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Complexity Analysis of Random Geometric Structures
Made Simpler-

Olivier Devillers

ABSTRACT

Average-case analysis of data-structures or algorithms is com-
monly used in computational geometry when the, more clas-
sical, worst-case analysis is deemed overly pessimistic. Since
these analyses are often intricate, the models of random geo-
metric data that can be handled are often simplistic and far
from “realistic inputs”. We present a new simple scheme for
the analysis of geometric structures. While this scheme only
produces results up to a polylog factor, it is much simpler to
apply than the classical techniques and therefore succeeds in
analyzing new input distributions related to smoothed com-
plexity analysis.

We illustrate our method on two classical structures: con-
vex hulls and Delaunay triangulations. Specifically, we give
short and elementary proofs of the classical results that n
points uniformly distributed in a ball in R? have a convex
hull and a Delaunay triangulation of respective expected

complexities é(n%) and ©(n). We then prove that if we
start with n points well-spread on a sphere, e.g. an (e, k)-
sample of that sphere, and perturb that sample by moving
each point randomly and uniformly within distance at most
0 of its initial position, then the expected complexity of the
convex hull of the resulting point set is

6 (wﬁ)lé (%)) |

1. INTRODUCTION

Understanding the complexity of geometric structures (De-
launay triangulations, convex hulls, arrangements...) is a
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key problem in computational geometry as this understand-
ing guides the design of geometric algorithms. This paper
proposes a new simple method to analyze the expected com-
plexity of structures close to geometric hypergraphs, e.g.
convex hulls and Delaunay triangulations, for distributions
of random point sets.

Worst-case, average case, and smoothed complexity.

Complexity analyses of geometric structures traditionally
consider the worst-case scenario to provide a guarantee on
how bad things can get. The worst-case is usually achieved
by overly constrained constructions that vanish under small
perturbation; such analyses often give a pessimistic image
of the structure that can be misleading when it comes to
algorithmic choices. For instance, worst-case analysis alone
suggests that Delaunay-based reconstruction methods in R?
should be inefficient, as the worst-case complexity of the De-
launay triangulation in R? is quadratic, whereas these meth-
ods prove effective in practice [3]. The worst-case analysis
can sometimes be refined by introducing additional param-
eters to restrict the input model: fatness [0], spread [9],
“reasonable” samples [1]... There are, however, contexts in
which realistic input models remain elusive; for example,
in spite of much efforts there is still no satisfying model of
“plausible” computer graphics scenes.

An alternative, probabilistic, analysis averages the com-
plexity function on a suitable distribution on the space of
inputs. This average-case analysis can usually demonstrate
that the complexity function seldom achieves its maximum,
and therefore that worst-case bounds are rather pessimistic.
Yet, the input distributions considered are often so simplis-
tic that average-case bounds are rarely seen as relevant to
depict “typical” situations. About ten years ago, Teng and
Spielman [13] proposed a complexity model that stands in-
between the worst-case and the average-case. The smoothed
complexity is defined, informally, as the maximum over the
inputs of the expected complexity over small perturbations
of that input. Intuitively, this “local averaging” mechanism
disposes of configurations that vanish under small pertur-
bation and models more accurately the behavior on “real
data”, which is usually given with bounded precision and
subject to measurement noise. Teng and Spielman proved
that the simplex algorithm has polynomial smoothed com-
plexity, explaining the apparent difficulty to construct expo-
nential lower bounds and the effectiveness of this algorithm
on practical input. Since this seminal paper, smoothed anal-
ysis has been applied to a variety of problems [14], including,
in computational geometry, the complexity of visibility maps
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in a terrain [7] and the number of maximal points (bounding
also the number of vertices of the convex hull) [5].

Problem and results.

