(s) kb (s) + sin (s) K5 (s)
Kka(s) = —sin@(s) k4 (s) + cos O(s) K5(s).

In particular, we retrieve the fact that the material twist x¢(s) of the material
frame R(s) is given by the derivative of the angle 6(s). This nice property made
the curve-angle (T, §) parametrization of a material rod from the Bishop frame

11



particularly appealing [38] and is now preferred by many authors to the classical
Euler angles parametrization. This reduced curve-angle parametrization was in
particular leveraged in Computer Graphics for designing the so-called discrete
elastic rod model, for which primary variables are discrete node positions of the
centerline [16].

4 The inverse static design problem for a Kirch-
hoff rod

From the input curve I'(s), we aim at finding conditions on #(s) and R(s) so
that T'(s) coincides with the centerline of a Kirchhoff rod at equilibrium under
gravity, framed by R(s).

4.1 Mapping between actual and natural framed curves

Starting from the static Kirchhoff equations, we obtain the following property,
which, to the best of our knowledge, has not been formulated before,

Property 1. For any framed curve {To; Ro; k(s)} with the curve T as a center-
line, Kirchhoff’s equilibrium equations are satisfied if and only if K(s) is solution
to the explicit linear ODE of first order,

T

R'(s) + K3 [K(s)]x Ka f(s) = K3 [ex] xR (5)T(s), (10)

where & = K — k and the tension T(s) satisfies the linear momentum equa-
tion (6a) at equilibrium,

In the special case of gravity, we have

L
T'(s) — pSge, =0, e, T(s)= —/ pSge, = pSg(s — L) e,.

Moreover, we have the boundary condition k(L) = k(L), which reads
R(L)=0. (11)
Proof. Equation (10) can be simply derived from the angular momentum equa-
tion (6b) by first differentiating (7) and left-factorizing it by R(s) thanks to the
Darboux equation (4), then rearranging the term ng(s)xT(s) as R(s) (ex X RTT(S))

using the property on rotation matrices (3), and finally multiplying the angu-

lar momentum equation by Kjz! R(S)T. The boundary condition (11) directly
stems from (8d). O
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Equations (10) and (11) form a Cauchy problem, which admits a unique
solution. Thus, to any framed curve F = {I';R} = {To;Ro;k(s)}, we can
associate a unique natural framed curve F = {I'; R} = {T'o; Ro; k(s)} where &
is the unique solution to the Cauchy problem (10 — 11). In the following we
prove that T is actually unique whatever the framing R chosen for the input
curve I'. The key is to show that all the £ solution to Cauchy problems with
varying R are actually equivalent.

4.2 Equivalent natural strains

It is now time to enunciate our central theorem, which establishes the relation
between natural framed curves that are associated to equivalent framed curves.
We focus on the case where T(s) is independent of the framing of the curve. It
is the case when the rod is only subjected to gravity for example.

Theorem 4.1. The natural framed curves associated to two equivalent framed
curves are equivalent, i.e.,
Fl=F' = F*=F"
Proof. To prove this result, we use an equivalent formulation of Equation (10),
corresponding to its scaling by R Kg,
REK3# +R[k]x K3k =ng x T(s) with & =& — k. (12)

We assume that we have two equivalent framings R® and R? for the input curve
I, so that, according to Lemma 1 and Theorem 3.1,

RV =RRy and k" =R_g(k*+0ey). (13)

We also suppose that k® is solution of Equation (12) for R = R* and k = k,
that is )
R® Kg RY +R® [Kla]x Kg R = ng X T(S) (14)

We show in the following that &* = R_g (k% + §'ex), which is equivalent to &®

(with the particular angular function ), is solution of Equation (12) for R = R®
and K = KP.
We start by noticing that

pb b _ b
=R_g (" +0ex) —R_g (k" + 0ex) using the definition of ¥* and (13)
=R_g (K" — k%)
=R_g R, (15)
and that
RV = (R_g &%) using (15)
= (R_g) &*+R_gR"
= —0 [ex], R_gA®+R _gR". (16)
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Then, since we are considering the isotropic case (isotropic material and
circular cross-section), we have K1 = Ks, and one key consequence is that
the diagonal matrix K3 commutes with any 3D matrix A of the form A =
diags (a, B) where a is a scalar and B a 2D matrix. In particular, we have

