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CNRS–Université de Pau et des pays de l’Adour
IPRA, avenue de l’université
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ABSTRACT
The case of a turbulent round jet impinging perpen-

dicularly onto a rotating, heated disc is investigated, aim-
ing at understanding the mechanisms at the origin of the
influence of rotation on the radial wall jet and associated
heat transfer. The present study is based on the comple-
mentary use of an analysis of the order of magnitudes of the
terms of the mean momentum and Reynolds stress transport
equations, available experiments and dedicated Reynolds-
Averaged Navier–Stokes (RANS) computations with re-
fined turbulence models. The analysis identifies a scenario
for the appearance of rotational effects when the rotation
rate is gradually increased.

INTRODUCTION
The case of a jet impinging on a rotating disk, rele-

vant to cooling processes in many industrial applications,
implies a complex interaction between the radial wall jet
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Figure 1. Artist view of the different regions of the flow.

and the azimuthal boundary layer, as shown in Fig. 1. The
present collaborative work was initiated in the frame of the
workshop organized at TU Graz, Austria, under the aus-
pices of the Special Interest Group 15turbulence modelling
of ERCOFTAC (Steineret al., 2009), and provides an ex-
ample of cross-fertilization of analytical, experimental and
numerical studies. The configuration, based on flow field
and heat transfer measurements performed by Minagawa &
Obi (2004) and Popiel & Boguslawski (1986), respectively,
is issuing with the bulk velocityU j from a pipe of diameter
D (Rej =U jD/ν = 14,500), atH = 5D from a rotating disk
of diameterR = 6D. Several rotation rates are investigated,
ωD/U j = 0, 0.12, 0.24 and 0.48.

The computations were performed using two in-house
codes, T-FlowS (Nǐceno & Hanjalíc, 2004) developed
at Delft University of Technology and the open-source
(www.code-saturne.org)Code Saturne developed at EDF
(Archambeauet al., 2004). As usual in the ERCOFTAC
SIG-15 workshop series, the groups computed the cases in-
dependently and performed grid refinement studies. The
ζ– f model (Hanjalíc et al., 2004) was used in T-FlowS (In-
ternational university of Sarajevo); thek–ω–SST (Menter,
1994) andϕ – f (Hanjalíc et al., 2005) models were used in
Code Saturne (EDF); the Elliptic-Blending Reynolds stress
model (EB-RSM, Manceau & Hanjalić, 2002) was also
used inCode Saturne (Institute Pprime/LMA). As concerns
heat transfer modeling, the eddy-viscosity models were as-
sociated with the SGDH, while the Reynolds stress models
were associated with the GGDH.

The rms radial velocities for cases without and with ro-
tation are shown in Fig. 2. The models have difficulties to
reproduce the impingement region, a behaviour analyzed in
detail in a previous paper (Manceauet al., 2009), mainly
linked to the overestimation of the spreading of the free jet
before impingement. The present paper focuses on the ra-
dial wall jet, i.e., the regionr/D > 2.5.

Ouside of the regionr/D < 2.5, dominated by pressure
and convection terms, the influence of rotation increases

1



August 28 - 30, 2013 Poitiers, France

ROTC

0 1 2 3 4 5 6
0

0.05

0.1

0.15

0.2

0.25

Exp.
ζ– f

ϕ – f
k–ω–SST

EB-RSM

r/D

v′ r/
U

j

Figure 2. Profiles of the rms radial velocity atz/D=

0.032. Black: no rotation; Red:ωD/U j =0.48.

with the rotation rate and the distance to the symmetry axis
(Fig. 2). The modification of∂Vr/∂ z due to both the accel-
eration and the thinning of the wall jet implies an increase
of turbulent production, which generates strong radial fluc-
tuationsv′r. Such an effect is captured by all the models,
but eddy-viscosity models give a much too early (r/D ≈ 2
rather thanr/D ≈ 4) increase ofv′r, which shows that this
intermediate region is more difficult to reproduce.

The present paper aims at extending the limited knowl-
edge and understanding of this case, in particular as con-
cerns the mechanisms of the migration from a self-similar
axisymmetric solution to a rotation-dominated flow.

