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Conditions nécessaires du second ordre sous forme
Pontryaguine pour des problémes de commande optimale

Résumé : Dans ce rapport, nous énongons et prouvons des conditions nécessaires du premier
et second ordre sous forme Pontryaguine pour des problémes de commande optimale avec con-
traintes pures sur l’état et mixtes sur ’état et la commande. Nous appelons multiplicateur de
Pontryaguine tout multiplicateur de Lagrange pour lequel le principe de Pontryaguine est satis-
fait et parlons de conditions d’optimalité sous forme Pontryaguine si elles ne font intervenir que
des multiplicateurs de Pontryaguine. Nos conditions s’appuient sur une technique de relaxation
partielle et sont valables pour des minima de Pontryaguine.

Mots-clés : Commande optimale; contraintes pures sur I’état et contraintes mixtes sur ’état et
la commande; principe de Pontryaguine; multiplicateurs de Pontryaguine; conditions nécessaires
du second ordre; relaxation partielle.
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1 Introduction

The optimization theory in Banach spaces, in particular optimality conditions of order one [27, [30]
and two [11], 2] 23], applies to optimal control problems. With this approach, constraints of
various kind can be considered, and optimality conditions are derived for weak local minima of
optimal control problems. Second-order necessary and sufficient conditions are thereby obtained
by Stefani and Zezza [29] in the case of mixed control-state equality constraints, or by Bonnans
and Hermant [6] in the case of pure state and mixed control-state constraints. These optimality
conditions always involve Lagrange multipliers.

Another class of optimality conditions, necessary and of order one, for optimal control prob-
lems comes from Pontryagin’s minimum principle. Formulated in the historical book [26] for basic
problems,; including first-order pure state constraints, this principle has then been extended by
many authors. Mixed control-state constraints enter for example the framework developed by
Hestenes [19], whereas pure state, and later pure state and mixed control-state, constraints are
treated in early Russian references such as the works of Milyutin and Dubovitskii [15] [16], as
highlighted by Dmitruk [12]. Let us mention the survey by Hartl et al. [18] and its bibliography
for more references on Pontryagin’s principles.

Second-order optimality conditions are said in this article to be in Pontryagin form if they only
involve Lagrange multipliers for which Pontryagin’s minimum principle holds. This restriction
to a subset of multipliers is a challenge for necessary conditions, and enables sufficient conditions
to give strong local minima. To our knowledge, such conditions have been stated for the first
time, under the name of quadratic conditions, for problems with mixed control-state equality
constraints by Milyutin and Osmolovskii [24]. Proofs are given by Osmolovskii and Maurer
[25], under a restrictive full-rank condition for the mixed equality constraints, that could not for
instance be satisfied by pure state constraints.

The main novelty of this paper is to provide second-order necessary conditions in Pontryagin
form for optimal control problems with pure state and mixed control-state constraints. We use
the same technique as Dmitruk in his derivation of Pontryagin’s principle for a general optimal
control problem [12]: a partial relaxation of the problem, based on the sliding modes introduced
by Gambkrelidze [17]. These convexifications of the set of admissible velocities furnish a sequence
of auxiliary optimal control problems, and at the limit, necessary conditions appear to be in
Pontryagin form. We thereby get our own version of Pontryagin’s minimum principle, as first-
order necessary conditions. Then, combining the partial relaxation with a reduction approach
[5L20] and a density argument [3], we obtain second-order necessary conditions in Pontryagin form
for a Pontryagin local minimum of our problem. This technique requires to consider a variant of
the previous auxiliary problems, but not to compute any envelope-like effect of Kawasaki [21].
Another result that is worth being mentioned is the second-order necessary conditions for a local
solution of an abstract optimization problem, that we apply to the partially relaxed problems.
We derive them directly on a large set of directions in L2, which then simplifies the density
argument, compared with [3], and avoid a flaw that we will mention in the proof of the density
result in [6].

Second-order sufficient conditions for strong local minima of similar optimal control problems
constitute another work by the same authors [4]. They rely on an extension of the decomposition
principle of Bonnans and Osmolovskii [7], and on the reduction approach. Quadratic growth for
a strong local minimum is then characterized.

The paper is organized as follows. In Section[2] we set our optimal control problem and define
various notions of multipliers and of minima. Section [3|is devoted to the first-order necessary
conditions: they are stated, under the form of Pontryagin’s minimum principle, in Section [3.1}
our partial relaxation approach is detailed in Section and then used to prove the first-order
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4 Bonnans & Dupuis & Pfeiffer

conditions in Section Section [4]is devoted to the second-order necessary conditions: they are
stated in Section .1} and proved in Section [£.2] by partial relaxation combined with reduction
and density. We have postponed our abstract optimization results to Appendix [A1] the proof
of an approximation result needed for the partial relaxation to Appendix a qualification
condition to Appendix and an example about Pontryagin’s principle to Appendix [A74]

Notations For a function A that depends only on time ¢, we denote by h; its value at time ¢,
by h;+ the value of its ith component if i is vector-valued, and by h its derivative. For a function
h that depends on (¢, ), we denote by D:h and D, h its partial derivatives. We use the symbol
D without any subscript for the differentiation w.r.t. all variables except ¢, e.g. Dh = Dy, ,h for
a function h that depends on (¢,u,y). We use the same convention for higher order derivatives.

We identify the dual space of R™ with the space R™ of n-dimensional horizontal vectors.
Generally, we denote by X* the dual space of a topological vector space X. Given a convex
subset K of X and a point x of K, we denote by Tk (z) and Nk (z) the tangent and normal cone
to K at x, respectively; see [8, Section 2.2.4] for their definition.

We denote by |-| both the Euclidean norm on finite-dimensional vector spaces and the cardinal
of finite sets, and by | - ||s and | - ||4,s the standard norms on the Lesbesgue spaces L® and the
Sobolev spaces W%°, respectively.

We denote by BV([0,T]) the space of functions of bounded variation on the closed interval
[0,7]. Any h € BV([0,T]) has a derivative dh which is a finite Radon measure on [0,7] and
ho (resp. hr) is defined by hg := ho, — dh(0) (vesp. hr := hp_ + dh(T)). Thus BV ([0,T7]) is
endowed with the following norm: ||h| gy := ||dh|| s + |hr|. See [2, Section 3.2] for a rigorous
presentation of BV,

All vector-valued inequalities have to be understood coordinate-wise.

2 Setting

2.1 The optimal control problem

Consider the state equation
9 = f(t,ur,y) for a.a. t € (0,T). (2.1)
Here, u is a control which belongs to U, y is a state which belongs to ), where
U:=L>®0,T;R™), Y:=W">(0,T;R"), (2.2)

and f: [0,7] x R™ x R™ — R" is the dynamics. Consider constraints of various types on the
system: the mized control-state constraints, or mixed constraints

c(t,us,y:) <0 fora.a. t e (0,7T), (2.3)
the pure state constraints, or state constraints

g(t,y) <0 fora.a. te(0,7), (2.4)

and the initial-final state constraints

{ ®F (yo, yr) = 0, (2.5)

(I)I(y07 yT) < 0.

Inria



Second-order necessary conditions in Pontryagin form for optimal control problems 5

Here c: [0,7] x R™ x R® — R", g: [0,T] x R* — R", &L R?” x R" — R &l R x R" —
R™»1 . Consider finally the cost function ¢: R™ x R™ — R. The optimal control problem is then

min _ &(yo,yr) subject to (2.1)-(2.5). (P)

(uw,y)EUXY

2.2 Definitions and assumptions
Similarly to [29] Definition 2.1], we introduce the following Carathéodory-type regularity notion:
Definition 2.1. We say that ¢: [0,T] x R™ x R" — R* is uniformly quasi-C* iff

(i) for a.a. t, (u,y) — @(t,u,y) is of class C*, and the modulus of continuity of (u,y) +
DFo(t,u,y) on any compact of R™ x R is uniform w.r.t. t.

(i) for j =0,...,k, for all (u,y), t — D7 ¢(t,u,y) is essentially bounded.

Remark 2.2. If ¢ is uniformly quasi-C*, then D7 for j = 0,...,k are essentially bounded on
any compact, and (u,y) — D’ p(t,u,y) for j = 0,...,k — 1 are locally Lipschitz, uniformly
w.r.t. t. In particular, if f is uniformly quasi-C', then by Cauchy-Lipschitz theorem, for any
(u,3°) € U x R™, there exists a unique y € ) such that holds and o = y°; we denote it by
ylu, y°].

The minimal regularity assumption through all the paper is the following;:

Assumption 1. The mappings f, ¢ and g are uniformly quasi-C', g is continuous, ®¥, ®! and
¢ are C*.

We call a trajectory any pair (u,y) € U x Y such that (2.1)) holds. We say that a trajectory
is feasible for problem if it satisfies constraints (2.3)-(2.5)), and denote by F(P) the set of
feasible trajectories. We define the Hamiltonian and the augmented Hamiltonian respectively by

Hipl(t,u,y) = pf(t,u,y), Hp vt u,y) = pf(t,uy)+ve(t,u,y), (2.6)
for (p,v,t,u,y) € R™ x R"* x [0,T] x R™ x R"™. We define the end points Lagrangian by
@[3, Y](yo, yr) = Bo(Yo, yr) + Y@ (yo,yr), (2.7)

E
for (8,9, y0,yr) € R x R"®* x R® x R", where ng = ngr + ner and ® = (21)
We denote

K, :=L®(0,T;R™), K,:=C([0,T;R"), Kg:={0}gree x R"*’, (2.8)
so that the constraints (2.3)-(2.5) can be rewritten as
C(', Uu, y) € KC7 g(vy) € Kga (I)(y()a yT) € K‘P' (29)

Recall that the dual space of C'([0,T];R"s) is the space M([0,T];R"s*) of finite vector-valued
Radon measures. We denote by M([0,T];R™*), the cone of positive measures in this dual

space. Let
E =R x R"" x L=(0,T;R"*) x M([0,T];R"s*) (2.10)

and let || - ||g be defined, for any A = (8, ¥, v, u) € E, by

Al = 8]+ %] + [l + el ae (2.11)

RR n° 8306



6 Bonnans & Dupuis & Pfeiffer

Let (4,y) € F(P). Let Nk, be the set of elements in the normal cone to K, at ¢(, 4, %) that
belong to L (0,T;R™*), i.e.

Nk, (c(-,1,7)) = {v € L0, T;R*") : ve(t, g, ) = 0 for a.a. t}. (2.12)

Let Nk, be the normal cone to K, at g(-,7), i.e.

Nk, (9(-,9)) = {u € M([0,T|;R™") /[ T](dutg(t,gt)) = 0}~ (2.13)
0,

Let Nk, be the normal cone to K¢ at ®(go, gr), i.e.

