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d = 2, 3
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H1
D(Ω)
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¯4´�Á�®w·P¶�µr·P¶�²}®
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Ñ�$±d±o°c¿u´�²}½B¼N²
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% ®�¬�¼�¶wµ�Ãw´�· Ár®�¼w³

f = (f1, f2)
¹�µr²}½�Ã�´�»f²}®w¬=Äc´�Á`³P±

f1 ∈ L2(IRd)d ¼w·c³
f2 ∈
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∫

Ω

Ae(u) : e(u) + 2

∫

Ω

f1 · u + 2

∫

ΓN

f2 · u
¹�½P´�¬}´

e(u) = 1/2(∇u + ∇uT )
µ�±u²d½P´	±o²}¬p¼Qµ�·�²d´�·c±}®w¬h¼Q·B³
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g1 = χτ

¼w·c³
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��¦�� MPL�� � ��� ��Tf\5\#^q|1U

m = 0
^q|'a+e}Wwv�YrT�y ��ç � Y�TdX�k�_�\gW£\qScT�_p\gXN|+kwXQe}k=a4e}W�vfYrT�y W[Z

npWNya4Y�^�XQ|4npT�XN|4k�_�Tf\5\#^q|1U
f = 0

YrTpXwk�_�\gW�XN|	Tf^{U�Tf|B��XQY�jcT/a4e}W�vfYrT�y��5\]SPT�_�WNmonpXNYqYrTpk �¡jcndS�m
yuj�\#l¡��XQei^�XN\5^�WN|4XQYNa+ei^q|4n�^ a4YrT������5�Q��R4ScTfedT�^`_xj�|c^���jcTf|+Ti_p_bWoZx\qScTxyzX���^qy�^r�!T�e�^q|z\qScT��tep_p\
npX�_�Tuvfj�\�|4WN\�^q|£\]SPT�_�TdnpWQ|4k�WQ|4T�^q|�Zpj�YqYBU�T�|4T�e}XNY�^q\5lw�=R+S1^`_�kQ^ �TfedTf|+ndT�s/^qYqY�vdT�_�TdT�|£^q|
\]SPT�npSPXQe}Xwn�\9T�ei^r�!XN\5^�WN|�W[Z¡\qScTVyhX���^qy�^r�!T�ep_f�zR+SPTxa4e}W�vfY�Tfy�W[Z¡e}Wwv�j1_i\tWda4\5^qyu^r��XQ\#^�WQ|�npXN|
vpT�^q|B\9T�e5a4e}T�\gTdk�X�_�XN|=^q|B\9T�eiyhTpkQ^�XN\gT,a4edWwv�YrTfy vpTf\5stTpTf|�\qScTx_i\9XQ|4k�XNe}k�npWQy�a+Y�^�XN|+ndT�a+e}Wwv�m
YrT�y�XQ|4k=\qScT�T�^{U�T�|c�NXNY{jcT�a+e}Wwv�YrT�yh�

���! �! � K�M�K ¦���¦ � K ©10 K	� ¦ L ¦ J	
��]K
×t¼�»p½�µ�¿h¾PÁrµ`»fµr²¼w±d±}´�¬}²}µ�®w·�®wÙ?²d½Pµ`± Ï ´�»f²}µ�®w·	µ�±�²}®h¯B´�¾c¬}®NÃ�´�·�Á`¼N²d´�¬!Ñ
�	¦������ K �#©����������WN|P_i^�k�Tfeu\qScTVU�T�|4T�e}XNY{^r��Tpk7T�^{U�T�|Na+e}Wwv�YrT�y "b��|+k

u ∈ V
XN|+k

ρ ∈ IR_ijcndS$\qScXN\
Au = ρB∗Bu

�=�hT�k�T��t|4T
� \]SPTuTf^{U�T�|P_5aPX�npTi_#" Eρ = Ker(A − ρB∗B)

�
� \]SPT�_�Tf\xW[Z�T�^{U�T�|c�NXNY{jcTi_#" Sp(A,B) = {ρ _���\9� Eρ 6= {0}} �
� \]SPT�_iyhXQYqYrTi_i\�Tf^{U�T�|c�NXNY�jcT " λ1 = min{λ ∈ Sp(A,B)} �
�	¦������ K �#©������������ L ¦ ª�� © � � M��]K ¦ L � M�K ���B¦�����WQe�X�Uw^q�NTf|

ρ
_ijcnpS7\]SPXN\

f ⊥ Eρ
�tstT

kwT�|4WQ\9Tuv�l
uρ

\qScT�j�|B^��fjcT�_�WNY�j�\5^�WN|�W[Z

Auρ = f + ρB∗Buρ,

Auρ ∈ (Eρ)
⊥.

��´�»�¼QÁ�Á/²}½B¼N²
Eρ

¯4´�µ�·P¶)¼)±}°P¯c±}¾c¼w»�´u®wÙ
V
¸,µ{²p±�®w¬}²}½c®w¶w®�·c¼QÁ

(Eρ)
⊥ µ`±�¼$±}°P¯c±}¾c¼w»�´

®QÙ�²d½P´�³�°B¼QÁ
V ′ Ñ ��µ{²d½$²}½P´!±o´�·P®Q²p¼N²dµr®�·c±�¹b´�»�¼w·$·P®N¹~±[²p¼N²d´�®w°P¬¡¿z¼Qµ�·$¬}´!±o°PÁr²µ�·$²}½cµ�±

Ï ´!»i²}µ�®w·�Ñ
� � ¦1© L ¦�� ����������© I�
?J�KhO ©1� , � � M � O ¦�� ��T�\

F (u)
vpTukwT#��|+Tdk�vfl ��ç � �

➢
�]Z

f ⊥ Eλ1

XN|+k
λ1‖Buλ1

‖ ≤ m
��\]SPT�|$\]SPTV_�T�\�W[ZVyzX���^qyu^r�!Tfep_�W[Z

F
WN�NTfe

V^`_�Td�1Xwn�\#Y�l "

{uλ1
+ v

_f��\g�
v ∈ Eλ1

XQ|4k
λ1(‖Bv‖ + ‖Buλ1

‖) = m}.

➢
�]Z�\]SPT�a4edTf�!^�WNj1_�npWN|+kN^q\5^�WN|c_�XNe}T�|4WQ\�yzT�\���\]SPT�|£\]SPT�_�Tf\�W[Z�yzX���^qyu^r�!Tfep_�WoZ

F^`_�Td�1Xwn�\#Y�l {us}
��s?SPT�e}T

s
npXN|�vdTukwT#��|+Tpkz^q|£\5stW�Tp��j�^q��XQYrT�|c\bstXNl�_#"

♦ s
^`_�\qScT�j�|B^��fjcT�e}TpXNY ∈]0, λ1[

_ijcnpS7\]SPXN\
s‖Bus‖ = m

�
♦ s

^`_�\qScT�WQ|cY�l�n�ei^q\#^�npXQY�acWN^q|c\�WN|
]0, λ1[

W[Z�\]SPTunpWN|c�NTd�Zpj�|+nf\5^�WN|

ρ 7→ (f , uρ) +
m2

ρ
.
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Õx½P´bÄc¬p±[²�²d½Pµr·c¶¡²d®V¾P¬}®NÃ�´tµ`±,²}½c¼Q²
F (u)

¼�³�¿hµ{²p±/¼¿z¼QØ1µ�¿hµrÀ�´�¬�¼w·c³�²d½c¼N²�²d½P´x¿h¼QØ�µr¿�°P¿
µ`±¡¼	»f¬dµ{²dµ�»�¼QÁ,ÃN¼QÁ�°P´wÑ�Õx½P´�·�¸�¹�´�¹�µrÁ�Á�¯B´h¼Q¯cÁr´�²}®�¹�®�¬	�7¹�µr²}½)²d½P´h»f¬dµ{²dµ�»�¼QÁ,¾B®�µr·�²V´���°c¼Nº
²}µ�®w·�Ñ=Õx½P´=»�¼�±o´

B ≡ 0
¯B´�µr·P¶$®�¯1Ã�µ�®w°B±�¸�¹b´z±o½B¼QÁ�Á�»f®w·B±oµ`³�´�¬�·c®w·�À�´�¬d®7¾B´�¬o²d°P¬d¯c¼N²dµr®�·

®w¾4´�¬p¼N²d®w¬p±�Ñ
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/��_p_ij�yhT
B
^`_�|+WN\�Tp�fjcXQY?\gW

0
WQ|

V
�$R4ScTfedT=T}��^`_i\#_�XN\�YrTpX�_i\WQ|4T

yzX���^qy�^r�!T�e�W[Z ��ç � � ��j�ei\qScTfeiyzWNedTi��|4W$yzX���^qyu^r�!Tfe�vpT�YrWN|1UN_=\gW
Ker(B∗B)

�_�W£\qScXN\
T���T�eilzyhX���^qy�^r�!T�e

u
WoZ

F
_fXQ\#^`_]�bTi_�\]SPT�bj�YrT�eim ��X�UQe}XQ|�U�T�Tp��jcXN\5^�WN| "

Au = f +
m

‖Bu‖B∗Bu.
�]è �

+ L ©�©10 �¡´�·P®w²}µ�·P¶z¯1Â
ν > 0

²}½P´�»�®�´�¬d»�µrÃ1µr²[Â�»f®�·c±o²d¼Q·�²�®wÙ
A
¸cµr²�µ�±�´!¼w±}µrÁ�Â�±}´�´�·	²}½c¼Q²

Fµ`±·P´�¶�¼Q²}µ�Ãw´�®w°P²d±}µ�³�´�²}½P´�¯c¼QÁ�Á,®QÙ�¬p¼w³�µ�°c±
γ = 2 ‖f‖+m‖B‖

ν > 0
Ñ Ï µ�·c»f´

F (0) = 0
¸c²d½P´

¿z¼NØ�µ�¿�°P¿ µ`±�¼N²}²d¼wµr·P´!³�µ�·c±}µ�³P´¡²d½Pµ`±x¯c¼QÁ�Á#Ñ��¡±oµ�·P¶u²}½c´V»�®1´�¬p»fµ�Ã�µr²[Âz®QÙ
A
¸1²d½P´�»f®�·�²}µ�·�°cµ{²[Â

®QÙ
B∗B

¸1¼Q·c³z²}½P´�»f®w¿h¾c¼�»i²b´�¿�¯4´�³c³�µr·c¶�®QÙ
V
µr·

H
¸�²}½P´Ù]°P·c»i²dµr®�·c¼QÁ

F
»�¼w·=¯4´¡±}½P®N¹�·

²}®h¯4´�°P¾P¾4´�¬±}´�¿hµrº9»�®w·�²}µ�·1°P®w°B±�Ñ�Õx½P´�·�¸�²}½P´�¿z¼QØ1µ�¿�°c¿ ®QÙ
F
µ`±�¼N²}²d¼wµr·P´!³�Ñ

á ·z®w¬p³�´�¬�²}®�±}½P®N¹Ó²d½c¼N²t²}½P´�¿z¼QØ1µ�¿�°c¿ µ`±�¼�»�¬}µr²}µ`»�¼wÁPÃN¼QÁ�°P´w¸�¹�´�½B¼�Ãw´b²}®�¾c¬}®NÃ�´�²d½c¼N²
·P®�¿h¼QØ�µr¿hµ�À�´�¬�®QÙ

F
»�¼Q·=¯4´�Á�®w·c¶�²}®�²}½P´�±o´�²b®wÙ�¾B®�µr·�²p±t¹�½P´�¬}´

F
µ�±�·P®w²b³�µ��4´�¬}´�·�²}µ`¼Q¯PÁ�´w¸

µ5Ñ ´�Ñ/®w·
Ker(B∗B)

Ñ Ï °c¾P¾B®�±o´
u ∈ Ker(B∗B)

µ`±�¼h¿z¼NØ�µ�¿uµ�À�´�¬x®QÙ
F
¸�²}½P´�·

F (u) = −(Au, u) + 2(f , u) ≤ (f ,A−1f) ≤ (f ,A−1f) + 2m‖BA−1f‖ = F (A−1f).

Õx½P´=µ�·P´���°B¼QÁ�µ{²dµr´!±�¼Q¬d´h²}½c´�·�´���°B¼QÁ�µ{²dµr´!±�Ñ$Õx½P´�·
u = A−1f ∈ Ker(B∗B)

Ñ % ®�¬�¼Q·1Â
v⊥ ∈ Ker(B∗B)⊥

µ{²Vµ�±�´!¼w±}Â�²d®	±}½P®N¹ ²d½c¼N²
F (A−1f + tv⊥) > F (A−1f) = F (u)Ù]®w¬�±}°��=»fµ�´�·�²dÁrÂ�±}¿z¼QÁ�Á

t
¸P¹�½Pµ`»p½$»f®w·�²d¬d¼�³�µ�»f²d±�²}½c´�¿h¼QØ�µr¿z¼QÁ�»p½B¼Q¬p¼w»i²d´�¬b®QÙ

u
Ñ
2

	�
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á ·7²}½cµ�± Ï ´�»f²}µ�®w·�¸4¹b´�±o®�ÁrÃ�´V²}½P´u»f¬dµ{²dµ�»�¼QÁ?¾B®�µr·�²¡´���°c¼N²dµr®�· ��è ��¯�Â7±}¾PÁrµr²o²dµr·c¶�µr²¡µ�·�²d®z²[¹b®
±}°P¯�º9´���°c¼N²dµr®�·c±�Ô

Au = f + ρB∗Bu ,
�#à��

ρ =
m

‖Bu‖ .
� � �

% ®�¬�¼w·1Â	¶�µrÃ�´�·
ρ
¸+¹�´h±}®wÁ�Ãw´ �5à��µr·£²}´�¬d¿z±®wÙ

u
Ñ�Õx½P´�·£¹b´�°c±}´�²}½P´h»p½c¼Q¬p¼w»f²}´�¬}µ�À�¼Q²}µ�®w·

®QÙ?²}½P´�±}´f²�®wÙ
u
¹�½c´�·

ρ
µ�±bÄPØ�´!³�²d®uÄc·c³�²}½P´�¼�³�¿hµ�±d±}µr¯PÁ�´

ρ
Ñ

���.- �! � � ¦ � L ¦ ª�� © � � M��]K ¦ L � M�K ���B¦
% ®�¬�¼�¶�µrÃ�´�·

ρ
¸1²d½P´V¾P¬}®�¯PÁ�´�¿ ®wÙ�Äc·c³Pµr·P¶

u
±}®wÁ�°�²}µ�®w·�®QÙ �#à��bµ`±x¼h³�µr¬d´�»f²�¼Q¾P¾PÁ�µ`»�¼N²dµr®�·�®wÙ

²}½c´ % ¬d´�³�½P®�Ár¿ ¼QÁr²}´�¬d·c¼Q²}µ�Ãw´wÔ
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+ L ©',�© J � K ��© � ��������T#��|+T$\]SPT�Tf^{U�T�|P_5aPX�npTi_'XN_
Eλ = Ker(A − λB∗B)

XN|+k�\]SPT
_5aPTpn�\#eij�y X�_

Sp(A,B) = {λ ∈ IR
_���\g�

Eλ 6= {0}} � ��WQe¡UQ^q�NT�| f ∈ V ′ XN|+k ρ ∈ IR
�

npWN|c_p^�k�Tfe�\]SPT�ZfWNYqY�WNs/^q|�U$Tp��jcXN\5^�WN|'^q|
u
"

(A − ρB∗B)u = f .
�#à��

R+SPT�_�Tf\�W[Z�_�WNY{j�\#^�WQ|P_�^`_UQ^q�NTf|�v�lz\qScT ��e}Tpk�ScWNY�y XNY�\gT�ei|4XN\5^q�NT "

• ^ Z ρ 6∈ Sp(A,B)
\qScTf| \]SPT�e}TuT}��^`_i\�_�Xzj�|B^��fjcT�_�WNY�j�\5^�WN| {uρ},

• ^ Z ρ ∈ Sp(A,B)
\qScTf| � ^ Z f 6⊥ Eρ

\qScTf|'\qScTfe}T�^`_�|4Wz_fWQY�j�\5^�WN|
,

� ^ Z f ⊥ Eρ
\qScTf|'\qScT�_�T�\bW[Z�_fWQY�j�\5^�WN|P_�^`_ {uρ} + Eρ.

�i|�\qScT¡YrX�_i\�npX�_�Ti�
uρ

^`_¡npSPWN_fT�|$X�_�\]SPT¡j�|c^���jcT�|+WNeiyzXNY�^r�!Tpk�_�WNY�j�\5^�WN|c�?^��qT!�
Auρ ∈ E⊥

ρ

�
+ L ©�©10 �bÂ=¿�°PÁr²}µ�¾PÁ�Â1µr·P¶��#à��b¯1Â

A1/2u
¹�´V®�¯�²d¼wµr·�Ô

(1 − ρA−1/2B∗BA−1/2)A1/2u = A−1/2f

¹�½Pµ`»p½�µ`±�¼h±}½Pµ{Ùq²d´�³	¾P¬d®w¯PÁ�´�¿ ¾B®�±o´!³�®�·�²d½P´  µ�Á�¯B´�¬o²±}¾c¼w»�´
H
Ñ

�b´�»�¼w°c±}´
Λ = A−1/2B∗BA−1/2 µ`±�¼)»�®w¿h¾c¼w»f²�±}´�ÁrÙqº9¼�³'�[®wµ�·�²�®w¾4´�¬p¼N²d®w¬VÙ]¬d®w¿ H®w·�²d®

H
¸
Λ
¼w³�¿hµr²d±,¼Q·�®�¬o²d½P®w·c®w¬d¿h¼wÁrµ�À�´!³�´�µ�¶w´�·1¯c¼�±oµ`±�®wÙ

H
Ñ,Õx½Pµ�±,´�µr¶�´�·1¯c¼w±}µ`±�µ`±�®�¬o²d½P®w¶wº

®w·B¼QÁ/Ù]®�¬
Λ
¼Q·B³�²}½P´�»�®w¬d¬}´!±o¾4®w·B³�µr·c¶	´�µr¶�´�·1ÃN¼QÁ�°P´�±�Ù]®�¬}¿ ¼)»f®�°P·�²d¼w¯PÁr´=±}´���°P´�·c»f´h²d½c¼N²

»f®�·1Ãw´�¬d¶w´!±�²}®
0
Ñ�×t¼w»p½$´�µr¶�´�·c±}¾c¼�»f´!�]´�ØP»f´�¾P²¡¿z¼�Â1¯B´�Ù]®�¬�²d½P´ ��´�¬d·P´�Á�®wÙ

Λ
��µ`±�®wÙ/Äc·Pµr²}´

³�µ�¿h´�·c±}µr®�·�Ñ£æ¡·c»f´=±}½PµrÙq²}´!³�¸�²}½P´�±o®�Ár°�²dµr®�·�²}®)´���°B¼N²}µ�®w· �5à��V®�¯B´�Â�±V²}®$²d½P´ % ¬}´!³�½P®wÁ�¿
¼QÁr²}´�¬}·B¼N²}µ�Ãw´�¹�½Pµ`»p½�µ`±�â�¬d®w¾4®�±}µr²}µ�®w·$ß�Ñ åPÑ
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��¦�� MPL�� � �  ���R+SPT�k�T��t|c^q\5^�WN|£WoZ
A1/2 yzXNl=vpT���j�^q\9T�_ijcv�\#Y�T�^ Z A

^`_�npWN|c_p^�k�TfedTdk�X�_
XN|�WpaPT�e}XQ\9WQexX�nf\5^q|�UtZpe}WNy

V
^q|B\9W

V ′ �t�i\�^`_�TdXN_i^�Tfex\gW�j�|4kwT�ep_i\9XQ|4k A
X�_�XN|hj�|+vdWQj�|4k�Tdk

WdacT�e}XN\gWNe�Zpe}WQy
H → H

XN|4k=\9W=\9X!�wT
f ∈ H

�
��½P´�·

f ⊥ Eρ
¼w·c³

ρ
µ`±�¼w·Û´�µr¶�´�·1ÃN¼QÁ�°P´w¸b²d½P´�¬d´)¼Q¬d´$¿�°PÁr²}µ�¾PÁ�´£»p½P®�µ�»�´�±hÙ]®�¬z²}½P´

³�´�Äc·Pµr²}µ�®w·u®QÙ
uρ
Ñ���´�»p½P®�±}´t½c´�¬d´

Auρ ∈ E⊥
ρ

±}®²d½c¼N²
uρ
½c¼�±�²d½P´bÙ]®wÁ�Ár®N¹�µ�·P¶�¾P¬d®w¾4´�¬}²[Â4Ô

�t¦��!� M � �  � ��]Z
ρ ∈ Sp(A,B)

XN|4k
f ⊥ Eρ

\qScTf| ∀v ∈ Eρ
stT�ScXN�NT "

‖Buρ + Bv‖ = ‖Buρ‖ + ‖Bv‖. �9ä��
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v ∈ Eρ
¸1²}½P´�·

Bv
µ`±b¾P¬d®w¾4®w¬}²}µ�®w·c¼wÁP²}®

Av
¼Q·B³h²}½P´�±}Â1¿u¿h´�²}¬dÂu®wÙ�²}½c´¡®�¾B´�¬oº

¼N²d®w¬
A
²}®�¶w´f²d½P´�¬x¹�µr²}½	²}½c´�®�¬o²d½P®w¶�®w·c¼wÁrµr²[Âh»f®w·B³�µ{²dµr®�·�®wÙ

uρ
Â1µr´�Á�³P±b²d½P´�®w¬}²}½c®w¶w®�·c¼QÁ�µr²[Â

®QÙ
B∗Bv

¼Q·c³
uρ
Ñ
2

�'´$·c®N¹ ±}½Pµ{Ùq²�¯c¼w» ��²d½P´)±}¾B´!»i²}¬p¼QÁ�³P´�»f®�¿h¾B®�±oµr²}µ�®w·Û®QÙ
Λ
²}®�®�¯�²d¼wµr· ¼�¬}´!±o°PÁr²=µ�·

²}´�¬}¿z±x®wÙ
A
¼Q·B³

B
Ñ
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I1

XQ|4k
I2
��\#stW$npWQy�a+YrTfyzT�|c\gXNeil	_ijcvi_�T�\�_uWoZ

IN
�¡X

_�Tp�fjcT�|4npT�WoZ�e}TpXNY�aPWN_p^q\5^q�NT�|Bj�yhvpT�ep_
(λi)i∈I1

XQ|4k
(ei)i∈IN

X�vpXN_p^`_�WoZ
V
_ijcnpS7\]SPXN\ "

