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Abstract: Let X,, be a d dimensional Poisson point process of intensity n. We prove that the
expected length of the Voronoi path between two points at distance 1 in the Delaunay triangulation

associated with X, is % + O(d_%) for all n € N and d — co. In any dimension, we provide a
precise interval containing the exact value, in 3D the expected length is between 1.4977 and 1.50007.
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Longueur moyenne de la marche de Vornoi dans une
triangulation de Poisson-Delaunay en dimension d.

Résumé : Soit X,, un processus ponctuel de Poisson d’intensité n en dimension d. Nous
démontrons que 'espérance de la longueur du chemin de Voronoi entre 'origine et un point
a distance 1 dans la triangulation de Delaunay de X, est \/2?7 + O(d’%) pour tout n € N
quand d — oo. Nous donnons des bornes inférieures et supérieures sur la bonne valeur en toute
dimension, en 3D ces bornes sont 1.4977 et 1.50007.

Mots-clés : Analyse probabiliste — Analyse dans le cas le pire — Algorithmes de marche



Length of the Voronoi Path in high dimension 3

1 Introduction

Finding paths in a Delaunay triangulation is a classical problem in computational geometry [7].
In the context of random points, several kind of paths have been studied in two dimensions such
as straight walk [2, [8], cone walk [3], visibility walk [5], the shortest path [4], or the Voronoi
path [IJ.

In this paper we take interest in the stretch ratio of a particular path in the Delaunay
triangulation — the Voronoi path — and study its expected length in dimension d when the point
set is a Poisson point process of density n with n going to infinity. The Voronoi path links the
seeds of the Voronoi regions intersected by a line segment. An illustration for dimension 2 is
given in Figure[l] The main result of this paper is the computation of upper and lower bound on
the expected length of the Voronoi path. These bounds show that the asymptotic behavior of the

length is @ + O(d*% ). Table [l provides the values of our bounds for small dimensions aside
the exact value obtained from numerical integration.

Obviously, the length of the Voronoi path give an upper bound on the length of the shortest
path and provide an upper bound on the expected stretch ratio of long walk in the Delaunay
triangulation of a random point set.

Previous results provide values only for dimension two, where the expected length of the

1
Voronoi path is 2 ~ 1.27 and its variance is O(n~2) [I} [].

2 Voronoi Path

We define the Voronoi path V' P, as the list of closest neighbors in a set of points x of a point
moving linearly from s = (0,0,0) to ¢ = (1,0,0). This path is x-monotone, it starts at the closest
neighbor of s and reaches the closest neighbor of ¢. It uses a sequence of edges of DT, the
Delaunay triangulation of .

Notice that if somebody wants a path that goes actually from s to ¢, he can consider V P, 13-
This path differs from V' P, only by few edges around s and around t.

An edge p1p2 belongs to V P, iff the unique ball B, (p1,p2) centered on the = axis passing
through p; and py is centered on the segment [st] and does not contain any other points of x
(see Figure . Thus, denoting M (p1,p2) the center of B, (p1,p2), we can write the length of the

Mt el ST PR ()
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A
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Figure 1: The Voronoi path.
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4 P. de Castro €& O. Devillers

dimension 1 2 3 4 5 6 7 8 d— oo
lower bound 1.497 1.682 1.835 1.918 | 2.077 | 2.224 || ~ %r—d
exact value || 1 | 2 ~1.27f | 1.500* | 1.698* | 1.875* | 2.04* | 2.2* | 23* || ~ /2
upper bound 1.5001 1.699 1.881 2.078 | 2.225 | 2.364 ~ \/%TE

i@ * obtained from numerical integration

Table 1: Lower and upper bounds for the expected length of the Voronoi path.

Voronoi path as

(VP)=% D LB.orpo)rx=0 LM (pr.po)elst) [P102 ]
(p1,p2)€X?

where the % arise because each edge is counted twice, once for each orientation. Now we turn
our interest to the case where the point set is X, a Poisson point process of intensity n. Using
Slivnyak-Mecke formula [9] Theorem 3.3.5], we have:

2

P =5 [ PBp) 0 X = 0 upctalpalipdre ()
.

