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Verification of ISS, 1ISS and IOSS properties
applying weighted homogeneity

Emmanuel Bernuau, Andrey Polyakov, Denis Efimov and Wilfrid Perruquetti

Abstract

Several conditions are proposed to check different robustness properties (ISS, iISS, IOSS and OSS) for generic nonlinear
systems applying the weighted homogeneity concept (global or local). The advantages of this result is that, under some mild
conditions, the system robustness can be established as a function of the degree of homogeneity.

I. INTRODUCTION

The problem of robustness and stability analysis with respect to external inputs (like exogenous disturbances or measurement
noises) for dynamical systems is in the center of attention of many research works [1], [2], [3], [4], [5], [6]. One of the most
popular theories, which can be used for this robustness analysis for nonlinear systems, was originated more than 20 years ago
[7] and it is based on the Input-to-State Stability (ISS) property and many related notions, see a recent survey [8] and the
references therein. The advantages of ISS theory include a complete list of necessary and sufficient conditions, existence of
the Lyapunov method extension, a rich variety of stability concepts adopted for different control and estimation problems.

The main tool to check the ISS property for a nonlinear system consists in a Lyapunov function design satisfying
sufficient conditions. As usual, there is no generic approach to select a Lyapunov function for nonlinear systems. Therefore,
computationally tractable approaches for ISS verification for particular classes of nonlinear systems are of great importance,
and they are highly demanded in applications. In this work we are going to propose such a technique for checking ISS and
other related properties (like integral ISS or input-output-to-state stability) for a class of homogeneous and locally homogeneous
systems.

Homogeneity is an intrinsic property of an object, which remains consistent with respect to some scaling, e.g. level sets
(resp. solutions) are preserved for homogeneous functions (resp. vector fields). The notion of weighted homogeneity was found
useful by many authors [9], [10], [11], [12], [13], [14], [15], [16], [17]. The main feature of this property is that it transforms
a local (stability) property of the system to the whole state space via a suitably defined scaling. In some cases such a globality
of the system behavior becomes ambiguous, that is why the local homogeneity notion has been proposed [9], [18], [19]. In
this case the property transfer can be carried out on a subspace using different local scales.

The ISS notion of homogeneous systems has been studied in [20], [21], [18]. In this work we are going to generalize the
result of those works and extend it to the integral ISS (iISS) property and some other related notions. The underlying idea of
the proposed results is that for a nonlinear system its asymptotic stability with zero disturbance implies a certain robustness
(ISS or iISS) under homogeneity conditions. Note that to establish asymptotic stability of a homogeneous system one can use
a non-strict Lyapunov function with the Krasovskii—LaSalle arguments.

The outline of the paper is as follows. Notations used in the paper are given in Section II. The robust stability notions under
consideration and homogeneity are introduced in Section III. The ISS and iISS properties of homogeneous systems are studied
in Section IV. The same analysis for locally homogeneous systems is done in Section V. An extension to some robust stability

properties for the systems with an output is considered in Section VI.

The first and the last two authors are with LAGIS UMR 8219, Université Lille Nord de France, Ecole Centrale de Lille, Avenue Paul Langevin, BP 48,
59651 Villeneuve d’Ascq, France. The last three authors are with Non-A project at Inria Lille, Parc Scientifique de la Haute Borne, 40 avenue Halley, 59650
Villeneuve d’Ascq, France. The third author is with Department of Control Systems and Informatics, National Research University ITMO, 49 Kronverkskiy
av., Saint Petersburg, 197101, Russia.



II. NOTATION

Through the paper the following notation is used:
e Ry ={x eR:z >0}, where R is the set of real number.
e | -| denotes the absolute value in R, ||.|| denotes the Euclidean norm on R™.

» For a (Lebesgue) measurable function d : Ry — R™ define the norm ||d|[z,,¢,) = €ss sup,ey 1 [ld(t)

, then ||d||o0 =
l|d|[[0,4-00) and the set of d(t) with the property ||d||oc < 400 we further denote as L., (the set of essentially bounded
measurable functions).

o A continuous function « : Ry — R, belongs to the class K if a(0) = 0 and the function is strictly increasing. The
function o : Ry — Ry belongs to the class K if o € K and it is increasing to infinity. A continuous function
B : Ry x Ry — Ry belongs to the class KL if B(-,t) € K for each fixed t € Ry and lim;_, 1, 5(s,t) = 0 for each
fixed s € R;. For any o € K and s, € Ry, a(s+7r) < «(2s) + «(2r).

o The notation DV (x) f(z) stands for the directional derivative of a continuously differentiable function V' with respect to
the vector field f evaluated at point x.

o Young’s inequality: sv < % +(1- %)vp%l for any s,v € Ry and p > 1.

o A series of integers 1,2, ...,n is denoted by 1,n.

ITI. PRELIMINARIES
In this work the following nonlinear system is considered:
&= f(z,d), 1

where z € R™ is the state, d € R™ is the external input, d(t) € L, and f : R"*™ — R" is a locally Lipschitz (or Holder)
continuous function, f(0,0) = 0. In some cases the system (1) is equipped with an output y € RP:

y = h(z), 2

where h : R™ — RP is a continuous function. For an initial condition ¢y € R™ and input d € L, define the corresponding

solutions by x (¢, x,d) for any ¢ > 0 for which the solution exists.

A. Stability properties

In this work we will be interested in the following stability properties [8].

Definition 1. The system (1) is called input-to-state practically stable (1SpS), if for any input d € L, and any zo € R" there
are some functions S € KL, v € K and ¢ > 0 such that

[z (t, zo, d)|| < B(llzoll,t) +~(lldllo,5)) + ¢ VE=0.

