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SECOND ORDER PDES WITH DIRICHLET WHITE NOISE
BOUNDARY CONDITIONS

ZDZISLAW BRZEZNIAK, BEN GOLDYS, SZYMON PESZAT, AND FRANCESCO RUSSO

ABSTRACT. In this paper we study the Poisson and heat equations on bounded and
unbounded domains with smooth boundary with random Dirichlet boundary conditions.
The main novelty of this work is a convenient framework for the analysis of such equations
excited by the white in time and/or space noise on the boundary. Our approach allows
us to show the existence and uniqueness of weak solutions in the space of distributions.
Then we prove that the solutions can be identified as smooth functions inside the domain,
and finally the rate of their blow up at the boundary is estimated. A large class of noises
including Wiener and fractional Wiener space time white noise, homogeneous noise and
Lévy noise is considered.

Key words and phrases. Partial differential equations, white noise, boundary condi-
tions, fractional Brownian Motion.

MSC Classification 2010: 60H15; 35J25; 35K10; 35K51; 60G20.

1. INTRODUCTION

The aim of this work is to develop a framework for systematic analysis of elliptic and
parabolic boundary value problems with random boundary conditions including space-time
white noise.

We focus in this paper on the Dirichlet problem only because the Dirichlet boundary
conditions pose the greatest challenge. However, let us emphasise that our approach can
be used to study both the elliptic and the parabolic equations with various boundary
conditions in any dimension.

Let O be a (possibly unbounded) domain in RY. If d > 1 then we will assume that
the boundary 0O is of class C'°. In this paper we are concerned with the existence and
regularity of solutions to the following Poisson and heat equations

(1.1)

Au = Mu on O,
u = v on 00,
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% = Au  on (0,400) x O,
(1.2) u = % on (0,4+00) x 00,

U‘<O7> = Uo, on 07

where in (1.1), A > 0, if the domain is unbounded and A > 0 in the case of a bounded O.
We note that in the parabolic case the boundary condition takes non-standard form % in
order to conform to notation used in the Ito calculus.

If v and £ are deterministic and ¢ is time-differentiable then elliptic and parabolic prob-
lems (1.1) and (1.2) are special cases of the general theory of boundary value problems
that have been thoroughly studied, see for example a basic monograph by Lions and Ma-
genes [21], where the theory of weak solutions is developed. A semigroup approach to
the inhomogeneous boundary value problems was initiated by Balakrishnan [3], for further
developments see e.g [7, 19)].

Extension of the deterministic theory to the case of random boundary conditions is a
natural next step motivated by various problems of mathematical physics, see for example
[4]. It turns out that, except certain degenerate problems, a solution to equation (1.2)
cannot have Markov property if the noise ¢ is regular in time. Therefore there is a demand
for the theory of equations with boundary data that are distributions in time. In fact, we
will demonstrate in Section 4 that if ¢ is a Wiener or, more generally, a Lévy process, then
the solution has the Markov property in an appropriate state space. Another generalisation
of the classical boundary conditions leads to the space-time white noise on the boundary.
A typical example of such a situation arises, when O = (0, +o00) x R C R? and formally

E(tx) =) Wilter(z) z€00=R,

where {ej: k > 1} is an orthonormal basis in L?(R, B(R),dz) and {W: k > 1} is a collec-
tion of independent, one-dimensional Brownian Motions. Let us recall that such a process
&, known as a cylindrical or white in space Wiener process, is in fact a generalised random
process; that is a distribution-valued process. It will be shown in Section 6 that equation
(1.2) with such a noise still has a function-valued solution in O. Other classes of generalised
noises will be studied as well, see Section 2.

The existence of Markovian solutions to equation (1.2) with either Dirichlet or Neumann
boundary conditions has been studied in few papers only. It was proved in [12, 13, 17, 23,
32] that under some assumptions equation (1.2) with the Neumann boundary conditions
has an L?(O)-valued solutions. For the wave equations with noise entering through the
Neumann boundary condition see e.g. [10, 20].

It turns out that the Dirichlet problem is more difficult. In fact, Da Prato and Zabczyk
demonstrated in [12], see also [13, 29], that even in dimension one the solution to (1.2),
with £ being a Wiener process, takes values in the Sobolev space H™® only if a > %, hence
is not function-valued. For this reason equation (1.2) was usually studied with more regular
boundary noise see [8, 9, 14]. However, Alos and Bonaccorsi observed in [1, 2] that solution
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to (1.2) considered on O = (0, +00) can be well defined in the space L?(0,+o0; p(z)dx)
with p(z) = min (1, z'7%) e™® and 6 > 0. This idea was further developed in [16], where it
was shown that for § € (0, 1) the solution defined in [1] can be identified as a mild solution
in the spirit of [11].

Finally, it is shown in [29] that if

0w = [ [ [ w2y

where ¢: [0, +00) X 9O x S — R is sufficiently regular function and 7 is a Poisson random
measure, then (1.2) defines Markov family on LP(QO) for some p € [1,2).

Another class of problems, the so-called random dynamic boundary value problems was
studied in [8]. We note that in this case, the boundary condition is regular in time and
therefore is not related to the main difficulty we deal with in this work. In this paper
we are concerned with elliptic or parabolic problems. For hyperbolic problems with noise
driven from the boundary see e.g. [6, 20].

