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The Mukhin—Varchenko conjecture for type A

S. Ole Warnadr

Department of Mathematics and Statistics, The Universitivelbourne, VIC 3010, Australia & Department of
Mathematics, The University of Queensland, St. Lucia, QQER4 Australia

Abstract. We present a generalisation of the famous Selberg intefiniég.confirms they = A,, case of a conjecture
by Mukhin and Varchenko concerning the existence of a Sglintegral for each simple Lie algebga

Résurre. On présente une généralisation de la bien connue mltede Selberg. Cette généralisation vérifie le cas
g = A, de la conjecture de Mukhin et Varchenko concernant I'eristed’une intégrale de Selberg pour chaque
algebre de Lie simplg.
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0 Preliminaries

This paper is a shortened version, devoid of any proofs,@ptpeA Selberg integral for the Lie algebra
A, [17].

1 g-Selberg integrals

In 1944 Selberg published the following remarkable mudtipitegral [12]. Letk be a positive integer,
t= (tl,...,tk) andd:dt1~~~dtk.

Theorem 1.1 (Selberg integral)For o, 3,~v € C such that

Re(e) >0, Re(f) > 0, Re(y) > —min{1/k,Re(a)/(k — 1), Re&(B)/(k — 1)}

there holds

Tt = 2y g _ T Lt (= DTG+ (i = 1)9)T(in)
/Ak 1;[112 (1—t:)° 1§ggn(ti—tj) dt_g ORIy T G

where
Ap={teR": 0<t, <<ty <t; <1}. (1.2)
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Whenk = 1 this simplifies to Euler’s famous beta integral [3]

' D(a)D(B)
71—ttt = =2, R >0, Re(f) > 0. 1.3
[eta—ota- SR Re(a) > 0. Relg) 13)

At the time of its publication the Selberg integral was ldygeserlooked, but now, more thait years
later, it is widely regarded as one of the most fundamentdliarportant hypergeometric integrals. It
has connections and applications to orthogonal polyn@nirahdom matrices, finite reflection groups,
hyperplane arrangements, conformal field theory and meeeesy., [4].

This paper is concerned with the intimate connection bat&dzhnik—Zamolodchikov (KZ) equa-
tions and hypergeometric integrals of Selberg type [2,3]11%].

Let g be a simple Lie algebra of rank with simple roots, fundamental weights, and Chevalleyegen
ators given by;, A; ande;, f;, h; for 1 <4 < n. Let V) andV, be highest weight representationsgof
with highest weights\ andy, and letu = u(z,w) be a function with values i\, @ V,, solving the KZ

equations
ou Q ou Q

u, u,

K— K —
0z z—w ow w—=z

where2 is the Casimir element. Let Sipg, [v] denote the space of singular vectors of weight V@V,
Sing, ,[v] :=={v e Va®@V,: hiv=v(hi)v, e;v =0, 1 <i < n}.

Then, according to a theorem of Schechtman and Varchenkoddi8tionsu with values in Sing , [A +
- 2?21 k;«;] are expressible in terms &f:= k; + - - - + k,, dimensional integrals as follows:

u(z,w) = ZuU(z,w) floy ® f‘]v#

with coordinate functions; given by
ury(z,w) = / U(z, w; t)wrs(z, w; t)dt.
Y

In the above the sum is over all ordered multisetsd.J with elements taken frofil, ..., n} such that
their union contains the numbgexactlyk; times,v, andv, are the highest weight vectorsgf andV/,,
v = (ILies fi)v, t = (t1,.. ., tx), dt = di ---dt, andy is a suitable integration cycle. The function
wyy is a rational function that will not concern us here ahdknown as the phase function, is defined
as follows. The first; integration variables are attached to the simple rogtthe nextks integration
variables are attached to the simple rogf and so on, such that;, := a; if ky +--- + k1 < j <
ki+---+Fk. Then

k
\11(27 w; t) _ (Z _ w)(/\au)/ﬁ H(tz _ Z)_(/\’O‘"i)/ﬁ(ti _ w)_(uvati)/n H (ti _ tj)(o‘two"'j)/”,

i=1 1<i<j<k

with (,) the bilinear symmetric form oh* (the space dual to the Cartan subalgefraormalised such
that (6, 6) = 2 for the maximal roo?.
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In [11] Mukhin and Varchenko formulated a remarkable conjex regarding the normalised phase
function

k
U(t) = Hti_(/\’ati)/m(l _ ti)—(mau)/ﬁ H It — ﬁj|(azi,atj)/f€.
i=1

1<i<j<n

They proposed that if the space SingA + p — >, ki) is one-dimensional, then the integral

/ W (t)dt (1.4)
A

(with A C [0, 1]* an appropriate integration domain not explicitly givengigressible as a product of
gamma functions.