The function + is called nonlinear asymptotic gain. The system is called ISS if ¢ = 0.

Definition 2. The system (1) is called iISS, if there are some functions a € K, v € K and 8 € KL such that for any
zo € R™ and d € L, the estimate holds:

a([lz(t, zo, d)||) < B([[zoll,t) +/7(Hd(8)H)d8 vt > 0.
0

Definition 3. The system (1), (2) with d = 0 is called Output-to-State Stable (OSS), if there are functions g € KL and v € K
such that for all zg € R™

[J(t, 20, 0) || < B[lzoll, 1) +v(I[Yll.p)) ¥ € [0, tmax(20))-

In this definition ¢;,,x(2¢) < 400 determines the interval of solutions existence for the system (1), (2); y(t) = hlz(¢, zg, 0)]

is the output solution.



Definition 4. The system (1), (2) is called input-output-to-state stable (I0SS) if there are functions S € KL and 71,72 € K
such that for all zp € R™, d € L, and all ¢ € [0, tymax (0, d)),

(¢, o, d)|| < B(llzoll, £) + 71 (lldll0,1)) +2([ly]

0,6))-

Where again tmax(2o,d) < +oo defines the interval of existence of the system (1), (2) solutions, y(t) = hlx(t, zo,d)] is
the corresponding output solution.

These properties have the following Lyapunov function characterizations.

Definition 5. A smooth function V' : R™ — R is called ISpS Lyapunov function for the system (1) if for all x € R", d € R™

and some r > 0, a1, a9, a3 € Ko and 0 € K:
a1 (l|lzf]) < V() < ao(llz]]),

DV () f(z,d) < v+ 0([|d]]) — as(]l])-

Such a function V' is called ISS Lyapunov function if r = 0, and it is iISS Lyapunov function if instead a3 : Ry — Ry is a
positive definite function.

Note that an ISS Lyapunov function can also satisfy the following equivalent condition for some y € Ko:
=]l > x(lldl]) = DV (x) f(z,d) < —as([|]).

Definition 6. A smooth function V : R™ — R is called OSS Lyapunov function for the system (1), (2) with d = 0 if for all

x € R"™ there are functions oy, as, a3 € Ko, 0 € K such that:
a1 ([lzf]) < V() < ao(llz]]),
DV (x)f(x,0) < —az([|z]) + o (l[y])-

Definition 7. A smooth function V' is called IOSS Lyapunov function for the system (1), (2) if for all x € R", d € R™ and

some functions aq, ag, ag € Ky, 01,02 € K the inequalities hold:
ar([lz])) < V(z) < ax(|lzl),
DV (z)f(z,d) < —as(||zl]) + v ([ld]]) + o2([ly])-
Theorem 1. The system (1) is ISS (ISpS, iISS) iff it admits an ISS (ISpS, iISS) Lyapunov function.
Theorem 2. The system (1), (2) is I0SS (OSS for d = 0) iff it admits an 10SS (OSS) Lyapunov function.
Note that if the system (1) is ISS, then it is also iISS.

B. Weighted homogeneity

Following [22], for fixed strictly positive numbers 7;, i = 1,7 called weights and A > 0, one can define:

o the vector of weights v = (11,...,7)7, Tmax = Maxi<j<, 7; and rmin = Ming<j<, 153
o the dilation matrix function A,.(\) = diag{\"*}}_;, note that Yz € R"™ and YA > 0 we have A,(N\)z =
(A"twy, .. N, AT

n L1
o the r—homogeneous norm ||x||, = (>_,_, |x;|™ )7 for any x € R™ and p = II}_r;;

o the unit sphere in the homogeneous norm S, = {x € R" : ||z|, = 1}.

Definition 8. A function g : R” — R is r—homogeneous with degree 1 € R if Vx € R™ and VA > 0 we have:

A g(Ar (M) = g(x).

A vector field f : R™ — R” is r—homogeneous with degree v € R, with v > —rp;, if Vo € R™ and VA > 0 we have:

ATVATE N F(A (V) = f(x),



which is equivalent for i-th component of f being a r~homogeneous function of degree r; + v.

The system (1) with d = 0 is r-homogeneous of degree v if the vector field f is r-homogeneous of degree v.

Theorem 3. [11], [9] For the system (1) with d = 0 and r—homogeneous and continuous function f the following properties

are equivalent:

o the system (1) is (locally) asymptotically stable;

o there exists a continuously differentiable r—homogeneous Lyapunov function V : R™ — R such that

ar([le]]) < V() < as(f[zll), DV () f(x,0) < —al|lz]]),
ATV (A (Nz) =V (), p> Tmax,

Vo € R™ and YA > 0, for some a1, as € Ko and o € K.
The r—homogeneity concept presented in Definition 8 is introduced for some r and all A > 0. Restricting the set of admissible

values for A we can introduce local homogeneity [18], [19], [9].
Definition 9. A function g : R™ — R is (rg, Ao, go)—homogeneous with degree vy € R (g is a ro—homogeneous function and
Ao € Ry U {+o0}) if for all « € S,,, we have:

Jim (A7 (A, (V)a) — go(2)) = 0.

A vector field f : R™ — R™ is (rg, Ao, fo)-homogeneous with degree pg > —romin (fo is a ro—~homogeneous vector field
and Ao € Ry U {4o0}) if for all z € S,, we have:

Jim (ATHALE ) (A (V) = fo()) =0.

The limits have to be calculated uniformly on S,,, for Ao € {0, +o0}.
The system (1) for d = 0 is (rg, Ao, fo)-homogeneous with degree 1y € R if the vector field f is (ro, Ao, fo)-homogeneous
with degree p.