We will describe now in more detail the content of the paper. In section 2 we present
some preliminary definitions and results needed in the following sections. The concepts of
weak solutions to equations (1.1) and (1.2) are introduced in Section 3 . Then in Section
4 we show that solution u to problem (1.2) is given by

(1.3) u(t) = S(t)uo + /Ot St —r)(N—A;)DdE(r),

where S is the semigroup generated in H* (see Section 4 for definition) by the Laplace
operator A, with homogeneous boundary conditions, and D is the Dirichlet map which
is defined as a weak solution to (1.1). Therefore, u is the mild solution to the evolution
equation

(1.4) du = Audt + (A — A,)DdE.

Then we will show (see Theorems 2 and 3), that for any S'(00)-valued random variable
and any S’'(00)-valued stochastic process £, there exist unique weak solutions to equations
(1.1) and (1.2) respectively. Extending the idea of Alos and Bonaccorsi we show, see
Section 6, that under some natural assumptions on v and &, the solutions to (1.1) and
(1.2) are C'™ in space (and in time in the case of the parabolic problem) inside the domain.
Finally, see Section 7 we calculate in particular cases the rate of blow up of the solutions
near the boundary 00.

2. GENERALISED RANDOM ELEMENTS AND PROCESSES

We shall denote by (-, -) the duality form on &'(R%) x S(R?). Let K be a closed subset
of RY. We denote by &'(K) the class of all tempered distributions on R? such that

(v,%) =0, Vi€ S(RY): 1) =0 on K.
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We shall denote by S(K) the space of the restrictions of the test functions from S(R?) to
the set K. Obviously, §'(K) is a closed subspace of S'(R%). Moreover the map

A:S(K)x S(K) 3 (v, ¢k) = (1,9) €R

is well defined and bilinear. In what follows we will usually denote A(v, k) by (7, ¥k).
On &'(K) we consider the topology inherited from &’'(R?). Then the Borel o-field B(S'(K))
is generated by the family of functions (-,v), ¢ € S(K). Note however that we do not
claim that the space S'(K) is a dual of S(K).

Let (€2, §,P) be a probability space. In this paper we assume that in the elliptic problem
7 is a measurable mapping from 2 to §’'(00), and in the parabolic problem ¢ is an §’'(00)-
valued process with cadlag trajectories.

Let Lo(€2, §, P) be the space of all real-valued random variables on (€, §, P) equipped with
the topology of convergence in probability. Assume that F is a locally convex topological
vector space and let E’ be the topological dual space, see for instance [33]. Let ()
denote the corresponding duality bilinear form on E’ x E. A linear continuous mapping
v: E — Lo(Q,§,P) is called generalised linear random element on E. For the reader
convenience we recall representation theorem for generalised linear random elements. For
its proof see e.g. [18].

Theorem 1. Assume that E is nuclear and 7y is a generalised linear random element on
E. Then there exists a measurable 7: Q — E’ such that for any ¢ € E,

(2.1) W) =®v), P-as

A typical application of the above Theorem is for £ = S(RY). However, because of
separability of S(R?), the following generalisation of it is also true.
If v is a generalised linear random element on S(R?) such that for all v € S(R?): ¢ = 0
on K, ¢ € S(K)

(2.2) v() =0 P —as.
then there exist a measurable map 7: Q — S’(K) such that for any ¢ € S(K),
(23) ) = (3,9), Pas

From now on we identify a generalised linear random element v on E with the corre-
sponding E’-valued random variable 4. We will also identify a generalised linear random
element v on S(RY) satisfying condition (2.2) with the corresponding &'( K )-valued random
variable 7.

Let us present now the most typical examples of §'(00)-valued random variables v ad
processes £. Below, v is a Borel tempered measure on 00; that is v € §'(00), and (eg) is
an orthonormal basis of L?(00, B(0O),v).

Example 1. Let (vx) be a sequence of independent identically distributed zero-mean
Gaussian real-valued random variables defined on (2, §,P). Then the formula

VW) =D wler ), ¥ € S(90),
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where the series converges in L*(€, §,P), defines a generalised random element on S(90)
satisfying condition (2.2) and thus inducing an &’'(00)-valued random variable 4. As we
explained earlier, we will identify v with 4 and use the earlier notation to denote the latter
object. In particular, P-a.s.,

(7, 0) = D _wlewr,¥), @ € S(00).

This v will be called a cylindrical Gaussian random variable in L?(00, B(0O),v) or Gauss-
tan white noise on 0O with intensity measure v.

Example 2. Let (W/7) be a sequence of independent fractional Brownian Motions with a
Hurst index H € (0,1). Then the formula

(&) =D WD (ew,v), >0, ¢ €S00),

where the series converges in L?*(2,§,P), defines an &’'(00)-valued random process. We
call ¢ the cylindrical fractional Wiener process in L*(00,B(00),v) with Hurst index H.
If H=1/2, then £ is called simply a cylindrical Wiener process in L*(00, B(0O),v).

