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Summary

The thesis is presented in order to obtain the ”Habilitation a diriger des
recherches” degree in automation and industrial informatics.

The author received the Ph.D. degree in System Analysis, Control and In-
formation Processing from Voronezh State University, Russia in 2005. From 2004
to 2007 and from 2008 to 2010 he was with the same university as lecturer and
associate professor, respectively. From 2007-2008 he was research assistant (post-
doc) with CINVESTAV-IPN, Mexico. Form 2010 to 2012 he has served as a leader
researcher at the Institute of Control Sciences of Russian Academy of Sciences
in Moscow. In 2012 he joined NON-A team of Inria Lille, France. His main re-
search interests include sliding mode control, time delay system, set-theoretic and
homogeneity-based methods in control. During the scientific carrier he produced
more than 150 publication.

The thesis deals with one of the main research direction of the applicant in
the last 5 years: design of finite/fixed-time controllers and observers by means of
a canonical homogeneous norm induced by linear dilations. Such a norm simplifies
the analysis and design of homogeneous control systems, and allows a liner control
and state estimation algorithms to be extended easily to some non-linear cases.
Canonical homogeneous norms appear in the control and systems theory in the
form of controllability functions and implicit Lyapunov functions.

The first chapter of the thesis presents the scientific background and the
experience of the author. In the second chapter, the concept of homogeneity (sym-
metry) with respect to linear dilations (i.e. linear geometric homogeneity) is in-
troduced and some related notions such as the canonical homogeneous norm are
studied. Solutions to several control and estimation problems for linear and non-
linear systems in a Banach space B and in the Euclidean space R™ are presented.
In the third chapter, the future directions of the research of the author are dis-
cussed. Finally, the list of publications of the author and the texts of four selected
papers, which are closely related with the topic of the thesis but not surveyed in
the chapter 2, are presented in Appendix.
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Notation

N is the set of natural numbers; Z is the set of integers; R is the set of reals;
R =RU{—00} U {400} and R;=[0,400); C is the set of complex numbers.

7 denotes one of the following intervals: [a,b], (a,b), [a,b) or (a,b], where
a<b,a,beRora=—oc0, and/or b € +c0.

The Cartesian product of sets is denoted by x.

B is a real Banach space with a norm || - || and H is a real Hilbert space with
an inner product (-, ).

S ={ze€B:|z| =1} is the unit sphere in B.

L(X,Y) is the space of linear bounded operators X — Y, where X and Y
are Banach spaces, and
[Aully

. HAUHY
and A = inf

w0 lullx

| All£(x,y) = sup Ae L(X,)Y).
u#0

If X =Y we use notations ||A| and |A] for shortness.
If P=PT € R**™ then P > 0 means that the matrix P is positive definite.

Amin (P) and A\pax(P) denotes minimum and maximum eigenvalues of sym-
metric matrix P = PT € R".

X denotes the closure of the set X of a metric space.
09 is the boundary set of a 2 C R".

C§°(2,R™) is the set of infinitely differentiable (smooth) functions having
compact support in €2, where Q2 CR™ is an open set.

H™(Q,R™)=W™2(Q,R™) is the Sobolev space of functions 2 C R¥ —R™.
Hy(Q,R™) is the closure of C§°(2,R™) with respect to the norm in H™.

L?(Q,R™) = HO(Q,R™) is the Lebesgue space of quadratically integrable
functions 2 — R™.

The set consisting of elements x1, z2, ..., , is denoted by {z1, za, ...,z }.



The sign function is defined by

1 if p>0,
sign_(p) =< —1 if p<O, (1)
o if p=0,
where 0 € R: —1 < ¢ < 1. If a concrete value of ¢ is not important for

considerations, we use the notation sign(p).

Oxq1’ """ Oz
s(:) = (51(+), -, sm(-))T then Vs(z) is the matrix R"*™ of the partial deriva-
. 0s; . .
tives =2, i =1,2,....m,j =1,2,...,n.

Let Fgq(R™) (resp. Hq(R™)) be the set of continuous vector fields R™\{0} — R"”
(resp. functions R™\{0} —R) homogeneous with respect to the dilation d.

T
If V() € CYR™R) then VV () i= (8%, 2%) . 1f s € CL(R",R™),

Let degp, (f) (resp. degy, (h)) denote the homogeneity degree of f € Fq(R™)
(resp. h € Hq(R™)).



Chapter 1

Scientific Background and
Experience

In this chapter, my scientific background, the main achievements and scientific
carrier are expressed shortly. Next, in the second chapter, the main results obtained
in the field of homogeneity-based control and estimation are presented with more
details. Some planned directions of research are briefly described in the third
chapter.

