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Abstract: In this article, we compute a second-order expansion of the value function of a family
of relaxed optimal control problems with final-state constraints, parameterized by a perturbation
variable. The sensitivity analysis is performed for controls that we call R—strong solutions. They
are optimal solutions with respect to the set of feasible controls with a uniform norm smaller than
a given R and having an associated trajectory in a small neighborhood for the uniform norm. In
this framework, relaxation enables us to consider a wide class of perturbations and therefore to
derive sharp estimates of the value function.
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Analyse de sensibilité pour des problémes de controle
optimal relaxés avec contraintes sur I’état final

Résumé : Dans cet article, nous calculons un développement au second ordre de la fonction
valeur d’une famille de problémes de controle optimal avec contraintes sur I’état final, paramétrée
par une variable de perturbation. L’analyse de sensibilité est réalisée pour des controles nommés
R—strong solutions. Ce sont des solutions optimales par rapport & ’ensemble des controles
admissibles de norme infinie inférieure & R ayant une trajectoire associée dans un petit voisinage
pour la norme infinie. Dans ce cadre, la relaxation nous permet de considérer une large classe
de perturbations et ainsi d’obtenir des estimations précises de la fonction valeur.

Mots-clés : controle optimal, analyse de sensibilité, relaxation, mesures de Young, principe
de Pontryagin, solutions fortes.
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1 Introduction

We consider a family of relaxed optimal control problems with final-state constraints, parame-
terized by a perturbation variable #. The variable 6 can perturb the dynamic of the system, the
cost function and the final-state constraints. The aim of the article is to compute a second-order
expansion of the value V(0) of the perturbed problems, in the neighborhood of a reference value
of 6, say 6.

This second-order expansion is obtained by applying the methodology described in [5] and
originally in [3]. The approach is the following: we begin by linearizing the family of optimization
problems in the neighborhood of an optimal solution of the reference problem. The first-order
and second-order linearizations provide a second-order upper estimate of the value function.
Then, a first lower estimate is obtained by expanding the Lagrangian up to the second order.
Considering a strong sufficient second-order condition, we show that the distance between the
reference solution and solutions to the perturbed problems is of order | — 6|. Finally, the lower
estimate corresponds to the upper estimate previously obtained.

The sensitivity analysis is performed in the framework of relaxed optimal controls. Roughly
speaking, at each time, the control variable is not anymore a vector in a space U, but a probability
measure on U, like if we were able to use several controls simultaneously. The new control variable
is now a Young measure, in reference to the pioneering work of Young [20]. Relaxation of optimal
control problems with Young measures has been much studied, in particular in [8] 11, 18, [19] 20].
Any Young measure is the weak-* limit of a sequence of classical controls, therefore, we expect
that a classical optimal control problem and its relaxed version have the same value. This
question is studied, for instance, in 2] [9].

Three aspects motivate the use of the relaxation. First, by considering convex combinations
of controls in the sense of measures, we manage to describe in a convenient way a large class of
tangential directions of the reachable set. This class of tangential directions was called cone of
variations in the early papers of McShane [11], Gamkrelidze [I0] and Warga [17, [18]. It enables
to prove Pontryagin’s principle with the standard methods used to derive first-order optimality
conditions of optimization problems. Secondly, in this framework, we derive a metric regularity
theorem for the L!-distance using abstract results from [7]. Finally, the existence of relaxed
solutions for the perturbed problem is guaranteed. Note that such solutions do not always exist
in a classical framework.

The sensitivity analysis is realized locally, in a neighborhood of a local optimal solution of the
reference problem. In this study, we use the notion of relaxed R-strong optimal controls. We say
that a control is a relaxed R-strong optimal solution if it is optimal with respect to the Young
measures having their support in a ball of radius R and having a state variable sufficiently close
for the uniform norm. This notion is related to the one of bounded strong solutions [12]. In order
to obtain a sharp upper estimate of V', we must derive a linearized problem from a wide class of
perturbations of the control. More precisely, we must be able to perturb the reference optimal
control with close controls for the L!'-distance, taking into account that they are usually not
necessarily close for the L°°-distance. For such perturbations of the control, we use a particular
linearization of the dynamics of the system, the Pontryagin linearization [12].

We obtain a lower estimate of the value function by assuming a sufficient second-order con-
dition having the same nature as the one in [4]. We assume that a certain quadratic form is
positive and that the Hamiltonian satisfies a quadratic growth condition. In order to expand the
Lagrangian up to the second-order, we split the controls into two parts, one accounting for the
small of the control in L>°-distance and the other one accounting for the large variations. We
obtain an extension of the decomposition principle described in [4] and a lower estimate which
corresponds to the upper estimate obtained previously.
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4 Bonnans & Pfeiffer & Serea

The outline of the paper is as follows. In section [2] we prove some preliminary results and
in particular, a metric regularity theorem. Note that we will always suppose that the associated
qualification condition holds. In section [3] we obtain a first-order upper estimate of V' and in
section {4] a second-order upper estimate. In section [5) we prove the decomposition principle and
we obtain the lower estimate. Two examples are discussed in section [f] The theoretical material
related to Young measures is recalled in section [A] of the appendix, with precise references from
[1, 16, 15, [16]. In section B} we justify the use of relaxation. Some technical proofs are presented
in section [C| for completeness.

2 Formulation of the problem and preliminary results

2.1 Setting

In this section, we define the family of optimal control problems that we want to study. We also
introduce the notion of relazed R-strong solutions.

In the article, the perturbation parameter will be denoted by 6. A reference value of 0, say
0 is given. We restrict ourselves to the case where @ is nonnegative and # = 0. Consider the
control and state spaces

U:=L>®0,T;R™), Y:=W">(0,T;R"), (2.1)

and the state equation, defined in a classical framework, for the moment:

(2.2)
o= y°

{ Je= flueys0), foraa. t€0,7],
For a control u in U and 0 > 0, we denote by ylu, 8] the trajectory satisfying the differential
system ([2.2). We consider the following final state constraint:

B(yr,0) € K, K :={0}"® x R C R"C, (2.3)

with nc = ng + ny. The general family of optimal control problems that we consider is the
following:
Még d(yr(u,0],0), st. D(yrlu,d],0) € K. (2.4)

All introduced functions (f, ¢, and ®) are supposed to be C?! (twice differentiable with a
Lipschitz second-order derivative).

In this general setting, it is not possible to perform a sensitivity analysis of the global problem.
Instead, we are interested in the local behavior of the solutions of the family of problems, in the
neighborhood of a local solution of the reference problem (with § = 0). Let us make clear the
notion of local optimality which is used. From now on, we fix a control € U and its associated
trajectory g = y[u, 0].

Definition 1. Let R > 0, the control U is said to be an R-strong optimal solution if there exists
1n > 0 such that @ is solution to the following localized reference problem:

Min &(yr|u,0],0), s.t. ®(yr[u,0],0) € K, ||ly[u,0] —Flloo < 7. (2.5)
wel, ||lullococ <R

Note that the control u is a bounded strong solution if for all R > ||ul|ec, it is an R-strong
optimal solution [12] page 291].

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 5

Let us consider now a relaxed version of this definition. Let us denote by Uy the closed ball
of radius R and center 0 in R™. We denote by M% the space of Young measures on [0, T] x Ug.
The basic idea of relaxation is to replace classical controls in U by Young measures, that we will
call relazed controls, like if we were able to take several decisions simultaneously at each time.
The basic definitions related to Young measures are recalled in section of the appendix.

The dynamic associated with a Young measure p in MY is the following:

{ U = fUR Fu,y,0)dpg(u), for a.a. t € [0,T],
0
Yo= Yy -

(2.6)

This definition is compatible with (2.2)) for controls in Y. We extend the mapping y[u, 8] to
Young measures and we say that u € MY, is feasible for the value 6 if

From now on, we denote by &z the Young measure associated with .

Definition 2. Let R > 0, the relaxzed control i is said to be a relaxed R-strong optimal solution
if there exists n > 0 such that [t is solution to the following relaxed localized reference problem:

]g}&ly (b(yT[/LaO]aO)? s.t. (I)(yT[,LL,O],O) €K, ||y[u,0] - g”OO <. (28)
® R

From now on, we suppose that 7 is a relaxed R-strong optimal solution for the value 77. The
relaxed optimal control problems that we will study are the following;:

Mi 0],0
V6) = ueiﬂg d(yrp, 0],0), Py

st. - P(yr(p,01,0) € K, [lylp, 0] = Yllo < -
Remark 3. Note also that 1 is not fived. For all0 <n <1/, for all 6 > 0,
V7 (0) < V().

By assumption, for all n € (0,7], V"(0) = V7(0). The role of n in the study is secondary, but
it cannot be neglected. Indeed, all the results related to upper estimates (lemma and theorem
are satisfied for all n € (0,7]. In section@ the second-order sufficient condition ensures that

for small, positive, and fized values of 1, there exist solutions j° of , converging to u for
the L2-distance (theorem . Thus, the associated trajectories converges uniformly. This proves
that for small values of n > 0, for all 0 <n’ <n, V" and V" coincide on a neighborhood of 0.

2.2 Estimates

In our study, the addition of Young measures must be understood as the addition of measures on
[0, T] x Ur. With this definition of the addition, the space MY is convex. The following lemma
is a corollary of lemma [7] The distance d; is the Wasserstein distance, defined by (A.1).

Lemma 4. Let pu° and p* in MY, let o in [0,1]. Then,
di (1, (1 = o)’ + op') < odi(p°, ') < 2RTo.

In the sequel, we use the notation g[t] := g(@y,7,,0) for every function g of (u,y,0). The
following definition of the Pontryagin linearization is a particular linearization of the state equa-
tion. Indeed, we only linearize the dynamic with respect to the state variable. We extend the
definition of [12] page 40] to Young measures.