Aei = λiB
∗Bei ∀i ∈ I1

B∗Bei = 0 ∀i ∈ I2

(Aei, ej) = δi,j ∀i, j
(Bei,Bej) = 0 ∀i 6= j

f =
∑

i∈IN

fiAei
s?SPT�e}T

fi = (f , ei) ∀f ∈ V ′ä



R+SPT�|4WQeiyhXQY�^r�!Tdk$_�WNY�j�\5^�WN|
uρ

\]SPT�|ÐX�kNyu^q\�_z\]SPT�ZfWQYqYrWNs/^q|1U�T}�fa4edTi_p_i^�WN|c�\9W$s?S1^�npS�stT
s/^qYqY�edT�ZfT�e�X�_��]\]SPTuXN|4XQY�lN\5^�ndXQY,Td�fa4e}Tf_p_p^�WQ|��¡W[Z

uρ
"

uρ =
∑

i∈I1

λifi

λi − ρ
ei +

∑

i∈I2

fiei,
��Þ �

s/^q\]S'\qScT=npWN|c�NT�|c\5^�WN|�\]SPXN\#�x^ Z�\]SPT�e}T=Td��^`_i\�_uXQ|
i
_ijcndS£\]SPXQ\

ρ = λi
��\qScTf|

fi = 0
�[WQe

T�Y�_�T
uρ

k�Wz|+WN\�T}��^`_i\{�=XN|+kz\]SPTunpWNeie}Tf_5aPWQ|4kN^q|1U�\9T�eiy λifi
λi−ρ

^`_�Tp��jcXNY�\gW
0
�
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$�Ùq²d´�¬ �#à ��½c¼�±�¯4´�´�·�±}®wÁ�Ãw´!³VÙ]®w¬�¼�¶�µrÃ�´�·

ρ
¸N¹�´b»�¼w·�·P®N¹�±o®�ÁrÃ�´ � � ��¼w·c³VÄc·B³�²}½c´b»�®w°P¾PÁ�´�³

±}®wÁ�°�²}µ�®w·
(ρ, u)

Ñ

�	¦������ K �#©������! -/�?T�\
Y1

XN|+k
Y2

vpT�\qScTtZfWQYqYrWNs/^q|1U�_pjcvf_�Tf\#_�W[Z
IR
"

Y1 = {ρ ∈ IR
_���\9�

ρ‖Buρ‖ = m},
Y2 = {ρ ∈ Sp(A,B)

_���\9�
f ⊥ Eρ

XQ|4k
ρ‖Buρ‖ ≤ m}.
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(u, ρ)

^`_�Xznfei^q\5^�npXNY�acWN^q|c\bW[Z
F
^q|7\qScT�_�Tf|c_�T�\qScXN\/^q\

^`_�Xh_�WNY{j�\#^�WQ|�W[Z�Tp��jcXN\5^�WN|c_ �#à � XN|+k � � � ��^ Z�XQ|4k	WN|cY{lz^ Z

u = uρ
XN|+k

ρ ∈ Y1WNe
u ∈ {uρ + v

s/^q\]S
v ∈ Eρ

XQ|4k
ρ(‖Bv‖ + ‖Buρ‖) = m} XN|4k

ρ ∈ Y2

s?SPT�e}T
uρ

^`_�kwT#��|+Tdk=^q| �uT��t|c^q\5^�WN|)¢1� �Q�
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ß�Ñ å$¹�½Pµ`»p½Ó»p½c¼w¬d¼�»i²d´�¬dµrÀ�´�±�²}½c´	±}®wÁ�°�²}µ�®w·B±�®QÙ �#à��fÑ���´�®�¿hµ{²�²}½Pµ`±�¾c¬}®1®QÙ�²d½c¼N²h»�¼w·�¯B´
Ù]®w°c·c³	µr·�ÚrÜ�èNÝ9Ñ
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F (u)
¼N²�¼z»f¬dµr²}µ`»�¼QÁ�¾4®wµ�·�²

(u, ρ)
�]¹�½Pµ`»p½$±o®�ÁrÃ�´�± �#à �x¼Q·c³

� � � ��®w·PÁ�Â$³�´�¾4´�·c³c±®�·
ρ
Ñ �'´h¼QÁ`±o®z¾c¬}®NÃ�´�²}½c¼Q²¡µrÙ�¹�´�¹b¼w·�²�²}®�¿z¼QØ1µ�¿hµrÀ�´

F
¸4²}½P´�·

ρ±}½P®w°PÁ`³�¯B´V²p¼��w´�·�²d½P´�±}¿h¼wÁrÁ�´�±o²�¾B®�±}±}µ�¯PÁr´�Ñ
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(u1, ρ1)

XQ|4k
(u2, ρ2)

nfei^q\5^�npXNYPaPWQ^q|c\#_�WoZ
F
stTVSPXN�NT "

F (u1) ≥ F (u2) ⇐⇒ ρ1 ≤ ρ2
XQ|4k

F (u1) = F (u2) ⇐⇒ ρ1 = ρ2.
��å �

R+SPT�e}T#ZfWNe}T�\qScT=WN|BY�l�aPWN_p_p^�v�YrT�yhX���^qy�^r�!T�ep_zXQe}Tz\]SPT
(u, ρ∗)

n�ei^q\#^�npXQY+aPWQ^q|c\#_�_ijcnpS'\qScXN\
ρ∗ = min (Y1 ∪ Y2)

���x|4npT
ρ∗

^`_/ZfWQj�|4kN���be}WpaPWN_p^q\5^�WN|
2.14

Uw^q��Tf_�\]SPTuXwkwTp��jcXN\gT
u
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u1

¼w·c³
u2
¯4´V²[¹�®z»�¬}µr²}µ`»�¼wÁ�¾B®�µr·�²d±x®wÙ

F
Ñ�Õx½c´�Â�±d¼N²dµ�±oÙ]Â

Aui = f +
m

‖Bui‖
B∗Bui i = 1, 2

�[Ü�� �

F (ui) = (f , ui) + m‖Bui‖ i = 1, 2.
�[Ü�Ü��

�±}µ�·P¶u²}½P´�±}Â1¿u¿h´�²}¬dÂ=®QÙ
A
¼Q·c³

B∗B
¼w·c³	´���°c¼N²dµr®�·

(10)
¹b´V®w¯�²p¼Qµ�·�Ô

(f , u2) +
m

‖Bu1‖
(B∗Bu1, u2) = (f , u1) +

m

‖Bu2‖
(B∗Bu2, u1)

�oÜ!ß��

µ5Ñ ´�Ñ
(f , u1 − u2) = m

‖Bu2‖ − ‖Bu1‖
‖Bu1‖‖Bu2‖

(B∗Bu1, u2).
�oÜ�ç �

2�®w¿�¯Pµ�·Pµr·c¶u´���°c¼N²dµr®�·c± �[Ü�ç �x¼Q·c³ �[Ü�Ü��f¸�¹�´V®w¯P²d¼Qµ�·

F (u1) − F (u2) = (f , u1 − u2) + m‖Bu1‖ − m‖Bu2‖

= m
‖Bu1‖ − ‖Bu2‖
‖Bu1‖‖Bu2‖

[

‖Bu1‖‖Bu2‖ − (Bu1,Bu2)
]

.

Õx½c¼w·���±�²}® 2b¼Q°c»p½1Â�º Ï »p½�¹x¼Q¬dÀ�µr·P´���°c¼QÁ�µ{²[Â�¸
F (u1) − F (u2)

µ�±®QÙ�²}½c´�±d¼Q¿h´�±}µr¶�·7²}½c¼w·
‖Bu1‖ − ‖Bu2‖

Ñ�Ò$®w¬d´�®NÃ�´�¬!¸PµrÙ
F (u1) − F (u2) = 0

¹�½cµrÁ�´ ‖Bu1‖ 6= ‖Bu2‖
¸4²}½P´�·

Bu1
¼Q·B³

Bu2
¼Q¬d´�»�®wÁ�Árµ�·P´�¼w¬�Ñ á ·	²d½Pµ�±�Á�¼�±[²�»�¼�±o´�¸�´���°c¼Q²}µ�®w· �[Ü�� �b±o½c®N¹�±b²}½c¼Q²

u1 = u2¹�½Pµ`»p½�µ`±�µ�¿h¾B®�±}±}µr¯cÁr´�Ñ
2

��� � � � � � � ª �!���
min (Y1 ∪ Y2)

��´!»�¼QÁ�Á�µr·P¶Vâ�¬d®w¾4®�±}µr²}µ�®w·=ß�Ñ�Ü!àP¸N¹�´�·P®N¹Û¹x¼Q·�²�²}®�»p½c¼w¬d¼�»i²}´�¬}µ�À�´
ρ∗ = min (Y1 ∪ Y2)

¸w²}½P´
®w·cÁrÂhÃN¼QÁ�°P´®wÙ

ρ
¹�½cµ�»p½	»�¼Q·�¶wµ�Ãw´�¬dµ�±}´�²d®u¼�¿h¼QØ�µr¿hµ�À�´�¬!Ñ % ®w¬�²}½c¼Q²�¾P°c¬}¾4®�±}´w¸�¹�´¡°c±}´¡¼Q·

¼Q°PØ1µ�Á�µ�¼w¬}ÂhÙ]°P·B»i²}µ�®w·
g
Ñ

�	¦������ K �#©������! ���uT#��|4T
Z
�	\qScT�_�Tf\7W[Z

ρ
ZfWQe�s?S1^�npS \]SPT ��e}Tpk�ScWNY�y XNY{\9T�ei|4XQ\#^q�NT

���be}WpaPWN_p^q\5^�WN|�¢����f��kwW!Ti_�|+WN\�XwkNyu^q\�_fWQY�j�\5^�WN|P_p��^��qT!�

Z = {ρ ∈ Sp(A,B)
_pjcnpS7\]SPXQ\

f 6⊥ Eρ}
�oÜ�è �

XN|+k�npXNYqY
λ̄
\]SPT�_iyhXQYqYrTf_p\�T�YrTfyzT�|c\�W[Z

Z
�

�uT�kwT#��|+T�\]SPTuXNjw��^qY�^�XQeilZpj�|4n�\#^�WQ|
g
WN|

IR∗
+ \ Z

v�l

g(ρ) = (f , uρ) + m2/ρ
�[Ü�à��

s?SPT�e}T
uρ

^`_�kwT#��|+Tdk�vfl �uT#��|c^q\5^�WN|'¢�� �w�
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g
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C∞(IR∗
+ \ Z)

XN|+k£^`_$npWN|c�NTd��WN|
(0, λ̄)

���£WNe}TpWQ��T�e
g
\gTf|+k�_�\gW

+∞ ^q|
0+ XQ|4k

λ̄− �x�i\#_�kwT�ei^q��XQ\#^q�NTu^`_�Td��jcXNY�\9W

g′(ρ) = ‖Buρ‖2 − m2/ρ2.
�oÜ�� �
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g(ρ) =
∑

i∈I1

λi(fi)
2

λi − ρ
+

∑

i∈I2

(fi)
2 + m2/ρ.

�[ÜNä��

2�®w¿h¾P°P²}µ�·P¶�²d½P´h±o´!»f®w·B³1º5®�¬d³P´�¬³�´�¬}µ�ÃN¼N²dµrÃ�´�±}½P®N¹�±�²d½c¼N²
g
µ�±�»f®�·1Ãw´fØ�ÑV× ��°c¼Q²}µ�®w· �oÜ�� �

µ`±z¼�±oµ�¿h¾PÁr´)»�®w·c±}´���°P´�·c»f´	®QÙV°c±}µr·c¶�²}½P´ �}¼Q·c¼wÁrÂ�²dµ�»�¼QÁx´fØ�¾P¬d´�±d±oµ�®w·Ð®QÙ
uρ
� ��Þ �uµ�·Û²}½P´

Äc¬p±[²}º5®�¬d³P´�¬x³�´�¬dµrÃN¼Q²}µ�Ãw´V®QÙ �[ÜNä��pÑ
2
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ρ∗ = min (Y1 ∪ Y2)

XQ|4k
s
vpT�\]SPT7WN|BY�l'n�ei^q\#^�npXNY�aPWQ^q|c\�W[Z

\]SPTundWQ|c�NT}�¡Zpj�|4n�\5^�WN|
g
WN|

]0, λ̄[
�zR+SPT�ZfWNYqYrWQs/^q|�U$XQY�\9T�ei|4XQ\#^q�NT�SPWQYrk�_#"

^ Z
(f ⊥ Eλ1

XN|+k
g′(λ1) ≤ 0)

\]SPT�|
ρ∗ = λ1,WN\]SPT�eis/^`_fT

ρ∗ = s.
s?SPT�e}T

λ1 = min Sp(A,B)
^`_z\qScTz_iyzXNYqYrTf_i\�T�^{U�Tf|B��XQY�jcT7W[Zz\]SPT=_5aPTpn�\#eij�y X�_z^q|c\5e}WNm

kNjcnpTpkz^q| ��T#��|B^q\#^�WQ|)¢������
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Y1
¼Q·B³

Y2
¸�²}½P´¡Ù]®wÁ�Ár®N¹�µ�·P¶�»p½B¼Q¬p¼w»i²d´�¬}º

µ�À�¼N²dµr®�·�®wÙ�²d½P´�±o´�²
Y1 ∪ Y2

½P®�Á�³P±�Ô

ρ ∈ Y1 ⇐⇒ g′(ρ) = 0

ρ ∈ Y2 ⇐⇒ g′(ρ) ≤ 0
¼Q·c³

ρ ∈ Sp(A,B) \ Z
Ï µ�·c»f´

g
µ�±�»�®w·1Ãw´�Ø£®NÃw´�¬

]0, λ̄[
¸,¹�´z½B¼�Ãw´

min Y1 = s
Ñ �¡°P´z²d®7²}½P´=»�®w·1Ãw´�Ø�µ{²[Â)®wÙ

g
¸

¼Q·1Â
0 < ρ < s

Ãw´�¬}µrÄc´!±
g′(ρ) < 0

Ñ Ï ®7²}½c¼Q²
ρ∗ = min (Y1 ∪ Y2)

µ`±�·P®w²�´���°c¼wÁ/²}®
s
µ{Ù�¼Q·c³�®�·PÁ�Â�µrÙ

ρ∗ = min Y2 = min (Sp(A,B) \ Z)
¼Q·c³

ρ∗ < s
Ñ á ·�²}½cµ�±h»�¼�±o´

min (Sp(A,B) \ Z) < s < λ̄
Ñ���´�»�¼QÁ�Á�²}½B¼N²

λ̄ = min Z
±}®V²}½c¼Q²

ρ∗ 6= s
µ{Ù�¼Q·B³�®�·PÁ�Â�µrÙ

ρ∗ = λ1 = min Sp(A,B) 6∈ Z
¼Q·c³

λ1 < s
ÑxÕx½c´�»f®�·c³�µr²}µ�®w·

λ1 = min Sp(A,B) 6∈
Z
µ`±x¯�Â	³�´fÄB·Pµ{²dµr®�·7®QÙ

Z
¸P´���°Pµ�ÃN¼QÁ�´�·�²x²}®

f ⊥ Eλ1

Ñ
Õx½P´�·

ρ∗ 6= s
µ{Ùx¼Q·c³£®w·PÁ�Â$µrÙ

ρ∗ = λ1
¼Q·c³

λ1 < s
��µ#Ñ ´wÑ

g′(λ1) < 0
¯1Â)»f®�·�Ã�´fØ�µr²[Â��

¼Q·B³
f ⊥ Eλ1

Ñ
2

��´�»�¼Q·	·P®N¹ã±[²p¼N²}´�²d½P´�Õx½P´�®�¬}´�¿ ¼Q·c·P®w°P·B»f´�³�µ�· Ï ´�»i²dµr®�·7ßPÑrÜ�ÑrÜ�Ñ
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F (u)
vpT�kwT#��|+Tdk v�l ��ç � � �uT��t|4T

ρ∗ = min (Y1 ∪ Y2)
�

➢
�]Z

f ⊥ Eλ1

XN|+k
λ1‖Buλ1

‖ ≤ m
��\]SPT�|

ρ∗ = λ1
XN|4kz\qScTV_�Tf\xW[Z�yzX���^qy�^r�!T�ep_

WoZ
F
^`_�T}�1X�nf\5Y�l

{uλ1
+ v

_f��\g�
v ∈ Eλ1

XQ|4k
λ1‖Bv‖ + λ1‖Buλ1

‖ = m},

➢
WN\]SPT�eis/^`_�Ti�

ρ∗ = s
XQ|4k=\qScT�_�T�\bW[Z�yhX��w^qyu^r�!Tfep_�WoZ

F
^`_ {us}
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¿z¼NØ�µ�¿uµ�À�´�¬d±�®QÙ

F
¼Q¬d´=²}½c´7»�¬}µr²}µ`»�¼wÁ�¾4®wµ�·�²d±h»f®�¬}¬d´�±}¾4®w·c³�µ�·P¶$²d®

ρ∗ = min (Y1 ∪ Y2)
¸

â�¬d®w¾4®�±}µ{²dµr®�·�ß�Ñ�Ü�Þ	²}½B¼N²u»p½B¼Q¬p¼w»i²d´�¬dµrÀ�´�±
ρ∗
¸�´���°B¼N²}µ�®w· �oÜ�� �V²}®'»p½B¼Q·P¶�´h²}½P´�»�®w·c³Pµ{²dµr®�·

g′(λ1) ≤ 0
®wÙbâ�¬d®w¾4®�±}µr²}µ�®w·�ß�Ñ�Ü�Þ�µr·�²}®	²d½P´=»f®�·c³�µr²}µ�®w· ‖Buλ1

‖ ≤ m/λ1
¼Q·c³£Äc·c¼wÁrÁ�Â

¯1Âh°c±oµ�·P¶�ât¬}®�¾B®�±oµr²}µ�®w·�ßPÑrÜ�èV²}½c¼Q²x»p½B¼Q¬p¼w»i²d´�¬dµrÀ�´�±,²d½P´�±}´f²b®QÙ�»�¬}µr²}µ`»�¼wÁB¾4®wµ�·�²d±�®QÙ
F
¹�½P´�·

ρ∗
µ�±�¶�µrÃ�´�·�Ñ
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ρ∗
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s
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]0, λ̄[

®QÙ�²d½P´�»�®w·1Ãw´�Ø'Ù]°c·c»i²dµr®�·
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�

¼Q·B³
λ1
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ρ∗
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ρ∗ 6= λ1
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»�¼�±o´!±x¹�½P´�¬d´�²}½P´�¬}´�´�Ø�µ�±o²�Ár®�»�¼wÁ�¿z¼NØ�µ�¿h¼�²d½c¼N²¼w¬}´V·P®w²�¶wÁ�®w¯c¼wÁ ��±}´�´V²}½c´ $�¾P¾4´�·c³Pµ�»�´�± �iÑ
Õx½c¼Q²uµ`±h¹�½1Â�¹�´	¾P¬d®w¾4®�±}´�½P´�¬}´$¼�±[²p¼Q¯PÁ�´	¼wÁr¶�®w¬dµ{²d½P¿ ²}½c¼Q²z¿uµ�·Pµ�¿hµrÀ�´�±

g
��¼�»f®�·1Ãw´fØ

Ù]°P·c»f²}µ�®w· ��®NÃw´�¬+²}½P´�¯4®w°c·c³�´�³�±o´�²
(0, λ1)

Ñ ��´�¹�µrÁ�Á�¼wÁ�±}®�®w¯P²d¼Qµ�·�¿h®w¬d´�¼w»�»f°P¬p¼N²d´/¯B®�°P·c³P±
®w·

ρ∗
²}½c¼w·

0
¼w·c³

λ1
Ñ

������! � � ¦��$¦�¨ K © � ��¦ K	� © ª
Õx½P´£Äc¬d±o²�²d½Pµ�·P¶�²d®Ð³�®�µ`±�²}®Ð»�®w¿h¾P°�²d´£·1°P¿h´�¬dµ`»�¼QÁ�Á�Â

λ1
¸�²}½P´�±o¿z¼wÁrÁ�´�±o²�´�µ�¶w´�·1Ã�¼wÁr°c´

²}®�¶w´�²}½P´�¬¡¹�µr²}½�µ{²p±V´�µ�¶w´�·c±o¾B¼w»f´
Eλ1

Ñ á Ù
f
¯4´�Á�®w·P¶�±�²d®

(Eλ1
)⊥
¸�®�·P´h½c¼w±¡²}®7»f®�¿h¾P°�²}´

uλ1

¸�²}½c´'°P·cµ ��°P´�±o®�Ár°�²dµr®�·�²}®
(A − λ1B

∗B)uλ1
= f

¼Q·c³
Auλ1

∈ (Eλ1
)⊥
Ñ á Ù

‖Buλ1
‖ ≤ m/λ1

²}½P´�·	¹b´�¼Q¬d´�³P®w·P´�Ñ
á Ù�²d½P´�±}´z»f®w·B³�µ{²dµr®�·c±�¼Q¬d´�·P®w²�¿h´�²�¸�¹b´�½B¼�Ãw´�²d®�ÄB·c³

s
¹�½cµ�»p½'µ�±¡²}½c´u¿hµ�·Pµ�¿uµ�À�´�¬V®QÙ

g®w·
]0, λ1[

Ñ ��´!»�¼QÁ�Á+²}½B¼N²
g
µ`±�»f®�·�Ã�´fØ=®�·�²d½Pµ�±�µr·�²}´�¬}ÃN¼wÁ�¼Q·c³�µ�±�¶wµ�Ãw´�·	¯1Â+Ô

uρ = (A− ρB∗B)−1f

vρ = A−1B∗B(A − ρB∗B)−1Auρ

g(ρ) = (f , uρ) + m2/ρ
g′(ρ) = ‖Buρ‖ − m2/ρ2

g′′(ρ) = 2(B∗Buρ,B
∗Bvρ) + 2m2/ρ3,

�oÜ�Þ �

¹�½P´�¬}´¡²}½P´VÁ`¼w±o²�´���°c¼N²dµr®�·�µ`±x®w¯�²p¼Qµ�·P´�³�¯1Âz²[¹�®h³�´�¬}µ�ÃN¼N²}µ�®w·B±�®wÙ�²}½c´�¼Q·c¼wÁrÂ�²}µ`»�¼wÁB´�Ø�¾P¬}´!±[º
±}µr®�·�®wÙ

g
�oÜ�ä��b¼w·c³�µ`³�´�·�²dµ{Ä4»�¼N²dµr®�·7°c±oµ�·P¶hâ�¬d®w¾4®�±}µ{²dµr®�·7ßPÑrÜ�ß�Ñ

��¦�� MPL�� � � � ��R+SPT�XQjw�w^qY{^�XNeil�Zpj�|4n�\5^�WN|
vρ = A−1B∗B(A− ρB∗B)−1Auρ

_�TpTfy�_
Xua+ei^�WNei^VkN^ � nfj�Y�\�\gW£npWNya4j�\gT��	��j�\¡^ Zh\]SPT ��
~WNe ��SPWQYrTf_o�Ql�ZfX�nf\gWNei^r�!XQ\#^�WQ|�WoZ

A −
ρB∗B

SPXN_�XNY�e}TpX�kNl�vpTpTf|£W�vf\gXN^q|+Tdk=s?SPT�|'npWNya4j�\5^q|�U
uρ
�/\qScTf|$^q\�^`_�npW�_i\5YrTf_d_V\gWue}Tfj1_�T