1.1 Diplomas and Grades

Both my degrees I have obtained from Voronezh State University, Russia:

e December 2005: PhD in Physics and Mathematics (specialization in System
Analysis, Control and Information Processing)
Title: Control of Neutral and Unstable Plants Using Relay Delayed Feedback
Supervisor: Prof. Vadim Strygin
Reporters: Prof. A. Kobrin and Prof. G. Lozgachev

e July 2003: Masters Degree in Applied Mathematic and Informatics
Supervisor: Prof. V. Strygin

1.2 Positions

I was working in 4 scientific centers (3 different countries) during my career:

e 2012-present: France, Inria Lille - Nord Europe, Non-A team project, presently
Non-A Post. Position: Researcher (CR) - permanent (since 2013)



e 2010-2012: Russia, Institute of Control Sciences of Russian Academy of Sci-
ences, Moscow, Russia; Lab.7 "Robust and Adaptive Control”; Position:
Leader Researcher - permanent

e 2008-2010 (and 2004-2007): Russia, Voronezh State University, Faculty of
Applied Mathematics and Mechanics; Position: Associate Professor (Lecturer
in 2004-2007) - permanent

e 2007 -2008: Mexico, CINVESTAV-IPN, Department of Automatic Control.
Position: Postdoc - temporary.

1.3 Research and Publication Activities

Research topics
My research activities in the field of control theory can be split in four topics
e Homogeneity in Systems and Control (since 2012).

Homogeneity is a sort of a symmetry allowing a lot of useful properties
to be discovered in the context of systems theory and control design. For
example, asymptotic stability of homogeneous system ensures its robustness
(in the sense of input to state stability) with respect to a rather large class
of perturbations and it implies finite-time stability if the homogeneity degree
is negative. Last years, I have dealt with control and observer design based
on homogeneity technique as well as with both quantitative and qualitative
analysis of homogeneous systems. In particular, the methods of implicit Lya-
punov functions, linear matrices inequalities and consistent discretizations
have been elaborated for homogeneous systems. Some homogeneity based
methods have been successfully extended to infinite dimensional systems. A
few recent results are reported in the next chapter.

o Set-Theoretic Methods in Control and Estimation (since 2007).

In practice, asymptotic (or finite-time) stability and as well as exact
estimation are hard to be realized due to technical nonidealities of actuators
and sensors, uncertainties in system models, etc. In this case set-theoretic
methods (e.g. stability of sets) become proper tools for quantitative control
system analysis and design. Attractive ellipsoids method is one of the most
efficient tools in this context. It allows the linear control/ observer design ap-
proaches to be applied for a class of quasi-Lipschitz nonlinear models. This
methodology is summarized in the book (co-authored by me) ” Attractive
Ellipsoids in Robust Control”, Bikhauser, 2014. In the last years, I have also
dealt with minimax and interval observers techniques as well as observer-
based control design for both finite and infinite dimensional systems.



e Sliding Mode Control (since 2000).

Being introduced in the early 60s, sliding mode is one of the first meth-
ods of robust control design. However, a mathematically rigorous analysis of
the sliding mode control system is always complicated due to the discontin-
uous nature of the control laws. In this context I have proposed a unified
approach to Lyapunov function-based stability analysis of the so-called sec-
ond order sliding mode systems. I have also dealt with extension of attractive
ellipsoids and homogeneity methods to sliding mode systems and with appli-
cation of sliding mode control design methodology in flow control systems.

e Time Delay Systems (since 2000).

Delay effects accompany any real control systems. Analysis and design
of control systems in the case of input and state delays is important for
control practice. In this context, I was involved in development of relay and
sliding mode control design for systems with delays. Analysis of robustness of
homogeneous systems with respect to delays. Control design for bi-linear time
switched systems with delays. Interval state estimation and interval control
design for for uncertain delay systems.

Structure of publications

The complete list of publications is given in Appendix A. This sections gives
just general overview of my publication activity. I have more than 150 scientific

publications:

e International Journal Papers: more than 50
(including 20 journal papers in the top-ranked control journals: Automatica
and IEEE Transactions on Automatic Control)

e International Conference Papers: more than 80
(including about 35 papers in top-raked control conferences: IEEE Confer-
ence on Decision and Control and IFAC World Congress)

e Books: 1

(A. Poznyak, A. Polyakov, V. Azhmyakov “Attractive Ellipsoids in Robust
Control”, Birkhauser, 2014)

e Book chapters: 4

e National Journals and Conferences (in Russian): more than 10

My publication activity in the research topics is summarized in the next table.