RR n°® 7977



6 Bonnans & Pfeiffer & Serea

Definition 5. For a given control u, we define the Pontryagin linearization £[u] in Y as the
solution of

Gl = fy[tl€lu] + Jo,, £ (1,74, 0) due(u) = f[t],  for a.a. t € [0, T,
Solul = 0.

Denote by &7 the solution of the following differential system:

{g‘f: FIIE0 + folt], for aa. t € (0,7,

&= 0
Lemma 6. The following estimates hold:
lylu, 0] = Flloo = O(da (11, 70) +0), (2.9)
lyl, 6] = (@ + €] + 06%) [l oo = Odr (1, 1) + 6%). (2.10)

This lemma is proved in the appendix, page 28

2.3 Metric regularity

For ¢ € N*, we set A := {'y eRL Y v < 1}. Given p!,...,u? € MY, we denote by S the
following mapping;:

q
St (10, 7) € (MY x A) (1—2%)MO+Z%M e MY, (2.11)
=1 =1

Lemma 7. Let p, ' € A, let i° € MY%. Then,

q q
dy (S(1°,7), S(1°,7")) <> i = wilda (i, 1°) < 2RT Y |yf — il

i=1 i=1

This lemma is proved in the appendix, page We introduce the following set:
Rr = {&r[u], p€ Mg} (2.12)

The Pontryagin linearization being affine with respect to p, R is clearly convex. We denote by
C(Rr) the smallest closed cone containing Rr. Since Ry is convex, C(Rr) is also convex. This
set should be understood as a set of tangential directions of the reachable set (at the final time).
It is a close object to the cone of variations described in [10, page 121], [18], page 132] and [T,
page 457].

Definition 8 (Qualification). The control T is qualified if there exists € > 0 such that
where B is the unit ball of R™<.

In the sequel, we will always assume that 1 is qualified. Note that in remark we will
show that this assumption is weaker than the standard qualification assumption. The following
theorem establishes a property of metric regularity for the relaxed problem. The main elements
of the proof of the theorem can be found in [I8, lemma 3.1].

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 7

Theorem 9. If i is qualified, then there exist § > 0, o > 0, and C > 0 such that for all § € [0, 0],
for all v satisfying di(u, W) < 0, there exists a control p' satisfying

(yr(1',0],0) € K and di(p',p) < Cdist(®(yr[p,0],0), K). (2.14)

Proof. > First step: metric regularity of Gp,o. _
If (2.13) holds, it can be proved that there exists a family (£*);, i = 1,...,n4 (with na < ng+1)
in C(Rr) such that for some e > 0,

e1B C ®(yr,0) + ¢ (yr, 0)(conv{§T[,u1], ...7§T[u“]}) - K.
Using the mapping S defined by ([2.11)), with ¢ = n4, we consider the mapping
Cpo 7€ A s ByrlS(u,7). 0,0) € B, (2.15)

defined for all (u,6) in M}, x R, . Note that G, ¢(0,,) = ®(yr[u, 6], 0).
Let us fix 41, 6. It can be shown that v +— G, ¢(7) is differentiable on A in the following sense:
there exists a unique mapping v € A — G/, () € R"4 such that, for all 7,7’ € A,

Guo(Y) =Guo(y) + G, o) =)+ o]y =)

By lemma [37] the mapping (u,6) € M} x R, — G, o(.) € L>(A,R"*) is continuous (for the
L!-distance of M%) and

7i0(00)07 = @G, 0)( D rlplom ). (2.16)

An explicit formula for G/, , can be obtained with the Pontryagin linearization, see e.g. [18]
equation 3.1.6]. Using (2.16)), we obtain that

GEO(O”A) + G,ﬁ,O(OnA)A = @(gTv O) + q),(yTv 0)(COHV{£T[/.L1}, ceey gT[/J‘nA]})'

Therefore, by the Robinson-Ursescu stability theorem (see e.g. [13], 14] and also [5 theorem
2.87]), Gp,0 is metric regular with respect to K at 0,,, with a constant C; > 0 (in the sense of
[5, relation (2.165)]).
> Second step: metric regularity of G, ¢.

Moreover, there exist a neighborhood O* of i (for the L!-distance), o > 0, and a neighborhood
O7 of 0,,,, such that for all (u,0,7) in OF x [0,0] x (O NA), |G, 5(7) — G5 o(V)| < S By [,
theorem 2.84|, the whole family of functions G, ¢ is metric regular at 0,, ,, for all u € O* and all
0 € [0,0]. It means in particular that there exists a constant Cy > 0 which is such that for all
€ OF and all 6 € [0, o],

na

dist(0n ,, G, 5(K)) < Cadist(G,p(0n ), K).

> Third step: proof of the theorem.
Let (1, 0) in O" x [0, 0], since G,9(0n,) = ®(yr[p, 0], 0), there exists 7 in G, (K ) such that

5] < Cdist(Gp(0n,), K) = C dist(®(yr[u, 0], 0), K).

Finally, we set p/ = S(u,%). This control satisfies the final-state constraint and by lemma
di (¢, 1) < 2RT|7|. Restricting O* to a ball (for the L'-distance) of radius J and center i, we
obtain the theorem with ¢, o, i/, and C = 2RTCs. O

RR n°® 7977



8 Bonnans & Pfeiffer & Serea

Corollary 10. For all n > 0, there ewists 6 > 0 such that for all 6 € [0, 0~], problem 1D has
an optimal solution.

Proof. Let 7 > 0. As a consequence of the compactness of MY and the weak-* continuity of
i — y[u, 0], every minimizing sequence has a limit point which is a solution to problem l)
Therefore, for 6 sufficiently small, we only need to prove the existence of a feasible control p
satisfying ||y[u, 0] — ¥lleoc < . For all 6 € [0, 0],

dist(®(yr[a, 0], 0), K) = O(9), (2.17)

therefore, by theorem [9] there exists a feasible control u’ such that d; (7, u?) = O(6). By lemma
lly[uf, 0] — 7l = O(0), therefore, for 6 sufficiently small, ||y[u, 0] — |l < 7. The corollary
is now proved. O

2.4 Optimality conditions
We introduce now the Hamiltonian function H : R™ x R™ x R™ x R, — R defined by

Hp)(u,y,0) = pf(u,y,0). (2.18)
We also define the end-point Lagrangian ® : R"¢* x R™ x R — R by
[N (yr, 0) = d(yr.,0) + A2(yr,0). (2.19)

Definition 11. Let A € R"¢*, We say that p* in W°(0, T; R™) is the costate associated with
A if it satisfies the following differential equation:

_ptA = Hy[pt]<ﬂt7yt?0)7 fOT’ a.a. t € [OvT]v (2 20)
pr = N@r.0).
Lemma 12. Given v € L>(0,T;R") and z° € R", let z € ) be the solution of
215 = fy[t}zt + Vt, zZ0 = 0. (221)
T
Then, for all X in R"<* &' |\(yp,0)2r = / prug dt.
0
Proof. The lemma is obtained with an integration by parts:
T
FN @0 = pher -z = [ (s} de
0
T T
= [ ot e rtwat = [t
0 0
as was to be proved. O
In the sequel, the notations N and T refer to the normal and the tangent cones.
Definition 13. We say that A € N (®(yr,0)) is a Pontryagin multiplier if,
Hp}(u,7;,0) > Hp}] (W, 7;,0),  for a.a. t, Yu € Ug. (2.22)

We denote by AT the set of Pontryagin multipliers.

Remark 14. By (2.3), A € Ng(®(¥1,0)) iff for alli in I, X\; > 0 and ®;(y,,0) < 0= \; =0.
Note also that (2.22) is equivalent to: for all p in MY,

T
/O ; H[p?)(u,5,) — H[pp) (@, 7,) dpse (u) dt > 0. (2.23)

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 9

3 First-order upper estimate of the value function

In this section, we compute a first-order upper expansion of the value function. As already
mentionned, the upper estimated is true for any n € (0,7].
Consider the Pontryagin linearized problem

. = 4
o,y PO 0Eter D), (PLo)

st. ' (Gr,0)(E+E7.1) € Tk (@ (T, 0)).
Lemma 15. For all n € (0,7)], the following upper estimate on the value function holds:
(o) —
limsup 0 = V"(0)
010 0
Proof. Let nn > 0 and let (6x)x J 0 be such that

1(0,) — /" () — /"
lim —V (0) = V(0) = lim sup —V (0) - v"(0)
k—o00 Qk 010 0

< Val(PLy). (3.1)

(3.2)

Let £ € F(PLg). There exists a sequence (aj, ¥, &%) in R x M}, x Ry such that £ = lim a,*
and &% = &p[v¥], forall k. Note that it may happen that oy — +oc. Extracting if necessary a
subsequence of ()i, we can suppose that

1

Orar <1 and ai < W (3.3)
We set
,uk = (1 - Hkak)ﬁ—i— Okakuk.
Then (p*);, is a sequence of Young measures and lemma |§| implies that
lyli®, 0k] — (7 + E[1"] + 01" loo = O(da (1", w)* + 67).
By (3.3), ;
di(u*)? = O(6a) = O(ZF) = o(6), (3.4)
thus, since 0;|¢ — arc”| = o(Or),
lyri®, 06) = 7 + 01(E+ E7)]] . = 0(0k).- (3.5)
We obtain the two following expansions:
S(yr[1*, 0], 0k) = 67, 0) + 0k (T, 0) (€ + EF, 1) + 0(6),), (3.6)
O(yr[i*, 0k, 0) = ®(Hr,0) + 06D (G, 0)(€ + &7, 1) + 0(0). (3.7)

