N
N

N

HAL

open science

Non-autonomous higher-order Moreau’s sweeping
process: Well-posedness, stability and Zeno trajectories

Bernard Brogliato

» To cite this version:

Bernard Brogliato. Non-autonomous higher-order Moreau’s sweeping process: Well-posedness, sta-
bility and Zeno trajectories. European Journal of Applied Mathematics, 2018, 29 (5), pp.941-968.
10.1017/S0956792518000256 . hal-01722772v2

HAL Id: hal-01722772
https://inria.hal.science/hal-01722772v2
Submitted on 19 Nov 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-01722772v2
https://hal.archives-ouvertes.fr

Under consideration for publication in Euro. Jnl of Applied Mathematics 1

Non-autonomous higher-order Moreau’s
sweeping process: Well-posedness, stability
and Zeno trajectories

B. BROGLIATO!

LINRIA, University Grenoble-Alpes, 655 avenue de I’Europe, France
email: bernard.brogliato@inria.fr

(Received )

Submitted to the special issue: The Theory and Applications of Piecewise Smooth Dy-
namics

In this article we study the higher-order Moreau’s sweeping process introduced in [I], in the
case where an exogenous time-varying function u(-) is present in both the linear dynamics
and in the unilateral constraints. First we show that the well-posedness results obtained
in [I] for the autonomous case, extend to the non-autonomous case when u(-) is analytic,
after a suitable state transformation is done. Stability issues are discussed. The complexity
of such nonsmooth non-autonomous dynamical systems is illustrated in a particular case
named the higher-order bouncing ball, where trajectories with accumulations of jumps
are exhibited. Examples from mechanics and circuits illustrate some of the results. The
link with complementarity dynamical systems and with switching differential-algebraic
equations is made.
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1 Introduction

The sweeping processes are a well-known class of differential inclusions, introduced by
J.J. Moreau in [44] [45] [46], and which has had numerous extensions since then (see e.g.
[, 221 23] 25, [35] 26], B9] [59] and references therein). The so-called higher-order sweeping
process (HOSP) was introduced in [I]. The primary objective of the HOSP is to settle
a dynamical formalism which provides a mathematical framework for a state or state-
control unilaterally constrained dynamical system of the form

{ &(t) = Az(t) + BA(t) + Eu(t) (11)
0 <w(t) = Cx(t) + Fu(t) '
where x(t) € IR" is the state, u : IRy — IR’ is an input or exogenous disturbance,
A(t) € IR™ is a Lagrange multiplier, w(t) € IR™ is an output signal, A € IR"*", B €
R™™ CcIR™" Ec IR, F ¢ IR™*P. These systems are square because A and w
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necessarily have the same dimension, A being a Lagrange multiplier associated with the
constraint w(t) > 0 for all ¢ > 0. In Control Theory language, there is an equal number of
inputs and outputs. The complete analysis of the HOSP (including time-discretization)
is done in the autonomous case (i.e. u(-) = 0 in (LI)) in [I] by embedding (LI into
a specific Distribution Differential Inclusion (DDI) that is an extension of the second
order sweeping process which is taylored to Lagrangian systems. The applications may
be found in optimal control with state inequality constraints [16] as well as in feedback
control of circuits [T, Section 6]. The analysis is also close to viability studies [6, 34] if one
thinks of A as an exogenous input (and not as a Lagrange multiplier associated with the
inequality constraint). Within this framework the term BA + Eu(-) may be considered
as an input whose distributional part is A while its function part is u(-).

The HOSP formalism indicates how to design A to assure the positive invariance of the
moving polyhedral set @, 2 {zx € R" | Cx+ Fu(t) > 0}. Consequently it is of interest
to characterize in a precise way the nature of the solutions. The functional framework
for the autonomous HOSP is carefully introduced in [I], where solutions are a subclass
of Schwartz distributions constructed from functions of local special bounded variation.
Whether or not the solutions possess accumulations of state jumps is an important fea-
ture. In the case w(t) = Cxz(t) + DA(¢) for some P-matrix D and u(-) = 0, the results
in [57] apply. Solutions are time continuous and Zenoness then corresponds to switching
modes in the Linear Complementarity Problem (LCP): 0 < w(t) L A(t) > 0. Criteria
that imply non-Zeno solutions are provided in [57]. In [I9] a subclass of (1)) is analyzed
for absolutely continuous and of local bounded variation u(-), under the passivity condi-
tion that there exists P = PT > 0 such that PB = CT. The system is transformed into
a first-order perturbed sweeping process [59], and solutions are either locally absolutely
continuous, or of local bounded variation (in this case the dynamics is a Measure Differ-
ential Inclusion (MDI)). In this article it is shown with specific input functions u(-) that
left-accumulations of state jumps (i.e. accumulations on the left of some time) may occur
in the non-autonomous HOSP. The basic idea is to consider systems which are “higher
order bouncing balls”. More specifically, one may view them as a chain of integrators
with a constant input, and a specific “impact law” which acts on the derivatives of the
constrained signal w(-). In the mechanical bouncing ball system, w(-) is the continuous
position of the ball whereas w(-) is its discontinuous velocity.

This article is organized as follows. Section [2]is devoted to the analysis of a state trans-
formation which allows to recast (L)) into a suitable canonical form for the subsequent
existence and uniqueness of solutions analysis. Section [3 recalls the HOSP framework in
which () is embedded. The well-posedness of the non-autonomous HOSP is studied
in section @l The organization of the overall proof follows closely the one in [T, Section
4]. However since many proofs are the same, and since the well-posedness proof in [I] is
quite long (about thirty pages), only the proofs which differ from those in [I] are pre-
sented. In section Bl the relationships between the HOSP and complementarity systems,
as well as switching DAEs, are explained. In Section [0l we study a particular case of
the non-autonomous HOSP (named the higher-order bouncing ball for obvious analogy
with Mechanics) and we show that the so-called restitution coefficients play a crucial
role in the dynamical behaviour. Section [ deals with the existence of equilibria, stabil-
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ity and positive invariance. Conclusions end the article in section 8 and some auxiliary
mathematics are in the Appendix.

Notations and definitions: The indicator function of a set ® C IR"™ is defined as
Yo(x) =0if x € @, Yo(x) = 400 if © ¢ &. When & is closed, nonempty and convex,
so is Wg(+) and its subdifferential v : IR" = IR"™ is a set-valued mapping, equal to
the normal cone Ng(z) to ® at x. We have Ng(x) = {0} if z is in the interior of ®.
A matrix M is positive definite (M > 0) if and only if 27 Mx > 0 for all z # 0. The
projection of a vector x € IR"™ on @, in the metric defined by M = M7T > 0, is denoted
as proj,, [®; z]. The lexicographical inequality: (z1, 22, ...,2,) = 0 means that either all
x; = 0, or the first non zero x; > 0. Let n and r be integers. The n X n identity matrix is
I,, 0" = (0,0,...,007 € R™* 0, = (0,0,...,0) € R*™*", 0,5, € IR"*" is the zero n x r
matrix. Let M be a matrix with n rows, then M, € IR"*™ denote the first 7 rows of M,
M,,_, its last n — r rows. For a matrix M, M, is its ith row, M,; is its ith column. A
square matrix M € IR™*" is a Stieltjes matrix if [24, Definition 3.11.1] [I2, Definition
2.5, p141]: M = MT, M;; >0forall 1 <i<n,1<j<n,i#j,and M is a P-matrix
(hence it is positive definite since it is symmetric). If M is a Stieltjes matrix, then M ~*
is symmetric non-negative, i.e. the entries (M ~');; are non-negative for all i, j. For a
square matrix M, A\pax (M) denotes its largest eigenvalue, Apin (M) denotes its smallest
eignevalue.

2 State transformation into a canonical form

The analysis of the autonomous HOSP with u(-) = 0 is made in [I] from a specific
state-space representation which allows to settle a suitable functional set of potential
solutions which are Schwartz’ distributions. In this section we show how to extend this
canonical transformed dynamics for ([II), which will be useful for the well-posedness
analysis. Let m = 1 and let the transfer function C(sl,, — A)"'B # 0, s € C. Then
there exists 1 < r < n that is the relative degree between w and A. In other words
CA='B =0forall 1 <i<r—1and the scalar CA""!B # 0. Let us assume that u(-)
is r-times differentiable, and let us denote U(t) = (u(t)T,w(t)?, .., v~V (#)T)T € R,
and W(t) = (u(®)T,a®)T,...,u(#)T)T € RT+YP. Let us perform the extended state
transformatio

z=Wz+TU (2.1)
with z = ( 2 )7 zZ= (2:17227 "'7ZT)T7 5 € Bn—’r, and where

i—2
zi(t) = CA™ o) + Y CA Bul =) (t) + Fuli™Y, (2.2)
j=0
with 2 <@ < 7, z1(t) = w(t) = Cx(t) + Fu. Notice that z; = z;41, 1 < i < r — 1. Due
to the existence of a relative degree between w and ), there exists a matrix W ¢ IR™*"
which is full-rank and such that [54]:

L “Extended” refers here to the fact that this transformation involves both the state and the
exogenous term.
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07"—1
WB=| CA™'B |eR", CW'=(1 0,1 )eR™ (2.3)
On—’l‘
0 1 0 .. 0 Op,
0 0 1 : :
wWAW =] L0 : , (2.4)
0o .. e 01 Opy
di dy ds .. dedf
Be 07 0oL 0T Ag

where A € R B e R and (dT,dY) = (CATWHT with d =
(dy,...,d,)T. Moreover from the definition of the variables z; in (Z2) we have:

F 0, 0p wo o 0, 0, ]
CE F 0, - 0, 0, 0p
CAE CE F .. 0, 0, 0p
T = : : : € R"*"P.  (2.5)
: F 0,
CA"2FE CA™®E .. .. CAE CE F
L O=ryxp Om—ryxp o oo Oaryxp On—ryxp |

The matrix W being full-rank, the state transformation is bijective and z = W= (2 —TU).
This allows one to transform (L)) into the following canonical form (which differs from

similar forms [55, Equation (9.91)] that would be useless for the well-posedness study
that is done in the following):

Zo_1(t) = 2(t)
2.(t) = CATW 1 2(t) — CA"W'TU(t) + CA™ ' BA + 32— CA'Bu"~ 1= (1) + Fu")

§(t) = Ae(t) + Bezi (t) + Geld (1)

(2.6)
for some matrix G¢ € R™ "' such that Geld (t) = — W, AW~ TU(t)+W,,_, Eu(t)+
Tn,rb'{(t). This stems from the fact that § =W, _, i+ T U. Noting that the last n —r
lines of T satisfy T),_, = 0 we obtain & = W,,_, AW 1z — W,_, AW 1TU + W,_, B\ +
Wy Eu, and using [Z3) and ([2.4)) yields the result (in particular W, B = 0(;,—y)xm)-
In Systems and Control the { —dynamics is called the zero dynamics. As we shall see later,
the zero-dynamics plays a crucial role in the system’s behaviour when trajectories evolve
on the boundary of ®,. Notice that adding the term TU in the state transformation
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is necessary to obtain the chain of integrators in (Z.0]), but the zero-dynamics depends
in general on u(-) and its derivatives. Let us denote ZZ& CA'EuT=1=9(t) + Ful") —
CA™W=ITU(t) = GWI(t) for a suitable constant row vector G € R™ (™) One can then
rewrite the r—th line of ([2.0]) as

4(t) = CAW ' 2(t) + CA'BA+ GW(t) (=d"z2+di &+ CA™ ' BA+GW(t)), (2.7)

where G € R "VP_and the dynamics in (Z8) more compactly as

2(t) = WAW ™ 2(t) + WBA(t) + HW(t) (2.8)

where H € IR"*("TVP ig a suitable matrix obtained from GW and Weld by grouping the
terms of equal derivation index in & and W. Obviously we may also calculate (28] from

s(t) = WAW = 2(t) + WBA(t) + W Eu(t) + TU(t) — WAW 1 TU(t) (2.9)

so that HW = W Eu + TU — W AW ~'TU. The expression in (Z7) will be used later on.
Notice that one may have T' = 0 but this does not mean that the transformed dynamics
is independent of u(-). We still assume that m = 1 and that e; > 0, 1 < i < r.

Example 2.1
@1(t) = w2(t) Z1(t) = 22(1)
Lo(t) = w3(t) + u(t) Zo(t) = A(t) + () + ()
— . 2.10
3(1) = A(H) &0 = 21(t) — u(t) (210
0 < w(t) = xa(t) + u(t) 0< 2(¢)
01 0 1 0
In this example one hasn =3, r =2, p =1, W = 00 1), T-= 1 1],
1 00 0 0
Ge = (—1,0).
Example 2.2 Let us consider the system withn =4, p =1,
2 7 3-2a 2842 -2
| -1 -3 —1+a p-1 o B
A= 0 0 0 ) ., B= 0 ,C=(12 0 0),
1 2 1 0 0

where a, 3 € R, F =0 and E = (111 1)T. We have CB = 0 and CAB = —7, hence
r = 2. The transformed dynamics may be obtained from (Z9) as:

z1(t) = 22(t)

Za(t) = A(t) — 21(t) — 22(t) + ok (t) + BE(t) + (5 — 2a)u(t) + 3u(t)

&1(t) = & (t) 4+ u(t) + 2a(t) (2.11)
fg(t) = 51 t) + Zl(f) + 3u(t)

0 < w(t)=2(t)
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1 2 0 0
. 0110 . .y
In this example one has W = 00 10| T =(0320)". The derivative of u(-)
0 0 01

enters the E—dynamics, which in turn enters the Z-dynamics in Z9(t).

Other examples can be found in section Notice that if CA™ = 0 and CA*E = 0 for
all 0 < i < r —1, then the canonical z-dynamics in (2.0 is the z-dynamics obtained in
the autonomous case, except for the zero-dynamics’ state £(-). For instance in (2.10) one
has CA% = 0. It is worth remarking that the £ —dynamics may enter the Z-dynamics as
shown in ([ZI1)). Therefore the well-posedness analysis has to be made from the most
general case in (Z0]).

3 Embedding into the HOSP

In this section we briefly recall the mathematical tools and formalisms which are neces-
sary to construct the Higher Order Sweeping Process (HOSP), a particular Distribution
Differential Inclusion (DDI). First the set of solutions is introduced, then the DDI, the
state-jump mapping and the link with complementarity are presented. The complete
developments can be found in [T, §2, 3, 4].

3.1 The space of distributional solutions

Let I = [a,f], @« € R, 8 € IRU {+0}, be a real nondegenerate interval. We denote
as T, (I) the set of distributions of degree n + 1 which are generated by RCSLBV func-
tions on I (see (CI) and (C2) in Appendix [C)), whose successive derivatives possess
an absolutely continuous part (denoted as [-]) that is also RCSLBV on I. More pre-
cisely the right derivative of the absolutely continuous component [h] of h(-), is denoted
as h() 2 %(t) = lim,_,o+ M The set of such functions is denoted as
-Foo(IaR) = ﬁke]N-Fk(I;IR)? with

. + .
FolR) = {h € Fo 1 (LR) | A 2 %W—U} € ROSLBV(LR)}Y.  (3.1)

In particular Fo(l;IR) = RCSLBV(I;R), and Fi(I;R) = {h € Fo(I;R) | hV) €
RCSLBV (I; R)}. Furthermore h(") = [p(M)] + Ty (see ([CT)), and Fo(I; R) = {h €
Fi(I;R) | h® 2 4[] € RCSLBV(I; R)}.