Example 3. Let (7;) be a sequence of independent N (0, 1)-random variables, (W) be a
sequence of independent fractional Brownian Motions with Hurst index H and let (1) be
a sequence of signed measures on (00, B(00)). Assume that

D Ml < 00,
k
where ||g||var stands for the total variation of 1. Then

Y= Z’kam
k

and
WH () => W (w

are §’(00) random variable and process.

Let —00 < a < b < +00. Assume now that O = (a,+00) x R! or O = (a,b) x R! for
some positive integer I. Then O can be identified with R! and R?, respectively. In these
cases important classes of random processes on the boundary are provided by the so-called
homogeneous Wiener processes, see [5, 28, 29, 26, 27].

Example 4. Let W be a Wiener process taking values in S'(R™), i.e. W is Gaussian
process with continuous trajectories in &'(R™) such that for each » € S(R™), t — (W(t), )
is a one dimensional Wiener process. Let Q: S(R™) x S(R™) — R be a bilinear continuous
symmetric positive definite form defined by

EW(@), )W (s),0) =t AsQ(ib,)  for (,¢), (s,¢) € [0, +00) x S(R™), ¢ = 0.
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We say that W is spatially homogeneous if for each fixed ¢ > 0 the law of W(t) is invariant
with respect to all translations 77 : S'(R™) — S'(R™), h € R™, where 75,: S(R™) — S(R™),
T (+) = (- 4+ h) for ¢ € S(R™). Thus we assume that

PW(t) € X) =P (W(t) € (1) 1(X)) for h € R™, X € B(S'(R™)).
The property above holds if and only if ) is translation invariant, that is

Q(wa ()0) = Q(Thwa ThSO)a for all ’QZ), Z8S S(Rm)a h e Rma

see [28]. Next, see [28], @) is translation invariant if and only it is of the form Q(v, ¢) =
(I, % @), where I' € §'(R™) is the Fourier transform of a positive symmetric tempered
measure p on R™, and ¢@)(z) = ¢(—z) for z € R? and a complex-valued function ¢.
We call ) the covariance form, and p the spectral measure of W. Let us list the main
properties of W.

e For each ¢ € S(R™), {W(t), ) }ef0,) is a real valued Wiener process.
e There exists I' € S'(R™) such that for all ¢, ¢ € S one has

Q) :=EWQ), ) W(1), ) = (I' ¢ * ) )
e [' is the Fourier transform of a positive and symmetric Borel measure p on R™,
satisfying [o.(1+ |z])"du(x) < oo for a certain r < 0.
e It was shown in [28] that W can be represented as a sum

W(t) = Wi(t)F(ew),
k

where (W}) are independent standard real-valued Wiener processes, F stands for
the Fourier transform, and (ey) is an orthonormal basis of the space L%S) (R%, B(R?), )
being the closed subspace of L?(R? B(R?),du; C) over the real field, consisting of
all functions u such that ) = u.

Random field. Suppose that the spectral measure p of W is finite, and consequently
I' = F(u) is a uniformly continuous bounded function. Then there exists a Gaussian
random field on [0, 400) x R™, which we also denote by W, such that:

e The mapping (¢, z) — W(t, z) is continuous with respect to the first and measurable
with respect to the both variables P-almost surely.

e For each z, {W(t, ) }1c(0,100) is @ one dimensional Wiener process.

e EW(t,x)W(s,y) =t ANsT'(z —y) for t,s € [0,00) and =,y € R™.

o W(t),¥) = [gm w(x)WV(t, x)dx for ¢ € S(R™).

In particular, if I'(z) = e #I") where a € (0,2], then we obtain important examples

of random fields known as symmetric a-stable distributions . For « = 1 and a = 2 the
densities of the spectral measures are given by the formulas ¢;(1 + |z|2)~ "2 and ce 17,

where ¢; and ¢y are appropriate constants.

White noise. If Q(v, ) = (¥, ¢), then I' is equal to the Dirac dp-function, its spectral
density % is the constant function (27)~% and W is a cylindrical Wiener process on
L*(R™,B(R™), dz), see Example 2, and W = 2 is a white noise on L*([0, +00) x R™). If
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B(t,x),t > 0 and x € R™, is a Brownian sheet on [0, +00) x R™, see [34], then W can be
defined by the formula,

91B(t)
8:51 c. 6:cd’

Example 5. Assume that 7 and IT are Poisson random measures on 0O and [0, +00) x 00
with intensity measures p and dtv, respectively. Then

(v, )= [ v)r(dy), ¥ eS00),
o0

W(t) = t>0.

and .
:/ YT dy),  t>0, ¢ € SOO),
0 JoO

define §’(00)-valued random element and process, respectively. More generally, assume
that p: 0O — R is a measurable function of a polynomial growth. Then

(Yo, %) = Bow(y)p(y)ﬂ(dy), Y € S§(00),
and
(0 0) / S dy), 130, ¥ € S(90),
o0

defines §'(00)-valued random variable and process, respectively.

3. WEAK SOLUTIONS

Let n denote the unit normal to the boundary and pointing inwards. Taking into account
the Green formula (see e.g. [21]) we arrive at the following definitions of the weak solution

o (1.1).