Nicy (B(Jo, ) i= 4 W e Rro» ;. 2i =0 for ngr < i < np b (2.14)
* ’ Vi ®; (g0, yr) =0 -
Finally, let
N(4,7) := Ry x Ngo (®(0,91)) X Nk, (c(,4,9)) x Nk, (9(-,9)) C E. (2.15)
We denote

P = BV([0,T];R"™). (2.16)

Given (u,y) € F(P) and A = (8,¥,v,u) € E, we consider the costate equation in P

{ 7dpt = DyHa[ptv Vt](ta 'atv gt)dt + dNth(tv gt)7

pr = Dy, @[5, ¥](go, yr)- (2.17)

Lemma 2.3. Let (a,y) € F(P). For any A\ € E, there exists a unique solution of the costate
equation ([2.17)), that we denote by p*. The mapping
NeEmpeP (2.18)

s linear continuous.

Proof. We first get the existence, uniqueness and the continuity of
A= pt e LY(0, T;R™) (2.19)

by a contraction argument. Then the continuity of

A= (dp,pr) € M([0,T];R™) x R™ (2.20)
follows by (2.17). O

Definition 2.4. Let (4,y) € F(P) and A = (8,V,v,u) € E. We say that the solution of the
costate equation (2.17) p* € P is an associated costate iff

—p = Dy, @[5, ] (5o, 7r)- (2.21)
Let N, (@,§) be the set of nonzero A € N(&,y) having an associated costate.
Let (4, y) € F(P). We define the set-valued mapping U: [0,7] = R™ by
U(t) :=cl{ueR™ : ¢(t,u,y:) <0} for a.a. t, (2.22)

where cl denotes the closure in R™.

Inria



Second-order necessary conditions in Pontryagin form for optimal control problems 7

Definition 2.5. Let (@,y) € F(P). We say that the inward condition for the mixed constraints
holds iff there exist v > 0 and v € U such that

c(t, e, Gr) + Dyc(t, s, g1)vy < —vy, for a.a. t. (2.23)
Remark 2.6. If the inward condition holds, then there exists § > 0 such that, for a.a. t,
Bs(ay) NU(t) = Bs(ug) N{u € R™ : c(t,u,7:) < 0}, (2.24)
where Bj(1;) is the open ball in R™ of center @; and radius 0. In particular, @; € U(¢) for a.a. t.
In the sequel, we will always make the following assumption:
Assumption 2. The inward condition for the mixed constraints holds.

We can now define the notions of multipliers that we will consider. Recall that N.(u,%) has
been introduced in Definition 2.41

Definition 2.7. Let (u,y) € F(P).
(i) We say that A\ € N, (u,y) is a generalized Lagrange multiplier iff
Dy H[p}, vi](t, G, 5¢) =0 for a.a. t. (2.25)
We denote by Ap(@,7) the set of generalized Lagrange multipliers.
(ii) We say that A € Ap(u,q) is a generalized Pontryagin multiplier iff
Hp(t, @, 5:) < H[pM(t,u,5;) for allu € U(t), for a.a. t. (2.26)
We denote by Ap(u,y) the set of generalized Pontryagin multipliers.

(iii) We say that A € Ap(@,§) is a degenerate Pontryagin equality multiplier iff X = (8, ¥, v, u)
with U = (UF W!) is such that (3, ¥, v, 1) = 0 and if equality holds in (2.26). We denote
by AE(u,y) the set of such multipliers.

Remark 2.8. 1. The sets Ar(a, ), Ap(i,y) and AB(a, ) are positive cones of nonzero ele-
ments, possibly empty, and AB (4, ) is symmetric.

2. Assumption 2] will be needed to get that the component v of a multiplier, associated to
the mixed constraints, belongs to L>(0,7;R™*) and not only to L°°(0,T;R")*. See [7,
Theorem 3.1] and Theorem in Appendix

3. Let A € Ap(u,y). If Assumption [2 holds, then by Remark 1, is a local solution of the
finite dimensional optimization problem

min H[p}](t,u,7:) subject to c(t,u,3;) <0, (2.27)

u€R™
and v; is an associated Lagrange multiplier, for a.a. t.

4. See Appendix [A.4]for an example where there exists a multiplier such that (2.26) holds for
all uw € U(t), but not for all u € {u € R™ : ¢(t,u,y:) < 0}.

We finish this section with various notions of minima, following [24].

RR n° 8306



8 Bonnans & Dupuis & Pfeiffer

Definition 2.9. We say that (@, y) € F(P) is a global minimum iff
o(Yo,yr) < ¢(yo,yr) for all (u,y) € F(P), (2:28)

a Pontryagin minimum iff for any R > ||1||~, there exists € > 0 such that

(Yo, yr) < $(yo,yr) for all (u,y) € F(P) such that (2.29)
lu =11 + |y — Jlloo <€ and |Julle <R,

a weak minimum iff there exists € > 0 such that

& (Go, gr) < d(yo,yr) for all (u,y) € F(P) such that (2.30)

lu—tlloc + [y = Ylloc < e
Remark 2.10. Obviously, (2.28) = (2.29) = (2.30). Conversely, if (@, %) is a weak minimum for
problem ([P), then it is a Pontryagin minimum for the problem obtained by adding the control

constraint |u; — 4| < €, and a global minimum for the problem obtained by adding the same
control constraint and the state constraint |y — 4| < €.

3 First-order conditions in Pontryagin form

3.1 Pontryagin’s minimum principle

First-order necessary conditions in Pontryagin form consist in proving the existence of Pontryagin
multipliers. See Definitions 2.7 and [2.9]for the notions of multipliers and of minima. Our version
of the well-known Pontryagin’s principle follows, and is proved in Section See [12] for a
variant with the same approach, and [I8] for a survey of this principle.

Theorem 3.1. Let (4,y) be a Pontryagin minimum for problem and let Assumptions [1H2
hold. Then the set of generalized Pontryagin multipliers Ap(u,q) is nonempty.

By Remark [2.10] we get the following:

Corollary 3.2. Let (u,g) be a weak minimum for problem and let Assumptions hold.
Then there exist € > 0 and A € AL (@, ) such that

(3.1)

for a.a. t, for all u € U(t) such that |u — @] < ¢,
H[pi\](t U, gt) < H[pi\](ta u, gf)

Proof. The extra control constraint |u — @;| < € for a.a. ¢ is never active, therefore the set of
Lagrange multipliers is unchanged. The set of Pontryagin multipliers is the set of Lagrange
multipliers for which (3.1)) holds. O

The proof of Theorem given in Section relies on first-order necessary conditions for
a family of weak minima for auxiliary optimal control problems, namely the partially relazed
problems, presented in Section [3:2] These problems are defined using a Castaing representation
of the set-valued mapping U, introduced at the beginning of Section [3:2] Second order necessary
conditions in Pontryagin form in Section will be derived from a variant of the partially
relaxed problems, the reduced partially relaxed problems. Thus Section [3.2]is central. First and
second order necessary conditions for a weak minimum are recalled, with some orginal results,

in Appendix
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Second-order necessary conditions in Pontryagin form for optimal control problems 9

3.2 Partial relaxation

In this section, (4, y) is a given Pontryagin minimum for problem , and Assumptions hold.

3.2.1 Castaing representation

See [9] 10}, 28] for a general presentation of set-valued mappings and measurable selection theo-
rems.

Definition 3.3. Let V: [0,7] = R™ be a set-valued mapping. We say that a sequence (v¥)zen,
v* € U, is a Castaing representation of V iff {vF} ey is a dense subset of V(¢) for a.a. t.

Lemma 3.4. There exists a Castaing representation (u*)pen of the set-valued mapping U defined
by (2.22)), and for all k, there exists y, > 0 such that

c(t,uf, 5;) < =y for a.a. t. (3.2)
Proof. For | € N, | > 1, we consider the set-valued mapping U; defined by
U(t) == {ueR" : c(t,u,yy) < —1} foraa. t, (3.3)

so that
U(t) = cl(U>1Ui(t)) for a.a. t. (3.4)

Under Assumptions by [9, Théoréme 3.5] and for ! large enough, U; is a measurable with
nonempty closed set-valued mapping. Then by [9, Théoréme 5.4], it has a Castaing represen-
tation. By , the union of such Castaing representations for [ large enough is a Castaing
representation of U. O

We define the following sequence of sets of generalized Lagrange multipliers: for N € N, let

N(= =) . 5 7)) - H[p?](taﬁtagt)SH[pi\}(tvuf7gt)
AT(@,9) = {)\ € AL(®, ) : for all k < N, for a.a. t ’ (3.5)

Observe that

Ap(a,5) € AV (a,g) € AN (a,5) C Ar(a,9), (3.6)
and by density of the Castaing representation,
AP(ﬂﬂy) = n AN(ﬂa g) (37)
NeN

Recall that F and || - ||z have been defined by (2.10) and (2.11)).

Lemma 3.5. Let (\V)nen be a sequence in Ar(u,y) such that |A\N||g =1 and AV € AN (a,y)
for all N. Then the sequence has at least one nonzero weak * limit point that belongs to Ap(u,y).

Proof. By Assumption 2{and [7, Theorem 3.1], the sequence is bounded in F for the usual norm,
i.e. with ||v|« instead of ||v||;. Then there exists A\ such that, extracting a subsequence if
necessary, AV — )\ for the weak * topology. Since N(u,7) is weakly * closed, A € N(u,7).
Observe now that if A € N(a,7), then

Mz =B+ 19|+ (v, 1)y + (1, D¢ (3-8)
where (-,-); and (-,-) are the dual products in L*(0,7;R™) and C([0,T];R™), respectively,

and the 1 are constant functions of appropriate size. Then ||X|| = 1 and X # 0. Let p := p*",

RR n° 8306



10 Bonnans & Dupuis & Pfeiffer

N €N, and p := p*. By Lemma dp™ — dp for the weak * topology in M ([0, T]; R™*) and
pY¥ — pr. Since

po=pr — (dp,1)¢ (3.9)
for any p € P, we derive that py = Dy, ®[3, ¥](¥o,yr). Then p is an associated costate, i.e.
A € Ni(u,7). Next, as a consequence of Lemma pV — p for the weak * topology in
L>. Then D, H*[pYN,vN](-,u,9) — D, H[p, 7)(-, 4, 7y) for the weak * topology in L°°, and then
D H [y, 74)(t, Us, 5;) = 0 for a.a. t,i.e. A € Ap(@, 7). Similarly, for all k € N,

H[pN](-,u*,5) — Hp"] (- a,5) = H[P|(-,u", 5) — H[P](-, 4, §) (3.10)

for the weak * topology in L°°, and then

H[ﬁt](tv Uf, yt) - H[ﬁt](tv ﬂta gf) Z O fOI‘ a.a. tv (311)
i.e. A € AF(w,7), for all k € N. By (3.7), A € Ap(a,7). O

Since AN (@, 7), N € N, are cones of nonzero elements (see Remark [2.8), it is enough to show
that they are nonempty for all N to prove Theorem by Lemma This is the purpose
of the partially relaxed problems, presented in the next section. Indeed, we will see that they
are such that their Lagrange multipliers, whose existence can easily be guaranteed, belong to

AN (a, 7).