If the distribution T' € T,(I) and is generated by a function F € Fo(I;IR), it has
a “function” part denoted as {T'}(-) = [F(™](-), and a “measure” part denoted as <
T > such that (€ T >,¢) = fj;oap d[F=D] for all ¢ € C5°(I). D denotes the
distributional derivative, and dz denotes the Stieltjes or differential measure generated
by a function z of local bounded variation (see Appendix [C)), while C§°(I) is the space
of real-valued C'*°(I) mappings with compact support contained in Ja, 8[. Thus given
n € IN, T,(I) denotes the set of all Schwartz’ distributions such that there exists a
function F' € F(I;R) such that T'= D"F. We have To(I) = Fo(I; IR). Let n be the
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smallest integer such that T € T, (I), we set the degree of T as:

n+1lif n>1
deg(T)=< 1 if n=0 and Eo({T}) #0 (3.2)
0if n=0 and Eo({T}) =0

where Ey(f) denotes the set of points of discontinuity of the function f. Distributions
of degree n = 0 are continuous functions in Fu,(I; IR), those of degree n = 1 are dis-
continuous functions in F (I; IR). The nth derivative of the Dirac measure, 6§") (tel)
is of degree n + 2. This concept of solutions is an extension of the case of Nonsmooth
Mechanics, where positions are locally absolutely continuous, velocities are RCLBV, ac-
celerations are the differential measures of the velocities [39].

Finally let us define the set Too(I) = UpewTn(I): a Schwartz distribution belongs to
Too(I) if there exist n € IN and F € Foo(I;IR) such that 7= D" F. This set contains
Bohl distributions which are used elsewhere for the analysis of Linear Complementarity
Systems [30]. Within this functional framework for solutions, the system’s state is allowed
to be discontinuous with accumulations of discontinuity times, however the set of state-
jump times is countable. For examples of functions in F(I; IR) and distributions in
Too(I), see [1, Examples 1, 2, 3].

3.2 The Distribution Differential Inclusion

Let us first recall that in order to simplify the presentation we shall continue to assume
that m = 1. In [I, Remarks 3, 7, 20] it is indicated how the material extends to the
multivariable (MIMO) case m > 2, when CA" 1B is a Stieltjes matrix. We shall come
back on the MIMO case in section 1.2l Let K be a nonempty closed convex subset of IR.
We denote by Tk (z) the tangent cone of K at x € IR defined by

T (z) = come(K — {z}) (3.3)

where cone(K — {z}) denotes the cone generated by K — {z} and cone(K — {z}) denotes
the closure of cone(K —{z}), i.e. cone(K —{z}) = cone(K — {x}). The definition in (Z3)
allows us to take into account constraints violations (which may occur during the state

re-initialization, see Proposition @Ilbelow). Note that T, (z) = { ﬁ+ llff ZZ% and
Tr(z) = IR. Let us now set @ 2 Ry. For z € R", we set Z; = (21, 22,..,2i), (1<
i < r). By convention, we set Zy = 0 and T9(Zp) = ®, and we define T4 (Z1) = To(z1),
TZ(Zy) = T3 (z,)(22), Tg(Zr) = Try(z,_,)(2r) (so that Z, = z). To summarize:

Ti(Z;) = Triv1(g, (%), forall 1 <i<r. (3.4)

It follows that z; > 0 = T4(Z;) = IR and i (z,)(-) = {0} for all 1 < i < r. Moreover
assume that there exists j € {1,7 — 1} such that z; <0, ..., z; <0, and z;41 > 0. Then
TU(Zo) = Ta(Z)) = ... = TH(Z;) = Ry, and TS (Zj41) = ... = To Y(Z,_1) = R. Let
us finally remind that 0y g (z) = {0} for all reals =, 0y, = {0} ifz > 0, 0YR, (0) = R™.
We now pass to the DDI. Let T > 0, T' € IR U {400} be given and set I = [0,T]. Let
2= (2L, €8) be given in IR" with 25 € IR" and & € IR"". We also introduce a set
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(e1,...,e,) of r real numbers named restitution coefficients from an obvious analogy with
Mechanics. The choice of these coefficients depends on the application (for instance in
Mechanics the restitution applied to the velocity belongs to [0, 1] because of the kinetic
energy dissipation and kinematic consistency [18]). Let us denote

_ B +eifzi} ()

Gi (t) 1+e¢;

,l<ig<r (3.5)

The DDI formalism is as follows:

Problem HOSP(zp;1): Find z1,...,2, € Too(I) and & € Too(d) (1 <4 < n—7),
satisfying the distributional differential equations:

DZl — 22 = 0
DZQ —Z3 = 0
DZg — 24 = 0
: (3.6)
Dz._1—2.=0
Dz, — CA"W~H2} — GW = CA""1B)
D¢ = Agf + Bezy + Gf[/[,
r—1 .
A= (CA'B)™ > DU « Dz — {zip1} > | + < Dz, —CA"W ' {z} > —(CA"'B)'GW,
i=1
(3.7)

and satisfying the Measure Differential Inclusion (MDI) on |0, T:

d{z1} — {22}({t)dt € —0va((i1(t)),
d{z2} — {z3}(t)dt € —0¢r1 (12,y(6-))(C(1)),

d{zr—1} — {2 }(t)dt € *3¢T(;*2({ZT_2}@—))(_Cr—l(t)),
(CA™1B) [d{z} — CATW = {2H()dt — OWdt] € —0ps 11 ymn) (G (0,

(3.8)
and the initial conditions:
{z1}(07) = 21(07) € —9¢a(C1(0)),
{22}(07) = 22(07) € =0%11(2,(0-))(2(0)),
: (3.9)

{zr21}(0%) = 2,1(07) € 78¢T£*2(ZT72(07))(Cr—l(o)),
(CA™IB) {2 H0F) = 2:(07)] € =015, (0-)) (G (0)),
{£H(0T) = &.

The rationale behind the expression of A in ([B7), is that this is a distribution whose
degree depends on which of the state components z;, 1 < ¢ < r, are discontinuous.

The fact that the state-space representation uses a chain of integrators, explains the
term between brackets in (7). For instance, a jump in z; will propagate through the
differentiations and induce a distribution of degree 2 in z5 (a Dirac measure), or degree
3 in z3, of degree r in z,, and finally of degree r 4+ 1 in A. For more details see [1, Equ.
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(32)-(40), Example 7]. In the MDI formalism (3.8]), one considers only the measure parts
of the distributions in order to give a meaning to the inclusions into normal cones. In
view of B.6) B1) and (B8) it is legitimate to name the HOSP a distribution differential
inclusion.

The rationale behind the choice for the normal cones to the tangent cones in the right-
hand sides of the differential inclusions in ([B.8]), is that this guarantees, as we will see
in the next sections, that any solution of the HOSP satisfies 21 (t)(= (w(t) = Cx(t) +
Fu(t)) > 0 for all t > 0 (i.e. except possibly initially on the left of ¢ = 0) even if some
of the derivatives of z1(:) tend to make it leave this admissible domain. One can view
this in the n-dimensional state space, as trajectories “grazing” the admissible domain
boundary w = 0 with a certain degree of tangency (that corresponds to the number of
null derivatives of z1(+)): the selections inside the normal cones as defined in ([B.8]) secure
that if the first non-zero derivative has a negative sign on the left of ¢, then it jumps to
a non negative value on the right of ¢. Actually, the construction of the normal cones
sequence imposes a lexicographical inequality on {z}(¢T), see section B3] and Proposition
[Tl The fact that the measures dvy; 2 d{z}; — {ziz1}dt, 1 < i < r —1, do not appear
in the right-hand side of ([Z8]) (only A does, see W B in (Z3])) stems from the fact that
these measures are present in the MDI formalism only to take into account state re-
initializations (see also (£3) (£4]) below).

The set-valued functions in the right-hand side of ([B1) naturally extend the second
order sweeping process right-hand side (called Moreau’s set [I8]), hence it is justified to
name ([B.6)-(33) a higher-order sweeping process, though higher-relative-degree sweeping
process could be more appropriate.

Remark 3.1 If z denotes a solution of Problem HOSP (zo;I), we will write by conven-
tion that

{2}(07) = 20, {£}(07) = &o.
Then the relations in (Z8) formulated on )0, T together with the initial conditions in (329)
reduce to the relations in (Z8) formulated on I = [0,T[. Moreover, recalling that £ is here
necessarily a continuous function, the last condition in (3.9) reads £(0) = &, and with our
convention, we see that the last relation in (34) together with the initial condition (3.9)
reduce to the measure differential equation: d§ —(A¢&(t)+Bezi(t)+Geld(t))dt =0 on I.

The solutions of the Problem HOSP(zp;I) are distributions of a certain degree as the
next proposition shows.

Proposition 3.1 [T Proposition 3/ Let (21, ..., 2, &) € (Too(I))™ be a solution of Problem
HOSP(29;I). Then

deg(z;) <i(l<i<r),

a1 ={n} € Foo(l;R), € = {€} € (Fu(LR)" N (CO(LR)""
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The proof follows the same arguments as in [I, Example 1] and it is intuitively clear
from ([B.6) since zp = Dz, z3 = Dzy = D%z, etc, while z; is a time function (possibly
discontinuous).

3.3 The state jump mapping

Another way to write the MDI in (B8] is as follows: find 21, ..., 21, &1, «oy En—r € Foo(I; IR)
such that

le = Zz(t)dt -+ dl/1

dZQ = Zg(t)dt -+ dl/2

dzp—1 = zp(t)dt + dvy—1 (3.10)
dzy, = CATW 1 2(8)dt + GW(t)dt + CA™ ' B du,

d§ = (Ael(t) + Bezi (t) + Geld (1)) dt
where dv; denotes Radon measures, dz; (1 <4 < r) is the differential measure generated
by z;, and the measures dv; satisfy the inclusions (see (B:8)):

dv; € _81/]T‘;;_1({Z1-,1}(t*))(Ci(t)) onl, (I1<i<r), (3.11)

Roughly speaking, we retain only the measure part of the DDI, and the multiplier A is
replaced in the MDI formalism by the measure dv,.. It makes sense then to write inclusions
into normal cones as in ([B.8) or (3.1 since measures are signed while distributions are
not (see [II, Section 2] for the rigorous mathematical meaning of the inclusions in (B.11])).
The relationship between A and dv,. is further understood by the fact that outside the
atoms of the measures diy;, 1 < i < r, each measure dv; = x;(t)dt for some function
Xi € Foo(I; R), and X = x, ().

The following holds [I Propositions 4 and 5, Remark 15 iii)].

Proposition 3.2 Let m = 1 and CA"'B > 0. Let z be a solution of the Problem

HOSP(z;I) in (30)-(Z3). One has

{z:}@t) —{z}(t7) € —8¢T£_1({Zi71}(t,))(Q—(t)) forall 1<i<r—1
{z}(t*) —{z}(t7) € -(CA™'B) Mppr=1(1z,_ - (& (8))  for =
(3.12)
if and only if
{z}(t7) = —ei{z}(t7) + (1 + ei)proj [Ty ({Zia}(t7)); {2} (17)] - (3.13)

Moreover:
dvi({t}) = d{z:i}({t}) — {zip1 }(®)dt({t}) = d{zi}({t}) = {z:}(t7) — {zi}(t7)
foralll1<i<r—1, and

(CA™IB) dvp({t}) = d{z}({t}) — CAW =z} (t)dt({t}) = d{= }({t}) (3.14)
(o b () — (b |
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It follows that if T ({Z;} (¢t 7)) = Ry and if {z;41}(t7) < 0, then {z; 11 }(t7) = —e;p1{zip1 }(¢7)
so that sign({z;+1}(t")) =sign(e;+1). We infer that {z;41}(t7) = 0 = e;11 > 0: only
non-negative coefficients e; bring the trajectories back in the admissible domain when
a grazing trajectory tends to leave it. We therefore choose in the following e; > 0 for
all 1 < e; < r (we shall see in section [0 that further bounds may be imposed on e; to
better characterize the system’s behaviour, see Lemma [G]). In the case m = 1, both
expressions in ([BI2) are the same as long as CA" "B > 0, however when m > 2 the
expression for ¢ = r is crucial.

As alluded to above, in the HOSP formalism the positivity of the multiplier A, that makes
sense only if A\ is a measure, is replaced by the positivity of the measure dv,., which is
the “measure part” of the distribution A. The definition of dv, is clear from ([BI4): it is
defined from the discontinuity in the function part of z,.

Remark 3.2 The relations given in (310) (311), formulated on the interval I, have
to be interpreted in the following sense: Find nonnegative real-valued Radon measures
dp; (1 <@ < r) relative to which the Lebesgue measure dt and the Stieltjes measure dz;

possess densities dd—t and j;z respectively such that du;-a.e. t € I :
dZi dt .
O~ () (1) € ~0ra o (G). A<i<r-1) @19
and
r—1 -1 | d3r rip—1 A dt
(CAB)T | ZH0) = (CAW T 5(t) = GWO)Zo(0)| € =0y sz, oo (G (D).

(3.16)
Also, a convenient way to see the relationships between solutions of the MDI (310) (Z11)
and solutions of the DDI is as follows [I, Proposition 3J: Let (wy, oo, wr, &) € (Foo(I; R))™
be a solution of the MDI such that, for each 1 < i < r —1, the measure dw; — w;y1dt is
atomic. Let z1, ..., z, be defined by

1>

1 = w1

and

-—wl—i—Z( Z (w; () wj(tk))(wj 1)>,2<i<r.

Jj=1 treEo(w;)
where Ey(w;) is the set of points of discontinuity of the function w;. Then (z1,...,2,,§) €
(Too(I)™ and is a solution of Problem HOSP (zg; ). This allows to see that the distri-
butional part of the solutions is a consequence of state jumps, and that the solutions of
the DDI and of the MDI differ only at the instants of state re-initialization (which make
a countable set due to the fact that solutions of the MDI are in Foo (I; IR)).

4 Existence and uniqueness of solutions

The existence and uniqueness of solutions to the autonomous HOSP is shown in [II, §4.4,
4.6]. As alluded to in the introduction, on one hand the complete proof is rather long,
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on the other hand it happens that the proof of several key results is not changed when
we consider the non-autonomous case. Therefore in this well-posedness proof we consider
only the results of [II, §4.3, 4.4, §4.6] which need to be modified in order to comply with
the non-autonomous case and e; > 0 (only the case e; = 0 is treated in [I]). We still
assume that m = 1, keeping in mind that all the results still hold in the multivariable
case m > 2, provided that the vector relative degree is ¥ = (r,7,...,7)T and the so-called
decoupling matrix C A" !B is a Stieltjes matrix. We shall give more details on the case
m > 2 in section

Definition 4.1 Let 0 < a < b < T < +o0o be given. We say that a solution z €
(T ([0, 7)™ of Problem HOSP(zo; [0, T7) is regular on [a,b[ if for each ¢ € [a, b[, there
exists a right neighborhood [t,t 4+ o[ (o > 0) such that the restriction of {z} to [t,t + o]
is analytic.