Research International | International | Books and | National Journals | Total
Topic Journals Conferences Chapters and Conferences
Homogeneity 19 31 1 3 54
Set-Theoretic 11 19 2 0 32
Sliding Mode 16 17 1 1 35
Time Delays 13 15 1 7 36




Patent

e M. Feingesicht, A.Polyakov F. Kerherve, J.P. Richard, ’Dispositif de controle
actif du recollement d’un ecoulement sur un profil’; Patent (brevet) INPI
deposit date June 15th, 2017, Nb 1755440, Patent (brevet)

1.4 Research projects

The research projects I have been involved in the last 5 years (in France):

e ANR PRC DIGITSLID (2018-2021)
Subject: ”Digital set-valued and homogeneous sliding mode control and dif-
ferentiators: the implicit approach”

Coordinator: Bernard Brogliato
Partners: Inria Grenoble, Inria Lille, CNRS LS2N (Nantes)

The project is devoted to the development of consistent discretization
schemes for sliding mode observers and controllers. The methodology of the
implicit discretization for some classes of sliding mode systems are planned to
be developed. I am responsible for research activities of NON-A Post(future
Valse) team of Inria in the context of this project. We will develop an in-
novative schemes for consistent discretization of homogeneous control and
estimation algorithms.

e ANR PRC Finite4SoS (2015-2020)
Subject: ”Finite-time Control and Estimation for Systems of Systems”
Coordinator: Wilfrid Perruquetti
Partners: Inria Lille, Université Pierre et Marie Curie, MINES ParisTech

The project is aimed at a creation of a unified framework for analysis
and design of controlled system of systems based on the finite-time stability
concept. The key feature of the project is heterogeneity of the inter-connected
subsystems modeled by differential law of different types (ODEs, PDEs, time-
delay systems, differential inclusions). In this project, I have developed a ho-
mogeneity concept for operators in Banach spaces and a universal controller
for finite-time stabilization of an evolution equations. Homogeneous observers
for ODEs have been developed by PhD Student Francisco Lopez under my
supervision.

e ANR JCJC ROCC-SYS (2014-2018)
Subject: "Robust control of cyber-physical systems”
Coordinator: Laurentiu Hetel
People involved: Andrey Polyakov, Christophe Fiter, Alexandre Kruszewski

The project deals with control problems for plants governed by digital
controllers. The sampled, switched and networked nature of control devices
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arise some specific issues studied in this project. In particular, I have devel-
oped algorithms of control design for relay systems. The methods of convex
embedding, implicit Lyapunov function and attractive ellipsoids have been
utilized for successful solving of the robust stabilization problem for such
control systems.

ANR PRC Chaslim (2011-2015)

Subject: ”Chattering-free sliding modes”
Coordinator: Bernard Brogliato

Partners: Inria Grenoble, Inria Lille, CNRS IRCCyN

In this project some methods of chattering reduction of sliding mode
control were developed. They include novel discretization schemes for the
first order and the second order systems as well as homogeneity-based design
of high order sliding mode algorithms allowing chattering reduction. In this
project, I have developed the implicit Lyapunov function method for high
order sliding mode control design and proposed an efficient scheme of a digital
control implementation allowing completely remove the chattering.

CPER DATA, project ”ControlHub” (2016-Now)

Coordinator: Andrey Polyakov

Participants: Dagher Roudy, Dherbomez Gerald, Jean-Pierre Richard, Denis
Efimov

ControlHub is the platform for a rapid prototyping of control algorithms
for cyber-physical systems. It allows the End-User to have a remote access
to real experimental setups in order to validate mathematical control algo-
rithms. ControlHub is under construction by Non-A Post(future Valse) team
of Inria Lille Nord Europe.

CPER ELSAT2020, project ” Contratech” (2015-Now)

Coordinator: Jean-Marc Foucaut

Partners: Univ. Vallenciennes, Centrale Lille, LMFL, CNRS LAMIH, ON-
ERA, Inria Lille, CNRS CRIStAL

The Contratech platform joins research groups of different institutions
around the important and challenging problem of active flow control.

"RECoT” North-European Inria Associate team with IBM Research in Dublin,
Ireland

Subject: "Robust Estimation and Control with Time Constraints”
Coordinator: Andrey Polyakov (Inria)

The project bridges the research team of NON-A Post (future Valse),
Inria Lille, France and IBM Research Lab in Dublin. It is aimed at develop-
ment of minimax control and estimation algorithms based on homogeneity
technique.
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e "HoTSMoCE” Inria Associate team with UNAM, Mexico
Subject: ”Homogeneity Tools for Sliding Mode Control and Estimation”
Coordinator: Denis Efimov (Inria)

The project "HoTSMoCE” bridges the research team of NON-A Post
(future Valse), Inria Lille, France and Sliding Mode Control Lab of National
Autonomous University of Mexico (UNAM).

