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‘We introduce a generalization of tropical polyhedra able to express both strict and non-
strict inequalities. Such inequalities are handled by means of a semiring of germs (en-
coding infinitesimal perturbations). We develop a tropical analogue of Fourier-Motzkin
elimination from which we derive geometrical properties of these polyhedra. In partic-
ular, we show that they coincide with the tropically convex union of (non-necessarily
closed) cells that are convex both classically and tropically. We also prove that the
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redundant inequalities produced when performing successive elimination steps can be
dynamically deleted by reduction to mean payoff game problems. As a complement, we
provide a coarser (polynomial time) deletion procedure which is enough to arrive at a
simply exponential bound for the total execution time. These algorithms are illustrated
by an application to real-time systems (reachability analysis of timed automata).

Keywords: Tropical polyhedra, strict inequalities, Fourier-Motzkin elimination, mean
payoff games, real-time verification, timed automata

Mathematics Subject Classification 2010: 14T05, 52A01, 52B55

1. Introduction
1.1. Tropical convexity

Tropical or maz-plus algebra refers to the set Ryax := RU {—o00} equipped with
x @y := max(z,y) as addition and x ® y := x + y as multiplication (the latter will
be also denoted by concatenation xy). In this setting, an inequality constraint on
variables @1, ..., x, is said to be (tropically) affine if it is of the form:

ap ® T ® - D an®y <y O b1 G- O bpy, (1.1)
or equivalently, with usual notation,
max(ag, a1 + X1, ...,a, + ) < max(by, by + €1,...,0n + Ty,) (1.2)

where a;,b; € Ryax for ¢ = 0,1,...,n. By analogy with the terminology of usual
convex geometry, a tropical (convex) polyhedron is defined as a set composed of
all the vectors € R} satisfying finitely many such inequalities. An example is
depicted on the left-hand side of Figure

Tropical polyhedra and, more generally, tropically convex sets, have been intro-
duced and studied in various contexts, including optimization [49], control the-
ory [19], idempotent functional analysis [46], or combinatorics [23]. Several ba-
sic results of convex analysis and geometry have been shown to have tropical
analogues. These include Hahn-Banach [49/46120023], Minkowski [2915/39], and
Carathéodory/Helly-type [13I34132] theorems. Some algorithmic aspects have also
been studied (e.g. [T6J40I3]). We refer the reader to [3] for further references.

1.2. Motivation

The present work is motivated by a specific application of tropical algebra to the ver-
ification of real-time systems. Indeed, a remarkable property of tropical polyhedra
is their ability to concisely encode possibly non-convex sets expressed as disjunc-
tions of closed zones. A closed zone, also known in the literature as polytrope, is
a set of vectors & € R" defined by inequalities of the form x; > m;, x; < M;
and x; < ki + x;, for certain constants m;, M;, k;; € R. More generally, zones
are obtained by replacing some of the previous inequalities by strict ones. See the
right-hand side of Figure [1| for an illustration.
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Fig. 1. Left: a tropical polyhedron (including the black border). Right: a (non-closed) zone defined
by the inequalities 1 < 1 < 7,1 < @2 <5, -2 < @1 —x2 < 3.

Zones are extensively used in the area of verification of real-time systems, where
these systems are modelled by formalisms such as e.g. timed automata [8] or timed
Petri nets [12]. More precisely, zones are used by model checking tools as symbolic
states, typically representing infinitely many states of the system. They can be
represented using difference-bound matrices (DBM), which are essentially adjacency
matrices of weighted graphs. This allows for efficient algorithms for the manipulation
of zones during the verification process.

An inherent drawback of zones is that they are convex sets, and consequently
they are not closed under set union. This means that during the analysis process,
symbolic states cannot generally be combined, which potentially leads to state-
space explosion. Due to this, tropical polyhedra have been proposed in [47] as a
replacement for zones. However, an important drawback in this approach is that the
analysis of timed automata often requires to express strict constraints, for instance
in the analysis of communication protocols [22]44], while tropical polyhedra are
by definition topologically closed. An example illustrating these drawbacks will be
given in Section [5}

1.3. Contributions

In this paper we first introduce (Section a class of non-necessarily closed tropically
convex sets. This class is called tropical polyhedra with mixed constraints. It can
express not only inequalities of the form in which the relation < has been
replaced by <, but also finer constraints exploiting the disjunctive character of
tropical inequalities. For instance, the inequality

1 < max(l + mg,O_ + 833)

is going to represent the disjunction of the inequalities 1 < 1 + @2 and 1 < x3.
These mized inequalities are defined using coefficients in a semiring of affine germs,
which represent infinitesimal perturbations of reals.
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In the second place, we present a tropical counterpart of Fourier-Motzkin elim-

ination (Section . It provides a constructive method to show that the projection

n

in R7-1 of a tropical polyhedron with mixed constraints P C R?,,

max

is a polyhedron
with mixed constraints (Theorem [3.4]). It computes a representation by mixed in-
equalities of the projection by combining the defining inequalities of P. Actually,
this approach handles more generally systems of inequalities with coefficients in a
totally ordered idempotent semiring, modulo some assumptions. Note that such an
analogue of Fourier-Motzkin algorithm has not been considered previously in the
tropical setting, even in the case of standard (closed) tropical polyhedra. Fourier-
Motzkin elimination also appears as a useful tool to show the polyhedral character
of some non-closed tropically convex sets. As an application, we indeed prove that
tropical polyhedra with mixed constraints are precisely the tropically convex union
of finitely many zones, and the intersection of finitely many tropical hemispaces
(i.e. tropically convex sets whose complements are also tropically convex, which
were studied in e.g. [I4/42]), see Theorem and Corollary

Superfluous inequalities may be produced by Fourier-Motzkin algorithm, so that
the size of the constraint systems can grow in a double exponential way during con-
secutive applications of the method. In order to eliminate such redundant inequal-
ities, in Section [4f we extend to mixed inequalities a result of [I] and its subsequent
refinement in [5], building on techniques of these two papers. The result of [I] shows
that deciding the feasibility of a system of tropical linear inequalities is (Karp)
polynomial-time equivalent to solving mean payoff games. The result of [5] shows
that deciding logical implications over tropical linear inequalities is also equivalent
to solving mean payoff games. Theorem generalizes these two results to mixed
inequalities. We note that the present approach (through germs) also yields an al-
ternative, simpler derivation of the result of [5]. Indeed, deciding whether a given
inequality of the form is logically implied by a system of other inequalities
of the same kind amounts to checking if the intersection of a tropical polyhedron
with the complement of a closed half-space is empty or not. Such an intersection is
obviously a tropical polyhedron with mixed constraints.

Experimentally efficient algorithms have been developed to solve mean payoff
games, but no polynomial time algorithm is known. Hence we also provide a weak
criterion which allows to eliminate some of the superfluous inequalities in polynomial
time (Section . We prove that, in the case of non-strict inequalities, this weak
elimination is sufficient to obtain a single-exponential bound for Fourier-Motzkin
elimination (Section [4.3)).

Finally, Section [5| illustrates the application of tropical polyhedra with mixed
constraints to the verification (reachability analysis) of timed automata. We show
that the operations necessary for forward exploration of timed automata can be
defined on tropical polyhedra with mixed constraints, using Fourier-Motzkin elimi-
nation and the algorithms developed to eliminate redundant inequalities.
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1.4. Related work

The algorithms developed so far for tropical polyhedra usually benefit from the fact
that these can be represented either externally, using inequalities (as in ), or
internally, as sets generated by finitely many points and rays (see [30] for details).
In contrast, non-closed tropically convex sets may not be finitely generated. Gen-
erating representations of (non-necessarily closed) tropical convex cones have been
studied in [I5], and in [42] in the particular case of tropical hemispaces. A certain
class of possibly infinite generating representations was treated in [28], however,
the associated algorithms rely on the expensive Presburger arithmetic. Defining
non-closed polyhedra using infinitesimal perturbations of generators also presents
some difficulties, see Remark below. Moreover, we should warn the reader that
some geometric aspects of tropical polyhedra, in particular the notion of faces, are
still not yet understood [24]. Thus it does not seem easy to manipulate non-closed
polyhedra from closed ones by excluding some “facets” or “edges”.

The present tropical Fourier-Motzkin algorithm may be thought of as a dual
of the tropical double description method [3], in which one successively eliminates
inequalities rather than variables. In both algorithms, redundant intermediate data
(inequalities or generators) are produced, and the key to the efficiency of the al-
gorithm lies in the dynamic elimination of such data. Redundant generators can
be eliminated in almost linear time using a combinatorial hypergraph algorithm,
however the hypergraph criterion appears to have no natural dual analogue which
can detect redundant inequalities.

As mentioned above, the equivalence between mean payoff games and the empti-
ness problem for tropical polyhedra with mixed constraints generalizes a result of [I].
Moreover, it generalizes an earlier result [48] concerning finite solutions of a class of
non-strict disjunctive constraints appearing in scheduling. The non-strict inequality
satisfiability problem has also been studied under the name of “max-atom problem”
in [I0], with motivations from SMT solving. Note here a fundamental difference
between strict and non-strict constraints: in the latter case, for inequalities with
integer coefficients, it is shown in [I] that emptiness over the integers is equivalent
to emptiness over the reals. The same is not true for strict inequalities (consider
for example the open hypercube |0, 1[™ which is non-empty, but contains no integer
points), so that the present result for mixed inequalities cannot be deduced from
earlier ones.

The infinitesimal perturbation of reals used in mixed inequalities is based on
a semiring of affine germs, which was used in [2725] to provide policy iteration
based methods to solve mean payoff games. It also appeared in the context of
tropical linear programming, see [31), § 3.7]. The idea here is that germs allow one
to determine algebraically the value of a perturbed game. Related perturbation or
parametric game ideas were used in [5I35].
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2. Tropical Polyhedra with Mixed Constraints

In the semiring (Rpyax, @, ®), addition and multiplication admit neutral elements,
namely —oo and 0. Addition does not generally admit inverses. In contrast, any non-
zero (in the tropical sense) element x admits a multiplicative inverse, which is given
by —z and will be denoted z~!. The semiring operations are extended to vectors and
matrices in the usual way, i.e. (AEBB)U = Aij @BU and (A@B)U = @k(A,-k(X)Bkj).
We will work in the semimodule R}, .

points or vectors and are denoted @, y, etc. The order < on Ry« is extended
to vectors entry-wise. We equip Ry,.x with the topology induced by the metric

for n € N. Its elements can be seen as

(2,9) -+ lexp — expyl, and R,
use the completed max-plus semiring Ry ax := Rypax U {400}, with the conventions
x < 400 for all z € Ryax, ¢ ® (+00) = 00 if x # —o0, and (—o0) ® (+00) = —o0.
Finally, given a positive integer n, we denote by [n] the set {1,...,n}.

The notion of convexity can be transposed to tropical algebra. A subset C of

R2.. is said to be (tropically) convex if it contains the tropical segment

with the product topology. In the sequel, we also

{)\m@uy|)\,u€Rmax, )‘@,LLZO}

joining any two points  and y of C. This is analogous to the usual definition of
convexity, except that in the tropical setting the non-negativity constraint on A and
w is implicit (any scalar x € Ry, satisfies > —00).