^q\g��R+SPT¡^q|c�NT�ep_fT�acWNstT�e¡XNY U�WQei^q\qS�y \qScXN\/ndWQy�a+j�\9Tf_
λ1

XNY{e}TpXwkNl�j1_�Tdk�\qS�^`_�ZfXwn�\9WQei^r�!XN\5^�WN|
W[Z

A
XN|+kzstTt�ij1_p\�SPXQ��T�\gWu_i\9WQe}T�^q\xXQYrWN|1U=\]SPT�^q\9T�e}XQ\#^�WQ|P_��

Ï µ�·c»f´�²}½P´x±}´�»f®�·c³�³�´�¬}µ�ÃN¼N²}µ�Ãw´�®QÙ
g
»�¼w·�¯B´b´�¼�±oµ�Á�ÂV»�®w¿h¾P°�²d´�³�¸N¹b´�»�¼Q·�°B±o´b¼  �´�¹x²}®�·

¿h´f²d½P®�³7²}®�»�®w¿h¾P°�²d´�²d½P´�¿hµ�·Pµr¿�°P¿
s
®QÙ

g
ÑÕx½c´�·�¸+Õx½P´�®�¬}´�¿

2.19
¶wµ�Ãw´�±�²}½P´u±oµ�·P¶�Ár´

¿z¼NØ�µ�¿uµ�À�´�¬ {us}
Ñ

������ � �u© 
 � ª?J © �
s

�b´�»�¼Q°c±}´´!¼w»p½�µr²}´�¬d¼Q²}µ�®w·�®QÙ�²d½P´  �´�¹x²}®w·�¿h´f²}½c®1³�µ`±�»f®�±o²}Á�Âw¸1µr²�µ�±�¼�¶w®1®�³=µ`³�´�¼�²}®uÄc·B³
±}®w¿h´�¯B®�°P·c³P±t®w·

ρ∗ = s
µr·z®�¬d³�´�¬�²}®�½B¼�Ãw´�¼�¶w®1®�³h±[²p¼Q¬}²}µ�·P¶V¾B®�µr·�²�Ù]®�¬/²}½c´¼QÁ�¶w®�¬}µr²}½P¿7Ñ

Õx½P´!±o´V¯4®w°P·c³c±�¹�µrÁ�Á�¯4´�»�¼QÁ�Á�´�³
sm

¼Q·c³
sM

±}°c»p½�²d½c¼N²
sm ≤ s ≤ sM

Ñ

ÜwÜ



$±d±o°c¿u´	²d½c¼N²=¹b´	¼wÁr¬d´�¼�³�Â�»f®�¿h¾P°�²}´!³
n
´�µ�¶w´�·�Ã�´�»f²}®w¬p±

(ei)i∈I
¼w·c³�´�µr¶�´�·1ÃN¼QÁ�°P´�±

(λi)i∈I
¹�µ{²d½

I = {ik}k=1..n
Ñ ��´!»�¼wÁrÁ¡²}½c¼Q²

I ⊂ I1
¹�½P´�¬}´

I1
µ�±	³�´�Äc·P´�³ã¼w±�µ�·

â�¬d®w¾4®�±}µ{²dµr®�·
2.12

Ñ ��´�¼wÁ�±}®=½c¼�Ã�´�»f®�¿h¾P°�²}´!³7²}½c´�»f®1®�¬d³�µ�·c¼Q²}´�±
fi = (f , ei)

¹�½P´�¬}´
ei¼Q¬d´�·P®w¬d¿z¼QÁ�µrÀ�´�³�¯�Â

(Aei, ej) = δi,j
Ñ

+ L ©',�© J � K ��© � ��� �� �?T�\
λM = max

i∈I
λi

XQ|4k
(sM , sm)

vpT�\]SPT�_�WNY�j�\5^�WN|c_�WoZ

0 ≤ sM ≤ λ1
XQ|4k ∑

i∈I

λifi
2

(λi − sM )2
= m2/sM

0 ≤ sm ≤ λ1
XQ|4k λMα

(λM − sm)2
+

∑

i∈I

λifi
2

(λi − sm)2
= m2/sm

s?SPT�e}T
α
^`_�k�T��t|4Tpk�v�l "

α = min

{

(A−1f , f) −
∑

i∈I

(fi)
2

, λM (B∗BA−1f ,A−1f) −
∑

i∈I

(fi)
2 λM

λi

}

,

\]SPT�|
sm ≤ s ≤ sM

s/^q\qS£XN|�Td��jcXNY{^q\#lz^ Z�XQ|4k�WN|cY{lz^ Z
Sp(A,B) \ Z ⊂ {λi, i ∈ I} �

��¦�� MPL�� � � ��� ��WNya4j�\5^q|�U
sM

XN|+k
sm

^`_z|4WQ\�X)kQ^ �Ûn�j�Y�\�\9XN_}�w���i|4k�TpTdkN��XNeiedXN|�U�T
I = {ik}k=1..n

^q|'^q|+nfedTdXN_i^q|�U7WNe}k�Tfep��kwT#��|+T
Ã = diag(λik

)k=1..n
XN|4k

B̃
\qScT�^�k�Tf|Bm

\5^q\#lVyzXN\5ei^{�uWoZ�e}XQ|1�V|c��\]SPT�|
sM

XQ|4k
sm

XNedT�e}Tf_5aPTpn�\#^q�NT�Y�l�\]SPT�_fWQY�j�\5^�WN|P_WoZ�\qScT�edWwv�j1_p\
Wda+\#^qyu^r�!XN\5^�WN|�a4e}W�vfY�Tfy�^q|��t|c^q\gT�kQ^qyhT�|P_i^�WN|

n
s/^q\qS'Xh_�WQj�e}npT�\gTfeiy�Td��jcXNY�\9W

fm = [
√

λi1 fi1
√

λi2 fi2 ..
√

λin−1
fin−1

√

λinfin ],

fM = [
√

λi1 fi1
√

λi2 fi2 ...
√

λin−1
fin−1

√

λin(α + fin)].

�+WQY��!^q|�U	\]SPTf_fTze}Wwv�j1_i\�Wpa4\5^qy�^r�!XQ\#^�WQ|	a4e}W�vfYrT�y�_�^`_�_i\5e}XN^{U�S1\ ZfWNeistXQe}kw��R+SPThyzXN\5ei^�npTi_
ÃXN|+k

B̃
XQe}TzkN^�X�U�WQ|4XQY/\qS�j1_�stTzndXQ|�j1_fT�\]SPTzTd�fa4Y�^�n�^q\�ZfWNeiyuj�YrX �#Þ � s/^q\qScWNj�\XQ|cl	Td��\#edX

npWNya4j�\gXN\5^�WN|c_/ZfWQeU�T�\5\#^q|1U=\]SPT�_5aPTpn�\#eij�y
Sp(Ã, B̃)

�
+ L ©�©10�© 0 + L © ,t© J � K ��© ��� � �  ��´�Äc¬d±o²�¾P¬d®NÃw´¡²}½c¼Q²

sM ≥ s
Ñ���´�½c¼�Ãw´

∑

i∈I1

λi(fi)
2

(λi − sM )2
≥

∑

i∈I

λi(fi)
2

(λi − sM )2
= m2/sM

±}®�²}½c¼Q²
g′(sM ) ≥ 0

Ñ Ï µ�·c»f´
λ1 ≥ sM ≥ 0

¸
g
µ`±b»f®w·1Ã�´fØh®w·

(0, λ1)
¼Q·B³

g′(s) = 0
¸�¹b´

³�´!³�°c»f´
sM ≥ s

Ñ
Õ�®�¾P¬}®NÃ�´�²}½P´�®Q²}½c´�¬�µ�·P´���°c¼wÁrµr²[Â

sm ≤ s
¸B¹b´�¿�°B±[²�ÄB¬d±o²�Äc·c³$¼w·$°P¾P¾4´�¬¡´�±o²}µ�¿h¼Q²}´

®QÙ
K =

∑

i∈I1\I

(fi)
2

(λi
1/2 − λi

−1/2sm)2
=

∑

i∈I1\I

(fi)
2/λi

(1 − λi
−1sm)2

.
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��´�¬}´�ÁrÂ=®�·�²d½P´VÙ]®wÁ�Á�®N¹�µr·P¶uµ`³�´�·�²}µr²}µ�´�±
∑

i∈I1\I

(fi)
2 = (A−1f , f) −

∑

i∈I

(fi)
2 −

∑

i∈I2

(fi)
2,

∑

i∈I1\I

(fi)
2/λi = (B∗BA−1f ,A−1f) −

∑

i∈I

(fi)
2/λi,

¹�½Pµ`»p½�Â1µ�´�Á`³

K =
∑

i∈I1\I

f2
i

(λi
1

2 − λi
− 1

2 sm)2

≤
∑

i∈I1\I f2
i

(λM
1

2 − λM
− 1

2 sm)2
≤ λM

(A−1f , f) − ∑

i∈I f2
i

(λM − sm)2

K =
∑

i∈I1\I

f2
i /λi

(1 − sm/λi)2

≤
∑

i∈I1\I f2
i /λi

(1 − sm/λM )2
= λM

2 (B∗BA−1f ,A−1f) −
∑

i∈I f2
i /λi

(λM − sm)2
.

��´�»�¼Q·	·P®N¹ã»f®w·B»fÁ�°c³�´�²}½c¼Q²
∑

i∈I1

λif
2
i

(λi − sm)2
=

∑

i∈I

λif
2
i

(λi − sm)2
+

∑

i∈I1\I

λif
2
i

(λi − sm)2

=
∑

i∈I

λif
2
i

(λi − sm)2
+ K

≤
∑

i∈I

λif
2
i

(λi − sm)2
+

λMα

(λM − sm)2
= m2/sm,

±}®�²d½c¼N²
g′(sm) =

∑

i∈I1

λif
2
i

(λi − sm)2
− m2/sm ≤ 0

¼Q·c³�²}½c´�¬d´fÙ]®w¬d´
sm ≤ s

Ñ
2

� � ��� 	 � Ë�Î�� �xÉ���Ç�È,Î��VÈ?ÎfÊ�Ç

��
� � � � �*� �
	("� ��� � ��$*"�� ��� &

Õx½P´�¶�®�¼QÁ+®wÙ?²d½Pµ�± Ï ´�»f²}µ�®w·7µ�±b²d®=»f®�¿u¾c°�²}´�¼h±}½c¼Q¾4´�³�´�¬dµ�Ã�¼Q²}µ�Ãw´V®QÙ?²}½P´�¬d®w¯c°c±[²»�®w¿h¾PÁ�µ{º
¼Q·B»f´wÑ,Õx½Pµ`±/±o½c¼w¾B´�³�´�¬}µ�ÃN¼N²dµrÃ�´�¹�µ�ÁrÁc¯B´xÁ`¼N²}´�¬/°c±}´�³�µr·h¼�·�°c¿u´�¬}µ`»�¼wÁ�¼QÁ�¶w®w¬dµr²}½P¿7¸�²}½c´�Ár´�Ãw´�Á
±}´f²t¿h´f²d½P®�³�¸�²}®�®w¾P²}µ�¿uµ�À�´�²}½P´³P®w¿z¼Qµ�·�Ñ#��´�»�¼QÁ�ÁPÙ]¬d®w¿ Ï ´�»i²dµr®�·�ß¡²}½c¼Q²�¹b´�»f®�·c±oµ`³�´�¬/²}½P´
Ù]®wÁ�Á�®N¹�µr·P¶h±}½c¼Q¾4´�®w¾�²dµr¿hµ�À�¼Q²}µ�®w·	¾P¬}®�¯PÁ�´�¿

min
Ω⊂D

(J(Ω) + η|Ω|)
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¹�½P´�¬}´
η
µ�±h¼£¶wµ�Ãw´�· "�¼w¶w¬p¼Q·P¶�´z¿�°PÁr²}µ�¾PÁ�µr´�¬�Ù]®�¬z¼£Ã�®wÁ�°P¿h´�»f®�·c±o²}¬p¼Qµ�·�²!¸

D
µ`±u¼£ÄPØ�´�³

¯4®w°P·c³P´�³=³�®�¿z¼Qµ�·�¸�¼w·c³ J µ`±/²d½P´¬d®w¯P°B±[²x»f®w¿h¾PÁ�µ`¼Q·c»�´³�´fÄB·P´�³z¯1Â�²}½P´Ù]®wÁ�Ár®N¹�µ�·P¶�¿z¼QØ�º
µ�¿uµ�À�¼Q²}µ�®w·	¾P¬d®w¯PÁ�´�¿

J(Ω)= max
u∈H1

D(Ω)d

[

∫

Ω

(2f1 · u − Ae(u) : e(u)) dx + 2

∫

ΓN

f2 · u ds + 2m

(∫

Ω

χu · u dx

)1/2
]

.

�oÜ�å �
��´�³�´�·P®w²}´�¯1Â M ²}½P´�±}´f²�®wÙ

u
²}½c¼Q²�¬}´!¼QÁ�µrÀ�´�²d½P´�¿z¼NØ�µ�¿�°P¿ µr·u²}½c´�¼Q¯4®NÃw´x´fØ�¾P¬d´�±d±oµ�®w·�Ñ

��´�¬}´�µr·�²}´�¬}¾c¬}´�²�²d½P´�¼Q¯c±o²}¬p¼w»f²�Õx½P´�®�¬}´�¿ ß�Ñ�ä�¼�±�Ô

+ L ©',�© J � K ��© � - �! ��WQe�X�Uw^q�NTf|'_iyhW!WN\]S£vpWQj�|4kwTpk�WdacTf|'_�Tf\
Ω
�t\qScT�_�T�\ M WoZ�yhX���^qm

yu^r��T�ep_�W[Z J ^`_Uw^q��T�|�v�l "

M = {uρ∗ + rv
_ijcnpS	\]SPXN\

v ∈ Eλ1

XN|4k ‖χv‖L2 = 1}

s/^q\qS
(ρ∗, r) = (s, 0)

s?SPT�|£\]SPT�yzX���^qy�^r�!T�e�^`_�j�|c^���jcTi�

(ρ∗, r) = (λ1,
m

λ1
− ‖χuρ∗‖L2)

s?ScTf|'\qScTfedT�XQe}T�yuj�Y�\5^ a4YrT�yzX���^qy�^r�!T�ep_��

�'´�¯c¬}µ�´��cÂ�¬}´!»�¼wÁrÁ1²d½P´�·P®Q²dµr®�·�®wÙ+±}½c¼w¾B´�³�µ��4´�¬}´�·�²}µ`¼N²}µ�®w·�¸�¼V±[²p¼Q·c³c¼Q¬p³�²d®�®�Á1²}½c¼Q²t»�¼w·
¯4´VÙ]®w°P·c³	µ�·'Ú�Ü��NÝ5¸�Ú�ßQçNÝ5Ñ

�	¦������ K �#©�� - � � ��WQe�XN|Blz��Tpn�\9WQe���T�Yrk
θ ∈ W 1,∞(IRd; IRd)

k�T��t|4T

Ωθ = (
��k

+ θ) ◦ Ω = {x + θ(x)
_ijcnpS7\]SPXQ\

x ∈ Ω}.
�?WNe�X�UQ^q�NTf|�Zpj�|+nf\5^�WN| J(Ω)

�/^q\�_¡_}SPXdacT�k�Tfei^q�NXN\5^q�NT J ′ ^`_Vk�T��t|4Tpk	�9s?SPT�|$^q\tT}��^`_i\�_9�zX�_\]SPTukN^ �T�e}T�|c\5^�XNY,WoZV\qScTtZfWQYqYrWNs/^q|1UVZpj�|4n�\#^�WQ|4XQY
J
XN\

0

J : W 1,∞(IRd; IRd) → IR
θ 7→ J(Ωθ).

�=SPT�\qScTfe
J
X�kNyu^q\�_zX$kN^qe}Tpn�\#^�WQ|4XQYtkwT�ei^q��XQ\#^q�NT�WQehX ��e��pnpSPT�\¡kwT�ei^q��XQ\#^q�NTf�stTu_�XNl	\qScXN\

J ′ ^`_�X�kQ^qe}Tpnf\5^�WN|+XNY,WQe ��e��dnpSPT�\bk�Tfei^q�NXN\5^q�NT��
á ·£®�¬d³�´�¬�²d®�±}µr¿h¾PÁ�µ{Ù]Â7²d½P´�·c®Q²d¼Q²}µ�®w·c±�¸4²}½P´�¿z¼Q¾ á ³

+ θ
¹�µrÁ�Á,¯B´h³�´�·c®Q²}´!³$¯1Â

T
µr·

²}½c´�±o´���°c´�Á5Ñ % ®w¬x²d½P´�±}¼��w´�®QÙ/»f®�¿u¾cÁr´�²}´�·c´�±d±xÁr´�²�°c±x¬}´!»�¼wÁrÁ+²d½P´VÙ]®wÁ�Ár®N¹�µ�·P¶

�	¦������ K �#©�� - �.- R+SPT�Zpj�|+nf\5^�WN|+XNY
θ 7→ J(θ)

^`_t_�XN^�k�\gW�vdT�kQ^qe}Tpnf\5^�WN|+XNYqY�l�kQ^ �TfedTf|B\#^�X�vfYrT
XN\

θ = 0
^ Z=XN|4k'WN|BY�l$^ Zd�,ZfWQe�Tf�NTfeil£kQ^qe}Tpnf\5^�WN|

θ0 ∈ W 1,∞(IRd; IRd)
�\qScTZfWQYqYrWNs/^q|1U

Y�^qyu^q\xTd��^`_i\�_
lim

t→0 , t>0

J(tθ0) − J(0)

t
= J ′(θ0).

R+SPT�yhXpawa+^q|�U
θ0 7→ J ′(θ0)

^`_�npXQYqYrTpk=\]SPTukN^qe}Tpn�\#^�WQ|4XQY,kwT�ei^q�NXN\5^q��T!�
á ·Ó²d½P´$¼Q¯4®NÃw´	³�´fÄc·cµ{²dµr®�·�²}½c´	¿z¼w¾P¾Pµ�·P¶

θ0 7→ J ′(θ0)
µ`±uÁrµ�·P´!¼Q¬hµ{Ù

J
µ`± % ¬��!»p½P´f²

³�µ��4´�¬}´�·�²}µ`¼Q¯PÁ�´w¸�¯P°P²�®Q²}½c´�¬d¹�µ�±}´w¸�µ�·	Ù]°PÁrÁ�¶w´�·c´�¬p¼QÁ�µ{²[Â�¸�µr²�¿z¼�Â=¯4´�·P®w·PÁ�µ�·P´�¼w¬�Ñ

Ü�è



��
 	 � 	���� � $'������� $'�����)�*��"�� ��� � "%$'��&

�	¦������ K �#©�� - � �

� �?Tf\
α > 0

�
β1 > 0

vpT�ndWQ|P_i\gXN|c\#_£XN|+k
IL
\]SPT)_5aPX�ndT�WoZ$Y�^q|+TdXQe)j�|4vpWQj�|4kwTpk

_�TfY ZpmoXwkg��WQ^q|c\�WdacT�e}XN\gWNep_tZpe}WQy
H → H

_ijcnpS7\]SPXN\ "

∀L ∈ IL, ∀u ∈ V β1‖u‖2
V ≥ (Lu, u)H ≥ α‖u‖2

V .
�]�i|	acXNei\5^�nfj�Y�XNep��\]SPT�WpaPT�e}XQ\9WQep_u^q|

IL
SPXQ��T	X �]j�|c^ ZfWQeiy�Y�l�undWQy�acXwn�\edTi_�WNY{��T�|c\�^q|

H
�

XNedT�j�|B^ ZfWNeiyuY�l�npW�T�e}n�^q��ThXN|+k�npWN|B\#^q|BjcWNj1_V^q|
V
� �

� �?Tf\ β2 > 0
vpT�X�ndWQ|P_i\gXN|c\xXN|+k

IM
vpT�\qScT�_5acXwnpThW[Z�npWN|B\#^q|BjcWNj1_�aPWN_i^q\#^q�NT�Y�^q|4TpXNe

_�TfY ZpmoXwkg��WQ^q|c\xWdacTfe}XQ\9WQep_,Zpe}WQy
H → H

j�|c^ ZfWNeiyuY�lzndWQ|c\5^q|cjcWQj1_s/^q\qS7npWQ|P_i\9XQ|c\
β2
��^��qT�� "

∀M ∈ IM , ∀u ∈ H β2‖u‖2
H ≥ (Mu, u)H ≥ 0

� �uT��t|4T�\qScT�|4WQeiy ^q|'\qScW�_�T�\#stWz_#acXwnpTf_�X�_�ZfWNYqYrWQs�_#"V^ Z
N ∈ IL

WNe
N ∈ IM

\]SPT�|

‖N‖ = max
u∈V

(Nu, u)H

‖u‖2
V

�5ß�� �

^��qT!�r�tstT�T�|4k�WNs
IM

s/^q\qS$\qScT�|+XN\5j�e}XNY�|+WNeiy W[Z
IL
�

� �?Tf\ X vdT¡XUw^q��T�| �XQ|4XwnpSz_#acXwnpT
X → IL×IM×V ′ � θ 7→ (L(θ),M(θ), l(θ))

vdT
X ��e��pndScTf\�kQ^ �TfedTf|B\#^�X�vfYrT�yhXpawa+^q|�Uz��ZfWQe

L
XQ|4k

M
��\]SPT�kQ^ �TfedTf|B\#^�X�vf^qY�^q\5l�^`_�j�|+kwT�ep_i\9W!W�k

s/^q\]S�e}Tf_#acTpnf\\9W7\]SPTz|4WNeiy �ij1_i\¡kwT#��|+Tdki�w� ��T#��|+T
DL(θ0) · θ

\]SPT�kwT�ei^q��XQ\#^q�NT	W[Zh\]SPT
WdacT�e}XN\gWNe

L
s/^q\qS�e}Tf_#acTpnf\�\gW

θ
XN\�\]SPT�aPWQ^q|c\

θ0
Xda�a4Y�^�Tpk'\gW

θ
���¡|4k'kwT#��|+T

L′(θ) =
DL(0) · θ � 
?_�T�npWN|c_i^`_p\gT�|c\t|+WN\gXN\5^�WN|c_/ZfWQe�\qScT�WpaPT�e}XQ\9WQe l

XN|+k
M
�

�'´�±}½c¼wÁrÁ�¶�µrÃ�´�¾c¬}´!»fµ`±o´�´fØP¼Q¿h¾PÁ�´�±x®wÙ
L
¸
M

¼Q·c³
l
µr·7â�¬d®w¾4®�±}µ{²dµr®�·	çcÑ�ä�¯4´�Á�®N¹�Ñ % ®w¬

²}½c´b¿h®�¿u´�·�²�¸wÁ�´f²/°c±/±}µ�¿u¾cÁrÂ�µ�·c³�µ`»�¼Q²}´x²d½c¼N²!¸N²[Â1¾Pµ�»�¼QÁ�ÁrÂ�¸
L(0)

µ`±,²}½P´x´�Á`¼w±o²}µ`»fµr²[Â�®�¾B´�¬d¼Q²}®w¬
A
¸
M(0)