Since @' (Y, 0)(€ + &5, 1) € Tr (®(Yr,0)), we obtain that dist(®(yr[u*,0k],0k), K) = o(o}) and

by the metric regularity theorem (theorem @), we obtain the existence of a feasible sequence fi*

such that dy (¥, u*) = o(fx). Moreover, by (3.4)), for k large enough, ||y[u*,0k] — 7llsc < n. By

lemma [37] estimate (3.6) holds for ji¥ and therefore, for k large enough,

V(0r) = V(0) < dlyrli®, 0], ) — (Tr, 0) = 010 (T, 0)(€ + 7, 1) + 0(6r).
Finally, minimizing with respect to &, we find that
U _ym

Ve~ VI0)
k—o0 k

< Val(PLg)

and the lemma is now proved. O

RR n°® 7977



10 Bonnans & Pfeiffer & Serea

Let us define (formally) the Lagrangian of the problem by

T T
0 0

and the dual linearized problem (D Lg|) by

1}\/163]\}; Eﬁ(ﬂa Y, )‘75)3 (DLQ)
with T’
Lo(@, 7, A, 0) ::/ Ho[py][t] dt + @[N] (77, 0). (3.8)
0

Theorem 16. Problem (DLy)) is the dual of problem (PLg) and has the same value.
Proof. Let us check that problem (PLg) is qualified. Since K C Tk (®(yr,0)),
eB C ®(Hy,0) + @y, (§7,0)C(R7) — T (®(Y7, 0)). (3.9)

It is easy to prove that ®(7p,0) — Tk (®(Yp,0)) is a cone. Therefore, the r.h.s. of (3.9) is a cone
and contains necessarily the whole space R"<. Thus,

eB CR" = &(p,0) + ' (7, 0) (&7 + C(Rr), 1) — Tk (2(Fr,0)),

which is the qualification condition for the linearized problem.
Now, let us study the dual problem, which is:

Ma inf  ®'[\(7p,0)(E5 + &, 1). 3.10
e et N (@r,0)(§7 + &, 1) (3.10)

By lemma [12] we obtain that the dual problem is

T
. — A —
M e {0, M@0+ [ Hbd 2NE0) @)

We claim that for A € Ng(®(g,0)),

0 if Xe AP,

. (3.12)
—oo otherwise.

D)= _inf @y, (T, 0)¢ = {

It is clear that D(\) € {0, —oo} since @, [A](F7,0)¢ is linear with respect to £ and C(Rr) is a
cone. Let A € A”. By lemma |12} for ¢ in Ry with associated control p,

Dy (N7, 0)€

= /0 ( - pi\fy[t]gt[ﬂ] +Pi\fy[t]§t[ﬂ] +/U p{\[f(u, 7, 0) — f[t]] d,ut(u)> dt

T
- / /U (Hp)(0,7,) — Hp) @, 7,)) djse(a) i, (3.13)

and then, ®,, [\ (yr,0)¢ > 0. Let £ € C(Rr), there exists a sequence (ay, &), in (R x Rr)
such that ¢ = limy, ap&*. By (3.13),

Py N (T, 006 = lim oy, N (G, 0)6° > 0,

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 11

therefore D(A\) > 0 and finally, D(A) = 0. Conversely, if A is not a Pontryagin multiplier, by
(3-13), there exists a control u such that ®,, [A(§,0)&r[n] < 0. Consequently, D(A) < 0 and
therefore, D(A) = —oo. This proves Finally, combining and , we obtain
that the dual problem is equivalent to (DLg) and has the same value as problem as a
consequence of [5, theorem 2.165]. O

Consider now the situation where there is no perturbation. The linearized problem (PLg)
and its dual (DLg)) become respectively

§€1\é[(17réT)¢yT (yT7O>€7 s.t. (I)yT (?T?O)g S TK(¢’(@T70>) (PL)
and
Max 0, (DL)
AEAP

By lemma we obtain that 0 < Val(PL) and since 0 € F(PL), Val(PL) = 0. Since AT is
the set of solutions of problem and since problem has a finite value, we obtain by [5]
theorem 2.165] that A” is nonempty, convex, and compact and finally that problems and
has a finite value. Therefore, estimate writes

V(0) < V(0) + 6 Val(DLg) + o(6). (3.14)

4 Second-order upper estimate of the value function

In this section, we obtain a second-order upper estimate of the value function by using a “stan-
dard” linearization at the first order and a “Pontryagin” linearization at the second order. Indeed,
to obtain a second-order estimate, we need to have a solution to some linearized first-order prob-
lem. Unfortunately, problem is a conic linear problem, thus, it does not have necessarily
a solution. This is why we consider now a different kind of linearization, which is such that the
associated linearized problem has a solution.

In this section and in the sequel, we use properties of Young measures detailed in subsection

A3

4.1 Standard linearizations and estimates

We first define some operations on the space of Young measures.

Definition 17. Let v € MY, w € L=(0,T;R™), and § € R. We denote by
w @ Ov

the unique Young measure p in MY such that for all g in C°([0,T] x R™),

/OT / g(t, u) dpy(u) dt = /OT / g(t, wy + 0u) dvy ().

If 6 # 0, we denote by

vow
0
the unique Young measure p in MY which is such that for all g in C°([0,T] x R™),

/OT/m g(t,u) dus(u) dt = /OT/mg(t,u_ewt> dvy(u).
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12 Bonnans & Pfeiffer & Serea

vVow
1

The addition @ (resp. the subtraction ©) must be viewed as translations on R™ of vector
wy (resp. —w;) at each time ¢. The multiplication (resp. the division) by 6 must be viewed as
an homothety of ratio 6 (resp. %) on R™, at each time ¢. Note that it will always be clear from
the context if the multiplication (by constants), or the division, is the operation described in the
previous definition or if it the multiplication of measures by constants, which we used up to now.

We also denote: v © w =

Definition 18. For a given v in MY, we define the standard linearization z[v] by
Al = Ll0a] + fult)( fpw wdn(w), foraa. te 0,7,
zolv] = 0.

We also set z'[v] = z[v] + &2, which is the solution of the following system:

{ 2] me s u, 1) dvg(u),  for a.a. t € [0,T),
zp[v] =

Although the Pontryagin linearization has been standard for years in the literature, we use
the terminology standard for the linearization z[v] since it corresponds to the most natural way
of linearizing a differential system. Note that for u € MY, 2[u © 1] is the solution to

{ L= fyltlz+ fult] (fU ae) dpe(u )) (4.1)

zZ0 = 0.

Lemma 19. For pi in MY, the following estimates hold:

lzln© @) — €ullloe = O(d2 (7, 1)?), (4.2)
1[4, 0] = Ylloo = Ol S Tll1 +6), (4.3
lyle, 0] — @ + 2lp &) + 0€") loo = O(ll & T3 + 6%).
The proof is given in the appendix, page
Corollary 20. For all v in MY,
oy = %ﬁ)l f[uf@u]
Proof. By estimate , for 6 > 0 sufficiently small,
et - LAY = o) - g vl = 28— 0p0),
The corollary is now proved. O

Remark 21. Denote by C the smallest closed convex cone containing {z[v]r, v € L>(0,T;R™)},
we obtain by corollary that C C C(Rr). A standard qualification condition for the problem
would have been to assume that for some & > 0,

¢'B C ®(yp,0) + @y, (y7,0)C — K.

This assumption is stronger than the qualification condition that we assumed.

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 13

Consider the standard linearized problem in MY

l}\é[}\;ly(ﬁ/(yT?O)(zll"[V}al)v s.t. (p/(yTvo)(Z’}'[V]v 1) € TK((I)(?T’O)) (SPLe)

and the standard linearized problem in L? := L?(0,T;R™) defined by

Min, ¢' (7, 0) (22 (V] 1), st @ (G, 0)(zr[v),1) € Tie (®(Fr,0)). (SPLy)
Since L? C MY, Val(SPLy) < Val(SPL}). Moreover, for all v € M3}, we can define v € L? by
vy = [gm wdrg(u) dt. Then, z*[v] = 2'[v] and therefore, the two problems have the same value.

Definition 22. Let A in Nk (®(g,,0)), we say that it is a Lagrange multiplier if for almost all
t in [0,T], Hyu[p}] (s, 7,) = 0. We denote by A" the set of Lagrange multipliers.

Note that the inclusion A¥ C AL holds and that under the qualification condition (2.13), AL
is nonempty.

Lemma 23. The dual of problem (SPLj) is the following problem:

%(}\ai EG(ﬂ7y7>\70)7 (SDLQ)
it has the same value as the primal problem. Moreover, problems (SPLg) and (SPLy) have
solutions and Val(PLg) < Val(SPLy).

Proof. Remember the definition of the derivative of the Lagrangian, given by (3.8). By lemma
the dual of problem (SPLg) is the following:

M inf  ®'[\ (T, 0) (2], 1
AN oy oo, A @z, 0)(2r[v], 1)

T
= et Lo(w,7,A,0) + inf [ Hy[p][tJoe dt p.
AENK(%}(%T,O)) { 0(U,y, ) )+v1€nL2/0 u[pt][ ]Ut }

Moreover, for all A € N (®(yr,0)), we easily check that

T : L
fleA
iﬂ/ mme&: O HACAY
veL? Jo —o00, otherwise.

This proves that problem (SDLg) is the dual of problem (SPLj|). Moreover, it follows directly
from the inclusion A C A* that

—00 < Val(PLg) = Val(DLg) < Val(SDLy) < Val(SPL}) = Val(SPLj).

We also obtain from the inclusion that problem is feasible. Since (SPLg) is linear and
since the value of its dual is not —oo, it follows by [5, theorem 2.204] that both problems have
the same value. Since has a finite value and is linear, it has solutions, which are also
solutions to (SPLy). O

From now on, we suppose that the following restrictive assumption holds.