RoeKs=K3Ry and e K3z=Kjse,. (17)

We now derive the left-hand side of Equation (12) for R = R? and = s,
by replacing R®, x?, 4, and &% with their expressions given by (13), (15), and
(16), respectively. This yields

RUK3 Y +R® [¥]  Ksa®
=R Ry Ky (—0 [ex], R A" +R A" ) + R Ry [Rog (5° +0'ex)], Ks R
— ROK, (—9’ lex], A%+ ﬁe“/) + RO Ry [Rg (5" + 0'ex)], R_gKsia® using (17)
=R K; (—0’ lex], R®+ l%a/> + R [k" + 0'ex], K3 using (3)
=R°K3i” + R (=0 [ex], + [* + 0'ex], ) Kg&® factorizing and using (17)

= RK3 i + R [x], KzA®
=mnp x T(s) using (14).

O

From the above proof, we remark that when two input frames differ from an
angular function 6(s), then the two associated natural frames also differ from
the same angular function 6(s).

Uniqueness of the natural configuration immediately follows from Theo-
rem 4.1,

Corollary 4.1. The natural configuration T' is independent of the framing of
the input curve I'. It is thus unique.

As a consequence, combining Property 1 and Corollary 4.1 provides us with
a simple inversion procedure, described in Section 4.3. As a side note, we
would like to mention that while the natural configuration T' of a Kirchhoff rod
matching a given curve I' at equilibrium is unique, the reverse is not true. In-
deed, different rod equilibria may correspond to the same natural configuration
(imagine for instance a 2D cantilever beam bent either on the right or on the
left). Inverting each one of such different equilibria would of course lead to the
exact same natural configuration. This brings an interesting view on the well-
posedness of the static Kirchhoff problem: while the direct problem is ill-posed
(multiplicity of solutions due to the presence of bifurcations), the inverse prob-
lem is actually well-posed in the Hadamard sense. We have indeed proved here
that the solution to the inverse problem exists and is unique. Continuity w.r.t.
data is straightforward due to the fact that Equation (10) is linear in K. Some
hints at the sensitivity of the inversion process are in turn given in Section 55.3.
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4.3 Inversion procedure

Given an arbitrary curve I', we may first frame it by choosing any adapted
material frame field (for instance the Frenet frame), then compute the unique
solution & to the Cauchy problem (10-11), and finally integrate the full Darboux
problem (5) for computing first the natural frame field R and finally the unique
natural shape I'. Note that changing the initial framing may of course change
the value of the resulting natural strain vector field x and of the natural frame
field R, but not the value of the natural configuration T'. Section 5 gives some
numerical examples illustrating this inversion procedure.

5 Numerical results

The goal of our inversion procedure is to find the unique natural shape I for a
given equilibrium state I'. To numerically solve this problem we need to retrieve,
as a preliminary step, an equilibrium configuration {R;k} corresponding to a
given equilibrium shape I'. In this work equilibrium configurations are obtained
by two means. One is by defining the equilibrium shape I' as a model shape
for which a configuration {R; «} is analytically accessible by solving the Frenet-
Serret Equations. The other is by using a static simulator to find synthetic
equilibria achieved from an initial rest shape; in this case the outputs of the
used simulator are the shape T'(s) and the strain field x(s), however by solving
Darboux’s equations (see eq 4) we can compute the corresponding frame field.

Numerical scheme Once we have an equilibrium configuration, our numeric
solution consists in three steps. First we solve for % in Equations (10-11), which
is an initial valued problem consisting of 3 coupled equations for the components
of the strain field #(s) = k(s) — k(s), and if expanded, reads as follows,

1(s)
2(s) — ma®pg(s — L)by (18)

subjected to the condition, K(L) = k(L) equivalent to 4(L) = 0, and where
(Ko, K1,K2) is the trace of the stiffness matrix K3, and be and ng are the z-
components of the binormal and normal vectors respectively, in the frame R. To
deal with this system of coupled equations we implement a standard numerical
solver in MATLAB, relying on the builtin function ode45, which deals by itself
with the condition at the end of the rod #(L) = 0. Once we obtain a solution
for %, we straighforwardly compute k(s) = &(s) + &(s).