We now introduce the algebraic structure which will allow us to handle possibly
strict tropical inequalities. We use a disjoint copy R~ of R composed of elements
denoted o~ for a € R, and we set G := Ry,ax UR™. The modulus |x| of an element
x € G is defined by:

z if x € Rpax ;
x| = . o
a fr=a" eR™.
The set G is totally ordered by the order relation <g defined by:

 <gy {|x|<|y| if £ € Rpax and y € R~ ;
|z| < |y| otherwise.
We use the notation x <g y when z <g y and x # y. As an illustration, the Hasse
diagram of <g over the elements with modulus in Z U {+oo} is given in Figure
The element o~ can be interpreted as an infinitesimal perturbation of « of the
form a — & with € > 0. Formally, given x € G and € > 0, the valuation of z at ¢,
denoted by z(e), is the element of Ry, defined as follows:

x if £ € Riax ;
z(e) :=
|z] —e ifzeR™.

The valuation is extended to vectors and matrices entry-wise.
The set G has a semiring structure when equipped with the sum of two elements
x,y € G defined as the greatest element among them, and the multiplication given
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Fig. 2. Hasse diagram of the order <g over the elements of G with modulus in Z U {£o00}.

by:
TRY ifx,y eR;
(lz|®y))~ ifz€eR ory€eR™, and z,y # +o00 ;
—00 ifr=—-oc0cory=—o0;
+o0 if 2,y # —o0, and & = +00 or y = +00 .

By abuse of notation, the multiplication in G will be simply denoted by concate-
nation and the sum by @, as in the case of Ry,.x. Observe that in G the neutral
elements are still —oo and 0, and that only the elements z € R are invertible with
respect to multiplication. Also note that the modulus map is a semiring morphism.

We begin with a technical lemma on the arithmetic operations in the semiring

G.

Lemma 2.1. The following properties hold:
(i) for any z,y € G, x <¢ y if, and only if, x(e) < y(e) for € > 0 sufficiently
small;
(ii) for any x,y € G and € > 0 sufficiently small, (x ® y)(e) = z(e) ® y(e);
(iii) for any x € Ryax, y € G, and € > 0, (zy)(e) = xy(e);
() for any x,y,z € G, x <g y implies vz <g yz, and the converse holds if z € R;
(v) for any x,y € Rypax, * < y is equivalent to x <g 0~y when x € R, and to
0 <g (+00)y when x = —oo.

Proof. The only non-trivial case is when x € R and y € R™, so assume we are
in this case. Then, z <g y amounts to # < |y|. This is equivalent to z(¢) = = <
ly| — e = y(e) for € > 0 sufficiently small.
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Straightforward from Property .

This property readily follows from the definition of the multiplication.

If z = +o00, the first property is straightforward, so assume |z| € R. Let
x <g y (the implication is trivial when z = y). If |z| < |y|, we have |zz| < |yz|
because z # +oo. Moreover, if |z| = |y| =: «, then a # +oo (as z and y are
distinct), and thus necessarily z = o~ and y = « (because z <g y). Hence zz € R~
and |zz| = |yz|. In both cases, we conclude that zz <g yz.

Conversely, assume that z € R. Using the first part of the proof, zz <g yz
implies  <g y by multiplying both sides of the inequality zz <g yz by 2z~ ".

In the first place, we suppose that x € R. If t < y, theny € Rand 0"y =y~
Thus, ¢ < y implies x <g y—, i.e. * <g 0~ y. Conversely, if the latter inequality
holds, then y is distinct from —oco. Thus, 07y = y—, and x <g y~ ensures that
T <y.

Assume now that £ = —oo. Note that (+00)y is equal to +oo if y # —o0, and
to —oo otherwise. Thus, we have 0 <g (+00)y if, and only if, y > —oco = x. O

A mized tropical affine inequality is defined as a constraint of the form
BT B PanTy, <gboBi1z1 B Dby, (2.1)

where the coefficients a; on the left-hand side belong Ry,.x, while the coefficients
b; on the right-hand side are in G. When the set of x in R} . satisfying a mixed

max

n o, 1t is called mized half-space.

max?

satisfies (2.1) if, and only if, there exists € > 0

inequality is a non-empty proper subset of R

Lemma 2.2. A vector x € R},
such that

ag @ a1, @ D anky, < bo(e) Db1(e)X1 B - D bp(e)y - (2.2)

Proof. If (2.1)) is satisfied, then by Property (i) of Lemmawe have
ag ® a1x1 D - D apky < (bg ® b1y @ -+ B by )(e)

for € > 0 sufficiently small, since the left-hand side of (2.1 belongs to R? . Besides,
by Properties and of Lemma it follows that

(bg ® b1y © -+ Dbyxy)(e) = bo(e) B br(e)xy D -+ D by(e)xn
for e > 0 sufficiently small, which shows that (2.2)) holds.
Conversely, suppose that (2.2)) is satisfied for some ¢ > 0. Then
ao ®a1T1 - D anxy, < bo(e) D bi(e)x1 @ -+ B b))y,

for any ¢’ < & (the map &’ — by(¢') @ b1(e")x1 ® - - - Dby (¢'),, is non-increasing). It

follows that (2.1)) holds, by Properties , and of Lemma and the fact
that the left-hand side of ([2.1)) belongs to Ryax. O

A tropical polyhedron with mized constraints is defined as a set composed of
the vectors & € R} . which satisfy finitely many mixed tropical affine inequalities.
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To contrast with, we use the term closed tropical polyhedron when the defining
mixed inequalities only involve coefficients in Ryax, i.€. they are of the form .
The following proposition establishes that polyhedra with mixed constraints are
(possibly non-closed) tropically convex sets.

Proposition 2.3. Any tropical polyhedron with mized constraints is a tropically
convez set.

Proof. Let x,y be two solutions of (2.1)), and A, 1 € Ryyax be such that A@® p = 0.
By Lemma there exist €,&’ > 0 such that:

bo(e) B bi(e)@y & -+ B by(e)Tn

bo(e") ®bi(e)yr & -+ ® bn(e)yn -

These inequalities are still valid if we replace € and &’ by min(e, &’). Hence, we can
assume, without loss of generality, that ¢ = &’. Then, z = Az ® py satisfies

apg D a1y G- D apxy,

NN

ag @ a1y1 © -+ - D anyYn

ag D a1z B D anz, <bo(e) ®b1(e)z1 B+ Dbp(e)zy

which proves that z is a solution of (2.1) by Lemma Thus, any mixed half-
space is tropically convex. We conclude that every tropical polyhedron with mixed
constraints is tropically convex, as the intersection of finitely many tropically convex
sets. O

Example 2.4. The vectors & € R? satisfying the strict inequality &1 < max(—1+
x2,0), depicted on the left-hand side of Figure|3] are obtained as the real solutions
of the mixed affine inequality 1 <g (—1) 22®0~. Similarly, the solutions of x; <g
(1)~ @2 ® 0 correspond to the previous set in which the half-line {(0,A) | A < 1}
is added (middle of Figure [3)).

The set depicted on the right-hand side of Figure |3|is the tropical polyhedron
with mixed constraints defined by the following mixed inequalities:

(=2)x2 < 0~ ® 0™z -2 <g T2
-3 <g x1 x1 <g 3 @2 (2.3)
0<g 1l ®0 xy (-2)x1 < 07 @ (—1)xo

Observe that the inequalities in have the property that no variable (or
constant term) ever appears on both the left- and right-hand sides. The following
lemma ensures that this situation is not restrictive, and that in any inequality of
the form , we can always assume a; = —oo or b; = —oo for all ¢ € {0,...,n}.

Lemma 2.5. Let a,b € Ry and ¢,d € G. The set of solutions in Ryax of the
mized tropical affine inequality ax®b <g cx®d is given by {x € Rypax | b <g cx®d}
if a <g ¢, and by {x € Ryax | ax ® b <g d} otherwise.

Proof. In the first place, suppose that a <g c¢. Then, ax <g cz for all z € Ry,ax
by Property of Lemma It follows that ax <g cx P d is always satisfied.



10 Xavier Allamigeon, Uli Fahrenberg, Stéphane Gaubert, Ricardo D. Katz, Azel Legay

| /
B

Fig. 3. Tropical polyhedra with mixed constraints (the ends of the black segments marked by
points are included in the polyhedra).

Suppose now that a >g c. If x € R, we have ax®b >¢ ax >¢g cx by Property
of Lemma [2.I] As a consequence, any x € Ryax such that az @ b <g cz @ d also
satisfies ax ® b <g d. This completes the proof. O

Remark 2.6. Following the analogy with closed tropical polyhedra, we could also
consider subsets of G™ generated by finitely many points and rays (given by vectors
with entries in G), having in mind to encode non-closed subsets of R} thanks to
infinitesimal perturbation of generators. More precisely, we could consider that a
subset C of G encodes the subset C of R? .« given by the points y € R}, such
that for all &€ > 0 there exist &’ € ]0,¢[ and & € C verifying y = x(¢’). However,
this approach presents several difficulties. For example, consider the segment S of

G? joining the points v = (07,1) and w = (17, 1), d.e.
S={wopweG* | \pcG, \&u=0}.

Then, it can be checked that S = {(a,1) € R2, | o € [0, 1[}. Now, observe that if
we consider the segment S’ joining v’ = (17,0) and w’ = (0,1), we have &' = S.
Noticing that v’ ¢ S and v € S’, we see that different polyhedra of G™ can encode
the same subset of R” . Consequently, it seems far from trivial to determine the

max*
equality of two subsets of R}y . when they are encoded as polyhedra of G".

Remark 2.7. As a complement of Remark we point out that the closure
of a polyhedron with mixed constraints is apparently harder to compute than in
the case of usual convex polyhedra. Indeed, in the latter case, the closure can be
simply obtained by substituting < by < in the defining inequalities. In contrast,
in the current setting, replacing the coefficients b; of the form ;" by B; on the
right-hand side of mixed inequalities provides a closed tropical polyhedron which
may be larger than the closure. For example, consider the polyhedron with mixed
constraints defined by the inequalities:

0<g 1 T Dz <g 1 0<g (-1) 2190 a2,
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Fig. 4. Left: a tropical polyhedron with mixed constraints, together with an open mixed half-
space (in blue) defining it. Right: the closed polyhedron defined by the corresponding non-strict
inequalities.

which is depicted on the left-hand side of Figure [ The mixed half-space defined
by the last inequality is represented in blue. The closure of the polyhedron is the
usual unit square. However, the closed polyhedron defined by the inequalities:

0< Ty Dxa <1 0< (-)x ® s,

contains additionally the half-line {(1,A) | A < 0} (right-hand side of Figure 4]).

3. Tropical Fourier-Motzkin Elimination

In this section, we first present a tropical Fourier-Motzkin elimination method,
which allows to eliminate a variable in a finite system of mixed inequalities. Then
we apply this method to establish relationships between tropical polyhedra with
mixed constraints, zones and tropical hemispaces.