The path V Px ysy has about the same length, actually E HE(VPX") — Z(VPXnU{s,t})H =
(0] (n‘5> can be proven as an easy generalization from dimension two [6].
3 Voronoi Path in Dimension 3

We start by illustrating our method in three dimension.

Lemma 1. In dimension 3

~ 188984278470257640690697143
1497706663 =~ 745000536337515228912680960ﬁ

4523370364712510658076963509 ~
<E [E(VPXn )} < 4264485828690604413776035840 2 >~ 1.500066356.

Proof. The integral at Equation is computed by substitution. The points p; and ps are defined
by their sphere B, (p1,p2) and their spherical coordinates on that sphere. Let ® be the function

d: RxRyx([0,m)x][0,21)> — (R3)?

(z, 7,1, B1, a2, B2) > (p1,p2),
with
X 4 1 cosq; CcOS Q4
P = 7 sin «; cos B; = (2,0,0) + ru; with  wu; = sin «; cos 3;
r sin oy sin 3; sin ay; sin f3;

® is a C''-diffeomorphism up to a null set. Its Jacobian .Jp has as determinant:

1 cos ap —rsin aq 0 0 0

0 sin aq cos 31 T cos aq cos 1 —rsin aj sin 87 0 0

— 0 sin a1 sin 81 T cos a1 sin B T sin aj cos B 0 0

det(‘]‘l’) 1 cos ag 0 0 —rsin ag 0
0  sinag cos By 0 0 T cos ag cos By —7sin ag sin By
0 sinag sin Ba 0 0 cos ag sin By rsin ag cos By

= rtsinag sinag(cos a; — cosay)

Inria



Length of the Voronoi Path in high dimension 5

Then we substitute the new variables{l]

oo oo T T 27 27
2
% / / / / / / P [B((z,0,0),T’) NX, = @] 1[(17070)6[“”
—oo Y0 0 0 0 0

rllurusz||| det(Jg)|dB1dB2dar dasdrde

oo o ™ T 2 2m

2 4 3

n —nszmr

2/ / /// / e "3 Ligejo)) - rlluruel]
—o0 Y0 0 0 0 0

.74 sin a1 sin az| cosar — cos ag|dB1dBedardasdrde

E
1 oo q'
n? —ninrd 5
& (/ dx) (/ e 3T ridr

0 0
™ T 27 2m
. / / / sin a1 sin az‘ COS (x] — COS az‘ - luruz||dB1dB2dardas
0 0 0 0

) 3 ™ T 27 27
- sin a1 sin ag| cos g — cos az |- ||luruz||dB1dB2daidas (2)
16n2m2 o Jo Jo Jo

Using the trivial bound |Jujus|| < 2 we get

T b 27 27
/ / / / sin o sin aa| cos a1 — cos ag| - 2df1dB2dardas
0 0 0 0

™ g 27 27
= <2/ / sin a1 sin a2 (cos a1 — cos a2) daldag) . (/ / dﬁldﬁg)
0 0 0 0
Eq_
3272

= - 4?2 = .
3 3

Plugging this bound in Equation gives E[¢(VPx, )] < 2.
We can improve on this result. Expressing ||ujuz|| in terms of the spherical coordinates we
have

E[(V Px,,)]

\/(ul—ug)zz\/u%+u§—2u1~u2:\/2—2u1-u2

luruzl =
= \/5\/1 — cos a1 cos a2 — sin vy sin avg cos(B1 — B2) (3)
= V2y/1-6 with § = (cos oy cos ag + sin ag sin ag cos(B1 — B2)) -
H We can use Taylor expansion to bound |ujus|. If
12 T (y) is the Taylor expansion up to degree k of /1 — y,
for k odd and y € [—1, 1] we have
I
08 Ti(y) — Te(y"™ < /T—y < Th(y). (4
06 The side figure illustrates this for k = 3:
0.4 2 3 5 4 2 3
1-§-f-f-Hs/Tvsi-4-4-%
0.2
One can compute the following integrals (e.g., using
-1 05 0 05 I Maple):

-

1 Useful integrals on exponential or trigonometric functions are given in appendix.

RR n°® 8947



6 P. de Castro €& O. Devillers

™ a9 27 27T
2/ / / / sin a1 sin aa| cos a1 — cos ag|Ty1(6)dB1dB2dardas
0 0 0 0

— 262994759490085880230232381ﬂ_2
T 23281266760547350903521280

T ag 27 27
2/ / / / sin a1 sin ag| cos g —cos az| (T41(5)—T41(1)542) dp1dpadardas
0 0 0 0

__ 1507790121570836886025654503 ,_2
~ 133265182146581387930501120

Plugging these values in Equation using Equation and yields the bounds announced
in the lemma statement. O

A numerical evaluation of the integral at Equation gives a value in that interval, pretty
close to % and we conjecture that % is the correct value.