The next step is to solve Darboux’s equations (see eq 4), which correspond
to solve 3 systems of 3 coupled equations each, with the enforced clamped
frame condition R(0) = R(0). Again ode45 in MATLAB solves this 3 systems
separately, and outputs the frame for the rest shape, R.
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On the final step we retrieve the rest shape by integrating the tangent,
equivalent to solve I'(s) = #(s), which is a simple integration of 3 uncoupled
first degree differential equations with the initial value I'(0) = I'(0).

Numerical experiments In the following we illustrate our theoretical results
through three kinds of numerical experiments. First we apply our inversion
procedure to three arbitrary model cases with analytically known equilibrium
configurations, but whose natural shapes are unknown (Section 5.1). Then we
show that our inversion procedure provides, as predicted by Corollary 4.1, the
same natural shape whatever the chosen input frame (Section 5.2). Finally we
examine the sensitivity of our inversion procedure w.r.t. input data by applying
our algorithm to initially horizontal straight rods with different Elastic moduli
(Section 5.3).

5.1 Application to the inversion of model curves

In this section we tackle the case of arbitrary curves which are freely chosen by
the user. In particular, we consider the three following model space curves of
different lengths that we parameterize by the function of the arc length ¢(s),

e Helix: I';,(s) = [Rcos(t(s)), Rsin(t(s)), —At(s)], for s € [0, L] with L;, =
0.3(m),

e Conical helix: T'.(s) = [Ae!(®)/“ cos(wt(s)), Aet*)/« sin(wt(s)), —At(s)],
for s € [0, L] with L. = 0.23(m),

e X-Z Planar wave: I',(s) = [Asin(wi(s)),0, —At(s)], for s € [0, L,,] with
L, =0.7(m).

These three shapes are illustrated in Figure 2 (black dashed lines). Our goal
is now to interpret these shapes as the equilibrium configurations of Kirchhoff
rods. Note that since these shape are analytically defined, the configuration
{R; Kk} is analytically accessible by using the Frenet-Serret equations.

We set material parameters in the range of very soft materials. We choose for
the Helix Ej; = 5 MPa, for the Conical helix E. = 3.5 MPa and for the X-Z
Planar wave E,, = 23 MPa. Remaining parameters are set, for all curves, as
follows: gravity g = 9.8m/s?, volumetric mass density p = 1200kg/m?, Poisson
ratio v = 0.5, and cross-sectional radius ¢ = 1.5mm.

As we mention before for each of theses curves the corresponding Frenet
frame R/ (s) is analytically accessible. Similarly, we can compute the geometric
curvature 4(s) and torsion 74(s) in an exact manner, through 2-times and 3-
times differentiation of the model curve, respectively. To compute I'y,, T, and
', we run the inversion procedure described at the beginning of this section.

Figure 2 depicts, for each model curve, both the input shape (black dashed
lines), and the corresponding natural shape computed by our procedure (light
grey rod). While our input shapes are elementary and the mechanical param-
eters used very close to that of real objects, the retrieved natural shapes are
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Figure 2: Model space curves (dashed black lines) and their correspond-
ing natural shapes (light grey rod). From left to right, Helix with radius
R = 15mm and pitch 27\ with A = —3.18mm; Conical helix with pseudo-
amplitude A = 0.8mm, pseudo-wavenumber w = 2m~! and pseudo-wavelength
A ~ 16mm; and X-Z Planar wave with amplitude A = 50mm, and wavenum-
ber w ~ 63m™1!.

rather complex: it would be impossible to “guess” them without using an in-
verse design procedure.

To help visualize the practical interest of our results, we have simulated
the direct dynamics of each retrieved rod, using a dynamic implementation of
the super-helix model [15], with 200 rod elements. The simulator is initialized
at time ¢t = 0 with the natural shape as the actual configuration, and zero
velocity; then gravity is applied together with some damping, and the simulator
computes the new configuration of the rod at each next time step. For each
case, we observe that the rod dynamics converges to the (dashed) input shape,
showing that the latter corresponds to an equilibrium configuration. These
three simulations are included in our supplementary video. Note that to achieve
such results and, in particular, guarantee that the input shape is not only an
equilibrium, but a stable equilibrium, we had to choose the bending modulus
ET and the linear mass density pS in a proper range of values (the rod should
not be too soft nor too heavy), similarly to what was predicted in the discrete
case [33]. In the future we plan to establish the exact stability conditions in the
continuous case.