3.1. The algorithm

We first illustrate the algorithm on an example.

Example 3.1. Consider the system given in , and assume we want to eliminate

the variable ;. From the last (rightmost) two inequalities of (2.3), we know that:
x1 <g 3 X2 1 <g 2™ ®lxy (3.1)

In each inequality involving the variable x; on the right-hand side (i.e. the leftmost
three inequalities of (2.3))), we propose to replace x; by the two upper bounds
provided by (3.1). This produces the following six inequalities:
(—2)%2 <07 B3z —3<g3 @ 0<g4 o (3.2)
(—2)xy <g 2~ B 1 —3<g2 @ lx, 0<g 3~ @2y '

Besides, in each inequality not involving @1 on the right-hand side, we remove the
term in @; from the left-hand side, if any. From the rightmost inequalities of (2.3]),
we obtain the following three inequalities:

—2<g x2 — 00 <¢ 3" x2 —00<g 0”& (s . (3.3)
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We claim that the inequalities in and precisely describe the projection
on the x, axis of the polyhedron with mixed constraints defined by . Note
that the collection of inequalities obtained in this way is redundant: one inequality,
—2 <g @, suffices.

We now formalize the approach sketched in Example Under some assump-
tions (which are specified in Theorem below), it applies more generally to sys-
tems of constraints over a totally ordered idempotent semiring.

Recall that a semiring (S, ®, ®,0,1) is said to be totally ordered if there exists
a total order <g on S such that:

(i) 0<saforall a €S,
(ii) for all a,b,c €S, a <g b implies a®c <s bP ¢, a®c <s bR¢, and c®a s c®b.

The semiring S is said to be idempotent if a & a = a for all a € S. The next lemma
shows that such a semiring is naturally ordered, meaning that a @ b is equal to the
maximal element among a and b.

Lemma 3.2. Let (S,®,®,0,1,<s) be a totally ordered idempotent semiring. Then,
foralla,be S, a®b=aifa>sb, and a ®b =10 otherwise.

Proof. First, observe that b >g 0 implies a®b >s a. Analogously, we have a®b >g b.
Now suppose that a >s b. Then, a =a @ b sincea=aPa >s a ®b. ]

Now we explain how to eliminate x, in a linear system of inequalities over S
in the variables 1, ..., x,. For the sake of simplicity, we extend the operations of
S to matrices and vectors in the usual way and represent the multiplication ® by
concatenation.

Theorem 3.3 (Fourier-Motzkin elimination for systems over totally or-
dered idempotent semirings). Let (S, ®,®,0,1,<s) be a totally ordered idem-
potent semiring and P C S™ be the solution set of the system Ax ® ¢ <s Bx & d,
where A, B € SP*™ and ¢,d € SP satisfy the following conditions:

(i) Ain is (left-)invertible with respect to ® if A, # O (we denote its inverse by
A
(ii) for any « € S there exists f € S such that « <s Binf if Bin # 0,
(1i1) either A;; =0 or B;j =0 fori € [p| and j € [n].

Let @ C S" ! be the set defined by the following inequalities in the variables
L1,...,Lpn_1-

(Bjzndijz) ® c; <s (BjznBijx;) ®d; , (3.4)

aHere and below, M;, denotes the (i, n)-entry of matrix M, and should not be confused with any
abbreviation.
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for all i € [p] such that By, =0, and
(BjnAija;) & ¢ <s (Bjzn(Bij ® BinAg, Bij)w;) @ di ® Bin Agydy ,  (3.5)

for all i,k € [p] such that By, # 0 and Ay, # 0.
Then x € Q if, and only if, there exists A € S such that (x,\) € P.

Proof. Assume that (z,A) € P for some A € S. Then for all i € [p] such that
B;, = 0, we have:

(Bjndijx;) B ¢ <s (BjzndijTj) B AinA & c; <s (BjznBijx;) ®d; ,

which proves that  satisfies the inequalities of the form (3.4]). Now consider i, k € [p]
such that By, # 0 and Ay, # 0. Then, A;, = By, = 0 by Condition , and Ag,
is left-invertible by Condition . Since ApnA <s (BjxnBrjx;) ® di, we know that

X <s Ay (®20Brjc) ® Ay
Replacing A by the latter upper bound in the inequality
(Bjzndijx;) O i = (Djpndijx;) © AinA © ¢; <s (BjznBijz;) © BinA O d;

precisely yields inequality (3.5)), using distributivity of ® and commutativity of @®.
Thus, we conclude that € Q.

Conversely, let € Q. In the first place, assume that A;, = 0 for all i € [p].
Define

A= ®ierBi

where I := {i € [p] | By, # 0} and f3; € S is such that (®;£nA:T;) ® ¢; <s Binfi
for i € I (B, exists thanks to Condition ) Then, if B;, # 0, we have

(@jrnAijz;) DAipABC; = (Bjrndijx;)De; <s BinA <s (Dj£nBijz;) ®BinA®d; .

The same inequality is trivially satisfied if B;, = 0 due to (3.4). It follows that
(xz,\) € P.
Now assume that Ay, # 0 for some k € [p]. Define
A= min (A, (®)2nBrjz;) & Aprdi) (3.6)

ke[p]
Akn#0

where the operator min is understood as providing the minimum of its operands
with respect to the order <g. As a consequence, for all i such that A;, # 0, we
have AipA <s (Bj%nBijz;) & d;. The fact that B;, = 0 (by Condition ) and
the conjunction with yield:

(@j;énAijwj) D ApAD ¢ s (@j;aénBija:j) od; = (@j;ﬁnBijlij) ® B, ADd; .

Note that the latter inequality also holds for all i € [p] such that A;, and B;, are
both equal to 0.
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Now suppose that i € [p] satisfies B, # 0 and k € [p] attains the minimum
in (3.6]). Since @ satisfies (3.5)), i.e.

(@jgndijz;) ®c; <s (DjznBijz;) ©d; © BinA;;(@jianjwj ® dy)
it follows that
(@Bj£nAijj) B AinA @ ¢; = (Bj£nAijx;) @ ¢; <s (BjznBijx;) ® BinA® d; ,

because B;, # 0 implies A;,, = 0 by Condition . This shows that (a, ) belongs
to P. O

The case of tropical polyhedra with mixed constraints is obtained by setting
S = G. Note that the conditions of Theorem are satisfied when S = G, due in
particular to Lemma [2.5]and the fact that any non-zero coefficient on the left-hand
side of a mixed inequality is invertible (as an element of R). However, a tropical
polyhedron with mixed constraints consists of the solutions belonging to R},
while Theorem applies to the solutions in G™. The following result shows that
the projection algorithm is still valid when restricted to R

max*

Theorem 3.4 (Fourier-Motzkin elimination for systems of mixed inequal-
ities). Assume P and Q are defined as in Theorem with S = G. Then, for all
xz € RL @ € Qif, and only if, there exists X\ € Ryax such that (z,\) € P.
Proof. Observe that to prove the theorem, it is enough to show that if y := (x, \) €
P for some & € R?_ 1 and A € G, then there exists ' € Ryax such that (z, ') € P.

If A € Rpax, there is nothing to prove, so assume A € R~ U {+o00}. We will show
that for a certain choice of X € R verifying X' <g A, the vector y' := (z,\) €
R .. belongs to P. Note that for any such choice of X, the vector y’ satisfies the
inequalities in Az @& ¢ <g Bx @ d indexed by i € [p] such that B;,, = +00. Indeed,
in this case, we have

(©;Aijy5) @ ¢i <¢ (B;Aiy;) ® ¢; <c (©;Bijy;) ©di = (©;Bijy;) ©di . (3.7)

Thus, we next focus on the inequalities indexed by elements of the set I := {i €
[p] | Bin € RUR™}. In consequence, A, = —oo for all ¢ € I. It is convenient to
split the rest of the proof into two cases.

In the first place, assume A = +oo. Define \' := de € R, where € > 0 and

5— @ict|Bin| H (®jzndijz; @) HI1#0,
0 otherwise.

Obviously, M <g A. Besides, for all ¢ € I we have
(Bj£nAijx;) ® AN @ ¢; <g (BjznBijx;) ® Bin\ @ d; |

since @jnAijx; @ ¢; < |Bj,|N and A;, = —oc0.
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Now assume A € R™. Let I’ be the set of indices ¢ € I such that B;,\ >¢
@j#nBijiL‘j D dl Then,
(®injyj) ®c; = (@j;énAijwj) @ c; <g BinA

forall i € I'. For i € I', let v; = ®j2nA;;x; B ¢;. Since v; belongs to Ryax (4ij, ;
and ¢; belong to Ryax) and B, A belongs to R™, we necessarily have v; < | B, Al
Define X := k|A| € R, where

HlaXiEp(l/i*|Bin>\|)/2 lf {7:6]’ | v; ER}%@,
R =
—1 otherwise.

As k < 0, we have X' <g A. Moreover, if i € I’, then v; < k|B;,A| and so

(D Aijy;) ® i <c (D Aijyj) ® ci = (Bjzndijx;) O c; =
= v; <g KBinA <G £Bin|\ = B\ <g (@jBijy}) @ed; .

Finally, note that for ¢ € I\ I’ the relations in (3.7)) are still valid because in that
case we have @;+n,Bijx; ®d; 2¢ BinA 2¢ B;,\'. This completes the proof. O

3.2. Characterization of tropical polyhedra with mired constraints
in terms of zones and tropical hemispaces

In this subsection we discuss some consequences of tropical Fourier-Motzkin elimi-
nation. In the first place, we establish that the tropical convex hull of the union of
two tropical polyhedra with mixed constraints is a tropical polyhedron with mixed
constraints. Recall that the tropical conver hull tconv(G) of a set G C R} . is
defined as the set of the vectors of the form

/\1-731 DD Apx™
where m is a positive integer, ' € G, \; € Ryax (i € [m]), and @icfm)Mi = 0.

Proposition 3.5. Let P,P' C R?_ . be polyhedra with mized constraints, respec-
tively defined by the systems Ax ®c <g Bx®d and Az ® ' <g B'z® d', and
let Q be the polyhedron defined by the inequalities which are obtained eliminating

Yiseo s Yn, YLy s Yny A and 1 in the following system:

z=ydy ABu=0
Ay ® Ae <¢ By @ A\d Y1 © - O Yn g (+00)A (3.8)
Aly' @ uc <g B'y' ® pud’ Yooy, <g (+oo)u

Then, we have tconv(P UP’') = Q.