µ�±�²}½P´�¾B´�¬o²d°P¬}¯B¼N²}µ�®w·7Á�®�»�¼QÁ�µ�À�¼N²dµr®�·7®w¾4´�¬p¼N²}®�¬
B∗B

¼Q·c³
l(0)

µ`±�²d½P´�¼Q¾c¾PÁrµ�´�³
Ù]®w¬p»f´�Ù]®�¬x²}½P´�¼�»i²}°B¼QÁ�±}½c¼Q¾4´

Ω0
Ñ

� � ¦1© L ¦�� - �� �Bj!a�aPWN_fT	\]SPXQ\
L
XN|+k

M
XN|+k

l
_�XQ\#^`_]Zpl�\qScT)X�_p_ij�y�a+\#^�WQ|P_	WoZ �uT#��m

|c^q\5^�WN|Û¤�� �4�'�Bj!awacW�_�T7XNY�_fW£\]SPXN\�\]SPT�e}T�Td��^`_i\�_=X$|+Tf^{U�SPvpWNe}ScW�W!k
U0

W[Z
0
^q|

X
XN|+k'X

npWN|c_p\gXN|B\
C
_ijcnpS$\]SPXQ\�ZfWNe�XQYqY

θ ∈ W 1,∞ � ∀θn, θ0 inU0
\qScT�ZfWQYqYrWNs/^q|1U)vpWNj�|+kwTpkN|+Ti_p_

XN|+k�npWN|B\#^q|Bj�^q\#l¡a+e}WdacTfei\5^�Tf_�SPWNY�k "

‖DL(θ0).θ‖ ≤ C‖θ‖W 1,∞

�5ß�Ü��
‖[DL(θn) − DL(θ0)].θ‖/‖θ‖W 1,∞ → 0

s?SPT�|
θn → θ0,

�5ßwß��
XN|+k�XN_p_pj�yzT�\qScXN\�Tp�fjcXQ\#^�WQ| �5ß�Ü'� XN|+k �5ßwß�� SPWQYrk�\#eijcT�ZfWNe

M
XN|+k

l
\9W!Ww� ��T#��|+T�\]SPT

ZfWNYqY�WNs/^q|�U	edWwv�j1_p\xnpWNya4Y�^�XQ|4npTbZpj�|4n�\#^�WQ|4XNY "

J(θ) = max
u∈V

{

F (θ, u) = −(L(θ)u, u) + 2(l(θ), u) + 2m(M(θ)u, u)1/2
}

,

XN|+k'YrTf\ M0
vpT	\]SPT�_�Tf\�WoZ�yzX���^qyu^r��T�ep_	WoZ

J(0)
� R+SPT�|P�tZfWQe7XQYqY

θ0 ∈ X
�

J(θ)
^`_

kN^qedTdn�\5^�WN|4XQYqY�l=kwT�ei^q��X�vfY�T�XQ\/\qScTtaPWQ^q|c\
θ = 0

^q|7\]SPT�kN^qedTdn�\5^�WN|
θ0
XN|+ku\qScT���XQY�jcT�WoZ\]SPT

kN^qedTdn�\5^�WN|4XQY,k�Tfei^q�NXN\5^q��Tu^`_

J ′(θ0) = max
u∈M0

[

−
(

L′(θ0)u, u
)

+ 2(l′(θ0), u) + ρ∗
(

M′(θ0)u, u
)]

Ü!à



s?SPT�e}T)T�^q\]SPT�e
ρ∗ = λ1

��\]SPT�_iyzXNYqYrTf_i\�Tf^{U�T�|c�NXNY�jcT'W[Z
Sp(L(0),M(0))

��s?SPT�|�\qScTfedT
XNedT�yuj�Y�\#^ a+YrT�yhX��w^qyu^r�!Tfep_p�bWQe

ρ∗ = s = m/(M(0)us, us)
1/2 s?ScTf|'\qScTfedT�^`_�Xu_i^q|�UwYrTyzX���^qy�^r�!T�e��

+ L ©�©10 � J � ¦ K�O � � á ·z®w¬p³�´�¬�²}®�¬dµr¶�®w¬d®w°c±}ÁrÂ�¾c¬}®NÃ�´xÕx½c´�®w¬d´�¿ çPÑ�à�¸�2�Á`¼Q¬
�w´�� ±�±}°P¯P¶�¬d¼�³�µr´�·�²
²}½c´�®w¬dÂ£Ú�ÜwÜfÝ?½c¼�±x²}®=¯4´�°c±}´�³�ÑxÕx½c´�´fØ�µ`±[²d´�·c»�´�®QÙ�±}°P¯P¶w¬p¼w³Pµr´�·�²p±xµ�±¶w°c¼w¬d¼w·�²}´�´!³�¯1Â�²}½P´
°P·PµrÙ]®w¬d¿ ¯4®w°P·c³c±hµr¿h¾4®�±}´�³Ð®w·�²d½P´$®w¾4´�¬p¼N²d®w¬p±�µ�· �¡´fÄB·Pµ{²dµr®�·�çPÑ ècÑÓÕx½P´$³�µ�¬d´�»i²dµr®�·c¼QÁ
³�´�¬}µ�ÃN¼N²}µ�Ãw´�®QÙ

J
µ�± �[°c±o²u®�¯�²d¼wµr·c´�³�¯1Â�²d¼��1µr·P¶'²}½c´	±}°P¾P¬d´�¿�°P¿ ®w·�²d½P´7±o°P¯c¶w¬p¼w³�µ�´�·�²�Ñ

�¡´f²d¼wµrÁ`±�»�¼w·�¯4´VÙ]®w°c·c³	µr· $�¾c¾B´�·c³�µrØ7ÞcÑ
2

��
�� � � ����	� � �*�"�� � " � ����� � "�� �*�& ��� � �*�"��

Õx½P´u¶w®�¼QÁ,®QÙ�²d½Pµ�± Ï ´!»i²dµr®�·'µ`±¡²}®7»f®w¿h¾P°P²}´�²}½P´z³�µ�¬}´!»i²dµr®�·c¼QÁ�³�´�¬dµ�Ã�¼Q²}µ�Ãw´�®QÙ�²d½P´h¬}®�¯P°c±o²
»f®�¿h¾PÁrµ`¼Q·B»f´wÑ á ·�®w¬p³�´�¬�²}®±}µr¿h¾PÁ�µrÙ]Â¡²d½P´t·c®Q²d¼Q²}µ�®w·c±�¸!®w·PÁ�Â¡Ã�®wÁ�°P¿h´�Ù]®w¬p»f´!±�¼Q¬d´�»f®�·c±}µ�³�´�¬}´!³
�]µ5Ñ ´wÑ

f2 = 0
µ�· Ï ´�»f²}µ�®w·$ß��fÑ

� � ¦1© L ¦�� - ��� R+SPT$edWwv�j1_p\hnpWNya4Y�^�XQ|4npT �[Ü�å � ^`_)kN^qe}Tpn�\#^�WQ|4XNYqY{lÐkN^ �T�e}T�|c\5^�Xwv�YrT£s/^q\qS
e}Tf_5aPTpn�\?\gW�\]SPTVk�WNyzXN^q|�� ��T#��|B^q\#^�WQ|	¤���¢f�uXQ|4k�\qScT�NXNY{jcT�W[Z�\]SPTVkQ^qe}Tpnf\5^�WN|+XNY�kwT�ei^q��XQ\#^q�NT
^q|£\]SPT�kN^qe}Tpn�\#^�WQ|

θ
^`_

J ′(θ) = max
u∈M0

∫

∂Ω

(θ · n)[v(u, u) + 2f1 · u]ds
�#ßwç �

s?SPT�e}T M0
^`_�\]SPT�_fT�\,WoZ�yzX���^qy�^r�!T�ep_�^q|�\]SPT�kwT#��|c^q\5^�WN|7W[Z J(Ω)

XQ|4k
v
^`_X���jcXwkQe}XN\5^�n

\gTfeiy�kwT#��|4Tpk�vfl

v(u, w) = −Ae(u) : e(w) + ρ∗χu · w WQ|
ΓN

v(u, w) = Ae(u) : e(w)
WN|

ΓD

s?SPT�e}T
ρ∗

^`_�\qScT�npWQy�yzWN|'��XQY�jcT�WoZ m
‖χu‖

ZfWNe�T���T�eil
u
^q| M0

�
Õx½P´�®�¬}´�¿ çPÑ�àh»�¼w·P·P®w²x¯4´�³�µ�¬d´�»i²dÁrÂ	¼Q¾P¾cÁrµ�´�³	½P´�¬}´�¸�¯B´!»�¼Q°B±o´V²d½P´�±}¾c¼w»�´�±

IL
¼w·c³

IM
¸

µ�·�²d¬}®�³�°B»f´�³	µ�· �´�Äc·Pµr²}µ�®w·)çPÑ èc¸B¼Q¬d´V¼�±}±}°P¿h´�³�²d®z¯B´�µ�·1ÃN¼Q¬dµ�¼w·�²�¹�µr²}½$¬d´�±}¾B´!»i²�²d®
θ
Ñ Ï ®

Ù�¼Q¬z®�°P¬zÙ]®�¬}¿�°PÁ�¼Q²}µ�®w·Û®QÙ�²}½P´'±o½c¼w¾B´$®�¾�²}µ�¿hµrÀ!¼N²dµr®�·Û¾c¬}®�¯PÁr´�¿ ½c¼�±z¯B´�´�·�×�°cÁr´�¬}µ`¼Q· µ�·
²}½c´�±o´�·c±o´�²d½c¼N²�²d½P´�´�Á`¼w±o²}µ`»fµr²[Â=®w¾4´�¬p¼N²d®w¬

A
µ`±�³�´fÄc·c´�³�Ù]¬}®�¿

H1
D(Ω)d → H−1(Ω)d ×

H−1/2(ΓN )d ¹�½P´�¬}´ Ω
µ`±t²}½P´�»f°P¬d¬}´�·�²�±o½B¼Q¾4´wÑ �bÂ�ÃN¼Q¬dÂ1µr·c¶�²}½P´�³�µ`±o¾PÁ`¼w»�´�¿h´�·�²�Äc´�Á`³

θ
¸

¹b´�¿u®NÃ�´b²}½P´±}½c¼w¾B´
Ωθ
¸�¼w·c³�²}½1°c±/²d½P´�Ù]°P·B»i²}µ�®w·B¼QÁc±}¾c¼w»�´�±/®�·h¹�½Pµ�»p½

A
µ`±�³�´�Äc·P´!³z¼Q¬d´

»p½c¼w·P¶wµ�·P¶=¹�µr²}½
θ
Ñ�Õx½c´�¬d´fÙ]®w¬d´w¸4¹b´�¿�°B±[²¡Äc¬d±o²Vµr·�²}¬d®�³�°c»�´�¼ "?¼Q¶�¬d¼w·P¶wµ`¼Q·�Ù]®w¬d¿�°PÁ`¼N²dµr®�·

®QÙ�²d½P´¾c¬}®�¯PÁr´�¿ ¯�Âh¿z¼Q¾c¾Pµr·c¶�¯c¼�» ��²d®�²}½c´¡¬d´fÙ]´�¬}´�·c»f´±}½c¼w¾B´
Ω
¼QÁ�ÁB®�¯��[´�»f²d±b³�´fÄc·c´�³z®�·

Ωθ
�q²d½Pµ`±Vµ�±�¼7±o²d¼w·c³P¼Q¬p³)¾c¬d¼�»i²}µ`»f´uµ�·�±}½c¼w¾B´h®w¾P²}µ�¿uµ�À�¼Q²}µ�®w·�¸?±o´�´u´�Ñ ¶BÑ�Ú�Ü��QÝ5¸tÚ ßwç�Ý��fÑ �'´

²}½1°c±xµ�·�²}¬d®�³�°c»f´!³�²}¬p¼Q·c±}¾B®�¬o²d´�³�®w¬ "�¼w¶w¬p¼Q·P¶�µ�¼w·=®w¾4´�¬p¼N²d®w¬p±
L
¼w·c³

M
¼�±bÙ]®wÁ�Ár®N¹�±�Ñ

+ L ©',�© J � K ��© � - ��� ��T�\
(·, ·) kwT�|4WN\gTf_V\]SPT�_�npXNYrXQeba4e}W!kNjcn�\xWoZ L2(Ω)

� �?WNe�T���T�eil
θ
^q|

W 1,∞(IRd; IRd)
��_iyhXQYqY4T�|4WQjwU!S1��\qScT¡yhXpa

T =
��k

+θ
^`_X ��^ aB_�npS1^q\]�VkN^ �TpWQyhWQe5aPS1^`_iy

XN|+kzstTunpXN|�k�T��t|4T "

� L(θ) ∈ IL
_ijcnpS7\]SPXQ\

(L(θ)v, w) =

∫

Ωθ

A e(v ◦ T−1) : e(w ◦ T−1) dx
�

Ü��



� M(θ) ∈ IM
_ijcndS$\qScXN\

(M(θ)v, w) =

∫

Ωθ

χ(v ◦ T−1) · (w ◦ T−1)
�

� l(θ) ∈ V ′ _ijcndS7\qScXN\ (l(θ), v) =

∫

Ωθ

f1 · (v ◦ T−1) dx
�

��WN|c_fTp��jcTf|B\#Y{lu\]SPT�e}W�vfj1_i\bnpWQy�a+Y�^�XN|+ndTu^`_Uw^q��T�|�v�l

J(Ωθ) = J(θ) = max
u∈H1(Ω)d

[

−(L(θ)u, u) + 2(l(θ), u) + 2m(M(θ)u, u)1/2
]

.

+ L ©�©10 Õx½P´=Ù�¼w»i²�²}½c¼Q²
T =

á ³
+ θ

µ`±�¼&"�µr¾B±}»p½Pµr²}À�³�µ��+´�®�¿h®w¬d¾P½Pµ`±o¿ Ù]®w¬�±}¿z¼QÁ�Á
θ
µ`±

¹b´�Á�Á���·c®N¹�·ÓÚ�Ü���Ý9¸�Ú�ßQçNÝ9Ñ($±�¼7»f®�·c±o´���°P´�·c»�´w¸+²d½P´hÙ]®wÁ�Ár®N¹�µ�·P¶	´���°Pµ�ÃN¼QÁ�´�·c»�´�½P®�Á�³c±�²}¬d°P´wÔ
u◦T−1 ∈ H1(Ωθ)

d ⇐⇒ u ∈ H1(Ω)d Ñ�Õx½P´�·$¼u±}µ�¿u¾cÁr´�»�®w¿h¾P°�²p¼N²}µ�®w·7±}½P®N¹�±�²}½c¼Q²

J(θ) = max
u∈H1(Ω)d

[

−(L(θ)u, u) + 2(l(θ), u) + 2m(M(θ)u, u)1/2
]

= max
u∈H1(Ωθ)d

[

−(L(θ)u◦T, u◦T ) + 2(l(θ), u◦T ) + 2m(M(θ)u◦T, u◦T )1/2
]

= max
u∈H1(Ωθ)d

[

−
∫

Ωθ

A e(u) : e(u) dx + 2

∫

Ωθ

f1 · u dx + 2m
(

∫

Ωθ

χu · u dx
)1/2

]

= J(Ωθ)

��´t·P®N¹�¾P¬d®NÃw´�²d½c¼N²
L(θ)

¯4´�Á�®w·c¶�±�²}®
IL
Ù]®�¬,±}¿z¼QÁ�Á

θ
�]²}½P´b®Q²d½P´�¬�»fÁ`¼Qµ�¿z±�®wÙPâ�¬}®�¾B®�±oµr²}µ�®w·

çPÑ�ä�¼Q¬d´¡¾c¬}®NÃ�´�³=µ�·	²}½P´�±d¼Q¿h´V¹x¼�Â��fÑ���´�»�¼QÁ�Á+²}½P´�±}Â1¿u¿h´�²}¬dµr´!±x®QÙ,²}½P´�´�Á�¼�±[²dµ�»�µ{²[Âz²d´�·c±}®w¬
A
¸
Aijkl = Ajikl = Aijlk = Aklij ¸w±}®�²}½c¼Q²�¸�°c±oµ�·P¶V×�µ�·c±o²}´�µ�·z±o°c¿u¿z¼Q²}µ�®w·z»f®�·�Ã�´�·�²}µ�®w·�¸

Aijkl(∂ju
i)(∂lv

k) = Ae(u) : e(v)
Ñ �'´�½c¼�Ã�´

(L(θ)v, w) =

∫

Ωθ

Aijkl∂j(v ◦ T−1)i∂l(w ◦ T−1)k dx

=

∫

Ω

|det∇T |Aijkl∂j(v ◦ T−1)i ◦ T∂l(w ◦ T−1)k ◦ T dx

=

∫

Ω

|det∇T |Aijkl(∂sv
i∂j(T

−1)s)(∂mwl∂k(T−1)m) dx

=

∫

Ω

Ciskm(θ)∂sv
j∂mwl dx

¹�µr²}½

Ciskm(θ) = Aiskm + Ciskm
θ + o(‖θ‖W 1,∞)

Ciskm
θ = (∂lθ

l)Aiskm − Aijkm(∂jθ
s) − Aiskl(∂lθ

m)

Õx½P´!±o´£»�®1´ �=»fµ�´�·�²d±�¼Q¬d´)³�µ��+´�¬d´�·�²dµ�¼w¯PÁr´£¹�µ{²d½¬}´!±o¾4´�»f²z²}®
θ
Ñ Õx½Pµ�±�¾P¬d®NÃw´�±u²d½c¼N²�²}½P´

®w¾4´�¬p¼N²d®w¬
L(θ)

µ�±�¸�¼N²�Á�´�¼�±[²=Ù]®�¬�±}¿z¼QÁ�Á
θ
¸�°P·PµrÙ]®w¬d¿hÁrÂ »f®1´�¬d»�µrÃ�´7¼w·c³ ¯4®w°P·c³P´�³�¹�µr²}½

¬d´�±}¾B´!»i²x²}®
θ
Ñ
2

Õx½P´�¼Q¯4®NÃw´V»f®�¿h¾P°�²d¼Q²}µ�®w·	¶wµ�Ãw´!±�¼QÁ`±o®�²}½P´�ÃN¼wÁr°P´V®wÙ?²d½P´�³�´�¬dµ�Ã�¼Q²}µ�Ãw´
L′(θ)

Ô

(L′(θ)v, w) =

∫

Ω

Ciskm
θ ∂sv

j∂mwl dx.
�#ßQè �

Ü�ä



Ï µ�¿hµrÁ`¼Q¬dÁrÂ�¹�´V½c¼�Ã�´

(l′(θ), v) =

∫

Ω

[div(θ)f1 · v + f1 · (∇vθ)] dx

(M′(θ)v, w) =

∫

Ω

χ [div(θ)v · w + (∇vθ) · w + v · (∇wθ)] dx

+ L ©�©10=© 0 � � ¦1© L ¦ � -���� á ·Û®w¬p³�´�¬�²d®�¼w¾P¾PÁ�Â�Õx½P´�®�¬}´�¿ çPÑ�à$²d®
J
¸�µ{²=¬d´�¿z¼wµr·c±�²}®

¾P¬d®NÃw´z²d½P´7¯B®�°P·c³�´!³�·P´!±}±h¼Q·B³Ð»�®w·�²}µ�·1°Pµ{²[Â�»�®w·c³�µr²}µ�®w·Ð®QÙ¡²}½P´$³�´�¬}µ�ÃN¼N²}µ�Ãw´�Ñ á ²=»�¼Q·Ð¯B´
¾P¬d®NÃw´!³$°c±}µr·P¶	²d½P´uÙ]®w¬d¿�°PÁ`¼=Ù]®�¬�²}½P´

DL(θ0) · θ
³�´�¬dµrÃN¼Q²}µ�Ãw´u®QÙ

L
¼Q²�²d½P´h¾B®�µr·�²

θ0
µ�·

²}½c´�³�µ�¬}´!»i²dµr®�·
θ
¹�½Pµ`»p½)µ�±¡®w¯P²d¼Qµ�·P´!³7µr·$²d½P´�±d¼Q¿h´�¹b¼�Â�²}½c¼w· �#ßQè � ��ÃN¼QÁ�µ�³7Ù]®�¬

θ0 = 0
�

¼Q·B³�¹�½Pµ`»p½7µ�±x¶�µrÃ�´�·	¯1Â4Ô

([DL(θ0) · θ]v, w) =

∫

Ωθ0

Ciskm
θ ∂s(v

j ◦ (Id + θ0)
−1)∂m(wl ◦ (Id + θ0)

−1) dx.