Hypothesis 24. The Pontryagin and the classical linearized problems have the same value:
Val(SPLy) = Val(PLy).

This hypothesis is satisfied in particular if the set of Lagrange multipliers is a singleton.
This hypothesis is also satisfied if the Hamiltonian is convex with respect to u, since then the
definitions of Lagrange and Pontryagin multipliers are equivalent.
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14 Bonnans & Pfeiffer & Serea

4.2 Second-order upper estimate

Definition 25. For v € MY, we define the second-order linearization 2%[v] by

Z
z
In the following problem, the notation T? refers to the second-order tangent set [5, defini-

tion 3.28]. Given a solution v to problem (SPLg|), consider the following associated linearized
problem:

[V] = fy[t]th[V] + % f]Rm f//[t](uv Ztl[VL 1)2 dyt(u),
[v]= 0.

[=INEE AN

Min 56" G2, 0)(01)” + 0y (0, 0) (3] +€),
s 207 (Gp,0)(2h[V], 1) + Dy (5, 0) (22[] + €) (PQs(v))

€ TI2<((I)(§T70)7 (I)/(yT’ 0)(271“[V]7 1))

Observe that in this linearized problem, v is the first-order direction of perturbation, for which
we consider standard linearizations, and £ is the second-order direction of perturbation, for which
we consider a Pontryagin linearization. Let us define the mapping Q% on R"¢* x M3 as follows:

T
QPN() = / H"[p][t](u, 2z [v], 1) dv(u) dt + @[N] (Fr, 0)(21[], 1)®. (4.5)
o Jrm
Lemma 26. The dual of problem (PQg(v)|) is the following problem,

1
Ae]SM(%ELe) 599 @), (DQs(v))

and it has the same value as .
Proof. Tt is proved in [5l proposition 3.34, equality 3.64] that since K is polyhedric,
T (27, 0), ' (77, 0) (21, 1)) = Tk (¥, 0)) + ¥ (T, 0) (21 [v], R,
where the addition + is the Minkowski sum. Since the second-order tangent set contains the
tangent cone, we obtain, like in the proof of theorem [I6] that
eB CR'C = L' (5, 0)(=h], 14y, (5, 0) (3 ] + C(Rr)
~ T (®(@r,0), ' (77, 0)(21[v], 1)),

which is the qualification condition. By [3], theorem 2.165], problem (PQy(v)) has the same value
as its dual.

Let us denote by N the polar cone of the second-order tangent set. For all A in R"¢* X\ € N
iff A\ € Ng(®(yr,0)) and A®’' (Y7, 0)(24[r],1) = 0. Following the proof of theorem we obtain
that the dual of problem (PQq(v))) is the following problem:

Max [N @, 0)(21[v],1)* + Dy [N (27 [V])-

PYI
MA@ (F,0) (2 [¥],1)=0,

and using lemma [12] we find that

T
v, W = [ [ H ] D o),

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 15

Moreover, by lemma and hypothesis for all A in A”,
A@/(?T,O)(z%[l/], 1) =0 CI)/[)\}(QT,O)(Z%[V], 1) = qj)/(?T’ 0)(271“[V]a 1)
T
= [ Holy )t dt + @l (7,0) = Val(SPL)
0

<~ Ly(T@,7,\,0) = Val(PLy)
<= X € S(DLy).

The lemma, is now proved. O

Consider the problem (PQy|) defined by

1
Mi 1(P = Mi M —Q? . P
VGS(éI}DLg)Va( Qo(v) uesérzl)/:g) ,\es(af:})(L,,ﬂ @) (PQo)

Theorem 27. For all n € [0,7)], the following second-order upper estimate holds:

lmsup Y0 = (V7(0) + 6 Val(SPL))

15 - < Val(PQy). (4.6)

This theorem is proved in the appendix, page

5 Lower estimate of the value function

5.1 A decomposition principle

In the family of optimization problems that we consider, the expression ®[\|(yr,0) plays the
role of a Lagrangian. The basic idea to obtain a lower estimate for the value function is to use
a second-order expansion of the right-hand-side of the following inequality:

¢(yT7 0) - ¢(yT70) > (I)P\](yTa 9) - (I)[/\KyT70)a (51)
for a feasible trajectory y (for the perturbed problem ) This inequality holds since
®(yr,0) — ©(¥r,0) € T (®(Yr,0)) and A € Nk (2(¥p,0)).

The main difficulty in computing an expansion of the difference of Lagrangians is that we cannot
perform Taylor expansions with respect to the control variable, since we are interested by pertur-
bations of the control which are not small for the L>°-norm. The idea to deal with this difficulty
is to split the control into two intermediate controls, one accounting for the small perturbations
and one accounting for the large perturbations (both for the L*°-norm). The decomposition
principle that we obtain is an extension of [4, theorem 2.13].

In this part, we fix a sequence () J 0 and a sequence (u*, y*);, of feasible trajectories for the
perturbed problems with § = 6. We set dy* = y* — 3. We also fix A € S(DLg). In the proofs of
lemma[28 and theorem[29] we omit to mention the dependence of the Hamiltonian with respect to
p} (since the multiplier \ is fixed). For example, we will write H (u,%,,6) instead of H [p}](u,7,, 0).
Moreover, we set Ry j = di (7, u*). Note that by lemma@ 10yk|loc = O(R1 1k + Ok).

From now on, we set z* := z[u* © 7] and zVF := 2% + 6,£%. Note that the dynamic of 2* is
given by equation ({.1)). We set

AD* = [N (y7, 1) — PN (¥r, 0)-
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16 Bonnans & Pfeiffer & Serea

Lemma 28. The following expansions hold:

A®F = Val(PLg)0y, + If + I5 + I§ + I} + o(07 + R} ), (5.2)
where
T
f= [ 5.0 - HE) it d
0 Ur
T
B [ s - 10 ik b,
0 Ugr
T
g [ 5.0 - Hid )6 duk o d
0 UR
1 1
t-s/ " Hopop IIGES 00)7 e+ L7 N1, 0,02
and .
av = [ [ Hip070) = HIR diaw) de+ 016 |o) +0(1). (53)

The proof is given in the appendix, page

In order to go further in the expansions, we need to split the control ;¥ into two controls. To
that purpose, we consider a sequence (A¥, B¥); of measurable subsets of [0, 7] x Ug such that
for all k, (A*, B¥) is a partition of [0,T] x Ur. We consider the Young measures p** and p?*
which are the unique Young measures such that for all g in C°([0,7T] x Ug),

/ /UR () dpai* (u )dtz/Ak g(t,u)duk(t,u)+/Bkg(t,ﬂt)duk(t,u),

(t,u) dpP* (u) dt = g(t,w) dph(t,u) + [ g(t, ;) du®(t,u).
I I, A

Note that if g is such that for almost all ¢ in [0, T, g(¢,u:) = 0, then

/OT /UR g(t,u) d,uf(u)dt:/OT /URg(t,u) duf’k(u)dt—i-/oT/UR g(t,u) dpB* (w).

Fori=1,2, weset R; ax = d;(iz, p**) and R; g 1, := d; (1, uP*). We also set 24F .= z[uFou],
and 2B+ .= 2[uB* o 7).

Remember the definition of QY given by (£.5). For A € R"¢*, let us denote by Q[A] : M3 — R
the following mapping:

Q[/\](V)Z/ : Hiuy2 Rt (u, 2[0))? v (u) dE + @2 [N (77, 0) (2[]0)?. (5.4)

Theorem 29 (Decomposition principle). Assume that

pF(B*) — 0 and esssup {|u—1|, (t,u) € AF} —0. (5.5)
k— o0
Then,
2K =24 L o(Ry g k) (5.6)
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and the following expansions hold:
1
AD* = Val(PLg)b + 5Q%] (u* o)
T
+ / | HIp (w5, 0) = HIpple) du”* () de + o(R3 .+ 67). (5.7)
0 R
and
’ Bk
vt = [ [ (Hp050,0) ~ HR) dal™ () de -+ Val(PLo)ty
0o Jug
1
+ 5(2[)\](/1‘4”‘“ 6) + 00k (0 + Ro,a1)) + o(R3 1) (5.8)
Proof. With the Cauchy-Schwarz inequality, we get Ry ax = O(Ra2 a1) and since p*(B*) — 0,
Rips = / o — | dpeb (£, ) dt
Bk
k(pkyy1/2 =129,k 1/2
<GAE) ][ e mPad ] = oRap). (5.9)

Estimate (5.6) follows from (5.9) and z* = 24* 4 2B-*_ In order to obtain expansion (5.7)), we
work with the terms of the expansion of lemma 28 First,

T
I = / /U (H (u, 5y, 0) = H[)(dp" (u) + dp ™" (u)) dt
—1 ' — )2 dpF (u
- 2/0 /URHuu[tMu 07 dp* () dt

T
] 0 — ) a0l (5.10)
and

T
I = / /U (L (1., 0) — H ) (2 + 0,.0) dp* (ur)
T
+ /O /U (Hy(u,7,,0) — Hy[t]) 22" dpF (u) dt
o
+ / /U (H (1,7, 0) — H, [f]) 2" P (u) dt

T
— [ [ w0 i @ de o+ ), (3a1)
0o JUgr
Similarly, we prove that

T
jr- /0 [ Ho .60 du™* dt + o B2, + 62), (5.12)
R

1 T
=3 / Hiy o [t)(2F + 0660, 00)? dpi™ at
0 Ur

1
+ 5 @ 0) (2" + 047, 00)° + o(B . + 7). (5.13)

RR n°® 7977



18 Bonnans & Pfeiffer & Serea

Finally, combining lemma [28| and estimates (5.1015.13)), we obtain expansion ((5.7). Expansion
(5.8) follows by replacing the second-order terms involving 6 by the estimate O(R2 4 x0x). O
5.2 Study of the rate of convergence of perturbed solutions

In this part, we give estimates of the L2-distance between a solution to the perturbed problem
1} and [ under a strong second-order sufficient condition. The results will hold for small
values of 7.