Proof. In the first place, note that P C Q. Indeed, given ¢ € P, let A = 0,
u=—00,y =z and y, = —oo for i € [n]. Then, is clearly satisfied, and so
from Theorem we deduce that € Q. Similarly, P’ C Q. Since Q is tropically
convex, we deduce that tconv(P UP’) C Q.
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Conversely, let & € Q, and consider y, y’, A\, u as in (3.8]). If both A, p are distinct
from —oo, then A™ly € P, p=ly’ € P/, and x = A(A\~ly) ®p(u~'y’), which ensures

that @ € tconv(P U P’). Otherwise, if for instance y = —oo, then we necessarily
have A = 0, and so y € P. Moreover, from y] @ --- ® y), <g (+00)u we deduce
that y; = —oo for all ¢ € [n], and in consequence & = y. This completes the proof,

because again we have =y € P C tconv(P UP’), and so Q C tconv(PUP’). O

In order to characterize tropical polyhedra with mixed constraints in terms of

zones, we first need to extend the definition of zones to Ryyax: a zone (of R ) is a
set of vectors € R}, defined by inequalities of the form
m; 1 x; x; < M; x; < k‘ijacj (39)

where < € {<, <} and m;, M;, kij € Rpax.

Theorem 3.6. A subset P of R]Y .. is a tropical polyhedron with mized constraints

if, and only if, it is a tropically convex union of finitely many zones.

Proof. Observe that when < is equal to < in (3.9)), these inequalities are equivalent
to the ones obtained replacing <1 by <g. Moreover, we have

m; <g 07 x; ifm; eR
m; < &;

0<g (+o0)x; if m; = —o0

x; < M; <— x; <g 0 M; if M; eR
T; < kijm]‘ <~ (:ICz <g (0*)kijxj and 0 <g (+OO):B]) if k}ij eR

In consequence, any zone is a tropical polyhedron with mixed constraints. Then, by
Proposition so is the tropical convex hull of the union of finitely many zones.
The “if” part of the theorem follows from the fact that if the union of finitely many
zones is tropically convex, then it coincides with its tropical convex hull.

Suppose now that Q is a polyhedron defined by mixed inequalities of the
form , in which only one of the coefficients b; is distinct from —oo. If this
coeflicient is by, as we can assume that by # 400, it follows that can be rewrit-
ten as a system of inequalities of the form x; <g SM;, with 8 € {0,0” } and M; € R.
If the considered coefficient is b; for j € [n], then can be rewritten as a system
of inequalities of the form m; <g fx; and z; <¢ Bki;xz;, with § € {0,0™,+o0}
and my, k;; € R. Since

x; <G Pkijx; < x; < kijjx;or (x¢; < —coand &¢; < —oo) if =07
—oo < xjor(r; < —ooand x; < —oo) if f =400

x; <g BM; ~—
i <S¢ M {a:i<Mi if8=0"
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mjéacj 1f6:0
m; <g fx; < (m; <x; fp=0"

—oo < x; if f=+o0

it follows that Q is a finite union of zones.

The “only if” part of the theorem follows from the fact that any polyhedron
with mixed constraints can be written as a finite union of polyhedra of the form
considered in the previous paragraph (it suffices to choose, in each inequality, one
term in the right-hand side to be the maximizing one). O

Theorem [3.6] raises the problem, of independent interest, of determining whether
a given union of finitely many zones is tropically convex. To our knowledge, this
problem has not been studied so far, even in the case of closed zones. A naive
solution consists in computing the tropical convex hull of the union of zones (using
Proposition , and checking whether it intersects the complement of the union
of zones (the latter can be expanded into a union of zones, and the intersection test
requires the techniques developed in Section 4| see Theorem . This approach
would be particularly expensive. Yet, it is similar to the technique implemented in
the UPPAAL DBM library [21] to test if a union of zones is a zone. Whether there
exists a more efficient method is left for future work.

Now we study the relationship between tropical polyhedra with mixed con-
straints and tropical hemispaces. Recall that a tropical hemispace is a tropically
convex set whose complement is also tropically convex. Tropical hemispaces and
mixed half-spaces share the property that their closure is a closed half-space (in the
case of hemispaces, this is proved in [I4]). In fact, Proposition and Example
below show that mixed half-spaces are a proper subclass of hemispaces.

Proposition 3.7. Mized half-spaces are tropical hemispaces.

Proof. We already proved in Proposition that mixed half-spaces are tropically
convex.

The complement of the mixed half-space defined by consists of the vectors
x € R . such that

A Par1x1 @ D apTy, >gbo P b1 D - Dbz, - (3.10)

Let ¢,y € R}, be in this complement, and A, it € Ry,ax be such that A @ p = 0.
Without loss of generality, assume that A = 0. If 4 = —oo, then A & py = x
trivially satisfies . Otherwise, i.e. if 4 € R and p < 0, then by Property
of Lemmawe have p(ag @ a1y1 ® - ® anyn) >c wlbo B b1y1 ® -+ D byyyn). It
readily follows that ag ® a1(Ax1 ® py1) ® -+ ® ap (A, ® py,) > bo ® bi(Ax1 B
uy1) ® - - @by (e, ® pyy,). This shows that the complement of a mixed half-space

is tropically convex. O
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Example 3.8. Consider the tropical hemispace H defined as the set of vectors
x € R such that

max
(z3 < x;and x4 < x1) or (x3 <@ and xy < x2) .

We claim that H is not a mixed half-space. Its closure is the tropical half-space
defined by the inequality

x3 P xy < 0x1 D Oy . (311)

Any mixed half-space whose closure is given by (3.11]) is defined by a mixed inequal-
ity obtained from (3.11)) by replacing some of the coefficients 0 on the right-hand
side by 0~. However, it can be easily verified that none of these mixed half-spaces
is equal to H.

Similarly, it can be checked that the complement of H, which is given by the set
of vectors & € R% . such that

1 <xz3®xy and (xo < x3o0r T2 < TY4)

is not a mixed half-space either.

To prove the following proposition, we shall use the characterization of tropical
hemispaces in terms of (P, R)-decompositions established in [42].

Proposition 3.9. Tropical hemispaces are tropical polyhedra with mized con-
straints.

Proof. In the first place, let us recall that the tropical conic hull of a subset G of
R? .. is defined as

tcone(G) = {:u’lwl S---D umxm | m e Na xi € Gv i € IFgrnax} .

Moreover, given two subsets G and G’ of R?, ., their tropical Minkowski sum G®G’
is defined as {x ® 2’ | ¢ € G, =’ € G'}. In this proof, we denote by u’ € R?__, for
i € [n], the vector defined by uz :=01if j =4 and uz := —o0 otherwise.

Let H1,H2 be two complementary hemispaces. Suppose that the vector all of
whose entries are equal to —oco belongs to H1. Then, by [42] Theorem 4.22] there
exist a partition I,.J of [n] and interval sets Aj;, A7, C Ryax for i € T U {0} and

i
Jj € J such that
Hy = tconv({u | j € J )€ A1) @ teone({u' @A’ i€, jE€J, A€ A1)
Ho = tconv({u? | j € J, A # +oo, A€ A(Q)j})
@ teone({Au’ ®u’ [i €1, jeJ, Ae—A7})

1
177

AQ) _ {([_OO?B]’]B7+OOD, 6 cRU {—OO}
Y ([—o0, af, [, +¢]), « € RU {400}

where each couple of intervals A;;, A7; has one of the following forms:

(4}

750

(3.12)
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Thus, note that « € H, if, and only if, there exist A;; and j;; in Ryax for i € TU{0}
and j € J such that

T; = Djeslij foriel
T = ©ieru{o} Nijhhij forjeJ
Sjespo; =0
Aij € A} fori € TU{0} and j € J

Equivalently, & € H; if, and only if, there exist y;; and v;; in Ryax for i € I'U {0}
and j € J such that

T, = Djcglij foriel
T; = Dicru{o)Vij forjedJ
Djespo; =0
Bhuij if Aj; = [-00,8], B € Riax
Vvij <G § o ij if Aj; =[-00,af, «€R forie IU{0}and j € J

(+00)psj  if Aj; = [—00, +00]
(3.13)
By Theorem we conclude that #H; is a tropical polyhedron with mixed con-
straints, since it is defined by the system of mixed inequalities obtained by elimi-
nating fi;; and v;; for i € IU{0} and j € J in (3.13).
The same result can be obtained for Hs using a symmetric argument. O

The following result is a straightforward consequence of Propositions[3.7)and [3.9]

Corollary 3.10. Tropical polyhedra with mixed constraints are precisely the inter-
sections of finitely many tropical hemispaces.

Remark 3.11. We have previously defined a closed tropical polyhedron as the
solution set of inequalities of the form , i.e. mixed inequalities with coefficients
in Ryax. We point out that this definition is consistent with the fact that such
polyhedra are precisely the tropical polyhedra with mixed constraints which are
closed. Indeed, by Theorem a tropical polyhedron with mixed constraints P
can be written as a finite union of zones. If P is closed, then it is equal to the
union of the closure of these zones (i.e. closed zones, which can be generated by
finitely many points and rays by the tropical Minkowski-Weyl Theorem, see [30]
Theorem 2]). Since P is tropically convex, it is even equal to the tropical convex
hull of this union. It follows that it is generated by finitely many points and rays.
By the tropical Minkowski-Weyl Theorem, we deduce that it is the solution set of
finitely many inequalities of the form .
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4. Eliminating Redundant Mixed Inequalities

Like in the classical setting, Fourier-Motzkin elimination generates a system of
O(p?) inequalities from an input with p constraints. Consequently, the number
of inequalities may grow in O(pzk) after k successive applications. To avoid the
explosion of the size of the constraint system, superfluous inequalities must be
eliminated. With this aim, we present a decision procedure for implications of the
form:

Ardc<gBxrdd — exDg<g fedh forall x € R}

max ?

(4.1)

where A e RPX? B e GP*", ceRE . deGP, g €Rpax, h € G, and e and f are
n-dimensional row vectors with entries in Ry, and G respectively. We assume that
e and g are not identically null (in the tropical sense) and that h # 400, because

otherwise deciding implication (4.1)) is trivial.

4.1. Equivalence with mean payoff games

We first show that deciding an implication of the form (4.1) is equivalent to an
emptiness problem for tropical polyhedra with mixed constraints.

Proposition 4.1. Let Q be the tropical polyhedron with mixed constraints defined
by the system Ax & ¢ <g Bx ® d and the following inequalities:

fixi <c (07e)z®0 g if fi € Ryax

|file; <cex® g if fi e R™ (4.2)
x; <g —0 if fi = +o0
for alli € [n],
h <g (0_6)1’ ©® 0_9 th € Riax (4 3)
|h| <gexdyg ifhe R~ '
and

0 <g @e,#—oco(+00)x; if g = —00.

Then, implication (4.1) holds if, and only if, Q is empty.

Proof. Implication is false if, and only if, there exists £ € R}, such that
Ax®c <g Bxdd and exdg >¢ frdh. Observe that ex®Pg >¢ fxPh holds if, and
only if, ex ® g >g h and ex ® g >¢ fix; for all i € [n]. This implies ex ® g > —o0,
i.e. 0 <g (400)(ex®g). The latter inequality is trivially satisfied if g # —oo. When
g = —00, it is equivalent to 0 <g Be,%—oo(+00)x;. Finally, assuming ex @ g > —oo,
note that ex & g >¢ fix; is equivalent to , and ex & g >g h is equivalent
to . This completes the proof. O
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In light of Proposition it is enough to develop a decision procedure to deter-
mine whether a tropical polyhedron with mixed constraints is empty. Our approach
relies on parametric mean payoff games, following the lines of [II5].