4 Voronoi Path in Dimension d

Theorem 2. In dimension d, the expected length of the Voronoi path is bounded by:

I (g)' 24
m2(2d — 2)!

_ d\* 94d—5
(1- ) Va<EUvEPy) < Fﬁ(;()? g (1 4g) V2

and the behavior when d — oo is:

2d 1 3 2d 3 3
L +0(d3) <E[(VPy,)] <2+ +0(d 3
T 4y2dr (¢7%) <E[(VPx,) T 4y2dr (¢7%)

The rest of the section is devoted to the proof of Theorem [2}
As in dimension 3, we compute by substitution the integral in Equation defining the points

p1 and py by their sphere B, (p1,p2) and their spherical coordinates on that sphere. Let ® be the
function

®: RxRy x ([0, x [0,2m)) —  (R9)2
(33, TyQ11y.- 501 d—1,021,-. ., Oé2,d—1) — (pl,pQ)a
with

= cos ;1
0 sin Q1 COS QY42
0 sin oy, 1 sin a; 2 cos a; 3

p; = 0 + ru; with u; = ( ?;11 sin ai,l) COoS
6 (H?;f sin a“) COS Ot g1
0

d—2 . .
(Hl:l sma“) sin oy g1

® is a C'-diffeomorphism up to a null set. Its Jacobian Jp has as determinant:

d—2
det(Js) = p2a=1 H sindii*l(al,i) sindii*l(agyi) . sind72(0z1,1) sindﬁz(a2,1)| cosai,1 — Ccosz 1.

=2

Inria



Length of the Voronoi Path in high dimension 7

E[(V Px,,)]

5 oo o0
”7/ / / P[B((2,0,..,0),7) N X5 = 0] Li(5.0,... 0)e[s1]]
—00J0 (Sq—1)?

rlluruz|||det(Jop)|dat,1 ... dag g—1dag;1 ... dag g—1drde

V()]lln N
e
1 o xd/2 a4 in Sd\l
2 —TLF(Q+1)T'
= dz x e 2
0 0

7,2d— 1d7‘

d—2
X / Hu1u2|| HSindiiil(oqﬂ')Sindiiil(az’i)
(Sq-1)?

=2

-sindiQ(aLl) sind72(a2,1) -|cosaq,1 — cosaz,1]|dat:a,1:q—1
R
|
r(4+1) -
B 2dmd
d—2
x / lusua|| | [ sin®="=" (ar) sin? ="~ (az,0) (5)
(Sa-1)? i=2
-sin?"2(a1,1) sin? "% (a2,1) - [cos a1, — cos g 1]dar.o,1:a-1

We use the Taylor expansion of Equation With k =1 to bound ||ujus]|:

5 62 1)
V2 (1-2— < ugug| < V2(1 - = (6)
2 2 2
with
d—2 [i—1 d—2
d=uj us = Z Hsin ai,jsinag j | cosay ; cosaz; + H sinay,jsinag; | - cos(al,d_l — a2,d_1).
i=1 \j=1 j=1