Definition 1. Let v be an &'(90)-valued random variable. We call an S’(O)-valued
random variable u a weak solution to (1.1) if

0
(u, Ay) + (% a—i

Note that the heat semigroup generated by the Laplace operator with Dirichlet boundary
condition is not strongly continuous on S(O). This is the main reason why in order to
consider the parabolic problem we have to introduce a certain scale of Hilbert spaces.
Namely, let ¥(x) = (1 + |z|?)~! for z € R% Then, see e.g. [28, 5, 13], the heat semigroup
T(t), t > 0, generated by the Laplace operator A, with homogeneous Dirichlet boundary
conditions is analytic (but not symmetric) on each space L%, := L?(O, B(O), (J(x))"dx),
7> 0. Let A >0 and let H,, r > 0, be the domain of (A — A,)"/? considered on L2,. The
space H, is equipped with the scalar product induced from L2, by (A — A,)"/?;

(w,0)m, = (A= Ar)"Pu, (A= Ar)Pv) 12

)z)\(u,w), P—as. V¢ eSO): ¢=0ondO.
00
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Let H_, be the dual space, where the duality map is given by
H, — L3, = (L3)" = L*(0,B(0), (¥(z)) "dz) — H_,.

H = ﬂHr,

r>0

Finally, let

with the Fréchet topology, and let H' be the topological dual. It is known that

H = U H_,.

Note that since H is a nuclear space, H' is a co-nuclear space. Next, the restriction of the
heat semigroup T to H,, r > 0, as well as to H, is a Cy-semigroup. Moreover, T can be
extended to a Cy-semigroup on any H_,-space as well as to H'. Note that the generator
of T considered either on H or on H’ is a continuous linear operator. With a bit of abuse
of notation, we will denote by A, the generator of T' regardless the space on which T is
considered.

Remark 1. Note that H is a subspace of S(O). Therefore any distribution from &'(O)
can be treated as an element of H'. Note however that H is not a dense subspace of S(O).

In fact it is a closed proper subspace. Therefore it can happen that a non-zero £ € §'(O)
vanishes on H.

Definition 2. Let £ be an §’'(00)-valued random process. We say that an H'-valued
random process u is a weak solution to (1.2) starting from ug € H’, if
ao) ’

o
For the completeness of the presentation we present the following result on the uniqueness

(u(t), ¥) = (o, ) + / u(r), Av)dr + (f“)v on BO) - (f@’ o
of solutions.

P-a.s. for all for all t > 0, and ¢ € H.

Proposition 1. For any constant A > 0, and any S'(00)-valued random variable 7y, the
elliptic problem (1.1) has at most one solution.

Proof. Clearly it is enough to show that solution to the problem with homogeneous bound-
ary conditions vanishes, and we take this for granted in the case of © = R%. In other words
we will use the fact that if u is an &’(R?)-valued random variable such that

(u, A¢) = A(u, ), Ve SR,

then u = 0.
Assume that u solves (1.1) with the boundary condition ~. It is enough to show that
the S'(R%)-valued random variable @ defined by

(@v)=(uvlp), veSRY,
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solves the problem on the whole space. To do this take 1) € S(R?). Let 1) € S(R?) be such
that
Ap=Xp in O, P=1v¢ on 90O.
By smoothness property of QZ, A@Z) = )\@Z) on O. Then
(@, &) = (u, AW = 9) ) + (u, A [5)
= MNu, ¥ |) = M@, ).

Y lo)
b

l5)

O

For the parabolic problem the uniqueness follows from the equivalence of mild and weak
formulation of the solution to the homogeneous problem

(3.1) du = Ayudt, u(0) = uy.

Proposition 2. For any ug € H' and any S'(00)-valued random process &, the parabolic
problem (1.2) has at most one solution. Moreover, the solutions to (3.1) and (1.2) with
€ =0 coincide and are equal to T'(t)ug, t > 0.

Remark 2. Let u¢ and u, be two solutions corresponding to (1.2) with the same initial
value uy but with boundary functions { and 1. Then us = w,, implies that

(e 55| )= (o). 5

One can shown that there exists ¢ € H such that g—ﬁ # 0 on 00.

), P—a.s. Vt>0, Vi e H.
00

4. MILD FORMULATION AND EXISTENCE

To solve the elliptic problem we will need the resolvent operator (A, — )\)_1, of the heat
semigroup T considered on L*(0) with A from the resolvent set of A.. Then for any
Y € S(O) C L*(0), the function

u= (A, =N

solves

(A= Nu(z) =¢(x), =€, u(z) =0, z€d0.

By the classical Agmon—Douglis—Nirenberg theory we have u € S(QO). Moreover, (A, — \)

is a bounded linear operator from S(Q) into itself. Define a continuous linear operator

D: §'(00) — S'(O) by the formula

(1.0 = (1 (8 =N ). 1€800), veSO)
00

We call D the Dirichlet map. Using the formula above we extend the Dirichlet map to
random variables and obtain the following result.
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Theorem 2. For any §'(00)-valued random variable vy, D~ is the unique solution to the
Poisson equation (1.1) in the sense of Definition 1.