Definition 30. We call critical cone Cy the following set:
Cyi={v € My, ¢y, ([Gr,0)2[V]r <0, @y (Tp,0)z[V]r € Tk (2(7r,0))}. (5.14)

In the following assumption, we denote by ri(S(DLy)) the relative interior of S(DLy), which
is the interior of S(DLy) for the topology induced by its affine hull.

Hypothesis 31 (Second-order sufficient conditions). There exists « > 0 such that

1. for some X\ € 1i(S(DLy)), for almost all t in [0,T],

H(p}](u, Ty, 0) — H[p (e, 7y, 0) > afu — |, Vu € Ug,

2. for all v in Cy\ {0}, maxyeg(pry){QN(v)} > 0. Here, 0 is the Young measure which is
equal for almost all t to the Dirac measure (centered at 0).

As a consequence of assumption [31)]1} for all y € MY,
T _ _
[ H70500) ~ HIp) @ 5,,0) dusta) de > allu ©
o Jug

Remark 32. It is shown in [f, lemma 2.3] that, since S(DLg) is compact, for all X € ri(S(DLy)),
there exists B > 0 such that for almost all t, for all v in Ug,

Hp) (0,5, 0) — Hpp) (0, 7,0) > (| e {HIp(v,3,,0) — Hpp) (1 7,,0)} ).

It follows from this result that hypothesis is equivalent to: there exists o' > 0 such that for
almost all t, for all u € Ug,

A = . AN (= = > allu — 2
/\egl(%ﬁe){H[pt](u’yt’O) H[Pt](ut,yt,o)}_alu .

The following lemma states some useful semi-continuity properties for Q and €Y.

Lemma 33. If hypothesi. holds, then for all bounded sequence (V*); in MY narrowly
converging to some v € M3 |

1. the sequence (z[V*])y converges to z[v] for the L°°-distance
2. for all X € S(DLy), Q[N (v) < liminfy_, ., Q)
3. ifv =0 and Q\|(v*) — 0, then ||v*|2 — 0.

This lemma is proved in the appendix, page
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Lemma 34. Ifn > 0 is sufficiently small, then for any sequence (0)x | 0, for any sequence of
solutions (u*,y*)x to ’P; N, with 0 = 04,

Ry = da(m, 1*) — 0. (5.15)

Proof. Assume, on the contrary, that there exist two sequences (n;)r 4 0 and (6x)x J 0 and a

sequence of solutions (u*,y*) to with 77 = 77k and 0 = 0 such that Ry = do(f1, 1*) does
not converge to 0. It follows from 1nequahty and estimate ) that

o) = 0(0$.00) ~ 67.0) > [ /U 2 0,50,0) — 1) did ) dt + (1),

thus, by assumption [3I}fI} R5; — 0, in contradiction with the initial assumption. O

From now on, we fix a parameter > 0 sufficiently small so that lemma [34] is satisfied. We
are now able to build a sequence (A¥, B¥); which can be used in the decomposition principle.
Let us set

M= {(t,u) € [0,T] x Ug,|u—W| < \/Rix} and BF:=(A*)". (5.16)

We consider the sequences (u*);, and (u?*); associated with (1%); and the sequence of parti-
tions (A, BF),. We still use the notations z* and zZ*. Then,

T T
RLk:/ / o — 2|y () dt > «/RM/ / 1 (1, 0) dpi(u) dt
0 Ur 0 Ur

Thus, u < /Rix=0(/R2x) — 0, by lemma Moreover,
ess sup {|ufﬂt|, (t,u) € Ak} VRir=0K/Rai) =
k— o0

As a consequence, we can apply the decomposition principle to the partition.

Theorem 35. Under hypotheses and[31], the following estimates on the rate of convergence
of perturbed solutions hold:

Ry, = da(fi, 1) = O(0k),  |[y* = Fllse = O(61). (5.17)
Proof. ©> First step: Ra gy = O(Ra,a + 6k).

With expansion (5.8) and the second-order upper estimate (4.6), we obtain that for all A €
S(DLy),

SN o+ [ [ Hpw5.0) ~ HE e ) de
0 Ur
< o(R3 Ak + R3 pi) + O(OkRo ) + O(67). (5.18)

Specializing (5.18) for A and since Q[X|(u** © ) = O(R} , ), we obtain by the second-order
sufficient condition hypothesis that

O‘Rg,B,k = O(Rg,A,k +63),

thus, Ry px = O(Ra Ak + O4).
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> Second step: Ro ar = O(0).
Let us prove by contradiction that Rs 41 = O(f). Extracting if necessary a subsequence, we
may assume that 0, = o(Rgz, 4.). It follows directly that Re g = O(Rg2,4.%). Forall A € S(DLy),
the difference of Hamiltonians is nonnegative, thus, by , for all A € S(DLy),

QA (™t &) < O(67) + OO Ra,ak) + o(R3 4 1) = o(R3 4 1.)- (5.19)
Using definition [I7], we set

r_ phreu

Ak~ 7
* o]
=~ and 2P =z[F :L.

Ro ok ] R Ak
For all k, ||v*||3 = 1, therefore, up to a subsequence, we can suppose that (v*), converges
narrowly to 7 € M3 . By lemma 2[v¥] converges uniformly to z[7]. Let us prove that

Gyr (Yr, 0)27[V] = 0, (5.20)

Py, (U, 0)2r[V] € T (2(yr, 0)). (5.21)

By lemma [19] we obtain that
by = 7"+ 27"+ Ok€p + O0F + BY oy + BY ) = 277 + o(Ra,ap),
and finally that 6y% = Ro 4 (2" + 0(1)) = R2.4x(2[7] + 0(1)). As a consequence,

¢(y§"a 916) - ¢(gT7 O) = RQ,A,k [¢y’r (yTa O)ZT [v] + 0(1)] ) (522)
(Y, ) — ®(Tr,0) = Ro a [Py, (T, 0)2r[F] + o(1)]. (5.23)
We obtain (5.21)) directly and (5.20) follows from (5.22)) and from the following first-order upper

estimate:
S(yr+ 1) — d(Fr.0) < O(0k) = o(Ro,ak)-
Therefore, v € C5. We obtain from lemma and (5.19) that
sup Q[A(v) <0.
AeSDLg

By the second-order sufficient condition (hypothesis 2), v = 0. Applying (5.19) to A, we obtain
by the lower semi-continuity of Q[A] that limy Q[A](¢*) = 0 and thus, by lemma %]l — 0,
in contradiction with the fact that ||v*|s = 1 for all k. It follows that Ry 4 = O(6)), thus
R = O(Ro,ax + Ro.px) = 0 and finally that ||y* — 7o = O(6%), by lemma O

5.3 First- and second-order estimates

In this section, we prove that the first and the second-order upper estimates that we have
computed in section 4| are exact expansions, for sufficiently small values of 7 > 0 (so that lemma
holds). The first-order estimate derives directly from inequality (/5.1]), expansion (5.8), and

theorem 35| (under hypotheses |24] and :

V1(0r) — V7(0) = Val(PLg)0y, + O(67). (5.24)
Theorem 36. Under hypotheses and[31) the following second-order estimate holds:
V1(0) = V(0) + 6 Val(PLg) + 6% Val(PQj) + 0(6?). (5.25)
k —
Moreover, for any 0y | 0, we can extract a subsequence of solutions u* to 1) such that £ 96 4
k

converges narrowly to some U solution of (PQol).
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Proof. Let (0;)r J 0. We set

Ak ~ — ko~
TOou ou
VA,k:.“ Vk:# )

O O

By theorem 35, R3 , , = O(67). Therefore, (v**), is bounded for the L*-norm and we can

A,k)

extract a subsequence such that (v narrowly converges to some 7 in M3 . Moreover, we can

show that

Bk &g
di(VF, v ) < ™ &l okeu”l =o(1),

thus, ¥ equally converges to ¥ for the narrow topology. For all A € S(DLy),

T
_ B.k
[ #d 5.0 ~ HRG 4l @) de = 0
o Jug
thus, by inequality (5.1)), by the decomposition principle (theorem [29), and by the lower semi-
continuity of Qf (lemma ,

V7(8)) — V"(0) > 6, Val(PLy) + %ZQQ[A](VM) + 0(63)

> 05, Val(PLg) + %299 (@) + o(67).

Let us prove that 7 is a solution to problem (SPLg|). Following the proof of theorem we
obtain that

Syt = Ou(2r 7] + &7 + o(1)),
and therefore that

Qs(y’?“a ek) - (Zs(gTa 0) = 0k¢/(yT7 0)(ZT[P] + 579“3 1) + O(gk)v (526)
q)(ylig’vek) - (I)(yTvo) = qu)l(yT, 0)(ZT[ﬁ] + gg’? 1) + O(Gk)' (527)

By (3.14), we obtain that
¢(qu€*, ek) - ¢(yT70) < Val(PLG)ak + 0(916)7

therefore
¢' (U, 0)(2r[7] + €7,1) < Val(PLy).

and by ,
(I)I(yTa 0)(ZT[ﬁ] + gg’a 1) € TK(@(gTv O))

This proves that 7 is a solution to (SPLg). By lemma [26] and theorem we obtain that

Val(PQy (7)) < uESi(gfI‘)Lg)Val(PQG(V))’

thus, 7 is a solution to problem (PQy) and the theorem is now proved. It also proves that
problem (PQy) has a finite value. O
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6 Two examples

6.1 A different value for the Pontryagin and the standard linearized
problem

Let us consider the following dynamic in R?:

g = (u},u?)?, for a.a. t € 0,7,
Yo = (an)T

The control u is such that ||ulloc < 1 and we minimize y, r[u] under the constraint y; r[u] = 6,
with # > 0 and 6 = 0. The coordinate 7, correspond to the integral which would have been used
in a Bolza formulation of the problem. For # = 0, the problem has a unique solution @ = 0,
7 = (0,0)T. This solution is qualified in the sense of definition |8 since for v = 1, &[v] = T
and for v = —1, & [v] = —T. However, the solution is not qualified in the sense of the standard
definition, since the standard linearized dynamic z is equal to 0.