We write § as a sum of three terms § = 64 + dp + d¢ with

d—2
0q = H sinoy jsinagj | - cos(ar,g—1 — az,q-1),
=1
d—2 /i-1

g Hsinalyjsinag’j COS (/1 ; COS (va 4,
i=2 \j=1

0B

dc =cos1COS Q1.
Replacing ||ujusg| by its bounds in Equation yields the computation of the following
integral for k € {0,1,2}:

d—2

T = / ok H sind_i_l(alﬂ;) sind_i_l(ozu)
(Sa—1)? ;=2

. Sindiz(Oq’l) Sind72(04271) . | COs (x1,1 — COS 01271|d041;271;d_1

RR n°® 8947



8 P. de Castro €& O. Devillers

4.1 Computation of 7,

27 21
Iy, = / / dag g—1dag 4-1 X
0 0
d—2 g d—2 g
| I/ sind_i_l(al,i)dalyi X I | / sind_i_l(ag,i)dagﬁi X
=20 i=270

iy s
/ / sind_Z(alﬁl)sind_2(a2,1)|cosal,l —cosag,1]dag,1dag 1
o Jo

o

= 4r%x H F(Tz*'l) =3

™ s
X / / sind_Q(aLl) sind_2(a271)\ cosai,1 — cosaz,i|dai,1das 1
o Jo

‘%
2 1 a—s _ 2%((d - 2)! _ 22dH+27d-1((d — 2)1)2

= 4n x@ T T hd o) (%) 2d-2))!

4.2 Computation of 7;

Decomposing on the different terms of §, we can write Z; = Z{* + ZP + Z¥¢.

d—2 d—2
A : . . d—j—1 . d—j—1
i :/ I | sinaijsinag; | - cos(ar,d—1 — @2,d-1) | I sin (a1,5) sin (az2,5)
(Sa—1)? j=1 j=2

-sin®? (1) sin? % (aa,1) - | cos a1 — cos az,|dona a1

d—2 i—1 d—2

78 _ . . . dj—1 s d—j—1
L= sinai,jsinaeg,; | cosai,;cosag; sin (a1,5) sin (a2,5)
i=2 Y (Sa—1)? \j=1 Jj=2
. d—2 . d—2
- SIn (Oz171) Sin (042,1) . ‘COS x1,1 — COSO&271|d041;2,1;d71
d—2
C cod—j—1 cod—j—1
I :/ COS 1,1 COS (2,1 ||51n 77 (an,;) sin® 7 T (ag,5)
(Sa—1)? =2

. sindiQ(am) sind72(a2,1) | cosar,1 — cosazg|dar2,1:d-1

‘We have IlA = 0 since integrating over oy ¢q—1 and ag 41 create a null factor according to
Equation . We also have ZP = 0 since integrating over oy ; create a null factor in each term
of the sum using Equation (11)).

To compute Ilc , we can integrate all variables different from cosa; ; cos a1 in the same way
as we have done for computing 7y and get

47'l'd_1

X

2
/ﬁ
0

I, =7° =

T
/ sindig(am) sindiz(ozg,l) cos(a,1) cos(ae,1)| cos 1,1 — cos ag,1|da,1dasz 1
0

Inria



Length of the Voronoi Path in high dimension 9

Then using Equation (12)) one can finally compute Z;. Observing that the result of Equa-
tion is the same as Equation @[) up to a factor —(2d — 1) we get

1

h=—5—%

4.3 The Upper Bound
Using the values of Zy and Z; in Equation , we get

d 2
E[¢(VPx,)] < %\/ﬁ (Zo — 3T1)

T(441) ( 1 )
== Z 7 (1 _— 2
sdrd O\ T a2 V2

LT (4 1) apdl 92d((d— 2)1? 1
- 2drd r(%)Q (2d — 2))! (1+4d—2>\/§

T (4)" 294-3¢ ( 1 >
ed o T arg) V2

/2d 3 _3

4.4 Computation of 7,

We can easily get an upper bound of integral Z, by noticing that 2 < 1 and thus T, < Zy, but
this yields an unsatisfactory lower bound for the length of the shortest path. So we compute Z
exactly.