As we shall see regular solutions do not hamper the existence of Zeno behaviour with
possible left accumulations of state jump times. Let us state the following fundamental
assumption on the input u(-).

Assumption 4.1 The function u : IRy — IRP is bounded and analytic, and its first r
derivatives are bounded.

This assumption entails that ¢ and WV are bounded and analytic, since all the derivatives
u(-), i > 1, are analytic. Assumption @Il can be relaxed, see Remark EZ1l Then we have
the following extension of [I, Theorem 2], which is pivotal for the proof of global existence
in Corollary below:

Theorem 4.2 Let Assumption[{.1] hold. Let us set

A B WAW 1y
AZ|[WAW | = sup M, (4.1)
zeR™,z#0 ||$||
and
al sup |[HW(s)|? < +o0. (4.2)

s€[0,7)

Suppose that CA™ 1B > 0. Let z be a solution of Problem HOSP(z; [0, T[). Then
1) {301 < (ll2e@HD0 + at + (20 + 1t + g7 {cPAD1—1})7 2 2n(®), for
allt € 1.

ii) If T < 400 then var({z},I) < +oo.
iii) If T < 400 then, for all 1 < i < n, {z;}(T ™) exists and is finite.

Proof: i) Using (Z8) we may write
dz = WAW Yz} (t)dt + Ndv + HW(t)dt (4.3)
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where
dv 2 (dvi,...,dv,_1,dvy, 0, )T

and N is the n x n diagonal matrix:

Iy 0! O(T‘—l)X(TL—T‘)
N=1| 0_, CA™ B 0,_, , (4.4)
0(n7r)><(r71) on=r I,

which is not equal to W B in ([23]) because of the presence of the measures dvy,...,dv,_1.
Thus

({3)Fd{e} = ()T WAW T 3 )dt + ({2} )T HWdt({2} )" Ndv.
where {z}T denotes the function defined by {z}*(¢) = {z}(t") = lims_ys s>:{2}(s) for
all t € [0, T[. Here

Wi e+ A1
dp;

dv,

dy

(3 Nav =Yz} i,

for some non-negative real-valued Radon measures dp; (1 < < 7). We have ({2} 7)Tdv =
0 on [0,T7] since {zi}(ﬁ)%(t) = 0 for du,-a.e. t € [0, T[. Consequently

({23 d{z} = ({2 (WAWTH2H(t) + HW(2))dt.

Then using Moreau’s rule for BV functions: d(u?u) = (ut +u™)Tdu < 2(ut)Tdu [39)
and recalling that {z}(-) is right-continuous, we get

d({z}"{z}) <2({=})" (WAW T {2} + {z})THW(1))dt.

We arrive at

ALEDO0) <2 [ {HE)TWAW s+ [ (H)THWE)s (45
for any ¢ € [0, 7[. Now using @) and @2) and 2 [y {z}(s))T HW(s)ds < [ [{z}(s)]]*ds+
fot |HW(s)(s)||?>ds one obtains:

=317 < llzol® + (24 + 1)/0 I{=}()]7ds + at. (4.6)

Applying Lemma [Edl with z(t) = |[{z}(t)||?, f(t) = ||20]|* + at, g(t) = 1, y(t) = 2A + 1,
1 the Lebesgue measure, the result follows. The details of the calculations are given in
Appendix [Bl

ii), iii) The proofs follow step by step the proofs of [I, Theorem 2, (ii), (iii)] with slight
modifications of the upperbounds using i), and are omitted. [ ]
It is noteworthy that the results of Theorem 2] do not involve the restitution coefficients
e, 1 < ¢ < r. As alluded to in section B.2, the structure of the measure differential
equation in (I3) @A) does not exactly match with the structure of the ODE in (23],
because N # W B: this allows to take the measures dv;, 1 < i < r — 1, into account in
the dynamics.



14 Bernard Brogliato

Remark 4.1 The Gronwall’s Lemma [E1l is central in the proof of existence of solu-
tions. The boundedness hypothesis in Assumption [{.1] can be modified as long as an
upperbound of ||HW(:)|| can be used to compute a value zmax(:). Suppose for instance
that sup¢o 7 |HEW(s)|? < ae’T for some a >0, B € IR. Inequality ({-0) becomes

a? ¢
{3 < [lz0ll* + 35 (7 =1) + (2A + 1)/0 1{z}(s)||*ds (4.7)
so that
2 2 2_ o 2
2 _ 9 7 QT gpy Izo 28 ([ o2A+1)t - 28t (2M+1)t
Znax(t) = [0l =g g5 5¢ 3 (e 1)+25(25 A1) (¢~ ).

This allows us to relax the boundedness of the derivatives of u(-) in Assumption [[-1}, as:

Assumption 4.1’ The functionu : IRy — IR” is bounded analytic, and supc(o 1 [HW(s)||* <
aefT for some o > 0, 8 € IR.

The next proposition extends [I, Propositions 6 and 7, Remark 16 ii)] to the case e; > 0,
its proof follows from the results in Proposition B:22land the definition of the normal cones
in the right-hand side of (3.

Proposition 4.1 Suppose that CA™1B > 0 and let z be a solution of Problem HOSP(zq; [0, TY).
Let t € I be given. Then:

i) If {z1}(t7) > 0 then for all 1 < i < r, we have {z;}(tT) = {z; }(t7).

it) If for some 1 < j <7, {z}(t7) <0 for all 1 < i < j and {zj41}(t7) > 0, then
1<i<j = {z}t")>20,and j+1<i<r = {z}t) ={z}1).

iii) If {z;}(t7) < 0 for all 1 < i < r then, for all 1 < i < r, we have {z;}(tT) =
—e;{zi (7).

iv) {z}(tT) = 0 for allt € 1.

v) If {2}(t7) = 0 then {z}(tT) = {z}(t7).

The only differences with [I, Propositions 6] are that in item ii) {z;}(t*) > 0 replaces
{z;}(t*) = 0, and in item iii) {z;}(t7) = —e;{2z:}(t7) replaces {z;}(tT) = 0, due to
possibly non zero coeflicients e;. Notice that the definition of the tangent cones for non-
positive arguments appears to be necessary here (consider for instance the case in item
iii)). Proposition ] can be used to determine when a state jump in Z is necessary or
not. Proposition B2l shows how the jumps are calculated in (ZI13).

Let us now proceed with the extension of [I, Lemma 4]. Recall that we write 27 =

(2" ¢h).

Lemma 4.1 Let assumption[{.1 hold. Let 0 < T < +oo be given. Suppose that e; > 0,
1<i<r, CA"™'B >0 and zp = 0,2 # 0. If a solution z of Problem HOSP(z; [0, T)
exists, then there exists 0 < n < T such that z = {z} is analytic on [0,n] and z1(t) > 0,
for all t €]0,7].
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Proof: The first part of the proof follows very closely the proof of [I, Lemma 4], which
continues to hold for e; > 0, 1 < ¢ < r. The only slight modification is that, recalling
that (CA™1B)~! # 0, then on [0,7], 2 = {2z} 4 is continuous and using [ZJ) it is a
solution of the ODE (which replaces equation (86) in [1]):

H(t) = WAW tz(t) + HW(), 2(0) = 2o (4.8)

As a consequence z(t) = WetW =1z + W fot A=W =L HW(s)ds, for all t € [0, 7] and
the result follows using Assumption E11 [ |
The next Theorems and (4] prove the local existence and uniqueness, as well as the
bounded variation, of regular solutions, with two different initial conditions on the state
variable z. The next result is the extension of [T, Theorem 3].

Theorem 4.3 Let assumption [{-1] hold. Suppose that CA"™'B > 0. If zy = 0,z # 0,
then:

i) (Local existence) There exists T > 0 such that Problem HOSP (zo;[0,T[) has at least
one regular solution z = {z} given by

t
2(t) = WeMW sy + W/ AW LHW(s)ds, for allt € [0,T]; (4.9)
0

ii) z1(¢) > 0, for all t €]0,T;
iii) [|2(0)]| < Zmax(t), for all t € [0,T;

2A

iv) var(z,[0,1]) < ae” 2 L 4bt2 +ct+a, for allt € [0,T], and for some positive constants
a7 b) c;

v) (Local uniqueness) If 2*(+) is a solution of problem HOSP (zo; [0, T1[) (0 < T} < +00)
and 2%(+) is a solution of Problem HOSP(20;[0,T3]) (0 < Th < +00) then there exists
T €]0,min{T*, T?}] such that z* = {z'} on [0,T7, 2% = {2*} on [0,T[ and {z'}|jo.7[ =
{22}|[0,T[-

Proof: The unique solution of the ODE in ({3 on [0, +oc[ given by
t
z(t) = eWAW_ltZo +/ eWAW_l(t*S)HW(s)ds,for allt > 0,
0

which can be rewritten as in ([£9) using the matrix exponential definition. Here z(-) is
analytic on IR . Let a be such that Zp o > 0and Zpp =0forall 1 <k < a—1 (if o #1).
We claim that there exists 1" > 0 such that

z1(t) > 0, for all t €]0,T7. (4.10)

If @ = 1 then the result is clear. If v > 2 then there exists T' > 0 such that z,(t) > 0, for
all ¢ €]0, T and by integrating the chain of integrators in the second relations in (ZJ]),
we finally obtain that ([@I0) holds.

? That is, 2(t) = {z}(¢) for all ¢ € [0,7].
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Condition ([I0) entails that N+ (21(t)) = {0} and T4 (Z;(t)) = R for all 1 <i <r —1
and for all ¢ €]0,T[. It results that z satisfies the relations in ([B.6)-B.8) B3) on [0, 7]
(hence the necessity of CA™*B > 0). Thus parts i) and ii) are proved.

This solution satisfies the ODE in ([@8]) and thus one can apply the result i) of Theorem
2] to obtain iii). Let 0 <t < T be given. For all 0 < s < ¢, we have

12(s)| = [IWAW ™ 2 ()| + [HW]| < Azmax(s) + Vas.
Thus
var(z, [0,1]) < A/o Zmax(8)ds + v at.

From the expression of zyayx in i) of Theorem @2 and since /o —y < o +y < Vo +/y
for any positive reals z and y with z — y > 0, we may define:

(2A41)

1
Zmax(t) 2 (ale(““)t + ot — ag) < Vare 74 Vol + Vas,

with o = ||Zo||2+2[\aﬁ7 az = a+5(2A+1), ag = 5337 Then by integrating fo Zmax(8)ds
and upper-bounding we get the expression in iv) with

Jar P
0=20 T b= gV, e=Vas+Va

Item v) is proved as [Il Theorem 3 v)] using Lemma F1] and the fact that z = {z} is
locally a solution of the ODE ([3]). [

The main results of [I] are in Theorem 4 and Corollary 1 on local existence and uniqueness
of regular solutions. Their extensions are given now.

Theorem 4.4 Let Assumption [{.1] hold. Assume that CA"™ B > 0 and define j 2
supseo,r [|Geld ()| < +o00. If Zo = 0, then:

i) (Local existence) There exists T > 0 such that Problem HOSP (zo; [0, T[) has at least
one regular solution z = {z};

ii) z1(t) > 0, for all t € [0,T7;
iii) ||2(t)]] < max(zmax(t), e (||20]| + Bt)), for all t € [0, T, where zmax(t) is in i) of
Theorem [1.2;

2A41

iv) var(z,[0,#]) < max(ae 2 ' +bt? +ct+a, [|z0]|eM + ABt2eM + ABL), for all t € [0,T],
where a, b and ¢ are as in Theorem [{.5;

v) (Local uniqueness in the class of regular solutions ) If 2% is a regular solution of
Problem HOSP(20;[0,T1[) (0 < Ty < +00) and 2? is a reqular solution of Problem
HOSP (20; [0, T3]) (0 < To < +00) then there emxists T €]0, min{T*, T?}] such that
2t ={2"} on [0,T], 22 = {2} on [0,T and {z'}j0,r; = {2°}jj0,1(-

Proof: It happens once again that the proof follows closely the proof of |]IL The—
orem 4]. Let us consider ([Z6) with ([Z4) which in particular implies CA™W =1z =



European Journal of Applied Mathematics 17

d"z 4+ df¢ (see [23)). First of all let us notice that when z; = 0 then £(t) = efetey +
eAet fot e A¢5Geld(s)ds. Let us denote F(t f e A¢5Geld(s)ds. The function F(-) is
analytic since U(-) has analytic components From the Leibniz formula one obtains

k—i—1
(et F (- ZCkAg > (—1)C]_ALGU T )(0). (4.11)
7=0
The calculations are made in sectlon.ln the Appendix. Let us denote the right-hand side
of (@I as Li(W(0)). Considering ([2.8)) we are now left with two main cases: either (a)
df Ag&o+df L (U(0)) +GWH)(0) = 0, for all k € IN or (b) there exists a € IN such that
df Ag&o+df La(W(0))+GW()(0) # 0 and (if o # 0) df Abo+df Li,(U(0))+GWH) (0) =
0, forall() E<a—1.
Case (a). Let us check that 7 = (27, ¢7) with

Z(t) = 0", £(t) = efeley + e < F(t)

is a regular solution of Problem HOSP (zy; [0, +00[). Indeed, for sufficiently small ¢ > 0
the we have

+oo k
aL) + W) = Y (df At +dl L () + GWO(0)) & =0,
=0

so that for all £ > 0
Zl(t)le_i_l()—o 1 ’L r—1

(CA™IB) (2, (t) — d"2(t) — dEE(t) — GW(t)) = —(CA™'B) 1 (d £(t) — GW(t)) = 0,
(4.12)
and

E(t) = Ac€(t) + Weld(t) (= Ag(t) + Bz (t) + Geld(t)) for all t > 0.
Case (b). The proof in this case is split into two sub-cases: (b-1) df Ag&+df La(W(0))+
GW((0) < 0 and (if o # 0) df Ag&o+df Li(U(0))+GWH(0) = 0, for allO k<a-—1,
and (b-2) df Ag&o+dE La(W(0))+GW™(0) > 0 and (if a # 0) df A¥o+df Li(U(0))+
GW(’“)(O) =0, for all 0 < k < aw—1. The proof of both cases is quite similar to [T, pp.180-
181] taking into account the modifications due to the presence of U and W as for the

proof of case (a), and we omit it here. In both cases it can be shown that there exists
1 > 0 such that a solution can be exhibited on [0,7n[. This proves i) and ii).