The coefficients 79; > 0, i € 1,n are called weights, v (respectively jig) is the degree of homogeneity (it may depend on
Ao) and gg (respectively fp) is the approximating function of g (respectively f) at Ag.
Examples of locally homogeneous systems can be found in [18], [19].

Theorem 4. [23], [11], [9] Let the system (1) with d = 0 be (t,0, fo)-homogeneous with a continuous foy : R™ — R™. If the
system & = fo(x) is (locally) asymptotically stable, then the system (1) is also locally asymptotically stable.

Theorem 5. [18], [9] Let the system (1) with d = 0 be (1,400, f )J-homogeneous with a continuous fo, : R™ — R™. If the
system © = foo(x) is (globally) asymptotically stable, then there exists a compact invariant set X, C R™ containing the

origin such that the system (1) is globally asymptotically stable with respect to the set X .

Lemma 1. Let a function g : R™ — R be (r,+00,gs0 )-homogeneous with degree v, g and g, be continuous functions, then
for all x € R"
ksWmin - jf g <1
19(2) = goo ()| < w([[z]l+), w(s) = . ;
kswmax l‘f s > 1
where k > 0 and 0 < wpin < v, 0 < wpax < V.

Proof: By definition for any € R™ there are y € S, and A\ = ||z||, such that z = A,(\)y, then |g(x) — goo(x)| =
|9(Ar(N)Y) — goo(Ar(N)y)|. For any y € S, consider

INTYg(Ar(N)Y) = goo (W) = A7[9(Ar(N)Y) = goo (Ar-(N)y)]-

For A — oo the left hand side of the relation above converges to zero, therefore there is k& > 0 such that |g(A,.(\)y) —
Goo (A (N)y)| < EAYmax with wpax < v for all A > 1. Next, [g(A(N)y) — goo (Ar(N)y)| < EAWmin for A < 1 with some &k > 0



and wpin > 0 due continuity of g and ¢.., additionally wy,;, < v (by a proper choice of k), then k = max{k, E} [ |

Clearly, it is always possible to select the powers in such a way that 0 < Wiy < Wpax < V.

Lemma 2. Let a vector field f : R" — R"™ be (1,400, fo )-homogeneous with degree v,  and fo, be continuous, then for
all x € R
kswmiu lf‘S S 1

)
ksWmax jf s >1

1f (@) = foo ()| < w([|2l]r), wls) =

where k > 0 and 0 < wpin < Wmax < Tmax + V-

Proof: In this case each f; is (r,400,fo;)-homogeneous with degree v + r; for all 1 < ¢ < n, and the result follows

Lemma 1. [ |

IV. ROBUSTNESS OF HOMOGENEOUS SYSTEMS

The ISS property of a r—homogeneous system (1) with degree v > 1 has been investigated in [21], the ISS property of a
r-homogeneous system of the form

for any admissible degree v > —rp,;, (with homogeneous fy and Gg) has been studied in [20]. In this work we would like to
propose the conditions of ISS and iISS properties for a r-homogeneous system (1) with any v > —7y,.
Define
Fla,d) = [fa,d)T 0,7 € RM™,

it is an extended auxiliary vector field for the system (1), where 0, is the zero vector of dimension m.

Theorem 6. Let the vector field f be homogeneous with the weights v = [r1,...,rp] > 0, T = [F1,..., 7] > 0 with a degree
V> —Tmin, e f(Ar(N)z, As(N)d) = XA (V) f(z,d) for all x € R™, d € R™ and all A > 0. Assume that the system (1) is
globally asymptotically stable for d = 0, then the system (1) is
ISS if Tmin > 0, where Tryin = ming<j<,, 7j;
iISS if Tmin =0 and v <0.

Proof: Under the introduced conditions f(A,.(A)z,0) = AYA,.(\)f(x,0) and the system & = f(x,0) is globally
asymptotically stable, therefore by Theorem 3 there exists a continuously differentiable, positive definite and radially unbounded

Lyapunov function V' : R™ — R such that V (A, (A)z) = MV (z) for any A > 0 and g > rpyax and

’ IV (y)
dy

DV (y)f(y,0) < —a,

H <b Wyes, @)

where a > 0, b > 0. Note that by definition in this case v+ p > 0. Due to homogeneity of f and Lipschitz (Holder) continuity

of f with respect to d we have

1 (y,d) = F(y, 0)l < o(lld]]) Vy €S,

csfmin jf 5 <1
o(s) =
csfmax if 5 >1
for some ¢ > 0 and gpax = Omin > 0 for the case Tin > 0 (Omax = ¥V + Tmax 1S a possible choice). For the case 7y, =0 a
relaxed constraint p.,;, > 0 has to be satisfied, which follows the continuity of f.
Below we will use the coordinate transformation x = A,.(||z||,-)y, which connects any x € R™\{0} with the corresponding
point y € S,.. For the input d we will use the transformation d = Az(||z|)d, where d € R™ is a new auxiliary variable, then

- g Tmax  if g < 1
ldll < p(llzll-)ldll, p(s) = S)

~ )
s Tminif s> 1



where Tax = maxi<j<m 7;. Now let us consider the time derivative of the Lyapunov function V' computed for the system
(1) for all x € R™ and d € R™:

D) B
V@ fe.d) = ol Zo Y )
0 0 -
= el P 0 + |Ix~¥+”‘g;w[f(y,d) - £(3.0)
<l bl o)
< el 4 bl (el o ).