The integral Z, can be split in 6 terms according to the development of §2:

62 = 6% + 6% + 04 + 26408 + 2840 + 28B0c,

as for the computation of Z;, because of Equations [I0] and the three terms corresponding to
6408, 040¢c, and dgdc yields null integrals. Thus 7o = Ig‘ +I8 + IQC, where

RR n°® 8947



10 P. de Castro & O. Dewvillers
d—2 2 /d—2
Iy = / H sinay,jsinasg; | - cos(ay,g—1 — a2,q—1) Hsind_j_l(al,j)sind_j_l(agy]-)
(Sa-1)? j=1 j=2

. sind72(a1,1) Sind72(0¢271) - | cos 1,1 — Cos a2,1\da1:2,1;d_1

d—2
H sind7i+1(o¢1,i) sind7i+1(a27i) COSQ(Oll’d,1 —a2,4-1)
(Sa-1)% \i=2

: (Sind(al,l)sind(a2,1)| cos(a1,1) — COS(Of2,1)|) dog:2,1:d-1

d—2 .x 2
| I / Sindii{»l(al,i)dal’i
i=270

27 27
2
/ / cos(ay,q—1 — ag,q—1)dag g_1dag g1
o Jo

™ us
/ / sind(alyl) sind(a2,1)| cos(ay,1) — cos(az,1)|daz 1day 1
o Jo

EF(‘*Q“ )" 2 " (2d+2)!
el -
i lescopip Q2AHA(g2  g2d+5pd-1(gn)2
r(4£)? (2d+2)! 0 (4)% d+ 2

Inria



Length of the Voronoi Path in high dimension 11

d—2 [i—1 2 /d-2
I2B. = / Z Hsinal,]- sinag j | cosa i cosan; Hsind_j_l(alyj)sind_]‘_l(alj)
(Sa-1)? \i=2 \j=1 Jj=2
. SindiQ(OQJ) Sindiz(agyl) . ‘ cosai,] — COsS 042,1|d051:271:d_1
d—2 d—2 [i—1
= / H sin? =" (ay ;) sin? " L (ag ;) x Z H sin?(ay,;)sin?(ag,;) | cos?(ai,;) cos®(az,;)
(Sa-1)* \i=2 i=2 \j=2

X (sind(a1,1) sind(a2,1)| cos(a1,1) — Cos(a271)\) dag:2,1:d-1

since all terms where cos a1 ; is not squared have null integral by Equation ((11)

d—2 2

i—1
Z H/ sin®”=* (o 5)don 5
i=2 \j=2"0
T 2 T
(/ sind_i_l(al,i)cos2(a1,i)da1,i) H / sind_]‘_l(al’j)dal’j
0 j=it170

27 27 ™ ™
X / / dag g—1dag g—1 X / / sind(chl) sind(a2,1)| cos(a,1) — cos(az,1)|dag,1dai 1
0 0 0 0

d—2 2

b E
_ d—2 [i—1 m 2 1 . r (dgi) 2
- i—2 \j=2 T (d—§+3 d—i+1 T (d—;’+1)

:

22d+4d!2
T ( g ) (2d +2)!

a1 22d+4d!2
(2d + 2)!

o

Propeyt: .

71 N\2 % Ly 224+ g2

722 a0 e
) =

4
A Gdt o)

( - 3)/4) g PR i d = 3220 ()2
= —_— 7r =

(2d+2)! (%) (2d + 2)!

RR n°® 8947



12 P. de Castro €& O. Devillers

d—2
IQC = / (cosa1,1cosa2,1)2 HSind_i_l(al’j)Sind_i_l(a27i)
(Sa-1)?

i=2
-sin?™2(ay,1) sin?"2(ag,1) - | cos 1,1 — cos az1|dage 1:d—1
2

d— ™ 2 27 2m
I | sod—i—1

/ sin® ™" 0{172'(210(171' X / / dozg’d,ldal’d,l
i—2 70 0 (0]

7

™ s
X / sind_g(alyl)sind_Q(az,l)COSQ(alyl)cosQ(a2,1)|cos(al,l) — cos(ag,1)|dag,1do 1
0

Fa. {15]
22d+2(74 — 1)d!?

(d—1)2d(2d + 2)!