Performing a smoothed complexity analysis of a geomet-
ric structure divides into two different sub-problems. First,
one needs to estimate the average complexity of a random
perturbation of a given, fixed, input. This turns out to be a
challenge in itself already for convex hulls or Delaunay trian-
gulations as many of the techniques devised for average-case
analysis do not readily apply to this type of distributions.
Next, one needs to identify the inputs whose perturbations
give rise to the largest expected complexity. Perhaps sur-
prisingly, already for convex hulls in the plane the answer
does not seem straightforward (see below).

Our main result is a simple method to analyze random
geometric hypergraphs, which we explain in Section 2 and
use to derive simple proofs of two classical bounds:

~ d—1
(i) a©(n 1) bound' on the expected number of k-dimen-
sional faces of the convex hull of n points uniformly
distributed in a unit ball K C R,

(i) a©(n) bound on the expected number of k-dimensional
faces of the Delaunay triangulation of n points uni-
formly distributed in a unit ball K C R%.

Note that, as we discuss in the conclusion, both bounds
extend to points uniformly distributed in a smooth convex
body in R?. Bounds (i) and (ii) are not new and are, in
fact, weaker than the earlier bounds proven by, respectively,
Raynaud [12] and Dwyer [8]. Yet, the analyses of Raynaud
and Dwyer only avoid the logarithmic factors at the cost
of tedious and ad hoc analyses. In contrast, our method
is simple and systematic and enables us to analyze certain
random perturbations; here a random (LP-)perturbation of
amplitude § of a fixed point set P* is the random point set
obtained by choosing a point uniformly in each (LP) ball
of radius ¢ centered in a point of P*. In this direction, we
obtain:

~ d—1
(iii) a © ((\/ﬁ)lfé (4%/5) d) bound on the expected
number of k-dimensional faces of the convex hull of
a L2-perturbation of amplituded € [n~71,1] of an

(niﬁ,ﬁ) sample of a smooth convex body in R

~ 2
we also obtain a bound of © (n% (%)0) on the ex-

pected number of vertices of the convex hull of a L°-
perturbation of amplitude § € [n™2,1] of an (nil, /{)
sample of a smooth convex body in the plane.

(Recall that an (e, k)-sample of a set I' is a point set P C T’
such that any ball of radius € centered on I' contains between
1 and & points from the sample P.) The only previous bound
in the direction of (iii) is due to Damerow and Sohler [5] who
studied the expected number of dominating points in point
sets subjected to independent random noise on each coordi-

nate axis; in particular, they proved a bound of 9] (n% 57%)

under L perturbation.

! The notations 5, (:), Q refer to asymptotic bounds up
to a logarithmic factor, e.g. f(n) = ©(n) means Ja,b €
7, f(n) = O(nlog®n) and f(n) = Q(nlog®n).
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Figure 1: Geometric hypergraph induced by half-
planes vs convex hull

One of the interesting consequences of Bound (iii) is that
in expectation, the convex hull of a L?-perturbation of large
enough amplitude of a regular n-gon is smaller than the
convex hull of uniformly distributed points in a disk. This
suggests that there is more to the problem of finding the ex-
tremal configurations for smoothed complexity of the convex
hull than meets the eye, already in the plane.

2. OUTLINE OF THE METHOD

Range spaces and geometric hypergraphs.

A range space is a pair (X,R) where X is a set, the
“ground” set, and R is a family of subsets of X, which we
call the ranges. The geometric hypergraph H induced by a
range space (X, R) on a finite set of points P is the family
of intersections of P with the ranges of R:

H={Pnr:re R}

(When the ground set is clear from the context, we also say
that H is the geometric hypergraph induced by R on P;
in this paper, the ground set is always X = Rd.) In other
words, a subset Q C P is a hyperedge if and only if there
exists 7 € R such that Q = rNP; in that case we say that the
hyperedge @ is induced by the range r. If H is a geometric
hypergraph we denote by H ) the set of hyperedges of H of
cardinality k.