Forg = sl; = A, the integral (1.4) (with an appropriate choice fdy corresponds to the evaluation
of the Selberg integral. Indeed, in this case there is justfandamental weight and one simple root,
with (A1, 1) = 1 and(as, @1) = 2. The most general choice for the weightand is A = A;A; and

= p1Aq, so that
k

w(t)=[[t™ -ty ] -t
i=1 1<i<j<n
Identifying (k, A1, 1) = (1/7, (1 —a) /v, (1—8)/~) this becomes precisely the integrand of the Selberg
integral.
Forg = slyp1 = Ap, k1 = -+ =k, = TandX = \A,, o= Y0 i\, the integral (1.4)
was computed by Mukhin and Varchenko [11]. Using the stashdadering of the simple roots, so that
(i, af) = 2045 — d)i—j|,1 one finds

n

U(t) =t /T =)/ ] [t — tiga 7"

=1 1=2
AssumingA = A, (see (1.2)) the integral (1.4) is readily computed by iiagathe beta integral (1.3).
Identifying
(KJ7 )‘na My ... aﬂn) = (1/77 (1 - 04)/% (1 - ﬁl)//y? ey (1 - 571)/’7) (15)
this yields

. DB+ + 8+ (1 —j)7)
U(t) =T'(a)T"( J —, 1.6
) =T 1;[ D(Aj + B+ + B+ (3jm — 5)7) 1.9
whered; =1+ (1 — a)d; .
Essentially this same iterative method was applied by Mhmaod Takamuki [10] to deal with the
tensor product of the vector representationg ef B,,, C,, or D,,. Specifically, with\ = 4 = A; and

ki=-=kna=1 koi=r and k, =

such that

(2,2) B
(r,s)=14¢(2,1) C
D

~

n

3

3
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Mimachi and Takamuki computed (1.4) for a suitable choicAdfy either iterating thes = 2 case of
the Selberg integral (in the case of Bor by iterating the beta integral (in the case of &d D,).

In [14] Tarasov and Varchenko dealt with what is arguablyfitet nontrivial case of (1.4), proving an
A, Selberg integral corresponding to (1.4) wkh= Ao As, 1 = 1 A1 + paAo and arbitraryk; < ko. In
this paper we present the generalisation of the Tarasoeh®ako formula for all of the Lie algebras of
type A. This result includes the Selberg integral (1.1) dradformula (1.6) as special cases. Specifically,
we give the evaluation of (1.4) far = s, = A,, in the case thah = A\, A, p = >, pwiA; and
0<k <ky <---<k,. Againadopting the identification (1.5) our result is caméa in the following
theorem.

Theorem 1.2 (A, Selberg integral) For n a positive integer le® < k; < ky < --- < k,, be integers
andkg = k11 = 0. Assumdl.5)such thatv, 31, .. ., ., € C with

Re(O[) > 05 Re(ﬂl) > 07 SRR Re(ﬂn) > 07

—min{Re(«a)/(k, — 1),1/kn} < Re(y) < 1/k,,
and
—Re(B;)/ (ks — ks—1 — 1) <Re(y) < Re&(Bs + -+ 3,)/(r — 5)

forl1 <s<r<n.Then

1 DA + (i — kg1 — D)D)
/A\y(t)dt_s_l_[“]:[l )

ks_ks—l

LBs+- 4+ B+ (i+s—1—1)y)
8 H H F(Ar+Bs+ -+ 0B+ (i+s—1+ky — kg1 —2)7)’

1<s<r<n =1

whereA, =1+ (o — 1)6yp.

So far we have failed to specify the integration domAinand we will do so in the next section. Let us
remark now that fon = 1 the domain is given by (1.2) so that we recover the Selbeegmat (1.1). For
generah andk; = - - - = k, = 1 the domainA = A,, resulting in (1.6).

We also remark that Theorem 1.2 can be further generaliséachysion of a Jack polynomial in the
integrand. This corresponds to an eneralisation of the integrals of Aomoto (elementary swirim
function case) [1] and Kadell (the full Jack polynomial ce€3. We refer the reader to [17] for details.

2 The domain A

For general choice of4, ..., k, the integration domain is significantly more complicated than, for
example, (1.2). It takes the form of a chain in the sense a@lakjc topology and, in the casegpE Ao,
was first described in the work of Tarasov and Varchenko [14].

First we introduce a slight relabelling of the integraticarigblest,, ..., t;. Recall that the firsk;
variables are attached to the simple rogt the nextk, variables are attached te, and so on. For
1 < s < nwe now set

t(S) = (tk1+,.,+k571+1, SR tk1+"'+ks)
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so thatt(*) contains those; attached tav,. We also use the notatid[fns) for 1 < ¢ < k, to denote the;
contained int(®).