[=}

<“r<d;> L

x 4% x
47Td’1\/22d+4(d!)2 7d—1  220+27d-1(q1)2(7d — 1)

r(4)? (2d+2)!  16d dr (41 2d+2)

Summing the three terms together and simplifying gives:

22d+5ﬂ.d71(d!)2 7Tdfl(d _ 3)22d+4(d!)2 N 22d+27rd—1(d!)2(7d _ 1)

S PTSEE ! 4x1)2 ! 4r1)2 !
() @2d+2)! T (4E) (2d+2)! dT (52)7 (2d +2)!
22d+27rd—1((d _ 2)!)2 d2(d _ 1)2 7d —1
= : 8 +4(d—3) +
r(5)* -2 (42)° (2d+2)@d+ 1)2d(2d—1)( @=9+ = )
_ 2adl((d-2))% 4d? (d+1)(d—1)
a p(%f@d_m), (2d +2)(2d + 1)2d(2d — 1) d
4d —1
= e

4.5 The Lower Bound
Using the values of Zy, Z; , and Z; in Equation , we get

r(2+1)° 1y 1
E[((VPx,)] > e V2(Zo — AT, - 11,)
2
I (¢+1) ( 1 4d — 1 )
=2 7(1 - 2
oard O\ T g2 T a2 — 1 V2

4 5
(%) 24d*°d< d—1 )
=—2 - (1-———]V2

m2(2d — 2)! 4d? — 1 v2

/2d 1 _3
= ?—W—FO(d 2) when d — oo

Inria



Length of the Voronoi Path in high dimension 13

d k lower bound exact upper bound
~ value ~
788984278470257640690697143 4523370364712510658076963509
3 | 41 || T450005363575152289 12650960 V2| 1.49770 || 1.500 4264485828690604413776035340 V2| 1.50007
102494570 /2 121774997 /2
4|7 W =5 1.6823 1.698 W >3 1.6990
5] 3 m\/if 1.8357 || 1.875 16016\? 1.8812
3014656 /2 753664 /2
6| 1 ol 1.9179 || 2.04 (53004 v2 2.0778
7|1 20V2 2.0768 || 22 252 2.2252
2080374784 V2 130023424 /2
8 1 134008875 2 2.2244 2.3 7882875 2 2.3635

Table 2: Lower and upper bounds for the expected length of the Voronoi path using Taylor
expansion of order k and exact values from numerical integration.

5 Small Dimensions

For d small and similarly to what we have done in dimension 3, we can use symbolic computation
to get better bounds using higher order Taylor expansions, and to get idea of the exact value
using numerical integration. Results are in Table |2, Maple code is available with this report.

A Useful Integrals

Proofs are below.

—cr? 2d—1 1

dr = 7
/0 e r=- (7)

: (4

. d 2
sin® ada = VL 8
/ NG ®)
T T 22d+4d!2

/0 /0 sin? o sin? Q| cos a; — cos ag|daday = m (9)

27 27
/ / COS (O[l — Otg)dOéngél =0. (10)
0 0

/ sin? acos ada = 0. (11)
0
T T 4 4 22d+4d!2
sin® g sin® s | cos ;. — cos ava| cos oy cos agdadag = ————. 12
/O A 1 2] 1 2| ! TR T T 2d 1 3)! (12)
27 2m
/ / cos?(a; — ag)dagday = 272, (13)
o Jo
™ 1 F(u)
. d 2 2
sin®(«) cos*(« da:( ) /T 14
|, st =(g55) gty v (19)
/ / sin? oy sin? g cos? g cos? ap| cos ap — cos as|dardag (15)
o Jo

224+6(7d 1-13)(d 4 2)!
C(d+1)2(d+2)(2d +6)!

RR n°® 8947
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14
(N1 + & ) b
- Z 1 <%) sin®~!(a) cos(a)| , if d is odd,
/b 19&11 P+ 35 @
sin ada = i odd ; (16)
r(Ehra+ . b4 b
a — l<¥(iﬁ)) sin'~1(a)cos(a)| + % d) e , if d is even.
Q.Siﬁdz i+ 5)r") « TA+9 V7l
B 1\ T'(4+1)
- d 2
asin acosadaz—( ) /T 17
/0 d+1/ T (1+ 4L 17
Proofs

Proof of Equation . Classic.
Proof of Equation . Integration by parts gives
b b
+ / cos? a(d — 1) sin??(a) dov.

b
/ sin? avdar = — cos(a) sin? ()
a a

Using the identity cos?(a) = 1 — sin?(«) and simplifying gives

b 1 bord—1y [
/ sin? a da = — (E) cos(a)sin? ()| + <T) / sin?~?(a) da.