Let R be a tropical polyhedron with mixed constraints defined by the system

Mx@dp<gNxdgq, (4.4)

where M € RIX" N € G"™"™ p € RL . and g € G". It is convenient to consider

max’ max

two different cases, depending on whether +oo coeflicients appear or not in (4.4)).

4.1.1. Polyhedra defined by systems with no 400 coefficients.

In the first place, we restrict to the following case:

Assumption A. No coefficient is equal to 400 on the right-hand side of mixed
inequalities.

In other words, in this subsection we assume N € (G \ {4+00})"*"™ and q €
G\ {+oc})".

In this case, with each £ > 0 we associate a closed tropical polyhedron R, given
by the system Mx @& p <g N(¢)x @ ¢(¢), and a mean payoff game involving two
players, “Max” and “Min”, playing on a weighted bipartite digraph G. composed
of two kinds of nodes: row nodes i € [r], and column nodes j € [n + 1]. This
digraph contains an arc from row node ¢ to column node j with weight N;;(¢) when
N;;j # —o0, and an arc from j to ¢ with weight —M;; when M;; # —oo. Similarly, it
contains an arc from row node i to column node n+1 with weight g;(¢) if g; # —o0,
and an arc from column node n+ 1 to row node ¢ with weight —p; when p; # —oc.

Example 4.2. Figure [5| provides an illustration of the digraph G. corresponding
to the tropical polyhedron with mixed constraints defined by the system:

1: —3<@$1 3: —2<G$2
2: 0 g(g 12131 D 071132 4: (—2)$1 SG 0~ D (—1)3}2

The principle of the game is the following. Players Min and Max alternatively
move a pawn over the nodes of G.. When it is placed on a column node, Player
Min selects an outgoing arc, moves the pawn to the corresponding row node, and
pays to Player Max the weight of the selected arc. Once the pawn is on a row node,
Player Max similarly selects an outgoing arc, moves the pawn along it, and receives
from Player Min a payment equal to the weight of the selected arc.

In the sequel, we suppose that Players Max and Min always have at least one
possible action in each node:

Assumption B. Each node of G. has at least one outgoing arc.
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Fig. 5. The digraph associated with a parametric mean payoff game (column and row nodes are
respectively represented by circles and squares).

This technical property can be assumed without loss of generality, up to adding
trivial inequalities or removing non-relevant unknowns in the system. We refer to
the discussion of Assumptions 2.1 and 2.2 in [I] for further details.

We consider infinite runs of the game, in which case the payoff is defined as the
mean of the payments of Player Min to Player Max. Player Min wants to minimize
this mean of payments while Player Max wants to maximize it. We denote by v(e)
the value of the game associated with G. when it starts at column node n + 1. It
is shown in [I, Theorem 3.5] that the tropical polyhedron R. is non-empty if, and
only if, v(e) > 0, i.e. column node n + 1 is a winning initial node (for Player Max).
Then, the following result immediately follows from Lemma

Proposition 4.3. The tropical polyhedron with mized constraints R is non-empty
if, and only if, there exists € > 0 such that v(e) = 0.

Let M (resp. N) be the matrix of size r x (n + 1) obtained by concatenating
matrix M and column vector p (resp. N and q). The dynamic programming oper-
ator g. associated with the game over G. is the function from R”!! to itself defined
by

(9:()); == min (_Mij+ pnax (Nik(5)+33k)) 7 (4.5)
]\7[”75700 Nz‘k?é*OO

for j € [n + 1]. This function satisfies the following properties:

(i) it is order preserving, i.e. < y implies g.(z) < g-(y) for all z,y € R%EL
(ii) it is additively homogeneous, i.e. g.(Ax) = Agc(x) for all A € Ry and
x e Rl

max’

(iii) it preserves R™*1 thanks to Assumption [B|above.

Such a function can be shown to be non-expansive for the sup-norm. Since it is also
piecewise affine, a theorem due to Kohlberg [43] implies the following vector x(g.),
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referred to as the cycle-time vector of g., exists and has finite entries:
X(ge) = lim gZ(0)/h .
—+0o0

Kohlberg’s theorem also implies the j-th entry of x(g-), which we denote by x;(g:),
corresponds to the value of the game when it starts at column node j. We refer
to [I] for further details. Following the notation above, we consequently have

v(€) = Xn+1(9e)

for e > 0.

The cycle-time vector x(ge) can be expressed in terms of the cycle-time vectors
of dynamic programming operators associated with certain one-player games. More
precisely, a (positional) strategy for Player Min is a function o : [n + 1] — [r]
associating with each column node j a row node o(j) such that Mg(j)j # —o0. Such
a strategy defines a one-player game (played by Player Max) over the digraph GZ
obtained from G, by deleting the arcs connecting column nodes j with row nodes i
such that ¢ # o(j). Its dynamic programming operator g¢ is given by:

(92(x)); = —My(jy; + kkg[ljfl] (Na(j)k(€) + xk) ,

Noyp#—o0
for j € [n + 1]. Observe that this operator is linear in the tropical semiring Ryax.
If we denote by X the (finite) set of strategies for Player Min, then as another
consequence of Kohlberg’s theorem, it can be shown that

X(g2) = minx(g2) - (4.6)

A dual result based on strategies for Player Max can also be established.

Given o € X, the (n+1)-th entry of the vector x(g?) can be similarly interpreted
as the value of the one-player game associated with the digraph GZ when it starts
at column node n + 1. As the function g7 is linear in the tropical semiring, it
is known [I8] that x,+1(g?) is equal to the maximal weight-to-length ratio of the
elementary circuits of GZ reachable from column node n+1. A circuit in this digraph
is referred to as a sequence of column nodes jo,...,Ji—1,5 = jo, where [ > 1, and
so [ is considered to be its length. Note that the reachability relation in GZ does
not depend on €. Let C, be the set of the elementary circuits of G reachable from
column node n + 1. By , we readily obtain

1 - -
v(E) = Xn = min max — —Myiivii+ Noinin, (€ ) 4.7
(e) = Xn+1(9e) CES (jororito s )EC | O<§_1 (4s)ds (js)]s+1( )) (4.7)

for € > 0. We deduce that:

Lemma 4.4. The function € — v(g) is non-increasing and piecewise affine.

Proof. The fact that € — w(e) is piecewise affine straightforwardly follows

from (4.7).
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We next prove by induction on h that the function ¢ — (g% (z)); is non-increasing
for any € R™ and j € [n]. In the first place, observe that £ appears only negatively
in the coefficients N (e) of ([45), so the function & — (g.(x)); is non-increasing.
Now consider h € N and ¢ < ¢’. By induction, we know that g (x) < g"(z) for any
x € R". Since the function & — g.(x) is order preserving, we have g.(g%(x)) <
gl (zx). Besides, g-(g" (x)) > g (gl (x))) = g™ (). Tt follows that (¢""!(x)); <
(ght1(x)), for all j € [n].

We conclude that e — wv(e) is non-increasing as the limit of non-increasing
functions. O

If we assume that the numerical parts of the non-zero entries of M, N, p and
g are integers (this assumption is obviously satisfied in the application to timed
automata in Section , the criterion of Proposition can be determined by eval-
uating v(e) at € = 0 and at a small positive value.

Proposition 4.5. The tropical polyhedron with mized constraints R is non-empty
if, and only if, v(0) = 1/(n +1) or v(1/(n+ 1)) > 0.

Proof. Each linear piece of the function € — v(e) corresponds to an affine map
given by the weight-to-length ratio of an elementary circuit of GZ for some strategy
o for Player Min. In consequence, this affine map is of the form )‘_lka, where:

(i) 1 is the length of the circuit (I < n+ 1),
(ii) X is the sum of 2[ integers given by the modulus, or their opposite, of some
entries of the matrices M and N and of the vectors p and q,
(ili) k is the number of occurrences of —e in the weight N;;(e) or g;(e) of some
arcs of the circuit (so k < 1).

Therefore, any non-differentiability point € of the map e — v(e) satisfies (A—ké)/l =
(N = K'&)/l', where I, N, and k' have the same properties as [, A, and k above
respectively. It follows that any positive non-differentiability point (if any) is of the
form:
MNl—= N\
Kl-Uk
Assume, without loss of generality, that k/l < k'/I’. Since & > 0, the numerator
N1 — X' is a positive integer. This implies that € > £*, where e* = 1/(n + 1)2.
Consequently, the function € — v(e) is affine on the interval [0, €*]. Since it is
non-increasing by Lemma[£.4] we have v(g) < 0 for all € > 0 if, and only if, v(0) < 0
(by continuity) and v(e*) < 0. The application of Proposition shows that R is
non-empty if, and only if, v(0) > 0 or v(e*) > 0. Since v(0) is equal to the weight-
to-length ratio of an elementary circuit of GJ, for some o € X, it can be written
as X /l" where X’ and [” have the same properties as A and [ above. It follows
that v(0) is positive if, and only if, it is greater than or equal to 1/(n + 1). This
completes the proof. O

5:
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Let G{, be the digraph obtained from Gy by subtracting 1/(n+1) from the weight
of each arc connecting a row node with a column node. Then, v(0)—(1/(n+1)) is the
value of the mean payoff game associated with G, when it starts from column node
n + 1. It follows that the condition of Proposition holds if, and only if, column
node n + 1 is winning (for Player Max) in one of the two games associated with
Gy and Gy /(541)2- Let G* be the digraph obtained as the disjoint union of Gj and
gl/(nﬂ)z, adding a special row node 0 and two arcs, with zero weight, connecting
it with column nodes n + 1 of Gy and Gy /(n41)2. The criterion of Proposition
can be restated as follows:

Proposition 4.6. The tropical polyhedron with mized constraints R is non-empty
if, and only if, row node 0 is a winning initial node (for Player Maz) in the mean
payoff game associated with G*.

As an immediate consequence, we obtain the following complexity result, in
which the equivalence (ii) < (iii) extends Theorem 3.2 of [1], whereas the equiva-
lence (i) < (iii) extends Theorem 18 of [5] (only non-strict constraints are considered
there).

Theorem 4.7. Under Assumption the following problems are (Karp)
polynomial-time equivalent:
(i) deciding whether a mized tropical affine inequality is implied by a system of
such inequalities;
(ii) deciding whether a tropical polyhedron with mized constraints is empty;
(iii) determining whether a given initial node in a mean payoff game is winning.

Problem is known to be in NP N coNP, see [50]. We deduce from Theo-
rem that Problems and both belong to the same complexity class (NP
and coNP are closed under Karp reductions). Whether Problem can be solved
in polynomial time has been an open question since the first combinatorial algo-
rithm [36]. Value iteration leads to a pseudo-polynomial algorithm [50]. Several
algorithms rely on the idea of strategy iteration [38], applying various strategy im-
provement rules, see in particular [TTII825/41]. A remarkable example has recently
been constructed [26] in which some common rules lead to an exponential number
of iterations. However, many algorithms, including the one of [I8/25], are known to
have experimentally a small average case number of iterations (growing sublinearly
with the dimension), see the benchmarks in [I7].