Proof. Let v € S(O) be such that ¢ = 0 on 0. Then

0

Dy, AY) = (v, —=— (A, =\ 'A, )
(07.80) = (155 (A =0 A
B 0 0 1
_(77_8_n,¢) 80)+(’77_a_n(AT_)‘) >‘77Z) 30)
9
=(%—a;éw)+Auwm»

The following result ensures the Markov property of solution to (1.2) in case of £ having
independent increments, see e.g. [11, 13, 29].

Theorem 3. For any ug € H' and any S'(00)-valued cadlag random process &, the unique
solution to (1.2) is given by formula

pds

(4.1) u@:T@m+ATﬂ—$M A;) D (s),

where the integrant is defined, on a test function ) € H', by the integration by parts formula

([ 7e-910-200E0.0)

= [ =98, (0= 80 De(s), v as
(A= A7) DEW), B) — (A — A) T()DEO), b) .

Moreover, u is a Markov and Feller process in H*.

Proof. First note that w is given by the right hand side of (4.1) is well defined and cadlag.
To see that it is weak solution take a ¢ € H. Write

R@rzl<u—¢»ﬂ20wwA—A»Tvﬂmmwa»w
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Then we have

/Ot(U(T), A)dr = (/OtT(r)uodr, Aw)

" ( /0 t /O T(r— q)(A — A)A, DE(g)dgdr. Afw) + R(t)

= ( /0 t AT (t = r)udr, w)

v </Ot /t T(r —q)(A = A;)A. DE(g)drdg, Aﬂ/’) +R(?)
= (—uo + T(tq)uoa ¥)

+ ( /O (T(t—q) = I) (A — A;) DE(q)dg, AT@ZJ) + R(t)

= — (uo,¥) + (u(?), ¥) — /Ot (A= A7) DE(q), Arp) dg + R(t) + 7(1),

where

r(t) == —((A = Ar)DE(R) — (A= AT (6)DE(0), ) -
Now note that

_ /Ot (A= A,) DE(g), A) dg + R(t)

-/ (A= ANT(Q)DE(), A) dg
— (CT()(A = A)DE©) + (A — A)DEO), ).

Therefore

/0 (u(r), A)dr
(o, ) + (ut). ) — (A — A [DE(H) — DEO)] ).

Since
([A = A7 [DE(t) — DE(0)], o) = (DE(E) — DEO), (A = A)),

we eventually have

(u(t), ) = (uo, ¥) + /0 (u(r), Ay)dr + (DE(t) — DE(0), (A = Ar)9h) .

This proves the first part of the theorem since
ao)

(DE(t) — DE(O), (A — A ) = (§<t> g0, 2

"On

11

The Markov property follows by the same arguments as in [11] and the Feller property is

obvious. [
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4.1. Examples.

Example 6. In the case of O = (0, 1), the space of distributions &’'(00) can be identified
with R2. Then, taking A = 0, we obtain for (y1,72) € R?,
D(yo,m)(@) =70+ (1 =)z, @ €(0,1), 7= (y0,m) € R

Example 7. Assume that O = (0,400). Then §'(00) = R, and the Dirichlet map
corresponding A = 1 calculated on vy € R is given by

Dv(x) =~e™, x> 0.

Example 8. Assume that O = {x € R?: |z| < 1} is the unit ball in R? with center at 0.
Then the Dirichlet map corresponding to A = 0 is given on a function v: 0O +— R by the
Poisson integral

D) = Ca | L= l2P o yo(dy),

_ .l
o T =y
where 1 is the surface measure.

In the mild formulation of (1.2) we will deal with the term A.£. In the result below we
calculate A, in one dimensional case. To do this let us denote by ¢, the Dirac measure at
a and by ¢/, its distributional derivative. Recall that A, is a continuous linear operator on

H'.
Proposition 3. (i) Assume that O = (0,1) and A = 0. Let 1 (x) =1 and o(x) = = for
€ (0,1). Then vp; € H' and
Ay =6 — O] and Ay = =0,
(17) Assume that O = (0,400) and A = 1. Let (x) =e~*. Then ¢ € H' and
Ap = =0 + 1.

Proof. We are showing (i). We have ¢; € S&'(O) C H'. Let ¢ € H. Recall that A, also
denotes the adjoint operator on H. We have

(Arthi, ¢) = (i, Ar) = /o Yi(x)¢" (x)d.

/0 b1 (2)" (2)dz = / ¢'(x)dx = ¢/(1) — §(0) = (8 — 8, 0)

[ ewwar= [ ewae=o0) - [ s =0
= (=01, 0).
In order to show (i) take a test function ¢ € H. Since ¢(0) = 0, we have

/ T e (2)dz = #(0) + / e (w)de = ¢/(0) + /0 e o(a)da

0 0

and
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5. GREEN KERNELS

For further purposes we recall here some basic facts on Green kernels to the heat and
Poisson equations. Assume that G is the Green kernel to the heat equation in O C R?
with homogeneous Dirichlet boundary conditions. Thus the semigroup 7" generated by A,
is given by

T(t)(x) = /@ G(t, 7, 3)$ (y)dy.

Note that as A, is self-adjoint, G(t,x,y) = G(t,y,x). Moreover, as the boundary and
the coefficients of the operator A are C'°, we have the following bounds on G and its
derivatives (see [15, 31, 24]).