3.2.2 The partially relaxed problems

As motivated above, we introduce now a sequence of optimal control problems.

Formulation Recall that (@,¥) is given as a Pontryagin minimum for problem has been

given.
Let N € N. Consider the partially relazed state equation

=1

N N
yt = (1 - Zaé> f(tautvyt) + Za;f(tauivyt) fOI‘ a.a. t € (OaT) (312)
i=1

The u' are elements of the Castaing representation given by Lemma The controls are v and
a, the state is y, with

weld, ac AV :=L>0,T;RY), ye). (3.13)

The idea is to consider the problem of minimizing ¢(yo, yr) under the same constraints as before,
plus the control constraints o > 0. To simplify the qualification issue, we actually introduce a
slack variable 0 € R, with the intention to minimize it, and the following constraint on the cost
function:

&(Yo, yr) — (Yo, yr) < 0. (3.14)

The slack variable 6 also enters into every inequality constraint:

—ap <0 foraa. te(0,T), (3.15)
c(t,us,y:) <0 foraa. te(0,T), (3.16)
g(t,ye) <6 foraa. te(0,T), (3.17)

& (yo, yr) < 0 (3.18)

Inria



Second-order necessary conditions in Pontryagin form for optimal control problems 11

and the equality constraints remain unchanged:

¥ (yo, yr) = 0. (3.19)

The partially relazed problem is

0 subject to (3.12)-(B-19). (Py)

min
(u,0,y,0) EUX AN X Y XR

Let & :=0 € A" and 6 :== 0 € R. As for problem (P), we call a relazed trajectory any (u,c,y,0)
such that (3.12) holds. We say that a relaxed trajectory is feasible if it satisties constraints
(3-14)-(3.19), and denote by F(Py) the set of feasible relaxed trajectories.

Under Assumption [1} for any (u, o, y°) € U x AN x R, there exists a unique y € ) such that
holds and yo = y"; we denote it by y[u, o, y°] and consider the mapping

1—‘N : (ua Q, yO) = y[u7 Q, yO] (320)

Remark 3.6. 1. We have (4, a,7,0) € F(Pn).

2. Robinson’s constraint qualification holds at (u, @, 7, 0) iff the equality constraints are qual-
ified, i.e. iff the derivative of

(u, 0, %) €U x AN x R" = ®F(3° Ty (u, o, °) 1) € R"eE (3.21)

at (u,@a, 7o) is onto. We say that problem (Py]) is qualified at (u,a,7,0) if this is the
case. See [8, Section 2.3.4] for the definition and characterizations of Robinson’s constraint
qualification.

Existence of a minimum A key result is the following:

Theorem 3.7. Let Assumptions hold and let problem (Py) be qualified at (u,a,7,0). Then

(a,@,7,0) is a weak minimum for this problem.

Theorem is a corollary of the following proposition, proved in the Appendix for the
sake of self-containment of the paper. It can also be deduced from other classical relaxation
theorems, such as [I3, Theorem 3].

Proposition 3.8. Under the assumptions of Theorem there exists M > 0 such that, for any
(4,&,79,0) € F(Pn) in a L neighborhood of (u,a,q,0) and with 0 < 0, for any ¢ > 0, there
exists (u,y) € F(P) such that

o —al, < Mllall, and [|§ =gl <e (3.22)

Proof of Theorem . Suppose that (u,@,7,0) is not a weak minimum for problem (Py]).
Then there exists (@, &, ,0) € F(Py) as L™ close to (i, ®,¥,0) as needed and with § < 0. Let
€ > 0 be such that

lv =9l <€ = (Yo, yr) < (Yo, yr)- (3:23)
By the proposition, we get (@,y) € F(P) such that ¢(go,9r) < ¢(Jo,yr) and
@ = ally + 117 = Glloo < M[|&]l o + Tll& — tlloc + € + 1§ = Fllco- (3.24)
Observe that the right-hand side of (3.24) can be chosen as small as needed. Thus we get a
contradiction with the Pontryagin optimality of (u,g). O
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Optimality conditions Problem (Py)) can be seen as an optimization problem over (u, a, 3%, ) €
U x AN x R" x R, via the mapping I'y defined by (3.20). Then we can define the set A(Py) of
Lagrange multipliers at (@, @, §o, #) as in Appendix

A(Py) == {(\,7) € N(u,7) x L=(0,T;RY*) : DLx[X,4](4, &, 90,0) = 0} (3.25)
where Ly is defined, for A = (8, ¥, v, ), ¥ = (VF 1) y =Ty(u,a,y°), by

LN[)\W](%%ZJOﬁ) =0+ 5(¢(y0,yT) — ¢(Go, yr) — 9)
+ 0P (yo, yr) + ¥ (@ (yo, yr) — )

+ / [Vt (c(t, Ug, Yp) — G)dt + dpyy (g(t, Yt) — 0) — Y (ozt + H)dt]. (3.26)
[0,7]

In (3.26)), 6 has to be understood as a vector of appropriate size and with equal components. We
have the following first-order necessary conditions:

Lemma 3.9. Let problem (Py) be qualified at (4,a,7,0). Then A(Py) is nonempty, convez,
and weakly * compact.

Proof. We apply Theorem to (@, &, o, #), locally optimal solution of by Theorem
Let v € U be given by the inward condition for the mixed constraints in problem (Assumption
and let @ := 1 € AV. Then (v, @) satisfies the inward condition for the mixed constraints in
problem (Py]). The other assumptions being also satisfied by Assumption [[] and Remark [3.6]2,
the conclusion follows. O

3.3 Proof of Theorem [3.1]

As explained at the end of Section [3.2.1} it is enough by Lemmato prove that AN (a,7) # ()
for all N. To do so, we use the partially relaxed problems (Py]) as follows:

Lemma 3.10. Let (\,v) € A(Py). Then X € AN (4, 7).

Proof. Let (u, a,y,0) be arelaxed trajectory and (), y) € Ex L (0, T;RN*), with A = (8, ¥, v, 1)
and ¥ = (V¥ ¥), Adding to Ly

T
0= / Dt ((1 - Za;) f(t7utayt) + Zaif(tu?f?yt) - yt) dtv (327)
0
and integrating by parts we have, for any p € P,

LN[)\,’YKU,O(,yO,G) =0 (1 - ﬂ - <\I/Ia 1> - <V7 1>1 - <:u7 1>C - <’Y7 1>1)

T N
+A (Ha[ptvyt](t7ut7yt) + Zo‘g (HLpt}(tvu;yt) - H[pt](t7utuyt) - 72)) dt

i=1

- /[0 . (dpeg(t, ye) + dpeye) + @18, ¥(yo, yr) — pryr + Poyo — BP(Yo. §r).  (3.28)

Let (\,v) € A(Py). Using the expression (3.28|) of Ly, we get

Dy, ®[8, V) (5o, ¥r) + po =0, (3.29)
D H[p}, vi](t, g, 5:) =0 for a.a. t, (3.30)
Hp)(t,up, 5e) — Hp|(t, 0, ) =7 foraa. t, 1<i<N, (3.31)
B4 (U 1)+ (1, 1), + (u, e + (7, 1), = 1. (3.32)
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Suppose that A = 0. Then p* = 0 and by (3.31)), v = 0; we get a contradiction with (3.32). Then

A # 0 and A € N (u,y) by (3.29). Finally, A € AL(a,7) by (8-30), and A € AN (u,y) by (3.31)
since v € L>(0,T; RY*). O

We need one more lemma;

Lemma 3.11. Let problem (Py)) be not qualified at (u,&,y,0). Then there exists A € AN (u,7)
such that —\ € AN (u,7) too, and for all k < N,

H[pi‘](t,at,gt) = H[pf‘](t,ui,yt) for a.a. t. (3.33)

Proof. Recall that I'y has been defined by ([3.20). By Remark 2, there exists UF £ 0 such
that

UE DOE (o, 7)) DTy (@, &, Go) = 0. (3.34)
Let ¥ = (¥¥,0) and A := (0,7,0,0), so that D, a0 Ln[A,0](d,a,30,0) = 0 by (3.26). By
(3-28), we get

Dy, @0, (¥*,0)] (7o, §r) + pp = 0, (3.35)
Dy H[p, 0](t, s, 4:) =0 for a.a. t, (3.36)
Hp(t,uy, 5e) — H[p|(t, 0, G:) =0 for aa. t, 1<i<N. (3.37)
Then A € AN (4, y) and (3.33)) holds. O

We can now conclude:

Proof of Theorem [3.1. We need AN (a,5) # 0 for all N. If problem is qualified at
(@, a,7,0), then AN (a,7) # 0 by Lemmas [3.9] and If problem is not qualified at
(@, a,7,0), then AN (@,7) # 0 by Lemma O

Actually, we have the following alternative:

Corollary 3.12. The partially relaxed problems (Pn|) are either qualified for all N large enough,
if AB(u,y) = 0, or never qualified, and then AR (i, 7) # 0.

Proof. If the problems (Py] are never qualified, then we get a sequence a multipliers as in the
proof of Lemma By the proof of Lemma its limit points belong to A (u, 7). O

See Appendix[AZ3]for a qualification condition ensuring the non singularity of the generalized
Pontryagin multipliers.

4 Second-order conditions in Pontryagin form

4.1 Statement

The second-order necessary conditions presented in this section involve Pontryagin multipliers
only. They rely again on the partially relaxed problems, introduced in Section [3.2] These
problems are actually modified into reduced partially relaxed problems, which satisfy an extended
polyhedricity condition, [8, Section 3.2.3]. The idea is to get our second-order necessary conditions
on a large cone by density of the so-called strict radial critical cone, so that we do not have to
compute the envelope-like effect, Kawasaki [21].

The main result of this section is Theorem 9 It is stated after some new definitions and
assumptions, and proved in Section
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14 Bonnans & Dupuis & Pfeiffer

4.1.1 Definitions and assumptions

For second-order optimality conditions, we need a stronger regularity assumption than Assump-
tion [I} Namely, we make in the sequel the following:

Assumption 3. The mappings f and g are C*, ¢ is uniformly quasi-C?, ® and ¢ are C?.

Remark 4.1. If there is no pure state constraint in problem (i.e. no mapping g), we will see
that it is enough to assume that f is uniformly quasi-C?.

For s € [1,00], let
Vs = L*(0,T;R™), Z,:= W0, T;R"). (4.1)

Let (u,y) be a trajectory for problem . Given v € Vs, s € [1,00], we consider the linearized

state equation in Z;
Zp = Df(t,ﬂt,gt)(vt, Zt> for a.a. t € (O,T) (42)

We call a linearized trajectory any (v, z) € Vs x Z, such that (4.2)) holds. For any (v, 2°) € Vy xR",
there exists a unique z € Z, such that (4.2) holds and zy = 2°; we denote it by z = z[v, 2°].