The support of a tropically convex set C C R, is defined as the set supp(C) of
indices j € [n] such that there exists @ € C verifying x; # —oo. Note that supp(C)
is the greatest subset J C [n] such that J = {j € [n] | &; # —oo} for a certain
zecC.

Mean payoff games can be used to compute the support of the tropical polyhe-
dron with mixed constraints R. Indeed, j belongs to the support of R if, and only
if, j € supp(R.) for some € > 0. By [I, Theorem 3.2], the fact that j € supp(R.) is
equivalent to x;(gs) = 0 and xn+1(gs) > 0, i.e. to the fact that column nodes j and
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n+1 are both winning initial nodes for Player Max in the game associated with G..
Using the same arguments as above, it can be shown that there exists € > 0 such
that x;(ge) = 0 if, and only if, x;(go) = 1/(n 4 1) or x;(g1/m+1)2) = 0.

In consequence, the support of R can be computed by determining the winning
initial nodes in the games associated with Gy and Gy /(;,+1)2. We point out that some
policy iteration based algorithms, such as the one of [I8I25], directly provide the
cycle-time vector x(g) of the dynamic programming operator g of a mean payoff
game (and so all the winning initial nodes).

Remark 4.8. Positional strategies for Player Max are defined symmetrically to
the ones for Player Min, i.e. as functions 7 from row nodes to column nodes, such
that for each row node i there is an arc in G, connecting it with column node 7(%).
Such a strategy 7 induces a one-player game (now played by Player Min) whose
associated digraph G7 is obtained by removing from G, the arcs connecting row
nodes i with columns nodes j such that j # 7(4).

Positional strategies can be used as certificates to ensure that a mean payoff
game is winning for one of the players, and these certificates can be checked in
polynomial time. For instance, given a column node j € [n + 1], a strategy o for
Player Min satisfying x;(¢?) < 0 ensures that x;(g:) < 0 by . In other words,
column node j is a winning initial node for Player Min in the game associated with
G.. Since as explained above x;(g?) is given by the maximal weight-to-length ratio
of the circuits reachable from column node j in GZ, it can be checked that x;(g2)
is less than or equal to 0 in polynomial time using Karp’s algorithm.

4.1.2. Polyhedra defined by systems with +oo coefficients.

We now deal with the case in which Assumption [A]is not satisfied. Suppose that
the tropical polyhedron with mixed constraints R is defined by , where now
N € G"™ ™. Observe that we can still assume that g € (G \ {+00})", because any
inequality in which g; is equal to +oo is trivial.

Given I C [r], we denote by R; the polyhedron defined by the inequalities

Mijx1 @ - @ Miypxn © pi < (PN, #£400NijTj) D g for i € 1.

The algorithm in Figure [f] determines whether R is empty by evaluating the empti-
ness of polyhedra of the form R;. To prove the correctness of this algorithm, we
shall use the following lemma.

Lemma 4.9. At each iteration of the loop at Line[fl we have R C Ry -

Proof. We prove the lemma by induction on the number of iterations of the loop.
Before the first iteration, we have J = [n] and so TUI' = {i € [r] | N;; #
+oo for all j € [n]}. Thus, the polyhedron Ry is defined by a subsystem of
Mx ®p <g Nx & q, and the inclusion R C Ry is immediate.
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Input: polyhedron with mixed constraints R defined by the system Mx & p <g Nx ® q
Output: true if R is empty, false otherwise
: J = [n]
s I:=10
s I':=={i€[r]| N;jj #+ocforalljeJ}
while I’ # () do
I=1U0r
if R is empty then
return true
else
J :=supp(Ry)
10: I''={i ¢ I| N;j #+oc forall j € J}
11:  end if
12: end while
13: return false

© PN DTN

Fig. 6. Determining whether a polyhedron with mixed constraints is empty in the general case.

Now suppose that at iteration & we have R C Ry, and let € R. If the loop
is iterated again, then the sets J, I and I’ are respectively given by

Je+1 = supp(Rrury)
Ik+1 =1, U Ill€
Il/c—i-l = {7, ¢ Tt ‘ Nij # +oo for all j € Jk+1}

In consequence, we have supp(R) C Jy1, and so &; = —oc for j € [n]\ Jp41. Then,
we deduce that x satisfies the inequality

Mjx1 @ @ Mypxn © pi <¢ (Pjeti,, NijTj) ® @i <c (PN, #£+00NijTj) © g

for any i € I; ;. Thus, we have & € RIL,+1' Since € R C Ryur, = Riyyy, We
readily obtain x € R1k+1UI£+1’ which completes the proof. O

Proposition 4.10. The algorithm of Figure[6 is correct, and the number of itera-
tions of the loop at Linel|d] is bounded by min(n,r).

Proof. Suppose that the algorithm returns true. Then R; = ), and by Lemma
we have R = 0.

Now assume that false is returned. Let « € Ry be such that {j € [n] | x; #
—oo} = supp(R;) = J. We claim that z € R. Indeed, since I’ = () (which is the
condition to reach Line[13|and return false), we know that for all ¢ & I there exists
j € J such that N;; = +oo. As x; # —oo for j € J, this means that the i-th
inequality of the system Mx @ p <g Nx @ ¢ is satisfied (the right-hand side is
equal to +00). As x also satisfies the inequalities of the system indexed by i € I,
the claim is proved.

Finally, observe that at each iteration of the loop, the set I is strictly increased
at Line [5] Similarly, if at Line the set I’ is not empty, then necessarily the set J
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has been strictly decreased at Line [J] We deduce that the number of iterations is
indeed bounded by min(n, ). O

The idea behind the algorithm of Figure [6] can be used to build certificates.

Proposition 4.11. The problem of determining whether a polyhedron with mixed
constraints is empty belongs to NP N coNP.

Proof. A certificate that R # @ can be provided by two sets J C [n] and I C [r]
such that {i ¢ I | N;; # +oo for all j € J} = 0, together with positional strategies
ensuring that R; # 0 and supp(R;) = J (see Remark and the discussion on
supports which precedes it). The first property of the sets I and J can be checked
in polynomial time, the same as the properties Ry # @) and supp(R;) = J thanks to
the positional strategies for the players. As shown in the proof of Proposition [4.10
this ensures that R is not empty. In consequence, the problem is in coNP.

To certify that R = 0, we use a decreasing sequence J; = [n], Ja, ..., J; of
subsets of [n] and an increasing sequence I, ..., I of subsets of [r] such that

Iy ={i€[r]| Nij # +oo forall j € J;},

for all [ € [k], together with positional strategies ensuring that Ry, # 0 and J;11 =
supp(Ry,) for I € [k — 1], and that Ry, = 0. Since [;11 = LU {i € I; | N;; #
+oo for all j € Jyyq1} for I € [k — 1], it can be shown by induction on [ € [k] that
R C Ry, using the same technique as in the proof of Lemma @ Thus, these
certificates allow to prove that R = (), and they can be checked in polynomial time.
This completes the proof. O

4.2. Polynomial-time weak redundancy elimination

Since no polynomial-time algorithm is known to evaluate the criteria given in Sec-
tion[d:1] we also develop a sufficient criterion for which a potentially faster algorithm
exists. It consists in checking whether ex & g <g fx @ h is a linear combination
of the inequalities in Ax ® ¢ <g Bx @© d. Note that in general, this condition is
not necessary for to hold (the tropical analogue of Farkas’ lemma given in [5]
shows that taking tropical linear combinations does not suffice to deduce all valid
inequalities).

Now we see the constraint ex @ g <¢ fx @ h as the (2n + 2)-dimensional row
vector v := (e, g, f,h). Similarly, we introduce the matrix R € GP*("+2) whose
rows are given by the vectors (A;, ¢;, By, d;), for i € [p|, where A; and B; denote the
i-th rows of A and B respectively. We are reduced to the problem of determining
whether there exists a p-dimensional row vector w (with entries in G) such that
v = wR. Without loss of generality, we assume that no row of R is identically zero.
We propose a method based on residuation theory (see e.g. [33]). Given z € G,
the self-map z +— zx on G can be shown to be residuated, meaning that for each
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y € G there exists a maximal element of the set {z € G | 2z <¢ y}, denoted by y/z.
Indeed, the later element is given by:

yHy/x,{(lyl—wl) ifzeR, yeR,

ly| — |=| otherwise,

where it is used the conventions a — (—00) = 400 for a € Rypax, a — (+00) = —oc0
for a € Rppax, and (+00) — (+00) = +o0.

Proposition 4.12. Define the p-dimensional row vector w* by

- i IR
wi = i 2](vg/ i7)
for i € [p]. Then, the inequality ex © g <g fx @ h is a linear combination of the
inequalities in the system Ax & ¢ <g Bx @ d if, and only if, v = w*R.

The principle of Proposition is that w* can be shown to be the greatest
solution of wR <g v. Thus, there exists a solution to v = wR if, and only if, the
equality is satisfied for w = w*. It follows that the criterion of Proposition [£.12] can
be checked efficiently, in time O(n X p).

4.3. Complexity of successive Fourier-Motzkin eliminations

As discussed in the beginning of Section [4] propagating redundant inequalities may
produce O(p2k) constraints after k£ calls to Fourier-Motzkin elimination method
(recall that p refers to the number of constraints defining the initial polyhedron).
We claim that, in the case of closed tropical polyhedra, the number of constraints
remains simply exponential at every Fourier-Motzkin elimination when the weak
redundancy criterion is used. To see this, let Py = P, Pq, ..., Pr be the closed
tropical polyhedra arising during a sequence of k calls to Fourier-Motzkin elimina-
tion followed by the weak inequality redundancy elimination of Proposition

Proposition 4.13. There exists a constant K (independent from k, n, and p) such
that for alll € [k], the number of inequalities describing P; obtained using the weak
inequality redundancy elimination is bounded by

K(n — 1+ 1)pln/2lLn=0/2 (4.8)

Proof. By the tropical analogue of McMullen’s upper bound theorem [4], we know
that the number ¢ of extreme generators (points and rays) of P is bounded by
U(p+n-+1,n), where U(p,n) is the number of facets of (classical) cyclic polytopes
with p extreme points in dimension n. In particular, ¢ is bounded by pl™/2! when
n and p are sufficiently large (see Appendix .

It is straightforward to see that the extreme generators of every polyhedron
Pi (I € [k]) arise as the projection of some of the extreme generators of P. In
consequence, the number of extreme generators of each P; is bounded by gq.
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Dually, the set of inequalities satisfied by all the points of a tropical polyhedron Q
forms a tropical polyhedral cone called the polar cone of Q, see [B]. As proved in [4],
if Q is generated by ¢ points and rays in dimension n—1I, the number of (non-trivial)
extreme rays of its polar is bounded by (n—14+1)(U(g+n—I+1,n—1)—n+1+2). In
particular, this also bounds the size of any description of Q by linearly independent
inequalities. It can be shown that there exists a constant K’ > 0 such that the
latter quantity is bounded by K’(n—1+1)gl(»=9/2] for all values of ¢ and n—1 (see
Appendix . It follows that the representation by inequalities obtained
after the application of the weak redundancy criterion is bounded by a quantity of

the form (4.8]). ]

As a consequence, after the (I 4+ 1)-th call to Fourier-Moztkin elimination, the
number of inequalities (defining P;41) is bounded by the square of , and the
weak redundancy criterion can be applied in time O((n — 1)3p™(»=1/2). Tt follows
that the complexity of k& successive calls to tropical Fourier-Motzkin elimination
using the weak redundancy criterion can be bounded by

O(kngp"2/2) .