Note that¥ (¢) is symmetric under permutation of the components 9fso that without loss of gener-
ality we may assume the ordering

19 <<l < (2.1)

consistent with (1.2) when = 1.

We also need an ordering betwaé?? andt§. , i.e., between the variables attached to two adjacent
simple roots (adjacent in the sense of the correspondingiDyliagram). To this end we introduce maps

s+1)

Ms:{1,... kst = {1,... ke1}

such that
M(1) < Mg(i+1) and 1< M(i) < ksy1 — ks + 1.

A standard counting argument shows that there are exagtly », admissibleM, wherec, ;. is the
(n, k) entry in the Catalan triangle, or, equivalently, the numbfestandard Young tableaux of shape
(n;:lf))r. example, ift; = 2 andk, = 3 then the conditions oA/ := M; : {1,2} — {1,2,3} are
1<M1)<2, 1<M(@2)<3, and M(1) < M(2).
This permits exactly distinct maps, mappingl, 2) to one of
(1,1),(1,2),(1,3),(2,2),(2,3).

Given M, we fix an ordering among thﬁés) andt§.s+1) by

t(s-i—l) < t(é) < t(5+1)

M) S M. ()1 for 1 <i<k;, (2.2)

WheretEfH) := oo. Given admissible map&/y, ..., M,_: deflneD"”l"”_’_’“](477’71 as the set of points

(et = (0, PP ) e [0, 1)

such that (2.2) holds for all < s < n—1and (2.1) holds fot < s < n. Then the domain of integration,
written as a chain, is given by

k1. kn ki,...ikn
= Z 1[7‘1\/111 ,,,,, M, _ (’Y)Dﬁl ,,,,, Mp_1° (2.3)

where

| ké ks — M(i) +1)7)
Fkl-,---v _ sm (i + ksy1 — )
My ( H H sin(m(i 4 ksy1 — ks)7)
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3 Remarks about the proof of Theorem 1.2

The proof of the A, Selberg integral relies on a newt-binomial theorem for Macdonald polynomials
[16,17]. Thisq,t-binomial theorem can be reinterpreted ag-iategral, and taking the — 1 limit
results in Theorem 1.2. This is analogous to the proof of themsimpler beta integral using the classical
g-binomial theorem. In the latter case one makes the sutistitya, z) — (¢, ¢®) in the g-binomial

theorem
a — (G)r ,  (a250)
1q, 2| = 2" =
o207 2 G

(where(a; Q)oo = H()Zl(l - aqi) and(a; Q)z = (a; Q)oo/(aqz§ Q)oo) to obtain

' a—1¢y . _ Tg(a)T4(8)
/0 t (tqv(J)ﬁ*l dqt* Fq(Oé—f—ﬁ) 5

wherel', is theg-gamma function [5] and, 3 € C such that R&x) > 0, -3 ¢ {0,1,2,...}. Assuming
thatq is real and R&7) > 0 one can take the — 1~ to obtain (1.3).
The Macdonald polynomialBy (z; g, t) [8] satisfy a well-known generalisation of tihebinomial the-

orem [7,9]
a (a’;Qat)k (axi;q)oo
P ;q,t;x} = E PN DA Py (g, t) = —-— (3.2)
' 0[— X A1) (7.0 g (%35 @)oo

wheren(X) = 3,0, (i — X, (a;q,t)x = [I;51(at' ™ q), andc) (g, t) is a generalisation dfy; q),
standard in Macdonald polynomial theory. Writing (3.1) asiategral and taking the — 1~ limit yields
the Selberg integral (1.1).

To obtain the more general, ASelberg integral the, t-binomial theorem (3.1) needs further general-
isation. Because this sum is significantly more difficult &scribe than (3.1) we will not state it here in
full generality. We remark however that the summand dependspartitions, each attached to a different
Macdonald polynomial. When all Macdonald polynomials atiag@pally specialised one obtains

n ks—ks—1 i . Ak n—
(a25~~~2ntl+s+ks’1+ +Ekn_1—n 1; )oo

a
cq.t: 2D ()| —

ks —ks—1 s —rhs 1tk —kp 1 —2
X H ]._.[ ML)
y o e — 3
(Zs o gptits—rtkei btk —1, q)

1<s<r<n—1 i=1 o0

oo

where; @ is a suitable 4 generalisation of the series in (3.1), =0 andz(®) = zs(1,t, ... ,tks‘l) for
1 < s < n. ltis thisgq, t-binomial theorem that gives rise to Theorem 1.2.

4 Two simple examples

To conclude we present the worked-out examples of th&gélberg integral for

1. (k1o kpot k) = (1,...,1,k)
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2. ~v=0.