Õx½P´�²}´�¬}¿
Ciskm

θ /‖θ‖W 1,∞

µ`±�°c·Pµ{Ù]®�¬}¿hÁ�Â�¯B®�°P·c³�´!³�µ�·
L∞ ·P®w¬d¿~¯1ÂV±}®w¿h´

D
Ñ  ´�·c»�´w¸

Ù]®w¬�¼7±}¿h¼wÁrÁ/¯B¼QÁ�Á
U0

µr·
W 1,∞ ®wÙb»f´�·�²}´�¬

0
¸�²}½P´=³P´�¬dµrÃN¼N²dµrÃ�´�µ`±�»f®�·�²}µ�·�°c®w°c±V¼Q·B³£°P·cµ{º

Ù]®w¬d¿hÁrÂ�¯B®�°P·c³�´!³�µ�·	²}½P´�·c®w¬d¿ �#ß�� �iÔ

∀θ0 ∈ U0 ‖DL(θ0) · θ‖ ≤ C‖θ‖W 1,∞

¹�½P´�¬}´
C
µ`±�¼7»f®�·c±[²p¼Q·�²V²}½c¼Q²�³�´�¾4´�·B³P±V®w·PÁ�Â)®�·£²d½P´z¬d¼�³�µ�°c±V®QÙ�²}½P´z¯c¼wÁrÁ

U0
Ñ  ´�·c»f´

²}½c´ "�µ�¾c±}»p½cµ{²dÀV»�®w·c³Pµ{²dµr®�·�Ñ
Õx½P´�®�¬}´�¿ çPÑ�à�»�¼Q·'²}½P´�·'¯4´z¼Q¾P¾cÁrµ�´�³£²}®

J
¹�½cµ�»p½�µ�±�Á�®�»�¼QÁ�Á�Â)´���°c¼wÁ?²d® J(Ωθ)

Ñ á ·
®w¬p³�´�¬�²d®h¾P¬}®NÃ�´�Õx½c´�®w¬d´�¿

3.6
¸�µ{²�µ`±�±}°��=»fµ�´�·�²�²}®z±}½P®N¹²d½c¼N²

−
(

L′(θ)u, u
)

+ 2(l′(θ), u) + ρ∗
(

M′(θ)u, u
)

=

∫

∂Ω

(θ · n)[v(u, u) + 2f1 · u]
�5ßwà��

¹�½P´�¬}´
v(·, ·) µ`±�³P´fÄc·P´!³£µ�·�Õx½P´�®�¬}´�¿ çPÑ �PÑ á ²�µ�±�¼�Á�´�·P¶w²}½1Â)¼QÁ�¶w´�¯P¬d¼wµ�»�»f®w¿h¾P°P²d¼N²dµr®�·�Ñ

% µr¬p±o²�¸�¹�´�¾4´�¬}Ù]®w¬d¿ ¼w·zµr·�²d´�¶w¬p¼N²dµr®�·h¯�Âu¾c¼w¬o²�®�·
θ
µr·h²d½P´Á�´fÙq²b½c¼Q·B³z±oµ`³�´�®wÙ��5ßwà ��¹�½Pµ`»p½

Â1µr´�Á�³c±�²[¹b®)²d´�¬d¿z±�¸t¼'Ãw®�Ár°c¿u´�µr·�²d´�¶w¬p¼QÁbµ�·
Ω
¼w·c³Ó¼�±o°c¬oÙ�¼�»f´�µ�·�²}´�¶w¬p¼QÁb®w·

∂Ω
Ñ�Õx½P´

Ãw®�Ár°c¿u´uµ�·�²d´�¶�¬d¼wÁ,»�¼Q·c»�´�Á`±®�°�²�¯B´!»�¼Q°B±o´
u
±}¼Q²}µ`±[Äc´!±¡²}½P´h×�°PÁ�´�¬dµ`¼Q·£´���°c¼N²dµr®�·c±(�#à��¡¼Q·B³

� � �iÑ�Õx½P´�±}°P¬}Ù�¼w»f´Vµ�·�²}´�¶�¬d¼wÁ+µ�±�´���°c¼QÁ+²d®
∫

∂Ω

(

(θ · n) [−Ae(u) : e(u) + ρ∗χu · u + 2f1 · u] + 2Aijkl∂su
iθsnj∂lu

k
)

ds
�#ß�� �

¹�½P´�¬}´	²}½c´$Á�¼�±[²h²}´�¬}¿ ²d¼��w´�±z³Pµ��+´�¬d´�·�²=ÃN¼QÁ�°P´�±h®�·Ó²d½P´  ´�°P¿z¼Q·c·Ð¾c¼w¬o²�¼w·c³Ð®w·Û²}½P´
�¡µr¬dµ�»p½cÁr´�²�¾c¼w¬o²�®QÙ/²d½P´h¯B®�°P·c³P¼w¬}Â�Ñ�æ¡·£²}½P´( �´�°P¿z¼Q·P·'¾c¼Q¬}²�¸4²}½c´�½P®�¿h®w¶w´�·P´�®�°c±»�®w·�º
³�µr²}µ�®w·

Ae(u) · n = 0
¿h´�¼w·c±�²d½c¼N²

Aijkl∂lu
knj = 0

Ñ�Õx½P´�¬d´fÙ]®�¬}´V²d½Pµ�±²}´�¬}¿�µ`±´���°c¼QÁ
²}®

0
Ñ�æ¡·�²d½P´ �µ�¬dµ�»p½PÁ�´f²�¾B¼Q¬}²x®wÙ�²d½P´�¯B®�°P·c³P¼w¬}Â�¸P±oµ�·c»�´ ∇u = ∂u

∂nn
¸�¹b´�½B¼�Ãw´

∂su
iθsnj =

∂ui

∂n
nsθsnj = ∂ju

i(θ · n),

±}®�²d½c¼N²x²}½c´�Á�¼�±[²b²}´�¬}¿ µ�·�²}½P´�µ�·�²}´�¶�¬d¼w·c³=®wÙ �5ß�� �tµ`±b´���°c¼wÁ+²}®
2(θ · n)Ae(u) : e(u)

Ñ
2

Ü�Þ



� � Ç �����Ê�É�ÎpÈ � � Ê���� ��� 	 � Ê 	�È?Î#� Î�� �VÈ?Î�Ê�Ç

Õx½P´uÙ]°P·c»f²}µ�®w·
θ 7→ J(Ωθ)

¸?¼w·c³£²}½P´!"?¼Q¶w¬p¼Q·c¶wµ`¼Q· L(Ωθ) = J(Ωθ) + η|Ωθ|
¸?¼�³�¿hµ{²

¼)³�µ�¬d´�»i²dµr®�·c¼QÁb³�´�¬dµ�Ã�¼Q²}µ�Ãw´=¹�µr²}½Ð¬}´!±o¾4´�»f²�²}®
θ ∈ W 1,∞(IRd; IRd)

Ñ'Õx½c´�¶w®�¼QÁ�®QÙ�²}½cµ�±
Ï ´!»i²}µ�®w·�µ�±t²}®�³P´�Ãw´�Ár®�¾�¼�¶�¬d¼�³�µr´�·�²oº9¯c¼w±}´�³h¼QÁ�¶w®�¬}µr²}½c¿ Ù]®�¬�²}½c´¿hµr·cµr¿hµ�À�¼N²dµr®�·=®QÙ L(Ωθ)

Ñ
Õx½P´�¬}´x¼Q¬d´t²[¹b®�¿h¼wµr·h±o²}´�¾B±�µr·�²}½Pµ`±/¼QÁ�¶w®�¬}µr²}½c¿	Ô�²}½P´�»p½P®�µ�»�´�®wÙ4¼V±o¾4´�»�µ�¼wÁ�³�´�±d»f´�·�²�³�µ�¬d´�»iº
²}µ�®w·u¼Q·c³u¼¡Ár´�Ãw´�Á�±}´f²�¿h´f²}½c®1³�²}½B¼N²/¿h®NÃw´�±�²}½c´x³P®w¿z¼Qµ�·�Ñ �'´�³�®�·P®Q²�³�´!±}»�¬}µ�¯4´t²d½P´xÁr´�Ãw´�Á
±}´f²b²}½P´�®w¬dÂz½P´�¬d´w¸�¼Q·B³=¬d´fÙ]´�¬b²d®	Ú�Ü�ÞNÝ5¸�Ú�ß�ÜiÝ�®�¬�Ú èNÝ�Ù]®�¬x¼w·�´�Ø�²d´�·c±}µ�Ãw´�´fØ�¾PÁ`¼Q·c¼Q²}µ�®w·=®wÙ�²}½cµ�±
¿h´f²d½P®�³u¼w¾P¾PÁ�µr´!³u²}®�±}½c¼Q¾4´�®w¾P²}µ�¿uµ�À�¼Q²}µ�®w·�Ñ�Õx½P´�»p½P®�µ�»�´x®QÙ�¼V³�´�±d»f´�·�²t³Pµr¬d´�»f²}µ�®w·uÙ]®wÁ�Ár®N¹�±
Ú�Ü!à!Ý�¹�½c´�¬d´�µr²�½c¼�±x¯B´�´�·7µr·�²d¬}®�³�°c»�´�³�Ù]®w¬�®�¾�²}µ�¿hµrÀ!¼N²}µ�®w·	®QÙ�¿�°cÁ{²dµr¾PÁ�´�´�µ�¶w´�·1Ã�¼wÁr°c´�±�Ñ

$±�°c±}°c¼QÁ5¸+²}½c´uÃN¼wÁr°P´�®QÙ�²d½P´z³�µ�¬}´!»i²}µ�®w·B¼QÁ�³�´�¬dµrÃN¼Q²}µ�Ãw´ L′(θ)
®w·PÁ�Â$³�´�¾4´�·B³P±V®w·£²}½P´

ÃN¼QÁ�°P´�®QÙ
(θ ·n)

®w·h²d½P´�¯4®w°P·B³P¼Q¬dÂ�®wÙ
Ω
Ñ�Ò$®�¬}´�¾P¬d´�»�µ�±}´�Á�Âw¸�¼w»�»f®w¬p³�µ�·P¶�²}®�Õx½c´�®w¬d´�¿ çPÑ �P¸

µr²�½c¼w±b²d½P´VÙ]®wÁ�Ár®N¹�µ�·P¶h±[²d¬}°B»i²}°c¬}´�Ô L′(θ) = g(θ · n)
¹�½c´�¬d´

g
µ�±�¼�Ù]°P·c»f²}µ�®w·$³�´�Äc·P´�³	¯1Â

g(V ) = max
u∈M0

∫

∂Ω

V [v(u, u) + 2f1 · u + η]ds.
�#ß�ä��

á ·�²}¬d®�³�°c»f´z¼w·  µrÁ�¯B´�¬o²u±o¾c¼�»f´ H ��±}´�´$Ú�Ü!à!Ý�Ù]®�¬V²}½P´=»p½c®wµ`»f´�±V®wÙ H �fÑ  ´�¬}´h¹b´z»p½P®1®�±}´
H = H1(D)

Ñ�â�´�¬}Ù]®w¬d¿�¼�±[²d´�´�¾4´�±o²oºg³�´!±}»�´�·�²¡¼QÁ�¶w®�¬}µr²}½c¿ ®�·$²}½P´u±o¾B¼w»f´ H ¸+µ#Ñ ´wÑÄc·c³)¼³�´!±}»�´�·�²�³�µr¬d´�»f²}µ�®w·
V ∗ ∈ H ±o®�Ár°P²}µ�®w·	®QÙ,²}½P´VÙ]®�ÁrÁ�®N¹�µr·c¶�¾P¬d®w¯cÁr´�¿

g(V ∗) = min
‖V ‖H=1

g(V ).
�#ßwÞ �

á ·z²d½Pµ�± Ï ´!»i²dµr®�·�¸1¹�´¡¹�µrÁ�Á�±o½P®N¹Û²d½c¼N²b²}½Pµ`±b¾P¬d®w¯PÁ�´�¿ µ`±�¼ Ï ´�¿hµ �´�Äc·Pµr²}´�â�¬d®w¶w¬p¼Q¿h¿hµ�·P¶
� Ï �â���¾P¬}®�¯PÁ�´�¿ µ�·7Ár®N¹ã³�µr¿h´�·c±oµ�®w·�²}½B¼N²�µ`±x´�¼w±}µ�ÁrÂ�±}®wÁ�Ãw´!³�Ñ

� 
� 	 � ��� �1�*��"�� � " �"�
 ��� & � � ����"��

Õx½P´�¶w®�¼wÁ�®wÙ�²}½Pµ`± Ï ´�»f²}µ�®w·£µ`±²}®�¬d´�³P°c»f´�²}½P´u¾P¬d®w¯PÁ�´�¿ �#ßwÞ ��²}®�¼�¾P¬d®w¯PÁ�´�¿�µ�·)Ár®N¹ ³Pµ{º
¿h´�·c±}µ�®w·�¹�½P´�¬}´�²}½c´�·1°P¿�¯B´�¬,®wÙcÃN¼Q¬dµ�¼w¯PÁ�´�±�¼w¬}´�®QÙP²d½P´�±}¼w¿h´t®w¬p³�´�¬�²d½c¼Q·�²}½P´x³�µ�¿u´�·c±}µr®�·
®QÙt²}½P´uÄc¬p±[²V´�µ�¶w´�·c±}¾c¼w»�´wÑ�Õx½Pµ`±V±o®wº9»�¼QÁ�Ár´!³�iÁ�®N¹xºg³�µr¿h´�·c±oµ�®w·���¾P¬d®w¯PÁ�´�¿ µ`±¡²}½P´�·�±}®wÁ�Ãw´!³
µ�· Ï ´�»i²dµr®�·7à�¯1Â�¼w· Ï �â ¿h´f²d½P®�³�Ñ

��´�»�¼QÁ�Á1²}½c¼Q²�²}½P´�±}´f²/®QÙB¿h¼QØ�µr¿hµ�À�´�¬p±,®QÙ
F (u)

µ`±�¶wµ�Ãw´�·�¯1Â�Õx½P´�®w¬d´�¿ ß�Ñ�Ü�å��q²d®V¹�½Pµ�»p½
¹b´�¬d´fÙ]´�¬xÙ]®w¬x²d½P´�·P®Q²p¼N²dµr®�·c±
�b¼�±

M0 = {uρ∗ + rv
±o°B»p½�²d½c¼N²

v ∈ Eλ1

¼w·c³ ‖Bv‖ = 1} �#ßQå �
¹�µr²}½

(ρ∗, r) = (s, 0)
¹�½P´�·£²d½P´h¿h¼QØ�µr¿hµ�À�´�¬�µ`±V°P·Pµ���°c´w¸�¼Q·B³

(ρ∗, r) = (λ1, m/λ1 −
‖Buρ∗‖) ¹�½P´�·�²d½P´�¬d´�¼Q¬d´�¿�°PÁr²}µ�¾PÁ�´�¿h¼QØ�µr¿hµ�À�´�¬p±�Ñ

�	¦������ K �#©���� �! R+SPT�_�npXNYrXQexa4e}W!kNjcn�\�vpTfYrWQs^`_�^qya4Y�^�n�^q\#Y{l7XN_d_ij�yzTpk=\gW�vpT�\qScXN\�W[Z H�9\qScXN\�stT�npSPWN_fT�\gW�vpT H = H1(D)
�w�

� �uT��t|4T (ei)i=1...d
X�vpX�_i^`_�W[Z

Eλ1

WNei\]SPWQ|4WQeiyhXQY�^r�!Tdk7v�l
(Bei, Bej) = δij

�

Ü�å



� �uT��t|4T (aij)i,j=1...d
�
(bi)i=1...d

XN|+k
c
^q| H vfl

(aij , X) =

∫

∂Ω

Xr2v(ei, ej)ds

(bi, X) =

∫

∂Ω

Xr[v(u∗
ρ, ei) + f1 · ei]ds

(c, X) =

∫

∂Ω

X [v(u∗
ρ, u

∗
ρ) + 2f1 · u∗

ρ + η]ds

s?SPT�e}T
v(·, ·) ^`_)k�T��t|4Tpk�^q| R4ScTpWNe}T�y ¤�� �ÐX�_7\qScT'v�^qY�^q|4TpXQehaPXQei\hWoZ7\qScT£kQ^qe}Tpnf\5^�WN|+XNY

kwT�ei^q�NXN\5^q��T!�
� ��T#��|+T

(hk)k=1,...,m
XQ|ÓWNei\]SPWQ|4WNeiyzXNYtvpXN_p^`_zW[Z

Span(aij , bi, c)i,j
�[X�_ijcvi_5acXwnpT=WoZ

H W[Zx��|B^q\9TzkQ^qyhT�|P_i^�WN|
m
����XN|4k�ZfWNezXN|cl

i, j
YrT�\

(ak
ij)k=1,...,m

�9e}Ti_5a��
(bk

i )k=1,...,mXN|+k
(ck)k=1,...,m

�=vdT�\]SPTundW!WNedkN^q|4XQ\9Tf_�W[Z
aij

�9e}Ti_5a��
bi
XN|+k

c
�z^q|'\qScT�vpX�_i^`_

(hk)
�

+ L ©',�© J � K ��© � � � � �¡|	Wpa4\5^qyhXQY+k�Ti_�npTf|B\�kQ^qe}Tpnf\5^�WN|
V ∗ ��_�WQY�j�\#^�WQ|	WoZ �#ßwÞ � �,^`_�UQ^q�NT�|7v�l

V ∗ =

m
∑

k=1

X∗
khk + V ⊥

s?SPT�e}T
(hk)

^`_x\qScTvpX�_i^`_�^q|c\5e}W!kNjcnpTpk�^q| ��T#��|B^q\#^�WQ|
4.1
�
V ⊥ ^`_XQ|clV��Tpn�\9WQe�W[Z�Xwk�Td��jcXN\gT

|4WQeiy ^q|
[V ect(hk)k]⊥

XQ|4k
X∗

k

XNedT�yu^q|c^qyu^r�!Tfep_�WoZ

min
Pm

k=1
(Xk)2≤1

max
P

d
i=1

(λi)2=1

[

λiλja
k
ijXk + 2λib

k
i Xk + ckXk

]

.
�#ç�� �

+ L ©�©10 ��´�»�¼QÁ�Á+²}½c¼Q²
g
µ�±³�´fÄc·c´�³7¼w±�Ô

g(V ) = max
u∈M0

∫

∂Ω

V [v(u, u) + 2f1 · u − η]ds

¹�½P´�¬}´
v
µ`±x¯Pµ�Árµ�·P´�¼w¬�Ñ �¡±oµ�·P¶h²}½c´�»p½c¼Q¬p¼w»f²}´�¬dµ�À�¼N²dµr®�·&�#ßwå �b®QÙ M0

¹�´V½c¼�Ã�´

g(V ) = max
w∈Eλ1

‖Bw‖=r

[∫

∂Ω

V [v(uρ∗ + w, uρ∗ + w) + 2f1 · uρ∗ + 2f1 · w − η] ds

]

= max
P

i λ2

i =1
[λiλj(aij , V ) + 2λi(bi, V ) + (c, V )] .

�¡´�»f®�¿h¾B®�±oµ�·P¶�²d½P´¡³P´�±d»f´�·�²�³�µ�¬}´!»i²}µ�®w·�µr·
V ∗ =

∑m
k=1 Xkhk + V ⊥ ¸�²}½P´�·=²}½c´ Xk ¼Q¬d´¿hµr·cµr¿hµ�À�´�¬p±x®QÙ �#ç�� �fÑ

2

� ����� � ��� Î�� ���	Ç	ÎpÈ ��� É�Ê���É � � � ÎfÇ � 	�É�Ê � ����

��´�±o®�ÁrÃ�´²d½P´�Ár®N¹ã³�µ�¿u´�·c±}µr®�·c¼QÁ�¾P¬d®w¯cÁr´�¿ ��ç � ��¯1Â�¼ Ï �¡â � Ï ´�¿uµ �´�Äc·Pµr²}´�â�¬d®w¶�¬d¼w¿uº
¿hµr·c¶ �t¿u´�²}½P®�³�Ñ���´V¬}´�Ù]´�¬b²}®	Ú�ß���Ý�Ù]®�¬x¼w·�µ�·�²}¬d®1³P°c»i²dµr®�·=²}® Ï �¡â ¾P¬}®�¯PÁ�´�¿z±�Ñ#��´�±o½c¼wÁrÁ
®w·cÁrÂ'¬}´!»�¼QÁ�Á�½P´�¬}´=²}½c¼Q²�¼ Ï �¡â ¾P¬d®w¯PÁ�´�¿ µ�±�®QÙx²}½c´zÙ]®wÁ�Ár®N¹�µ�·P¶7²[Â1¾4´wÔu¶wµ�Ãw´�·�¼$¿z¼Q²}¬dµ{Ø

ß��



E(Y )
¹�½c®�±}´�»�®�´ �=»fµ�´�·�²d±b³�´�¾4´�·B³�Á�µr·c´�¼Q¬dÁ�Âu®�·=²d½P´VÃw´�»f²}®�¬

Y
¼Q·c³�¼�¶�µrÃ�´�·�Ã�´�»f²}®w¬

Y0
¸

Äc·c³�²d½P´�Ãw´!»i²}®�¬
Y ∗ ¹�½Pµ`»p½7¬}´!¼QÁ�µrÀ�´�±�²}½P´�¿hµ�·Pµ�¿�°P¿

min
E(Y )≥0

Y T Y0

¹�½P´�¬}´ ≥ ±o²d¼w·c³P±bÙ]®�¬ �o±}Â1¿u¿h´�²}¬dµ�»�·P®�·P·P´�¶�¼N²dµrÃ�´��iÑ

�	¦������ K �#©�� ��! 
� �?WNe�XQ|cl X = (X1, ..., Xm)

XQ|4k
(z, w) ∈ IR2 ��YrT�\ Y = [X, w, z]

�
� �?Tf\ A(X)

vpT�\qScT
d × d

yhXQ\#ei^{�
A(X)ij = ak

ijXk
�tYrT�\

B(X)
vdT�\]SPT

d × 1
yzXN\5ei^{�

B(X)i = bk
i Xk

��YrT�\
C(X)

vpT�\qScT�_�npXNY�XNe
C(X) = ckXk

�bXN|+kzYrT�\

D(Y ) =

[

−A(X) + z
��k

B(X)
B∗(X) −C(X) − z + w

]

, E(Y ) =





D(Y ) 0 0
0

��k
X

0 XT 1



 ,

s?SPT�e}T�\qScT�npW!T � n�^�Tf|B\�_�W[Z
E
kwTgaPT�|4k=Y�^q|4TpXQeiY�l�WN|

Y = [X, w, z]
�

� �?Tf\ Y ∗ = [X∗, w∗, z∗]
vdT�\]SPT�_fWQY�j�\5^�WN|�WoZV\qScTtZfWQYqYrWNs/^q|1U���� �Óa4edWwv�YrTfy "

min
E(Y )≥0

w .
�#çPÜ��

�'´¡·P®N¹ ¾P¬d®NÃw´b²}½c¼Q²�¾P¬d®w¯cÁr´�¿h± �#ßQÞ �/¼Q·B³ ��çPÜ'�/¼Q¬d´�´���°cµrÃN¼QÁ�´�·�²!Ñ "�´f²t°c±�´�¿h¾P½B¼w±}µrÀ�´
²}½B¼N² ��çPÜ'��µ`±,´�¼�±oÂ�²}®V±}®wÁ�Ãw´�µ�·�¾c¬d¼�»i²}µ`»f´b¼Q·c³�²}½c¼Q²,µr²d±�»�®w¿h¾P°�²p¼N²}µ�®w·B¼QÁ�²}µ�¿u´xµ`±,·P´�¶�Árµ�¶wµ�¯PÁ�´
»f®�¿h¾c¼Q¬d´�³=²}®h²}½c´V»�®w¿h¾P°�²p¼N²dµr®�·c¼QÁ+²dµr¿h´�®QÙ,²}½c´�´�ÃN¼QÁ�°c¼N²dµr·c¶�²d½P´�¬d®w¯P°c±o²�»f®w¿h¾PÁ�µ`¼Q·c»�´wÑ

+ L ©',�© J � K ��© ���� � ��T�\
Y ∗ = [X∗, w∗, z∗]

vdT£\]SPT)_fWQY�j�\5^�WN|ãWoZ$\]SPT)��� � a4e}W�vfYrT�y
��çcÜ�� � R+SPT�|

(X∗
k )k

��\qScT�npW�WQe}kN^q|+XN\gTi_�W[Z
X∗ �	XNedT�y�^q|B^qy�^r�!T�ep_�WoZza+e}Wwv�YrT�y �#ç�� � �

��T�|4npTf�z^q| �!^�Tfs W[Z �be}WpaPWN_p^q\5^�WN| �4��¢Q�	XÛkwTf_�npTf|B\zkQ^qe}Tpnf\5^�WN|
V ∗ �h_�WNY{j�\#^�WQ|~WoZ �5ßQÞ � �

^`_UQ^q�NT�|�v�l

V ∗ =

m
∑

k=1

X∗
khk .

+ L ©�©10 % µr¬p±[²�·c®Q²}µ`»f´�²d½c¼N²�²d½P´�¿z¼N²}¬dµ`»f´�±
A
¸
B
¼Q·c³

C
¼Q¬d´�³�´�Äc·P´!³	±}®u²}½c¼Q²

min
P

k(Xk)2≤1
max

P

i(λi)2=1

[

λiλja
k
ijXk + 2λib

k
i Xk + ckXk

]

= min
XT X≤1

max
λT λ=1

[

λT A(X)λ + 2λT B(X) + C(X)
]

.