b

Now, using fj sin® ada = «| and the identity

ﬁQi—l_ (L + k)
2i  T(k+1)yx’

k=1

by induction on d, we get that, for d even,

b d+1 d b d+1 b
1 (/T(%=)/(I'(1+ % . re=
/ sinada = — Z - ( (Hg_l)/( ( Z2)\/E)>Sinl_1(a) cos(a)| + (723& .
a 2<i<d ¢ P(T)/ (F(l + i)ﬁ) a F(l + §) ﬁ a
, b
Analogously, for d odd, we use [, sin' ada = — cos(a)| and the identity
ﬁ 2  T(d+1)yx
Pt 2i+1 F(d—f—%) ’
to get by induction
b

- _ 1 >
/a sin“ada = — 1;di ( (F(%)ﬁ) JT(1+ %)
i odd

Grouping the two expressions above completes the proof.

Inria



Length of the Voronoi Path in high dimension 15

Proof of Equation (8). It is a direct corollary of Equation O

Proof of Equation (L7)). Integration by parts gives

/ asinacosada = ——asin®(a)| — / sin?t o da
0 d+1 0 d+1 J,
1 s
= gy, sede

|
A
U
+
—_
N—
—~
P—‘/\
_l_i\?\«..
v
3

O

Proof of Equation (9)). First, we use the symmetry with respect to the line a; = s to split the
integral in two equal parts without absolute values.

integral 2 ﬂ JR sin® o sin® az(cos ar — cos az)dardan
Yar<as
™ T T g
= 2 (/ sin¢ [e%1 cosog/ sin? asdasda —/ sin? a9 cosaz/ sin? alda1da2)
0 ay 0 0
= 2/ sin z cos (/ sin? ydyf/ sin? ydy).
0 T 0
Let fq(x ( [ sin dydy — fo sin ydy) Then, by using Equation we get
1(/T(Er(1+ 4 :
2 Z - (W sin~! 2 cos z, if d is odd,
1<’i§dl F(l + §)F(T)
fa(z) = ¢ odd d+1 ) d+1
1/(T ri1+:2 ) r 2
2 Z - ( (5 )d ( T f)> sin®~! 2 cosx + (723\/?«1 — —x), if d is even.

i even

First, suppose d is odd. Then, replacing the equation above in the simplified integral gives

g L(ENT(1+4/2)1
2/ sinfzcosz [ 2 E (2) ( ilfl)fsinl_lxcosx dz,
0 oy I(1+4d/2)T (—2 ) i
i odd

which simplifies to

+
4 Z 2 1+1Z+/12) / sin® 1 2 cos? xdz.
1<i<d + ( 2 ) tJo
i odd

Using Equation [T4] gives

i 1+z/2)( 1 ) F(d+i)

2 2
1T I () Ty
i odd

RR n°® 8947
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Taking d = 2k — 1, ¢ = 25 — 1, replacing in the equation above and summing, gives

(4k + 1)y/mT (k)T(2k)
T2k + 3)0(1+k)

Finally, replacing k by % and simplifying gives

T(d+1)
(5H)Td+1+3)

2Vm

Now, suppose d is even. Then, again, replacing f; in the simplified integral gives

- NCOLCEREIIN gt
2 sin“zcosz | 2 —Hlfsinzflxcosx—k ]
o D(1+d/2)T (1) 1+9

=
D
/N
—
|
‘ N
8
—
[oN
R

2<i<d
i even

A

We handle the A term first, which is pretty similar to the d odd case. Again, for the A term,
expanding the sum and using Equation |14] gives

1T (ST +i/2) 1 I (4H)
12 i D(1+d/2)T (51) (d—H’—i—l) e

2<i<d
i even

Taking d = 2k, 1 = 2j, replacing in the equation above and summing, gives

4< VT (2k 4 1) 2 )

(2k+1)T(2k+3)  (2k+1)2
Finally, replacing k by d/2 and simplifying gives

r(d+1) 1
W%(%)F(HH%) _2(%)2'

Now, we handle the B term, which is

™ T (4t )
2/0 sin? z cos z (M) VT <1 - %) dz.
Expanding it, gives

r42) 2 r %)
2/0 51ndxcosx<1m2d/2)>\/7?dx—2.w./o ISIHdICOSI(I‘(l—i—Zd/%)\/EdI'