Theorem 4. The fundamental solution G is of class C*°((0,+00) x O x O) and for any
non-negative integer n, a multi-index o, and time S > 0, there are constants Ky, Ky > 0
such that for allt € (0,S] and z € O,

|z —y|?

——G(t,x,y)‘ < Kt (dHlal+2n) /207 T
. <

On the space C*°((0,400) x O) we consider a family of semi-norms
8k+|a\f

t
0tk8xa< )

n,m .
pKS(f) :=sup sup sup sup
z€K te(0,9] a: |a|<n k=0,...,m

)

where n,m € N and K is a compact subset of O.
The corollaries below can be easily derived from Theorem 4.

Corollary 1. For any compact K C O, any finite time S < oo, and all n,m € N,

sup pi’s (G-, y)) < oo.
yeoO
Moreover, for any x € O, § > 0 such that the ball B(x,0) C O, and for any t > 0,
oG —_—
—(t, x, - B(x,9)).
S (ta.) € SOV B0

Let oo
G = [ VGt gt
0

be the Green kernel to the Poisson equation. On the space C*°(Q) we consider a family of
semi-norms

olel f
ox®

pr(f) :==sup sup (z)

zeK a: |a|<n
where n € N and K is a compact subset of O.

I

Corollary 2. There is a constant C' such that for all x € O and y € 00,

oG Clo -yl if d>1,
S —(z,y)| < N I
on, Cll+1log" |z —y|7!] ifd=1.
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Moreover, or any y € 00, g—ﬁ(-, y) € C(0) and for any compact K C O and n there is a
constant C' such that

Pk (ﬁ(-,y)) <C Vyeoo.

on,
Finally for any x € O and § > 0 such that B(x,§) C O,
og AT ST
Let v € §'(00). Write
(99
(5.1) () = (% ) BO) e
and
(5.2) vy (t,z) == (fy, E(t,az, ) ) : t>0, x€0.
on, 00

Corollary 3. For any v € §'(00), u, € C*(0) and v, € C*([0,+00) x O).

Example 9. Assume that O = (0, +00) x R™. Then G(t,z,y) = T(t,z —y) = T(t, T — y),
where 2
['(t,x) = (47Tt)—(m+1)/2 e_%’

and
T = (20,21, Tm) = (—T0, 1, -, Ty)-
Then
oG oG Yo — To —Yo — To _
—— (¢t E———— = I'(t,x — I'(t,z —
any(,x,y) 6,yo(,x,y) 5 Lo —y)+———T(tT-y)
In particular we have
oG )
— (¢ =——TI(t,z — = (0,y1,...,Ym) € 00.
any(7x7y) n (7'77 y)7 Y ( » U1, Y )
Let y = (0,41, ...,Ym) € 00. We will need to calculate the Fourier transform
oG .
Fy—(t, x,y) = _%o Grzm) Wy I (2 — (0, 21, ..., 2))dy ... 2
8ny t R™
_ T )
= Toment e
Finally, for G(z,y) = fOJrOO e MG(t, z,y)dt, we have at y = (0, y1, ..., Ym),
g xo [T —Xt
-7 == I'(t,x —y)dt
) === [ ey
and

G oo Ty a3 @)™ o
F—(z,y) = — e MY el ===l g
yany( y) /0' 2\/7_Tt3/2
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In the calculation below ¢ is a generic constant. For |y| > 1 we have

2 +o0o 2 22
05 < c/ e M0 63— P gy
0

8—ny(x’y) 3

Ly

-9 too 7>\x2872m3mx2m‘y|2
< cx, e o 0 ds
0

—+00
-3 _2m+18m$2m‘y|2
< cxg e o Whds
0

< cxgtyl 7™

1/2

Since for |y| <1,

oG ’ BNV
Fy—(x, <c e M2 dt < ez ?,
’ yany< y) — /0 3 —= 0

eventually we obtain the following a bit crude estimate

oG
5:3) )
Yy

2
< e (w0 xqwi<ty + 20 1yl " X)) -

In the same way on obtains

(5.4) /0 |F 06

v on,

2
ds < ¢ (2 xqyi<ty + 20 1yl " Xqyis1y) €

(s,7,y)

6. REGULARITY OF SOLUTIONS INSIDE DOMAIN

15

In this section we are concerned with the regularity of solutions inside the domain O.
Let us denote by C2°(QO) the space of all compactly supported C* functions on O. Recall
that u, € C*°(0) and v, € C*>°((0,4+00) x O) are defined by (5.1) and (5.2), respectively.

Theorem 5. (i) Let v be an S'(00)-valued random variable, and let uw = D~y be the solution

to the elliptic problem (1.1). Then u = u, on O; that is

(u, ) = /@ s () de

for any ¢ € C°(O). Moreover, the solution u is C™ inside the domain O. (ii) Let & be a

process with cadlag trajectories in 8’'(00) and let u be the solution to the parabolic problem

(1.2). Then
(06) = [ weawlta)ilalds, v e CH(O),
o
where

t
(6.1) Ug o (T, ) = /OG(t,x, Y)uo(y)dy +/ Ayve(s) (t — s, )ds — ve(o (L, ),
0

and in particular, u is C* on (0, +00) x O.
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Proof. The first part of the theorem says that
(D7, ¥) = (uy,¥), Ve CF(O).