For § < T, the problem has infinitely many solutions, one of them being;:

0 1, ift € (0,0),
Uy =
0, ifte(6,T).
]

Indeed, y; r[u’] = 0, yo.r[u’] = 0 and if v? is feasible, then

T T
6 = yrlo”) = / (of)? dt < / (0f)? dt = yo 7o),
0 0

which proves that «? is optimal. Moreover, if v’ is optimal, then the previous inequality is an
equality and thus, for almost all ¢, (v?)3 = (v)?2, that is to say, v¢ € {0,1}. We also obtain that
v =@ = VO and ||v? — T|o = 1.

Now, let us compute the sets of multiplier A and A" (for the reference problem). Since
the dynamic does not depend on y, denoting by A € R the dual variable associated with the
constraint y; 7[u] — 6 = 0, the costate p* is constant and given by p; = (), 1). The Hamiltonian
is given by

HN(u) = u® + M.

As a consequence, we obtain that A” = R x {1} and A” = [-1,1] x {1}. The Lagrangian
associated with our family of problem is given by

T
£y, A, 0) = / (w2 + ) dt + A(yrg — 6),
0

therefore, Lq(w,7,\,0) = —\, Val(PLg) = 1, and Val(SPLy) = +oo. In this example, the
Pontryagin linearized problem enables a more acurate estimation of the value function. Since
the solution @ is not qualified in a standard definition, it is not surprizing that the associated
linearized problem has a value equal to +oc.

Note that the second-order theory developed in the article cannot be used to study this
example, since we do not have the equality of Val(PLy) and Val(SPLy). Moreover, observe that
for the solution A = —1 of (DLy)), the Hamiltonian H[A](u) = u? — u® has two minimizers: 0
and 1. The set of minimizers contains the support of the solutions to the perturbed problems.
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6.2 No classical solutions for the perturbed problems

This second example shows a family of problems for which the perturbed problems do not have
a classical solution. This example does not fit to the framework of the study since we consider
control constraints. However, we believe it is interesting since in this case, the ratio (u’ © u)/6
converges to a purely relaxed element of M3 for the narrow topology. This confirms us in the
idea to use relaxation to perform a sensitivity analysis of optimal control problems.

Let us consider the following dynamic in R?:

(.6 02.0)T = (ug, ¥7+2(vp —0)2 —u)T, for a.a. t € [0,7],
(y1,0,92.0)" = (0,0)T,
where for almost all ¢ in [0,7T], v; > u; and vy > —u;. The perturbation parameter ¢ is nonneg-

ative and § = 0. We minimize yo,r. For § = 0, the problem has a unique solution u = (0,0)7,
5 = (0,0)T. The associated costate p = (p1, p2) is constant, given by p; = 0 and py = 1. Thus,

Hp)(u,v,7;) = 2(v — 0)* — .

This Hamiltonian has been “designed” in a way to have a unique minimizer when 6 = 0, but two
minimizers (£26,260) when 6 > 0. Let us focus on optimal solutions to the problem when 6§ > 0.
Let u,v € L*([0,T],R), we have

T
yar[u,v] = / y1.¢lu, v]2 +2(vy — 9)2 - uf dt
0

T
= / y1.¢[u, v]? + 207 — 40v; + 2607 — u? dt
0
T
= / yre[u, v+ (v —u?) + (v — 20)* —20%dt > —20°T.
0

This last inequality is an equality if for almost all ¢ in [0, T, y1,[u,v] = 0, v, = 20, |uy| = vy.
As a consequence, the problem does not have classical solutions, but has a unique relaxed one,
1 = ((6_29 + 029)/2,260). Moreover,

weu

0

= ((0-2 +02)/2,62).

A Properties of Young measures

A.1 First definitions

Weak-x topology on bounded measures Let X be a closed subset of R™. We say that a
real function ¢ on [0,7] x X vanishes at infinity if for all £ > 0, there exists a compact subset
K of X such that for all (t,u) in [0,T] x (X\K), |1 (t,u)] < e. We denote by C°([0,T] x X)
the set of continuous real functions vanishing at infinity. The set M;([0,7] x X) of bounded
measures on [0,7] x X is the topological dual of C°([0, 7] x X). The associated weak-* topology
is metrizable since [0,7T] x X is separable.

Young measures Let us denote by P the projection from [0, 7] x X to [0,7]. We say that
p e MJF([0,T] x X) is a Young measure if Py is the Lebesgue measure on [0,7]. We denote
by MY (X) the set of Young measures, which is weakly-* compact [I5, theorem 1].
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Disintegrability Let us denote by P(X) the set of probability measures on X. To all mea-
surable mapping v € L*°(0,7;P(X)) (see the definition in [I5 page 157]), we associate a unique
Young measure p defined by: for all ¢ in C°([0,7] x X),

/[o,T]wa(t’u) dut,u) = /OT/Xw(t,u) dvy (u) dt.

This mapping defines a bijection from L>([0,T]; P(X)) to MY (X). This property is called disin-
tegrability. Note that L>(0,T;P(X)) C L*(0,T; My(X)), which is the dual of L(0,T;C%(X))
[15, page 179]. On MY (X), the weak-* topology of this dual pair is equivalent to the weak-*
topology previously defined [I5, theorem 2]. In the article, we always write Young measures in
a disintegrated form.

Density To all win L([0,T]; X ), we associate the unique Young measure x defined by for almost
all ¢ in [0, 7], sy = d,,. The space L([0,T]; X) is dense in MY (X) for the weak-* topology [16]
proposition 8].

Lower semi-continuity of integrands We say that ¢ : [0,7] x X — RU{+o0} is a positive
normal integrand if ¢ is measurable, ¢ > 0 and if for almost all ¢ in [0, 7], ¥(¢,-) is Ls.c. If ¢ is
a positive normal integrand, then the mapping

T
pe M) [ [ vt duu)ar
0o Jx
is Ls.c. for the weak-* topology [15] theorem 4].

Narrow topology We say that the measurable mapping ¢ : [0,T] x X — R is a bounded
Caratheodory integrand if for almost all ¢ in [0,T], 4(¢,-) is continuous and bounded and if
l0(t, )|l is integrable. The narrow topology on MY (X) is the weakest topology such that for
all bounded Caratheodory integrand 1,

T
pe MY (X) o / / Wt ) dpe (u) du
o Jx
is continous. This topology is finer than the weak-x topology.

Wasserstein distance We denote by P and P? the two projections from [0,7] x X x X to
[0,T] x X defined by P'(t,u,v) = (t,u) and P?(t,u,v) = (t,v). Let u' and pu? be in MY (X)),
then 7 in My ([0, 7] x X x X) is said to be a transportation plan between p' and p? if Pyr = pu'
and Pjgr = p2. Note that a transportation plan is disintegrable in time, like Young measures.
The set TI(u!, u?) of transportation plans between u' and p? is never empty, since it contains
the measure 7 defined by 7, = u} ® u? for a.a. t. For p € [1,00), the LP—distance between '
and p? is

dy(pt, p?) = [ inf /T/ |[v — ulP dmry(u, v) de e (A1)

PR mel(pu!,u?) Jo Jxxx ’ . .

This distance is called the Wasserstein distance [6), section 3.4]. The set II(u!, u?) is narrowly
closed and if d,(p*, u?) is finite, any minimizing sequence of the problem associated with
has a limit point by Prokhorov’s theorem [15, theorem 11|, thus by lower semi-continuity of

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 25

the duality product with a positive normal integrand, we obtain the existence of an optimal
transportation plan.

If ' is the Young measure associated to u' € L([0,77]; X), then for all u? in MY (X), there
is only one transportation plan 7 in II(u!, u?), which is, for almost all ¢ in [0, T, for all u and v
in X, m(u,v) =y (u)p?(v), therefore, for all p € [1,00),

T 1/p
dpm%u?)[/o / |vu%|pdu$<v>dt] . (42)

Note that in this case, the mapping u? — ds(u', u?) is weakly-* continuous. If u! and p? are
both associated with u; and ug in LP([0,T]; X), then dp(u', u?) = [Jua — u1 ||,

A.2 Young measures on Uy

We suppose here that X is equal to Ug, the ball of R™ with radius R and center 0. We
denote MY, = MY (Ug). The set Ug being compact, M}, is weakly-* compact [15, theorem 1].
Moreover, the weak-* topology and the narrow topology are equivalent [I5], theorem 4].

Differential systems controled by Young measures Let 2 € R", let g:[0,7] x X — R"
be Lipschitz continuous (with modulus A), then for all u in MY, the differential system

Ty = flae,w) dpe(u), xo = a°
Ur

has a unique solution in C'(0, T;R"™), denoted by x[u].

Lemma 37. The mapping u € Mﬁ — zlu] € C(0,T;R™) is weakly-+ continuous and Lipschitz
continuous for the L'-distance of Young measures.

Proof. > Weak-+ continuity.

