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CLASSICAL LARGE EDDY APPROACH
Numericians approach :

T 2
N iv.(m) = v (wT) =% AT
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CLASSICAL LARGE EDDY APPROACH
Numericians approach :

oT __ — o _ . ..
o + V- (Tu) = V- (—u T) = TAT -> Eddy diffusivity
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CLASSICAL LARGE EDDY APPROACH
Numericians approach :

oT — 2 _
5 TV (T0) = V- (-uT) = % AT -> Eddy diffusivity
dX;= wdt
5 dX,= wdt + 0dB,
5
2T 4 2 0 2 T 64 2 0 2
X X

dB;

—— = white noise, and B; = Brownian motion

dt
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STOCHASTIC NAVIER-STOKES MODEL

Notations :

>u—w—&—gdE
a dt

» w continuous and differentiable w.r.t. time : large scales

odB ) ) . .
> ar Gaussian and discontinuous w.r.t. time : small scales

awﬁgé/&mu)ﬁﬁ)ﬂ
QH/—/
——

kernel . .
white noise

» Local covariance matrix
A o o
Mnﬂ:dxmﬂnﬂ:/awgﬁ&@%ﬂﬁ
Q
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STOCHASTIC NAVIER-STOKES MODEL

Theorem

(‘)wi
ot

+w" -Vyw, = V- (ngi) - ;gg + vAw,
(V-a)'

2

with w* = w—

Applications :

v

Large eddies simulation
Uncertainty quantification
Filtering

Downscaling

vV vV v v

Mixing diagnostics
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PRINCIPLE / NOTATIONS

» Galerkin projection from POD modes :

u(x,t) = > bi(t)¢i(x)
i=0

» Chronos : b;

ou

> 5= I+ L(u) 4+ C(u,u) (a PDE) becomes :

i, 2 = </Q¢z--1)+§(/g¢im<¢p>)bp

+ Z (/Q oi - C(¢pa ¢q)> bpbq (ODEs)

p,g=0
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ADDITIONAL REDUCTION : TIME SUB-SAMPLING
Large time scale approach

we keep only necessary information for the resolved modes :

% = ii + l.ib + bTC..ib

Nyquist-Shanon criterion for sub-sampling :

x 10" n = 10 modes

JE 6

> = 2 max fuax(b;) meets Shanon.
1

Lbd?
1N,

IS

2
i

[~

0 01 02 03 04
Normalized frequency
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OUR APPROACH

Our approach :

>u—w+g§
- dt

n
>w:§ﬁm
i=0
(resolved modes)
N
B
> Vpes = U — W = Z b;¢; a realization of i

dt
i=n+1
(aliased = partially decorrelated in time)
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CONCLUSION

ESTIMATION OF a CONSTANT IN TIME

Local covariance matrix estimated by :

1 N

g(x) ~~ Atﬁ Z: Ores (x) tk)vz;s(x’ tk)
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ESTIMATION OF a DEPENDING OF TIME

n
We look for a decomposition of a = Z bi(t)zi(x).
i=0

Estimation based on Stochastic Calculus (Genon-Catalot 1992) :
N

i) = | QLIVIGVES oL L PSR AR
o TA N £y

11/18
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DATA

Wake behind a cylinder
» at Reynolds 3900 : 3D flow

Vorticity




STOCHASTIC FLUID DYNAMIC MODEL REDUCED MODEL RESULTS CONCLUSION

000 00000 00
I I

RECONSTRUCTIONS OF TEMPORAL MODES

Deterministic Constant Time dependent

| ] | ]

L ] L ] L 1
R n =2 R n =4 . n=~6 .
0 I w0 Il w0 1 50 1
1) o 1) o
= 0.7144 Z = 0.71442 — 0.7144 — 0.7144
=~ — —~ - - —~
° 05209 —— — - o o SN o

4751 —— — - ot
= = 0475 £ 043977=— =~ ¥ 04126
03——— 03— 03—"——— 0.3

5 10 15 5 10 15 5 10 15

Time Time Time
R n = 10 . n =12 R n =14 s
0 I~ w l————~ = o0 1
S} o ) o
= 0.7144 — 0.7144 ) — 0.7144
- - - -
o o o S
S 03882 - — - T 03656 3 3

L 0.3
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FIGURE : Re=3900 (3D flow), a constant and in the span of Chronos b;.

14 /18



STOCHASTIC FLUID DYNAMIC MODEI
000

REDUCED MODEI
00000

RESULTS
00

CONCLUSION

PLAN

CONCLUSION



STOCHASTIC FLUID DYNAMIC MODEI REDUCED MODEI RESULTS CONCLUSION
000 00000 [e]e]

» Complete fluid dynamics model
based on Physics and Stochastic Calculus :
Generalization of empirical approaches

» Local covariance matrix of the small-scales a(x, t)
constant or projected on Chronos

» Good results without tuning :
Stabilization and correction of the frequency drift
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FURTHER WORK

» Test on DNS data with more available snapshots

> a= Z bibjzjj(x) — Inverse problem estimation
l<]
» Generalization :
w continuous but not differentiable w.r.t. time
Energy conserving model for UQ

Wi o Vyw, = O ) — L9
T +w" - Vyw, = V <2le) oo, +vAw
odB; oidBy
—< 7 -V)wﬁ— 274N pm
—

multiplicative noise additive noise

17 /18
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CONCLUSION

QUESTIONS

Thank you for your attention
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ESTIMATION OF a DEPENDING OF TIME

vx e RY, dX¥ 2 o(x,t)dB;

zi(x) = /OT bi(t)u(x,t)dt

AT
T
bi(t) o ot
= /0 ;\fT)d<X",(Xx> p (sinceaéaat)
T
B N RN
= P lm Y S (K- %) (K. - %)
—

Ures(X,t)At  arealization of  dXF 2 o(x,t)dB;

» Estimator with good statistical properties (Genon-Catalot 1992)
(when the projection subset is well chosen)

18 /18
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TURBULENCE MODES Z; : EIGENVALUES/EIGENVECTORS : RE=3900

VAo z0

lst
vector
= 0
&
Energy
-2

znd

vector >
&
Anisotropy
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Real values

Deterministic

Stochastic

Temporal mode 1

Temporal mode 2

Temporal mode 3
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Time Time Time
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FIGURE
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Temporal mode 4

Temporal mode 5

2 -~ 2
0 : 0
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Time Time
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:n=10, Re=3900 (3D flow), a constant in time.
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