1.5 Supervision

I was also involved (or I am still involved) in supervision of the following Postdocs
and PhD students in France:
Postdocs

e Nicolas Espitia (10.2017-now; co-supervisors: Prof. Wilfrid Perruquetti and
Dr. Denis Efimov )

e Tonamet! Sanchez (10.2017-now; co-supervisor: Prof. Jean-Pierre Richard)
e Manuel Mera (15.07.2014-15.07.2015)
PhD Students

e Maxime Feingesicht (01.01.2015-11.12.2017; Co-supervisors: Jean-Pierre Richard,
Andrey Polyakov and Franck Kerherve)

e Francisco Lopez Ramirez (10.2015-19.11.2018; Co-supervisors: Wilfrid Per-
ruquetti, Andrey Polyakov, Denis Efimov,)

e Youness Braidiz (since 10.2017; Co-supervisors: Wilfrid Perruquetti, Denis
Efimov, Andrey Polyakov)

e Siyuan Wang (since 10.2017; Co-supervisors: Gang Zheng, Andrey Polyakov)

e Alex Dos Reis de Souza (since 10.2018;Co-supervisors: Denis Efimov, Jean-
Luc Gouze, Andrey Polyakov)

I was also involved (or I am still involved) in supervision of PhD students in Mex-
ico and Russia, e.g. Nadhynee Martinez Fonesca (since 12.2015; UPIBI-IPN, Mex-
ico; Co-supervisor: Dr. Isaac Chairez); Konstantin Zimenko (10.2015-22.11.2018,
ITMO University, Russia; Supervisor: Artem Kremlev) Tatyana Kharkovskaya
(since 10.2016, ITMO University and Centralle Lille in co-tutelle; Co-supervisors:
Jean-Pierre Richard, Artem Kremlev).

Masters Students

e Erwin Jezequel (Internship, 2018, Centrale Lille)
e Marc Sanmillan (Internship, 2018, Centrale Lille)
e Dmitrii Kondratovich (2012; Institute of Control Sciences of Russian Academy

of Sciences)
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Elena Maslennikova (2009, Voronezh State University)
Aleksej Baushev (2009, Voronezh State University)
Andrey Solov’ev (2009, Voronezh State University)
Artem Batuev (2009, Voronezh State University)

Evgenii Orazaev (2009, Voronezh State University)
Sergej Kosinov (2007, Voronezh State University)

Leonid Kukushkin (2007, Voronezh State University)
Konstantin Chernyshev (2007, Voronezh State University)

1.6 Teaching

The courses were given in Voronezh State University (2004-2007 and 2008-2010;
more than 3000 hours):

Algebra & Analytical Geometry (for bachelors, 1st year);

Programming Languages and Algorithms (for bachelors, 1st and 2nd years);
Algorithms for Sparse Matrices (for bachelors, 3rd year);

Mathematical Software (for bachelors, 3th year);

Algorithms of Computer Graphics (for bachelors, 4th year);

Relational Database Management Systems (for bachelors, 4th year);
Computational Mathematics (for bachelors, 3rd and 4th years);

Internet Programming (for masters, 1st year);

Linear Matrix Inequalities (for masters, 2nd year);

1.7 Prizes and Distinctions

Prizes

Letov Prize 2011 (Institute of Control Sciences, Russian Academy of Sciences)

Membership of Editorial Boards

International Journal of Robust and Nonlinear Control (2014-2018)
Journal of The Franklin Institute (2014-2016)
Journal of Optimization Theory and Applications (2014-2018)

Automation and Remote Control (2015-now)
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Invited Talks
Conferences:

e 7 Active Flow Control: Sliding Mode Control Approach”, Workshop on Active
Drag Reduction Aachen, Germany, 15-16 March 2018

e ”Sliding mode control of flow separation”, 2nd Workshop on Machine Learn-
ing Control, Valenciennes, France, July 5th-6th , 2017

e "Robust Stabilization with Time Constraints: Implicit Lyapunov Function
Approach”, International Conference ” Optimization And Applications in Con-
trol and Data Science” on the occasion of Boris Polyak’s 80th birthday,
Moscow, Russia, 13-15 May 2015

Tutorial courses:

e Tutorial course for 6th IEEE International Conference on Electrical Engi-
neering, Computing Science and Automatic Control (CCE-2009), November
10-13, 2009, Toluca, Mexico. (6 hours, title: ”Lyapunov Function Method for
Nonlinear and Discontinuous Systems”)

e Tutorial course for Traditional Whole-Russian School ”Control, Information
and Optimization” in 2011 (2 hours; title: ”Lyapunov Function Design for
High Order Sliding Modes” ) and in 2015 (4 hours; ”Stability Notions and
Lyapunov Functions for Sliding Mode Control Systems”)

e Tutorial course ”Stability Notions and Lyapunov Functions for Sliding Mode
Control Systems” (Seminar of NON-A /SyNeR teams, Inria, 20 and 21 Octo-
ber 2013, 2 hours)

I gave talks at seminars of several research institutions: CNRS L2S (2017), Inria
(2014), Institute of Control Sciences of Russian Academy of Sciences (2013, 2009),
CINVESTAV-IPN, Mexico (2012, 2010, 2008), UNAM, Mexico(2012), Institute
for Problems in Mechanics of Russian Academy of Sciences (2010, 2005).
Reviewing activity

e Outstanding reviewer of Automatica (2016).