"�´�²�°c±�³�¬d®w¾�²}½c´
X
³P´�¾4´�·c³�´�·c»f´�Ù]®w¬�¼h¿h®w¿h´�·�²!Ñ % ®�¬¼Q·1Â=¿z¼N²d¬}µrØ

A
¼w·c³	Ãw´!»i²}®�¬

B
¸

µr²xµ`± �1·P®N¹�·��#±o´�´V´wÑ ¶cÑ�Ú ß���Ý5¸�¾B¼Q¶w´�ßwßwå ��²}½c¼Q²x²}½P´VÙ]®�ÁrÁ�®N¹�µr·c¶�²d¬}°c±o²oº9¬d´�¶wµ�®w·�¾P¬}®�¯PÁ�´�¿z±x¼Q¬d´
´���°Pµ�ÃN¼QÁ�´�·�²

max
λT λ=1

[

λT Aλ + 2λT B
]

= min
−A+z

á ³
≥0

[

BT (−A + z
á ³

)−1B + z
]

,

ß�Ü



¹�µr²}½	²}½P´�»f®w·1Ã�´�·�²}µ�®w·�²}½c¼Q²
B
¿�°c±o²¯4´�Á�®w·P¶u²d®z²}½P´�¬p¼Q·c¶w´V®QÙ

(−A + z
á ³

)
Ñ�Õx½1°c±x²d½P´

Ù]®wÁ�Á�®N¹�µr·P¶u¾P¬d®w¯PÁ�´�¿z±�¼w¬}´V´���°Pµ�ÃN¼QÁ�´�·�²

max
λT λ=1

[

λT Aλ + 2λT B + C
]

= min
−A+z

á ³
≥0

[

BT (−A + z
á ³

)−1B + z + C
]

= min
−A+z

á ³
≥0

−C−z+w≥BT (−A+z
á ³

)−1B

w = min
D≥0

w,
�#ç�ß��

¹�½P´�¬}´
D =

[

−A + z
á ³

B
BT −C − z + w

]

.
Õx½c¼Q·���±�²}® �#ç�ß �i¸/¾P¬d®w¯PÁ�´�¿ ��ç � � ��¼Q·B³

½P´�·c»f´ �#ßwÞ �	�x¼Q¬d´¡´���°cµrÃN¼QÁ�´�·�²�²d®

min
XT X≤1

min
D(Y )≥0

w.

Õx½P´=»�®w·c±o²}¬p¼Qµ�·�²
E(Y ) ≥ 0

µ`±�´���°Pµ�ÃN¼QÁ�´�·�²V²}®
XT X ≤ 1

¼Q·c³
D(Y ) ≥ 0

Ñ Ï ®7²}½B¼N²
��ç � ��µ`±x´���°Pµ�Ã�¼wÁr´�·�²�²}® ��çcÜ��iÑ

2
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Allowed 

Source term f

perturbations

������������������������! #"%$'&)(* ,+�$'��-.�*/��*��0��'&,��-.�*"1 #+324�5$768�.+��5$'�. ,-��.9: #$��.&,+<;
�����>=?&���@A�.+��B2C&�"D #�.+E�F6 

1×1
6�G��3 ,���>2C�.6'(H�'�H$'��9:�:2E��IJ 

120×120
G��3 �2C�7 #+�����-. ,�

"��:6��<;K���3�>6��3 #0L�>�.6M(H-F #"�0L�:2E&,+N$'����-��*OP$=� #-.-� ,+32E B��+���$M��&,�'��9:&,+�$' ,-,-.&� �2N�.6M ,0�0�-.���!2
�.+Q$'���D"��.2�2�-��D&,O?$'�������.�,��$N=> ,-�-R;�ST�*��$��F(* ,-T0��:�U$'������ V$��.&,+�6W ,���D ,-�-.&V=?�!2X�.+Y ,+Z+�&,+C[
&,0�$��."\�.9: ,��-.�B�L&^]Q_P$'������-. �(7@D��&^])&,O��.�,���'�`�W-.�HOP$7a?�.+b$'����"��.2�2�-���&#OK$������'������$>=� #-.-c;
dY�b0L�*��Oe&,�'"f6��*/��*�7 #-T$'�:6U$'6`=8�5$'�g ,+h��+3(*���! ,6���+3�X03 #�7 #"��*$��*�

m i �R; �,;Q0L�*��$��3���3 #$��.&,+36&#OJ�3�����,�*�4+�&,�'"j #�'�k #-.-.&V=?�!2l;m��&��4�! ,(7�n&,ON$����Y+��.+��XOe&�-�-.&V=8��+3�o$��!6p$76 i $����Z6� ,"���.+��5$'�. ,-��.9: #$��.&,+Y�.6���6U�!2q_c����������r���'������$sas;DtB�5uv�*�'�*+�$Jwx ,�,�7 #+����E"E�3-5$'��0�-.�.�*�76J #�'�`��6U�!2
6�&E$'�3 V$8$'���N&,0C$'��"D ,-<6U�3 ,0��!6>�3 ^/,�� #-.=> ^IC6� \/,&�-���"��� #0�03��&^]C�."� #$��./,�:-�I��:G��3 ,-v$�&

0.2
;

�����W&#$'���*��03 ,�' ,"\�*$��:�'6> #�'�y$'���N6� ,"\�zOe&,���: �(7�)$'�:6U$8 ,+32b ,���W6U�*$�$�&
1
Oe&��?$'���B{�&,��+��

"�&C2C��-.�36� #+32X$�&
0.3

Oe&,�W$'����|&��.6'6�&,+<} 6z�7 V$'��&�;J�����\=?�! #@�[R"D #$��*�'�F #-K ,0�0��'&^]C��"D V$'��&�+

~,~



% µr¶�°P¬d´�ß�Ô#�¡µ��+´�¬d´�·�²�ÃN¼QÁ�°P´�±�®QÙ
m = 10−3, 5× 10−3, 7× 10−3, 8.5× 10−3, 10−2, 2×

10−2, 10−1, 1, 4
µr·	²d½P´�¯B´!¼Q¿uº5²}®Qºg»�¼w·�²}µ�Ár´�Ãw´�¬b¾P¬d®w¯PÁ�´�¿7Ñ

µ`±�°B±o´!³�²}®'¿hµr¿hµ`»�²d½P´	Ãw®wµ`³�Ñ á ²p±���®�°P·P¶�¿h®1³P°PÁr°B±�µ`±h±o´�²�²d®
10−4 ¹�µr²}½�²d½P´$±}¼w¿h´â�®wµ`±}±}®w· � ±b¬p¼N²}µ�®u²}½c¼w·�²d½P´�¾PÁ`¼Qµ�·7¿h¼Q²}´�¬}µ`¼QÁ5Ñ

% µr¶�°P¬}´Vß�±}½P®N¹�±/²d½P´¡±}®wÁ�°�²dµr®�·c±�Ù]®�¬tµ�·c»f¬d´�¼�±oµ�·P¶
m

�
m
µ�·c»f¬d´�¼�±o´!±/Ù]¬d®w¿ Ár´�Ùq²�²d®�¬dµr¶�½�²

¼Q·B³£²d½P´�·�Ù]¬}®�¿ ²}®�¾�²}®$¯4®Q²}²}®w¿!�fÑ ��½c´�·
m
µ`±�´���°c¼QÁ/²d®

0
²}½P´�¬}®�¯P°c±o²oºg»f®w¿h¾PÁ�µ`¼Q·c»�´

¾P¬d®w¯PÁ�´�¿ µ`±�¼h±[²p¼Q·c³c¼Q¬p³�»f®�¿h¾PÁrµ`¼Q·B»f´V¾P¬d®w¯PÁ�´�¿ ¹�½c®�±}´�±}®wÁ�°�²}µ�®w·	µ`±�¼�¯4´�¼w¿7Ñ á ²»�¼Q·	¯B´
±}´�´�·'²}½B¼N²�²d½P´z°P¾P¾4´�¬}º5Á�´fÙq²�±}½c¼w¾B´zµ`±�»fÁ�®�±}´u²}®)¼7¯4´�¼w¿ �

m
µ�±V²d½P´=±}¿h¼wÁrÁ�´�±o² �V¼w·c³'²}½P´

Á�®N¹�´�¬oº9¬}µ�¶w½�²±}½c¼Q¾4´uµ�±�»fÁ�®�±}´�²d®�¼	»�¼w·�²dµrÁ�´�Ã�´�¬��
m
µ`±�²d½P´h¯Pµr¶�¶w´!±[²��iÑ ��½P´�·

m
µ�±¡Á`¼Q¬d¶w´w¸

²}½c´xÙ]®w¬p»f´�²}´�¬d¿ µ`±�·P´�¶wÁ�µr¶�µr¯PÁ�´�¼Q·c³�²}½c´�¾P¬}®�¯PÁ�´�¿ ¯4´�»�®w¿h´�±/¼w·�´�µr¶�´�·1ÃN¼QÁ�°P´�¾c¬}®�¯PÁr´�¿ ��±}´�´
��´�¿h¼w¬	��ßPÑ è �iÑ�Õx½P´V®�¾�²}µ�¿z¼QÁ�±}½c¼Q¾4´Vµ�±b²d½P´�·$»�Ár®�±o´�²}®=¼h»�Á�¼�±}±}µ�»�¼QÁ�»�¼w·�²}µ�Ár´�Ãw´�¬!Ñ

��
 	 ��� � 
 � ������� ��$'� �
	%�

æ¡·=¼
16×12

¬}´!»i²d¼w·P¶wÁ�´w¸�³�µ`±}»�¬}´�²}µ�À�´�³h¯1Âh¼
160×120

��°c¼w³�¬p¼Q·c¶w°PÁ`¼Q¬/¿h´�±}½�¸�¹�´¡±[²d°c³�Â
²}½c´7»�¼w±}´7®QÙ²d½P´7¹�½P´�´�Á{º9¯P¬dµ�³P¶w´wÑ� ¼w¿h´�Á�Âw¸�¼�°P·cµ{²=Ã�´�¬}²}µ`»�¼QÁxÁ�®�¼�³Óµ`±z¼Q¾P¾cÁrµ�´�³Ð®w·Ð²}½P´
¿hµ�³c³�Ár´®QÙ�²}½c´�¯B®w²o²d®w¿ ®QÙ+²}½c´¡³�®�¿h¼wµr·=¼w·c³u²}½c´±o½B¼Q¾4´�µ�±t®w·PÁ�Âh»f®w·B±[²d¬d¼wµr·P´!³u¯�Âh¼�À�´�¬d®
Ãw´�¬o²dµ�»�¼QÁQ³�µ`±}¾PÁ�¼�»f´�¿u´�·�²�®w·�²}½c´/²[¹�®�±}µ`³�´�±�®wÙ1²}½P´�¯4®Q²}²}®�¿ ®wÙ�²d½P´�¯P¬dµ`³�¶w´ �]²}½P´�¶�¬d¼�Â¯B®�Ø�´�±
®QÙ % µ�¶w°P¬d´�çzÁ�´fÙq²��iÑVÕ�®�´�Á�µr¿hµ�·c¼N²d´�¬dµr¶�µ�³)³Pµ�±}¾PÁ`¼w»f´�¿h´�·�²�¸4¹�´�´�·�Ù]®�¬d»�´�¼=·1°PÁ�Á?½c®w¬dµrÀ�®w·�²d¼wÁ
³�µ`±o¾cÁ�¼�»f´�¿h´�·�²¼Q²�²}½c´�·P®�³�´�¹�½P´�¬}´V²d½P´�Á�®�¼w³	µ`±¼w¾P¾PÁ�µr´!³�Ñ��/´�¬o²dµ�»�¼QÁ�¾4´�¬}²}°c¬}¯c¼Q²}µ�®w·c±¼Q¬d´
Á�®1»�¼N²d´�³�®w·�²}½P´�¯PÁ`¼w» ��¯B®�Ø�´�±x®wÙ % µ�¶w°P¬d´�ç�Á�´fÙq²!Ñ

$±�Ù]®w¬�²d½P´�¾P¬d´�Ã1µr®�°c±x´fØP¼w¿u¾cÁr´�¸P²}½c´V²}´�±o²¹x¼w±x¬d°P·	Ù]®w¬±}´�Ã�´�¬p¼QÁ�³�µ��+´�¬d´�·�²�ÃN¼QÁ�°P´�±�®wÙ

ßQç
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Perturbations

Source term

% µ�¶w°c¬}´�çPÔ/Õx½P´�¹�½c´�´�Árº9¯P¬}µ`³�¶�´¡¾P¬d®w¯cÁr´�¿ ¼Q·c³	µr²d±xµ�·Pµr²}µ`¼QÁ�µrÀ!¼N²}µ�®w·�Ñ

% µr¶�°P¬d´�ècÔ �µ��+´�¬d´�·�²¡ÃN¼QÁ�°P´!±�®QÙ
m = 10−3, 0.1, 0.3, 0.5, 1.3, 1.5, 2.3, 6

µr·)²}½P´�¹�½c´�´�Árº
¯P¬dµ�³P¶w´V¾P¬d®w¯PÁ�´�¿7Ñ

²}½c´�¾c¼Q¬p¼Q¿h´�²}´�¬
m
Ñ/Õx½P´�±}¼w¿h´�µr·Pµr²}µ`¼QÁ�µ�À�¼N²dµr®�·h¹b¼�±�°c±o´!³uÙ]®w¬/²d½P´�³�µ��4´�¬}´�·�²t¾c¼Q¬p¼Q¿h´�²}´�¬p±�Ñ

æ¡¾�²dµr¿z¼QÁ�±}½c¼w¾B´!±�¼Q¬d´V³Pµ�±}¾PÁ`¼�Âw´�³�®w· % µr¶�°P¬}´VèBÑ
�'´�¼wÁ�±}®�¾4´�¬}Ù]®w¬d¿h´�³�¼�·1°P¿h´�¬}µ`»�¼wÁc²d´�±o²bÙ]®�¬x²}½P´V¿�°PÁ{²dµr¾cÁr´VÁ�®�¼w³c±�¹�½c´�´�Árº9¯P¬}µ`³�¶�´ ��±}´�´

% µr¶�°P¬d´¡à��fÑ# ¡¼Q¿h´�Á�Â�²}½P¬d´�´�±o´�²d±�®QÙ�Ãw´�¬o²dµ�»�¼QÁ�Ù]®�¬d»�´�±�¼Q¬d´¼Q¾P¾cÁrµ�´�³�¸�®w·c´®w·h²d½P´�¿uµ`³P³�Á�´®wÙ
²}½c´�¯P¬}µ`³�¶�´V¼w·c³�²[¹�®h°P·PµrÙ]®w¬d¿ Ã�®wÁ�°P¿h´VÁr®�¼w³P±�¸�´�¼�»p½�¯4´�µ�·P¶zÁ�®1»�¼N²d´�³�®w·	®w·P´�¯PÁ`¼w» ��¯B®�Ø
®QÙ % µ�¶w°c¬}´bçPÑ�Õx½P´�®�¾�²}µ�¿hµrÀ!¼N²dµr®�·�»f¬dµr²}´�¬dµ�®w·�µ`±?²}½P´�·�²d½P´b±}°P¿~®wÙc²}½c´t²d½P¬}´�´b»�®w¿h¾PÁ�µ�¼w·c»f´!±�¸
²}½c´

L2 º5·c®w¬d¿ã®wÙ�²}½P´�²}½c¬}´�´tÁ�®�¼w³c±�¯4´�µ�·P¶²d½P´�±d¼Q¿h´�Ñ?Õx½P´b®w¾�²dµr¿z¼wÁ�±}½c¼Q¾4´�±?®QÙ�²d½P´b¬}®�¯P°c±o²

ßNè



»f®�¿h¾PÁrµ`¼Q·B»f´V¼Q·c³�®QÙ?²}½P´V¿�°cÁ{²dµr¾PÁ�´�Á�®�¼w³c±�¾c¬}®�¯PÁr´�¿ ¼Q¬d´�±}µ�¿uµ�Á`¼Q¬!Ô?²d½Pµ`±xµ�±xµ�·	¼�»�»�®w¬p³P¼Q·c»�´
¹�µr²}½	²}½P´VÙ�¼�»i²x²}½B¼N²�²}½c´�¹�®�¬d±o²b¾4´�¬}²}°c¬}¯c¼Q²}µ�®w·�Ù]®w¬x²d½P´V®w¾�²dµr¿z¼QÁ?±o½c¼w¾B´Vµ`±x¿z¼w³�´V®QÙ,²[¹b®
Ãw´�¬o²dµ�»�¼QÁ4±oÂ1¿h¿h´f²}¬dµ`»±}´f²x®QÙ�Ù]®w¬p»f´!± �#¼Q·c³�·P®Q²x¼w±}Â1¿u¿h´�²}¬dµ�»¡¼w±�¾P°PÁ�Árµ�·P¶�®�·�®�·P´¡±}µ�³P´¡¼Q·B³
¾P°c±}½Pµ�·P¶h®w·�²}½P´�®w²}½P´�¬�±oµ`³�´'�iÑ

% µr¶�°P¬}´�àPÔ�Õx½c´�¿�°PÁr²}µ�Ár®�¼w³�´!³�¹�½c´�´�Árº9¯P¬}µ`³�¶�´�®�¾�²}µ�¿z¼QÁ�±}½c¼Q¾4´wÑ

��
�� ��� � 	 � � & � � �

% µ�¶w°P¬d´ �PÔ�Ò$´!±o½7¼Q·c³	µ�·Pµr²}µ`¼QÁ�µrÀ!¼N²}µ�®w·	®QÙ,²}½c´�ßNº9³�¿z¼w±o²�¾P¬d®w¯PÁ�´�¿7Ñ

Õx½P´�®�¾�²}µ�¿z¼QÁc¿z¼�±[²�¾P¬d®w¯cÁr´�¿ µ`±�¼�Õbºg±o½B¼Q¾4´�³u¹�®�¬	�1µ�·P¶�³�®w¿z¼wµr·z¿h´�±}½P´!³h¹�µ{²d½
3600±
��°B¼Q¬d´¡»f´�ÁrÁ`±�Ñ�Õx½P´�ÕF±}½c¼Q¾4´¡½B¼w±�¼Q·�½P´�µ�¶w½�²�®QÙ#�P¸P¼�¹�µ�³�²}½7®QÙ/ß�¼Q²b²d½P´�¯4®Q²o²d®w¿ ¼w·c³=è

¼N²/²d½P´�²d®w¾�Ñ�Õx½P´�¯4®Q²o²d®w¿ ®QÙ4²}½P´¡±o½c¼w¾B´�µ`±�ÄPØ�´!³�¹�½cµrÁ�´�²[¹b®�Ã�´�¬}²}µ`»�¼wÁPÁr®�¼w³P±/¼w¬}´�¼w¾P¾PÁ�µr´!³
¼N²²}½P´�Ár®N¹b´�¬»�®w¬d·P´�¬¡®QÙ�²}½c´�½P®�¬}µ�À�®�·�²p¼QÁ�¯c¬d¼w·c»p½$®QÙ/²d½P´�Õ ��±}´�´ % µr¶�°P¬}´ � �iÑ¡Õx½Pµ�±²}´!±[²
¹x¼w±�¬d°P·'µr·ÐÚ ß!Ý�Ù]®�¬�±}µr·c¶wÁ�´�Á�®�¼�³$»f®w¿h¾PÁ�µ`¼Q·c»�´�¿hµr·cµr¿hµ�À�¼N²dµr®�·�Ñ �/´�¬}²}µ`»�¼wÁ?¾4´�¬}²}°c¬}¯c¼Q²}µ�®w·c±
¼Q¬d´¼wÁrÁ�®N¹�´!³u¹�´�¬}´�²d½P´Á�®�¼�³P±t¼w¬}´¡±o´�²d±�Ñ % µ�¶w°P¬d´�ä�±o½P®N¹�±�²}½P´�³�µ��4´�¬}´�·�²b®w¾�²dµr¿z¼wÁ4±}½c¼Q¾4´�±
Ù]®w¬�³Pµ��+´�¬d´�·�²�ÃN¼QÁ�°P´�±�®wÙ�²d½P´�¾c¼Q¬p¼Q¿h´�²}´�¬

m
Ñ

Õx½P´¡ßNº9³�¿z¼w±o²/²}´�±o²t½c¼�±�¼QÁ`±}®�¯4´�´�·z¾B´�¬oÙ]®�¬}¿h´!³�¹�µr²}½h¾4´�¬}²}°P¬d¯c¼Q²}µ�®w·c±/¯4®Q²d½z½P®w¬dµ�À�®w·Pº
²d¼wÁ�¼Q·c³	Ã�´�¬}²}µ`»�¼QÁ5Ñ % µ�¶w°c¬}´�Þh±o½c®N¹�±b²}½P´�±}®wÁ�°�²}µ�®w·B±tÙ]®�¬�µr·B»f¬d´�¼w±}µ�·P¶hÃ�¼wÁr°c´�±x®QÙ

m
Ñ

�'´�½c¼�Ãw´�½c´�¬d´�¼z¶w®1®�³7´fØP¼w¿u¾cÁr´�®wÙ/½P®N¹~³�µ��+´�¬d´�·�²¡±}´f²p±�®wÙt¼QÁ�Ár®N¹b´�³	¾4´�¬}²}°P¬d¯c¼N²dµr®�·
��³Pµ��+´�¬d´�·�²�®�¾B´�¬d¼Q²}®w¬p±

B
��¶wµ�Ãw´=³Pµ��+´�¬d´�·�²�¬d´�±}°PÁr²d±�Ñ)æ¡¾P²}µ�¿h¼wÁt±}½c¼Q¾4´�±�®QÙ % µr¶�°P¬}´�ä$¼Q¬d´

Á�´�±d±u±}´�·B±oµr²}µ�Ãw´�²}®�Ãw´�¬}²}µ`»�¼wÁx¾B´�¬o²d°P¬}¯B¼N²}µ�®w·B±�²d½c¼Q·Ó²}½P´7®w·c´�®wÙ % µr¶�°P¬}´7Þ'¯P°�²z¿h®w¬d´=²}®
½P®�¬}µ�À�®�·�²p¼QÁ�®�·P´�±�ÑbÕx½c´ "�¼w¶w¬p¼Q·P¶�´¡¿�°PÁ{²dµr¾cÁrµ�´�¬Ù]®w¬�²d½P´�Ã�®wÁ�°P¿h´�»f®w·B±[²d¬d¼wµr·�²