Roughly speaking, in case (b-2) the solution detaches from the constraint boundary and
z(t) is given as in ([LJ)), its upperbound and the upperbound on its variation are as in
Theorem In case (b-1), thanks to the condition CA"~!B > 0 and replacing = 0 by
> 0 in the second equality of ([12]), there exists at least one solution which remains stuck
on the boundary z; = 0 so that 2(t) = 0" and £(t) = e“¢t&y + ee? fot e A Geld(s)ds is a
local solution. Thus ||z(¢)|| = ||£(t)|| < e (||| + Bt) where A is in ([@I]). We have also
var(z, [0,4]) = var(&, 0,4]) < [y [1€(s)||ds. From [|€(s)]| < Ae™(][So]|+BE) = Ae™(]|z0]| +
Bt) it follows that var(z, [0,¢]) < |||le™ + ABt2eM + ABt = ||zo||e™ + ABt2eM + ABtL.
This proves iii) and iv).
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The last part of the proof consist in proving item v). The only difference with the proof
of [1, Theorem 4, v)] is that one starts with (£3]), hence the first two equalities in [}
p.182] are changed to dz = WAW ~1{z}dt + Ndv + HWdt and dz, = WAW ~{z,}dt +
Ndv, + HWdt, respectively. Thus the subsequent developments of the proof of item v)
in [I, p.182] remain unchanged. [ ]

The same comments as in Remark 1] hold for the calculation of the upperbound g3,
where Assumption 1] could be relaxed. Theorems and [£4] deal with zy = 0 and
Zo = 0, respectively. In case Zy < 0 (that is, —Zp = 0), then a state jump applies that
brings the system on the right of ¢ = 0 to one of the foregoing cases, provided that e; > 0,
1 < e; < r (see Proposition F1]1ii)). We infer that the following result is true, which is
the counterpart of [I Corollary 1] and whose proof follows from Theorems F3] and .2}

Corollary 4.1 (Local existence and uniqueness in the class of regular solutions) Let
Assumption [.1] hold, assume that CA™'B >0ande; > 0,1 < e <r. Then an
LBV([0,T[; IR") solution to (3.8) [37) in the sense of Definition[].1] exists for any initial
condition z(0) = zy and for some T > 0, and it is unique in the sense that if z' and 2>
are regular solutions of HOSP(z¢; [0,T1[) and HOSP (zo; [0, T2[), respectively, with 0 <
Th < +00, 0 < Ty < +00, then there exists T €]0, min{T1, Tz }] such that (', p) = (22, ¢)
for all for all p € C§°([0,T7; JR")E, Moreover we have: i) z = {z} on ]0,T, ii) 21 = {21}
on [0, T, iii) z; = {z;} + Z;;ll(z(’)] - zo,j)ééifjfl) for 2 <i < r, where zy; = 2z;(07),
205 = 2(0%), and 2y = {z1} = 0 on [0,T], iv) [{z}(t)|| < max(Zmax (t), €2 (|20 + Bt)),
for allt € [0, T[, where zmax(t) is in i) of Theorem[[-3 v) var(z, [0,t]) < max(ae%t +
btz + ct + a, ||z0]|e™ + ABt2eM + ABE), for all t € [0,T], where a, b and ¢ are as in
Theorem [{.3

Finally, the proof of global well-posedness in the class of regular solutions is provided in
the next result that corresponds to [Il Corollary 2]. It shows the coherency of the whole
well-posedness proof, consequently its proof is given.

Corollary 4.2 (Global existence and uniqueness in the class of reqular solutions) Let
CA™'B > 0 and Assumption [ hold. For each zo € IR", Problem HOSP (zo; [0, +00])
has at least one regular solution z such that: i) z1 = {z1} = 0 on [0, 4o00], ii) |[{z}(t)|| <
max (Zmax (t), €M (||z0 + Bt)) for all t € [0, +oc], iii) If z* is a regular solution of problem
HOSP (20; [0,T%]), 0 < T* < +00, then (z*,¢) = (z, ) for all ¢ € C§°([0,T*[; R").

Proof: Theorems 2] and 4] are used to prove Corollary 2] as well as Corollary
[T which is itself a direct consequence of Theorems and 41 We reproduce here
the complete proof which is the same as the proof of [T, Corollary 1]. From Corollary
1l we infer the existence of T' €]0, +o0[ such that Problem HOSP(zp;[0,T]) has a
regular solution z such that z = {z} on |0,7] and z; > 0 on [0,T[. From Theorem
i) and iii), the limit {z}(T7) = lim;,7¢<7{z}(t) exists and it is finite. We may then
apply a state re-initialization such that {z}(T7) = 2™ where 27 is uniquely defined by

3 The set of C* ([0, T[) mappings with compact support.
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2t = —e{z} () + (1 + €)proj [Ty " ({Zi—1} (7)) {zi}(t7)] for all 1 < i < r, and
27 = {z}(T7) for all r +1 < i < n (the zero dynamics state is continuous). Using
Corollary 1] z can be prolongated as a regular solution of Problem HOSP(zo; [0, T1])
with 77 > T, such that z; > 0 on [0,7}[. Now let us denote as Hyyax the supremum of all
H > T such that a prolongation of z as a regular solution of Problem HOSP(z; [0, H|)
exists. Let us assume that Hy,ax < +00. As above, from Theorem 2] the limit z(H,.)
exists and is finite. Thus a prolongation exists from Corollary 1l as a regular solution
of Problem HOSP(zy; [0, Hyax + €[) for some e > 0, which is a contradiction. The
existence of a global regular solution satisfying i) follows. Item ii) is a consequence of
Theorems and 4l Let us now prove item iii). Suppose that there exists s € [0, 7|
such that {z}(s) # {2*}(s). We have by hypothesis that {z}(0) = {z*}(0) = 2¢. Thus
s > 0. Let us define 7 = inf{s €]0,7[ | {z}(s) # {2*}(s)}. If 7 > 0 then necessarily
{z}(h) = {z*}(h) for all h € [0,7[ and thus {z}(77) = {z*}(77) (in case 7 = 0 we have
also {z}(77) = {*}(77) = 20). Consequently {z}(rF) = {2*}(r") and by Theorems
and [I7], the existence of a 6 > 0 such that {z}(s) = {z*}(s) for all s € [1,7 + I
is guaranteed, hence a contradiction with the definition of 7. Thus there does not exist

s € [0, T*[ such that {z}(s) # {2*}(s). The proof of item iii) is done. [ ]

It is clear that the class of regular solutions prevents the existence of right accumula-
tions of state jumpsH. It is however not excluded that other classes of solutions exist.
It is noteworthy that the well-posedness proof relies on Assumption A, or its relaxed
version Assumpion 1’. In view of the way the global existence has been shown (by con-
catenation of local solutions), we can suppose that u(-) satisfies these assumptions but
is only piecewise analytic, 4.e. it is smooth on IR, and analytic on intervals |7;, 741,
with IRy = U;>0|7i, Tit1[, 741 = 75 + 7y for some v > 0. Existence and uniqueness of a
regular solution can be proved on each |7;, 7;11[, and the global solution is constructed
by concatenating the solutions. We can therefore state:

Assumption 4.1” The function v : IR, — IRP is a smooth piecewise analytic and
bounded function, such that sup¢o 7 |HW(s)||? < aefT for some a > 0, 8 € IR.

Remark 4.2 As alluded to in the introduction, the case where w = Cx + Fu(t) + DA
where D is a P-matriz (hence invertible), is embedded in the sweeping process by simply
setting the complementarity 0 < w(t) L A(t) > 0 which is a linear complementarity
system with unique solution \(t) that is Lipschitz continuous in u and x. We may view
this case as the relative degree zero HOSP. The canonical transformation is then trivial
where x plays the role of the zero dynamics state vector £, and we obtain § = (A -
BD'CY¢+BD 21+ (E—BD 'F)u, z; = C¢+ DX+ Fu (compare with (24)). Notice
that if we set w= Kx + L\ + v in ([I1), then the closed-loop system becomes:

{ &= (A+ EK)z+ (B+ FEL)A+ Ev (4.13)

0<w=(C+FK)x+FLA+Fv

If there exists L such that FL is a P-matriz, the system ({.13) embedded into linear
complementarity systems is well-posed as an ODE with Lipschitz vector field. If there

4 That is, accumulations which start on the right of their accumulation point.
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exists L such that FL =0, K and P = PT > 0 such that P(B+ FEL) = (C+FK)T, then
the results in [19]] can be used to prove the well-posedness. This is closed to the results in
[21)] which require that (A+EK, B+EL,C+FK) be dissipative. As is known, in this case
the total index of the system’s transfer matriz is one [31, Definition 3.5, Theorem 3.14/,
which implies a relative degree zero or one in case w is scalar. The relative degree two
case s also much studied in the framework of frictionless Lagrangian systems [25[39)). In
all these cases the existence of solutions is proved. Analycity of the data has been shown
to be crucial for uniqueness in [9, [BI (2.

5 The link with complementarity systems and switching DAEs

There is a close link between the DDI in [Z0)-(B31) and complementarity systems. This
stems from the MDI in (BI0). We may write each measure dv; as

where x; € Foo(I; IR) and dJ; is an atomic measure with countable set of atoms generated
by a right-continuous jump function J;.

Theorem 5.1 [I, Theorem 1, Remark 14/ Let m = 1, and z be a solution of Problem
HOSP(2;I). Then, for each t € I, we have:

0< 2t Ldv.({t}) > 0. (5.2)

The measure dv; is atomic, consequently x;(t) =0 a.e. t € I, for all 1 < i < r—1, while
xr(t) € —81/}T£_1({Z7.71}(t,))({zr}(ﬁ)), a.e. t € I. Thus:

0<21(t7) Lx,(t) =0, ae tel. (5.3)

This means that if z1(0) > 0, then z;(¢) > 0 for all future times. However the left limits
of the derivatives of z1(-) may take wrong signs at any time: the HOSP right-hand side
takes care of bringing them back to non-negative values via the impact law BI3)), see
Proposition B2l Here we recover also the case of Mechanics, because (3] implies that if
21(0) > 0, then 21(¢) > 0 for all t € I and dv; = 0: the function z(-) is time continuous,
and z5(+) (the velocity) can have jumps. The fact that measures dy; are atomic for all
1<i<r—1 follows from (BI0).

Using (3:6) [B.7)), the original dynamics (IL.I) can therefore be written as the complemen-
tarity system with distributional solutions:

Dx = A{z} + BA+ Eu
{ 0 < w(t) =Cx(t)+ Fu(t) L x.(t) >0 for all ¢ that is not an atom of dv;, 1 < i < r.
(5.4)
This section is devoted also to show that the HOSP may be seen as a system of switching
Differential Algebraic Equations (DAEs), where the switches are ruled by complemen-
tarity conditions (hence are state dependent), as in Linear Complementarity Systems

(LCS) [211 130). Other types of switching DAEs have been studied in [61] [38] 49, 58] [60],
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where switching times are exogenous and do not accumulate in finite time. State jumps
are defined in switching DAEs with a projection onto the consistency space (that is a
linear space of consistent initial conditions after each switching instant). In the HOSP,
the state re-initialization is also defined wia a suitable projection in (BI3) which guar-
antees consistency of the right limit {z}(¢%) at each ¢ that is an atom of the measures
dv;, 1 < i < r. This projection comes as a natural consequence of the constraints im-
posed on the measures dv; via (BI1). It is noteworthy however that the switching DAEs
studied in [611 [38] 49], and the HOSP are different dynamical systems, designed to ful-
fill different objectives (the fundamental objective of the HOSP being to render the set
¢, = {x € R" | Cx + Fu(t) > 0}, invariant; while the objective of switching DAEs in
[671 (38, [49, 58] [60] is to analyse systems with equality constraints that switch according
to a time-dependent signal). As such both formalisms cannot be treated on the same
footing. In particular the HOSP formalism allows for finite accumulations of switching
times (state re-initialization times), due to the use of the multiplier A which takes care of
transitions between the system’s modes. We also note that the HOSP provides a family
of well-defined and unique state re-initialization mappings when a state jump is needed,
while the formalism in [61 B8], [49] yields a consistency projector. Finally the HOSP
is well-posed under the main assumption that the triplet (A4, B,C) has a relative de-
gree and the leading Markov parameter C A" "1 B is a Stieltjes matrix. Switching DAEs
well-posedness mainly relies on the regularity of all pairs (Ej, Ay) defining the DAEs in
descriptor variable form [61) B8], [49], which assures that the DAE hence defined has, in
its semi-explicit form, a finite index. In the same vein we may mention switched linear
differential systems (SLDS) studied in [40, 42} [41], where state jumps are derived im-
plicitly from so-called gluing conditions which may be derived from physical constraints
(like the conservation of charge in circuits). However well-posedness issues are still open
for SLDS. Linear complementarity systems (LCS) [21], [30} 56, 57] form another class of
switching systems close to switching DAEs (with similar state re-initialization mapping)
and to the HOSP. In particular the state jump mappings for dissipative LCS coincide
with the sweeping process one, for relative degree one systems [3, Proposition 2.65][19][18]
p.319]. Results in [27, Chapter 11] on velocity jumps in mechanical systems with C° bi-
lateral constraints are worth mentioning. We note finally that a significant feature of the
HOSP (and of passive LCS) is their ability to be discretized with suitable, convergent
event-capturing schemes [II, Section 5] [2| [29].

5.1 The SISO case

Let us still assume that m = 1, and let z;(7") = 0 on some interval |¢,t + o], o > 0. On
|t,t + o], the function z;(-) is analytic and we have z;(7) = 2z3(7) = ... = z,.(7) = 0. From
(BE3) we have A\(1) = x,(7) = 0 on Jt,t + o[, and Z,.(77) > 0 also. It can also be shown
that 2.(77) >0 = x,(7) =0. Thus 0 < 2,.(7F) LA(7) = x(7) = 0 holddd. Using &)

® Remind that x,(-) is right-continuous, as well as 2,(-), being z.(-) in Foo(I; R).
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this gives rise to the contact linear complementarity problem (LCP) with unknown A(7):

0

0<A(r) L é’r(7'+) _ w(r)(r+) =CA" W < 5(7_)

) + CA™'BA(T) + GW(T) = 0,

(5.5)
for all 7 €]t,t + o[. The fact that CA"~'B > 0 guarantees that this LCP has a unique
solution for any £(t) and W(t). This solution is easily obtained as:

0
§(7)

(i) 0 if CA"W! < >
(i) —(cA™1B)~! [CATI/Vl < g(OT) ) +GW(T)] otherwise.

) +GW(r) >0

A7) = (5.6)

In case (B.6) (i) with > 0, the trajectory satisfies z;(7) > 0 in a right neighborhood of
7 (hence by assumption this may happen only at 7 = ¢ + o). Otherwise 2.(77) = 0,
and z;(7) = 0 in a right neighborhood of 7. Case (.8 (ii) corresponds to a mode in
which the system is equivalent to the DAE (in linear implicit form, or descriptor variable
system):

Ei(t) = WAW L2(t) + WBA(t) + HW(t), z(t") =0, (5.7)

with E = ( Or—nxir=1) Op=nxtn—rin) ) and A(t) is in (B.6) (ii), so that the right-
(n—r+1)x(r—1) In—r+1
hand side of (57)) is linear in z. In a semi-explicit form, the contact DAE may be written
as:
{ 2(t) = WAW 12(t) + WBA(t) + HW(1) (5.8)

h(z) =2z(t) =0

It can be checked that this DAE has index r + 1 since %h(z(t)) = ZY—H)(t) = Z.(t)
contains the term C A" ~!BA(t). We infer that the HOSP is a DDI which allows to switch
between two systems, i.e. the ODE in ([2.8]) with A = 0 and z; > 0, and the DAE in (5.7
with index r+1, A > 0and z; =0 ﬁ The switching times from the DAE to the ODE are
defined as the time when the signum of C AW 1 ( 5(0 ) ) + GW(T) changes (because

T
of the exogenous terms), implying that A vanishes. The switching times from the ODE
to the DAE may occur after a state jump. Due to the possibly non zero coefficients e;,
there may also exist phases of motion with “rebounds” on the surface z; = 0, before the
solution remains on this surface on a non trivial time interval.