e T also serve as a reviewer in high ranked journals/conferences : IEEE Transac-
tions of Automatic Control, Systems & Control Letters, International Journal
of Robust and Nonlinear, Conference on Decision and Control etc.
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Chapter 2

Linear Geometric Homogeneity
in Systems and Control

2.1 Introduction

Dilation Symmetry

Symmetry is a certain invariance when some characteristics of an object do not
change under a set of transformations. Symmetry occurs in many branches of
mathematics. The simplest examples of the symmetry can be found in the geome-
try, for example, as an invariance of a figure with respect to such transformations
as rotation, translation, reflection and dilation. It is well-known that the rotation
remains invariant both size and shape of the figure, while the dilation changes its
size leaving invariant only the shape.

The symmetry with respect to the dilation can also be discovered for the level
set of the so-called homogeneous function. In mathematical analysis, symmetry of
a function f with respect to the uniform dilation of its argument

T — Az,

where A > 0 is the scaling factor, is known as homogeneity. In the simplest case,
it is defined as follows
fQx) =Af(z), A>0.

In other words, homogeneity is a dilation symmetry. The latter always needed for
linearity, which additionally asks for the central symmetry f(—xz) = —f(z) and
the additivity f(z +y) = f(x) + f(y). Thus all linear functions are homogeneous
with respect to the uniform dilation. The class of homogeneous mappings is placed
somewhere in-between essentially non-linear and linear ones.

In 18th century the homogeneity with respect to the uniform dilation (stan-
dard homogeneity) has been studied by Leonhard Euler. His notion of homogeneity



is also well known in the context of polynomial functions.

Definition. A function f : R — R is said to be homogeneous if there exists
a number v € R such that f(Ax) = X\f(x), Y\ > 0. The number v is called
homogeneity degree of the function f.

According to this definition, any linear function has homogeneity degree 1,
but, the quadratic one

T2 2
x=(x1,22) = ]+ 2122 + 25

is homogeneous of degree 2. Its level sets are ellipsoids centered at the origin.
Obviously, they are symmetric with respect to the uniform dilation.

Euler’s Homogeneous Function Theorem is one of the famous results under-
lying the modern homogeneity theory:

Theorem. A continuously differentiable function f : R™ — R is homogeneous
of degree k if and only if %aﬁ =kf(x),z € R".

From this theorem, in particular, we conclude that homogeneity of a function
is inherited by its derivatives. In fact, the dilation symmetry can be inherited by
other mathematical objects induced by homogeneous functions. In particular, this
chapter deals with a symmetry of non-linear generalized homogeneous differential
equations and some related properties important for control systems design.

Homogeneous Differential Equations

Let us consider the simplest scalar ordinary differential equation (ODE) with the
homogeneous right-hand side

&=—-z", x€eR,

where v = p/q, p is an odd integer and ¢ is an even natural number. Its solution
with the initial condition z(0) = x¢ is given by
o

(14 -1t

xz(t,xg) = YIOEE

Hence, we easily derive a symmetry of solutions with respect to simultaneous
dilation of the initial condition and the time variable ¢:

T (Al_”t, )\xo) =Xz (t,z9), A>0.

The time scaling factor depends on homogeneity degree v. In fact, such a symmetry
of solutions holds for any homogeneous differential equation |78§].
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Theorem. Let f : R™ — R™ be a continuous homogeneous vector field of degree
v € R such that the Cauchy problem

&= f(z), x(0)=z9€R"
admits a solution x(t,xq) defined for all t > 0. Then
(N7 M) = At z0), A >0,

where x(-, \xg) s a solution to the same problem with the scaled initial con-
dition x(0) = Axg.

Homogeneity simplifies qualitative analysis and design of control systems,
since homogeneous dynamical systems behave similarly (in a certain sense) to lin-
ear ones. For example, z = 0 is always an equilibrium of continuous homogeneous
system. If there exists another equilibrium z* # 0 then the set M = {z € R" :
x = Az*, A > 0} is invariant and f(z) = 0 for all x € M. From the latter the-
orem we immediately conclude that local property (e.g. stability of the origin)
always implies the global one. Robustness of homogeneous control systems can be
granted by its stability in the disturbance-free case [69], [4], [8]. In other words,
homogeneous systems have similar properties to linear ODE models (see Table
and, for example, (79], [67], [34)], [69], [9], [46], [55] for proofs of the mentioned
properties of homogeneous systems).

Homogeneity and Convergence Rate

Homogeneity degree allows an additional qualitative analysis to be provided easily.
For example, finite-time or fized-time stability (see e.g. [68], [10], [48], [4], [54], [63]
for more details) can be derived from homogeneity degree. Indeed, if v = 1/3 then

the solution of the scalar homogeneous system & = —z is given by
3 >
2 2 . 3 2
ety = (ool¥ =50)7 it t€ [0 5hul?).
0 it t> 3|aol3.