In this paper, we analyze the complexity of the convex
hull and the Delaunay triangulation of a random point set
P by considering the geometric hypergraphs induced on P
by, respectively, the set of all halfspaces and the set of all
balls. The convex hull and the Delaunay triangulations are
typically proper subsets of the geometric hypergraphs; for
instance the two green points on the Figure 1 form an edge
in the hypergraph induced by halfplanes but are not an edge
of the convex hull. This gap will not be an issue: the up-
per bounds obtained for geometric hypergraphs will be good
enough for geometric structures, and the lower bounds can
be handled by direct arguments.

The witness & collector method.

Let (R, R) denote a range space and let P be a finite set
of random points independently distributed in RY. Let H
denote the geometric hypergraph induced by R on P.

Let R C R and let H(/k) denote the subset of H ;) induced
by ranges in R’. Our goal is to estimate the expected size of
H{;,. We first identify some region W' that contains with
high probability at least k + 1 points of P; we call W’ the
witness of R'. We then define the collector C' of R as the
union of all ranges in R’ not containing W’. Observe that



when W’ contains at least k- 1 points, the ranges of R’ that
contains W' cannot define any element of H ('k) and the size
of H, ( k) is therefore bounded from above by the number of k-
element subsets of PNC’. Letting p stand for the probability
that W' contains at most k points, we obtain the bound

PN’ , P
E[|H(yl] < (1-p)E <| L |> (W' NP|>k +p<|k|>,
since
!
(1-p)E <|P20|>‘|W/mp|>k
! !
_ E [PNC| _LE [PNC| Wn P <k
k k
|[PNC|
- =[(
we get

E[|Hl] <E

(A o

To make the contribution p(“l:‘) negligible we want that
p=0 (nik) Chernoft’s bound for lower tails implies that
the probability that W' contains many points increases with
the expected number of points in W’ (see Lemma 1 below).
Thus, p can be made arbitrarily small simply by inflating
W'. There is a caveat: as C’ grows with W’ increasing
the probability that W’ contains more than k points also
increases the expectation of (‘P r;c’\).

Bounding from above the expected number of k-element
subsets of P contained in C” essentially amounts to bound-

ing from above the kth moment of |P N C’|. Since P is
a set of points independently distributed, E [(|P N C'|)k] =

@) (IE 1PN C’/|]k)7 see Lemma 2, and Inequality (1) becomes

P
k

)
This will suffice for our purpose as we care only for the
asymptotic orders of magnitude of E “H(’k) 1].

E[|Hp] <O (E[IPNC)") +P[W NP < K] |

For this approach to work effectively, we break up the
set R of ranges into m pieces R = R1 U R U ... U Ry,
and define a witness and a collector for each piece. In our
applications, we typically manage to bring down the ex-
pected number of points in a collector to 5(1)7 yielding that
E[|Hwl] = O(m). Since each witness contains some ele-
ment of H )y with high probability, if no more than O(1) wit-
nesses have a common intersection then E [|H)|] = Q(m)
as well. We therefore often obtain bounds that are tight up
to a polylogarithmic factor.

Technical preliminaries.
We conclude this high-level overview with the two techni-
cal lemmas mentioned previously.

LEMMA 1. Let P be a set of n random points of R? in-
dependently distributed. If W is a subset that contains on

average klogn points of P then the probability that W con-
tains less than k + 1 points of P is O(n™").

PRrROOF. Let X; be the indicator function of the event that
the i'" point from P belongs to W. We write X = X +
...+ X, and let @ = E [X]. Chernoff’s bound for lower tails
yields that for any & € (0,1)

P[X <(1-90)a] < (%)%

In particular, setting 6 =1 — k’f;rgln we get that (1 — §)a =
k+ 1 and:

PIX <k+1] < (%)a

okt
(ot (b L TR
klogn

Since a = klogn, the previous bound becomes

PX < k+1] < erti-hlosn—(rnios(ci5s)

= o) =0 (n),

which proves the statement. []

Our second lemma will reduce the estimation from the kth
to the first moment of the number of point in the collector.

LEmMmA 2. If X = 2?21 X, where the X; are indepen-
dently distributed random variables with value in {0,1} and

E[X]>1 then E [X*] = O (E [X]k).