For 1 <i < ngy, we define gl(j): [0,T] x R™ x R™ — R, j € N, recursively by
o . , 0
g7 (4w y) = Dugl (twy) + Dygl” (tuy) f (1w y), g o= g (4.3)
Definition 4.2. The order of a state constraint g; is ¢; € N such that
Dg? =0 for0<j<q—1, Dy #0. (4.4)
Remark 4.3. If g; is of order g;, then t — g;(t,y,) € W9>°(0,T) for any trajectory (u,y), and
dJ

@gi(tﬁljt) = gi(j)(ﬂﬂt) for0<j<g¢q—1, (4.5)
d4: B ; o
ﬁgl (t7 yt) = gl(q )(tv Ut, yt) (46)

We have the same regularity along linearized trajectories; the proof of the next lemma is
classical, see for instance [5, Lemma 9].

Lemma 4.4. Let (4, y) be a trajectory and (v, z) € Vs X Z5 be a linearized trajectory, s € [1,00].
Let the constraint g; be of order q;. Then

t— Dgi(t7gt)zt € qu7s(07T)7 (47)
and
@5 (t,5)z = D (¢, 5) 2 for0<j<gqi—1 (4.8)
dr 9i\l, Yt )2t = Vg, y Yt )2t S1>4 ) .
A st 52 = DG (¢, @, ) (vr, =) (4.9)
dra: 9i\l, Yt )2t = Vg, , Uty Yt )Vt 2t )- .

Definition 4.5. Let (4,3) € F(P). We say that 7 € [0,T] is a touch point for the constraint
g iff it is a contact point for g;, i.e. ¢;(7,y,) = 0, isolated in {¢t : g;(¢,5:) = 0}. We say that a
touch point 7 for g; is reducible iff 7 € (0,7, ;—;gi(t,gt) is defined for ¢ close to 7, continuous

at 7, and
d2
@gi(tagmt:r <0. (4.10)
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Remark 4.6. If g; is of order at least 2, then by Remark a touch point 7 for g; is reducible
iff t — 952)(t,ﬂt,37t) is continuous at 7 and 91(2) (1,4r,9r) < 0. The continuity holds if @ is
continuous at 7 or if g; is of order at least 3.

Let (@,y) € F(P). For 1 <i < mng, let

] if g; is of order 1,
9= {{touch points for g;} if g; is of order at least 2, (4.11)
Ay ={te[0,T] : gi(t,5:) = O} \ Tg.i, (4.12)
AS = {t€0,T) : dist(t,A) ;) < e}, (4.13)
and for 1 <i < n,, let
A ={t€[0,T] : c;(t, e, 7e) > —0} (4.14)

We will need the following two extra assumptions:

Assumption 4. For 1 < i < ng, the set 7, ; is finite and contains only reducible touch points,
Agﬂ- has finitely many connected components and g; is of finite order g;.

Assumption 5. There exist §’,¢’ > 0 such that the linear mapping from Vo xR™ to [}, LQ(A‘ZZ-) X
[Ti2, We2(AS) defined by

(Dci(', a, ) (v, z[v, ZO])‘AE/L)

- 0 lsisne is onto. (4.15)
(Dgz(a y)Z[U, < ]|Azli)1<,<
s <i<ng

(v,2°) —

Remark 4.7. There exist sufficient conditions, of linear independance type, for Assumption [j] to
hold. See for instance [6, Lemma 2.3] or [3, Lemma 4.5].

4.1.2 Main result
Let (@, %) € F(P). We define the critical cone in L?
(v,2) €EVa X 29 1 2z = z[v, 0]
Do (4o, yr) (20, 27) < 0
Ca(u,y) = § D (Yo, ¥r) (20, 21) € Tio (2(Y0, 7)) (4.16)
DC('; u, y)(U, Z) € TKc (C('v u, g))
Dg(,9)z € Tk, (9(-,9))

and the strict critical cone in L?

(v,2) € Cy(u,q) :
C5(,9) = { Deslt.ies i) 20) =0 €A 1<i<n, b, (.17
Dyi(t, i)z =0 teA), 1<i<n,
Remark 4.8. 1. See [8, Examples 2.63 and 2.64] for the description of Tk, and Tk, , respec-
tively.
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2. Since by Assumption [] there are finitely many touch points for constraints of order at least
2, C5 (@, 7) is defined by equality constraints and a finite number of inequality constraints,
i.e. the cone C5(u,y) is a polyhedron.

3. The strict critical cone C5(u,7y) is a subset of the critical cone Cy (%, 7). But if there exists
A= (B,V,0,n) € Ar(u,y) such that
vi(t)>0 foraa. te A, 1<i<n,, (4.18)
Ag,i C supp(ft;) 1 << ng, (4.19)
then C5(u,9) = Ca(t, ) (see |8, Proposition 3.10]).

For any A\ = (8,%,v,u) € E, we define a quadratic form, the Hessian of Lagrangian,
Q[N Vo X Z9 — R by

T
Q[/\KU’ Z) = A DZHa[pi\v Vt](t’ atv gt)(vta Zt)th + qu)[ﬂz \I’](?jo, gT)(ZO’ ZT)2

2
(Po" (7572 )
+ / duD’g(t,5) ()" = D milr) =g ———
[O,T] 7—67—_;],1 g@ (7—7 Ur, yT)
1<i<ng

(4.20)

We can now state our main result, that will be proved in the next section.

Theorem 4.9. Let (u,y) be a Pontryagin minimum for problem and let Assumptions @-@
hold. Then for any (v, z) € C5(u,7), there exists A € Ap(u,y) such that

Q[N (v, 2) > 0. (4.21)

Remark 4.10. If AB(a,y) # 0 and X € AB(a,7), then —\ € AR (4, %) too. Since Q[—A|(v,z) =
—Q[A](v, 2) for any (v,z) € V2 x Z5, Theorem [4.9]is then pointless. See Corollary about the
emptiness of AB(u, 7).

4.2 Proof of Theorem [4.9]

In this section, (@, ) is a given Pontryagin minimum for problem (P), and Assumptions 2}f5|hold.

4.2.1 Reduction and partial relaxation

The reduction approach [3, section 5] consists in reformulating the state constraint in the neigh-
borhood of a touch point, using its reducibility (Definition £.5). We apply this approach to the
partially relaxed problems (Py)) in order to involve Pontryagin multipliers (see Lemmas [3.5| and
3.10)).

Let N € N. Recall that I'y has been defined by ([3.20).

Remark 4.11. The result of Remark still holds for relaxed trajectories:
t gi(t,y:) € W%°(0,T) for any y = I'5(u, a,y°). (4.22)
Let 7 € Ty;. We define ©5: U x AN x R” — R by
07 (u,,°) := max {gi(t, y) : y =T (u,0,9°), t € [r—e, 7+ N[0, T]}. (4.23)

Let Iy := DU'x (@, &, §o) and T% := DT (4, &, §o)-
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Remark 4.12. Let @ := 0 € AN. For any (v,2°) € V, x R", s € [1, 00}, we have
Iy (v,@,2°%) = z[v, 2°]. (4.24)
Lemma 4.13. There exists € > 0 independent of N such that for any 7 € Ty, @fiv is C! in

a neighborhood of (4, &, o) and twice Fréchet differentiable at (@, a, o), with first and second
derivatives given by

DO (1, a,50) (v, w, 2°) = Dgi(7, §-) Ty (v, w, 2°)7 (4.25)
for any (v,w, 2°%) € V; x LY(0,T; RN) x R™, and
D*05Y (4, &, 5o) (v,w, 2°)2 = D?gy(r,5.) (D (v,w, 2°),)

AT 2
s (&Dgi(-, 9Ty (v,w,2°)],)

+D9i(T7 :le)l:‘/](](’U,w,ZO)T - qz2 — (426)
ng(a y) |7'
for any (v,w, 2°) € Vo x L?(0,T; RN) x R™,
Proof. Combine [5, Lemma 23] with Remark and Assumption O

The reduced partially relaxed problems The formulation is the same as for problems
, except that (i) we localize the mixed constraints ¢ and the state constraints g on the
domains given by Assumption |5} (ii) we replace the state constraints of order at least 2 around
their touch points with the mappings G)fiv . Without loss of generality we assume that &’ given
by Assumption [f]is smaller than e given by Lemma [£.13} ¢’ is also given by Assumption

Let N € N. Recall that in Section the partially relaxed problem was

6 subject to (3.12)-(3.19). (Pn)

min
(u,0,y,0) EUX AN x Y xR

We consider the following new constraints:

cilt,up,ye) <0 foraa. te A, 1<i<n,, (4.27)
gi(t,y:) <6 fora.a. te A‘;:i 1 << ng, (4.28)
@f:;N(u, a,yo) <0 forallTeT,; 1<i<ng. (4.29)

The reduced partially relazed problem is then
i 6 subject to (3.12)-(3.15), (3.18)-(3.19), (4.27)-([#-29). PE
R0 subject to E12-GT9. G361, (D-ET). (P

As before, we denote by F(P£) the set of feasible relaxed trajectories.

Remark 4.14. 1. We have (@, ,7,0) € F(P{) and, in aneighborhood of (@, &,,0), (u, o, y,0) €

F(PE) iff (u,,y,0) € F(Py). In particular, (u,a,7,0) is a weak minimum for problem
(P& iff it is a weak minimum for problem (Py]).

2. Problem (Pg) is qualified at (u,@,9,0) iff problem (Py)) is qualified at (u,a,7,0) (see
Remark [3.612).
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Optimality conditions Again, problem can be seen as an optimization problem over
(u, a0, 0), via the mapping I' y. We denote its Lagrangian by L%, its set of Lagrange multipliers
at (@, a,go,0) by A(PL), and its set of quasi radial critical directions in L? by C$™(PE), as
defined in Appendix

Remark 4.15. By Lemma [4.13] we can identify A(PE) and A(Py) by identifying the scalar
components of a multiplier associated to the constraints (4.29) and Dirac measures. See also [5]
Lemma 26] or [3, Lemma 3.4].

We have the following second-order necessary conditions:

Lemma 4.16. Let problem be qualified at (i, &,9,0). Then for any (v,w,2°,9) € cl (C’QQR(PJ{?)),
there exists (\,v) € A(PL) such that

DL A (v, w,2%,9)% > 0. (4.30)
Here, cl denotes the L? closure.

Proof. We apply Theorem to (i, @, %o, ), locally optimal solution of by Theorem
and Remark The various mappings have the required regularity by Assumption
and Lemma Robinson’s contraint qualification and the inward condition for the mixed
constraints hold as in the proof of Lemma [3.9] The conclusion follows. O

4.2.2 Proof of the theorem

Let (v,2) € C5 (u,7). By Lemma and since A — Q[A](7, z) is linear continuous, it is enough
to show that for all N, there exists AV € AN (u, ) such that

QN)(w,2) > 0. (4.31)

Let (@,9) := (0,0) € AN x R. The link with the reduced partially relaxed problems is as
follows:

Lemma 4.17. Let (\,7) € A(P). Then X € AN (u,y) and

D2LENA](5,®, Z0,9)% = QN (3, 2). (4.32)

Proof. The first part of the result is known by Lemma [3.10] and Remark [L.15] For the second
part, we write LY using H® and H, as in the expression (3.28) of Ly, and we compute its second
derivative. The result follows by Lemma and Remark [4.12] See also [5, Lemma 26] or [3]
Lemma 3.5]. O

We also need the following density result, that will be proved in Section [4.2.3

Lemma 4.18. The direction (0, @, Zo, ) belongs to cl (C’ZQR(PII\?)), the closure of the set of quasi
radial critical directions in L?.