Obviously, it converges to zero in a finite-time. However, if v > 1 then any trajec-
tory converges to a unit ball in a fixed time independently of the initial condition.
Indeed, the formula for its solution (see the beginning of this section) implies that
|x(t, z0)] <1 for t > ﬁ independently of zo € R. In fact, these properties can
be established in a more general case. Therefore, homogeneity degree specifies the
convergence rate of solutions to the origin. Namely, if the origin of homogeneous
ODE is asymptotically stable then each trajectory vanishes in a finite-time time
provided that v < 1 but if v > 1 then all trajectories convergence in a fixed-time
to a neighborhood of the origin [46].
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Linear System Homogeneous System
T = Ax z = f(x)
AeR™" fQz) =N f(x)
Trajectory Scaling x(t, Axg) = Ax(t, x0) z(t, Axg) = Az (A1, 0)
Local < Global
(existence of solutions, v v
stability, etc)
Invariance < Stability v v
Stability = Robustness & =Ax+ Dw = f(z,w)
(Input-to-State Stability) we L we L*®
Finite (v < 1)
Convergence Rate Exponential Exponential (v = 1)
Fixed-time (v > 1)
Quadratic Homogeneous (” Quadratic-like”)
Lyapunov Function V =a' Pz, V=2"ZN(2)PE(x)x,
P>0 P =0, Z(\z)=E(z) e R"*",
gi:p =0, det(E(x)) #0

Table 2.1: Some properties of linear and homogeneous systems

Locally Homogeneous Systems

An approximation by means of homogeneous functions (homogeneous approxima-
tion [29], [4]) can be utilized for local analysis of dynamical systems if, for example,
linearization is non-informative (for stability analysis) or simply impossible. For
example, the system & = —z(sin’(z) + z2) is globally uniformly asymptotically
stable. The corresponding homogeneous approximation at the origin & = —2x2 is
also globally asymptotically stable, while its linearization & = 0 is not.

Let us consider mechanical system consisting of a rigid body moving laterally
on a contact surface and in a viscous environment (fluid). A simplest real-life
example of such mechanical system is a car moving on a flat road. Let z be the
position of the center of mass of the body in an inertial frame. The equation
describing motion of this system has the form

) =o(t), mo(t)=F(t), t>0, z(t)eR,

where v(t) is the velocity, m is the mass of the body, but F is the sum of external
forces.

We study only the deceleration phase for this mechanical system assuming
that at the initial instant of time it has some non-zero velocity £(0) = v(0) # 0.
Dissipation of the energy may be caused by several external forces. To discover
some fast (non-asymptotic) transition it is sufficient to consider only two of them:

e drag force (fluid resistance) is proportional to the square of the velocity [22]

Fdrag(t) - _kdrag 1}2(t) Sigl’l(’l)(t)),

18



where kqrqq > 0 is the coefficient of fluid (air) resistance and the sign function

is given by
1 if p>0,
sign(p) = 0 if p=0,
-1 if p<O0;

e dry friction force is almost independent of a velocity magnitude and given
by the model [5]
Foary(t) = —kary sign(v(?)),

where kg, > 0 is the coefficient of dry friction.

The friction models also may contain some linear terms (proportional to veloc-
ity). We skip them for simplicity of analysis, since they will not effect the final
conclusions about local homogeneity degree and convergence rate.

The sum of external forces F'(t) can be represented as follows

F(t) = Firag(t) + Fary(t) = = (Kary + karag v*(t)) sign(v(t)).

and the differential equation describing evolution of the velocity of the body has
the form:
mo(t) = — (kary + karag v*(t)) sign(v(t)).

It is easy to see that v = 0 is the equilibrium of the last equation, which is globally
stable, v(t) — 0 as t — +o00. The solution can be found explicitly :

v(t) = tan (arctan(v(O)D — Wt)

sign(v(0)).

This immediately implies v(¢) = 0 for ¢ > %EJU(O)D. Since arctan is bounded,
dry Kdrag

we conclude that independently of initial velocity the motion terminates no later

than the instant of time
mm

2 \V4 kdry kdrag '

The model of friction force F' is not homogeneous function of the velocity v,
but locally (close to the origin or close to infinity) it is. Namely,

Thax =

F ~ —kgrysign(v) asv —-0 and F= —k:dmgv2 sign(v) as v — 0.