Note that in (1) we no longer ugeto denote the number of integration variables (i.e., the sfithe ;).
Also note that (1) fok = 1 corresponds to (1.6).

4.1 The case (ki,...,ky1,k,) = (1,...,1,k)

In this case there is only one mag, for 1 < s < n — 2, corresponding to the identity mad,(1) = 1.
Fors = n — 1, however, there ark different maps, given byf,,_1(1) = afor1 <a < k.

If we relabel the integration variable%s) —ugforl<s<n-1 andtl(.") — t; forl <4 <k, then
the above implies the inequalities

Op:¢0<up_1 <

with 1 < /¢ < k andty, = 1. As a result we obtain the following: + » — 1)-dimensional integral:

k

Zsm Sll; Tr}i;rl /O H (1—u) 51_1Hta 1 ;)P 1 H (ti*t]’)2’y

=1 =1 1<i<j<k
n—2 -1 k
X H (ui — ’U,H_l)_’y H(tl — un_l)_"’ H(un_l — ﬁi)_’y du dt
i=1 =1 =0

[(ar+ (i = D) (i)

=

=T(1— k)" ?(1 —7)

P L'(v)

T +(i— 1)y H DB+ +Bi+ (=)

zzlrawn (z+k:—2 D(a; +f1+-+Bi —iv)
wherea; = -+ = ap—2 =1, a,1 = 1—(k— 1)y, a, = a+ ky, du = duy---du,—; and d =
dtq - - - dty.

Let us denote the left-hand side of the abovelhy; 1 (c; 61, ..., Bn;y). Nextletn > 3 and replace
the integration variable; by v via

Ul — U2

17’[1,2.

Noting thatl — u; = (1 — v)(1 — ug) andu; — ue = v(1 — u2) the integral over may be identified as
Euler’s beta integral (1.3) withh = 1 — ~. Therefore

I'(1—)'(B)

n 1k( 615767’157): n72,k(a;61+62777637---76’n;7) F(Bl_,y_i_l)
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Iterating this recursion it follows thdt,_; ; can be reduced th ;, given by

k
sin(m(k — €+ 1)7)
17 [31 1 e 1 ,82 1 tiit_ny
Zl sin(mk-y) /, u) H ]-_-[ ( i)

1<i<j<k

-1 k
X H(ti —u)™Y H(u —t;)7 7 dudt
i=1

= i=t
LB —ky) T(a+ G2+ (2k—=2)y) T(Bi+062—7)
L1+ p1 —ky) T(a+ Br+ Ba+ (K —2)y) T(Ba + (k —1)7)

k

H Do+ (i = 1)y)T(B2 + (i — 1)y)T(i7)
Dla+ B+ (i+k—=2)MT(y)

=1

where
Op: 0<tp < <tg<u<ty <<ty <1

4.2 Thecasey=0

When~y = 0 Theorem 1.2 collapses to the integral

n ks

/ TTTI( )™~ H(ﬁg"))“‘1 dt® .t

s=11i=1 =1

tol (r(a)r(ﬁs +o ﬁn))k“_k“
- D(a 4 Bs + -4 Bn)
whereA is given by they — 0 limit of (2.3). Because thegs) in the integrand are completely decoupled
the problem of evaluating this integral is purely combimiaio Introducing the partitiona(®) for1 < s <
n—1asA®) = (M,(ks),..., M, (1)) sothat\(*) has exactly:, parts andkz(.s) <ks1—i+1they=0
integral may also be stated more explicitly as

n—1 kg
S+17’L*>\ +2
= Hses,

Aln—1) s=11i=1

.....

,: ﬁ ( 1 (r(a)r(gs +.. +ﬁn))ks—ks1,

5 B\ T(a+ Bs + -+ 4 Bn)
where the integration domain is given by
(s+1) (s) (s) (s) 4(s+1)
max{t/\é?,iﬂ’t”l} <t;” < mm{ti_l’tAfjs)lefl} (4.1a)
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for1 <s<mn-—1andl <i <k, (with t(()s) =1 andt}i{rl =0),and
£ <™ < 4™ (4.1b)

forl <i<k,.
Thanks to the facto]'—[:;l1 Hf;l(ksﬂ —i— \; +2) we may relax the conditiohz(.s) <ks1—i+1
to )\gs) < ks41 SO that the sum becomes

A(l),...,k(”’l)
1A=k,
AT <o

This result may be proved by elementary means using thexfitprepresentation of the elementary
symmetric function:

ere) = 3 TT oy TI00— A =i+ 2)(a, — 20 ),
A =17 =1

I(N)=r
Al Sn

with g = 0, z = (x1, ..., zy,), m; the multiplicity of the partj in .
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