We can now conclude:

Proof of Theorem We need AV € AN (4, %) such that ([#.31) holds for all N. If problem
is qualified at (@,@,7,0), then we get AN as needed by Lemmas [4.16 4.17| and [4.18] If
problem is not qualified at (@, @, ¥, 0), then we get A such that —\, A € AY (4, ) by Remark
4.142 and Lemma Since A > Q[\|(7, 2) is linear, holds for AN = £). O
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4.2.3 A density result

In this section we prove Lemma Recall that §’ is given by Assumption |5 We define the
strict radial critical cone in L?

(v,2) € Ca(u,y) :

3(5>0 : DCZ(t,ﬂt7gt)(7)t,Zt):0 tEAgZ ].SZS’I’LC

C(u,7) = o (4.33)
IM >0 : [De(t, e, ge)(ve, 2e)| S Mt e Ay, 1<i<n,
Je>0: Dg;(t,g:)z: =0 teAy;, 1<i<n,

Proposition 4.19. The strict radial critical cone C¥(w, %) is a dense subset of the strict critical
cone Cy (@, 7).

Proof. Touch points for g; are included in A ;, € > 0, iff g; is of order 1.
(a) Let W@:2(0,T) := [[2, W%2(0,T). We claim that the subspace

(6,9) € L>(0,T;R™) x W@2(0,T) :
W>0:¢,=0 teAl, 1<i<n (4.34)
>0ty =0 teAi, 1<i<mn,

is a dense subset of
(¢,%) € L*(0,T;R™) x W@:2(0,T) :
Gie =0 teA]; 1<i<n : (4.35)
Yir=0 teA), 1<i<mn,

Indeed, for ¢; € L?(0,T), we consider the sequence

s Jo itte Al
it = . . . (4.36)
’ min{k, |¢”|}W otherwise.

For ¢; € W%2(0,T), we use the fact that there is no isolated point in Ag’i if ¢ > 2, and

approximation results in W%:2(0,T), e.g. [3, Appendix A.3]. Our claim follows.
(b) By Assumption [5| and the open mapping theorem, there exists C' > 0 such that for all

(¢,7h) € L2(0, T;R™) x W(@:2(0,T), there exists (v,z) € Vo x Z5 such that

z=2z[v,20], |vll2+ |20l < C ([|9llz + ¥l (g),2) » (4.37)
DCi(t7ﬁt7gt)(Ut7 Zt) = ¢’i,t te Ai:l 1 S 7 S Ne, (4 38)
Dgi(t,9e)ze = i te A, 1<i<n, :

It follows that the subspace

(v,2) EVa X 29 1 2z = z[v, 0]

36 >0 : Dei(t, ug, 5t ) (ve, 2¢) =0 teAg,i 1<i<n,
3M >0 ¢ |Deilt, @y, Ge) (v, 20)| < M t€ AL, 1<i<n, (4.59)
Je>0 : Dg(t,gr)ze =0 teAy, 1<i<n,
is a dense subset of
(v,2) EVa X 29 1 2 = z[v, 20]
Dei(t, g, ) (v, 20) =0 t€AY, 1<i<n, . (4.40)

Dygi(t,gt)zt =0 teAd, 1<i<n,
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Observe now that C{(u,v) and CF(u,v) are defined by (4.33) and (4.17) respectively as the

same polyhedral cone in the previous two vector spaces. See also Remark 2. Then by [14]
Lemma 1], the conclusion of Proposition follows. O

The definition of the set CET(PE) of quasi radial critical directions in L2 is given in Appendix
Recall that (@,7) := (0,0) € AN x R.

Lemma 4.20. Let (v,2) € C£(u,y). Then (v,@,zy,7) € CQQR(PJ{?).

Proof. The direction (v,®, zo, ¥) is radial [8, Definition 3.52] for the finite dimensional constraints,
which are polyhedral, as well as for the constraints on a. Let § and M > 0 be given by definition
of C£(4,y). Then for any o > 0

0 for a.a. t € AJ

/ 4.41
—5+0oM foraa. teAl;\ A2, (4.41)

Ci(t7atagt) + UDci(taahgt)(Uh Zt) S {

i.e. (v, @, 2,v) is radial for the constraint (4.27). The same argument holds for constraint (4.28)
since there exists §y > 0 such that ¢;(¢,5:) < —dp for all t € AY \ Af ;. Then (v, @, 20,0) is
radial, and a fortiori quasi radial. O

Remark 4.21. To finish this section, let us mention a flaw in the proof of the density result [6]
Lemma 6.4 (ii)]. There is no reason that v™ belongs to L>°, and not only to L?, since (v" —v) is
obtained as a preimage of (w™ —w,w™ —w). The lemma is actually true but its proof requires some
effort, see [3, Lemma 4.5] for the case without mixed constraints. The difficulty is avoided here
because we do not have to show the density of a L> cone, thanks to our abstract second-order
necessary conditions, Theorem that are derived directly in LZ2.

A  Appendix

A.1 Abstract optimization results

In this section, we recall necessary conditions satified by a weak minimum of a general optimal
control problem. These conditions have been used in this paper to prove our necessary conditions
in Pontryagin form, namely Theorems [3.1] and [4.9] via the partial relaxation, i.e. Lemmas [3.9]
and

We actually state and prove first- and second-order necessary conditions for a more abstract
optimization problem. It has to be noted that our second-order conditions, Theorem [A75] are
obtained directly on a large set of directions in L2, thanks to metric regularity result, Lemma
[A77 and a tricky truncation, Lemma [A-8] To our knowledge, this is new.

A.1.1 Setting

Let K be a nonempty closed convex subset of a Banach space X and Ay, ..., Ay be measurable
sets of [0,T]. For s € [1, 0], let

U, == L*(0, T;R™), YV, = WhH(0,T; R"™), (A1)
M M

Xo=Xx[[L° (&), K.o:=Kx][[L (AsR). (A.2)
=1 =1
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We consider

I:lUse xR 5 Voo,  J:Uso xR 5 R, (A.3)
G1L:lUso xR" 5 X, Gh: Use X Voo — LZ(A), (A.4)
the last mappings being defined for i = 1,..., M by
Gy (u,y)s == mi(t, ug, yr) (A.5)
for a.a. t € A;, where m;: [0,7] x R™ x R" — R. Let
G: Uy xR" = Xoo,  G(u,3°) := (G1(u, y°), Ga(u, T'(u, yo)) . (A.6)
The optimization problem we consider is the following;:
min J(u,y?) 5 G(u,3°) € Koo (AP)

(u,y0) EUoe XR™

Remark A.1. Optimal control problems fit into this framework as follows: given a uniformly
quasi-C!' mapping F': R x R™ x R” — R™ and the state equation

9 = F(t,u,y) foraa. te (0,T), (A.7)

we define T'(u,y") as the unique y € Vs such that (A.7) holds and yo = °, for any (u,y°) €
Us x R™; given a cost function J: Voo — R, we define J := J oI'; given state constraints of any
kind (pure, initial-final, ...) G1: Vs — X, with the appropriate space X and convex subset K,

we define G := G oT; finally, we define G5 in order to take into account the mixed control-state
and control constraints. By definition, a weak minimum of such an optimal control problem is a
locally optimal solution of the corresponding optimization problem (AP).

A.1.2 Assumptions
Let (u,3°) be feasible for (AP) and let 5 := I'(,%°). For various Banach spaces Y and mappings
F:Use x R® —» Y, we will require one of the followings:

Property 1. The mapping F is C! in a neighborhood of (@, "), with continuous extensions
DF(u,y°): Uy x R - Y.
Property 2. Property [/ holds, and F is twice Fréchet differentiable at (u,3°), with a continuous

extension D2F (i, 7°): (Us x R")> — Y and the following expansion in Y: for all (v,2°) €
Uso x R,

1
Fla+v,7° + 2°) = Fla,3°) + DF(a,7°) (v, 2°) + 5DQF(a, 7°) (v, 2%)?

+ 0o ([l0ll3 +12°%). (A.8)

Assumption (1 ). The mappings T', J and G satisfy Property (1} and the functions m; are uni-
formly quasi-C.

Assumption (i’). The mappings T', J and G satisfy Property [2| and the functions m; are uni-
formly quasi-C?.

Assumption (ii). Robinson’s constraint qualification holds:

0€inty, {G(a,7°) + DG(a,7°) Ux x R") — Koo } . (A.9)
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Assumption (iii). The inward condition holds for Ga: there exists v > 0 and ¥ € Uy, such that
G3(@,7) + DuGi(a, 7)0 < — (A.10)

on A;,i=1,..., M.

Remark A.2. Let us consider the case of an optimal control problem, with I', J and G defined
as in Remark If F, m; are unlformly quasi-C' and J G, are C', then Assumptlon (i) holds.

If F', m; are uniformly quasi-C? and J G, are C?, then Assumption (i’) holds. See for example
[5 Lemmas 19-20] or [29, Theorems 3.3-3.5].

A.1.3 Necessary conditions

We consider the Lagrangian L[\]: U, x R® — R, defined for A\ € X, by
LN, 5%) = J(,5%) + (X, Gl 1)) (A1)
We define the set of Lagrange multipliers as
A[AP) := {N € X] : A€ Nk, (G(u,3°)), DL[N(w,3°) =0 on Uy x R"}, (A.12)
and the set of quasi radial critical directions in L? as

:

0 A o
COR[AD) = { (v,2°) €Uy x R™ : DJ(u,y (4.13)

)(v,2%) <0 and Vo > 0,
distx, (G(a,7°) + o DG(u,5°) (v, 2 '

v7
)(v,2°), K1) = o(c®)
We denote by cl (CQQR) its closure in Uy x R™.
Remark A.3. If (v,2°) € CSE(AP), then DG(a,7°)(v,2°) € Tk, (G(a,y")). If in addition
A([AP) # 0, then DJ(i,3°)(v, 2°) = 0.

We now state our first- and second-order necessary conditions, in two theorems that will be

proved in the next section.

Theorem A.4. Let (ii,y") be a locally optimal solution of (AP), and let Assumptions (i)-(iii)
hold. Then A(AP) is nonempty, convex, and weakly x compact in X;.