where
g~ Tmaxmin  if ¢ < |
W) =9 . , '
g~ "'min@max lf S > 1
Therefore if —7min0max < 0, which corresponds to 7in > 0, then v(s) ™! € Ko and for ||d| < o~ a/(20)y(||z||) "] we
have DV () f(z,d) < —0.5al|z||%™* that implies ISS by Theorem 1. If 7raxOmin — £ < ¥ < Finin Omax, then

vp < _ 1 lf S S 1 6
[z][Z Ty ((lzll) < v(llzllr),  v(s) _ (6)
st ifs>1

and for the Lyapunov function W (z) = In[1+ V()] (it is continuously differentiable, positive definite and radially unbounded)
we obtain
—all]ly ™ + bu(llz]l-)o ()
1+ V(x)
[l
—a

= 1+ V(x)

DW(z)f(z,d) <
+bo(||d]), b> 0, 7

which implies iISS for (1). Since & > r,ax can be chosen arbitrary, then we may assume that the inequality 7 axOmin — 4t < V
is always satisfied. Since for 7,;, > 0 the system is ISS (and iISS by the definition), the only interesting admissible value is
min = 0, then v has to be non positive. [ |
As we can conclude from this result, for the homogeneous system (1) its robustness (ISS or iISS property) is a function of its

degree of homogeneity.

Corollary 1. Let a locally Lipschitz continuous function fy : R™ — R™ be r—homogeneous with a degree v and asymptotically
stable.
If f(z,d) = fo(x)+d, i.e. d is an additive disturbance, then the system (1) is ISS for v > —rmin, and iISS for v = —rpin.
If f(z,d) = fo(x + d), i.e. d is a measurement noise, then the system (1) is always ISS.

Proof: Take r = r + v and 1 = r for the additive disturbance and measurement noise cases respectively. ]
Thus to verify robustness of a homogeneous system with respect to an external input it is enough to establish its asymptotic
stability for the case d = 0 and compute its degree of homogeneity performing some algebraic operations, which is a big
advantage of the homogeneity approach, while in the conventional case an ISS/iISS Lyapunov function has to be found [24].
However, the sole homogeneity of f is not enough to claim iISS (ISS), and the case 7,;;, = 0 with v > 0 is the only exclusion

as in the following example for r =0 and r = 1:
z=(d—1)z% a>1.

The asymptotically stable system (1) for d = 0 is finite-time stable if it is homogeneous with a negative degree [25], [26],
[27]. Interestingly to note that the finite-time stability and iISS have a similar restriction on the degree of homogeneity (it has

to be negative or non positive for iISS), thus the finite-time stability of a homogeneous system implies iISS.

Corollary 2. Let the vector field f be homogeneous with the weights v = [r1,...,7,] > 0, ¥ = [F1, ..., 7] > 0 with a degree
0 > v > —rmin and asymptotically stable for d = 0 (i.e. finite-time stable), then (1) is ilSS.



Theorem 6 also provides a quantitative estimate on the asymptotic gain of (1) in the ISS case.

Corollary 3. Let the system (1) be ISS under conditions of Theorem 6 (T > 0) and v + (1 > TminOmax, then its asymptotic

gain 1 admits an estimate:

©min }
Tmin @max

/ Smln{ F——

P(s) <

ifs<l1
f2max 1} f N 7£>0

/ Smax{ Fmax @min ’ Tmin ifs>1

The case v + p < TminOmax has no practical importance and will not be treated here.

Proof: Since in the ISS case Fax > Tmin > 0 and gmax > Omin > 0 (and k||z||# < V(z) < k||z||# for all z € R", where

k =infyes, V(y) and k = sup,cg_ V (y)), then following the proof of Theorem 6 we obtain:

DV(z)f(z,d) < —alz[/* +ollzlly ™~ (l]-)o(dll)
vip
< —aV(z) 7w +03(V(@)o(lld]),
where
_ —_vdp ~ _ vHtpM—FmaxOmin  _ Y+H—Tminomax
a=k * a, b=max{k " Jk n 10,
v+u—Tmax@min
~ s " if s<1
'7(3) = vtu—Fminemax :
s Iz if s>1
Therefore, DV (z) f(z,d) < —0.5aV (z) =" if
V()5 i V() < 1

o(|ld])) < 0.5ab~"

Tmin@max

V(x)

and an estimate on the asymptotic gain v can be obtained inverting the last inequality:

if Vi(z)>1

©min

Cmax{|d] e, [|d]| Fmems - f (|d]] < 1

(e % omas ,
¢ max{|[d| et |d| e} if [ld] > 1
e||d||mm{rm’rmi%} if | <1
0| Tt T} ]| > 1
for some ¢ > 0. u

The case T, = 0 is critical for Theorem 6, it is possible that the system (1) is ISS while 7,5, = 0 as it is shown in the

following example:

—x:f + x%dl, ®)

.Cbg = —582/3 + ‘$1|1/2d2,

1

where r = [1 1.5], £ = [0 3], ¥ = 2 and its ISS Lyapunov function is V(z) = 0.5z% + 0.523.
The conditions of Theorem 6 can be technically relaxed skipping homogeneity of f (homogeneity with respect to d). It is
worth stressing that homogeneity of f is not a restrictive condition since d is an external input, and we can modify dimension

or introduce nonlinear change of coordinates for d.

Theorem 7. Assume that the system (1) is globally asymptotically stable for d = 0 and r—homogeneous with a degree
V> —Tyin, L. f(A(N)x,0) = NA(N) f(z,0) for all x € R™ and all A > 0. Let also for all x € R™ and all d € R™

1f(z,d) = f(z,0)[| < O([z]l-)w(ld]) + o(lldl),
gPmin ifs<l1

9(8) = ) 19max Z ’lgmin Z 0
glmaxif g > 1



for some Y, ¢ € K. Then the system (1) is

ISS lf V> Umax — Tmin;
iISS lf V= Ymax — Tmin < 0.