η
µ�±½Pµr¶�½P´�¬

¹�½P´�· ²}½P´�±o´�²�®QÙ�¼QÁ�Á�®N¹�´!³Ð¾4´�¬}²}°c¬}¯c¼Q²}µ�®w·c±=µ�±�¯P¬}®�¼w³�´�¬�¸bµ5Ñ ´�Ñ Ù]®w¬=²d½P´£±}´�»�®w·c³�±}´f²�®wÙ
®w¾P²}µ�¿h¼wÁ�±o½B¼Q¾4´�±�Ñ
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% µr¶�°P¬d´xä1Ô?Õx½P´�¾4´�¬}²}°c¬}¯c¼Q²}µ�®w·�¾c¼Q¬p¼Q¿h´f²d´�¬
m
µ`±�±o°B»�»f´!±}±}µ�Ãw´�Á�Â�´���°c¼QÁ�²d®

0, 0.01, 0.05, 0.1Ù]®w¬x²d½P´�ßQ³�º5¿z¼w±o²x¾P¬}®�¯PÁ�´�¿ ��Ãw´�¬}²}µ`»�¼wÁ�¾B´�¬o²d°P¬d¯c¼N²dµr®�·c±
�fÑ

% µr¶�°P¬d´'ÞPÔ á ·B»f¬d´�¼w±}µ�·P¶�ÃN¼QÁ�°P´�±�®QÙ
m
Ù]¬d®w¿

0.02, 0.03, 0.1
²d®

0.2
Ù]®�¬�²d½P´�ßQ³1º9¿z¼w±o²

¾P¬d®w¯PÁ�´�¿ �]Ãw´�¬o²dµ�»�¼QÁ�¼Q·B³�½c®w¬dµrÀ�®w·�²d¼wÁ4¾4´�¬}²}°c¬}¯c¼Q²}µ�®w·c± �iÑ

��
�� ��� � � � � � ����&

$
40 × 40 × 21

³�®�¿h¼wµr·Ðµ�±h³�µ`±d»f¬d´f²}µ�À�´!³�¯1Â�¼
20 × 20 × 21

��°c¼w³P¬d¼w·P¶w°PÁ`¼Q¬�¿h´�±}½�Ñ
�¡´�·P®w²}µ�·P¶'¯1Â

(x1, x2, x3)
²}½P´7±}¾c¼N²dµ�¼wÁb»�®�®�¬d³Pµr·c¼Q²}´!±�¸,²}½c´	½c®w¬dµrÀ�®w·�²d¼wÁt¾PÁ`¼Q·P´

x3 = 0µ`±z±o°P¯c¿uµr²o²d´�³Ð²}®�¼w·Ð½c®w¿h®w¶�´�·P´�®w°c±��µ�¬dµ�»p½PÁ�´f²=¯4®w°c·c³P¼Q¬dÂÓ»�®w·c³�µr²}µ�®w· ¼Q·B³Ð¼�·P®�¬}¿z¼QÁ
Ãw´�¬o²dµ�»�¼QÁ�°P·cµ{²Á�®�¼�³	µ�±�¼w¾P¾PÁ�µr´!³	®w·	²}½P´�¿uµ`³P³�Á�´�®wÙ,²d½P´�¾PÁ`¼Q·P´

x3 = 21
Ñ�â�´�¬}²}°P¬d¯c¼Q²}µ�®w·c±

¼Q¬d´z¼QÁ�Ár®N¹b´�³'´�Ã�´�¬dÂ1¹�½P´�¬d´u¼w·c³�µr·�¼wÁrÁ�³�µr¬d´�»f²}µ�®w·c±�Ñ�Õx½P´ ��®w°P·P¶$¿h®�³�°PÁ�°c±�µ`±
1
µ�·�²}½P´

±}½c¼Q¾4´z¼Q·c³
10−3 µr·�²d½P´zÃw®�µ�³�ÑzÕx½P´hâ�®wµ`±d±o®�·'¬p¼N²dµr®	µ�± 0.3

´�Ã�´�¬dÂ1¹�½P´�¬d´wÑ % ®�¬�¼QÁ�Á�²}½P´
·1°P¿h´�¬dµ�»�¼QÁ,²}´!±[²p±�¸�²}½P´=±d¼Q¿h´hµ�·Pµ{²dµ�¼wÁrµ�À�¼Q²}µ�®w·�µ�±�°c±o´!³'¼w·c³'²}½P´!"?¼Q¶�¬d¼w·P¶w´�¿�°PÁr²}µ�¾PÁ�µr´�¬�µ�±
±}´f²�±}®z²d½c¼N²�²}½P´u³�µ��4´�¬}´�·�²V±o½B¼Q¾4´�±¡½c¼�Ãw´�¼w¾P¾P¬d®�Ø�µr¿z¼N²dµrÃ�´�Á�Âz²}½c´u±d¼Q¿h´�Ã�®wÁ�°P¿h´�®QÙ

14%®QÙ�²d½P´¡²}®Q²p¼QÁ+Ãw®�Ár°c¿u´¡®QÙ�²d½P´V¹�®�¬	�1µ�·P¶�³�®w¿z¼wµr·�Ñtæ¡¾�²dµr¿z¼wÁ+±}½c¼w¾B´Ù]®w¬bµr·c»�¬}´!¼w±}µr·c¶
m
¼Q¬d´

³�µ`±o¾cÁ�¼�Â�´�³=®�· % µ�¶w°P¬d´�åPÑ
á ²�µ�±xµ�·�²}´�¬d´�±o²}µ�·P¶�²}®h·P®Q²dµ�»�´²d½c¼N²!¸�µ{Ù?²}½P´VÃN¼QÁ�°P´V®QÙ

m
µ�±bµ�·c»f¬d´�¼�±o´!³z²}®1®u¿�°c»p½�¸1²}½P´�·

²}½c´t¼QÁ�¶w®�¬}µr²}½P¿ ¹�µrÁ�Á�½c¼�Ãw´�²d½P´/²}´�·c³�´�·c»fÂ�²}®¬}´�¿u®NÃ�´,²}½P´�°P¾P¾4´�¬�¾B¼Q¬}²�®QÙ1²}½c´t±o½B¼Q¾4´wÑ?Õx½cµ�±
¯4´�½c¼�Ã1µ�®w¬®wÙ�²}½c´u¼wÁr¶�®w¬dµ{²d½P¿�µ�±�¹b´�Á�Á{º �1·P®N¹�·$µr·'®w¾�²dµr¿hµ�À�¼Q²}µ�®w·£®wÙ/²}½P´uÄc¬p±o²¡´�µ�¶w´�·1Ã�¼wÁr°c´
��±}´�´'ÚrÜ�à!ÝbÙ]®w¬�²d½P´�±d¼Q¿h´�²}´�±o²�¹�µr²}½Ó´�µ�¶w´�·1ÃN¼QÁ�°P´=®�¾�²}µ�¿hµrÀ!¼N²dµr®�· �iÑ $ »f®�¿h¿u®�·�¹x¼�Â)²}®
¼�Ãw®�µ�³$²}½Pµ`±V¾P¬d®w¯PÁ�´�¿ µ`±�²}®7¾P°P²�¼w·'½c´�¼�Ã1µr´�¬V¿h¼�±}±oº5²}µ�¾'¼N²V²d½P´u²}®w¾�ÑuÕx½P´h¾P¬d´�±}´�·�²V²}´!±[²
¹x¼w±�³�´!±oµ�¶w·c´�³�±o®7²d½c¼N²�¹�´=»�®w°PÁ`³�¼�Ãw®�µ�³£²}½Pµ`±�²d¬}µ`» �£®wÙx²}½P´=¿z¼�±}±oº#²dµr¾�¯1Â'µr¿h¾4®�±}µr·P¶)¼

ß��



% µr¶�°P¬d´åPÔ���¾P¾4´�¬x¼Q·B³h¯B®w²o²}®�¿ Ã�µ�´�¹�®wÙ�²}½P´¡®w¾�²dµr¿z¼wÁB±}½c¼Q¾4´�±�Ù]®w¬
m = 10−2, 3× 10−2¼Q·B³

5 × 10−2 Ñ

¯c¼wÁ�¼w·c»f´h¯4´f²[¹b´�´�·'²}½c´z®w¾�²dµr¿hµ�À�¼N²dµr®�·'®wÙ�²d½P´hÄc¬p±[²�´�µr¶�´�·1ÃN¼QÁ�°P´z¼Q·c³£²}½P´z®�¾�²}µ�¿hµrÀ!¼N²dµr®�·
¹�µr²}½7¬}´!±o¾4´�»f²x²}®h²}½c´�Á�®�¼�³�Ñ

��
�� ��� � � � � � � ����$

Õx½Pµ`±V¾P¬d®w¯PÁ�´�¿ ½B¼w±V¼QÁ`±o®7¯4´�´�·�±o²}°c³Pµr´!³'µ�· Ú çNÝ5ÑzÕx½P´hÙ]®�°P¬�¯B®w²o²d®w¿ »�®w¬d·P´�¬p±V¼Q¬d´�ÄPØ�´!³
¹�½Pµ�Ár´=²}½P´�¯c¼w» ��¼Q·c³�²}½P´	±o´!¼N²�®wÙb²d½P´�»p½B¼Qµ�¬�¼Q¬d´z·P®w²u±}°P¯��[´�»f²�²d®)®w¾�²dµr¿hµ�À�¼Q²}µ�®w·�¼Q·B³
±}°P¾P¾4®w¬}²t¾P¬d´�±d±o°P¬d´�Á�®�¼w³c±�Ñ�Õx½P´¾c¬}´!±}±}°P¬d´�¼Q¾P¾PÁ�µ�´�³z®�·h²}½P´¡¯c¼w» �u®QÙ�²d½P´¡»p½c¼wµr¬tµ�±

5
²}µ�¿h´�±

±}¿h¼wÁrÁ�´�¬²}½c¼w·)²d½P´�¾c¬}´!±}±}°P¬d´�¼Q¾P¾cÁrµ�´�³$®�·$²}½c´u±}´�¼Q²�Ñ�â,´�¬o²d°P¬d¯c¼N²dµr®�·c±¼w¬}´u¼QÁ�Ár®N¹b´�³7¯4®Q²d½
®w·�²}½c´�¯c¼w» ��¼w·c³�®w·�²}½P´�±}´�¼Q²�¼w·c³7¼Q¬d´¡®wÙ?²d½P´VÙ]®wÁ�Á�®N¹�µr·P¶�²[Â1¾B´�Ô

g = χSs3e3 + 0.2χBs1e1
¹�µr²}½ ‖s‖L2(D) ≤ m,

¹�½P´�¬}´
(e1, e2, e3)

µ�±�²d½P´x°c±}°c¼QÁ 2b¼w¬o²d´�±}µ�¼w·�¯c¼�±oµ`±�®QÙ
IR3 ¼w·c³ si

¼w¬}´�²}½c´�»f®w¬d¬d´�±}¾B®�·c³�µ�·P¶
»f®1®�¬d³�µ�·c¼Q²}´�±b®wÙ

s
Ñ
χS

³�´�·c®Q²}´!±x²}½c´�»p½c¼Q¬p¼w»f²}´�¬dµ`±[²dµ�»Ù]°P·c»f²}µ�®w·7®QÙ,²}½P´�±o´!¼N²�¹�½Pµ�Ár´
χB

µ�±
²}½c´b®�·P´x®QÙP²d½P´�¯c¼�» �4Ñ,Õ�¹b®�®w¾�²dµr¿z¼QÁP±}½c¼w¾B´!±�¸�Ù]®�¬

m = 0
¼Q·c³

m = 1
¸w¼Q¬d´x³�µ�±}¾PÁ`¼�Âw´!³�®w·

% µr¶�°P¬d´=Ü��cÑÕx½P´�¬d®w¯c°c±[²}º9»�®w¿h¾PÁ�µ�¼w·c»f´�®�¾�²}µ�¿z¼QÁ,»p½c¼Qµ�¬½c¼�±¡¼=¿u®�¬}´�»f®w¿h¾PÁ�´fØ	²}®�¾B®�Ár®�¶wÂ
¼Q·B³=µ`±x¿u®�¬}´�±[²p¼Q¯PÁ�´wÑ�Õx½c´²d®w¾4®wÁ�®w¶wÂh®wÙ�²}½c´�¬d®w¯c°c±[²}º9»�®w¿h¾PÁ�µ�¼w·c»f´¡®w¾�²dµr¿z¼wÁ+»p½B¼Qµ�¬bµ`±b·P®Q²
²}½c´�±d¼Q¿h´z²}½B¼Q·�²d½P´=²d®w¾4®wÁ�®w¶�Â'®wÙ�²}½P´�¿�°PÁr²}µ�¾PÁ�´�Á�®�¼w³c±�®w¾P²}µ�¿h¼wÁb»p½B¼Qµ�¬ ��±}´�´'Ú çNÝ��f¸/²}½P´
¬d®w¯P°c±o²�»p½c¼Qµ�¬�±o´�´�¿z±x¿h®w¬d´�±[²p¼Q¯PÁ�´�²}½c¼w·�²d½P´�¿�°cÁ{²dµr¾PÁ�´�Á�®�¼w³c±b»p½B¼Qµ�¬�Ñ

ß�ä



% µr¶�°P¬d´zÜ��PÔ�"�®�¼�³�µ�·P¶z¼Q·c³7®�¾�²}µ�¿z¼QÁ�±}½c¼Q¾4´�®QÙ�²d½P´�»p½c¼wµr¬�Ù]®�¬
m = 0

��Ár´�Ùq² ��¼w·c³
m = 1�]¬dµ�¶w½�² �fÑ

��
c� � "�& ��� � �)� �"�� ��� � � $* #"%$'& ��� � ���

á ·Û²}´�¬}¿z±h®QÙ�»f®�¿h¾P°�²d¼Q²}µ�®w·c¼wÁ»f®�¿h¾PÁr´�Ø�µ{²[Â�²d½P´$¬d®w¯P°c±o²=»f®�¿u¾cÁrµ`¼Q·c»�´$®w¾�²dµr¿hµ�À�¼Q²}µ�®w·Ûµ�±
³�´�Äc·Pµr²}´�Á�Â$¿h®w¬d´�´�Ø�¾B´�·c±oµ�Ãw´�²}½c¼Q²�±oµ�·P¶wÁ�´�Á�®�¼�³£»�®w¿h¾PÁ�µ�¼w·c»f´�¿uµ�·Pµ�¿hµrÀ!¼N²}µ�®w·�Ñ  ®N¹b´�Ã�´�¬!¸
µr²z±}½P®�°PÁ�³Ð¯4´	·c®Q²h²}®1®�´fØ�¾4´�·c±}µrÃ�´	»�®w¿h¾c¼w¬}´!³�²}®�¿�°cÁ{²dµr¾PÁ�´$Á�®�¼w³c±u»�®w¿h¾PÁ�µ�¼w·c»f´	¿hµr·cµ{º
¿hµrÀ!¼N²dµr®�·�¹�µr²}½	¿z¼Q·1Â=Á�®�¼w³c±�®�¬x²}½P´V¿z¼NØ�µ�¿hµrÀ!¼N²}µ�®w·	®QÙ?²}½P´�Äc¬p±o²x´�µr¶�´�·1ÃN¼QÁ�°P´�±�Ñ á ·c³�´�´�³�¸
²}½c´�¿h®�±o²u»�®�±o²}Á�Â�±[²d´�¾Óµ�·�²d½P´	®w¾�²dµr¿hµ�À�¼N²dµr®�·�¾P¬d®�»f´�±d±�µ�±�²}½P´7±}®wÁ�°�²}µ�®w·Ð®QÙ�²}½c´	³�µ�¬d´�»i²
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(A− λ1B
∗B)v1 = 0.
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Ù�¼w»f²}®�¬}µ�À�¼Q²}µ�®w·£®wÙ�²d½P´=¼QÁ�¶w®�¬}µr²}½c¿	Ñ=Õx½c´z®Q²}½c´�¬�±o²}´�¾B±�®QÙb²}½Pµ`±  ´�¹x²}®�·�¿u´�²}½P®�³�µ`±V²}½P´
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uρ = (A − ρB∗B)−1f
¼Q·c³

vρ = A−1B∗B(A − ρB∗B)−1Auρ,

Ù]®w¬�±o°c»�»f´!±}±}µrÃ�´xÃ�¼wÁr°c´�±/®wÙ
ρ < λ1
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uρ
¼w·c³

vρ
¸+¹�½Pµ�»p½$¬d´���°Pµ�¬d´

¼�Á�µr·P´!¼Q¬�±}®wÁ�Ãw´7¹�µr²}½�²d½P´)¿z¼N²d¬}µrØ
(A − ρB∗B)
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B
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¿hµr·cµr¿hµ�À�´�¬!Ñ $ãÙ]°PÁ�Á�µ�·�Ã�´�±o²}µ�¶�¼Q²}µ�®w·�®wÙ�²d½Pµ�±�µ�±d±o°c´�½B¼w±b²}®z¯4´�¾4´�¬}Ù]®w¬d¿u´!³�Ñ

� � 	�	 ��Ç	Ë�Î�Í � �

��� ��� �	� � ��� � � "� � ��" � ��� & � � �&(��&  #"%$ ��� � ���$*� �1� � $*" ������&
"% 3����� $'" � � � � � "�& � ����� � �

��´z´fØ�½Pµ�¯Pµ{²�¼7±}µr¿h¾PÁ�´z¾P¬d®w¯PÁ�´�¿ ®QÙx¬}®�¯P°c±o²V»�®w¿h¾PÁ�µ�¼w·c»f´h¹�½P´�¬}´z¼7Á�®1»�¼QÁ/¿z¼NØ�µ�¿�°P¿ µ�±
·P®w²�¼7¶wÁ�®w¯c¼wÁ�¿z¼NØ�µ�¿�°P¿7Ñ "�´f²

x ∈ IR
¯B´�¼$¾c¼Q¬p¼Q¿h´�²}´�¬V²d½c¼N²�¹�µrÁ�Át¯4´�»p½P®�±o´�·�Á�¼w¬}¶�´

´�·c®w°P¶�½�Ñ�"�´f²
m = 3

√
x2 + 1

¼Q·B³

A =

[

1 0
0 2

]

, B =

[

1 0
0 1

]

, f =

[

x
1

]

, u =

[

−2x
2

]

.

á ²/µ�±�´!¼w±}Â�²}®�»p½P´�» �V²d½c¼N²
u
µ`±�µr·c³P´�´�³u¼V»f¬dµ{²dµ�»�¼QÁ1¾4®wµ�·�²/®wÙ

F (u) = −(Au, u)+2(f , u)+
2m‖u‖ ¸�µr·	²}½c´�±o´�·c±o´�²d½c¼N² ∂uF = −Au + f + m

‖u‖u = 0
Ñ

á · ®w¬p³�´�¬�²}®�¾P¬d®NÃw´�²}½c¼Q²
u
µ�±z¼'Ár®�»�¼QÁ�¿z¼NØ�µ�¿�°P¿7¸t¹b´7½c¼�Ãw´�²}®�¾P¬d®NÃw´�²}½c¼Q²z²}½P´

 ´!±}±}µ`¼Q·	®QÙ
F
µ`±�³�´fÄc·cµ{²d´�·P´�¶�¼N²}µ�Ãw´�Ñ/Õx½P´  ´!±}±}µ�¼w·�µ`±x¶wµ�Ãw´�·�¯1Â+Ô

∂2
uF (v, w) = −(Av, w) +

m

‖u‖(v, w) − m

‖u‖
3
(v, u)(w, u)

¹�½Pµ`»p½	¼�±�¼u¿h¼Q²}¬dµ{Ø�µ�±�´���°c¼QÁ+²d®cÔ

∂2
uF =

1

2(x2 + 1)

[

(x2 + 1) − 3x2 3x
3x −(x2 + 1) − 3

]

.

Õx½P´²}¬p¼w»f´¡®QÙ
∂2

uF
µ`±t´���°B¼QÁ4²}® −3/2

¼w·c³=±}´f²o²dµr·c¶
x
¯Pµ�¶�´�·P®w°P¶�½=¶wµ�Ãw´!±

det(∂2
uF ) > 0¹�½Pµ`»p½�¿u´!¼Q·c±�²}½c¼Q²�²}½P´=²[¹�®$´�µr¶�´�·1ÃN¼QÁ�°P´�±V®wÙb²d½P´=¿z¼N²d¬}µrØ�¼w¬}´=±o²}¬dµ`»i²}Á�Â£·c´�¶�¼Q²}µ�Ãw´z¼Q·B³

²}½B¼N²
u
µ`±�¼�Á�®�»�¼wÁ�¿h¼QØ�µr¿�°P¿7Ñ ��°P²

u
»�¼Q·	·P®w²�¯B´�¼u¶wÁ�®w¯B¼QÁ+¿z¼NØ�µr¿�°P¿ ¯4´�»�¼Q°c±}´

F (2x, 2) = 12x2 + 8 > 4x2 + 8 = F (−2x, 2) = F (u).

� ��� $'" "� "% ��� ��"%$*��& � 
��

Õx½Pµ`± Ï ´!»i²}µ�®w· µ`±�³�´�Ãw®w²}´�³Ó²}®�²d½P´)¾P¬d®1®QÙV®QÙ�Õx½P´�®�¬}´�¿ çcÑ à'¹�½Pµ`»p½ µ�±�³�®w·P´$µ�·Û²}½P¬d´�´
±o²}´�¾B±�Ñ % µr¬p±o²�¹b´¡±o²d¼N²d´ 2�Á`¼Q¬
�w´�� ±�±o°P¯c¶w¬p¼w³�µ�´�·�²t¬d´�±}°PÁr²�¸�²}½P´�·�¹b´¡¼w¾P¾PÁ�Âuµr²b²}®�²d½P´�¬}®�¯P°c±o²
»f®�¿h¾PÁrµ`¼Q·B»f´w¸�¼w·c³ ²d½Pµr¬p³�Á�Â ¹�´�»f®w¿h¾P°P²}´)²d½P´'»�®wÁ�Ár´!»i²dµr®�·�®QÙ�³�µ�¬}´!»i²dµr®�·c¼QÁ�³�´�¬dµrÃN¼Q²}µ�Ãw´�±
¹�½P´�·�²d½P´�±o°c¯P¶w¬p¼w³�µ�´�·�²�µ`±x¶wµ�Ãw´�·�Ñ

� ��)$��%�
	 � ��� � 	%$*��� ������� ��� � "�$*��&

��´�±oµ�¿h¾PÁrÂ�±[²p¼N²}´�Õx½c´�®w¬d´�¿ �5ß�Ñ ÞPÑ�ß���®QÙxÚ�ÜwÜiÝ9Ñ

ç��



�	¦������ K �#©�� 
 �! ��T�\
U ⊂ X

vpT�X�_ijcvf_fT�\�W[ZVX �XQ|4X�ndS�_5acXwnpT
X
�
S
vpT�XuyzTf\5ei^`_�Xwv�YrT

_5aPX�npT�XQ|4k
F : X × S → IR

� ��WQe�XN|cl
θ ∈ U ⊂ X

kwT#��|+T

J(θ) = max
u∈S

F (u, θ) .