Proor. The statement is a special case of a classical in-
equality for sums of random variables [11, Th 2.12]; we give
a simple, elementary, proof.

Expanding X* = (31, Xi)lC we obtain

Bl = X2

1<iq yig...ip<n

E[Xi, - Xiy ... Xi,]

k

[
(]
(]

E[Xi, Xy ... Xi,].

=1 1<iq,ig...ip
[{i1,dg..ig }=L

Since the X;’s are 0-1 variables, for any positive integers
ai,az,...ag

E[X{' X5% .. X =E[X1- X2...X;,].

Letting p(¢, k) denote the number of partition of {1,2,...,k}
in ¢ subsets, we can thus write

k
E [Xk] =3 S pURE[X, Xy ... X))
£=11<iy,ig...ip<n
iaFip if aFb
Since X; and X are independent if ¢ # j the previous iden-
tity rewrites as

k

iaFiy if aFb



Thus,

k
E[x <Y (peh) Y EXa] ElXa].. ELX,]

=1 1<iy,ig...ipg<n

and since

3 E[X,)E[Xp].. . E
1<j1,52---Je<n

" ¢
[X5) = <ZE[X¢]> =B x)"

we finally obtain that

k
IE[X’“] <> (k) E[X)* <me> X7
=1
the last inequality following from the fact that E [X] > 1. O

3. CONVEX HULL OF
A UNIFORM SAMPLE OF A BALL

As a warm-up we apply our technique to the classical
problem of estimating the number of faces of a random poly-
tope. Let K = B(O,1) be the unit ball in R and let P de-
note a set of n points chosen independently and uniformly
in K. We let H denote the geometric hypergraph induced
on P by the set R of halfspaces in R? that intersect K.

THEOREM 3. For any fized k > 1 we have E [|H,|] =
5 (nft),

~ d—1
Theorem 3 immediately implies an O (nm) upper bound

on the average number of faces of the convex hull of P. To
obtain a matching lower bound, it suffices to remark that
Hyy is exactly the set of vertices of that convex hull and
that a polytope with v vertices has at least 75 i-dimensional
faces. The expected number of i-faces of the convex hull of

d—1
P is known to be © (nd_ﬂ) [12]; the known proof is long
and computational (more than 7 pages long, still leaving

substantial computations to the reader). In contrast, our
proof is short and elementary.

ProOOF. We break-up R in smaller range spaces by cov-
ering the space of directions S¢~! of R?, envisioned as the
unit sphere 0K, by spherical caps of radius  which we de-
note by Sci, Sca, ..., Scm. We choose r to be the radius of
the spherical cap H N 0K where H is a halfspace such that
H N K contains on average klogn points of P. Specifically

r=0 (niﬁ) (Claim 3.1). We choose the cover so that
m=0@r"%=0 (n%) We let R; stand for the set of

halfspaces in R? with inner normal in Sc; (see Figure 2).
The witness W; for R; is defined as the halfspace cutting
out Se¢; from 0K the collector C; is then defined as the union
of the halfspaces in R; that do not contain W;. By construc-
tion of Sc;, W; contains klogn points of P on average and
the probability that it contains less than k points is there-
fore O(n=*) by Lemma 1. The volume of C; N K is O (1)
(Claim 3.2) so E[|C; N P[] = O (1). Following Inequality (2),
the expected number of elements of H;y induced by a range
of R; is also O (1). Summing over all subsets R;s of ranges,

we get that E [|H)|] = O(m)=0 (ZZ:) Each witness

Figure 2: Proof of Theorem 3

region W; contains an element of H ;) with high probabil-
ity. In a minimal cover of K by spherical caps of radius r
the number of caps that cover a given point is, for any fixed
dimension, O(1). It follows that an element of H ) can be
contained in at most a constant number of witnesses and
[|H(k)|] is also Q( ). Altogether, E “H(k)ﬂ = @( ) =

6 (). O

The proof used two elementary computations that we now
detail.