Finally, it is noteworthy that in the X-Z Planar wave example, the re-
trieved natural configuration is also planar. Indeed, looking at the ODE (18),
it is easy to prove that when the input shape I' is planar and when the external
force (gravity) is lying in the same plane, then the natural configuration T is
necessarily planar. We leave the proof as an exercice to the interested reader.
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5.2 Illustration of the frame invariance

In the previous section we have always used the Frenet frame to frame our input
curves. However, Corollary 4.1 guarantees that the natural shape is independent
of the initial framing. To illustrate this invariance result, we consider the Helix
curve from Section 5.1, and frame it in different ways. From its Frenet frame
R/ we can compute the Bishop frame R®, which is equivalent to finding the
rotation defined by the function (s) about the tangent, such that the first
coordinate of the strain vector field vanishes. For the Helix case, this function
is 0°(s) = —As/(R% + A\?), where R and X are set to be 15mm and —3.18mm
repectively, similarly to previous section (see Figure 2). Alongside, we present
two other arbitrary frames F'™ and F®*P, obtained by rotating the Frenet frame
around the tangent by the functions 6" (s) = —67s/L and 0P (s) = —8mes/L,
respectively.

Reference Frame:

— “|O  Frenet Frame

£ 100 A Linearly rotated Frame H
2 9 Exponentially rotated Frame

-200 B Bishop Frame

0.05 0.1 0.15 0.2 0.25 0.3
s(m)
Figure 3: Resulting natural strain vector field for the same input curve Helix,
framed in different ways. From top to bottom we show each component of the
natural strain vector field k.

The procedure to invert the Helix shape using these different frames is
still the same as before. We compute the frames R®, R and RSP, and
the corresponding strain vector fields x°, ", and x®P. With these values we
feed our ODE solver to resolve (18), and obtain g, ®Rin and R®P. These new
solutions are represented in Figure 3 and compared against our previous solution
&/ obtained for the Frenet frame.

We note that depending on the chosen framing of the input curve, the re-
sulting values of the natural strain vectors are notably dissimilar. This is due to
the fact that we are projecting the strains in frames that are very different, as
exemplified for the Frenet and Bishop frame in Figure 4 (left and middle panels
respectively). Despite this strong mismatch between values of k, after solving
the Darboux problem (5), we obtain the same identical curve T for all cases, see

18



Figure 4 right panel.

Curve inverted using:
O Frenet Frame

A Linearly rotated Frame

9 Exponentially rotated Frame
B _Bishop Frame

Figure 4: Left panel, Sampling of the Frenet frame and, middle panel, the
Bishop frame. Right panel, reconstructed natural shapes using the four frames.

5.3 Cantilever beam and sensitivity to input data

Using a static implementation of the super-helix model [15] based on an optimal
control formulation [39], we have run simulations of initially straight horizontal
rods deformed by the action of gravity. For these simulations we have set the
cross-sectional radius to a = 2.225 mm, the length of the rods to L = 0.2 m, the
volumetric mass density to p = 1200 kg/m?, and the Poisson ratio v = 0.5, and
we vary the elastic modulus within the range 10° — 10° Pa. The simulator gives
us the equilibrium strain field from which we can compute the corresponding
frame by solving Darboux’s equations, hence we obtain for each Elastic modulus
value an equilibrium configuration, {R;x}.

The resulting equilibrium shapes, see bottom panel in Figure 5, show a wide
range of deformation. On the top panel in Figure 5, it is clear that our procedure
returns perfectly horizontal rest shapes for high values of the Elastic moduli.
However, as the deformation increases, our solution begins to deviate.