Proof: Under introduced conditions, by Theorem 3 there exists a continuously differentiable, positive definite and radially
unbounded Lyapunov function V' : R™ — R, such that V(A,(X)z) = AV (z) for any A > 0 and p& > mpax With v 4y > 0,
and the inequalities (4) are satisfied for @ > 0, b > 0. Consider the time derivative of the Lyapunov function V' computed for

the system (1) for all z € R™ and d € R™ using the coordinate transformation x = A, (||z|,)y ||zl = ||A-([z|-)yll:):

V() fad) = 20O g0+ D0 4(a,d) — f(,0)

vin 9V (y) V() \
= |l=z|¥ V) By f(,0) + [z — By Ul A (], d) = F(A- ()Y, 0)]
< —allz 7+ ol | AS Nl | O (Nl e dldl) + o(1d])]
< —allz)l7 + olllly T v (=l v el + a2zl odldl)],
where
gUmin=rmax =V jf g <]
71(5) = . )
§Pmax~Tmin =V if 5 >
g Tmax"V  jf ¢ < ]
Y2(s) = . .
sTrmin TV f 5 > 1
Therefore if Ymax — Tmin — v < 0, then ~(s)™' and 72(s)™! are in K., and for |d] <

min{y~a/(40)y1 (||z|) "], ¢~ a/(4b)v2(||z|l-) "]} we have DV (x)f(z,d) < —0.5a||z|%™* that, by Theorem 1,
implies the ISS property. If ¥pax — Tmin — ¥ = 0, ¥ < 0 and Ypin — Tmax + ¢ > 0 (the latter is true since g > 7yax), then
lzl|Z Ty (||2]-) < v(||z]|-) and ||z||“THy2(||2]]-) < v(||%]]-), where v(s) is defined at (6) and for the Lyapunov function
W (z) = In[1 + V(z)] we obtain (7) for o(s) = 2max{t(s), #(s)}, which implies iISS for (1). |
In the theorem it is assumed that ¥,;;, > 0 and 9,,x € R. The condition on ¥J,,;, follows continuity of f, while the rate of

the growth of f at infinity is defined by ¥,ax, and formally there is nor restriction on it except Ymax = Umin-

The result of Theorem 7 can be applied for a larger class of systems, which are not necessarily homogeneous (the function
f may be non homogeneous). For example, to the system (3) with non homogeneous G (the result of [20] cannot be used in

this case):

—z1 + w2dy /(1 + |22]),
—x2 +.’E}/3d2,

1

T2

where r = [1 1] and v = 0 for d = 0, Yin = Fmax = 1/3.
However, the conditions obtained in Theorem 7 also do not work for the critical case example (8), where ¥, = 0.5,
Umax = 3 and the equality v = ¥yax — Tmin 1S satisfied. A reason of that is hidden in the conservatism of the function 6
computation. Another explanation of this fact is that, in the case 7y, = 0 the system (1) may not admit a r—homogeneous

ISS Lyapunov function (both theorems 6 and 7 are based on an ISS Lyapunov function of that type), see also the case of
Proposition 1 below, where this hypothesis is proven for the case r = 0,,

Proposition 1. Considering d as a constant, let the vector field f be r—homogeneous with a degree v > —rp;y, independent of
d,i.e. f(Ar(N)z,d) =N Ar(N)f(z,d) forall z € R™, d € R™ and all \ > 0. Assume that the system (1) has a r—homogeneous
ISS Lyapunov functions for (1), then (1) is globally asymptotically stable uniformly in d.

Proof: Take any r-homogeneous ISS Lyapunov function for the system (1), say V(z) with a degree u > 0 (if p = 0,



then V' is not continuous), then for any = € R™, d € R™ and y € S,. we obtain

DV (z)f(w,d) = [|z]l; " er(y) + |2l ea(y, d),

where ¢;(y) = 6‘3—5’)]"(% 0) < 0 and c3(y,d) = a\g;y) [f(y,d) — f(y,0)]. Therefore, if V' is an ISS Lyapunov function, then
for any ||d|| there is ||z, such that DV (z)f(z,d) < 0, which is true if ¢3(y,d) < —c1(y) only. [ |

However, the case of Proposition 1 still can be useful for the iISS property.

Theorem 8. Let the vector field f be r—homogeneous with a degree 0 > v > —rpy, considering d as a constant, i.e.
FA- Nz, d) = NA(N) f(z,d) for all x € R™, d € R™ and all X\ > 0. Then the system (1) is globally asymptotically stable
for d =0 iff it is ilSS.

Proof: First, iISS property implies global asymptotic stability for d = 0. Second, under introduced conditions
FA-(N)z,0) = AYA,.(N\)f(x,0) and the system & = f(x,0) is globally asymptotically stable, therefore by Theorem 3
there exists a continuously differentiable, positive definite and radially unbounded Lyapunov function V' : R™ — R such that
V(Ar(N)z) = MV (z) for any A > 0 and p > rpax (v + p > 0), and the inequalities (4) are satisfied for a > 0, b > 0. Due

to continuity of f with respect to d we have for some o €

1f(y,d) = f(y, 0l < o(lldl) VyeES,.

Now let us consider the time derivative of the Lyapunov function V' computed for the system (1) for all x € R™ and d € R™

using the coordinate transformation = = A,.(||z]|,)y :

0 0
oV d) = el 2 1,0) + ol S0 ) 10,0
<l bl o))

Therefore, if v < 0, then ||z[|“** < v(]||z]|,), where v(s) is defined in (6), and for the Lyapunov function W (z) = In[1+V (z)]
we obtain (7) that according to Theorem 1 implies iISS for (1). [ |

This result can be applied, for example, to “bilinear” systems:
m
&= folz) + Y filady), 9)
i=1

where all f;, i = 0,m are r~homogeneous functions of the same degree with respect to z, f;(0) = 0 (the simplest example
is fi(z) = A;x, where A; € R™*™). According to Theorem 8, if in (9) the system & = fy(x) is asymptotically stable and the
homogeneity degree is non-positive, then the system is ilSS.