Therefore, the approximation at zero is a homogeneous function with degree v = 0,
but the approximation at infinity is a homogeneous function with degree v = 2.
The first one allows us to conclude finite-time convergence of the velocity to zero,
while the second one guarantees fixed-time convergence to the neighborhood of
zero. Such a combination implies fixed-time deceleration of the mechanical system
independently of the initial velocity. This property is known as fixed-time stability
(or fized-time convergence) [54], [63].
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Weighted Dilation

Standard (uniform) homogeneity considered above has been introduced by means
of uniform dilation x — Az , A > 0. It is clear that changing of this dilation to
some non-uniform one defines another type of homogeneity. The weighted dilation
(introduced by V. Zubov in 1958, [79]) of the vector = (21,22, ...,7,) " € R" is
the simplest case of the so-called generalized (non-uniform) dilation:

(1,22, s Tp) — (A1, Ao, ..., AT y,),

where A > 0 as before is the scaling factor, but the positive numbers r1, 79, ..., 7,
are the weights specifying the dilation rates along different coordinates. If r1 =
ro = ... = r, then the weighted dilation becomes uniform. The introduced trans-
formation of coordinates is a linear map R™ — R"™ defined by the dilation matrix:

ATt 0 .. 0
x — Az, where A= 0 A% 0
0 0 ... A\

The symmetry (homogeneity) of a function with respect to the weighted dilation
can be identified analogously to the uniform case.

Definition. A function f : R® — R is homogeneous with respect to the
weighted dilation A if

f(Az) =X f(x), zeR™, A>0,

where v € R is the homogeneity degree.

The weighted dilation extends the class of homogeneous functions under con-
sideration. For example, the polynomial function

T I 2 2 4
x=(x1,22) = ]+ x125+ 25

is homogeneous with respect to the weighted dilation (w1, x2) — (A\221, Az2), but
it is not homogeneous with respect to the uniform one (z1,x2) = (A1, Aza).

Weighted homogeneous functions demonstrate similar properties to the stan-
dard homogeneous case. In particular, symmetry of solutions of homogeneous dif-
ferential equations can be established easily (see, e.g. [79], [29]). Weighted homoge-
neous models frequently appear in control theory and applications. For example,
the most of high order sliding mode control algorithms are weighted homoge-
neous [41], [48]. The classical minimum time control problem

T — min
u
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subject to

1 = To, u € L*((0,T),R) such that |u(t)] <1
Z.Q = u, :Cl(T) :ZQ(T) :0,

has solution (see, e.g. [13]) in the form of the weighted homogeneous feedback
u = —sign(|za|ze + 221).

Indeed, u(\2x1, Ax2) = u(x1,x2), i.e. u is the weighted homogeneous function with
the zero degree.

Below, for simplicity, the scaling factor A > 0 is denoted by e® with s € R,
where e is the Euler number.

Linear Dilation

From the previous section we conclude that once a homogeneity of a function with
respect to a group of transformations (dilations) is established, many properties
useful for analysis and design of dynamical control system modeled by the corre-
sponding ODE can be discovered. In fact, the same conclusion can be done for
infinite-dimensional dynamical models [60].

The different types of dilations have been studied in systems and control
theory. The brief overview of different homogeneity concepts is given below

o Uniform dilation - L. Euler 17th century
x—e’xr, seR;

standard homogeneous ODEs (V. Zubov 1957 78], W. Hahn [26]);
o Weighted dilation - V. Zubov 1958, |79
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(X1, T2, ..., xy) — (21, € xa, ..., e x,), s ETR;

weighted homogeneous ODEs (V. Zubov 1958, [79]); weighted homogeneous
PDEs (G. Folland 1975, [23]);

o Geometric dilation induced by a flow of a vector field - V. Khomenuk 1961,
[36]; M. Kawski 1991 [33]; L. Rosier 1993, [67];

In this chapter we deal with the group of linear dilations in a Banach space
B:
r—d(s)r, z€B, seR,

where d is a strongly continuous group (i.e. d(-)z : R — B is continuous for any
2 € B) of linear bounded operators B — B and s € R is the group parameter. For
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B = R"™, the linear dilation includes uniform and weighted dilations as particular
cases, but it is less general than the geometric dilation, which allows the group d
to be nonlinear. In other words, the geometric homogeneity (geometric dilation)
can be split in two sub-classes: linear and non-linear. In this chapter we restrict
ourself to linear geometric homogeneity only. The detailed study of linear dilations
is presented in the next section.

Obviously that all linear operators are homogeneous with respect to the uni-
form dilation d(s) = e®I, where I is an identity operator in £(B,B). Moreover,
the most of nonlinear models of mathematical physics are generalized homoge-
neous under a proper selection of the dilation group d(s), e.g. Navier stocks, KdV
equation, Fast diffusion equation, Burgers equation, Saint-Venant equation are
homogeneous in the generalized sense [60].