To properly compare our experiments with general cases, we use the natural
length scale of the problem known as the Gravito-Bending length, and defined
as Ly, = (r>E/4pg)'/? in [5], which compares the amount of gravitational work
required to bend a rod with given mechanical and geometrical characteristics.
To quantify the deviation of the rod from the horizontal perfect solution, we
chose the most critical value, namely maz(z(s)). From the inset in Figure 5 it is
noticeable that the error decreases very quickly, only the error for the two most
deflected rod is above 1% of the rod length. To give some context regarding
real objects, a 15 cm human hair with a radius of 50um will have a value of
Lgy/L = 0.24, sufficient enough for this procedure to give a result with less than
1% error.

In order to understand where this deviation comes from, we have first gen-
erated equilibrium solutions with low number of elements (~ 200) and then we
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Figure 5: On the top panel we show the rest shapes obtained from our inversion
procedure using as input the equilibrium shapes display on the bottom panel.
The inset shows the maz(z(s)) as a function gravito-bending length normalised
by the rod length.

have progressively refined them. During refinement, we have observed that the
inversion error becomes asymptotically smaller. The data we are presented in
Figure 5 correspond to very high resolution simulations, consisting of 50,000
elements. This indicates that the source of error comes from imprecisions of
input data, which, in the case of highly deformed rods, are exacerbated due to
a very high sensitivity of our inversion process w.r.t. input data. We plan to
work on this sensitivity issue in the future (see Section 6).

6 Discussion

Limitations To achieve our uniqueness result, we have made several impor-
tant assumptions. First, we have restricted our study to the Kirchhoff thin
elastic rod model, which is perfectly inextensible and unshearable. Considering
a more general model such as a Timoshenko beam would imply adding stretch-
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ing and shearing energies to the model. Shearing energy is only meaningful for
thick fibers, a case that we disregard here. Now if we consider a finite streching
energy, it may be combined to a finite bending energy in different proportions
so that in the end, both compensate each other and yield the same equilibrium
shape. We thus strongly suspect that allowing the rod to stretch significantly
will break our uniqueness result. We are currently working on proving this re-
sult. That said, we note that the Kirchhoff rod model is sufficient to capture
accurately the deformation of real elastic fibers in a fixed-free boundary condi-
tions setup, since in this case stretching is negligible compared to bending. In
our view, focusing on this model is thus not restrictive, even in the perspective
of other clamping scenarios we plan to study, in which bending actually always
predominates over stretching.

Second, we have supposed the rod to be isotropic, from both a material
and geometrical viewpoint (I3 = Kg). If this assumption does not hold, then
the proof of Theorem 4.1 breaks. Indeed, isotropy yields commutativity of the
stiffness matrix K3 with any 3 x 3 matrix with a left-top diagonal term, a key
property for proving the equivalence of natural framed curves associated to
equivalent framed curves. In the anisotropic case, uniqueness of the natural
configuration is thus not guaranteed anymore, as illustrated in Figure 6 where
we have applied our inversion algorithm to a rod with an ellipical cross-section,
using different input framings. This result is actually rather intuitive: for an
anisotropic rod like a thin ribbon, the sole knowledge of the centerline is not
enough to determine the natural configuration; the entire cross-sectional field,
that is the way the cross-section is oriented along the centerline, is needed to
remove ambiguities. If in contrast one possesses the full geometry of the rod,
that is the centerline plus the cross-sectional field, then one may reconstruct the
material frame field (for instance by identifying the evolution of the principal
axes of the cross-section), hence the material curvature field, and then retrieve
the unique natural curvature field yielding a unique natural shape.

Third, we have only considered gravity as an external force field, but our
theoretical framework remains valid for other force fields provided these are
unequivocally defined and frame-invariant (that is, independent of 8 and thus of
k and k). For instance adding a known punctual contact force, or an electrostatic
force, would fit in with our framework. However, typical force fields which do not
satisfy the request above are dry frictional forces, since they are indeterminate:
they should belong to the Coulomb friction cone, but their magnitude and
direction are not known. Similarly to what we have shown in the past in the
discrete settings where the inverse problem has an infinity of solutions [40],
in the continuous case the presence of Coulomb friction force also breaks our
uniqueness result: to each different friction force satisfying the Coulomb conical
constraint, it may correspond a different natural shape for the equilibrium to
be satisfied.