STRUCTURE OF THE WALL JET
In the absence of rotation, the wall jet can be charac-

terized by the maximum velocityVrmax and the thicknessδ

δ =
1

Vrmax

∫
∞

0
Vr(z)dz. (1)

Due to entrainment, the flow rateQ(r) across the surface
at a fixedr is larger than the flow rate issuing from the
pipe Q j = π

D2

4 U j, and theentrainment ratio is defined as
e = Q(r)/Q j. A reduced thickness δ ′ = 8δ/e is introduced,
such that

Vrmax =
U jD2

rδ ′
. (2)

The wall jet can be considered a two-layer flow: the
region located between the wall andδrmax (location of the
velocity maximum), called the inner region, exhibits char-
acteristics close to those of a boundary layer; the region be-
yondδrmax, called the outer region, is similar to a free shear
flow, and is governed by inviscid equations.

The standard definition of a scale of change in ther-
direction,L, used for plane flows,∂U/∂x ∼Umax/L (where
∼ stands forof the order of magnitude of ), is replaced by

1
r

∂ rVr

∂ r
∼

Vrmax

L
where

1
L
=

1
δ ′

∂δ ′

∂ r
. (3)

The standard analysis of this nearly parallel flow shows that
the radial wall jet satisfies standard boundary layer equa-
tions, which admit a self-similar solution with power-law
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Figure 3. Thicknesses of the wall jet and the az-
imuthal boundary layer (EB-RSM).
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Figure 4. Influence of rotation onℓ/r (EB-RSM).

evolutions ofδ , δ ′ ande in the radial direction, and a lin-
ear growth ofL, and, consequently, power law evolutions of
bothVrmax and∆T = Tw −T∞.

Finally, the reduced thicknessδ ′/D exhibits a very
slow variation in the radial direction, and can be, for or-
der of magnitude evaluations below, considered a constant
and close to unity. Consequently, Eq. (2) leads to

Vrmax

U j
≈
( r

D

)−1
. (4)

As suggested by Glauert (1956), the inner layer can
be described using Ḱarmán’s method, such that the friction
coefficient and the Nusselt number can be shown to behave
as

C f =
τw

1
2ρU2

j

=
V 2

rmax

U2
j

τw
1
2ρV 2

rmax

∝
1

Re1/4
j

( r
D

)−1.95
(5)

and Nu =
q̇wD

(λ∆T )
∝ Re3/4

j

( r
D

)−1
. (6)

INFLUENCE OF ROTATION
In the case of the boundary layer developing on a rotat-

ing disk in a quiescent environment, it can be shown (e.g.,
Dorfman, 1963) that the thicknessℓ of the boundary layer
scales with the local Reynolds numberRer = r2ω/ν

ℓ

r
∝
(

r2ω
ν

)− 1
5

= α− 1
5 Re

− 1
5

j where α =
r2ω
U jD

(7)

For weak rotation rates, rotation only moderately af-
fects the thicknessδ of the wall jet (see Fig. 3) and Fig. 4

2



August 28 - 30, 2013 Poitiers, France

ROTC

shows that the thickness of the azimuthal boundary layer
satisfies Eq. (7). Thus, their ratio

ℓ

δ
∝
(

r2ω
ν

)−1/5

= α−1/5Re−1/5
j

( r
D

)0.2
(8)

is small, owing to the high Reynolds number, as can be seen

in Fig. 3, whereℓ =
1

rω

∫
∞

0
Vθ dz. Sinceℓ decreases with

the rotation rate, the increasing influence of rotation on the
outer layer of the wall jet cannot be attributed to a grow-
ing of ℓ, but rather to an interaction between the rotation-
induced boundary layer and the inner layer of the wall jet,
which modifies the equilibrium between the inner and outer
layers.