To finish comparison of theorems 6 and 7 note that the conditions of Theorem 7 may be more restrictive than in Theorem

6, as it can be demonstrated in the following example:

:i?l = —,If + $§/3d1,
(tQ = —.’Eg/3 + l’?dz,
where r = [1 3], &+ = [2 2], v = 2 and it is ISS by Theorem 6 (it also has a homogeneous ISS Lyapunov function

V(x) = 28/6 + 23/2), but Theorem 7 does not work since Umin = 1, Ymax = 3 and v = Pyyax — Tmin. In addition, the iISS
condition in Theorem 7 implicitly needs ¥max < 7min- Another interpretation of the ISS condition of Theorem 7 is that the

system (1) has local approximation at infinity f(z,0).

Finally consider an example, for which a strict Lyapunov function is not known, but using theorems 6 or 7 it is possible to

establish ISS property. Let us consider a planar nonlinear system:

e —lyler +di]”, (10)
ég = —ZQ \_61 + d1-|2’6_1 + dg,

é1



where e; € R, es € R are the states, d; € R, do € R are external inputs, Iy > 0, I > 0 and 3 € (%, 1) are the parameters.
Such a system describes dynamics of estimation error when analyzing a finite-time observer/differentiator [28]. In this case d;
represents the measurement noise and d; models an external disturbance or model mismatch. The system (10) is homogeneous
forr = [1 8] and ¥ = [1 28 — 1] with degree v = 8 — 1 (v > —rpin). To show that for dy = do = 0 the system is
asymptotically stable we can consider a Lyapunov function V(eq,es) = 0.5l26_1e§5 + 0.5€3, which derivative for (10) takes
the form V = lye?? " (ey — 1| €1]%) — laea| €117 = —l1la]eq|3#~1, ie. V is not a strict Lyapunov function for the system
(10). Therefore, the system is Lyapunov stable (V' < 0) and all its trajectories are attracted by the origin (the origin is the only
invariant solution on the line e; = 0), thus the system (10) is globally asymptotically stable. In fact, since it is homogeneous
with a negative degree it is finite-time stable [29]. By Theorem 6, since 7,;, > 0, the system is ISS with respect to d; and ds.
In [28] there is also another example, for which a strict Lyapunov function is not known, but using homogeneity it is possible

to prove ISS property, it is a nonlinear homogeneous controller from [30].

V. ROBUSTNESS OF LOCALLY HOMOGENEOUS SYSTEMS

The ISS property of locally homogeneous systems has been analyzed in [18], it was shown there that if the system (1) is
locally homogeneous at 0 and 400, and all approximations and the system itself are globally asymptotically stable for d = 0,
then (1) is ISS. First we are going to propose a variant of that proof for approximation at infinity and, next, we will extend it
for the systems not homogeneous with respect to d.

Now assume that the system is locally homogeneous at infinity. Define

foo(xad) = [fg;(.’l},d) ng]T'

Assumption 1. Ler the vector field f be ((r, 1), +o00, foo)—homogeneous with the weights v = [rq,...,7,] >
0, ¥ = [f,...,7m] > 0 and degree v > —rpypm, ie for any € > 0 there is a A\ > 0 such that
supysa, [[ATYATT ) (A (V) y, As(A)d) — foo(y,d)|| < € for all y € S, and all d € Sy, where fo is a locally Lipschitz

continuous function.

Since || f(x,d) — foo(z,d)|| = ||f(z,d) — foo(zx,d)|, define g(z,d) = f(z,d) — foo(x,d), then by Lemma 1 in this case for
all z € R™ and d € R™ we have

N

lgi(z,d)| < wi(llzll + lldll7),
EsWnin  if s <1

wi(s) = .
ks¥max  if s >1

for all 4 = 1,n, where k > 0, w’ . >0 and w?

min max

=r;+v—49 <r;+v for some § > 0.

Theorem 9. Ler Assumption 1 be satisfied. Assume that the system & = foo(x,0) is globally asymptotically stable, then the
system (1) is ISpS.

Proof: Under the introduced conditions the system & = fo. (2, d) is homogeneous with the weights (r,T') and the degree v,
and it is globally asymptotically stable for d = 0, then by Theorem 3 there exists a continuously differentiable, positive definite
and radially unbounded Lyapunov function V' : R™ — R such that V(A,(A)z) = MV (x) for any A > 0 and g > ryax (With
v+ p > 0), and

DV(y)foo(y,0) < —a,

‘ WV (y)

Hgb vy e S, (11
dy

where a > 0, b > 0. We will use the coordinate transformation z = A,.(||z|,)y and d = Az(||z||,.)d, where d € R™, then the



inequality (5) is satisfied. Due to homogeneity and continuity of f., with respect to d we have

||foo(y7d) - foo(y70)|| < U(Hd”) Vy € Sr>

csfmin 4f s <1
o(s) =

cgfmax jf g > 1

for some ¢ > 0 and 9max = Omin > 0.

Now let us consider the time derivative of the Lyapunov function V' computed for the system (1) for all x € R™ and d € R™:
DV(x)f(z,d) = DV(z)foo(x,d) + DV (x)[f(2,d) — foo(z,d)]

8V(y) V( ) A-

(el

Fooly, d) + [lllt = = AL () [f (2, d) = foo (2, D))

8V( ) Y (fooly,d) — Foo(y,0)]

a1 = =

Fool:0) + o5

Hla “32}) el ) ) — foe ).