The homogeneity allows many important results to be obtained, for example,
in the context of controllability, stabilizability and observability of nonlinear sys-
tems [32], [34], [70], |[71], [25], controllers and observers design [3], [17], [52], [4], [61],
[44], |55], [58]. It simplifies robustness analysis for both delay-free |69], |4], [8] and
time-delay systems [2], |[76]. The most of high order sliding mode algorithms are
homogeneous [41], [48], [7]. Below we introduce the linear geometric homogeneity
of vector fields in R™ and (unbounded) operators in the Banach space B; discov-
ers some important properties of homogeneous systems and study some control/
estimation problems in order to demonstrate how homogeneity can be utilized for
analysis and design of both finite and infinite dimensional control systems.
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2.2 Homogeneous Systems

2.2.1 Linear Dilations

Let £ be a space of linear bounded operators B — B, where B is a real Banach
space with a norm || - ||.

Definition 2.1. A map d: R — L is said to be dilation in B if

e (Group property)
d0)=TI€L and d(t+s)=d(t)d(s) = d(s)d(t) for t,s € R;

e (Limit property)
lim |d(s)z]|=0 and lir+n lld(s)z||=00 uniformly on z € S,
S§—r— 00 S—r—+00

where S = {z € B : ||z|| = 1} is the unit sphere in B.

Obviously, the dilation d is a group of linear bounded and invertible operators

d(—s) = (d(s))~".

The limit property given above is just a version of the so-called Teresaka’s condi-
tion (see, for example, [33] for more details) that is required for a group d to be a
dilation in an abstract space.

Definition 2.2. A dilation d is
e strongly continuous if d(-)z : R — B is continuous for any z € B;
e uniformly continuous if d(-) : R — L is continuous in the operator

norm d
Jd) 2= sup 19021
ANE

The strong continuity plays an important role for dilations in infinite dimen-
sional spaces, where the uniform continuity is sometimes a too restrictive property.
In a finite dimensional space (e.g. B = R"™) any strongly continuous dilation is al-
ways uniformly continuous.

Example 2.1.

o Let B be the space of bounded uniformly continuous functions R — R with
the supremum norm. The dilation d in B can be defined as

(d(s)z)(z) = ™ z(z + Bs),
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where s € R is the group parameter, z € B, t € R and a > 0 and B € R are
constant parameters.

e Let B=L*(R,R) and d: R — L be defined as
(d(s)2)(z) = e**z(e” ),

where s € R is the group parameter, 2 € L*(R,R), r € R, a,3 € R are

constant parameters. If
B <2«

then d is a strongly continuous dilation in L?(R,R).
e Let B =R" and Q is a Hurwitz matriz then d(s) = e=*% is a dilation in R™.
Let us recall the following notations

ld(s)]| = sup [d(s)ul| = sup 1L and |d(s)] = inf [|d(s)u| = inf 15l
u€s u#0 u€es u#0

[l [l

These quantities characterize a rate of dilation in B.

Proposition 2.1. [60] If d is a strongly continuous dilation in B then
1) 0 < [d(s)| < |ld(s)]] < +o0, s€R;
2) |1d(s)|| = 0 as s = —o0 and |d(s)| — 400 as s — 4o00;
3) |d(s)] <1 for s <0 and ||d(s)|] >1 for s> 0;
4) d(s) #I €L fors#0.

If d is uniformly continuous then ||d(-)|] : R = R and |d(-)] : R = R are
continuous.

It is well known that any nontrivial element from B can be projected to the
unit sphere using the uniform dilation. The corresponding projector P : B\{0} —
S is defined as follows

P(u) = ﬁ = d(~ Il [u])u,

where d(s) = eI is the uniform dilation, I is the identity operator on B. In fact,
the similar projection can be constructed using the linear dilation d given above.

Proposition 2.2. [60] If d is a strongly continuous dilation in B then for any
z € B\{0} there exist so € R and z9 € S such that

zo = d(s0)z.
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The point 2y defined in the latter proposition is called homogeneous projection
of z to the unit sphere S. The homogeneous projection may be non-unique even
in the Euclidean space R2.

Example 2.2. Let us consider the weighted dilation

d(s)-(eo 60) sER, a>1+

2
V-1

in the Euclidean space B = R? with the norm

lz| = VzTPz, zeR?, P=P"eR™™ PO,
where
-V
PPO+€<8 (1)>>-0, P0< 21 21 ), e > 0.
N 3—V5

Let us show that for sufficiently small € > 0, the function £ : R — R,

cor=llan () 1. e

has at least two zeros: £(s1) = &(s2) = 0 and s1 # s2. Let us denote

as)= (1) d@rde (1) -1

Notice that

a0 =(") R() 1=+ 2 _3-0

The function & : R — R is continuous differentiable on R and decays in the
neighborhood of the point s = 0, since

/ _ (! T a0yl a0 1\ _ (1 T [ a(B3=vE) —1-a 1
£(0) = (1) ((0 1) Po+ Fy(§ 1)) (1) = (1) ( e 3_4\/3) (1> < 0.
This means that £y(s) is negative for small s > 0 and there exists 6 > 0 suc