�uT�^q|c\5e}W!kNjcnpT�\]SPTtZfWNYqYrWQs/^q|�U7|+WN\gXN\5^�WN|c_�"

• ∂θF (u, θ0) ∈ X∗ ^`_�\qScT�kQ^ �T�e}Tf|B\#^�XQY,WoZ θ 7→ F (u, θ)
XQ\t\]SPT�aPWQ^q|c\

θ0.

• M(θ) = {u ∈ S
_���\g�

F (u, θ) = J(θ)} ��^��qT!��\]SPT�_fT�\bWoZ�yzX���^qy�^r�!T�ep_��
• P [M(θ)]

^`_V\]SPT�_�Tf\�W[Z��¡XwkwWQ|za+e}WwvpXwv�^qY�^q\5l�yzTpX�_ij�e}Tf_�_ij!a�aPWQei\9Tpk�v�l M(θ).

• <

∫

S

∂θF (u, θ0)µ(du), v ><X∗,X>=

∫

S

< ∂θF (u, θ0), v ><X∗,X> µ(du).

� � ¦1© L ¦�� 
 � � 
?|+kwT�e�XN_p_pj�ya4\5^�WN|c_
(i)

\gW
(vi)

vpTfY�WNs
(i) S

^`_V_�Tp�fjcT�|c\5^�XNYqY{l�npWNyaPX�nf\#�
(ii) ∀θ ∈ U

\qScT�yzXda�a4^q|�U
u 7→ F (u, θ)

^`_�j!a�aPT�eV_�Tfyu^qmonpWN|c\5^q|cjcWQj1_p�
(iii) ∃K > 0

^q|4k�T9acTf|+kwT�|c\¡WoZ
u
_pjcnpS'\]SPXN\#� ∀u ∈ S

�x\qScThyhXpawa+^q|�U
θ 7→ F (u, θ)

^`_
��^ a4_�ndS�^q\q�hWoZVe}XN|��

K
�

(iv) ∀θ ∈ U
��\qScTV_�T�\ {F (u, θ)}u∈S

^`_�vpWQj�|4kwTpkN�
(v) ∀(θ0, u) ∈ U × S

�
∂θF (u, θ0)

Td�w^`_i\#_p�
(vi)

\]SPT�yhXpawa4^q|1U
(θ0, u) 7→ ∂θF (u, θ0)

�cZpe}WQy
U × S

^q|c\gW
X∗ ��^`_�ndWQ|c\5^q|cjcWQj1_d�\]SPT�e}T�Td��^`_i\�_�Xh_ijcv9UQedXwkN^�T�|c\�W[Z

J
XQ\�\]SPT�acWN^q|c\

θ0 = 0
Uw^q�NTf|�vfl

∂J(0) =

{∫

S

∂θF (u, 0)µ(du)
_���\9�

µ ∈ P [M(0)]

}

.
�#çwç �

��� � � � � 	%$'��� ������� "% 
J

��´�·P®N¹ ¼w¾P¾PÁ�Â�Õx½P´�®�¬}´�¿ ÞPÑ�ß�²}®h²}½c´VÙ]°P·c»i²dµr®�·c¼QÁ

F (u, θ) = −(L(θ)u, u) + 2(l(θ), u) + 2m(M(θ)u, u)1/2

±}°c»p½�²d½c¼N²�²d½P´�¬d®w¯P°c±o²�»f®�¿u¾cÁrµ`¼Q·c»�´¡µ`±#�[°c±o²

J(θ) = max
u∈V

F (u, θ) = max
u∈H

F (u, θ) ∀θ ∈ X.

��·PÙ]®w¬}²}°P·c¼Q²}´�ÁrÂ�¸�²d½P´$½1Â1¾B®w²}½P´!±o´!±z®QÙ�Õx½P´�®�¬}´�¿ ÞcÑ ß�¼Q¬d´7·P®Q²	±}¼Q²}µ`±[Äc´!³�Ù]®�¬
(S, U) =

(H, X)
Ñ�Õx½P´�¬}´�Ù]®w¬d´w¸B¹�´�½c¼�Ã�´V²}®zÄB·c³)±}®w¿h´�±}°P¯c±}´f²d±

S ⊂ H
¼Q·B³

U ⊂ X
Ù]®w¬�¹�½cµ�»p½

²}½c´�¼w±d±}°P¿h¾�²}µ�®w·c±?®QÙcÕx½c´�®w¬d´�¿ ÞPÑ�ß�½c®wÁ`³V²}¬d°P´wÑ��'´�¶wµ�Ãw´�µr· "�´�¿h¿z¼ÞcÑrÜt±}®w¿h´b±o°��=»�µr´�·�²
»f®�·c³�µr²}µ�®w·c±t²}½B¼N²xµr¿h¾PÁ�µr´!±�Õx½c´�®w¬d´�¿ ÞcÑ ßPÑ á ·�â�¬}®�¾B®�±oµr²}µ�®w·�ÞPÑ çP¸�¹�´¡¯P°Pµ�Á�³�±o®�¿u´�±o°c¯c±o´�²d±
²}®h¹�½Pµ`»p½7¹�´�»�¼Q·7¼Q¾P¾PÁ�Â "�´�¿h¿z¼zÞPÑ�ÜwÑ
�t¦��!� M 
��  ��¡TpndXQYqYt\]SPXQ\ M(θ)

^`_�\qScT�_fT�\�W[Z�yhX��w^qyu^r�!Tfep_
u
WoZ

F (u, θ)
WQ��T�e

H
�

�?Tf\
U
vdTuXz|+Tf^{U�SPvpWQe}SPW!W�k$WoZ

0
^q|

X
��XQ|4k

S ⊂ H
vpTV_ijcndS$\qScXN\

(1) ∀θ ∈ U
� ∀u ∈ M(θ)

�
u
vpTfY�WN|�UQ_�\gW

S
�

(2) ∃γ > 0
_ijcndS$\qScXN\#� ∀u ∈ S

� ∀θ ∈ U
��stTVSPXQ��T ‖u‖V ≤ γ

�
(3) ∃β > 0

_pjcnpS7\]SPXQ\�� ∀u ∈ S
� ∀θ ∈ U

��stTVSPXQ��T
(M(θ)u, u) ≥ β

�
R+SPT�|P� ∀θ ∈ U

�
J(θ) = maxu∈S F (u, θ)

XQ|4k
J(θ)

ScX�_7X£_ijcv9UQedXwkN^�T�|c\�XQ\
θ = 0

�
Uw^q��T�|�v�l'R+SPTpWNe}T�y�����¢1�

çPÜ



+ L ©�©10 â�¬}®�¾B´�¬o²[Â
(1)

®QÙ
S
µr¿h¾PÁ�µr´!±?²}½c¼Q²

J(θ) = maxu∈H F (u, θ) = maxu∈S F (u, θ)
Ñ

��´u»p½P´!» ��²d½c¼N²
S
±d¼N²dµ�±oÄc´�±²}½c´�¼w±d±}°P¿h¾�²}µ�®w·c±¡®QÙtÕx½c´�®w¬d´�¿ ÞcÑ ßPÑ �±}µ�·P¶�²d½P´�·c®w¬d¿�®wÙ

H
¸�¾P¬d®w¾4´�¬}²[Â

(ii)
µ`±tµ�¿h¿h´�³�µ`¼N²d´wÑ�â�¬d®w¾4´�¬}²[Â

(iv)
½c®wÁ`³P±/²d¬}°P´¡¯B´!»�¼w°c±o´

S
µ�±�¼�¯4®w°P·B³�´�³

±}´f²µ�·
V
Ñbâ�¬d®w¾4´�¬}²[Â

(2)
®QÙ

S
¶wµ�Ãw´!±b²}½P´�»f®w¿h¾c¼�»i²d·P´�±d±�¹�µr²}½$¬d´�±}¾B´!»i²�²d®z²}½P´�·P®w¬d¿ ®wÙ

H
Ñ�æÙ�»�®w°P¬p±o´

S
µ`±�¿h´f²d¬}µ`±}¼w¯PÁ�´�µr·7²d½P´

H
²}®�¾B®�Ár®�¶wÂwÑ Ï ®h²}½c¼Q²

(i)
µ`±�±d¼N²}µ`±oÄc´�³�Ù]®w¬�²}½P´

²}®�¾B®�Ár®�¶wÂz®wÙ
H
Ñ

Õx½P´�³�µ��4´�¬}´�·�²}µ`¼QÁ
∂θF

µ�±³�´fÄc·c´�³7¼w±

∂θF (u, θ0) · θ=−(DL(θ0) · θu, u) + 2(Dl(θ0) · θu, u) + m
(DM(θ0) · θu, u)

(M(θ0)u, u)1/2

¹�½P´�¬}´�²}½P´�³Pµ��+´�¬d´�·�²}µ`¼QÁ`±
DL(θ0)

¸
DM(θ0)

¼w·c³
Dl(θ0)

¼Q¬d´b³P´fÄc·P´!³�µ�· �´�Äc·Pµr²}µ�®w·zçPÑ ècÑ
$±d±}°P¿h¾�²}µ�®w·

(3)
®�·

S
µr¿h¾PÁ�µ�´�±x²d½c¼N²

∂θF (u, θ0)
µ`±�³�´fÄB·P´�³�´�Ã�´�¬dÂ�¹�½c´�¬d´w¸�²}½Pµ`±x¾P¬d®NÃw´!±

¾P¬d®w¾4´�¬}²[Â
(v)
Ñ

�'´z¾c¬}®NÃ�´
(iv)

Ù]®w¬V²d½P´h²}´�¬}¿ (DM(θ0)·θu,u)
(M(θ0)u,u)1/2

¸�¹�½cµ�»p½�¸�²}½c¼w·���±V²}®7¾P¬d®w¾4´�¬}²[Â
(3)

µ`±
»f®�·�²}µ�·�°c®w°c±u¼w±uÁ�®w·P¶�¼w±

(DM(θ0) · θu, u)
¼Q·c³

(M(θ0)u, u)
¼Q¬d´	»�®w·�²}µ�·1°P®w°B±�Ñ % ®w¬

DM(θ0)
¸�µ{²=µ`±h¼Q·Û½1Â�¾4®Q²d½P´�±}µ`±�®wÙ�Õx½P´�®w¬d´�¿ çcÑ àPÑ % ®�¬

(M(θ0)u, u)
¸�Õx½c´�®w¬d´�¿ çcÑ à

±o²}µ�¾P°PÁ`¼N²}´!±b²}½c¼Q² ∃U0
±}®�²d½c¼N²

θ0 7→ M(θ0)
µ`± "�µ�¾c±d»p½Pµ{²dÀ�»f®w·�²dµr·1°P®�°c±b¹�µ{²d½�¬d´�±}¾B´!»i²x²}®

²}½c´�·P®w¬d¿ ³�´�Äc·P´�³	µ�· �¡´fÄB·Pµ{²dµr®�·)çPÑ ècÔ

‖M(θ0)‖ = max
v∈V

(M(θ0)v, v)

‖v‖2
V

.

Õx½Pµ`±�µ�¿u¾cÁrµ�´�±�¸�°B±oµ�·P¶�¼w±d±}°P¿h¾�²}µ�®w·
(2)
¸N¼Q·c³¡²d½P´/Ù�¼w»f²�²}½c¼Q²

S ⊂ V
¸
(u, θ) 7→ (M(θ0)u, u)µ`± "�µ�¾c±}»p½cµ{²dÀ�»f®w·�²dµr·1°P®�°c±b®w·

S × U
Ñ�Õx½Pµ`±�¾P¬d®NÃw´!±t¾P¬d®w¾4´�¬}²[Â

(iv)
Ñ

â�¬d®w¾4´�¬}²[Â
(v)

µ�±�¾P¬d®NÃw´�·�²d½P´�±d¼Q¿h´=¹x¼�ÂwÑ á Ù
u
µ�±�ÄPØ�´�³�¸�¼�±}±}°P¿h¾�²dµr®�·

(3)
±[²p¼N²d´�±

²}½B¼N²
θ 7→ F (u, θ)

µ`± "�µr¾c±d»p½Pµr²}À£¼�±=Á�®w·P¶�²}½P´£²}½P¬d´�´$Ù]°c·c»i²dµr®�·c¼QÁ`±
θ 7→ (A(θ)u, u)�]¬d´�±}¾�Ñ

(M(θ)u, u); (l(θ)u, u)
�¼Q¬d´ "�µ�¾c±}»p½cµ{²dÀwÑ�Õx½Pµ`±�µ`±¼=³Pµr¬d´�»f²¡»f®�·c±o´���°P´�·c»�´�®QÙ/²d½P´

"�µ�¾c±d»p½Pµr²}ÀV¾P¬d®w¾4´�¬}²[Âz®QÙ/Õx½P´�®�¬}´�¿ çPÑ�à�Ñ
2

+ L ©',�© J � K ��© � 
 �.-�R+SPT�e}T£Td��^`_p\uX'_pjcvf_�Tf\
U ⊂ X

_ijcnpSÐ\qScXN\�^ Z
S = ∪θ∈UM(θ)

�
\]SPT�|

(S, U)
�NTfei^ �bTi_�\]SPT�X�_p_ij�y�a+\#^�WQ|�WoZ ��T�yuyhX ��� � �

+ L ©�©10 Õx½P´�±}°P¯c±}´f²
U
µ�±³�´fÄc·c´�³7¼w±�¼u¯c¼wÁrÁ�®wÙ�»�´�·�²}´�¬

0
¼w·c³	¬d¼�³�µ�°c±

τ
Ñ�Õx½P´VÃN¼QÁ�°P´�®wÙ

τ
¹�µrÁ�Á�¯4´�¼w³'�[°B±[²d´�³�Á�¼Q²}´�¬�Ñ % ®w¬�´�Ã�´�¬dÂ

τ
¸?ât¬}®�¾B´�¬o²[Â

(1)
µ`±Vµr¿h¿h´�³�µ`¼N²d´wÑ!��´=¬d´�¿z¼Q¬
�

²}½B¼N²
F (u, θ) ≥ F (0, θ) = 0

¸ ∀θ
¸ ∀u ∈ M(θ)

¸c±}®u²}½c¼Q²

−(L(θ)u, u) + 2(l(θ), u) + 2m(M(θ)u, u)1/2 ≥ 0.

�±}µ�·P¶u²}½P´�°P·cµ{Ù]®�¬}¿ ¾c¬}®�¾B´�¬o²dµr´!±x®QÙ
IL
¼Q·c³

IM
¸c¹�´�³�´!³�°c»f´

α‖u‖2
V ≤ 2‖l(θ)‖V ′‖u‖V + 2m

√

β2‖u‖H .

Õx½P´�»f®w·�²dµr·1°P®�°c±/µ�· �[´�»f²}µ�®w·=®wÙ
V
µ�·�²d®

H
¸�¼Q·B³z¼�°P·PµrÙ]®w¬d¿ ¯B®�°P·c³z®�· ‖l(θ)‖V ′ ∀θ ∈ UÂ1µr´�Á�³c±²d½P´h°P·PµrÙ]®w¬d¿ °P¾P¾4´�¬�¯4®w°c·c³

(2)
ÑuÕx½P´�·�¸ ∀θ ∈ U

¸?¼�¿z¼NØ�µ�¿hµrÀ�´�¬
u
®QÙ

F (u, θ)®NÃw´�¬
H
¸c±}¼Q²}µ`±[ÄB´�±b²}½c´�×�°PÁ�´�¬�®w¾P²}µ�¿h¼wÁrµr²[Â�»�®w·c³Pµ{²dµr®�·

(M(θ)u, u)1/2 =
m

ρθ

ç�ß



¹�½P´�¬}´
ρθ
µ`±/¼QÁ�¹b¼�Â�±,±o¿z¼wÁrÁ�´�¬,²}½B¼Q·�²}½P´bÄc¬p±[²/´�µr¶�´�·1ÃN¼QÁ�°P´t®wÙc²}½c´b¶�´�·P´�¬d¼wÁrµ�À�´!³�´�µr¶�´�·P¾P¬d®w¯Pº

Á�´�¿
L(θ)u = λM(θ)u

Ñ7×/Ø�¾P¬}´!±}±}µ�·P¶7²}½P´�Äc¬p±[²�´�µr¶�´�·1ÃN¼QÁ�°P´=¼w±�¼ ��¼�Â1Ár´�µr¶�½ ��°P®w²}µ�´�·�²
Á�´�¼w³c±b²}®

λ(θ) ≤ min
u∈H

(L(θ)u, u)

(M(θ)u, u)
.

% ®�¬¡¼w·�Â
v ∈ V

±}°c»p½7²d½c¼N²
(M(0)v, v)

µ`±�·P®w²¡À�´�¬d®c¸c°c¾B®�·£¼z¬d´�±o²}¬dµ�»f²}µ�®w·$®w·
τ
¸4²d½P´�¬d´

´fØ�µ`±[²V»f®�·c±[²p¼Q·�²d±
c1 > 0

¼w·c³
c2 > 0

µ�·c³�´�¾B´�·c³�´�·�²�®wÙ
θ
±}°c»p½$²d½c¼N²

(M(θ)v, v) ≥ c1¼Q·B³
(L(θ)v, v) ≤ c2

Ù]®w¬�¼wÁrÁ
θ
µ�·

U
Ñ�Õx½c´�·

λ(θ) ≤ c2/c1
¼Q·B³

∀θ ∈ U, ∀u ∈ M(θ), (M(θ)u, u)1/2 =
m

ρθ
≥ m

λ(θ)
≥ mc1

c2¹�½Pµ`»p½�µ`±�·P®w²}½Pµ�·P¶h´�Á`±}´¡²d½c¼Q·	²d½P´�Ár®N¹b´�¬x¯4®w°P·B³
(3)
Ñ
2

� �$*� �1�*��"������ � � $ ����� �*�����

"�´�²
θ
¯B´$¶�µrÃ�´�·Ð¼w·c³ ³�´�·c®Q²}´7¯1Â

J(θ)′
²}½P´)³Pµr¬d´�»f²}µ�®w·c¼wÁ�³�´�¬dµrÃN¼Q²}µ�Ãw´	®QÙ

J(θ)
µ�·Û²}½P´

³�µ�¬}´!»i²dµr®�·
θ
¼N²x²d½P´�¾4®wµ�·�²

θ = 0
Ñ/Õx½P´�¾P¬d®�®wÙ?®wÙ�Õx½P´�®w¬d´�¿ çcÑ à�µ`±�¬}´!³�°c»�´�³�²}®z¾P¬d®NÃ1µr·P¶

²}½c´VÙ]®wÁ�Ár®N¹�µ�·P¶u¬}´!±o°PÁr²�Ñ
+ L ©',�© J � K ��© � 
 � � ��WQe�XN|Bl'kN^qedTdn�\5^�WN|

θ
��\]SPT7kQ^qe}Tpnf\5^�WN|+XNY�kwT�ei^q��XQ\#^q�NT$W[Z�\qScT�edWwv�j1_p\

npWNya4Y�^�XQ|4npThXN\
0
Td�w^`_i\#_�XQ|4k=^`_�Tp��jcXNY�\gW

J(θ)′ = max
u∈M(0)

[−(L(θ)′u, u) + 2(l(θ)′, u) + ρ∗(M(θ)′u, u)] .
�#çQè �

+ L ©�©10 Õx½c¼w·���±�²}® "�´�¿h¿z¼�ÞPÑ�Üw¸w²}½P´±}°P¯P¶�¬d¼�³�µ�´�·�²�®QÙ4²}½P´¬}®�¯P°c±o²t»f®w¿h¾PÁ�µ`¼Q·c»�´
J
´�Ø�µ�±o²d±

¼N²
θ0 = 0

Ñ $ ±[²p¼Q·c³P¼w¬d³'»f®�¬}®�ÁrÁ`¼Q¬dÂ�µ`±¡²}½c¼Q²�²d½P´h³�µr¬d´�»f²}µ�®w·c¼wÁ,³P´�¬dµrÃN¼N²dµrÃ�´�®wÙ
F
¼Q²

0
µr·

²}½c´�³�µr¬d´�»f²}µ�®w·
θ ∈ X

´fØ�µ�±o²d±¼Q·c³�µ�±�´���°c¼QÁ+²d®

J(θ)′ = max
ζ∈∂J(0)

< ζ, θ ><X∗,X> .

��´!»�¼QÁ�Á+²}½B¼N²�¸cµ{Ù
ζ ∈ ∂J(0)

¸1²d½P´�¬d´�´fØ�µ`±[²p±
µ ∈ P [M(0)]

±}°c»p½�²}½c¼Q²

< ζ, θ0 ><X∗,X>=

∫

S

< ∂θF (u, 0), θ0 ><X∗,X> µ(du) .
��ç�à��

% µr¬p±o²�¸1²}½c´�¬d´�´fØ�µ�±o²d±
u∗ ∈ M(0)

±}°c»p½	²}½c¼Q²

< ∂θF (u∗, 0), θ0 ><X∗,X>= max
u∈M(0)

< ∂θF (u, 0), θ0 ><X∗,X>

±}µr·c»�´

< ∂θF (u, 0), θ0 ><X∗,X>= −(DL(0)·θ0u, u)+2(Dl(0)·θ0, u)+ρ∗(DM(0)·θ0u, u)
¼Q·B³7²}½P´h±}´f²¡®wÙt¿z¼NØ�µ�¿uµ�À�´�¬d± M(0)

µ�±¡Äc·cµ{²d´u³�µ�¿h´�·c±}µ�®w·c¼wÁ?¼Q·B³)¯4®w°P·c³P´�³ �#±o´�´�Õx½P´�®Qº
¬d´�¿ ßPÑrÜ!å �i¸1²d½1°c±�»f®�¿u¾B¼w»i²!Ñ

Ï ´�»�®w·c³�¸�¹�½c¼Q²}´�Ã�´�¬�²}½c´z¿u´!¼w±}°P¬d´
dµ
¸�²d½P´=»f®�·�Ã�´fØ'±}°P¿ �#ç�à ��µ�±�¼wÁr¹x¼�Â�±¡Á�®N¹b´�¬V®w¬

´���°c¼wÁb²}®
< ∂θF (u∗, 0), θ0 >

¼Q·B³�²d½P´7¿h¼QØ�µr¿�°P¿ ®QÙV±o°B»p½Ð»f®�·1Ãw´fØÓ±}°P¿z±u®NÃw´�¬u¼wÁrÁ
¾P¬d®w¯c¼w¯Pµ�Árµr²[Â�¿h´�¼�±o°P¬d´�±�µ`±�²d½P´�¬d´fÙ]®�¬}´�¼Q²o²d¼wµr·c´�³h¼Q·c³u´���°B¼QÁ�²d®

< ∂θF (u∗, 0), θ0 >
¹�½P´�·

dµ
µ`±�¼ �¡µr¬p¼w»7¿z¼w±d±h¹�½P®�±o´)±}°P¾P¾4®w¬}²=µ�±

u∗ Ñ Õx½Pµ�±=Â�µ�´�Á`³P±hÙ]®�¬}¿�°PÁ`¼ ��çQè �u¹�µ{²d½ ²}½P´
·P®w²d¼N²dµr®�·

DL(0) · θ0 = L(θ0)
′ Ñ
2

çwç
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