Theorem A.5. Let (u,3°) be a locally optimal solution of (AP), and let Assumptions (i’)-(iii)
hold. Then for any (v,2°) € cl (CQQR), there exists A\ € A(AP)) such that

D?L{\(a,3°) (v, 2°)% > 0. (A.14)

A.1.4 Proofs

Proof of Theorem [A.4] Robinson’s constraint qualification (A.9) and [30, Theorem 4.1] or [}
Theorem 3.9] give the result in X% . We derive it in X} with the inward condition (A.10), see
e.g. [1, Theorem 3.1]. O

Proof of Theorem . (a) Assume first that (v, 2%) € C2QR (AP). We consider the following
conic linear problem, [8] Section 2.5.6]:

min  DJ(@,7°)(w,£%) + D*J(a,5°) (v, 2°)? ;
(w,£9) €Uy xR (Q(v,zo))

DG(1,5°)(w,€") + D*G(u,5°) (v, 2°)* € Tk, (G(u,3°)).
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Robinson’s constraint qualification (A.9) for problem (AP) implies that the constraints of ((Q(,,.0))

are regular in the sense of [8, Theorem 2.187]. Then by the same theorem, there is no duality
gap between (()(,,.0)) and its dual, which is the following optimization problem:

2 - 0 02
e, D LA(@,5”)(v, 2°)". (A.15)

Observe indeed that the Lagrangian of (Q(,,.0)) is
LIN(w, &%) = DL (a,5°)(w, %) + D’ LN (@,5°)(v,2°)%, A € X7. (A.16)

The conclusion of the theorem follows when (v,2%) € CQQR by the following key lemma,
that will be proved below.

Lemma A.6. The value of (Q(, .0)) is nonnegative.

(b) Assume now that (v,2°%) € cl (CSE[AP)). Let (v*,20%) € CLR([AP) converge to (v, 2°)
in Uy x R™. By step (b), there exists A\¥ € A be such that

D2J(w, 7°) (0%, 20%)2 + (\F, D2G(a, 1°) (vF, 2°%)2)
= DQL[)\’C]({L’ gO)(,Uk, ZO,k)Q >0. (A]_7)

By Theorem there exists A € A such that, up to a subsequence, A\* — X for the weak *
topology in X;. By Assumption (i’), D2J(u,3°): Us x R® — R and D2G(u,3°): Us x R® — X
are continuous. The conclusion follows. [J

Proof of Lemma[A.6 First we prove a metric regularity result, which relies on Assumption
(iii). For any (u,y) € Uso X Voo, we define G5 (u,y) € L>=(0,T) by

G5 (wy)e = max (Gylu)), (A.18)
for a.a. t € (0,T), where
; max{0, G4 (u,y);} ifte A,
Gs = A9
( Q(U,y)t)+ {0 iftd A, ( )

Lemma A.7. There exists ¢ > 0 such that, for any (u,y) € Uso X Voo with y = T'(u,3°) in a
neighborhood of (u,y), there exists (4, 9) € Uno X Voo with § = T'(1,y°) such that

i — ulloo < €l G (u,y)lloo, (A.20)
la —ully < el GF (u, )1, (A.21)
1G5 (@, 9) | < €| G5 (u, y)]1- (A.22)

Proof. Let B € (0,1) to be fixed later. Since (u,3°) is feasible, G5 (%,7) = 0, and there exists
a € (0, 3) such that

e —lloe + lly = Fllc <@ = G5 (u,y)llo < B- (A.23)

Let (u,y) be such that ||u — @l|ec + ||y — §lloc < . We define € € L>°(0,T) by

gt 1= %G;(u, Yt (A.24)
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so that &; € [0,1] for a.a. t € (0,T), and
U:=u+ed (A.25)

where ¢ is given by the inward condition (A.10). Once 3 is fixed, it is clear that (A.20) and
(A.21) hold. Let § = I'(a,y).

1
+ / (DG (u+0(6—u),y+0(§ —y)) — DG5(4, 7)) (& —u,§—y)dd (A.26)
0
a.e. on A;. Since I' satisfies Property 1, ||§ — ¥|lcc = O (|| — u|1), and then

|4y — ut| = Ofer), lur — | = O(a) = O(B), (A.27)
19¢ —yel = O(llellr),  |ye — 7¢| = O(a) = O(B). (A.28)

Since m; is uniformly quasi-C?, G% and DGY% are Lipschitz in a neighborhood of (u,%). Then

Gy(a, §) = Gy(u, y) + Dy Gy (1, )0 + O(|lelly + (e + [lellr + B)) (A.29)
= (1 —)G5(u,y) +&(Gh(u,y) — G5(a, 7)) (A.30)
+e(G5(u, §) + DuGh(w, 9)9) + O([[e]l1 + (e + [|e]l1 + B))-

Observe now that

(1= e)Gs(u,y) < G3 (u,y°) = &b, (A.31)
e(G3(u,y) — Gy(u,9)) = O(ae) = O(eh), (A.32)
e(Gh(u,y) + Dy Gy (1, §)0) < —en. (A.33)
Then there exists C > 0, independent of u and «/, such that
Gy (a,9) < Cllelh +¢[Cle + [lelh + B) =] (A.34)

onA;,i=1,...,M. Wefix g € (0,1) such that C5 < /2 and « € (0, 3) such that C'(e+||e|1) <
~/2. The result follows. O
To prove Lemma [A76] we also need the following:

k

Lemma A.8. Let v € Us and w € Uy. Let v := 1y, |<pyv, w* := 1{jy<pyw, and oy, == lv”—vll2
Then vk, w* € Uy, o1 — 0, and
lowv* oo = 0(1),  [lojw* (|l = o(1), (A.35)
[o% vl = 0(1), [ — w1 = o(1), (A.36)
v = vl = o(ow). (A.37)

Proof. We first get (A.36) by Lebesgue’s dominated convergence theorem. Then oy, = o(%), and
.35) follows. Observe that |v* — v|? > k|v* — v|, which implies [[v* — v[j; = O(£[[v* — v|3).
A.37) follows by definition of o} and by (A.36). O
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Let us now go back to the proof of Lemma [A.§ - let (w,&") be feasible for problem (Q(,_.0)).
We apply Lemma [A-8|to v € Us, w € Uy, and we consider

uf =+ opo® + 50,311}’“ € Uso,s (A.38)
1 _
yOF =70 + 020 + 50250 e R", (A.39)
=Tk %) € Voo (A.40)
We have in particular

[u* = allos = 0(1), |lu* —all2 = O(ay). (A.41)

By analogy with linearized trajectories, we denote
216, 2% == DI(@, 5°)(5,2°),  22[6, %] := D2T(, 5°)(5, 2°)? (A42)

for any (,2°) € Uy, x R™. Since T satisfies Property 2, we have in V.,
y* =7+ opz[o”, 20 + %O‘z (z[wk,fo] + 22[v*, ZOD +o(o}), (A.43)
and in particular, ||y* — ||cc = O(o%). Then (u*,y*) — (@, 7) in Uso X Voo and
I1G3 (", 4*) e = o(1). (A.44)
More precisely, since m; is uniformly quasi-C2, we have
Gy(u*,y*) = G5, §) + DGy (1, §)(u* — 7, y* — )
+%D%%WEXu—wu/—y)+owﬁ—ﬂﬁ+wk—m% (A.45)

a.e. on A;, where o(-) is uniform w.r.t. t. We write

Gh(uF,y*), = %Tf’k + %ink + Ry (A.46)
where, omitting the time argument ¢,
T = Gi(u,y) + 20, DGh(u, §) (v, z[v*, 2°]), (A.47)
Q™ @ww+%w@@mwk[,ﬂ>
+ DG (a,g) (¥, 2[v*, 2°))? + D, Gi(a, §)22[v*, 2°)), (A.48)

RW* = %akDZGZ( 7) [(Uk, 2[v*, 2%), (wk, z[w®, €0 + 22[v*, 20 + o(1))]

+ iokDZG’ (u,7) (w , z[w ’“,g“] + ZQ[Uk, 2% + 0(1))2

+o(ju* —al’ + |v* — ) (A.49)

We claim that ||R"*||; = o(0?). Indeed, z[vF, 2%], z[w*, £°] and 22[v*, 29] are bounded in V;
the crucial terms are then the following:

lo? D3, G5 (@, 5) (0", wh) [y = O (|owv® |l - logw"[l1) = o(o}) (A-50)
lok D7, G5 (@, ) (w*, w*) [+ = O (llofw*|loe - lofw® 1) = o(0}) (A.51)
llo(ju® —al* + |y* — g1*) 1 = o (Iu* — all3 + lly* - gl3) = o(o7) (A.52)
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by (A.35),(A36) and (A.41),(A.43). Recall that (v,2°) € CS¥(AP). Then by (A.37) and
Property 1, satisfied by I', we have

distz: (7%, L' (A;;R2)) = o(a7). (A.53)
Similarly, since (w, &%) is feasible for (Qv,-0)) and I' satisfies Property 2,
distz: (Q“F, L' (A RL)) = o(o}). (A.54)

Then, in addition to (A.44)), we have proved that
IG3 (u*, y*)|l1 = o(a7). (A.55)

We apply now Lemma to the sequence (u®,y*); we get a sequence (0%, 9%) € Uso X Voo
with g% = I'(@*, y**) and such that

[a* — ¥l = o(1) (A.56)
13" = u*|ly = o(a73), (A.57)
IG5 (@*,5")lloo = o(07)- (A.58)
Since G satisfies Property 2, (v, 2°) € C’QQR and (w, £°) is feasible for , we get
distyx (G1(a%,y""), K) = o(07), (A.59)

and then, together with (A.58]),
distx (G(@",y"%), Ks) = o(a}). (A.60)

By Robinson’s constraint qualification (A.9), G is metric regular at (4, 7°) wrt. K, [8,
Theorem 2.87]. Then there exists (", §%*) € U, x R™ such that

{ 17" —a"|oe + 157 — y**[ = o(a}),

A.61
G(a*,5°%) € Ko. (4.61)

Since (1,7°) is a locally optimal solution, J(@*, 7%%) > J(u, ") for k big enough. By Property
2, satisfied by J, we have

1
orDJ(a,5°) (v, 2°) + 50,3 (DJ(a,7°)(w, &%) + D*J(u,5°) (v, 2°)?) + o(o}) > 0. (A.62)
The conclusion of Lemma follows by Theorem [A-4 and Remark O

A.2 Proof of Proposition

The proof of Proposition [3.8|relies on the following two lemmas, proved at the end of the section.
The first one is a consequence of Lyapunov theorem [22] and links relaxed dynamics to classical
dynamics.