5.2 The MIMO case
5.2.1 The canonical state space representation

The canonical transformation yielding (28) extends to m > 2, m < n, for systems
with vector relative degree # = (r,r,..,7)T € IR™, which satisfy CA*"'B = 0 for
all 1 < i <r—1,and CA"™™'B € IR™™™ is nonsingular. We shall adopt the nota-
tions: % 2 (522,20 e R, 1<i<m, £ € RV, 21 2 (w1, Wa, .oy wpy)T =
(24,24, 2L )T e R™, 2° 2 (28,28, ...,20 YT € R™, 1 <i < r, the zero dynamics vector

5 The case where A = 0 and z; = 0 is called a degenerate case in-between the two modes.
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¢ € IR"™™", the state vector given by z = (21,21, ...,z0 ¢TT € R", B¢ € R—m)xm
A¢ € R mnX(n=mn) yrp e RV CW 1 € IR™™. In case m = 1 we have denoted

A ) .
z; = 27 for 1 <4 < r. The canonical form then reads:

she) =
2(t) =
M) = £ (1) ] i
,é_{(t) = (CA™W1)62(t) + (CA™ I B)ie A(t) + (GW(1));
E(t) = Ae&(t) + Bez' + Gel (1),

where (CA"W )4 = C;,ATW =1 € RY"™ (CA™'B)je = C;A"'B € R™™™ 1 <i < m.
The system in (9 can be rewritten compactly as:

2Ht) = 22(t)
22(t) = 23(t)

: 5.10
Zrt) = 27 () (5.10)

2(t) = CATW12(t) + CA™ ' BA(t) + GW(t)
E(t) = Ae&(t) + Bez' + Geld (1),

with G € R™*("*YP_ The set ® can be generalized to ®,,, = R}, Ty, (Z7) = X, \Te(Z})
[1, Remark 7], and from [53, Proposition 3.1.10]: Ng, (zi)(z""!) = XT:lNT,;;(Z,i)(ZIi)v
with 77 2 (VT 22T L AT ZE 2 (21,22, ...,21)T. The tangent and the normal cones
in the right-hand side of ([B.8) can be calculated, see an example in Appendix [El We
denote dv' = (dvi,dvs,...,dvi )T and we still impose BII) for each dv®, 1 < i < r,
with dv? = dz* — 21 (see [BI0). The state jump rule in (BI3) is unchanged for all
1 <i < r—1, replacing z; by 2%. For i = r we obtain using (B.12):

{z}(t7) = = {z"}(t7) + (L + er)projigaripy [T5, ({2771 HE)s (="} )] (5.11)
The generalization of the MDI in (BI0) (BII) is as follows:

dz' — ZQ(t)dt € *31/}Tgm({zo}(t7))(cl(t))
dz® = 2 (t)dt € ~0Yry (171109 (C*(1)

: (5.12)
dz"=t — 2r(t)dt € _8¢T;;2({Z7'*2}(t—))(Cr_l(t))

dz" — CA"W=l2(t)dt — GW(t)dt € —(CA™"'B) Opr—1(zr-13- (€7 (1))

dé = (Ag&(t) + Bezi(t) + Geld(t))dt.

As indicated in [I, Remarks 15, 17], Proposition B2 Theorem H2] and Proposition
[ continue to hold when CA"™" !B = (CA™1B)T > 0. Provided that CA" B is a
Stieltjes matrix, Theorems and 4] as well as Corollaries @1l and 2] continue to
hold also [I, Remark 20 ii)]. Imposing the Stieltjes property allows one to reproduce
some parts of the proof, like in part (b-1) in the proof of Theorem ] where it secures
that (CAT_IB)_l(Z:’T(t>—dTZ(t)—dgf(t)—GW(t)) = —(CA"_lB)_l(dgE(t)—@W(t)) €
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781/1%:;1(0 (0) = Ry when df¢(t) — GW(t) < 0. Let now {2'}(t7) < 0,1 < i <
r—1, and {z"}(t7) < 0 (all inequalities are componentwise). Thus (G.IT) holds, and
procar i+ [T, (27 () 4= HE)] = {0 since Ty ({271 H(t) = RRY,
so that {2"}(t") = —e,.{z"}({t~) > 0. We obtain the inclusion —(1 + e,){z"}(t") €
—(CA™1B) Ngrp (0™), because ("(t) = 0 at an impact time. Therefore we obtain the
inclusion —(1+4e,)(CA™'B)~*{z"}(¢t™) € IR} which makes sense if CA"~!B is a Stieljes
matrix.

Another peculiarity of the MIMO case is that C A”~! B is usually non-diagonal, implying
couplings between the variables at impacts. Indeed assume that dv}({t}) # 0 at some ¢,
for some 1 < j < m. From {2"}(t*) —{2"}(t7) = CA""'B dv" ({t}) it follows that some
variables {zI'}, i # j, may jump.

Remark 5.1 In the HOSP framework we allow for different restitution coefficients e; for
each variable z; (in the SISO case), or each vector z* (in the MIMO case). However we
do not allow one coefficient e; j per component z;-, ie. we takee;; =e; foralll < j<m,
1 <@ < r. This is the same in Mechanics where Moreau’s impact rule has one global
coefficient, while other models may consider one coefficient for each constraint [18].

5.2.2 A MIMO example from Mechanics

Let us consider the flexible mechanical system in Figure[Tal To simplify the presentation
we assume that all five masses are equal to M > 0, and all springs stiffnesses are equal
to k > 0. The masses coordinates are ¢;, 1 < ¢ < 5, thus n = 10, and the two unilateral
constraints defining the normal form “outputs” are wi(q,t) = g5 — u1(t), wa(gq,t) =
g3 — uz(t), u(t) = (ur(t),ua(t),us(t)), thus m =2, n =10, p=3,r =2, 7 = (2,2)T.
The dynamics is given by:

Mgy = k(qa — qu) + k(g2 — q1) + us(t)
Mo = k(g3 — q2) + ((J1 —q2)

Mis = k(g2 — q3) + A (5.13)
My = k(g1 — qa) + k(Qs —q4)

Mis = k(qs — q5) + A1

The normal canonical form is given by:

=22
# =176 —21) + 3 — i (t)
% = a7(6s — 23) + 33 — i2(t)
&= Al + Bgzl + GelU(t),
where 2i = w; g5 —ui(t), z3 = we = qz — ua(t), 21 = (21,207, 22 = (22,22)T

= (23,23)T, CAB = L, £ = (@1 &1 @ G2 q1 41)7 € R°, A =

Sl

2 = (a1,2)",
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0 1 0 0 0 0 0 0
k k k
-2 0 E 0 £ 0 0 0
0 0 0 1 0 0 0 0
Be = Ged = (0,%,0,0,0,0)T, F =
k k ’ £ k ) 3 ) s Uy Uy Uy )
£ 0 =20 0 0 (I M
0 0 0 0 0 1 0 0
k k k
£ 0 0 0 =22 9 5 0

|
—

( 0 _01 8 ), E has all entries equal to zero except Fa 3 = ﬁ, so that CE = 09y3.
The zero dynamics contains the dynamics of masses 1, 2, 4, connected by linear springs.
In the context of unilaterally constrained mechanical systems, our framework is therefore
more stringent than the usual second order sweeping process whose expression does not
require second order derivatives of the time-dependent part of the constraints. Notice
that the zero dynamics intervenes here also in the z-dynamics (lines 22 and 22 in (5.14))).
The matrix C'AB is a Stieltjes matrix in this case. More generally, let () represent the
dynamics of a (linear) Lagrangian system with mass matrix M, generalized coordinate
q € IR?, subjected to the unilateral constraint Cq > 0 (ice., C = (é,Oan/Q)). Then
CB=0,CAB=CM~'CT > 0. The sign of the off-diagonal terms depend on the kinetic
angles between the constraints [I8].

Lemma 5.1 Consider a Lagrangian mechanical system with linear dynamics, general-
ized coordinales q € IR®, m unilateral constraints w = Cq > 0. Its decoupling matrix
CM~'CT is a Stieltjes matriz if and only if the rows Cie, 1 < i < m, are independent,
CieM~1C, . )
: 0 , belong to
\/C’i.Mléﬂ\/C‘j.Mléﬂ> 7 J g
T

and the kinetic angles 0;; = m — arccos <

[%ﬂr]. In this case the vector relative degree is 7 = (2, ...,2)

Proof: Since the constraints are independent (which implies that m < %), we obtain
CM~'CT > 0. The condition on the kinetic angles imply that C’i.M_IC’jT. > 0 for all
i and j in {1,m}, hence the decoupling matrix is Stieltjes. The last statement follows
from the fact that CB = 0. [ |
Therefore the HOSP framework allows to show the well-posedness (existence and unique-
ness of regular solutions) of linear mechanical systems subjected to a class of unilateral
constraints. Our results depart from those in [25] since we show existence and uniqueness
of RCSLBYV solutions (and not RCLBV), and with an arbitrary number of constraints.
Mechanical systems however have a specific structure that is not used in the HOSP for-
malism. Let M = diag(M, M), C = (Omxz C), x1 = q, 3 = ¢, from which we infer that
in (L), B=M"1CT = ( 1\3§ng > When written at the velocity level, the unilateral
constraints w(t) = Cx1(t) > 0 become w(t) = Cz(t) > 0. From the complementarity con-
straints 0 < Cz(t) L A(t) = 0 < A(t) € —Npy (Cx(t)), we deduce that the dynamics are
a differential inclusion of the form #(t) — Az(t) — Eu(t) € —M 1M B Npry (BT Mz(t)) =
—M~' Ng(z(t)), where ® = {z € R" | B"Mz = Cz = Czy > 0} = IR® x ®
O = {a5 € R? | Cry > 0}, and the chain rule for proper, lower semicontinuous convex
functions has been used. This shows that mechanical systems with the velocity constraint
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Cz > 0, possess a quite specific set-valued right-hand side due to the relationship be-
tween B and C: M B = CT, which is a passivity-like input/output constraint. However
since the constraint is on the position, Moreau’s sweeping process replaces the set ® by its

tangent cone linearization cone. Since we have Ng(x) = ! = ,
; #@=(5heen) )= ( vt

this boils down to set the set-valued right-hand side as —M ~* ( 0% ), with
. Ny (a1 (22)

To(x1) = {v € R2 | Ciov > 0,i € (1}, Z(x1) = {i € {1,m} | Ciex1 = 0} is the
index set of active constraints. We thus obtain the second order sweeping process in the
original coordinates: () — Ax(t) — Bu(t) € —M 1 < 0 >

NT@(I1)(x2)
As shown in [I9], a quite similar manipulation holds when the triplet (A, B, C) is positive
real, allowing to transform ([IT)) into a first order sweeping process.

I M 1|
q1
k k
L [
q2
q4 T T

I e
qs q3

orr O e

(a) A mechanical system with two (b) Circuit with an ideal
unilateral constraints . diode and a voltage source.

Figure 1. Examples from mechanics and circuits.

5.2.3 Complementarity switching DAFEs

Due to the constraint imposed on dv,., the complementarity in Theorem [5.1] continues to
hold in the MIMO case. Thus the contact LCP can be derived. Provided that CA" !B
is a P-matrix (which is guaranteed if it is a Stieljes matrix), the contact LCP in (5.5)
which holds on time intervals where z! = 0 has a unique solution A(t) for any &£(¢) and
W(t), and it has 2™ modes corresponding to 2 (7+) > 0 and X\;(7) = 0 (detachment
from z! = 0), or 2/(77) = 0 and \;(7) > 0 (contact remains active at 2} = 0). Let us
now assume that z} (1) = 0 for all i € Z C {1,m}, zJ(7) > 0 for all j € T = {1,m} \ Z,
and all 7 €]t,t + o], 0 > 0. We denote card(Z) = m’, card(Z) = m, m +m/ = ,
Az = (Niys Aigs s i, )T with i € Z, 2% is defined similarly as 2% = (2! , 20 ...,z 7.

2 7
117 T2 Y T

We have Az(7) > 0, 2z(7) = 0, and Az(7) = 0, 22(7) > 0, on ]¢, ¢ + o]. Thus we obtain

" Both m’ and 7 are simple functions of time and state along the HOSP solutions.



European Journal of Applied Mathematics 27

from (&.9):
(1) = (CA"W)ze2(7) + (CA™' B)zz)z (1) + (GW(T)z (= 0), (5.15)

where (CA"W1)z, € IR™ *™ is made of the rows of CA"W indexed in Z, (CA" ' B)zz €
IR™ ™™ is the principal submatrix of C A" !B obtained by deleting rows and columns
indexed in Z, from which we infer the contact LCP for active constraints in Z on |t,t+o/:

0 < Az(7) L (CA"W Hze2(7) + (CA"1B) 22z (7) + (GW(T))1 > 0. (5.16)

Let us recall that if CA™"!B is a P-matrix, so is any of its principal submatrices and

so are their inverses. Thus the contact LCPs as in (510]) always have a unique solution,

whatever the number of active constraints. By assumption we have on |t,t 4+ o[: Az(7) =

—(CA™'B) 77 [(CA"W ) ze2(7) + (GW(t))z] = 0. Similarly as for the case m = 1, the

LCP in (5I6) rules the possible detachments from the active constraints at 7 =t +o. It
7

is noteworthy that Az(7) may influence 27, indeed we have:

5(r) = (CATW)z,2(r) + (CA™ ' B)z7Az(r) + (GW(7))z
= [(CAW )z, — (CA™'B)7;CA™ ' B)HCA W )zao(r)  (5.17)
HGW(N)z — (CA™'B) 27 (CA™' B)ZHGW(1))z

where (CA™1B)z, € IR )*™ ig the submatrix of CA™~!B obtained from the rows
indexed in Z and the columns indexed in Z. It represents the couplings between the
unilateral constraints, and it makes the DAE vector field depend on the contact LCP
solution. The contact DAE in a semi-explicit form is made of the dynamics in (GEI0])
with the constraint 2+ = 0. It follows that this is a DAE with (vector) index (r + 1,7 +
1.,r+1)T e R™.

Therefore the HOSP is a DDI which switches between 2™ DAEs with index r + 1, and
with vector fields as in (BI5) (EIT), for varying index sets Z and Z. We might name
it complementarity switching DAEs. It is noteworthy that if the contact LCP implies a
switch between a DAE associated with the index set of active constraints Z; and another
DAE with index set of active constraints Z,, then one may have (a) Z; C Zo, (b) 71 D Z»
(¢) Iy # Zy with neither (a) nor (b). Case (a) means that active constraints are added
possibly implying jumps in z solution of the MDI (see calculations in section [6] on a
particular case), case (b) means that some active constraints are deactivated (according
to solutions of the contact LCP in (BI0) at time ¢ + o), case (c) is the more general
situation with a switching event accompanied with state jumps and detachments ruled
by the contact LCP. These various transitions are taken into account in the framework
of tracking control of complementarity Lagrangian systems in [43].