The left term is null because of Equation And plugging Equation [17]in the right term above
gives

[(4EL 1 I(1+d/2) 2 1
9.2 7 . ( ) . . .2 =9 .
F(1+d/2)‘/7F d+1/ T(1+4H2) VT m (%)2
Summing A term with B term gives
I'(d+1)

2y

(N T(d+1+3)

Inria



Length of the Voronoi Path in high dimension 17

Therefore, the expression above holds for both odd and even d. Moreover, it can be simplified to
the following nicer expression

92d+4( ()2
(2d+2)!
O
Proof of Equation . Symmetry on the circle gives 0. O
Proof of Equation . Symmetry with respect to w/2 gives 0. O

Proof of Equation . As in the proof of Equation |§|7 we simplify this integral to get rid of the
absolute value and 1solate each of its variable.

integral = 2 5 sin? e %1 sin¢ az(cos ar — cos ag) cos aj cos agdaidas
aj,az€[0,7]
ag <ag

s ™ T (e 5]
= 2( - / sin® 1 COS a1 / sin® ag cos? asdasday + / sin® Q2 COS a2 / sin® a1 cos? ardaidas
0 ay 0 0
™ ™ x
2 / sin z cos @ (— / sin? ycos? ydy + / sin? y cos? ydy) .
0 x 0

s ™
72/ sin z cos x fq(x)dz + 2/ sin? & cos 2 fg 2 (z)dx
0 0

where fy is defined in the proof of Equation [0} The first integral is exactly the opposite as the
one in Equation [J] the second integral is quite similar, for d odd it gives:

™ C(E3\T(1+4/2) 1
2/ sin? z cos z 2 g %fsinl_lxcosx dx
= 7
o it F(2+d/2)F( L )
i odd

d+3 . T
Z - (T) F(l; i/2) 1 / sin®t* ! g cos?
i
0

D(2+d/2)0 ()

1<i<d+2
1 odd
B T (42)r0+i/2)1 1 I (45 Crd-1)
= 41§§+2 F(2+d/2)r(i+71) B <d+i+1) F(d+;‘+1)ﬁ— r(d+ %).
1 odd

Substracting the two integrals yields the claimed result. The case with d even can be solved

similarly. O
Proof of Equation . Simple integration. O
Proof of Equation . Use cos? z = 1 — sin® z and Equation [8] then simplify. O

Proof of Equation , As in the proof of Equations |§| and we simplify this integral to get

RR n°® 8947
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18 P. de Castro €& O. Devillers

rid of the absolute value and isolate each of its variable.

1,22€[0,7]
ap<az

T T T g
2 / sin® a1 cos® aq / sin? as cos? asdasdag — / sin® Qg cos® ag / sin® a1 cos? ajdaidas
0 a1 0 0
s v xT
= 2/ sin® z cos z(1 — sin® z) (/ sin® y(1 — sin? y)dy — / sin? y(1 — sin® y)dy) .
0 x 0

™ ™
= 2 / sin? z cos zfy(z)dz — 2 / sin? ¢ cos  fgqo(z)da
0 0

integral = 2 //1 5 sin? a1 sin® as(cos ay — cos az) cos? aj cos? agdardas

™ U
-2 / sin?t2 zcosz fg(x)de + 2 / sindt2 z cos x4 o(x)dz
0

where f; is defined in the proof of Equation [9] The first and fourth integrals are the same as the
one in Equatlon@ (with d replaced by d + 2 in the fourth integral), the second integral is the
same as the one 1 Equation the third integral is quite similar, for d odd it gives:

™ r (&) ra+i/2) 1
2/ sin?* 2 gcosx | 2 E % —sin®"lzcosz | dx
1 =l g
0 2

1<i<d
i odd

d+1 , n
F( 2 ) F+i/2)1 / gind+itl 2
0

itl) 4
1<i<d F(1+d/2)I‘( 2 ) !
i odd

421“(%)1“(1”/2)1( 1 )i(T?H)\/E

F(1+d/2)1“(%) i \d+i+3

1<i<d
i odd

AT(d+3)
(@d+3)0r (d+ )

Adding the four integrals yields the claimed result. The case with d even can be solved
similarly. U
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