BO) = (v [ gtootaras aO)
)

Since 1 has a compact support in O, there is a sequences (z}), k = 1,...,n, of variables
of the support of ¢ and reals (a}) such that

We have

(D, ) = (v,—(%(& -N

= (0 [ g layts

O 8ny

[ 26 (oot =t 3 2 g ot

where 22 (:ck, -) € S(RY) is an extension of %(mﬁ, -), and the convergence is in the topology
of § (Rd), and

tim S s (@@)itaiat = [ @),

Then

) = 7}13;02 (% (af. ) ) (ag)ay

= JI_)H;OZUV ap ) (ag)ag = / Uy (z)(2)da.
k=1

o

(% [ j—i<x,~>w<x> z

00 00

Regularity of u inside the domain now follows from Corollary 3.
Let u be the solution to (1.2). To prove the second part of the theorem, note that

; )
00

(0= AT = D), ) = (05~ 5=(B, = 0= A)T(E = 50

o)

Using the arguments from the proof of the first part we obtain

(A~ AT(t - 5)DE(s), ) = /O vt — s, 2)p(x)dz, Vi € CF(O)

~ (&0 gt s

and

(Ar(A = A)T(t — 5)DE(s), ) = /O (Duveo(t — s,0)d(x)de, Vo € CF(O).
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Let ¢ € C2°(0O). Taking into account (4.1) we obtain

(u(t),v) = (T(t)uo, ¥ / / (Ayves)(t — 5,2))(x)deds

! (§< ) on 80) /Ovs(m(t x)ip(z)da.

Since 82| =0, we obtain (6.1). O
00

7. REGULARITY OF SOLUTIONS AT THE BOUNDARY

Our aim in this section is to investigate the space regularity of u defined by (1.1) or
(1.2) at the boundary. To this end we will evaluate the expectations Eu?(x) and Eu?(t, z)
where z is near the boundary 0O and we will obtain the bounds of the type

Eu?(z) < f(dist (z,00)) and  Eu*(t,z) < f(dist (z,00)).

In a similar way one can evaluate u(z) and u(t,z) in order to obtain the estimates of the
form

u?(z;w) < c(w) f(dist (x, 00)) and  u?(t, 2;w) < c(w)f(dist (z, 00)),

for IP almost all w.

7.1. Poisson equation. Recall, see Theorem 5, that the solution u to (1.1) inside of O
can be identified with smooth random field
) , xeO.
00

0
o) = (1 (o)
Assume now that v =), viexv is as in Example 1. Then

Z% o ﬂfay)ek(y)V(dy), x e O.
o0 a

Therefore, for every x € O,
96 ? 96 2
Be) = ([ S-@matman) = [ (5en) v,
; o0 Ony oo \ony
Taking into account the estimates of Corollary 2 we obtain the following result.

Proposition 4. Let u be the solution to (1.1) with vy as in Example 1. Then

_12—2d ; 1
EUQ(I’) S C x {fao |.’L' y‘ V(dy) Zfd > 1, = 0.

[1+ log™ dist(z,00)]" ifd=1."
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Assume now that v =), v, is as in Example 3. Then, for every z € O,

Be) =3 ([ 5 dy) <3 Il > (5o y>)2,

k
and consequently we have the following.

Proposition 5. Let u be the solution to (1.1) with vy as in Example 3. Then

dist(x, 00)* fd>1
Eu?(z) < C x ist(z, N ) 2 Z.f . r € O.
[1+1log™ dist(z,00)]" ifd=1,
Assume that O = (0,400) x R™. An important case can be obtained if v = W(1)
where W is a homogeneous Wiener process, see Example 4. Then v = ), Wj.(1)F (exv).
Obviously

0G
U(fvo,xl,---,xm)zsz(l) : 87((560,---xm,O,yl,---ym)f(ekV)(y)dy-
k Y

Consequently, see Example 9, for every = € O,

Eu?(z) :/m F, o9

yﬁ—ny

2

((xov"'xTn707y17"'ym) V(dy)

2

v(dy).

“+o00 22 . m
2\/t3/?
0

Using now the crude estimate (5.3) we obtain:

Proposition 6. Let u be the solution to (1.1) with vy as in Example 4. Then
Eu’(x) < C/ (20 Xqi<ry + 20 [yl "X qyis1y) v(dy),  w €O
R™m

Remark 3. Note that for an arbitrary (tempered) spectral measure v, u is a Gaussian
field in O and consequently Eu?(z) < +o00 even if the integral appearing on the right hand
side of the estimate in the proposition above is infinite.

Let us now consider the case of Lévy measure on the boundary. Namely, see Example
5, assume that v = pm, where p is a function and 7 is a Poisson random measure on 0O
with intensity measure v. Then

u(z) = / % (o polyrldy)  zeO.