Remark 5.2 The complementarity switching DAEs can also be viewed in the original
x-dynamics (L), with DAEs in semi-explicit form. It corresponds to modes w;(z,u) =0
and wj(x,u) >0, i,j € {1,...,m}. With each mode is associated a multiplier solution of
the contact LCP, that modifies the DAFE right-hand side. Getting back to the discrepancies
with respect to switching DAFEs as in [38, 58, [61], [60)): in the HOSP the choice of the DAEs
vector fields is dictated in part by the complementarity problem in (210
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5.3 HOSP with time-dependent-switching state feedback

Let us assume that on [0,71[, 71 > ¢ > 0, we apply the feedback u;(x,t) = Ky + v1(t),
and on [11,72[, 2 = T + ¢ for some § > 0, we apply us(z,t) = Kox + va(t), for some
matrices K1, Ky and exogenous signals vy (-), ve(+) satisfying Assumptions 1] or 1’, or
17. This gives rise to the switched closed-loop dynamics (instead of (LI])):

#(t) = (A+ EKy)z(t) + B\ + Ev(t)
(a) 0 < wi(t) = (CH+ FKy)x(t) + Foy(t) for allt € [0, 7]

2(07) = =0, (5.18)

o { i(t) = (A+ EKz)x(t) + BA + Eva(t) for all t € [1, T»].

Let us assume that each subsystem (A+ EK;, B,C+ FK;), i = 1,2, has a vector relative
degree 7; = (1,74, ...,ri)T, so that one can associate with each of them a canonical
representation as in (20) after the transformation z = W,x + T;U;, i = 1,2. Using
Corollary 2] we can prove the well-posedness of the HOSP associated with the quadruple
(A+ EK;,B,C+ FKy,v1(t)) on [0, 71[ for any x¢. Given any z(7; ), the well-posedness
of the HOSP associated with the quadruple (A+ EK5, B,C' 4+ FKs,v2(t)) on |11, T2 can
be proved also. If 71 is equal to a state jump time for subsystem (B&I8]) (a), then one can
apply the state reinitialization mapping (BI3) (BI1) and (2 to this subsystem to obtain
2o, (117) and 2(rih) = W (26, (717) — Tils (1)), where z,, = (2 ,¢7)T denotes here the
state variable of the canonical state representation (2.0]) of subsystem (B.I8) (a). Then in
a second step one can apply the state reinitialization mapping (B13) (E11) and (1) for
the subsystem (G.I8)) (b), considering zs, o = Wax (") + Toldo(11) = Wo W[ (24, (177) —
Tyt (11)) + Toldz(71) as an initial condition, compute z,,(7;") and obtain a reinitialized
state (777 T) = Wy (2, (777) — Toldz(11)) for subsystem (GI8) (b), where the upperscript
++ indicates that the jump mapping has been applied twice at t = 9. If 7 is not equal
to a state jump time for subsystem (BI8) (a), then one can initialize subsystem (I8
(b) with z(71), with which is associated zg, (77 ) = Wy Y2 (1) — Tolda(11)). Therefore, we
see that the HOSP state jump rule furnishes a natural way to switch between the two
subsystems in (.I8]), which are themselves complementarity switching DAEs. One can
then define a sequence of switching times {7;}i>0, Ti+1 = 7 + d. We thus have proved
the following:

Proposition 5.1 Consider the unilaterally constrained system in (IL1). Let us define the
sequence {T;}i>0, Tig1 = T + 9, 0 > 0 of switching times, and define u = K; 412 + vip1
on [T, Tit1). Assume that each subsystem (A + EK;, B,C + FK;) has a vector relative
degree 7; = (i, ...,m3) T, and that (C+ FK;)(A+EK;)"" "' B is a Stieltjes matriz for each
i. Assume further that the functions v, : Ry — IRP*, satisfy Assumptions[{.1], 1" or 17.
Then the switching HOSP system admits a global, unique reqular solution in the sense of

Definition [£]]

8 The need for two sequential state jumps has been noticed in [62] Lemma 3.1] in the context
of switching DAEs, when a change of state space is performed in each mode.
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Remark 5.3 There is a fundamental difference between the exogenous switching times
in this section, and the complementarity switching times (i.e., the switching times due to
the complementarity conditions): the latter admit accumulation times (where the crossing
of the accumulation time is taken care of by the multiplier \), while the former need
some dwell time § > 0. An open problem is to design state-dependent switching times
(other than the complementarity ones) between HOSPs as in (3.18). This however creates
serious difficulties, like how to avoid finite accumulations or even an infinity of switching
times at one instant (the so-called beating phenomenon in some classes of impulsives
ODEs [§]]), or continuation after such accumulations, or sliding modes, etc.

Example 5.1 Let us provide an academic example from circuits with ideal diodes. Let
us consider the simple circuit in Figure[IB. Its dynamics is given by [18, Example 5.16/:

)
io(t) = —Ray(t) — Ty (t) — $A() + Fu(t) (5.19)
0 <w(t) =—zo(t) L A(t) 20,

where x1(t) is the charge of the capacitor, xo(t) = i(t) is the current through the circuit,
u(t) is a voltage source. We first propose two dynamic feedback controllers:

up(x, N\, t) = X\ — Las + v1(¢) ug(x, N\, t) = A+ Lag — x4(t) + va(t)
(@) § @3(t) = za(?t) (b) § @3(t) = za(t)
z4(t) = A(¢) 24(t) = A(¢)
(5.20)

The corresponding canonical dynamics are given by:

.i‘l(t) = xg(t)

S0 o[22
MW=aﬁ?m+lz & 1 ) = —Fa(t) - goza(t) + () - 2
4(t) = A(t) 5(163f :_zl(t) t
w(t) = —xa(t) z1(t) = —w2(t)
(5.21)
for (220) (a), and
il(t) = LCQ(t)
T = —E{[; — L.’E T Zl(t) = Zz(t)

- —54—“2)(2 wallf’ 10 el L) = —Fzu) - 12a(t) - F(1)
) =m) <9 . —Gez(t)+ 22 — L2
a(t) = A1) E(t) = Ae€(t) + Bez ()

w(t) = —z5(t) 21(t) = —wa(t)
(5.22)

2
for EZD) ((b), where &(t) € R*, Fe(sly — Ae) ' Be + Ge = LG HAG=L 5 € ¢,
(A¢, Be, Fr, Ge) a minimal representation, and x4 = Fe{+ Gez1. The proof is outlined in
section [G 1t is possible to apply Proposition[51 to a switching system with {521) and

(2.22).
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6 The higher-order bouncing ball

In this section we consider a very particular form of the “input” term in ([2.6]) and of the
chain of integrators, in order to mimic the mechanical bouncing ball. The focus is put on
the existence of trajectories of the HOSP, which possess accumulations of state jumps
(the solutions of the HOSP admit infinity of discontinuities in finite time, as functions of
local bounded variations do). The results demonstrate that the dynamics of the HOSP
may be quite complex when external excitation and non-zero restitution coefficients are
considered. Notice that the exhibited complexity could not be shown in the autonomous
framework of [I].

Definition 6.1 A left accumulation of state reinitialization times t; at ¢, is an accumu-
lation on the left of ¢. In other words, limy_, oo tx, =t with ¢ < ¢ for all k£ > 0.

In Mechanics, the bouncing ball example shows that a constant input to a chain of
two integrators, and a restitution e € (0,1) can produce left accumulations of velocity
jumps. The position is time-continuous and made of portions of paraboloids, velocities are
piecewise linear functions of time, and the force input signal is constant. It is of interest
to study whether or not a constant input in ([ZG]) can also induce left accumulations of
state jumps, when r > 3. We denote T,.(s) = Z::_Ol CA'Es"=17" + Fs", where s € C is
the Laplace variable and we denote the Laplace transform as L[-].

Lemma 6.1 Consider r > 2 and m = 1. Let us consider the HOSP with external inputs
and non zero restitution coefficients e; in (F3), with all e; = 0 except e; > 0 for some
i €{2,...,r}. Assume that F =0, CA" =0 and CA""'B > 0, and that L[u(t)] = oL
with a < 0, a constant and T,.(s) # 0. (1) A unique regular solution exists globally
for all a < 0 and any initial condition. (ii) Let {tx} be a strictly increasing sequence,
with limy_ 100ty < +00. Then a solution z(-) satisfying for all k > 0: z1(t) = 0,
Ap =tpp1 —ti >0, 2(ty) <0, z1(t) > 0 on |t trs1], and limy_s 400 2;(t]) = 0 for all
Jje{l,...,r}, exists if and only if

(i — DN r —i+1)!
===+ D]

e; €10 (61)

Proof: (i) The function u(+) is defined as the inverse Laplace transform u(t) = £71 (Tﬁs) ) .

There exists a realization (M, N, P) of the transfer function %(S) such that %(5) =
P(sl,_1—M)7IN, o(t) = Mv(t)+ Na, u(t) = Pv(t). Thus v(-) is analytic and so is u(-).

Corollary applies.

(ii) Only if : From the data of the Lemma, we get 7, (-4 )u(t) = a < 0 so that from (ZB)
the system is a chain of integrators with a constant input a. The equality of measures in

(BI0) is given by:
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le = 22 (t)dt + dl/1
dZQ = Z3 (t)dt + dl/2
: (6.2)
dzp—1 = z.(t)dt + dv,—1
dz, = CA" 1 Bdv, + a dt.
It is also worth noting that z;(¢;,) < 0 (= z;(t{) > 0) is necessary for the accumulation
of “bounces” to exist, since z; (t;) =0 for all j # 4, due to e; = 0. Integrating on |ty, ]
we obtain

t—tk)” =i a
+ Sy r
§:z, () 1 + (= 1) (6.3)

on [tg, try1]. Since z;(t) = 0 for all k and all e; = 0 except e;, we get from (G.3)

i—2

a .,
) gty + Ak =0 (6.4)
where we also used that ¢ > 2. It follows that
1
rl ozt T
Ay = (_(z’—kl) ) (6.5)

where we used that 0 <71 —2<r—2<r—1and A > 0 for all k£ < +oo. Notice that
the right-hand side of (63 is positive as z;(t;) > 0. Now we have

a—r—+1
Ak

reallin) =40 G2 it @ . mid" (6.6)

for ae € {0,...,7 —i}. Taking o = r — i and recalling from Proposition B2l that z; (tzﬂ) =
—e;2i(t,,) when z;(t; ;) <0, we obtain from (6.6) and (G.3)

(t;-i-l) =€ ( 1+ 1) (:!_ i 1)!> Zl(tZ) (6.7)

from which we deduce that

Lt = ( ( = (:!_Hl) ))lei(ta“), k>0, (6.8)

One checks that provided z;(tJ) > 0 then zi(t;ﬂ) > 0 forall 1 < k < 400 as
rl

(=Yt 1, see Lemma [AJ] in the Appendix. The necessary part is proved since
(67) is a geometric series. It also follows from (G.5]) and (6.7) that

7!
Ap = —————erzi(td 6.9
= e s) (©9)
with €; = ¢; (—1 + Wm) From (63 it follows that the total duration of the

sequence of infinite impacts is bounded and equal to:
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+oo o '(+

rlzi(tg) 1
E Ap=—"202 — 1
= 4§ a(i—1)! 1—e¢ (6.10)

If : Let the system be initialized at z(0~) and let 2(0") be the solution of the state
jump rule in Proposition B2l Then from (G.3]) there exists t* < +oo such that for ¢ > ¢*
one has z(t) < 0 and z(t*) = 0. Since the reasoning applies to any initial condition
on z(-), one deduces that there exists a contact time for the initial data z;(07) = 0 and
2;(07) < 0 at some bounded ty > 0. Using (6.8]) with & = 0 it follows that z;(t;) < 0
and z;(t]) > 0. And so on. Therefore (G.I) is sufficient for an accumulation to exist. B

The Mechanical bouncing ball model implies F = ( (1) ), C=(10), A= ( 8 (1) ), SO

that T,.(s) = 23:0 CA'Es'~% = 1. In the case of a triple integrator zgg) () = u(t) + A1),
one gets that either e; = 0 and e3 € ]O,%[, or e3 = 0 and ey € ]0,%[. Ifi =ror
i = 2 then ¢; € ]O, L [ Since imposing w(0) > 0 implies that w(-) is continuous (as
a consequence of [BI3) for i = 1, which implies that {z1}(t7) = {21}(¢t7) at all times
t > 0 since Ty = ® = IR,), one recovers the case of the bouncing ball where r =i = 2 so

626]0,1[.Ifia+10rira+1forsomea,then6¢€]0,Nll[in(ﬁﬂ]).lf

al(r—a)!
e; > 0 but it does not satisfy the constraint in (GIJ), then the above accumulation may
not exist (e; = 0) or the solution may diverge (e; > %) Notice finally that
after the finite time of state jump accumulation has been reached, the system may enter
a phase of persistent contact with z(¢) = 0. Then the multiplier A(t) = x,(¢) is a solution
of the contact LCP (see section [l) and takes care of maintaining the trajectories on the

unilateral constraint boundary.

7 Fixed points, stability, positive invariance

7.1 Existence and uniqueness of fixed points

Consider the MDI in (3I0) GII) (or equivalently (@3) @) BII)) in a MIMO setting

as ([E.I0), then fixed points z* = (z%7,¢%T)T have to satisfy the generalized equation:

0=WAW™1z* + Nx*(t) + HW(t)
ad)ém (21,*)
Bqu>m (zl’*)(ZQ)*) 7.1
X*(t) € — : ( )
awT;;I(zl-r*,...,z’"*l’*))(Zh*)

for all t > 0, where N is in @), X = (X1, Xr)T € R™, x = (X, 0n—rm)T.
Example 7.1 Consider the classical bouncing ball dynamics: 21(t) = za(t), 22(t) =

u(t) + A, 0 < z1(t) L x2(t) = 0, where A = xa(t) outside impact times. We suppose
z1(0) > 0 so that dvy = 0. Fized points are solutions of xa2(t) = —u(t), 0 < 2z L
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x2(t) = 0. Suppose that u(t) < 0, then the unique fized point is z{ = z5 = 0 with
X5(t) = —u(t) > 0 (this is the static equilibrium of the ball on the ground). This justifies
why X* may be time-dependent in (7.1) while the set-valued term is independent of time.

Equilibria occur outside jump times, hence z* = (217, 0,,,...,0,)7, x7(t) =0, 1 <i <
r—1, xr(t) = 0. This allows us to rewrite equivalently (Z.I]) as:

(a) 0€ dpg(z")

(b) 0€ M- 1(21* 00), 2<i<r—1

() 0€ CA"W1(z s 0,1, 5T - GW(t) + CA™ 1 By:(t) (7.2)
(d) O—Agg*-f—Bng*-f—GgZ/l()

(e)

e) xi(t) € aqﬁTgml(zlv*,om,...,om)(0)

The inclusions in [T2) (a) (b) are trivially satisfied since the right-hand sides are cones.
Let m = 1. We can study first two cases: (i) z; > 0 = x,(f) = 0 and ﬁxed points
are solutions of di2} + df & + GW(t) = 0 and Ag&* + Bezi + Geld(t) = 0. (i) 2 =
0 = x-(t) > 0 and fixed points are solutions of 0 € df &* + GW(t) + C’AT 1BXT( ),
Al + Geld(t) =0, x3(t) = 0 (we made use of (24)) to simplify the equations). Various
conditions can be derived from these equations to study the existence and uniqueness of
equilibrium points.