CrAamM 3.1. r=0 (n*ﬁ)

ProOOF. The halfspace H cuts out a spherical cap of ra-
dius r and height ©(r?) from 9K, so

Vol(HNK)=06 (rd_l) -0 (r2) =0 (rd+1) .

In order to have on average klogn points of P in H N K,
the volume of this intersection should be kl—oi—" Thus r =

S} ((kl—oi—")ﬁ) =0 (niﬁ) (see Figure 3). [

CramM 3.2. The volume of C; N K is 19) (%)

Proor. Let H denote a half-space with normal in Se¢;
that does not contain W;NK (C; is the union of all such half-
spaces). Observe that HNOK is a spherical cap with center
in S¢;. Moreover, for any half-space X the intersection X N
K is the convex hull of X NOK (see Figure 4). The fact that
H does not contain W; N K therefore implies that H N 0K
does not contain W; NOK = Sc;. It follows that H NOK has
radius at most 2r and is thus contained in a spherical cap S’
with same center as S¢; and radius 3r. Let H' denote the
half-space such that H' N 9K = S’ and observe that what
precedes implies that C; N K is contained in H' N K. By the
same argument as in the proof of Claim 3.1, Vol (C; N K) <

Vol(H' NK)=0 (3r)*™)=0(%). O

n

W; o(r?)
ke

Figure 3: Proof of Claim 3.1




Figure 5: Proof of Theorem 4, balls intersecting K
deeply inside.

4. DELAUNAY TRIANGULATION OF A
UNIFORM SAMPLE OF A BALL IN R”

We continue with an application of our technique to an-
other classical problem: estimating the number of faces of
the Delaunay triangulation of a random set of points. As
in the previous section, let K stand for the unit ball in R?,
let P denote a set of n points distributed independently and
uniformly in K. We let H denote the geometric hypergraph
induced on P by the set R of balls in R? that intersect K.

THEOREM 4. For k € {1,2,...,d — 1} we have
E[[Hul] =0 (n).

Theorem 4 immediately implies an upper bound of 9} (n)
on the number of k-dimensional faces of the Delaunay trian-
gulation of P, for 0 < k < d—1, as any such face is in Hj1).
Since every vertex is contained in a k-dimensional face of the
Delaunay triangulation, the number of such faces is at least
kL_H and a matching lower bound is therefore obvious. A
sharper bound of ©(n) on the expected size of this Delau-
nay triangulation was previously established by Dwyer [3]
but through considerably more tedious arguments.

PRrROOF. We proceed a bit differently from before and first
fix the witness and the collector, and only then identify
which subset of ranges they take care of (namely those ranges
that contain the witness or are contained in the collector).
The balls in R will be separated in three groups: the balls
intersecting K “deeply inside”, the small balls close to the
boundary of K, and the larger balls “almost tangent”to K.

Balls intersecting K deeply inside.

Let h € R be such that the expected number of points of
P falling in a ball of radius A contained in K is klogn. It
is clear that h = O ((klo%)l/d) =0 (n_%). We cover K
by balls Wi, Wa, ..., Wy, of radius h; we can choose these
balls so that m = O(h~%) = O(n) (see Figure 5). For i €
{1,2,...,m} we let C; denote the ball with same center as
W; and radius 5h. If W; C K then we let R; stand for the
set of balls that contain W; or are contained in Cj; else, if
Wi € K we simply let R; be the set of balls contained in Cj;.

If W, C K then W; contains on average klogn points
of P and, by Lemma 1, the probability that |W; N P| <
k+1is O (n_k) Following Inequality (2), the expected
number of elements of H(;) induced by a range of R; is

0 (Enpmcin’f) -0 ((nhd)’“) — 0(1). When W; ¢ K,
all ranges of R; are contained in C; and the expected num-
ber of elements of Hy induced by a range of R; is triv-
ially O (E [(‘Cigp‘)]) which is O (]E[|PﬂC,~|]k) = 0(1)
by Lemma 2. The number of elements of H ;) induced by a
range of |J~, R; therefore sums up to O (m).