Define s(z,d) = A7 (||x]],)[f(z,d) — foo(z,d)], we have

Jolly*C0 o) < ol
ls@.dll < Vi max [s(a.d)|
< 7(lall, + lldll-),
Jollt T ol ) — S O] < Bl o)
< ty(lell)o(ldl),

where
GV TH—TmaxOmin  if g <1

- )
SV+H*T’mianax if s >1

ik stmin=Tmaxif ¢ < 1

7(s) = ;
/nk gWmax ifs>1

w = min ' w =max w' _—r;<v-—24
min 1<i<n min; Fmax 1<i<n max =

and the function p from (5) has been used to calculate . From these inequalities we obtain
DV(x)f(z.d) < —al[7™ +by([ll-)o(ld])
Foll=]I7 [ (2l [l-) + 7(2[|d]|7)]-
By the homogeneous norm definition there exists a class Ko function y such that 7(2||d||7) < x(||d||) for all d € R™, then
DV (x)f(z,d) < —allz[l7™" + zr(]|2[|,) (12)
+hvlzllr) + llzllxTe (ldl)
where z = 2%max,/nkb, 5(s) = bmax{o(s), x(s)} and
gHTWmin—Tmax  if g <1

r(s) =

ghtv—o if s>1



The power of & for the case s > 1 is less than v + p and f + Win — Tmax > 0, then &(||z]|,) < 1+ Hx||/;+”_5 and we get

—allel7* 4 zh(llally) < —allellTT 4 2+ 2l

A

—0.5afjz ] +c,

where ¢ = z 4+ 0.5a[l — €] ' [2za (1 — e 1)) and € = (v + p) /6 (i.e. —0.5as"TH + zsTH=9 < 0.5a[l — ¢ 1[22(1 — e 1))
for any s > 0). Since (||z||,) <1+ |Ja||¥THTmingmax we obtain

DV(2)f(z,d) < —05allally™ + e+ [1+ [Jafy T mnem 4 lz |16 (|d]])-

1

Since 7y > 0 and —7min @max < 0, then from Young’s inequality (sv < % +(1- E)UP%I for any s,v € Ry and p > 1) we

have:
SV TH Tminlmaxy, < %sl’ﬂ‘ + ﬂflvﬂlqﬁl,
st < %s”ﬂ‘ + 7T2_11)Tr2¢2,
where m; = mejﬁ Mg = ”':—“ and ¢; = [%%]1*’” for i = 1, 2. Consequently,
DV (z)f(x,d) < —0.25al[z [ +0(||d|)) + c,
where 0(s) = 5(s) + 2?21 7; 16 (s)™ ¢, which implies ISpS property by Theorem 1. |

For an example, consider the system:

i’l = I —ZL’? +£L’2|(L’1|0'75d,
&y = x9-— ‘$2|CL'2 + |$1|3'5|$2|0'125d,
which is ((r,F), +00, fao )-homogeneous with the weights r = [1,2], ¥ = 0.25 and degree v = 2 with fo(z,d) = [—23 +

2a|x1 |97 — |wa|wa + |71 |3%|22|%122d]T. The linearization of the system is unstable and it is hard to simulate this system in

order to check its stability since it is very stiff. However, since all conditions of Theorem 9 are satisfied, the system is ISpS.
Corollary 4. Let all conditions of Theorem 9 be satisfied, a > 2¥™=x\/nkb and wmyin — Tmax > V, then the system (1) is ISS.

Proof: As we can conclude from (12), under these additional (restrictive) conditions there is some £ > 0 such that
DV (x)f(x,d) < ezl + [y(|=[l-) + [lz]|¥]a ([|]]),

since the power of the functions + is less than v + p (Fin > 0), then there is a function ¢ € X such that for ||d|| < ¢(||z]|)
we have
DV (z)f(x,d) < —0.5¢ ||z

|
Corollary 5. Let a locally Lipschitz continuous vector field fy : R™ — R"™ be (1,400, foo )-homogeneous with a degree

v > —Tmin and the system & = fo.(x) be asymptotically stable. If f(x,d) = fo(x) +d, i.e. d is an additive disturbance, or
flx,d) = fo(z +d), i.e. d is a measurement noise, then the system (1) is ISpS.

Proof: Take ¥ = r + v for the additive disturbance case, and r = r for the measurement noise. The result follows Theorem
9. ]
There is a modification of Theorem 9, which skips homogeneity with respect to d in Assumption 1.

Assumption 2. Let the vector field f be (r,+00, foo )—homogeneous with degree v > —ruyiy for d = 0, i.e. for any € > 0
ATVAZY ) F(A-(N)y, 0) = foo (y,0)|| < € forall y € S, where fo is a locally Lipschitz

there is a A\ > 0 such that sup > _



continuous function. Let also for all x € R™ and all d € R™ the inequality

1f (2, d) = f (2, 0)[| < OCllz[l-)¢(lldll) + H(lld]),

gYmin ifs<l1
0(8) = ) ﬁmax 2 79min 2 0
Sﬁmax l:fs > 1
be satisfied for some ¥, ¢ € K and v > VYpax — Tmin-

Define g(z) = f(2,0) — foo(x,0), by Lemma 1 in this case for all z € R™ we have

IN

wi(llz[l),

ksWmn  if s <1

|9 ()]

wi(s) = . ,
ks¥max  if 5 > 1

where k > 0, w', >0 and w!, =r;+v—3<r;+ v for some § > 0.

Theorem 10. Let Assumption 2 be satisfied. Assume that the system & = fo(x,0) is globally asymptotically stable, then the
system (1) is ISpS.