Therefore, the time complexity is only exponential in the worst case.
Since the criterion provided by Theorem [£.7| may eliminate further inequalities,
the number of inequalities describing P; obtained using this criterion instead of

the weak one is also bounded by (4.8). However, this has to be balanced with the
potentially greater cost of the associated algorithm for solving mean payoff games.

5. Tropical Forward Exploration for Timed Automata

Timed automata is one of the formalisms used for modelling and verification of real-
time systems. As an application of the methods developed in this paper, we show
how the forward exploration algorithm for timed automata [8] can be implemented
using tropical polyhedra with mixed constraints as symbolic states. This algorithm
is used to solve the reachability problem, to which most verification problems for
timed automata can be reduced, see [37I[7].

We first recall some notions concerning timed automata, and illustrate with an
example the drawbacks (mentioned in the introduction) of using zones or closed
tropical polyhedra as symbolic states. Note that zones are also used as symbolic
states in the verification of other real-time models such as e.g. timed Petri nets [12]
45], hence the corresponding algorithms can potentially benefit from our results too.

We consider a timed automaton over the set of clocks C = {z1,...,x,}. It is
represented by a directed graph whose nodes correspond to locations (lg,!l1,...).
We denote by [y the initial location and by L the set of locations. An edge from
location [ to I’ is denoted by I LT , where ¢ represents a clock constraint and
r a set of reset operations. More precisely, ¢ is a (possibly empty) conjunction of
atomic clock constraints of the form x; > k and x; > k + x;, where x;,x; € C,
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Fig. 7. Left: Timed automaton. Right: Symbolic states accumulated during forward exploration,
shown after delays (black borders are included in the depicted gray regions).

k € Z,and x € {<,<,=,>,>}. Besides, r is defined as a partial function from C
to N, meaning that x; is mapped to k when the clock x; is reset to the value k.
The set of edges is denoted by E. Each location [ can be additionally labeled by a
clock constraint 6(1). Then, the states of the automaton are of the form (I, v), where
l €L and v:C — Ryq is such that (v(z1),...,v(x,)) satisfies the constraint 6(1).
The evolution of the system (i.e. the semantics of the automaton) is expressed as a
transition relation on these states, denoted by ~~. Transitions can be of two kinds:

Delays: where clock values increase synchronously at a given location. More pre-
cisely, (I,v) ~» (I,v’) if there exists ¢t > 0 such that v'(x;) := v(z;) + t for all
i € [n], and (v(xy) +¢,...,v(x,) +t') satisfies 0(1) for all ¢’ € [0,1].

Switches: which are governed by the edges [ P51 Tn this case, we have (I,v) ~
(I’,0") if (v(xq),...,v(x,)) satisfies the constraints ¢, and v'(x;) := r(x;) if r is
defined on x;, v'(x;) := v(x;) otherwise.

The basic problem in the verification of timed automata is (untimed) reachabil-
ity: is a final location ¢ of the automaton reachable? More precisely, the reachability
problem consists in determining whether there exist clock values vy : C' — R>¢ and
a finite path (lp,v9) ~* (ly,vy) of transitions in the automata, where vy is the
function which maps every x; to 0.

Example 5.1. Consider the timed-automaton fragment depicted in Figure[7] which
involves two clocks @1 and xs. Its edges are labeled by the reset operations (for
instance, 1 := 0) and/or the constraints on clocks (for instance, @z > 1). As
mentioned above, the initial location is [y, and the two clocks are initialized to 0.
The diagrams on the right-hand side of Figure [7] depict the symbolic states of
this automaton, i.e. the sets of states (clock values) which can arise at each location.
For instance, at location [y we recover the initial state €1 = x5 = 0, and all the
other states 1 = x3 = t > 0 arise as time goes by while staying at the same
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location. Similarly, the states at location /; are obtained from the ones at location
lp by resetting clock @y, i.e. setting &1 = 0, while &5 > 0 is not affected. Then,
as time goes by, we get all the states satisfying 0 < @7 < x2. Note that the final
location [y is not reachable in this example.

The symbolic states at locations g, [; and lo can be represented exactly by zones,
but the one at location I3 cannot. Hence, the symbolic state at I3 has to be split,
potentially doubling the number of symbolic states to be visited after. If several such
timed-automaton fragments are concatenated, it is easy to see that this splitting of
symbolic states may lead to a situation where an exponential number of zones have
to be used to determine that the final location is not reachable. Alternatively, the
symbolic state at location I3 could be over-approximated by a single zone |_, but
in this case we cannot certify anymore that the final location /f is not reachable. On
the other hand, the use of closed tropical polyhedra to over-approximate the union
of the sets of states arising from [y and [, provides the closure |—|_ of this union,
which contains the point (1,1). Then, the final location [; becomes reachable, while
it should not if strict constraints were correctly handled.

The reachability problem can be solved using a symbolic forward exploration
algorithm, first given in [37], which is still used in state-of-the-art tools. This al-
gorithm, shown in Figure |8 is usually implemented using zones (or DBMs). The
algorithm explores sets of reachable states, representing them as symbolic states
using zones, and performing symbolic delay and switch operations on them. We
do not discuss this algorithm further, but we point out that any class of symbolic
states can be used, provided that it supports the operations is_empty, is_included,
intersect, reset, and delay used in the above algorithm. We now detail the defi-
nition of these operations, and show how to implement them over tropical polyhedra
with mixed constraints.

The operation is_empty(P) determines whether the polyhedron P is empty. It
is implemented using the methods described in Section i.e. through a reduc-
tion to mean payoff games. The operation is_included(P;, P2) checks if Py C Ps.
This can be performed using the procedure for deciding implications of Section
by determining whether the system of inequalities defining P; implies each defin-
ing inequality of the polyhedron P,. The operation intersect,(P) computes the
intersection of P with the constraints in . It is simply defined by appending the in-
equalities in 9 to the system defining P, where any strict constraint in v is encoded
as an inequality over G using elements of the form A~. The operation resety,.—(P)
consists in computing the polyhedron

{yER&ax|w€P7 yJ:JJJlf]#% yz:]{;}

It can be obtained by eliminating x; in the system of constraints defining P using
Fourier-Motzkin elimination, and then intersecting the resulting polyhedron with
the constraint @; = k (encoded as two inequalities x; <g k and k <g ;). Finally,
the operation delay(P) consists in converting the polyhedron P into the set {Ax |
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Input: timed automaton (L,lo,C,0, E), Iy € L
Output: true if vy : C — R>q : (lp,v0) ~* (If,vy), false otherwise

1: Waiting := {(lo, intersect;(lo)(delay({vo})))}; Passed := ()
2: while Waiting # 0 do

3:  Choose and remove (I, V) from Waiting

4 if I =1y then

5: return true

6: end if

7. if (not is_included(V,V’)) for all (I,V’) € Passed then
8 Passed :== PassedU {(l,V)}

9. foralll 251 do
10: V= intersecty(;)(delay(reset,(intersecty(V))
11: if not is_empty(V') then
12: Waiting := Waiting U {(I',V')}
13: end if
14: end for
15:  end if

16: end while
17: return false

Fig. 8. The symbolic forward reachability algorithm for timed automata.

x € P,A = 0} (recall that Az corresponds to the vector with entries A + x;).
Assuming that P is given by the system Ax @ ¢ <g Bx ® d, we first let Q be the
polyhedron defined by Ax @ Ae <g Bx ® Ad and 0 <g A, and then apply Fourier-
Motzkin elimination on A to get delay(P). To prove this algorithm is correct,
observe that:

delay(P) = {dx e R}, | 0<g A\, Az ® ¢ <g Bz & d}
={xecR", |0<c )\ AN ') @ c<g BN 'z) o d}
={zxeR] . |0<cg A, Az ® Ac <g Bx ® A\d} .

To combat state space explosion, symbolic states are also equipped with an
over-approzimating union operator. In this way, symbolic states which are reached
through different paths may be recombined, leading to a significant reduction in the
number of symbolic states the forward exploration algorithm has to consider. Given
two polyhedra with mixed constraints P, P’ C R”,, .,
operator over_approx(P,P’) is defined as the tropical convex hull of P UP’. Note
that given systems of mixed inequalities describing P and P’, a system describing
over_approx(P,P’) can be computed by means of Proposition [3.5] As this involves

2n + 2 calls to tropical Fourier-Motzkin elimination, it is crucial to implement some

the over-approximation union

redundancy elimination.

Observe that the error introduced using the operation over_approx over poly-
hedra with mixed constraints is smaller than using zone-based over-approximation.
Indeed, zones are tropically convex, and thus any zone containing P U P’ also con-
tains the tropical convex hull of P U P’. In the example of Figure [7] the over-



34 Xavier Allamigeon, Uli Fahrenberg, Stéphane Gaubert, Ricardo D. Katz, Axel Legay

approximating union by polyhedra with mixed constraints of the two sets of states
arising at l3 is exact, and given by the polyhedron defined by xi,x2 >¢ 0 and
1 <g 071 ® 0~ xq, or equivalently, 1 < max(x1,2).

We have implemented a prototype of the forward exploration algorithm based on
tropical polyhedra with mixed constraints. The algorithms of Section[3]and the oper-
ations described above have been implemented within the OCaml library TPLib [2],
whose purpose is to provide algorithms for tropical polyhedra. It relies on the li-
brary MPGLib [6], which implements the algorithm in [25] for solving mean payoff
games by policy iteration. Our prototype successfully checks that location /¢ is not
reachable in the timed automaton of Figure [7] In future works, we plan to apply
our method on more representative examples taken from real case studies, and to
compare it in terms of performance/precision with state-of-the-art tools such as
UPPAAL [9].

Acknowledgments

The authors warmly thank Alexandre David for helpful discussions on the algo-
rithms involved in the verification of timed automata. The authors are also grateful
to the anonymous referee for his comments and suggestions which helped to improve
the paper.

References

[1] M. Akian, S. Gaubert and A. Guterman, Tropical polyhedra are equivalent to mean
payoff games, Int. J. Alg. Comp. 22(1) (2012) p. 125001 (43 pp.).

[2] X. Allamigeon, TPLib: Tropical polyhedra library in OCaml, Available at https:
//gforge.inria.fr/projects/tplib, (2012).

[3] X. Allamigeon, S. Gaubert and E. Goubault, Computing the vertices of tropical
polyhedra using directed hypergraphs, Discrete & Computational Geometry 49(2)
(2013) 247-279.

[4] X. Allamigeon, S. Gaubert and R. D. Katz, The number of extreme points of tropical
polyhedra, J. Combin. Theory, Ser. A 118(1) (2011) 162 — 189.

