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We propose two images obtained with an asynchronous and a stochastic cel-
lular automaton. Deterministic cellular automata are now well-studied models
and even if there is still so much to understand, their main properties are now
largely explored. By contrast, the universe of asynchronous and stochastic is
mainly a terra incognita. Only a few islands of this vast continent have been
discovered so far.

The two examples below present space-time diagrams of one-dimensional
cellular automata with nearest-neighbour interaction. The cells are arranged in
a ring, that is, the right neighbour of the rightmost cell is the leftmost cell, and
vice versa; in formal words, indices are taken in Z/nZ, where n is the number of
cells. The space-time diagrams are obtained with the FiatLux software1. Time
goes from bottom to top: the successive states of the system are stacked one on
the other.
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Aquatic plants: space-time
diagram of the α-asynchronous Elementary Cellular Automaton
148 = CFG. The evolution shows a particular evolution for n = 100
and α = 0.4. Blue and white cells represent states 1 and 0, respec-
tively. (c) 2015 Nazim Fatès.

An Elementary Cellular Automaton is a one-dimensional binary cellular au-
tomaton with nearest-neighbour communication between cells. One of the sim-
plest way of making this model asynchronous is to use α-asynchrony. With this
updating scheme, a cell updates with probability α and keeps its state with
probability 1− α.
The figure presents ECA with Wolfram’s decimal code 148 ; it can alternatively
be coded as rule CFG with the notation that lists the active transitions, see
Ref. [3].
The behaviour of this rule is known for fully asynchronous updating [3], that is,
when only cell is selected randomly at each time step, but it is an open problem
to determine its properties with α-asynchronous updating [2].
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An art nouveau rug: space-time diagram of a stochastic CA designed
for solving the global synchronisation problem. The setting is:
k = 130, n = 400. Each state is associated with a colour drawn in
palette arbitrarily constructed. (c) 2015 Nazim Fatès.

The global synchronisation problem consists in making a cellular automaton
blink at the same pace, whatever the initial condition. Genetic algorithms
provide very good solutions to this problem [4]. However, it was recently shown
that obtaining an exact solution of the problem with a deterministic rule is a
difficult task [1].
By contrast, the problem is very easy to solve with a stochastic rule, and for
any number of states. Assume that we have k states, at each time, each cell
simply decides randomly and uniformly to either keep its own state or to copy
the state of its left or right neighbour. Then, it updates by adding one to the
state that was copied and making a modulo-k operation. In formal words, the
local rule reads :

f(x, y, z) =
(
U(x, y, z) + 1

)
modk,

where U(x, y, z) selects of the three variables with uniform probability.
As shown above, starting from a random initial condition where each cells selects
one of the 130 states independently and uniformly, the evolution of the rule
make large portions of space synchronise progressively. Ultimately, the system
should evolve to a uniform configuration and will then continue to ”blink” for
ever. Since the boundaries between homogeneous regions perform a non-biased
random walk, the average time of synchronisation scales quadratically with the
ring size n. It is an open problem to know if there is a rule whose average
synchronisation time would scale linearly with n [1].3