Proof: Under the introduced conditions the system & = f,(x,0) is r-homogeneous with the degree v, and it is globally
asymptotically stable for d = 0, then by Theorem 3 there exists a continuously differentiable, positive definite and radially
unbounded Lyapunov function V' : R™ — R such that V(A (A)x) = MV (x) for any A > 0 and g > rpax (With v+ > 0),
and (11) holds for some a > 0, b > 0. Consider the time derivative of V' computed for (1) for all x € R™ and d € R™ (using
the coordinate transformation x = A,.(||z||,)y):

DV (z)f(z,d)

DV(x)f(x,0) + DV (z)[f (2, d) - f(,0)]
DV () foo (2, 0) + DV (z)[f(,0)
—foo(2,0)] + DV (2)[f (2, d) — f(2,0)]

0
< —aflells + ol Tp A ) )
9]
1,0+ ol (o)
<l 4wl + (el )

ol oI,
where s(x) = A, (|lz]l,)g(x), 7(s) = 7 0 6(s) and

ghrme if s <1

gH=Tmin  {f ¢ > ] ,

K(s) V/nbks 1??;1 l5:(2)
Su—&-’wmin—rmax if s S 1

b
§H T Wmax ifs>1

Win = MiNj<i<p wfmn and wyax = Maxi<i<n wfnax —r; < v—4. The powers of v, k and 7 for the case s > 1 are less than
v+ (since i+ 9max — Tmin < p4v and p—rpin < p+v for v > max{9max — "mins —"min }» #+ Wmax < p+v—>0 < p+v),
then the negative term with the power v + p would dominate v, x and 7 for sufficiently high values of ||z||,. Next the proof
repeats the technical steps of the proof of Theorem 9. ]

Theorems 9 and 10 extend the conditions of theorems 6 and 7 on the case of local homogeneity at infinity. However, in the

local case the difference between applicability conditions of theorems 9 and 10 is minor, the main advantage is that the local



approximation at infinity may be failed to exist for both variables x and d (the case of Theorem 9), but it may exist for d = 0
and Theorem 10 can be applied int this case.
Consider the following example

. |21 |1/6d 2
- _ 13
1 $1+1+|x2|2 + 3, (13)
To = —x9-+ |.’)31|1/6d.
For d # 0 this system has no homogeneous approximation at infinity since the term ‘1”34_;7‘2 has no uniform bound on S, 7

for any r and T, thus Theorem 9 or result of [18] cannot be applied here. For d = 0 and r = [2 0.5] the system (13) is

for degree v = 0, which is clearly asymptotically stable. A direct calculation shows that ¢,,;, = Umax = 1/3. Therefore, since

homogeneous at infinity with

v > Ymax — Tmin, Assumption 2 is satisfied and according to Theorem 10 the system (13) is ISpS.

VI. AN EXTENSION TO IOSS AND OSS PROPERTIES

Now consider the system (1) with the output (2). We always can represent this system in the form
x:f(xad) :F(mvyad) (14)

for a suitably defined F' : R**™+? — R", Clearly, if the ISS conditions of theorems 6 and 7 are satisfied for (14) with an
auxiliary input (y,d), then the system (1), (2) is IOSS (OSS for d = 0). The formulations of theorems 6 and 7 for this case
are given below (the proofs are skipped for brevity due to their simplicity).

Theorem 11. Let the vector field F(x,y,d) = [F(z,y,d)T Omy,)T € R ™P be homogeneous with the weights r =
[P,y 0] >0, F = [f1,...,7] >0, T =[F1,...,7n] > 0withadegree v > —ryiy, i.e. F(Avx, Apy, Ard) = NAF(z,y,d)
forall x € R", y € RP, d € R™ and all \ > 0. Assume that the system (14) is globally asymptotically stable for y = d = 0,
then the system (1), (2) is 10SS (OSS for the case d = 0).

Theorem 12. Assume that the system (14) is globally asymptotically stable for y = d = 0 and r—homogeneous with a degree
V> —Tmin, Le. F(A2,0,0) = YA, F(x,0,0) for all x € R™ and all X\ > 0. Let also for all € R™, y € RP and all d € R™

(2, y,d) = F(z,y,0)[| < 0([l2[l-)¢ /Iy, ) + &l (y: D)D),

9. .
SVmin if s < 1

0(8) = f - ) ﬁmin > 0; ﬁmax eR
sVmaxif s> 1

for some Y, ¢ € K and v > Oax — T'min. Then the system (1), (2) is IOSS (OSS for the case d = 0).

The integral versions of IOSS and OSS properties can be obtained using the iISS conditions of theorems 6 and 7.

For an illustration consider
—x% + x1x§ + xody

fla,d) = —x3 — 23dy ;
T3 — xlxg + x2d3
where for d = 0 the system (1) is not homogeneous and unstable due to the third equation. Now define y = x3, then the
system (14) with the vector field
,ﬁ + o:lx% + xad;
F(z,y,d) = —z5 — 2%ds
2y —x3 — 3?1:173 + l‘%dg

is homogeneous with the weights r = [1 0.5 1], # = 3 and T = [2.5 0.5 1] for ¥ = 2 and the system (1), (2) is IOSS since for
y = d =0 it admits the Lyapunov function V(z) = 0.5[z% + 23 + z3] (all conditions of Theorem 11 are satisfied).



VII. CONCLUSION

Several conditions of the ISS property and related notions (iISS, IOSS, OSS) have been developed based on the homogeneity

theory. The advantage of these conditions is that the system robustness can be checked after its asymptotic stability in the

unperturbed case provided that some algebraic homogeneity constraints are satisfied for the system equations (globally or

locally). All results are obtained for generic nonlinear systems. Several examples are proposed showing efficiency of the

proposed theory and its limitations.
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