[6] X. Allamigeon, S. Gaubert and R. D. Katz, Tropical polar cones, hypergraph transver-
sals, and mean payoff games, Lin. Alg. Appl. 435(7) (2011) 1549 — 1574.

[6] X. Allamigeon and S. Sergeev, MPGLib: Mean payoff games library, Available at
https://gforge.inria.fr/projects/mpglib, (2011).

[7] R. Alur, C. Courcoubetis and D. Dill, Model-checking in dense real-time, Inf. Comput.
104(1) (1993) 2-34.

[8] R. Alur and D. Dill, A theory of timed automata, Theor. Comput. Sci. 126 (1994)
183-235.

[9] G. Behrmann, A. David, K. G. Larsen, J. Hékansson, P. Pettersson, W. Yi and
M. Hendriks, UPPAAL 4.0, in QEST IEEE Computer Society, (2006) 125-126.

[10] M. Bezem, R. Nieuwenhuis and E. Rodriguez-Carbonell, The max-atom problem and
its relevance, in I. Cervesato, H. Veith and A. Voronkov (eds.), LPAR, 5330 of Lect.
Notes in Comput. Sci. Springer-Verlag, (2008) 47-61.

[11] H. Bjorklund and S. Vorobyov, A combinatorial strongly subexponential strategy
improvement algorithm for mean payoff games, Discrete Appl. Math. 155 (2007)
210-229.


https://gforge.inria.fr/projects/tplib
https://gforge.inria.fr/projects/tplib
https://gforge.inria.fr/projects/mpglib

32]
33]

(34]

Tropical Fourier-Motzkin Elimination, with an Application to Real-Time Verification 35

F. D. J. Bowden, Modelling time in Petri nets, in Second Australian-Japan Workshop
on Stochastic Models (1996)

W. Briec and C. Horvath, B-convexity, Optimization 53 (2004) 103-127.

W. Briec and C. Horvath, Halfspaces and Hahn-Banach like properties in B-convexity
and max-plus convexity, Pacific J. Optim. 4(2) (2008) 293-317.

P. Butkovi¢, H. Schneider and S. Sergeev, Generators, extremals and bases of max
cones, Lin. Alg. Appl. 421(2-3) (2007) 394-406.

P. Butkovi¢ and G. Hegediis, An elimination method for finding all solutions of
the system of linear equations over an extremal algebra, Ekonom.-Mat. Obzor 20(2)
(1984) 203-215.

J. Chaloupka, Parallel algorithms for mean-payoff games: An experimental evaluation,
in A. Fiat and P. Sanders (eds.), ESA, Lect. Notes in Comput. Sci. 5757 (Springer-
Verlag, 2009) pp. 599-610.

J. Cochet-Terrasson, S. Gaubert and J. Gunawardena, A constructive fixed point
theorem for min-max functions, Dyn. and Stability of Syst. 14(4) (1999) 407-433.
G. Cohen, S. Gaubert and J. P. Quadrat, Max-plus algebra and system theory: where
we are and where to go now, Annual Reviews in Control 23 (1999) 207-219.

G. Cohen, S. Gaubert, J. P. Quadrat and I. Singer, Max-plus convex sets and func-
tions, in G. L. Litvinov and V. P. Maslov (eds.), Idempotent Mathematics and Mathe-
matical Physics, Contemporary Mathematics (American Mathematical Society, 2005)
pp. 105-129.

A. David, UPPAAL DBM library, Available at http://people.cs.aau.dk/~adavid/
UDBM/, (2012).

A. David, J. I. Rasmussen, K. G. Larsen and A. Skou, Model-based framework for
schedulability analysis using UPPAAL 4.1, in G. Nicolescu and P. J. Mosterman
(eds.), Model-Based Design for Embedded Systems (CRC Press, 2010) pp. 93-119.
M. Develin and B. Sturmfels, Tropical convexity, Doc. Math. 9 (2004) 1-27 (elec-
tronic).

M. Develin and J. Yu, Tropical polytopes and cellular resolutions, Exper. Math. 16(3)
(2007) 277-292.

V. Dhingra and S. Gaubert, How to solve large scale deterministic games with mean
payoff by policy iteration, in VALUETOOLS ACM Press, (2006).

O. Friedmann, An exponential lower bound for the parity game strategy improvement
algorithm as we know it, in LICS IEEE (August, 2009) 145-156.

S. Gaubert and J. Gunawardena, The duality theorem for min-max functions, C. R.
Acad. Sci. Paris. 326, Série I (1998) 43-48.

S. Gaubert and R. D. Katz, Rational semimodules over the max-plus semiring and
geometric approach to discrete event systems, Kybernetika 40(2) (2004) 153-180.

S. Gaubert and R. D. Katz, The Minkowski theorem for max-plus convex sets, Lin.
Alg. Appl. 421(2-3) (2007) 356—-369.

S. Gaubert and R. D. Katz, Minimal half-spaces and external representation of trop-
ical polyhedra, J. Algebraic Combin. 33(3) (2011) 325-348.

S. Gaubert, R. D. Katz and S. Sergeev, Tropical linear-fractional programming and
parametric mean payoff games, Journal of Symbolic Computation 47(12) (2012) 1447—
1478.

S. Gaubert and F. Meunier, Carathéodory, Helly and the Others in the Max-Plus
World, Discrete & Computational Geometry 43(3) (2010) 648-662.

S. Gaubert and M. Plus, Methods and applications of (max, +) linear algebra, in
STACS, 1200 of Lect. Notes in Comput. Sci. Springer-Verlag, (1997) 261-282.

S. Gaubert and S. Sergeev, Cyclic projectors and separation theorems in idempotent


http://people.cs.aau.dk/~adavid/UDBM/
http://people.cs.aau.dk/~adavid/UDBM/

36 Xavier Allamigeon, Uli Fahrenberg, Stéphane Gaubert, Ricardo D. Katz, Axel Legay

[35]

[36]

[37]

[38]
[39]

[40]

j41]
[42)
143)
[44]

[45]

[46]

[47]

(48]
[49]

[50]

convex geometry, Journal of Mathematical Sciences 155(6) (2008) 815-829.

S. Gaubert and S. Sergeev, The level set method for the two-sided max-plus eigen-
problem, J. Disc. Event Dyn. Syst. 23(2) (2013) 105-134.

V. A. Gurvich, A. V. Karzanov and L. G. Khachivan, Cyclic games and an algorithm
to find minimax cycle means in directed graphs, USSR Computational Mathematics
and Mathematical Physics 28(5) (1988) 85-91.

T. A. Henzinger, X. Nicollin, J. Sifakis and S. Yovine, Symbolic model checking for
real-time systems, Inf. Comput. 111(2) (1994) 193-244.

R. A. Howard, Dynamic Programming and Markov Processes (MIT Press, 1960).

M. Joswig, Tropical halfspaces, in Combinatorial and computational geometry, Math.
Sci. Res. Inst. Publ. 52 (Cambridge Univ. Press, Cambridge, 2005) pp. 409-431.

M. Joswig, Tropical convex hull computations, in G. L. Litvinov and S. N. Sergeev
(eds.), Proceedings of the International Conference on Tropical and Idempotent Math-
ematics, Contemporary Mathematics 495 (American Mathematical Society, 2009) pp.
193-212.

M. Jurdzinski, M. Paterson and U. Zwick, A deterministic subexponential algorithm
for solving parity games, in SODA ACM, (2006) 117-123.

R. D. Katz, V. Nitica and S. Sergeev, Characterization of tropical hemispaces by
(P, R)-decompositions, Lin. Alg. Appl. 440(1) (2013) 131-163.

E. Kohlberg, Invariant half-lines of nonexpansive piecewise-linear transformations,
Math. Oper. Res. 5(3) (1980) 366-372.

M. Kot, Modeling selected real-time database concurrency control protocols in Up-
paal, ISSE 5(2) (2009) 129-138.

D. Lime, O. H. Roux, C. Seidner and L.-M. Traonouez, Romeo: A parametric model-
checker for Petri nets with stopwatches, in S. Kowalewski and A. Philippou (eds.),
TACAS, 5505 of Lect. Notes in Comput. Sci. Springer-Verlag, (2009) 54-57.

G. L. Litvinov, V. P. Maslov and G. B. Shpiz, Idempotent functional analysis: an
algebraic approach, Math. Notes 69(5) (2001) 696—729.

Q. Lu, M. Madsen, M. Milata, S. Ravn, U. Fahrenberg and K. G. Larsen, Reachability
analysis for timed automata using max-plus algebra, J. Logic Alg. Prog. 81(3) (2012)
298-313.

R. H. Mohring, M. Skutella and F. Stork, Scheduling with AND/OR precedence
constraints, SIAM J. Comput. 33(2) (2004) 393-415.

K. Zimmermann, A general separation theorem in extremal algebras, Ekonom.-Mat.
Obzor 13(2) (1977) 179-201.

U. Zwick and M. Paterson, The complexity of mean payoff games on graphs, Theor.
Comput. Sci. 158(1-2) (1996) 343-359.

Appendix A. Additional Details for the Proof of Proposition [4.13

We first recall that:

U(p,n) = {(pEIL-%JQJ) + (pzyli;bz/fizl) for n even,

—|n/2]-1
2(7 ) for n odd.

Thus, if n is even,

v (LI (p2 )
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and if n is odd,

Up+n+1,n) —2<p+inj;25n/2j> .

In both cases, it can be easily checked that

Up+n+1,n)< 2<p+tn—;25n/2j> .

We claim that for p and n sufficiently large,
Ulp+n+1,n) <pn/2, (A1)

Let m := |n/2]. By Stirling approximation formulas, we know that for all positive
integer h,

V2rh(h/e)” < h! < evVh(h/e)"

As a result,
+1
p+14+m < & p—|—1—|—m( p+1 ) (1+ )p
m 2\l (p+1)m m p+1
1 p+1 m
L) ()
2( + m +1
when p > 1 and m > 2. We next show that ( i)m( )p is bounded by
p™ by considering their logarithm:
1
mln (1+Zi) +(p+1)ln<1+£) <
+1
1 1
mln(l + Zi) +m = mln<w> <mlnp
m m

as soon as e(p+ m + 1) < pm. The latter condition is satisfied if p > 6 and m > 6.
This shows that (| - holds when p > 6 and n > 12.
Using the same arguments, we obtain that:

Ulg+n—1+1,n—-1) < gl=0/2]

as soon as ¢ > 6 and n — [ > 12. In any case, we can find a constant K’ > 0 such
that for all values of ¢ and n — I,

Ulg+n—1+1,n—-1) < K'qln=0/2]
Assuming that ¢ < U(p+n+ 1,n), it follows that for a certain constant K" > 0,
(n—I1+1)U(q+n—1+1,n—1)—n+14+2) < K"(n—1+1)p/2ln=D/2]

if p > 6 and n > 12. This allows to show that there exists K > 0 such that for all
p, n, and [ € [n — 1],

(n—1+1D)(U(@+n—1+1n—1)—n+1+2) < K(n—1+1)pn/2ln=0/2
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