Small balls close to the boundary of K.

Any ball left in R\ [J]~, R; has radius at least 2h and
does not intersect the ball B(O,1 — 4h) (Claim 4.1). We
cover 9K by m’ = O(h'™%) = 6(711_%
Sci,Sca, ..., 5S¢, of radius h. We let A; denote the cone
with apex O supported by Sc;. We let R,,+; denote the set
of balls of radius between 2h and 4h, centered in A; that
intersect K but do not intersect B(O,1 — 4h). We define
Cm+i as the union of the balls in Rpm4i (here we need no
witness) (see Figure 6).

The volume of Cy4i is O (hd) =0 (%) Since, for 1 <
i < m/, all ranges of R,,1; are contained in C,,+; the ex-
pected number of elements of H(y induced by a range of
Rums is trivially O (IE [(‘Cm;iﬁp‘)]) which, by Lemma 2,

is O (IE PN C’m+i|]k) = O(1). The number of elements of

) spherical caps

H ) induced by a range of UZ1 Ry+: therefore sums up to
O (m').

Larger balls “almost tangent” to K.

C’m+i

Figure 6: Proof of Theorem 4, small balls close to
the boundary of K.



Figure 7: Proof of Theorem 4, larger balls “almost
tangent” to K.

We group the balls in R\Uﬁﬁm/ R; in packets according to
their radius. We let M = [log, -] = O(1), let o = h - 2942
for j € {0,1... M} and put anr+1 = +00. We cover 9K by
spherical caps Sc1,jSc2,5, ..., Scm,,; of radius r;; here r; is
chosen so that the region W; ; defined as the intersection of
K with the ball of radius «a;, centered outside of K and in-
tersecting OK in Sc; ; contains on average klog n points of P

(see Figure 7). Remark that r; = O (2ﬁ n_%) (Claim 4.2)

and that m; = O (rjl-_d) =0 ((2_%)1 n'=d). We de-
note by A; ; the cone with apex O and supported by Sc;,;.
Finally, we define R; ; as the set of balls of radius between
o and ;41 that are centered in A; j, intersect K but do
not intersect B(O,1 — 4h). We let C; ; denote the union of
the balls of R;; that do not contain W; ;. The volume of

Ci; N K is, again, O (1) (Claim 4.3).

Since W; ; contains on average klogn points of P, the
probability that [W; N P| < k+1is O (n™*) by Lemma 1.
Following Inequality (2), the expected number of elements of
H ;y induced by a range of R; ; is O (IE [|IPN CZ|]k> =0(1).
Altogether, the number of elements of H(;) induced by a
range of U;Lil UiY, R;,; therefore sums up to

S0 - o3 (r#))

Jj=1

O (an=4) =0 ().

Since the cases discussed above cover R,
m m’ M my
R= <UR¢> U Rmsi | U (U URi,J) :
i=1 i=1 j=1i=1
we finally obtain
E[|H|] = O (m)+ 0 (m') + 0 (Mn'~#) = O(n),
which concludes the proof. [

The proof used three elementary computations that we
now detail.

Cramv 4.1. A ball in R\ U~, Ri has radius at least 2h
and does not intersect B(O,1 — 4h).

NG,

Figure 8: Proof of Claim 4.1

Proor. Let B € R. Since B intersects K and K is
contained in (J7Z, W, the ball B intersects W; with i €
{1,2,...,m} (see Figure 8). If B has radius at most 2h then
it is contained in C; and it follows that B € R;. Now, assume
that B has radius r(B) > 2h. If B intersects B(O,1 — 4h)
then the ball with same center as B and radius r(B) — 2h
intersects B(O, 1 — 2h) in some point . There is some ball
W; with ¢ € {1,2,...,m} that contains the point z. Since
W is completely contained both in K and in B, we have
that B € R;. [

CLam 4.2. r; = O (2#n*%),

PrROOF. Let B stand for the ball of radius «; that inter-
sects OK in Sc¢; ;. Let H denote the halfspace that intersects
OK in Sc;; (see Figure 9).