6} 8ny

Taking into account, see e.g. [29], the following estimate valid for any measurable f: E — R
and and Poisson random measure 7 on F with intensity measure v,

</f dx) <2/f +</Ef(x)y(dx))2], reo,

and taking into account the estimates of Corollary 2 we obtain the following result.
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Proposition 7. Let u be the solution to (1.1) with v as in Ezample 5. Then, for x € O

Eu?(x) < C x Joo |7 = 422 0(1)20(dy) + (fop |2 — [ p(y)|v(dy))® ifd > 1,
- [1+ log* dist(z, 00)]* ifd=1.

Remark 4. In the Lévy case with a bounded p and finite v, it is easy to obtain pointwise
estimate

(dist z, 00)" ifd>1,

€o.
[1+logt dist(z,00)] ifd=1, "

ju(z; W) < Clw) x {
where the random variable C' has all moments finite. Using the fact that for p € [1,2)

)| <G, [ IfwPuian

one can show that

Joo Iz = ylPPp(y)|Pv(dy) it d > 1,

€.
[1 + log™ dist(z, 00)]” ifd=1 v

Elu(z;w)P < C x {

For more details see [29].

7.2. Parabolic case. Let us now examine the case of the heat problem. Without any loss
of generality we may assume that ug = 0 and £(0) = 0. Then, see Theorem 5,

u(t,r) = ugo(t,x) = /t Ayve(s)(t — s, x)ds = /t (5(3), AJCSTG(t — s, 7, )) ds.
0 y

0
Assume that £(t) = >, WH (¢)egv is as in Example 2. Then

u(t,z) = /Ot (dg(s),g—i(t—s,x,-)) = zk:/ot (eku,g—fy(t—s,x,-)) AWH (s),

where the integral is in the It6 sense. Therefore, for every x € O,

t
.o = 38| | ([ gt samatman ) avi
0
Now if H = 1/2, then

a0 Ony
2
E |u(t, x)| //( s:py)ydyds.
u [ (G temn) vaw)

Using now Theorem 4, we obtain

2

lo—y|?

t
E[u(t, z)? < K, / ~I-1o 5 (dy)ds.
0

Since

t eyl
(7.1) / s4 107 2Ras s < Clz —y|™,
0
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we have the following result.

Proposition 8. Assume that £ =), Wiegv is as in Example 2 with H = 1/2. Then

E |u(t, 2)* < C / o=yl ()

Assume now that £ =Y, Wy, is as in Example 3. Then

E |u(t, z) ZE /Ot (Log—i(t— s,x,y)uk(dy)> AW/ (s)

Now if H = 1/2, then

2
E |u(t, x)| /( sxyl/dy)ds
it =3 [ (] atom i
t
oG
<
< / sup | 2 vaknvar

Therefore the following result holds.

2

(s,z,y)

Proposition 9. Assume that £ =), Wiegv is as in Example 8 with H = 1/2. Then
E |u(t, z)|* < Cdist (x,00) .

Assume now that O = (0, +o00) x R and that £ = W is a spatially homogeneous Wiener
process on R™ with the spectral measure v. Then { = )", W F(e,v). Hence, see Example

9,
E |u(t, z) Z/ (/Rm &Iy (s,2,0,9)F (exv)(y )dy) ds

:/ 47Ts3e 2s/ e~y (dy)ds.
0 m

Therefore, using (5.4) we obtain:

sxOy)

Proposition 10. Assume that £ is a spatially homogeneous Wiener process as in Example
4 with the spectral measure v. Then

E |u(t,z)|” < Cet/R (3782X{|y\§1} + 3784|y|71/mX{\y|>1}) v(dz).

Assume that £ is as in Example 5. Then

it = | 25w yply) (s, dy).

a0 On,
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Thus

Eu

([ Lol worans ([ LBl
<c</@@ / 1o sl p(y) Pr(dy) + (/O / R 4ol p(y) v <dy>)).

Taking into account (7.1) we obtain:

8G

(s,z,9)

Proposition 11. Assume that & is as in Example 5. Let d > 1. Then

Eul(t ) < C ( [ o= ptvtan + ([ 1o y\“\p<y>\u<dy>)2> .

7.3. The case of H # 1/2. We restrict our attention to the case of H > 1/2 and boundary
noise & = >, W/v is as in Example 3. The cases of H < 1/2 or and £ = >, WHeww
require much longer calculations.

Proposition 12. Let H > 1/2. Assume that £ =Y., Wy is as in Ezample 3. Then for
any 1/2 > a >1—H, T > 0, and for any x € O there is a random variable C' having
finite all moments such that

(7.2) sup |u(t, z)| < C (dist (x, 00)) "'
t<T
The proposition follows from the estimates of Theorem 4, inequality (7.1), and the
estimates established in [25], Proposition 4.1, valid for a deterministic continuous f and
fractional real-valued Brownian Motion W

/0 F(s)AWH(s)] < Aa(WH) L)),

where I,(f) is given by
[a<t)(t) — /(; (|f(7“)| +a " |f(T) - f(Q)|dq) d’f’,

re o |r—qlot?

1
su DI7WH) (s
F<1 - 04) 0<s<$<T ‘< ! ! )< )‘

(D (A “ ht) — h(r)
D) = gy (g o | e ) Xon

Aa(Q) =

and
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