Proposition 7.1 Suppose that CA"'B > 0, and A¢ is full rank. Let m = 1, dy —
dgAngg # 0, and assume that dgTAgng/{(t) —GW(t) is non constant. Then necessarily
27 = 0 (the equilibrium, if it exists, necessarily occurs on the unilateral constraint bound-
ary). On the boundary the equilibrium exists if and only if (CAT*IB)*l(dgAgng/{(t) -
GW(t)) >0

Proof: Let z; > 0, then x;(¢) = 0 and using (Z2) (c¢) (d) we obtain 2z} = (d; —
dgAngE)_l (dgAgng/{(t) —GW(t)), which is not possible if the term between brackets
is not constant. The second result follows from (T2)) (c) (d) (e), using ([Z:4). One obtains
(CAT_IB)_l(dgAg1G§U(t) —GW(t)) = xi(t), while (c) (e) with 27 = 0 is equivalent to
X5 (t) € IR4. The result follows. [ ]

Proposition [I1] allows us to determine when the mixed LCP: Ax* + BA*(t) + Eu(t) = 0,

0 < w* = Caz* 4+ Fu(t) L A*(t) > 0 has a unique solution (z*, \*(¢)) with w* = 0, and

u(t) not identically zero (the exogenous term “pushes” the system on bd(®,,), in a sort of

static equilibrium on a moving constraint). In both ([2I1]) and (BI4) the matrix A is full

rank. When m > 2, the rth row of WAW " in [24)) is equal to (D1, Da, ..., D,, D¢) with

D e R™™ 1<i<r D€ R™ (=) Also G e R™X (P Ge € IR(” mIXTP and
= (IR")™. Then ([Z3) (c) (d) (e) becomes:

D1z + De&* + GW(t) + CA™ 1By, (t) =0
Agf* + B&Zl’* + Gg“(t) =0 (73)
X,»(t) S —8wT;f1(21,*70m7.__,0m)(Om)
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In general one may have equilibria with zzl* =0 and zjl* > 0, i # j. We do not study
further the generalized equation ([Z3]), however conditions which guarantee that it has a
unique solution are given in section [.2.T] Remark

7.2 Stability and stabilization

The canonical form (EI0) is obtained by considering A as an “input” and w as an
“output”, therefore its use for control with wu(-) differs from the usual case where the
canonical form is obtained with the input u(-). In addition one has to cope with the
unilateral constraints and the state jumps.

7.2.1 Asymptotic stability via passification

Let us consider the MIMO system in (&.I0). We can write the associated MDI formalism
as

dz = WAW 1 2(t)dt + Ndv + HW(t)dt, (7.4)
B Im(rfl) O('rfl)mxm
with dv = (a7, ...,dvT)T € R™, dv; ¢ R, N = O sm(r—1) CA'B | e
O(nfmr)xm(rfl) O(nfmr)xm
Om(r—l)
R™ ™ CA™1B € R™*™. We recall that HW(t) = | GW(t) |, see 1) and (EI0),
Gell(t)
and that W(t) and U(t) involve u()(t) for 0 < i < r. In the autonomous case, the sta-
bility of the trivial solution z* = 0 is shown in [I, Proposition 10] under a positive

real [I7, Definition 2.29] condition of the triplet (WAW 1, N, (), where when m = 1,

N = N e R™" Ji/' _( o~ € IR™*" is a leading principal
On—r)r ) 0,., CA™'B gp p

submatrix of N in (&4, C = (I, 0rx(n—r)), thus defining a system with r inputs and r
A1
outputs. Then the matrix J = ( N Orx (n—r) ), 0< Je = JgT e R—)x(n=r)
O(n—r)xr Je
is a solution of the KYP Lemma LMI associated with the triplet (WAW =1 N, C) [I7,
Lemma 3.1]. It is noteworthy that this is different from the positive realness condition
that is alluded to in Remark 2] which does not concern the same system. Let us extend
this result to the MIMO case by letting © = Ky + v for some K € IRP*"™ and y = Lx is
a measurable output and v the new input. The triplet (A4, B, C) in (1)) is transformed
into the triplet (A, B,C) 2 (A+ EKL,B,C + FKL), which does not necessarily have
the same relative degree as (A, B, C). Letting v = 0 and still denoting the vector relative
degree of (A, B,C) as ¥ = (r,...,r)T € IR™, we can use the canonical transformation to

9 Written here with some abuse of notation.
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obtain:

dz = WAW ~'2(t)dt + Ndv, N = ( 0 N > e R™™
(n—rm)xrm

(7.5)

= Lor— O (r—
N = m(r—1) m(r—1)xm ) e [Rrmxrm
( Omxm(r—l) CA™'B

with CA™"1B € IR™ ™. The next proposition states the stability of the origin for the
dynamical system HOSP(zo, [0,7), and extends the results of section 4.5 in [I] to the

MIMO case with feedback. Let C = (Imrs Orrx (n—rm) )» A 2 WAW !, then the triplet
(A, N,C) defines a system with rm inputs and rm outputs. The next proposition states
conditions under which one can find a common Lyapunov function for the HOSP seen
as switching DAEs, with possible state jumps and solutions being higher degree distri-
butions.

Proposition 7.2 Suppose that the pair (C, A) is observable, the pair (A, N) is control-
lable, and the matriz A is exponentially stable. If the transfer matriz C(sI,, — A)*IN 18
strictly positive real, then the trivial solution of the (autonomous) HOSP is Lyapunov
stable and globally attractive.

Proof: From the KYP Lemma for SPR systems [I7, Lemma 3.11] there exists IR"*" >
P = PT > 0 such that ATP +PA < 0 and PN = CT. The second equality implies
that P = ( P Orrmx (n—rm) ) with PN = Irm. Thus the strict positive real-
O(n—rvg)xrm P§
ness implies that N = P~ > 0, which in turn implies that CA""'B > 0. Let us now
show that P defines a quadratic storage function for the autonomous HOSP (including
state jumps), then derive a dissipation inequality. The transfer matrix being SPR, it is
clear that on any interval (7,s) not containing any state jump time, s > 7, the dissi-

pation equality V ({z}(s)) — V({z}()) = f(ﬂs) %(t)TC{z}(t) dt + f(ns){z}(t)T(ATP +
————

=xr(t)T 21 (t)=0
PA){z}(t)dt holds with the storage function V({z}) = 1{z}7P{z} [I7, Example 4.65]. It
is then sufficient to check that the storage function is non-increasing at state-discontinuity
times. We can calculate that V(1) =V (t7) = ({2} (t1) + {Z}"(t7))TN 1({Z}T(t‘*‘) —
{Z}"(t7)), where {Z}" = ({2}, {2}?, ..., {z}")T (see section £Z). Using ([TH) we have
{Z}(tT) — {Z}"(t7) = Ndv({t}), hence we obtain V(t*) — V(t~) = ({Z}"(tT) +
L2Y ()T dv({8) = S ((F )+ F ) mi(6) with mi(t) € — 00 71101 (G0,
We can rewrite {z}'(t7) + {2}'(t7) = ¢'(t) — 1572 {=}*(¢7), and since {0} belongs
to the normal cone computed at any point of its domain of definition, it follows by
maximal monotonicity of the normal cone mapping (to a convex set) that ({z}!(¢*) +
{2}i(t7),mi(t)) < 0 for all 1 < i < r. Thus Lyapunov stability is shown. Next we
have for all s > 0: V({z}(s)) — V({2}(0)) < —Apax(—ATP — PA) f[O,s] [[{z}(®)]|%dt <

7% f[o o V({z}(t))dt. Assume now that V() - Voo > 0 as t — +oo. Thus
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there exists T < 400 and § > 0 such that V(¢) > ¢ for all t > T. We obtain for all s > T":

— T —
V({2}s) < V({z}(0)) = 2eexlEATEPA ([0 VLN )t~ [, V{20
AT p_ _ATp_
V({2}(0) — 2uex(CA BP0V ({2}(1)dt — AeeEA TP A (5 — )
(7.6)
Letting s — +oo in both sides yields a contradiction, showing that V(¢t) — 0 and
consequently {z}(t) — 0 as t — +o0, for any initial condition. [

NN

Remark 7.1 Continuity in the initial conditions usually does not hold in the MIMO
case, a well-known fact in unilaterally constrained mechanical systems [18| Q). From
Lemma [51] we can even exhibit cases of well-posed HOSP which have solutions which
are discontinuous with respect to the initial data due to the kinetic angle values [18].
This precludes in general the application of the Krasovskii-LaSalle invariance principle,
except in cases where continuity holds [36, Theorem 6.3.1].

Remark 7.2 We do not investigate here conditions that guarantee the existence of K
such that given (A, B,C) and L, then (A, N,C) is SPR (which is a novel kind of passi-
fication by feedback, where the passification of the operator dv — Cz is done using the
input u(-)). The KYP Lemma yields a nonlinear matriz inequality in P and K. It is
noteworthy that (A, N,C) may be SPR while (A, B,C) is not, e.g. for all systems with
r > 2. We have exhibited a Lyapunov function and shown global stability of the origin,
which proves that the origin is the unique fized point under the above SPR condition.
This could be shown directly as proved in the next lemma.

Lemma 7.1 Under the SPR constraint, the origin is the unique fixed point of the
HOSP.

Proof: Let us consider (7.3). Mimicking (7.1)), fized points have to satisfy the generalized
equation:

0" = Az* + Nx*
N, (217)
3¢T¢m (zl*)(o) (77)

8¢T£;Ll(zl~*,0 ..... 0))(0)
with z* = (2Y%,0,...,0,¢5T)T. By SPRness we have —ATP — PA > 0 = —PA > 0.

L%
0o o

From PN = C”, we obtain 0" = PAz* +CTy* & —PA : = ( 0(n73<m)xrm )
om
¢

The inclusion in (7) implies that —(PA)1125* — (PA)1n—rmé* € —Os,, (21*) C
R™ and —(PA)p—rm12"* — (PA)n—rmn—rmé* = 0", with —(PA)11 > 0 and
—(PA)n—rmn—rm > 0 since =PA > 0. Let us now denote the ith unit vector of IR™
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as ;. We have —9vg,, (27*) ={v e R™|v =3, .7 vej,a; 20}, I={i e {1,m}|z"
0}. Assume that zjl* > 0 for some indices j € J = {I,m}\T = {j1,.-,dq}: ¢
m. Then €] (—(PA)112"* — (PA)1n—rmé") = Yy i€l e; = 0. Let us define J

{1y da}s Bz = (e, vej,), and 2% = (27", .., 2;")T. We get —EL(PA) 1 Eg2" —

I N

J1 7 %
E;(P.A)Ln_ng* = 0™, with _E?;(PA)LlEj > 0 since ¢ < m. From the second equal-
ity we get & = —(’P.A);irm,n_rm(P.A)n_rm,lEjz;’*, so that we obtain the equality

—EL{(PA)11 - (PA)Ln_rm(PA);irm,n_rm(’PA)n_rm,l}EjZ}i* = 09. The term be-
tween bracket is the Schur complement of the matric (PA)n—rmn—rm in the matric
( (,PA)lyl (,PA)l,nfrm
(PA)n—rm,l (’PA)nfrm,nfrm
principal submatriz of PA and is therefore negative definite [13, Proposition 8.2.7],
consequently it has full rank n — (r — 1)m. Now applying [13, Fact 6.4.20] we infer
that rank[(PA)11 — (PA) L n—rm(PA) Ly (PA) n—rm.1] = m, and we deduce that
rank[EL{(PA)11 — (PA)Ln_Tm(P.A);irm,n_rm(PA)n_rm,l}Ej] =m, and thus 2}7* =
09. This is a contradiction and we infer that z'* = 0™, so that £&* = 0: the only equilib-
rium is the origin. [ ]

) e R (r=Dm)x(n=(r=1m) " Tpic last matriz is a

7.2.2 Finite-time stabilization on {x € R" | w(z,t) = Cx + Fu(t) = 0}

Under the proposed feedback for Proposition and Lemma [Tl to apply, the origin
in the z-dynamics is also the origin in the z-dynamics, and it belongs to the constraint
boundary. We note however that y* = 0", which may be unwanted in some applications.
As shown in section [(] the constraint boundary may be attained in finite-time after an
accumulation of state re-initialization times (a Zeno behaviour similar to what is observed
in the bouncing-ball mechanical system [37]), and with a positive multiplier x,(¢) to
“maintain” the state on the constraint boundary (in the case of Lemma [G] one has
X5 = —a, see also Example [[T]). In this setting the input u(-) contact LCP can be
designed to force a particular mode (i.e., a set Z) of the contact LCP in (BI6) through
the term GW(-). Due to space limitations we do not study more deeply this approach,
which is however an important field of investigation for all systems subjected to unilateral
constraints (see [I8] 43| for the case of tracking control of Lagrangian systems, [20] 50]
for finite-time stabilization on constraints).

7.3 Positive invariance

Nagumo’s theorem states a sufficient condition for the positive invariance of sets S [15],
for ODEs @(t) = f(x(t),t) with unique solutions, as f(z,t) € Ts(x) for all € S, where
Ts(x) is the tangent cone (or in a more general setting the contingent cone [6]) to S at
x. When the system is autonomous the condition is also necessary [34] 5]. Its geometric
interpretation is clear: on the boundary of S the vector field points inwards S. It extends
to systems with non-unique solutions, to differential inclusions [6l [14], impulsive differ-
ential inclusions [7], ODEs with distributions [34], with the so-called viability property.
For the second order sweeping process applied to Lagrangian systems, Moreau’s viabil-



38 Bernard Brogliato

ity Lemma holds [I8, Lemma 5.1] [47, Proposition 2.4], which states that if the initial
position is admissible, then it is sufficient that the velocity belongs to the tangent cone
linearization cone for almost all times, to guarantee that positions are admissible for all
times. The HOSP is a differential inclusion which guarantees that 2!(t*) € ®,, for any
initial condition {z}(0~) (or, in the z-dynamics (L], the positive invariance of the set
¢, ={z e R"|Czx+ Fu>0}). Moreau’s viability Lemma is extended as follows.

Lemma 7.2 Assume that z is a solution of HOSP(z20;1), that z(0) € ®,,, and that
{2%}(t) € T, (2%(t)) for Lebesque-almost all t € I. Then z'(t) € ®,, for allt € I.

Proof: Suppose that there exists t; > 0 such that z (tl) Z ®,,, that is there exists a
nonempty set J = {jl,jg7 ...y Jq} such that z (t1) < O0forall j; € J. By absolute continu-
ity of z'(-) we have zj (t1) — zj (0) = fo,tl]{z * }(s)ds < 0 since by assumption zj (0) > 0.
From the definition of the tangent cone and the fact that Ty, (Z%) = X T4 (Z}), it

follows that almost everywhere {z?}(t) €Ty (zj1 (t)) = IR.. Hence a contradiction and
we infer that J = 0. ]
Let us now prove the following result, which we may name the HOSP Viability Lemma

of order 3, while Lemma may be named the Viability Lemma of order 2.

Lemma 7.3 Let z be a solution of HOSP(zo; I), with 2*(-), {z2}(-) and {z3}(-) absolutely
continuous on I = [0,T[, T > 0. Assume that 21(0) € ®,,, {z°}0) € Ts, (21(0)),
and {z3}(t) € Tz (2'(t),{22}(t)) for all t € I. Then z'(t) € @y, for all t € I and
{22}(t) € Ts,, (21(t)) for all t € I.