Since a; < 1 the volume of Wj ; is at least the volume

of HN B and at most twice that volume. The distance
between the center of B and the hyperplane bounding H is

2
a; — O <£L) Thus,
J

@

Vol (W; ;) =© (Vol(HN B)) = © <Tﬂ'+ ) .

The condition Vol (W; ;) = k&% Vol (K) hence translates
. 1 ~

into r; = © ((2’+2hklc’%) d“)A Plugging h = © (n_%>

in that expression we get r; = 5} (Qﬁn_i> O

Cramm 4.3. The volume of Ci; N K is 5(%) for j €
{0,1,...,p} and i € {0,1,...,m;}.

Proor. We prove the claim by showing that the volume
of Ci jNK is of the same order as that of W; ;, which is O (1)

1
n

Figure 9: Proof of Claim 4.2



Figure 10: Proof of Claim 4.3

by construction. Similarly to the proof of Claim 3.2, let H
denote a ball centered in A; ; and radius 2a; that does not
contain W; ;N K (C},; is the union of all such balls). Observe
that H N OK is a spherical cap with center in Sc¢; ; and not
containing Sc; j, thus H N 0K is contained in a spherical
cap S’ with same center as Sc;; and radius 3r;. Let B’
denote the ball with radius 2a; such that B’ N 9K = S'.
For any ball H of R; j, H verifies HN K C H' N K where
H’ is a ball of radius 2« of R, ; and whose center is as close
as possible to the origin so that H' does not contain W; ;
(see Figure 10). Observe that what precedes implies that
C;,; N K is contained in B’ N K. Then,

Nd+1
Vol (B'NK) <© (%
20z]'

) =e e ar,)

by the same argument as in the proof of Claim 4.2. [

Figure 11: Proof of Claim 5.1

S. CONVEX HULL OF LOCAL
PERTURBATIONS OF A POINT SET

We now apply our scheme to a new problem. In the spirit
of smoothed analysis where the complexity of a problem is
studied on average under some noise, we compute the size
of the convex hull of perturbations of certain bad situations
for the worst-case: points nicely sampled on the unit sphere
OK of R™.

As in Section 3, H is the empty-region hypergraph induced
by the set R of halfspaces in R? but with a different point
set P. Let P* = {p;,0 < i < n} be an (¢, k)-sample of
OK for ¢ = nT™2 and some constant K, ;0 < 7 < n be
n independent and identically distributed points in K, and
0 € nl%d,% . The point set P is defined as P = {p; =

(1—0)p; + dx;}. Scaling the points in P* before perturbing
ensures that P C K.

THEOREM 5. For any fized k > 1 we have E [|[Hg,|] =

~ 1 d—1L
6 (vt (3)")

PrOOF. We break up R in m ranges and define witnesses
and collectors as in Section 3, but using a different value for

r. The value of r comes from the fact that H N K has to
contain on average k log n points, since the point distribution

has changed this condition now yields r = O (5% nfﬁ)
~ 42 a-
(Claim 5.1) and m = O(r'™%) = O (6%nd2_dl) Note

that the expected number of points in a collector is 5(1)7 as
in the witness, which can be proved with exactly the same
argument as in Claim 3.2. We then conclude E [|H)|] =

&(m) :@(5%n%)_ 0
CrAaM 5.1. r:(:)(é%ddn*%d),

PrOOF. Let W be a witness that cuts out a spherical cap
of radius 7 > € and height h = ©(r?) from K. Since P*
is an (e, k) sample the number of points p* € P* such that
(1= 8)p" +0K)NW # 0 is © (%) (sce Figure 11).
For such a point the probability that the perturbed point

p falls in W is VOI(WOS;]&?{’; +3K)) <6 ((T\/S();;lrz) _

S} (57%7"”1) . Notice that if the height of the cap ((1 —

§)p* + 0K) N W is at least £ the probability is now lower
d+1

bounded by © (5_%7"‘”1) (with a different constant) and
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Figure 12: Experimental results

the number of points p* € P* satisfying that property is also
© (%) Summing these probabilities we get that the ex-
dil d+1) _

pected number of points of P in W is © (
© (n5 T2

, since we want this quantity to be klogn we

setr =0 5T n 24 ) The condition r > € yields the lower
bound €? on §, the upper bound % on ¢ ensures that (1—9)p*
lies on a sphere of radius lower bounded by a constant. [