Then, we have restricted the boundary conditions to the case where one end
of the rod is clamped while the other is free. This scenario is valid for wide a
range of naturally growing systems such as hair or plants. Many applications
however involve different settings, especially fixed-fixed boundary conditions,
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Curve inverted using:
Frenet Frame
=== |inearly rotated Frame
=== Exponentially rotated Frame

=== Bishop Frame

Figure 6: Inversion of the Helix curve with an elliptical cross-section, using
four different input framings. Due to the anisotropy of the cross-section, our
invariance result of the natural shape w.r.t. the framing is not valid anymore.
This also means that in the anisotropic case, the sole data of the centerline is
not sufficient to determine unequivocally the natural shape of the rod.

e.g., cables that are clamped at both ends. Without the proper knowledge of
forces or torques applied at both ends, it is likely that the uniqueness result will
break again, as in the frictional contact case. Imagine for instance a naturally
straight rod and a naturally twisted rod. For them to yield the same equilibrium,
it is sufficient to apply appropriate torques to the two fixed ends of the naturally
straight rod. In the future we would like to study in deeper details how to
disambiguate more general settings with non-straight rods subject to fixed-fixed
boundary conditions.

Finally, we have only considered inverse statics in that paper, but a natural
extension of our work would be to take dynamic data as input and to retrieve
more information than a natural shape. When a Kirchhoff rod is under dynamic
motion, Equation (10) still holds, the only difference being the expression of the
tension T(s,t), which now incorporates at each time ¢ the linear acceleration of
the rod I'(s,t). If the acceleration field is entirely known for a certain time ¢*,
then our results apply exactly as in the static case. If now accelerations are
only partially known at different instants in time, our inverse procedure could
be leveraged to recover missing acceleration data by using the property that all
recovered natural shapes should be identical.

Future Work Overall, our uniqueness result along with a practical algorithm
to recover the natural shape offer some promising developments and applications
in the long run.

On the one hand, as we have already started to numerically investigate,
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our inversion procedure could be used to design and automatically fabricate
complex rod shapes that would match the user input in the presence of external
forces. To make such a process feasible in practice, a number of theoretical
and practical issues would need to be examined. First, as already pointed out
in the result section, some conditions guaranteeing the stability of the input
shape should be established to select appropriate material parameters. Then,
unfeasible designs should be automatically avoided, such as self-interpenetrating
natural shapes (like those in Figure 2, left and right) or material parameters
that are out-of-range for fabrication.

On the other hand, our inversion procedure could be leveraged as a merely
non-invasive identification pipeline, which would allow to recover physical pa-
rameters of a fiber solely from the observation of its shape under external forces.
It could subsequently serve to control the exact amount of input information
needed (e.g., a minimal number of poses) to allow for an accurate identification
process, not only of the natural rod configuration, but also of its material pa-
rameters. The major challenge here stems from the accuracy of measurement
of the input data. Indeed, our preliminary numerical tests (see Section 55.3)
show that the solution to the ODE (10) is very sensitive to the input data .
To add a supplementary difficulty, computing actual material strains x requires
the estimation of high-order derivatives of the input shape — for instance, for
the Frenet frame, at least third-order derivatives. We are currently working on
this issue, with the idea that a direct rod simulator could help estimate such
high-order derivatives.

7 Conclusion

In this paper we have introduced the inverse static design problem for isotropic
Kirchhoff rods, and have proved that the solution to this problem is unique,
regardless of the infinite set of possible framings for the input curve.

For a few decades, several communities, from Computational Mechanics to
Computer Graphics, have been interested in elastic inverse design problems.
This growing interest has been especially boosted by the advent of additive
fabrication, making it possible to fabricate models with predicted properties,
and check for their validity in practice. In the case of nonlinear elastic fibers, our
analysis reveals an exact and unique mapping from the deformed to the natural
configuration. This allows for a straighforward inversion procedure, instead
of “blindly” relying upon some nonlinear optimization algorithms as done in
previous work. Such a new insight could be leveraged in the future for various
applications such as the automatic design of rod-based systems at equilibrium,
or the development of non-invasive parameter identification protocols.
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