Limit of strong rotations
In the inner layer, centrifugal acceleration becomes

dominant in the radial momentum equation in the limit
ω →∞, leading to

Vr
∂Vr

∂ r
︸ ︷︷ ︸

∼
V 2

r

r

−
V 2

θ
r

︸︷︷︸

∼ rω2

= 0, (9)

which yieldsVr ∼ rω. The primary effect of rotation is thus
an acceleration of the inner layer. Although the centrifugal
acceleration does not directly affect the outer layer, the ac-
celeration of the inner layer necessarily leads to a suction of
fluid at the bottom of the outer layer, by mass conservation,
such thatVr in the outer layer also scales asVr ∼Vrmax ∼ rω.

SincerVrmax is constant in the absence of rotation, the
influence of rotation is characterized by

rVrmax

(rVrmax)0
∼

rVrmax

U jD
∼ α , (10)

where the index0 denotes the non-rotational case. Since
Eq. (2) is exact, this result is equivalent to

δ ′

δ ′
0
∼

1
α

, (11)

showing a thinning of the wall jet. Fig. 5 confirms the scal-
ing laws (10) and (11), even though discrepancies are ob-
served in the slopes predicted by the different models.

For largeα ’s, the dynamics is dominated by centrifu-
gal acceleration, and the influence of the turbulence model
is weak. Therefore, as can be seen in Fig. 2, reproducing the
effects of rotation is more challenging for turbulence mod-
els in the region located between the impingement region
and the rotation-dominated region, and for intermediate ro-
tation rates.

It is confirmed by Fig. 7, for both experiments and EB-
RSM results, that the rotation of the disk does not directly
affect the turbulence in the outer layer (down toz/D ≈ 0.3).
Consequently, as can be seen in Fig. 9, the entrainment ratio
is independent of the rotation rate. The situation is differ-
ent for eddy-viscosity models, because the turbulent shear
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Figure 5. Scaling withα of (a) rVrmax/(rVrmax)0 and
(b) δ ′/δ ′

0. Lines: theoretical relations fitted to the ex-
perimental results.

stress is assumed proportional to the mean shear, which is
modified by the acceleration and thinning of the wall jet.

Since the thicknessδ of the jet is related to the entrain-
ment ratioe and the reduced thicknessδ ′ by δ = eδ ′/8,
and e is independent of the rotation rate, we have also
δ/δ0 ∼ α−1. Fig. 6a confirms this scaling for strong rota-
tion rates (α > 5). Minagawa & Obi (2004) conjectured this
scaling, but, due to limitations inherent to the experimental
approach, they monitored the variation of the location of the
velocity maximum,δrmax/δrmax0. As shown in Fig. 6b, this
quantity does not scale very well withα−1, contrary toδ .

Fig. 8 shows the evolution of the Nusselt number based
on the radial locationNur = hr/λ as a function of the ro-
tational Reynolds numberRer = ωr2/ν = α Re j. It can be
observed that the results of theζ– f and k–ω–SST mod-
els well satisfy the scaling proposed by Popiel & Bogus-
lawski (1986),Nur = f (Rer), contrary to theϕ – f model
that shows some scatter, due to the lack of self-similarity
of the solution. For high values ofRer, it is expected that
the Nusselt number approaches the asymptoteNur ∝ Re0.8

r
applicable to a rotating disk in still air (Dorfman, 1963). It
can be seen that the present computations, for all the mod-
els, seems to approach the correct asymptotic behavior.

Appearance of rotational effects
Momentum equation As long as the rotation

rate is sufficiently weak, the self-similar solution for the
outer layer holds, and the description of the inner layer
given above is valid. In the inner layer, the scales areuτ
andν/uτ , whereuτ can be obtained from Eq. (5),

uτ ∼
1

Re1/8
j

U jD

r

( r
D

)0.025
∼

1

Re1/8
j

U jD

r
. (12)
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Figure 6. Scaling withα of (a) δ/δ0 and (b)
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The factor(r/D)0.025 is ignored in this relation since its
order of magnitude is unity.