Let p € MY, let (ug)x converges to u € MY for the weak-x topology. The sequence (g*)y
defined by

g = / F(al), w) (A (u) — dpa (1)) ds
0 Ur

converges pointwise to 0. We can show with the Arzela-Ascoli theorem that this convergence is
uniform. For all ¢ in [0, 77,

IN

‘l‘t[/ﬁk] — ¢ [p]]

/ / el w) — F s, )] dpd () ds
0 Ur

+

/ F sl u)(dp () — dpag () ds
0 Ur

/0 O[] — 24 [p]) ds + o(1),

where the estimate o(1) is uniform in time. The uniform convergence of z[u*] follows from
Gronwall’s lemma.

> L'-Lipschitz continuity.
Let pu' and p? in ME, let 7 be an optimal transportation plan between p! and p? for the
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L'-distance. There exists a constant A < 0 such that for all ¢ in [0, T,

ol =l < [l = et dm o) ds

/ / A(Jza12) = 2l + o — ul) dry (1, 0) ds
0 UrxUgr

t
/ Al [12) — ]| ds + Ady (", 2).
0

IN

IN

The Lipschitz continuity follows from Gronwall’s lemma. O

A.3 Young measures on R™

We suppose here that X = R™. We equip MY := MY (R™) with the narrow topology. In the
article, elements of MY are denoted by v. For p in [1,00), we denote by M}; the set of Young
measures v in MY with a finite LP—norm, defined by ||v|, = d,,(0,v), where d,, is the Wassertein
distance. We denote by MY the set of Young measures with bounded support and we define
the L*°-norm as follows:

[I¥]|lo = inf {a € R, v([0,T] x B(0,a)) =v([0,T] x R™)}.
Note the inclusion MY, ¢ MY c MY
Lemma 38. The unit ball BY of M) is narrowly compact.

Proof. By Prokhorov’s theorem [I5, theorem 11], BY is precompact. The mapping (¢,u) > |u|?
being a positive normal integrand, the L?-norm is L.s.c. and therefore, BY is closed for the narrow
topology. The conclusion is now proved. O

Lemma 39. Let ¢ : [0,7] x X — R™ a measurable mapping be such that for almost all t in
[0,T], ¥(t,-) is continuous and such that

ess sup [(t,u)] = o (Juf?).
te[0,T) |u| =00

Then, for all bounded sequence (V*)y in MY converging narrowly to v € MY
T
/ D(t,u) dvF(u) dt - / W(t, u) dvy(u) dt (A.3)
0 R™ R™

Proof. The proof is inspired from [I, remark 5.3]. Let (v*); be a bounded sequence in MY
converging narrowly to v € MY . Let

A = max { w13 Sip{HVkH%} }-

Let £ > 0. Let B > 0 be such that for almost all ¢ in [0, T], for all v in R™,
Y(t,u) < elul® + B.

Then, ¢|u|? + B — 9 (t,u) is a positive normal integrand. Thus,
T
/ / clul + B — U(t, u) dvy(u) dt < hmmf/ / cul + B — W(t, u) dv*(u) dt.
O m m
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and therefore,

T
/‘ —Mummﬁ)w<hmng/ ot w) vk (u) dt + 2042,
0 Rm™

R™

To the limit when ¢ | 0, we obtain that

T T
/ P(t,u) dvg(u) dt > lim sup/ (t,u) dvf (u) dt
0 R™ k—oo JO R™
which proves the upper semi-continuity of the mapping (A.3). We prove similarly the lower
semi-continuity. O

B Justification of relaxation

This section aims at justifying the use of relaxation in the formulation of the problem. The
results that we give are independent on the sensitivity analysis performed in the sequel. We
introduce the value function associated with the notion of classical R-strong optimal solutions,
denoted by V" (6).

M‘ ’9 ’9 )
i) o | vk i< ¢(yrlu,0],0) (B.1)
s.t. q)(yT[u,H], 9) € Kv ||y[u7 9] - yHOO < -

Note that for all > 0, for all n > 0, V7(#) < V"(6), since the space of Young measures contains
the classical controls. The converse inequality would be true if there were no constraints. In that
case, it would suffice to approximate any Young measure p with a sequence of classical controls
converging to u for the weak-* topology. In the constrained case, this sequence is not necessarily
feasible. We prove in lemma [40| that if a given classical control is close in L!-distance from 1,
it can be restored (with another classical control). We obtain as a corollary that any feasible
relaxed control close to @ in L'-distance can be approximated by feasible classical controls. Using
the results of convergence of the solutions of perturbed problems obtained in section 5| [B] we prove
the equality of V and V for small values of n and 6.

Lemma 40. If 71 is qualified, then there exist 1 > 0, o > 0, and C; > 0 such that for all
classical control u with |u — |1 < 61, for all 6 € [0,0], there exists a classical control v’ such
that

O(yr[u,0],0) € K and |ju' —uljy < Cydist(®(yr[u,d],0), K).

Proof. Let ¢, o, and C be the constants given by the metric regularity theorem (theorem E[) Let
us set 61 = %H. Given 0 € [0, 0], let u be a classical control such that ||u —@|; < d;. Set

d = dist(®(yr[u,0],0), K). Let us build a sequence (u*); of classical controls with u° = u and
which is such that for all &,

&.

1)d
i — by < DD eyt 6],60) <

= (B.2)

2k
By definition, dist(®(yr[u®,6],0), K) < d/2°. Let k in N, let us suppose that we have built
u®,...u* such that (B.2) holds up to index k — 1. Thus, dist(®(yr[u¥,6],0),K) < d/2F and
luiTt —wi|]; < (C+1)d/27 for all j in {0, ...,k — 1}. Therefore,

= C+1
di (v, i) < ||u® — ul||y + di(u°, ) +8, < 2(C+1)6,+ 61 < 6.

=0

<.
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By the metric regularity theorem, there exists a feasible relaxed control p such that dy(u*, p) <
Cd/2*. By the density of classical controls into MY, by the weak-* continuity of d; (u¥,), and
by lemma [37] there exists a classical control u such that

C+1)d d
% and ‘I’(yT[UvoLQ)SQkH-

lu—u®ly <

We set u¥*! = u. This justifies the existence of a sequence satisfying (B.2). Finally, we have
built a sequence (u*) of classical controls which converges for the L'-norm. Let us denote by
' its limit, by lemma [37] it follows that

dist(®(yr[u', 0],0), K) < Jim dist(®(yr[u®,6],0), K) =0
— 00

and
oo oo
(C+1)d
lu" —ully < Z [uf Tt — k|| < Z o = 2(C +1)d.
k=0 k=0
The lemma holds with d;, o, v/, and C; = 2(C + 1). O

Corollary 41. Let u € MY, and 0 € [0,0] be such that dy(u, ) < d1 and such that p is feasible
for 6. Then, there exists a feasible sequence of classical controls (u¥)) converging to u for the
weak-x topology.

Proof. Let u € MY and 6 € [0,0] be as above. Let (u*); be a sequence of classical controls
converging to pu for the weak-* topology. Then, by lemma 37, dist(®(yr[u*,6],0), K) — 0 and
for k large enough, ||[u* — |, < §;. By lemma we obtain a sequence of feasible controls
(@*)s) which is feasible for the value 6 and which such that |[u* — @*||; — 0. Then, it is easy to
check that @* converges to p for the weak-* topology. This proves the corollary. O

In theorem we have proved that under a second-order sufficient condition, for a small,
positive, and fixed value of 7, any sequence of solutions to problems converges to w for
the L!- distance. Therefore, for small values of 7 and 6, these solutions can be approximated by
feasible classical controls and V(8) = V().

C Technical proofs

Lemmal@l For all ¢ in [0, T,

[ Bl — 7] = / /U (F (ot gl 61,6) — F (0,7, 0)) dpra () ds
- / [ O(fu =)+ Ol ] = 7.] + 0) () ds + O0)

— O(dy (ju.7) + 0(6) + / Oyl 01, — 7)) ds,
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whence estimate (2.9) by Gronwall’s lemma. Now, set © = y[u, 8] — (7 + &[] + 0¢9), then, for all
tin [0, 7],

i =] [ (P 00.01.0) = £(0.5200)) i () = £y alslli + 062, ds
S/O |f(ﬂs>ys[lu’79]79) - f(ﬂsvgsv(n - [fy[s]gs[ﬂ] + fy[s}efg + fO[S]H ds
= /0 | Fyls) (sl 0] = (7, + &) + 067) | ds + O(da (1. 7)* + 67)

t
=/OW$®+mmmmhw%
0

since
t
/(; \/[;v [f(ua yé[,uag]ao) _f(u7ys70)} - [f(ﬂSayé[,uag]vo) _f(ﬂ&ys?O)] dlu’é(u) dS
= O(di (1, 1) (ly[1e] = Ylloo + 0)) = O(d (1, 72)* + 67).
Estimate follows from Gronwall’s lemma. O

Lemma[l The result is a consequence of the dual representation of the L!-distance given in [6),
theorem 3.4.1]. Let ¢ : [0,7] x Ug — R be a bounded Caratheodory integrand which is such
that for almost all ¢, w € Ug — (t,u) is Lipschitz continous with modulus 1. Then,

A [t ) (A8, ) ) = S, ) ()

= Z(W’: - %)
i=1

The first inequality follows and the second one is obvious. O

|t w(du' () - du’(w) dt < > 1= ilda (1, ).
R i=1

LemmalI9 Note first that || © ||y = dq (%, ). Setting r = &[] — z[p © 1), we obtain that for
almost all ¢ in [0, T7,

n=nMn+/ [ @) — (1) + Fult(u — )] dpae (w)

Ur

=owwwyé<xm—mﬁdmwx

thus, by Gronwall’s lemma, ||r||. = O(||z © @||3), which proves estimate (4.2). Replacing &[u]
by z[p © 7] in estimates (2.9) and (2.10) of lemma [6] we obtain estimates (4.3) and (£.4). O

The following lemma will be used in the proof of theorem [27]

Lemma 42. Let (0x)r L 0 and let f: R, — R, be a non-increasing right-continous function
converging to 0 at infinity. Then, there exists a sequence (ck)x of positive real numbers satisfying

ey =0 and ——= = o(b). (C.1)
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Proof. For all k, set
Cr = {c=0, f(c) < (Brc)’}.