Lemma A.9. Let F: [0,T] x R™ x R® — R" and G: [0,T] x R™ — R" be uniformly quasi-C".
Let (0, 6,9) €U x AN x Y such that, for a.a. t, 0 < &' < 1/N and

N N
= (1 -3 cvt) F(t, i, 0) + Y &4F (8, uj, §0) + G(t, G0). (A.63)
1=1

i=1
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Then, for any € > 0, there exists (u,y) € U x Y such that

yt = F(t7 Ut yt) + G(t? yt) fOT a.a. t7 Yo = QOa (A64)

up € {Ag,up,. .., ul}  for a.a. t, (A.65)
N .

lu —afls < Y Na )l = alo, (A.66)

[y — 9l <& (A.67)

The second one is a metric regularity result, consequence of the qualification of problem (Py)
at (@, a,7,0).
Lemma A.10. There exists ¢ > 0 such that for any relazed trajectory (u,c,y,0) with v in a

L' neighborhood of i and (a,y) in a L™ neighborhood of (&, 4), there exists a relazed trajectory
(v, o’ y',0) such that

[ = ullos + [l& = allos + [y = ylloc < cl@F (g0, yr)I,
(DE(yé)v y&“) =0.
We can now prove the proposition. The idea is to use alternatively Lemma [A79] to diminish
progressively &, and Lemmato restore the equality constraints at each step.

Proof of Proposition Let (4,3,4,0) € F(Py), close to (u,7,a,0) and with § < 0.
Without loss of generahty, we assume that & # 0 and, see Lemma [3.4] that

(A.68)

c(t,ul, §,) <0 foraa.t, 1<i<N. (A.69)
Let R := diamp~ {ﬁ,ul,...,uN} and let ¢ > 0. We claim that there exists a sequence
(@, 9%, &%, 0%) € F(Py) such that (a°,3°,4°,0°) = (4,7, &, 6), and for all k,
diampe {@",u',... ,uN} < 2R, (A.70)
c(t,ul, gF) < 6% foraa. t, 1<i<N, (A.71)
3\ b1
@, < (4) SRNTI|G] o, (A.72)
k+1
3 €
k1l _ okl < (2 €
] 7. < <4> T (A.73)
3\ b1
< (3) lal. (A7
. 1.
gr+t = 10’“. (A.75)
Suppose for a while that we have such a sequence By (A.72)-(A.74), there exist € L'(0,T; R™)

and § € C([0,T];R"), and @* — @ in L, §* — g in C, and &* — 0 in L>. By (A.70), @ € U,
and since (4", 7%, 4% 6%) € F(Py) and 9’“ < 0 for all k, we get that (4,y) € F(P) by doing
k — oo in the relaxed dynamics and in the constraints. Finally,
lii—all, <SRNT|a-al,, and |73l <e. (A.76)
It remains to prove the existence the sequence. Suppose we have it up to index k and let us
get the next term. Let F* and G* be defined by

N ik N

FR(t u,y) = (1 — Za;> f(t,uy), G*(t,y) Z & ft,ul,y (A.T7)

i=1
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Since (4F, §%, &%, 0F) is a relaxed trajectory, we can write

N OAli,k/Q
ok t kip ok ok
Ye = IZM>F(tvut7yt)
( parill S AN
al R |
+ ko PRl 0f) + G (6 9F). (AT8)
o l-> a2

Let ¢’ > 0. We apply Lemmaand we get, (u,y) € U x Y such that (u,y, &% /2, 6%) is a relaxed
trajectory, and

wg € {aF,ul,. .. ,ulN} for a.a. t, (A.79)
| — @ <i _ e [|u’ — a*|| (A.80)
1_i:1 1_207?’]/2 1 >
|y — %], <€ (A.81)
By (A.79), we have
diam {u,ul, . ,uN} < diam {ﬁk,ul, - ,uN} < 2R, (A.82)
c(t,ug, 9F) < 6% for a.a. t. (A.83)

By (A81)), and since 6% < 0, we have for ¢/ small enough,

c(t,ug, yr) < %ék for a.a. t, (A.84)
g(t,y) < %ék for a.a. t, (A.85)
&' (yo, yr) < %ék7 (A.86)
o(yo, yr) — &0, yr) < %9’“, (A.87)
 (yo, yr) = O(&"). (A.88)
Observe that
1= ko] > 1 - Nlaloo > 2 (4.89)

for ||é||s small enough. Then by (A-74)),(A-80) and (A-82),

||ufﬁk

|, < 8(3) 2RNT &l cc- (A4.90)
L—=81\4

We now apply Lemmal(A.10[to (u,y, @*/2) and we get (a1, gF+1 aF+1) such that ®F (g5, ghtt) =
0 and, by (A.88).

k

k1 &

& _2
2

N = 0, (aon)

‘ o0
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Then for %! := 0% /4 and &’ small enough, (aF*1, *+1 aF+1 g++1) ¢ F(Py). Moreover,

diamp e {u’”‘l ut,. N} < 2R+ ||ukJrl uHOO, (A.92)
T} Z( > 2RNT||6loc + T ||0*T — | _, (A.93)
gt — g H <&+ g -yl (A.94)
i< 3 (3) ot o - % i (195

By (A.91), and since ||&|| # 0, we get the sequence up to index k + 1 for €’ small enough. [J
Proof of Lemma[A-9 We need the following consequence of Gronwall’s lemma:

Lemma A.11. Let B: [0,T] x R® — R"™ be uniformly quasi-C'. Then there exists C > 0 such
that, for any b € L>=(0,T;R") and e',e? € Y such that

é7 —éf = B(t,el) — B(t,ef) + by for a.a. t,
L (A.96)
60 - 60 == 0,
we have
le* = el < CIblI1, (A.97)
where b is defined by by = f; beds.
Proof. Let w:= e — e' —b. Then w, = B(t,e?) — B(t,e}), and
| < C'lef = ef] < C'(Jwi| + |bs)) (A.98)
The result follows by Gronwall’s lemma. O

Let ¢ > 0, M € N*, and t; := jT/M for 0 < j < M. Let us denote by (e;);, 1 <i < N the
canonical basis of R, and let us define F?: [0,7] — R" x RY by

E2 = (F(t,0,7:),0), Fi:= (F(t,ul,:),e;)) 1<i<N. (A.99)

For 0 < j < M, we apply Lyapunov theorem [22] to the family (F"); with coefficients (&); on
[ti,ti+1]. We get the existence of o € AV, with values in {0, 1}V, and such that for 0 < j < M,

J+1 N tjt1 N .
/ [( Z )FO + ZatF’}dt / [(1 - Zag)Ft‘) +3 & ;}dt. (A.100)
i=1 2 i=1 i=1
Projecting (A.100) on the first n coordinates, we get that
tit1 N N . i
/ [( Za) tﬂt,g)t)—i-ZaiF(t,u;,g)t)}dt

t i=1 i=1

ti+1 N N . .
/ [( -Ya ) (t, 2, §0) + > @F(t,ul, §o)|dt. (A.101)

tj =1 1=1
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Let u; := iy + Y., o (ul —@;). Note that for a.a. t, u; € {ii,...,ul}. We get by (A.101) that

(7 tj+1 N ) N . .
/ F(t,ug, §)dt = / [(1 -3 a;)F(t, g + Y GLF(t, u, yt)] dt. (A.102)
tj t; - i=1

=1
Projecting ((A.100) on the last N coordinates, we get that for 1 <7 < N,
tj+1 tiv1
/ apdt :/ G dt. (A.103)
t t;
Summing (A.103)) for 0 < j < M, we get that |o’|; = ||&*|; for 1 <i < N. Since
N
lu = s <> llefhlu’ = dlloo, (A.104)
i=1

we get (A.66). Let y be the unique solution of (A.64); we estimate ||y — §||oc With Lemma
Let b be defined by

N

by := F(t,us, Gt) — (1 - Zdi)F(tvﬁtvgt) -

i=1 i

-

Il
-

and let b be defined by by = fot bsds. By (A.102)), l;tj =0 for 0 < 5 < M. Therefore, ||ZA)HOO =
O(1/M). Observe now that for a.a. ¢,

U — Ur = F(t,ue, ye) + Gt ye) — F(t,us, §c) — G(t,9¢) + be. (A.106)

By Lemma ly = 9lloc = O(1/M). For M large enough, we get (A.67), and the proof is
completed. [J

Proof of Lemma . Note that the L'-distance is involved for the control. The lemma
is obtained with an extension of the nonlinear open mapping theorem [I, Theorem 5]. This
result can be applied since the derivative of the mapping defined in can be described
explicitely with a linearized state equation and therefore, by Gronwall’s lemma, is continuous for
the L!-distance on the control u. [J

A.3 A qualification condition
A.3.1 Statement

We give here a qualification condition equivalent to the non singularity of generalized Pontrya-
gin multipliers. This qualification condition is expressed with the Pontryagin linearization [24]
Proposition 8.1]. In this section, (@, y) € F(P) is given. We will always assume that Assumption
2 holds.

Definition A.12. We say that A = (8,9, v,u) € AL(@,y) is singular iff 5 = 0 and that \ is
normal iff g =1.

Given u € U, we define the Pontryagin linearization £[u] € J as the unique solution of

gt[u} = Dyf(taﬂhgt)ft[u] +f(t7ut7gt) _f(taahgt)u (A107)
fo [u] = 0.
Note that £[a] = 0. Recall that U is the set-valued mapping defined by (2.22). We define
U :={uel : u €U(t) for a.a. t}. (A.108)
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Definition A.13. We say that the problem is qualified in the Pontryagin sense (in short P-
qualified) at (u,y) iff

(i) the following surjectivity condition holds:
0 € int {D®” (go,yr) (20, ér[u] + 27[v, 20]) * u € Upv €U, 29 € R}, (A.109)
(ii) there exist € > 0, 4 € U,, o € U, and 2y, € R™ such that
DO (o, 5r) (20, Er[0] + 27[0, 20]) = 0, (A.110)
and for a.a. t,
! (5o, yr) + D! (Jo, yr) (20, Erlt] + 2r[0, 20]) < —¢,
g(t, g) + Dg(t, 9e) (&[] + 2:[0, Z0]) < —¢, (A.111)
C(ta ﬂ/tv gt) + Dyc(t7 ’at7 th)ft[a} + DC(t, ’a’t7 gt)(r[}ta Zt[’[}tv 20]) S —€.
Note that if we impose © = @ in the definition of the P-qualification, we obtain the usual
qualification conditions, which are equivalent to the normality of Lagrange multipliers. The P-

qualification is then weaker, and as proved in the next theorem, it is necessary and sufficient to
ensure the non singularity of Pontryagin multipliers.

Theorem A.14. Let Assumption [4 hold. Then, the set of singular Pontryagin multipliers is
empty if and only if the problem is P-qualified.
We prove this result in the following two paragraphs.

Proposition A.15. Let Assumption [4 hold. If the set of singular Pontryagin multipliers is
empty, then the set of normal Pontryagin multipliers is bounded in E.