Proof: First of all we remark that since Ty, (Z%) = X' Ti(Z}) we can do the proof
for the case m = 1 in order to simplify the presentation. We can therefore adopt the
notation for the SISO case in the following. Let us consider two cases: a) z1(0) = 0
with subcases al) {z2}(0) = 0, and a2) {z2}(0) > 0, and b) z;(0) > 0. Let us analyse
case b). If z;(t) > 0 for all ¢ € I then Ty(21(t)) = R for all ¢ € I and {22}(t) €
Ts(z1(t)) for all ¢ € I. If there exists t; > 0 such that z;(¢;) = 0, then we can go to
case a), changmg t =t1 to t = 0. Let us therefore analyse case a). In case a2) we have
z1(t) — 21(0 fo {#z2}(s)ds for all t € I, by the absolute continuity. Also {z2}(¢) > 0 in
a right nelghborhood of t = 0, so that z;(t) > 0 in this neighborhood, and we are back
to case b). In case al), we have z1(0) = {22}(0) = 0 so {23}(0) > 0. We consider two
subcases all) {z3}(0) = 0, and al2) {z3}(0) > 0. Let us start with al2). In a right
neighborhood of ¢ = 0 we have by continuity {z3}(¢ ) > 0, consequently {z2}(t) > 0 and
z1(¢t) > 0 in this neighborhood, since {z2}(t) — {22}(0 fo {z3}(s)ds and 2, (t) — 21 (0) =
fOt{ZQ}(S)dS for all t € I. So we are back to case b). We can now split case all) into
three subcases: al11) {z4}( ) =0,a112) {z4}(0) > 0, 3113) {z4}( ) < 0. In case al13)
we have {z3}(t) — {23}(0 fo {z4}(s)ds so that {z3}(¢) fo {z4}(s)ds < 0 in a right
neighborhood of ¢t = 0. However by assumption {z3}(t) € Tz (21(t),{z2}(t)) for all t € I,
so in particular {z3}(0) € T2(0,0) = IR so that {z3}(0) > 0 in a right neighborhood
of t = 0: this is a contradiction and we infer that case al113) is impossible. Thus only
alll) and a112) are possible. In case a112) we have z1(0) = {22}(0) = {25}(0) = 0 and
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{#4}(0) > 0. Again by integrating in a right neighborhood of ¢ = 0 we get {z3}(t) > 0,
{#z2}(t) > 0 and {z }(t) > 0 in this neighborhood and we are back to case b). Case al1l)
is 21(0) = {#2}(0) = {23}(0) = {24}(0) = 0. As we saw in case all3) we cannot have
{z4}(t) < 0 in a right neighborhood of t = 0. Thus we can only get {z4(¢)} > 0, i.e, either
{z4}(t) = 0 almost everywhere or not in a right neighborhood of ¢ = 0. Integrating again
on [0, ¢] for some small enough ¢ > 0 we infer that in this neighborhood z1(t) € ® with
either z1(¢;) = 0 or z1(¢1) > 0 for some t; > 0, and in both cases using similar argulents
as above we deduce that {z2(t)}(t) € T (z1(t)) for all ¢ € [0,¢1]. Since the solution is
supposed to exist on I the result is proved. [ ]
Viability Lemmas of higher order could be proved in a similar way.

8 Conclusions

In this article we have shown that the autonomous high-order sweeping process intro-
duced in [I], can be extended when an exogenous term (a control, or a disturbance u(-))
acts in the smooth dynamics as well as in the inequality function, and is well-posed
provided that the exogenous term satisfies some analycity conditions. A detailed well-
posedness analysis is presented. The link with complementarity systems and switching
DAEs is studied. Stability and stabilization by state feedback issues are analysed under
positive real constraints. The so-called high-order bouncing ball illustrates how complex
such differential inclusions (with distribution solutions) may be, with Zeno behaviours for
transitions between constrained and unconstrained modes. It is noteworthy that the time-
discretization of the HOSP which is detailed in [I], also applies to the non-autonomous
case studied above.

Topics of future investigations are numerous: relax the uniqueness of solutions which is
not a crucial property for stability; relax the Stieltjes property of the matrix C A"~ B in
the MIMO case; analyse the MIMO case with vector relative degree = (11,72, ..., ") 7,
with r; # 7, ¢ # j, which would allow to switch between DAEs with different indices;
find conditions such that switching feedback controllers allow the HOSP to coincide with
given switching DAEs and/or Linear Complementarity Systems (said another way: try to
recast larger classes of switching DAEs or LCSs into an HOSP framework); use switching
strategies in the HOSP with time-dependent switching state feedback controllers, to
study new stabilization strategies, with possibly non monotonic Lyapunov functions;
study cases of globally well-posed nonlinear HOSP (involving products of distributions)
relying on nonstandard analysis [32, [10, [I1]; analyse the case of mixed unilateral and
bilateral (equality) constraints; analyse switching between systems (HOSP) with varying
state dimension (switching dynamic feedback controllers).

Appendix A Auxiliary lemma

Lemma A.1 Letr > 2 and i € {2,...,r}. Then WLZH)' > 1. Consequently one has

(i—1)!(r—i+1)!

—G-1i—itn! > V-

Proof: A simple calculation shows that when ¢ = 2 and ¢ = r then i =r.

r!
i—1)I(r—i+1)!
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Let us consider first r =2a+ 1, a € IN, a > 1, and 1 < g+1<:>i< « + 1 since 7 and
« are integers. Then r — i+ 1 > a+ 1. Thus r — i + 1 > i. Let us examine the term
(t—1)!(r—i+1)!. Let us increment 4 to i + 1. We get i!(r —i)!. Doing so the term (i — 1)!
is multiplied by ¢ while the term (r — i 4 1)! is divided by » — ¢+ 1. Since r —i+ 1 >4
one finds that i!(r —i)! < (¢ — 1)!(r — i+ 1)!. By induction it follows that the maximum
value is attained at ¢ = 2. The problem is symmetric in the sense that (i — 1)!(r — i+ 1)!
has the same value for i = k and i = r — k 4+ 2. By the symmetry one may now consider
r > 1> 5+ 1 and conclude similarly. The reasoning can be applied for i = 2,3, ..., k with
k < 541, which shows that the maximum is indeed attained for : = 2 and 7 = r. In the
even case with r = 2o, a € N, a > 1,onegets i < 5+ 1 i< asothatr—i+1>a
and 7 — ¢+ 1 > i. A reasoning similar to the odd case applies and by symmetry one

considers integers r > i > « + 2. For i = a + 1 one gets WLZH)' = aﬁ—;, > 1 for all
r > 2. Therefore —1 + W'ﬂﬂ)' > 0, and the last statement follows.
[ |

Appendix B Calculations for the proof of i) of Theorem

Let us consider (A6). From Lemma [E] we obtain

t
I{=3 O < llzoll” + at + (24 + 1)/ (Il20]1? + as)e*A D= s, (B1)
0

Integrating by parts one gets

t 1
—(2A+1)s gg — po—(2A+1)t _ ( —(2A+1)t 1) )
/0 Sse S & 7(2[\ n 1)2 e

One also computes that

t
(20 +1) ||zo|\2/ A=) s = ||z (e@AH)t - 1) :
0
From these two expressions one can obtain the upperbound in i) of Theorem

Appendix C Some mathematical definitions

The next notions may be found in [T}, 48] [39] Let I denote a non-degenerate real interval
(not empty nor reduced to a singleton).

e By z € BV(I; IR") it is meant that z is a IR"-valued function of Bounded Variation if
there exists a constant C' > 0 such that for all finite sequences ty < t; < .... < tny (IV
arbitrary) of points of I, we have

N
> z(ts) — 2ty < C-
=1
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Let J be a subinterval of I. The real number

N
A
var(z,J) S sup Y ||z(t;) — 2(ti-1)|,
i=1
where the supremum is taken with respect to all the finite sequences ty < t; < ... < ty
(N arbitrary) of points of J, is called the variation of z in J.

Any BV function has a countable set of discontinuity points and is almost everywhere
differentiable. A BV function defined on [a, b] C I possesses left-limits in ]a, b] and right-
limits in [a, b[. Moreover, the functions ¢ — z(tT) = limg s o5t 2(s) and t — 2(t7) £
limg_s s<¢ 2(s) are both BV functions.

e We denote by LBV (I; IR") the space of functions of Locally Bounded Variation, i.e.
of bounded variation on every compact subinterval of I.

e We denote by RCLBV (I;IR"™) the space of Right-Continuous functions of Locally
Bounded Variation. It is known that if z € RCLBV (I; IR") and [a, b] denotes a compact
subinterval of I, then z can be represented in the form:

2(t) = J.(t) + [2](t) + . (t), forall € [a, b],

where 7, is a jump function, [z] is an absolutely continuous function and (. is a singular
function. Here 7, is a jump function in the sense that 7, is right-continuous and given
any € > 0, there exist finitely many points of discontinuity ¢1,...,tx of J, such that
Zfil |\ T-(t:)—T-(t;)||+e > var(J-, [a,b]), [2] is an absolutely continuous function in the
sense that for every e > 0, there exists § > 0 such that va:l I1z1(8:) —[z](ci)|| < e, for any
collection of disjoint subintervals Ja;, 8] C [a,b](1 < i < N) such that 33N | (8i— ) < 6,
and (, is a singular function in the sense that (, is a continuous and bounded variation
function on [a, b] such that ¢, = 0 almost everywhere on [a, b).

e By z € RCSLBV(I;R") it is meant that z is a Right-Continuous function of Special
Locally Bounded Variation, i.e. z is of bounded variation and can be written as the sum

of a jump function and an absolutely continuous function on every compact subinterval
of I. So, if z € RCSLBV (I;R") then

z=[z]+ T, (C1)

where [z] is a locally absolutely continuous function called the absolutely continuous
component of z and 7, is uniquely defined up to a constant by

To(t) = 2(th) —2(t,) = Y 2(t) — (1) (C2)

t>tn t>t,

where tq,ts, ..., ty,, ... denote the countably many points of discontinuity of z in I. Notice
that the notion of solutions that is used in [58] [60] for switched DAEs (with exogenous
switching times) has the same structure as (C1)) with a “smooth” and a jump parts
(without finite accumulations of jump instants).

Differential (or Stieltjes) measure. Let z € LBV (I; IR"™) be given. We denote by dz
the Stieltjes or differential measure generated by z. For a < b, a,b € I one has dz([a,b]) =
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2(b7) = 2(a7), dz([a,0) = 2(b7) —2(a”), dz(Ja, b]) = 2(b") — 2(a”™), dz(Ja, b]) = 2(b7) —
2(a™). In particular, we have dz({a}) = z(a™) — z(a™).

Appendix D Proof of (d.11])
One has F(t) = f(f e A¢5Gel(s)ds, so that from the analycity property

e k e k
AP0 =3 (A F ()™ (0); = gef“é'F(-))““)(m;. (1)

From the Leibniz formula and since F'(0) = 0 we deduce that

o] k—1
SUIOEDY (Z CLALF*—D) (o>> %’j (D2)

1
Let us now calculate F(*)(0) for k& > 1. From the Leibniz formula
FEHD (g Z Ch(—1)" AL GeU*=D(0), (D 3)

for all k£ > 0. Consequently for 0 <7 < k—1:

k—i—1
FE=D(Q Z Cl_i_ (1) ALGU*==179)(0), (D 4)
and we obtain:
00 — k—i—1 1k
SPIOEDY chAf Z Cl_i_ 1 (1) ALGuU ™= =179)(0) o (D5)
k=1 \ i=0 ’

as well as ([EIT)) using (D7), (D2) and (D4).

Appendix E Gronwall’s Lemma

Lemma E.1 [33] Lemma 4] Let x(-), f(-), g(-) and y(-) be real valued functions defined
on an interval [a,b] and either continuous or of bounded variation. Let g(-) and y(-) be
nonnegative and let n be a nondecreasing continuous functional defined on [a,b]. If for
all t in [a,b]

t

2(t) < () + g(t) / y(s)2(s)dr (E1)

a

then

)< 0 +900) [ 16) exp</:g<r>y< i) i) (B2)
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Appendix F Normal and tangent cones (MIMO systems)

Let us explain how the normal and tangent cones may be calculated in the MIMO case
m = 2, that is ¢, = JR?._. For the numerical integration of the HOSP, such calculations
are not necessary, since this is taken care of by solving linear complementarity problems
(see [1l Section 5] for details on the time-discretization of the HOSP). We have 2! =

(w1, wo)T = (21, 20)7T, 22 = (22,22)T, 2% = (23, 23)T. The tangent cones are given by:
R? if 21 >0,25>0
R, xR if 2z =02 >0
Ty, (") = " T = Xz12T0(z] F1
@ (=) Rx Ry if 2z'>02=0 =1.2Te (=) EL)
R+XR+ if Z%:O,Z%ZO
T3, (2", 2%) = T3,(Z%) = Tr, (21 (%) =
Tpe(2%) = R? if 21 >0,25 >0
R? if 22 >0
T 2y _ 1 i 2l —0. 2l
R, x rR(2%) {]R+><1R it22—0 if 21 =0,25>0
F2)
R? if 23 >0 . (
TRXR+(2):{RXR+ ifzé:O if 2 >0,2=0
IR? if 22 > 0,22 >0
R, xR ifz=0,23>0
T 2y _ + 1 ) i 2l =02l —0.
ry x 1y (27) RxR, if2>0:2-0 1 A=02=0
R+XR+ le%:O,Z%ZO
The normal cones are calculated accordingly, for instance:
if 2{>0,24>0
Np2(23) ={0} or 22>0,2f>0,24 =0
or 22>0,22>0,21 =0,20 =0
81/JTT%(21)(Z2)(Z3) = 1 2 1 2 (F 3)

N (%) if 2=0,2{=0,20 >0
Ry x R or 22=0,25>0,2{ =0,23 =

. R_ x{0} if 23=
with NR+XB(ZB):{ 0%} o if z%>o ‘

Appendix G Calculation of the canonical form (5.22])

Starting from the z-dynamics in ([522)), one calculates w(s) = %A(s) -

Sz,(LCSQC—_f_j%,S_l)vQ(S). Starting from the zo-dynamics one finds that w(s) = z1(s) =
82 «53 S
82(LCS§+RCS—1) A(S)_ 52(LCS§+RCS—1) UQ(S)—SQ(LCSQSRCS—I) S$4(8)' Let SI4(S> - H(S)Z (8)+

G(s)va(s) for some tranfer functions H(s) and G(s) to be calculated. We obtain 21 (s) =

—1 —1
LCH(s) c LCH(s) Cs+LCG(s) .
(1 + LCsz+RCS‘s—1) jroremy rorms R C b (1 + LCsz+Rés—1) LCSS2+RCSS_1UQ (s). Equalling
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1

. . 2 — 2 — — 2 —
both expressions we obtain H (s) = 7 (S(Lcs +RCs—1) _ (LCs®>+RCs—1)(s L)) _ LCs*tRCs—1

s—L s—L C(s—L)

LCH(s) \ ' CstLCG(s) _ C(s—L)s+C(s—L)LG(s) hile
2T RCs—1 LCs2+RCs—1 —  s(LCs®+RCs—1) WV

we want this expression to equal W. This yields G(s) = 0. Hence z4(s) =
%zl(s). Since 29(t) = —%zz(t) - %zl(t) — xy(t) — ng(t) + %, the result
follows.

Similar calculations yield (1 + &
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