Since f is non-increasing and right-continuous, C, is a closed interval of R, ,. Set c¢; = inf Cj.

The sequence (ci)x is well-defined and positive. Let C' > 0, for k large enough, 0, < /f(C)/C,
thus ¢ > C. This proves that ¢, — +o00 and therefore that f(cx) — 0. Since ¢k /2 < ¢y,

Orcr\2

fle/2) = (F52)
therefore, cxfr < 24/f(ck/2) — 0. As a consequence, by right-continuity of f, f(cx)/ck =
0k (0rck) = o(fk). This proves the lemma. O

Theorem [27. We follow the proof of lemma[I5] The main difficulty of the proof is that we need
to combine the two different kind of linearizations: the standard one at the first order and the
Pontryagin linearization at the second order. A second difficulty arises if v has a non-bounded

support: in this case, a truncation must be realised. In the proof, we consider this case: v is
non-bounded. Let v € S(SPLy), £ € F(PQo(v)), and (0x)r J 0 be such that

n _ v n(g) — V"
b V0) ~ [V(0) 465 Val(PLy)] _ o VI(9) — [VI(0) + 6 Val(PLy)]
k—o0 9]% 610 62

Let (fix, ax ) be a sequence in M}, x R, such that £ = lim aér[i*]. Extracting a subsequence
of (0x) if necessary, we can suppose that

Orar = o(1) and akﬁi <1.

For all ¢ > 0, we define v° and w® the unique Young measures which are such that for all
g € C°[0,T] x R™),

T T

/ / g(t,u)drvedt = / / 1jy—z,5c 9(t,0) + Ljy_z,<c 9(t, u) dlltk dt,
0, JR™ 0r R™ N

/ / g(t,u) dw®dt = / / Ly, |>e 9(t,u) + 1jy—z,1<c 9(t,0) dvf dt.
0 m 0o Jrm

We set f(c) = ||we||3. It satisfies the assumptions of lemma We obtain a sequence (cg)k
satisfying (C.1)) and we set v¥ = v and w® = w®. Note that

flew) = "3 > cxllws,

therefore, by ,
l* 1 = o(b).-

Now, in order to realize the first-order perturbation, we consider the measure p'* = 7 @ 6,*.
For almost all ¢, the support of ui " is included into the ball of center %; and radius ¢0;. Since
ckfp — 0, for k large enough p'* € MY, and since a67 < 1, we can define

W= (1 ) + (a2 € MY,
We set y* = y[u¥, 0x]. Let us show the expansion

1y = @ + Ok V] + 02 (2*[] + €)oo = 0(67).- (C.2)
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We know that di (%, u*) = O(6y). Moreover,
0z[v] — 2[p* ©7) = b z[v] — arnbiz[i*] = o(6),
thus, using lemma [I9] we obtain that
" = @ + 02" [V])lloo = 0(81)-
Let us set 7% = y* — (y + 0,21 [v] + 02(2%[v] + axé[ii*])). Then,
b=t [t 00 - Sl vt ds
Rm
[ ) + 2 2110 ) s
68 [ S+ il ds

+ an? / [ 9k 00) = (£(0.5.0) = f15) = F15) s ) ds

= [ (0 0 0.0 + L v <70 000%) )
/ /m 8] (O, 02l [V], Ok) + 3 £/ [s](Oku, 0,22 [V], 0)?) dvg(u) ds
—ek/fy ]+ anglil)

T o} / /U (798, 00) = 072, 60) ) ds + o6
= /0 /m (Qkfu[s]u—&— %92f”[s](u,z;[u],1)2)(dutk(u) — dug(u))dt
+ [ sk ds-+ o6
= /0 Fylslrt ds + O(Ox[|w*|1) + O(GR]|w"(13) + o(67)
= /0 fy[s]rfdero(ﬁi).

By Gronwall’s lemma, ||r*|. = o(f?) and since aipér[u*] — &, expansion (C.2) holds. As a
consequence, the following second-order expansion hold:

S(yr (i, k), 0%) = ST 0) + Ok’ (G, 0) (2 [V, 1)
+ 02 [%qﬁu@p 0) (241, 1)? + by (5, 0) (V] + €)] + 0(6}), (C.3)

and the same expansion holds for ®(yr[u*, 0k, 0)). Therefore, dist(®(y%), K) = o(6?). By the
metric regularity theorem (theorem |9) and by lemma there exists a sequence ji* of feasible
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controls such that d; (¥, i*) = 0(62) and such that (C.3)) holds for ¢(yr[i*, 0x], ). Minimizing
with respect to &, we obtain that

n _ n
ey VO~ IV0) + 0Val(PLy)
010 0

< Val(PQy(v)).

Minimizing with respect to v, we obtain the theorem. O
Lemma[28 Expanding the difference of Lagrangians up to the second order, we obtain
AB* = B[\ (T, 0)(5yk ) + 1[N 5y, )2 + 062 + 3y 2). (C.4)
Then,
T
_ T k.
O, [Nz, 0)0yF = [proyf], = /0 (p0y, + proyf) dt

T
= [ (] ko0 - m) ko) - ma) afwa. €

Expanding the difference of Hamiltonians, we obtain that
T
/ / (H(u,ys,0k) — H[t]) dpf (u) dt
0o Jug
T
=[]t 00 = F5,0) + [ 50.0) ~ Bl )
Lo

= / H(y,e) (’LL, Yy O) (52467 ek) + %-H'(y,é’)2 (uvytv 0)(5yf’ 9k)2 d:u‘zlfc (u) dt
0 Ur

T
[ 50) ~ Hl) i) de + ol + ). ()
0 Ur
Moreover,
T
L a0 008k 002 — H o 600 007 i) e
— O(Ruu (B2, +62)). (c.7)
and 1
Rup(RYj +07) < Ry + 5 (BY e+ 07)0k = o(BY . + 07). (C8)

Finally, remember that Val(PLg) = fOT Hy[t] dt + ®y[A] (Y, 0). Combining expansions 1 ,
we obtain that

T
AD* = Val(PLg)0 + / /U (Hp )11, 51, 0) — HIp[F]) dpe(w) dit

T
+ / /U (Hy [0, 74, 0) — Hy [ [0 dpe ) (C.99)
+ / /U (ol (. 0, 0) — Holp][t))0x dyak (u) (C.9h)
1 r
+5] /0 Hiy o2 [P 118)(00F, 04)% dt + ®" [\ (09, 01)2] + 0(63 + R3.). (C.9¢)
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We have already proved in lemma [19| the following estimate:
189" = (=" + 61€")lloe = O(RY 1 + 65)-

Therefore, we can replace dy* by its standard expansion z* in terms and (C.9). The
errors that we make are respectively of order Ry (R? ) + 63) and R}, (R1x + 0x). As we prove
in estimate (C.8), the first term is of order O(Rik + 67). The estimate holds.

Expansion follows from (C.9). We replace respectively terms (C.9a)), (C.9b)), and
by the following estimates: O(R1 |/6y*|lo), O(R1 10k), O(||6y*||% +6%), and the estimate, since
the sequence (Rj 1)k is bounded. O

Lemma Let v € MY and let (v*); be a bounded sequence in M3 narrowly converging to 7.

> Narrow continuity of v — z[v].
We set, for almost all ¢,

vfz/ udvf(u) and ’UtZ/ wdvg(u).

It is easy to check that ¥ and v* € L2?(0,T;R™). Moreover, z[v¥] = z[v*] and z[v] = z[v]. Let
us check that v* converges to v for the weak topology of L2. Let h € L?(0,T;R™), then by
definition of the narrow topology,

T T T T
/ hyoF dt = / / hy vk (u) dt — / / hy dvy(u) dt = / hyot dt. (C.10)
0 0 m 0 m 0

This proves the weak convergence of v*. The mapping v € L?(0,T;R™) + z[v] € H*(0,T;R")
being linear continuous, z[v*] converges for the weak topology of H'. Since (z[v*]) is bounded
in H' and by the compact embedding of this space in C(0,T;R"), z[v*] converges uniformly to
z[v].

> Narrow lower semi-continuity of Q[\] and Q°[\].
Let A € AT, Let us decompose Q7[)\] into three terms, Qg, Q1, and Qo with

T
Qo[A(v) :/0 Hy o[t)(2[v],1)* dt + " [N (Tp, 0)(27[v], 1)%,
T
Q1[\(v) = 2/0 /m H, 0(t](u, 1) + Hy [t (u, 2[v]) dvg(u) dt,
T
QN (v) = /0 /  Huf(w)? dug () .

Since z[v*] converges uniformly to z[v] and since the sequence (v*), is bounded, we obtain by
lemmathat Qo[A\(VF) and Q;[\](v*) converges resp. to Qo[A](v) and Q1[)\](v). Since A € AT,
the integrand H,,[t](u)? of Q2[)\] is nonnegative, Q2[)] is lower semi-continuous for the narrow
topology. Finally, we obtain the lower semi-continuity of Q°[\] and similarly, the one of Q[)].

> Strong convergence to 0.
Suppose now that (v*); converges narrowly to 0 and that Q[A](v*) — 0. Then, necessarily,
Q2[N\(v*) — 0. From hypothesis we obtain the inequality 2a|/v||3 < Q2[\|(v) and the

lemma is now proved. O
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