Proof. Remember that the norm of E is defined by (2.11]). We prove the result by contraposition
and consider a sequence (A¥); of normal Pontryagin multipliers which is such that || \*||g — +oo.
Then, by Lemma the sequence \*/||A\¥||p possesses a weak limit point in Ap(u,7), say
A= (6,%,v,u), which is such that

1 p—
[RSlF>

Therefore, A is singular. The proposition is proved. O

B =lim (A.112)

A.3.2 Sufficiency of the qualification condition

In this paragraph, we prove by contradiction that the P-qualification implies the non singularity
of Pontryagin multipliers. Let us assume that the problem is P-qualified and that there exists A =

(B, W, v, 1) € Ap(,y) with 8 =0 and ¥ = (VF U!). Let 4, W, 2y be such that (A110)-(A.111)
hold. With an integration by parts and using the stationarity of the augmented Hamiltonian,
we get that for all u € U, v € U, and 2y € R",

/0 Vg (DC(t, ﬂt, yt)(vh 2t [’U, ZO]) + DyC(t, ﬂt, yt)gt ['U,]) de¢

T
+ / Do(t, 7)€l + 2o, z0])dpe
+ D(I)[Ov (\IjEv \IJI)](:’;(M gT)(Z()v gT[u] + ZT[Uv ZOD

= /TH[pN(tut,yt) — H[p](t, @, 5¢) dt > 0. (A.113)
0
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By (A.110)-(A.111) and the nonnegativity of W/, v, and u, we obtain that for u = 4, v = 0,
29 = %o, the r.h.s. of (A.113) is nonpositive and thus equal to 0. Therefore, ¥, v, and u are
null and for all w € U, v € U, and 2z, € R™,

UEDOE (g9, 1) (20, 1 [u] + 2r[v, 20]) > 0. (A.114)
By (A.109), we can choose u, v, and zg so that for 5 > 0 sufficiently small,
D" (5o, 5r) (20, érlu] + 2r[v, 20]) = —H(¥F)T. (A.115)

Combined with (A.114), we obtain that —B|¥¥|> > 0. Then, ¥¥ = 0 and finally A\ = 0, in
contradiction with A\ € Ap(@, 7).

A.3.3 Necessity of the qualification condition

We now prove that the P-qualification is necessary to ensure the non singularity of Pontryagin

multipliers. In some sense, the approach consists in describing this qualification condition as the

limit of the qualification conditions associated with a sequence of partially relaxed problems.
Let us fix a Castaing representation (uF);, of U. For all N € N, we consider a partially relaxed

problem (Py)) defined by

min ¢(y0a yT) s.t. constraints "" Y= y[uv Q, yOL and o > Oa (PN)
ueU, a€ AN, yey

where y[u, o, y°] is the solution to the partially relaxed state equation (3.12). This problem is
the same as problem (Py]), except that there is no variable 6.

For given v € U, zp € R" and a € AN, we denote by z[v, zo] the linearized state variable
in the direction (v, zg), which is the solution to and we denote by &[] the linearized state
variable in the direction «, which is the solution to

{ ét[o‘] = Dyf(tﬂhgt)ft[a} + Zzl\il 0‘% (f(t’uivgt) - f(taatvgt))7 (A.116)

ola] = 0.

The distinction between the Pontryagin linearization £[u] and £[«] will be clear in the sequel,
and we will motivate this choice of notations in Lemma [A.T8]
Problem (Py]) is qualified (in the usual sense) iff

(i) the following surjectivity condition holds:

0e int{D‘bE(go,gT)(Zo,fT[Oé] + ZT[U,ZQ]) RS .AN, veEU, zy € Rn} (A117)

(ii) there exist € >0, & € AN, o € U, 2y € R™ such that
D" (5o, gr) (20, é7[] + 2r[0, 20]) = 0 (A.118)
and

(90, y7) + DO (go, §r) (20, Er[A] + 27[0, 20]) < —e,

g(t, ge) + Dg(t, §e) (&[G + 2¢[0, 20]) < —e, for all ¢,
c(t, e, Gt) + De(t, ag, Gt ) (01, E[&] + 2:]0, 20)) < —e,  for a.a. t,
a; > ¢, for a.a. t.

(A.119)

Inria



Second-order necessary conditions in Pontryagin form for optimal control problems 33

We denote now by A(Py) the set of generalized Lagrange multipliers of problem (Py) at
(2, = 0,7). Following the proof of Lemma [3.10, we easily obtain that
A(Py) = {(A\7) € AN(a,5) x L=([0, T];RY)
= H[pM(t,ut,5;) — H[p}](t, @, 7:), for i =1,..., N, for a.a. t}, (A.120)
where AN (@, y) is defined by (3.5) and ~ is associated with the constraint o > 0.
Lemma A.16. Let N € N; all multipliers of A™ (4, y) are non singular if and only if problem

(Pn)) is qualified.

Proof. Tt is known that all multipliers of A(Py) are non singular if and only if problem (Py] is
qualified, see e.g. [8, Proposition 3.16]. It follows from (A.120) that all multipliers of AN (u,y) are
non singular if and only if the multipliers of A(Py) are non singular. This proves the lemma. [

As a corollary, we obtain that if problem |i is qualified at stage N, it is also qualified at
stage N + 1. Indeed, if none of the multipliers in AY (@, %) is singular, a fortiori, none of the
multipliers in AN+ (@, 7) is singular, since AN (4, ) € AN (4, 7).

Proposition A.17. The set of singular Pontryagin multipliers is empty if and only if there
ezxists N € N such that problem 1} is qualified.

Proof. Let N € N be such that problem is qualified. Then, all multipliers of A™ (i, 7) are
non singular, by Lemma Since Ap(u,y) C AN (4,7y), the Pontryagin multipliers are non
singular.

Conversely, assume that for all N € N, problem is not qualified. By Lemma we
obtain a sequence of singular multipliers (A)y which is such that for all N, AN € AN (u, 7).
Normalizing this sequence, we obtain with Lemma [3.5] the existence of a weak limit point in
Ap(u,y), which is necessarily singular. O

To conclude the proof, we still need a relaxation result, which makes a link between the
Pontryagin linearization £[u] and the linearization £[q].

Lemma A.18. Let N € N; assume that problem li is qualified. Then, there exists A > 0
such that for all (o, v, z9) € AN x U, R™ with ||a]|c < A, |v]|ee < A, |20] < A, for all e > 0, if
« is uniformly positive, then there exists (u,v’, z{)) € U. x U x R™ such that
D" (o, gr) (20, érlu] + 21[v, 20]) = DO (o, §r) (20, Exl] + 2r(v, 20)), (A.121)
1€[u] — €la] + 2[v" — v, 20 — 2)]]|0 < €. (A.122)
Proof. We only give some elements of proof. Note that this result is a variant of Proposition
and can be obtained with Dmitruk’s result [I3, Theorem 3]. Let us define

g(tv U, y) = Dyf(t7 U, gt)y + f(tv U, yt) - f(tv U, yt) (A]‘23)
Then, for all v € U,, &[u] is the solution to
{t[u] = g(t, &u],ue), Eolu] =0. (A.124)

and ¢[a], where o € AY and o > 0 is the solution to the relaxed system associated with the
dynamics ¢ and the Castaing representation. Indeed,

&ila] = Dy f(t, s, 5[ +Zat ftug, ge) = (8@, 3r))
N

N
= (1= )t 5) + D ai (gt ui. 7) — 9(t, 7, 70))- (A.125)

i=1
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Finally, we prove the result by building a sequence (u*,a*, v*, &) which is such that

(UO,QO,UO,ZS) = (ﬂ7@7U7ZO)a (A-126)
DO (g, 1) (20, 7] + 27[v, 20))
= DOF (g0, yr) (2F, ér[a¥] + & [uF] + 27[v, 20)), (A.127)

such that o is uniformly positive and finally which is such that (u*); converges to some u € U,
in L' norm, (a*);, converges to 0 in L™ norm, and (v*, 2§); equally converges to some (v/, 2))
in L* norm. This sequence is built by using Lemma and by using the surjectivity condition

(A118). Note that Lemma[A 9 enables to ensure (A.122). O

Let us conclude the proof of Theorem [A.T4] Let us assume that the set of singular Pon-
tryagin multipliers is empty; we already know by Proposition [A.I7] that there exists N € N
such that the MFy conditions hold. It remains to prove that the problem is P-qualified. Let

(a*, 0%, 2§ )k=1,... .,z +1 be such that

0e int{conv [D@E(QO,QT)(Z{)“, 2p[v" 2]+ &rlah)), k=1, .. nge + 1] } (A.128)

Let (&,, 20) be such that (A-119) holds. By (A.118), if we replace (a*,v*, 2¥) by (o + da, v* +
80, 28 + 020), for any & > 0, then (A.128) still holds. Moreover, remains true if we
multiply this family by a given positive constant. Therefore, since & is uniformly positive,
we may assume that the family (a®, v, zg)kzl,___7n¢E+1 is bounded by A and such that for all

k=1,..nee + 1, a" is uniformly positive. Finally, we can apply Lemma to any convex
combination of elements of the family. This proves the part of the P-qualification associated
with equality constraints. Multiplying (&, 0, 29) by a positive constant, we can assume that it
is bounded by A and we can equally approximate it so that holds and so that
holds (if the variable ¢ of Lemma is chosen sufficiently small). We have proved that the
problem was P-qualified.

A.4 An example about Pontryagin’s principle

We give here an example where there exists a multiplier such that the Hamiltonian inequality
(2.26)) holds for all u € U(t), but not for all u in

U(t) == {ueR™ : c(t,u,7;) <0}. (A.129)

Indeed, U(t) C U(t) but it may happen that U(t) # U(t).
Consider the optimal control problem

min yr (A.130)
subject to the following state equation with fixed initial state, in R:
g =, yo =1y’ (A.131)

and to the following mixed constraint:

ug > —yy, for a.a. t. (A.132)

The optimal control (u, ) is such that @; = —%; and given an initial state y°, the optimal solution
is given by:

;= -yt gy =yl (A.133)
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The problem being qualified, there exists a normal Lagrange multiplier which is determined by v.
Since the augmented Hamiltonian is stationary, we obtain that for a.a. t, p{ = 14, and therefore
the costate equation writes

_pyt =-p/, pr=1, (A.134)

ie. pr =1, =e T > 0. Let us fix y° = 0, the optimal solution is (0,0) and U(t) = U(t) = R.
The Hamiltonian pu is minimized for a.a. ¢t by 4; = 0 since p; > 0.

Now let us consider a variant of this problem. We replace the previous mixed constraint by
the following one:

Y(ue) > —yt, (A.135)

where 9 is a smooth function such that:

Vu <0, (u) <0 and 1h(u) =0 < u = —1. (A.136)

{ Yu >0, ¥(u) = u,
For 4° = 0, (0, 0) remains a feasible trajectory, since U(t) = R, U{—1}. In this case, U(t) = R.
Let us check that (0,0) is still an optimal solution. Let us suppose that there exist a feasible
trajectory (u,y) which is such that yr < 0. Then, let ¢ € (0,T) be such that

yt € (yr,0) and Vse€[t,T], ys <y (A.137)

It follows that for a.a. s € (¢,T),
blus) > —ye > 0. (A.138)

Therefore, us; > 0 and y is nondecreasing on [¢,T], in contradiction with y; > yr. We have proved
that (0,0) is an optimal solution, and the multiplier and costate remain unchanged. However,
the minimum of the Hamiltonian over U () is reached for
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