Since the azimuthal velocity isVθ ∼ rω, the radial mo-
mentum equation reads, at leading order,

−
V 2

θ
r

︸ ︷︷ ︸

∼ rω2

= ν
∂ 2Vr

∂ z2
︸ ︷︷ ︸

∼ Re5/8
j

U2
j D2

r3

−
∂vrvz

∂ z
︸ ︷︷ ︸

∼ Re5/8
j

U2
j D2

r3

(13)

Consequently, the relative weight of the centrifugal acceler-
ation in this equation is

r4ω2

Re5/8
j U2

j D2
=

α2

Re5/8
j

, (14)

such that the centrifugal acceleration remains negligible for

α ≪ Re5/16
j . Figs. 5 and 6 show a transition in the region

α ≈ 5, which suggests the thresholdα ≈ 0.25Re5/16
j .

Production terms For the non-rotating case, the
components of the production tensor reduce to

Prr = P(1)
rr +P(2)

rr =−2v2
r

∂Vr

∂ r
−2vrvz

∂Vr

∂ z

Pθθ = P(1)
θθ =−2v2

θ
Vr

r

Pzz = P(1)
zz +P(2)

zz =−2vrvz
∂Vz

∂ r
−2v2

z
∂Vz

∂ z

Prz = P(1)
rz +P(2)

rz +P(3)
rz =−v2

r
∂Vz

∂ r
+ vrvz

Vr

r
− v2

z
∂Vr

∂ z

Prθ = Pθz = 0 (15)

(the underlined terms are those related to∂Vr/∂ z and are
dominant). When the disk is rotated, additional terms ap-
pear,

P(r)
rr = 2vrvθ

Vθ
r

P(r)
θθ = P(r1)

θθ +P(r2)
θθ =−2vrvθ

∂Vθ
∂ r

−2vθ vz
∂Vθ
∂ z

P(r)
rθ = P(r1)

rθ +P(r2)
rθ +P(r3)

rθ +P(r4)
rθ +P(r5)

rθ

=−v2
r

∂Vθ
∂ r

+ vrvθ
∂Vz

∂ z
− vrvz

∂Vθ
∂ z

+ v2
θ

Vθ
r

− vθ vz
∂Vr

∂ z

P(r)
θz = P(r1)

θz +P(r2)
θz +P(r3)

θz +P(r4)
θz

=−vrvθ
∂Vz

∂ r
+ vθ vz

∂Vr

∂ r
− vrvz

∂Vθ
∂ r

− v2
z

∂Vθ
∂ z

,

P(r)
rz = vθ vz

Vθ
r

(16)

Some of the production terms, evaluated from the EB-
RSM computations, are plotted in Fig. 11, at the edge of the
disk. The orders of magnitude of the different terms can be
readily deduced from previous sections, and depend on the
region of the flow.

Outer layer Since we have shown that the outer layer is
not directly affected by the azimuthal boundary layer, the
production tensor in the outer layer must keep the same
structure as in the case without rotation, and the following
orders of magnitude are obtained

Prr ∼ P ∼ u2Vrmax

δ
; Pθθ ≪ P; Pzz ≪ P; Prz ∼ P (17)

where theP ∼ 1
2Prr is the kinetic energy production. In the

outer region, approximately located betweenz/D = 0.1 and

z/D = 1 (Fig. 11), production is dominated byP(2)
rr (due

to ∂Vr/∂ z). TermsP(1)
rr , P(1)

θθ , P(1)
zz andP(2)

zz , related to the
radial expansion of the jet, are lower at least by a factor of
δ/r.

Fig. 11 shows that in the outer layer, this description
of the production tensor remains valid for all the rotation
rates, which confirms that the outer layer is not directly af-
fected by the rotation-induced boundary layer. The produc-
tion terms are however increased as a consequence of the
modification of the velocity gradient∂Vr/∂ z.

Consequently, the budgets of the Reynolds stresses
(Fig. 12) are very similar to the case of a standard bound-
ary layer, even when the disk rotates: the velocity gradi-
ent∂Vr/∂ z induces turbulent production on the longitudinal
component (here,vrvr), and energy is then redistributed to
other components via the pressure term. However, due to
the radial expansion of the jet, convection is active andPθθ
andPzz are not zero.

