N

N

Learning computationally efficient dictionaries and their
implementation as fast transforms

Luc Le Magoarou, Rémi Gribonval

» To cite this version:

Luc Le Magoarou, Rémi Gribonval. Learning computationally efficient dictionaries and their imple-
mentation as fast transforms. 2015. hal-01010577v3

HAL Id: hal-01010577
https://inria.hal.science/hal-01010577v3

Preprint submitted on 26 Feb 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-01010577v3
https://hal.archives-ouvertes.fr

Supplementary material

A. Anonymous

1 Projection operator proof
We want to find the projection operator onto the following set:
E:={A R |Ally <p [Allp =1}, (1)

with p € N*. We are interested in the projection of some matrix S € R™"*" onto
the set £, namely we want to find S* such that:

S* = P¢(S) € argmin{||U — S||3.: U € £} (2)
U

Proposition 1.1. Projection operator formula.

P:(S) = B1(T,(9))

where ,
Tp(8S) = argénin{llV = S[F: [V, <p}

and )
Bi(R) := argvglin{llw — Rz [W]r=1}

Proof. Let us denote by P the set of indices corresponding to the p greatest
entries (in absolute value) of S, and by Sp the matrix we get by setting all the
other entries of S to 0. Let us also introduce Sp = S — Sp, the matrix we get
by keeping only the n? — p littlest entries. We have:

ISI% = ISpl% + 1SAl% (3)
and )
Sp = argmin{[[V =S| : [Vlly < p} = T5(S) (4)
and
P = argmax{||S;||z : card(J) < p} (5)
J

The operator Bj is simply the projection onto the Euclidean sphere of radius 1,

that is:
1

B = = *

(6)



Let us now denote by I the support of any U € &£, we have:
2 2 2
”U_SHF: ||Sf“F+‘|U_SI|‘F (7)
so the problem can be rewritten:

(8%, 1) = alz%r?)in{||sf|\%+uu—sz||%:||U||F=1,card<1> <P} ()

Isolating U we have:

2 |Ullp < q} = Bi(Sr-) 9)

S* = argmin{||U — S;-
U

with:
1 = argmin{ |87l + pf{|U = S1ll7 + U]l = 1} : card(1) < p}
1" = argmin{|Sll7 + 1 B1(S1) = S1l[f : card(D) < p}
1" = argmin{||Syl + (1= i) 817+ card(D) < p}

” . 10
1 = axgmin{ |77 + 1815 ~2S[1 : card(D) < p} (10)
—_———
(E1FS
I = argmax{||Ss|| : card() < p}
I
I*= P
So we have: S* = B1(Sp) = B1(Tp(8S)). O

2 Lipschitz moduli proof

Let us look at the Lipschitz moduli of the gradient of the smooth part of the
objective:

HVSJgH(S’frl...Sl...S;,)\i)—VS}H(Siﬂ...Sg...Sz,)\i) i

= |IWLT(VLS;R - X)R” — XLT(NLS;R — X)RT ||,
= (A\)?||LTL(S; — S2)RRT|,,

= (A)?||RRT) ® (LTL).vec(S1 — S2) |,

< (A?[(RRT) @ (LTL)|, [IS1 = S2l

= (A IRIl3- L] ISt~ Sall7-

So we can say that the following quantity is a Lipschitz modulus: L;(L, R, \?) =
i 2 2
(ADZ IR - IL12.