Experimental remarks

We could confirm experimentally our theoretical estimates.
More precisely, using CGAL [4], we simulated a uniform
noise of amplitude 6 on a set P* of n points in 2 and 3
dimensions, and counted the number of extreme points of
the perturbed set P.

We consider n = 10" for i = 3 to 7 and § = 107 for j = —7
to 5. Our count of the number of extreme points is averaged
over 1000 trials for n < 10% and over 100 trials for n = 107.
In the plane, we applied the perturbation to the vertices of
a regular n-gon (see Figure 12-top-left); in 3D, we applied
the perturbation to a random sample of the unit sphere (see
Figure 12-top-right).

We observe on Figure 12 that all curves present a signif-
icant plateau, indicating that the behavior of the number
of extreme points is correctly estimated by our formulas.
More precisely, in the range 10* < n < 107 these behaviors
are modeled within a margin of error of 10% by the table
(see [2] for details).

‘ Dimension ” 2

| |
‘ Estimation H 3(5_%71i ‘ 4.26° %n% ‘
‘ Range of & ” n2 , 0.1] ‘ 100 ‘

We can also consider perturbation schemes other than
points uniformly sampled from a ball. In a preliminary re-
port [2], we used the same witness collector technique to
analyze perturbation with a square support in two dimen-

sions and obtained a bound of © (5_%71%) for the expected

size of the convex hull. An experimental confirmation of this
bound is depicted on Figure 12-bottom-left.

It is also interesting to remark that the same formula pre-
dicts accurately the size of the convex hull of the vertices
of the regular n-gon when a grid is “rounded down” to a
coarser grid. The comparison between the experimental sim-
ulations and the complexity law under square perturbation
is presented in Figure 12-bottom-right. For large §, the two
quantities cease to be related: when snap-rounding to a very
coarse grid, the fact many points collide entails a significant
reduction of the size of the convex hull (see [2] for a more
detailed discussion).

6. CONCLUSION

We believe that the simple technique presented in this pa-
per will find more applications in the near future; work in
progress includes the analysis, by the authors of the present
paper, of the expected complexity of the Delaunay trian-
gulation of perturbations of certain point configurations in



3D, and the study, by Glisse et al. [10], of the average com-
plexity of worst-case silhouette of a random polytope. Also,
while the extra polylogarithmic factors do not seem a high
price to pay given the simplicity of the method, the work of
Glisse et al. [10] indicates that they can even be disposed of
by considering random witnesses and collectors.

While it may seem natural that the smoothed complexity
of planar convex hull would be achieved by perturbation of
points initially in convex position, Theorem 5 suggests cau-
tion as for constant amplitude J, starting with all points on
the unit-radius regular n-gon gives an expected complexity

of © (n%) which is less than the expected complexity of
(C] (n%) obtained by starting with all points at the origin.

Let us finally remark that the proofs of Sections 3, 4
and 5 generalize mutatis mutandis to the case where K is
a smooth convex body with “bounded curvature” in the fol-
lowing sense: there exist pmin > 0 and pmax < 0o such that
at every point x € 0K, for every 2-plane II containing « and
the normal to 0K in x, the curvature of Il N 9K, seen as a
plane curve, at x is at least pmin and at most pmax. Some
constants appearing in the analysis change, e.g. certain ra-

d+1
tios of volumes become O (m) instead of 3911

Pmax

or

5971 but this has no consequence on the estimates of orders
of magnitude.
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