Inner layer In this region, located between the wall and
z/D≈ 0.1 (Fig. 11a0), scales areuτ andν/uτ , with uτ given
by Eq. (12), such that we have

Prr ∼ Re1/2
j

U3
j D3

r4 ; Pθθ ≪ P; Pzz ≪ P; Prz ∼ P (18)

Contrary to the outer layer, additional terms appear in the
production tensor (Fig. 11), and, aiming at identifying a
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threshold, the analysis below considers the introduction in
the equations of a gradually increasing rotation rate.

A straightforward, albeit long, analysis provides the
following evaluations for the production terms due to ro-
tation:

P(r)
rr ∼ P(r)

rz ∼
α2

Re3/4
j

U jD

rℓ
u2

τ

P(r)
θθ ∼

α2

Re3/4
j

U jD

ℓ2 u2
τ

P(r)
rθ ∼ P(r)

θz ∼ α
U jD

rℓ
u2

τ . (19)

As long asα is sufficiently weak, the production terms due
to rotation are negligible compared to those already present

in the non-rotating case except forP(r)
rθ andP(r)

θz , sincePrθ =
Pθz = 0.

Whenα is increased, the main effect is the rapid in-

crease ofP(r2)
θθ . Since, in the absence of rotation, the pro-

duction termPθθ is small compared toP (and negative),v2
θ

essentially receives energy from other terms (redistribution,
convection, diffusion), and these terms are of the same or-
der of magnitude as productionP. The correct criterion to
evaluate the influence of rotation onv2

θ is then the ratio

P(r)
θθ /P ∼ α12/5Re−11/10

j . (20)

It can be seen in Fig. 11a1 and b1 that, when rotation is in-

creased, the termP(r2)
θθ rapidly becomes much stronger than

Prr, such that the turbulence anisotropy is completely mod-
ified and, as can be seen in Fig. 12, energy transfer mecha-
nisms are reversed (production ofv2

θ and redistribution to-
wards other components). The order of magnitude analy-
sis leading to Eq. (20) thus shows that the value ofα for

which P(r2)
θθ becomes significant scales withRe11/24

j , but a

closer inspection of the level ofP(r2)
θθ as a function ofα in

our numerical results suggests that the threshold is about

α ≈ 0.01Re11/24
j . To say the obvious, such effects of ro-

tation on turbulence cannot be reproduced by linear eddy-
viscosity models, which are completely insensitive to rota-
tion: they only reproduce the increase ofv2

θ with rotation
that results from the increase ofVr due to the centrifugal
acceleration.

CONCLUSIONS
The order of magnitude analysis supports a scenario

for the gradual increase of the influence of rotation. For

low rotation rates, such thatα < 0.01Re11/24
j , the flow

is in a superposition regime (see Fig. 10), in which the
rotation-induced boundary layer does not significantly af-
fect the self-similar wall jet. For intermediate rotation rates,

0.01Re11/24
j <α < 0.25Re5/16

j , aninteraction regime is ob-
served, in which the inner layer resemble an Ekman layer,
while the outer layer remains weakly perturbed. Finally,

for strong rotation rates,α > 0.25Re5/16
j , in the rotation-

dominated regime, centrifugal acceleration becomes domi-
nant and causes an intensification and thinning of the jet.

Therefore, depending on the value of the parameters
α and Re j, the modification of the wall jet can be linked

to the influence of the centrifugal acceleration, or to more
complex effects due to the anisotropic transfer of energy
from the mean flow to the turbulent field. The linear eddy-
viscosity models are able to reproduce the former effects,
in the rotation-dominated regime: acceleration and thinning
of the jet (independent of turbulence modeling); intensifi-
cation of the shear, and consequently of turbulence produc-
tion. The more complex effects appearing in the interaction
regime, when the skewing of the inner layer of the wall jet
completely modifies the structure of the different terms in
the Reynolds stress budgets, require the use of a more elab-
orate model.
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Figure 10. Different regimes in the plane
α–Re j.
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Figure 11. Contributions to production at the edge of the disk for the four rotation rates (EB-RSM computations), made
non-dimensional byU j andD.
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Figure 12. Budgets of the Reynolds stresses at the edge of the disk for the four rotation rates (EB-RSM computations), made
non-dimensional byU j andD. The legend is in the plot (b3).
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